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Abstract

There are many classical results proved using the Axiom of Choice. Using the
notions of pointfree topology we can state and prove the choice free versions
of some of these results. Our aim in this thesis is to investigate the choice
free version of the Kakutani duality. To do so, we use the pointfree versions
of some classical spectra.

The three well-known spectra usually considered are, Brumfiel, Keimel,
and the maximal spectrum. The pointfree versions of these spectra have been
studied for f-rings by Banaschewski, and the last two spectra will be studied
in this thesis for /-modules and Riesz spaces.

Finally, in the last chapter we study the pointfree version of the represen-

tation of the real Riesz maps.
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Introduction

There are two Theorems that characterize the order algebraic structures real
C*-algebra ( See [16] for the definition) and M-space (see Definition 1.3.10)
proved by Stone [20, 21] and Kakutani [19], respectively.

The Stone-Gelfand Theorem says that every C*-algebra is isomorphic to
C(X) for some compact Hausdorff space X [16]. B. Banaschewski in [2, 6]
provides the pointfree version of the Stone-Gelfand Theorem. He uses the com-
plete Archimedean strong bounded f-rings to correspond to the C*-algebras
and proves that they are equivalent ( see [6]). The pointfree version of the
Stone-Gelfand Theorem says that every complete bounded strong f-ring is
lattice isomorphic to C(L) for some compact completely regular frame L.
Moreover, if A is an Archimedean strong bounded f-ring then A is lattice

isomorphic to C(MA) where M A is the frame of closed ¢-ideals of A (see [2,
6]).

This view of the Stone-Gelfand Theorem by B. Banaschewski, helped us to
give the pointfree version of the Kakutani Theorem in this thesis. Our final
aim in this thesis is to give the choice free version of the Kakutani Theorem.
Our tools are the notions from pointfree topology and the objects to be used

are the frames of /-ideals and closed (-ideals objects.
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2 Introduction

We start the study these notions in chapter 3, and prove our final theorem
in chapter 4. To do so, we correspond the complete bounded Archimedean
Riesz spaces to the M-spaces and prove that they are equivalence (Proposition
4.5.9). Also, we give the pointfree version of the Stone-Weierstrass Theorem
(Theorem 4.4.7) for Riesz spaces (see [18] for the classical version of the theo-

rem).

In chapter 1, we provide the background material necessary to read this

thesis.

In chapter 2, we study f-modules, in three sections. In the first section
we define f-modules, strong /-modules, and supper f-modules, and study the
relations between them. We will see that they all give equational classes. In the
second section we study the /-modules of fractions. We prove that the module
of fractions inherits the (f) equations but not necessarily the (¢) equations
from the base module, and give the counterexample in Remark 2.2.4. In the
third section we study the topological structures of /~-modules and Riesz spaces.
There are two topological structures which are studied, the uniform topology
for -modules, and the topology given from the order limit sequence for Riesz

spaces.

In chapter 3, we study the pointfree spectra of /-modules, the pointfree
Keimel spectrum, the pointfree maximal spectrum, and the spectra of closed
(-ideals. In the first section we prove that the compactness of L(M) is equiva-
lent to the boundedness of the /-module M, and for every f-module M, L(M)
is coherently normal. Also, we prove that £(M) is isomorphic to £(S™'M),

for almost every multiplicative subset S of M. This is used to prove the com-
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plete regularity of pointfree maximal spectrum SL(M) in the second section.
Corresponding to the two above mentioned topological structures we have the

two spectra of the closed f-ideals. We study these spectra in the third section.

The final aim of the thesis is studied in Chapter 4. The pointfree Kaku-
tani duality is studied in the final section. In the first section we prove the
functoriality of the spectra studied in the previous chapter. The functoriality
of the Riesz space of the continuous real functions is studied in the next sec-
tion, and the adjunction between these functors is given in the third section
(Theorem 4.3.1). In section 4 we study the generalized pointfree version of the

Stone-Weierstrass Theorem (Theorem 4.4.7), to prove the Kakutani duality.

In chapter 5, we present the pointfree version of a representation theorem
in analysis. This theorem is a classical representation theorem for real Riesz
maps on C(X), consisting of real-valued continuous functions on a compact
Hausdorff space X, which assigns to each real Riesz map ¢ : C(X) — R with
(1) =1 a point € X such that ¢ = &, where & is given by &(a) = a(z) for
a € C(X) (see [16], p. 163). The proof of the classical representation uses the

Axiom of Choice and does not explicitely give the point x.

Here we replace the compact Hausdorff space X by a compact completely
regular frame M and the map 2 by p, where p is a prime element of M. We
define p by Dedekind cuts which are used to define the real number p(«) for
a € C(M). Then we prove that each real Riesz map ¢ : C(M) — R is of the
form ¢(1)p, where p = \ coz(ker¢) (Lemma 5.2.2). We then give the exact
relation between the real Riesz maps, the prime elements, and the prime ideals
which are in Fiz(n) (Theorem 5.2.4). If M is not completely regular we can
find a completely regular frame K, for which C(M) ~ C(K,;) and we have



4 Introduction

a correspondence between the real Riesz maps and Y Kj; (Theorem 5.2.5).
Next we study the relation between™ and ~ in Proposition 5.2.6, and see
when p and ¢ are equal.

Finally, we study the relationship between the primes elements and the
cozero elements. The fact that there is no nonunit cozero element greater than

each prime element is a result of this investigation. (Corollary 5.2.7).



Chapter 1

Preliminaries

In this chapter, we provide the background needed to read this thesis.

1.1 Categories

In this section we give a brief review of categorical notions. (see [1, 17]).

1.1.1 Definition A category A consists of,
i) A class O, denoted by ObA, whose members are called objects.

ii) A class M, denoted by Mor.A, whose members are called morphisms or

arrows.

iii) Two maps from M to O, given by the assignments f — dom(f), called
the domain of f, and f +— cod(f), called the codomain of f. If A =
dom(f) and B = cod(f), then we write f: A — B

5



6 CHAPTER 1. PRELIMINARIES

iv) A map from P = {(f,g) : f,g € M,dom(f) = cod(g)} into M, given by
(f,g9) — fog, called the composite of f and g.

v) For each object A, there exists an arrow idy : A — A (or 14), called the
identity arrow on A. This is subject to (1) (fog)oh = fo(goh), (2)

foly=fand 1409 = g, whenever the composites are defined.

Further, we postulate that for each pair of objects A, B the class {f € M :
dom(f) = A, cod(f) = B} is a set. We denote it by Hom4(A, B).

Some of the categories which we will be concerned with are:

Top: the category whose objects are all topological spaces and the arrows
are all continuous maps.

Frm: the category whose objects are all frames and the frame maps.

Rsz: the category whose objects are all Riesz space and the arrows are all

Riesz map.

1.1.2 Definition Let A be a category. A category B is said to be a subcate-
gory of A, if ObB C ObA, and MorBB C MorA. The domain and the codomain
and the composition functions of B are restrictions of the corresponding func-
tions of A, and for each A € ObB, the identity arrow on A is in MorB. A
subcategory B of a category A is said to be a full subcategory if for every ob-
jects A, B of B, Hompg(A, B) = Hom (A, B).

Let A be a category. By the opposite (or dual) category of A we mean
a category (denoted by A%) with ObA? = ObA, MorA® = MorA and by

interchanging the role of dom and cod in such a way that for each morphism
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f: A— Bin A we have one and only one morphism f? : B — A in A,
and when the composite g o f is defined in A, then the composite f°P o g°? is

defined in A% with f? o g°? = (g o f)°. Notice that (A%)? = A.

1.1.3 Definition Let A be a category and f : A — B be a morphism in A.

i) f is called a monomorphism (or a monic) if for any pair of morphisms

g,h:C—Ain A, fog= foh implies g = h.

ii) f is called an epimorphism (or an epic) if for any pair of morphisms

g,h:B—Cin A gof=~ho fimplies g = h.

iii) f is called a retraction if there exists a morphism g : B — A such that

fog=1p. In this case we say that B is a retract of A.

iv) f is called a coretraction ( or a section) if there exists a morphism g :

B — A such that go f = 14.

v) fis called an isomorphism if it is both a retraction and a section. In this

case, we say that A, B are isomorphic and write A ~ B.

1.1.4 Definition Let A, B be categories. A functor (or more precisely a
covariant functor) F from A to B is a pair of functions Fj : ObA — ObB and
Fy: MorA — MorB, such that

i)if f: A— Bisin MorA then F|f: FyA — FyB is in MorB,

ii) Fi1(14) = 1g,a, for each A € ObA,

iii) Fi(fog) = (F1f)o (Fig),if fog is defined in A.

In this case we write F': A — B. Also both Iy and F} are usually denoted by
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the same letter F.

In the above definition, if we substitute (iii) with
(i1d") Fi(f og) = (Fig) o (Fif), when f o g is defined in A, then F is called a

contravariant functor.

Also, corresponding to any subcategory of a category, the pair of inclusion

functions gives the inclusion functor.

Notice that we can compose any two functors F': A — Band G: B — C

by composing the functions Fy, Gy and Fi, G;.

1.1.5 Definition Let F': A — B be a (covariant) functor.

i) F' is said to be faithful if for each pair of morphisms f,g : A — B in
A, Ff = Fgimplies f = g.

ii) F'issaid to be fullif for each pair of objects A, B in A and each morphism
g: FA — FB in B there exists a morphism f : A — B in A such that

Ff=g.

iii) F is said to be an isomorphism if F is full and faithful and Fj is a

bijection; or equivalently there exists a functor G : B — A such that

FoG=15,GoF =14

iv) F is said to be an equivalence if F' is full and faithful and for each object
B in B there exists an object A in A such that FFA ~ FB. In this case

we say that A, B are equivalent.
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1.1.6 Definition Let F,G : A — B be functors. A natural transformation
7: F — G is a function 7 : ObA — MorB assigning to each A in A a mor-
phism 74 : FA — GA in B such that for every morphism f : A — B in A,
(Gf)(ta) = m8(F f). In this case we denote 7 by (74) 4c 4, and call each 74 a

component of 7.

A natural 1somorphism is a natural transformation whose components are

all isomorphisms.

Notice that a functor ' : A — B is an equivalence if and only if there is
a functor G : B — A with natural isomorphisms from F' o G to Iz and from

GOFtO]A.

1.1.7 Definition Let G : B — A be a functor and A € ObA. A universal
arrow from A to G is a morphism v : A — GB in A with B in B such that
for each D € ObB and each morphism f : A — GD in A there exists a unique
morphism f: B — D in B with (Gf)ou = f.

Dualizing the above definition we get the notion of a couniversal arrow

from A to G.

1.1.8 Definition Let G : B — A be a functor. A left adjoint to G is a
functor F': A — B such that for each A € A, B € B there is an isomorphism
aap: Homp(FA,B) — Hom (A, GB) which is natural in A and B. In this
case we write F' 4 G and say that (F, G, «) is an adjunction. Also, G is said
to be a right adjoint to F.
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1.1.9 Theorem Let F': A — B and G : B — A be functors. Then, the

following are equivalent:

a)

b)

F is a left adjoint to G

There exists a natural transformation n: I4 — G o F, called the unit or
the front adjunction, such that for each A € ObA,ny: A — (Go F)A is

a universal arrow from A to G.

There exists a natural transformation € : F'o G — I, called the counit
or the back adjunction, such that for each B € ObB,ep : (F o G)B — B

is a couniversal arrow from B to F.

There are natural transformations n: Iy — GoFande: FoG — Ig
such that ep o F'n = Ir and Ge o ng = Ig, where I, I; are identity
natural transformations on F. G, respectively, and F'n is the natural
transformation /' — F o G o I whose components are (Fna),cop4, and
erp: FoGoF — Fis the natural transformation whose components are

(6rA) scopar and Ge,ng are similarly defined.

1.1.10 Proposition Suppose that F': A — B and G : B — A are functors

such that F'+ G and F' is faithful. Then F preserves epimorphisms.

1.2 Universal Algebra

Universal algebras are useful to pure as well as applicable mathematics, spe-

cially to computer sciences. In this section we bring universal algebra because



1.2. UNIVERSAL ALGEBRA 11

of Birkhoff Theorem.

1.2.1 Definition Let n; be a nonnegative integer and A be a nonempty set.
An n;-ary operation on A is a function )\; from A™ to A, where A™ is the set
of ni-tuples of elements of A, for n; > 0, and A° is a singleton set. If )\, is an
ng-ary operation on A, then n; is called the arity (or rank) of ;.

A language (or type) of algebras is a set 7 such that a nonnegative integer
n; and a function symbol \; is assigned to each member ¢ of 7.

If 7 is a language of algebras, then a wniversal algebra (or simply, an
algebra) A of type 7 is an ordered pair (A, \), where A is a nonempty set
and A = (A} : ¢t € 7) is a family of operations on A, where ); is an ns;-ary
operation on A.

If there is no confusion we denote A by A\, and use the same notation A

for every algebra A.

1.2.2 Definition Let A and B be algebras of the same type 7. A function

f A — B is called a homomorphism if for every t € 7 and all ay, ..., a,, € A,

fular, -+ an,)) = M(f(ar), -, flan,))

A subset A of B is called subalgebra of B if the inclusion map ¢ : A — B is
homomorphism.

1.2.3 Definition Let 6 be an equivalence relation on a set A. Then, 0 is said to
be a congruence of an algebra A if for each t € 7, A(ay, -+, an, )0 (b1, -+, by,),

whenever ay, -+, ay,, by, -+, b, € A satisfy a;00;, fori=1,--- ,n,.

Let 6 is an equivalence relation of algebra A. the natural quotient map

v : A — A/6 is homomorphism if € is a congruence.
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1.2.4 Definition An algebra A is a subdirect product of an indexed family
(A;)ier of algebras if

(i) A <TLies Ai and

(ii) m;(A) = A, for each i € I.
An embedding o : A — [[;c; A; is subdirect if a(A) is a subdirect product of
the A;.
1.2.5 Example If 0; € Con(A) for i € I and N;c;0; = A, then the natural
homomorphism

el

defined by
v(a) = (a/b;)ier

is a subdirect embedding.
1.2.6 Definition An algebra A is called subdirectly irreducible if for every
subdirect embedding

oa:A— H A;

icl
there is an ¢ € I such that

WiOC(ZA—>A,L'

is an isomorphism.

1.2.7 Theorem (Birkhoff’s Theorem) FEvery algebra A is isomorphic to
a subdirect product of subdirectly irreducible algebra (with are homomorphic
image of A).

1.2.8 Remark The axiom of choice implies the Birkhoff’s theorem and it is
obviously that this theorem implies the axiom of choice, so it is equivalent with

the axiom of choice.
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1.3 Ordered algebraic structures

1.3.1 Ordered group A group G together with a partial order < is called
an ordered group if x <y implies axb < ayb for all a,b € G.

Note that in any ordered group G every translation x ~ axb,a,b € G is an
order automorphism, and its inverse is given by x ~ a~tzb~!.

The set G* = {x € G : x > 0} is called the positive cone of G.

1.3.2 Proposition Let G be a non-trivial ordered group.

(1) G cannot have universal bounds with respect to the partial ordered set
G,<).

(2) If (G, <) is an updirect set (in particular a lattice) then G cannot be finite

and cannot have any element with finite order.

1.3.3 Definition An /¢-group G is an ordered group which is a lattice with
its order.

If G is a lattice we define the following:
at=aVv0, a=(—a)V0, |a|=aV (—a)

1.3.4 Theorem (Properties of /-groups) Let G be an {-group.
(1) Distributive laws: a(z V y)b = axb V ayb, a(x A y)b = axb A ayb, and

aV(zAy)=(aVz)A(aVy), aN(zVy)=(aAz)V(aAy)

(2) atAa” =0, |a] >0, |a| = ata”, and a(a AD)™'b = bV a. In particular

a=a"(a")"
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(3) [(aVx)(bVy) <l|ad)™| and dually.
(4) G is an (additive) abelian group if and only if the triangle inequality holds;
that is, |a + b| < |a] + |b].

(5) If G is an (additive) abelian group then for every a,b,c € G*

aN(b+c)<aNb+aAlc

If a < b+ c then there exist 0 < by < b and 0 < ¢; < ¢ such that a = by + ¢4.
1.3.5 Definition An /-group G is called Archimedean if a™ < b for alln € N

implies a < 0.

An (-group which is a chain is called an ordered ¢-group. By Birkhoffs
Theorem 1.2.7 in universal algebra, which is a result of the Axiom of Choice,

we have:

1.3.6 Theorem Any abelian (-group is a subdirect product of ordered {-groups.

Also, every equation that is true for ordered ¢-groups is true for all {-groups.
1.3.7 Definition A Riesz space is a vector space E over Q with a partial
order such that (E,+) is an ¢-group and for every rational number r > 0;

ra < rb whenever a < b.

1.3.8 Let E be a Riesz space. For every r € Q and a,b € E, |ra| = |r||a|, and

for every r <0 r(x Ay) =rzAry,r(xVy) =rzVry.

1.3.9 Definition A Banach lattice is a real Banach space which is also a
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Riesz space in which the order and the norm are related by

|a| < [b] implies lal| < [b].

1.3.10 Definition We say that a Banach lattice £ is a (Kakutani) M-Space
if its unit ball has a greatest element 1 (and hence a least element —1g).
In this case the norm on E is definable from the partial order, In fact

lall = inf{qg > 0: |a|] < qlg}, because

lal < ¢l = [lall = [(la])]l < llg1ell = qll1ell = ¢
On other hand ||%|| = % = 1 and then % < 1g hence |a| < ||a|[1g. It also

follows that ||a Vv b|| = maxz{]al|, ||b]|} (See [18], Proposition 1.2.13). Note that
the last equality is sufficient for a Banach lattice to be an M-space.
Now we recall two theorems by Kakutani whose proofs uses the Axiom of

Choice.

1.3.11 Theorem (Kakutani) For every M-space E there is a compact Haus-
dorff topological space X such that E is a lattice as well as a norm isomorphic

to C(X).

1.3.12 Kakutani Duality The contravariant functor C from the category of
compact Hausdorff spaces to the category of M-spaces with lattice-norm pre-

serving linear maps (M-morphism) is a dual equivalence.

1.3.13 Definition An ordered ring is a ring A which is also a poset under a
partial order < in which (A, +) is a ordered group and for every a,b € A™,

ab > 0.
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The ordered ring A is called an (-ring if (A, +) is an ¢-group. And it is

called an f-ring if for every ¢ € AT, ¢(a V b) = ca V cb.

1.4 Pointfree Topology

Here we recall some definitions and results from the literature on frames. For

more details see the appropriate references given in the thesis.

1.4.1 Definition A frame is a complete lattice L which satisfies the arbitrary
distributive law AV S = V{z As:s € S}, for all z € L and arbitrary subsets
S C L. A frame map h : L — M is a lattice morphism preserving arbitrary
joins, the unit top element e, and the zero (bottom element) 0 of L. The re-

sulting category is denoted by Frm.

1.4.2 Example As the most familiar examples of frames we have the finite
distributive lattices, the complete chains, the complete Boolean algebras, and

the lattice O(X) of open subsets of a topological space X.

1.4.3 Definition Let L be a frame. We say that a is rather below b, and write
a < b, if there exists a separating element s of L with a As=0and sVb=e.
Notice that a < b if and only if a* V b = e, where a* = V{y: y Aa =0} is
the pseudocomplement of a.
A frame L is called regular if each of its elements is a join of elements rather

below it.
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1.4.4 Definition An element a of a frame M is said to be completely below b,
written as a << b, if there exists a sequence (c;)qe(0,1n0 Where ¢y = a, ¢; = b,
and if p < g then ¢, < ¢;. A frame M is called completely regular if each

a € M is a join of elements completely below it.

1.4.5 Definition An element a € L is called compact if a = \/ .S implies
a = VT for some finite T' C S. A frame L is called: compact whenever its
unit e is compact; algebraic if every element of L is a join of compact elements;
coherent if it is compact, algebraic, and for compact elements a and b, a A b is

compact.

1.4.6 Definition A frame L is called normal if a V b = e implies that there
exist u and v in L such that aVu =e =0V v and u Av =0. L is said to be
coherently normal if it is coherent and for each compact element ¢ € L, | ¢ is

normal.

1.4.7 Definition A frame L is called subfit if a < b impliesaVc<e=0V ¢

for some ¢ € L.

1.4.8 Definition A frame map h: M — L is called dense if h(z) = 0 implies

x = 0; codense if h(z) = e implies x = e; and a quotient map if it is onto.

1.4.9 Lemma Suppose that f : L — M 1is a codense quotient, if L is compact

(normal) then M is compact (normal).



18 CHAPTER 1. PRELIMINARIES

1.4.10 Definition A nucleusis a map n: L — L on a frame L satisfying:
(N1) z < n(x) for all x € L; (N2) 2 < y implies n(z) < n(y); (N3)
n?(x) = n(zx) for all z € L; (N4) n(z Ay) = n(x) An(y).
For any nucleus n on a frame L, the closure system Fiz(n) = {a € L :

n(a) = a} is a frame such that the map n : L — Fiz(n) is a quotient map.

1.4.11 Lemma Suppose that n : L — L, kK : M — M are nucleui, and
f:L— M is a frame homomorphism such that fn(x) < xf(z) for all x € L.
Then there exists a frame homomorphism f : n(L) — k(M) such that f on =
Ko f.

Proof Define f(n(z)) = x(f(x)). It is enough to show that f is well defined.
Let x,y € L such that n(z) = n(y). We have

Similarly, it is proved that that (f(y)) < s(f(z)). Hence f(n(z)) = f(n(y)),

and so f is well defined and the proof is complete. O

1.4.12 Note For any compact frame L one has the so called saturation nucleus
s on L which plays an important role in this thesis and is defined as follows.
Recall that for any x,a € L, x is called a-smallif xtVy = e implies aVy = e,
for all y € L. The saturation nucleus is defined by s(a) = V{z € L|x is a-small
}. Note that if L is compact then s(a) is a-small and hence it is the largest
a-small element of L.
1.4.13 Proposition [2,5] The map s : L — SL = Fix(s) is the unique small-
est codense quotient of L (Banaschewski-Harting [8]). Further SL is subfit

and s : L — SL 1is also the unique codense subfit quotient of L. Finally, SL is
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compact since s is codense.

1.4.14 Definition An element p € M is called primeif p <eand a Ab<p
implies a < p or b < p. An element m € M is called maximal if m < e and
m < x < eimpliesm =x or x = e.

Note that every maximal element is prime.

1.4.15 For each frame L there is a topological space called the spectrum
of L and is denoted by Y. L. Y L consists of all prime elements of L, and
Ye={peX MlaL£p} (a€L)asits open sets. For a frame map h: L — M,
Sh:>M — > L takes p € > M to h.(p) € XL, where h, : M — L is
the right adjoint of h, characterized by the condition h(a) < b if and only if
a < h,(b) for alla € L and b € M. Note that h, preserves primes and arbitrary
meets, and h.(b) = V{z € L: h(z) < b}.

1.4.16 By notation of 1.4.15, L — Y L and h — ) h defines a functor
from the category of Frm to the category of Top®P. The subspace > L of all

maximal element of L is denoted by Max(L).

1.4.17 Lemma [5] For any compact frame L, Max(L) = Max(SL) = Y (SL).

1.4.18 Lemma [2,5] For any normal coherent frame L, the following are

equivalent:
(i) L =SL.
(i) L is subfit.

(iii) L is regular.
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1.4.19 A frame L is called spatial if it is isomorphic to the frame of open
sets of some topological space; in fact isomorphic to the frame of open sets of

> L, the spectrum of L.

1.4.20 Recall from [4] that the frame R of reals is obtained by taking the or-
dered pairs (p, ¢) of rational numbers as generators and imposing the following

relations:

Note that the pairs (p,q) in R and the open intervals (p,q) = {z € R :
p < x < q} in the frame OR of open sets have the same role; in fact there is a

frame isomorphism A : R — OR such that A(p, q) = (p, q).

Also, there is a homeomorphism 7 : >R — R such that r < 7(p) < s if and
only if (r,s) £ p and equivalently r < 7(p) < s if and only if (—, )V (s,—) < p.
Where (—,7) = Vyer(z,7) and (s,—) = V,,(s,x), correspond the intervals

(—o0,7) and (s,400), respectively.

1.4.21 The set C(M) of all frame homomorphisms from R to M has been

studied as an f-ring by B. Banaschewski [2, 4].

Corresponding to every continuous operation ¢ : R*? — R (in particular

+,.,/A,V) we have an operation on C'(M), denoted by the same symbol o,
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defined by:

ao fB(p,q \/{ars A B(z,w) : (r,s) o (z,w) < (p,q)}

where (r,5) ¢ (z,w) < (p,q) means that for each r <z < s and z < y < w we

have p < x 0y < q. It is easy to check that
aoB(p, =) =\{alr, =) AB(s, =) (r,=) o (s,=) < (. )}

aofB(—p)=\V{a(=r)AB(=5): (=)o (=5 < (=p)}

C(M) is also a Riesz space with the scalar multiplication ra = (r1).q,

where r € Q, « € C(M) and . is the ring multiplication of C(M) (see [4]).
1.4.22 For each a € C(M) and A C C(M), let coz(a) = a(—,0) V a(0, —),
and coz(A) = {coz(a) : a € A}. For any o, € C(M) and 0 # r € R we have:

e coz(0) =0, and coz(1) = e,

o coz(a+ ) < coz(a)V coz(f), and if o, f > 0 equality holds,

e coz(|a]) = coz(a) = coz(ra),

e if |a] < || then coz(a) < coz(), and

e if a, 3 > 0 then coz(a A ) = coz(a) A coz(p).

1.4.23 M is completely regular if and only if coz(C'(M)) generates M.
The categories of all algebraic frames and compact algebraic frames, com-
pact Normal regular frames, and compact completely regular frames are de-

noted, respectively, by AFrm, AKFrm, KNRFrm, and KCRFrm.
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Chapter 2

/-modules and Riesz spaces

In this chapter we study f-modules, in tree section. In first section we de-
fine f-modules, strong /-modules, and supper f-modules, and study relations
between them. Note that all of them are equational class with equations in
Remark 2.1.6.

In second section we study ¢-modules of fractions. We prove that f equa-
tions are preserved from a module to its module of fractions but ¢ equations
are not preserved, in Remark 2.2.4 we have a counterexample.

In third section we study topological structures of f-modules and Riesz
spaces. There are two topological structure that are studied. Uniform topology

for ~-modules, and order limit sequence convergence for Riesz spaces.

2.1 /-modules, f-modules, and Riesz spaces

In this section we study /-modules. All rings are commutative with a unit.

23
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2.1.1 Definition Let A be an ordered ring. An A-module M is called an
ordered module if it is a an ordered abelian group and for every a € AT and
x € M*, axr € M*; an (-module if it is a lattice with its order; an f-module if

for every a € AT, x,y € M; a(x Ay) = ax A ay.

2.1.2 Definition Let A be an /(-ring, M is called a strong ¢-module if for
every a,b € Aand x € M*, (a ANb)x = ax N bz.

M is called a supper f-module if the equality |a||x| = |az| is true for every
a€Aand x € M.

2.1.3 Theorem Assume that A is an (-ring and M is an £-module.

(1) For every a € A and z € M, |az| < |a||z|.

(2) M is an f-module if and only if for every a € AT, a(z Vy) = ax V ay.

(3) M is an f-module if and only if for every a € A", |ax| = a|z|.

(4) M is a strong -module if and only if for every x € M™, |ax| = |a|z.

(5) If M is a super f-module then it is a strong {-module and f-module.

Proof (1) First assume that a € A*. We have a(—x),ax < a|z| and hence

ax| = (—ax) V axr < alzx| = |a||z|. Now let a € A be arbitrary. We have
Y
laz| = |(a* —a7)z| < |atz| + a2 < a'fz]+a|7] = (a7 + a7 )|z = |a]|7]

(2) Using the equality —(z V y) = (—z) A (—y) we get the result.
(3) Suppose that M is an f-module and a € A*. By (2),

alr| = a(x V (—z)) = ax V (—ax) = |az|

Conversely, Assume that the equality holds for every a € AT, Let x,y € M.
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We have
2a(zVy) =allr —y| + x4+ y) = lax — ay| + ax + ay = 2(az) V (ay)

Since M has no nonzero element with finite order, Proposition 1.3.2(2), a(x V
y) = (ax) V (ay), and so by (2) M is an f-module.

(4) Suppose that M is a strong f-module and = € M*. By Definition 2.1.2
and the equality —(a V b) = (—a) A (—b) we have

lalx = (aV (—a))x = ax V (—ax) = |az|

Conversely, Assume that the equality is true for every z € M. Let a,b €
M. We have

2(aVb)x = (la—bl+a+b)x = |ax — by| + ax + bx = 2(ax) V (bz)

Since M has no nonzero element with infinite order Proposition 1.3.2(2), hence
(aVb)x = (ax) V (bx), so, using the equality —(a V b) = (—a) A (=b), M is a
strong ¢-module.

(5) Follows from (3), (4), and Definition 1.2.2. O

2.1.4 Definition Suppose that M and N are [-modules over the ordered ring
A. f: M — N is called an o-homomorphism if it is an A-homomorphism
which preserves order. And it is called an /-homomorphism if it is an A-
homomorphism which preserves V and A. For Riesz spaces we say Riesz map

use to f-homomorphism.

2.1.5 Remark If f is a /~homomorphism then

fQz) = [f@)], f(@T) = f(2)", f(a7) = f(z)”
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2.1.6 Remark Suppose that A is an f-ring. Consider all algebras of type
(+,V, A\, —, (Aa)aca,0), where A\, : M — M is the unary operation with
x ~ azx. We have following equations:

The module equations:

M) (z+y)+z=x+ (y+2),

M)z +y=y+uz,

M3) 0+ x ==,

M,) z + (—x) =0,

Ms) (ab)x = a(bx),

Ms) a(x +y) = ax + ay,

Mz7) (a+b)xr = ax + bz,

(M)
(Mz)
(Ms)
(My)
(Ms)
(Ms)
(Mz)
(Ms) 1

§

T =
The lattice equations:

(L1) (zVy)V=aV(yV2),

(Lo) zVy=yVu,

(L3) xVz =

The /(-equations:

() (xVy)+z=(r+2)V(y+2),
(63) atz™ A0 =0,

(ls) —(xVy) = (—=2) A (=y).

The f-equations:

(f) lallz] = llalz|,

() lal|z] = |alz],

(sf) lallz| = lallx].
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Now, It is easy to check that the class of all /-modules is an equational
class with equations (M;)-(Ms), (L1)-(Ls), and (¢1)-(¢3). By Theorem 2.1.3,
the class of all f-modules is equational by adding the equation (f) given above,
the class of all strong /-modules is an equational class by adding the equation
(sf) given above, and finally, the class of all super f-modules is an equational
class by adding the equation (sf) to its equations. We have the following re-

lation between these four equational classes:

2.1.6 Definition Let M be an f-module over an ordered ring A. A submodule
I of M is called an (-ideal if for every x € M and y € I with |z| < |y| we have
x el

Since an arbitrary intersection of f-ideals is an f-ideal, for every subset
X € M there is the smallest ¢-ideal containing X which is called the ¢-ideal
generated by X and is denoted by (X). The following lemma describes the
elements of (X):

2.1.7 Lemma Let M be an -module over an (-ring A, and X C M. Then
xr € (X) if and only if |x| < |ar||z1| + ... + |an||zn| for somen € N, x; € X

and a; € A. In particular, (x) = {y € M : |y| < |a||z],a € A} .

Proof Let J = {z: |z| < |a||z1] + ... + |an||zn|}. Then J is a submodule of
M. Since for every z,y € J and a € A there exist n,m € N, a;,b; € A and

z,y; € Xfori=1,...,nand j=1,...m,

oz +y| < lalle| + |yl < lal(jasllzs] + .. + lanl|zn]) + ballyo] + - + [bm][ym]

= lallarllzs| + ... + lallan[[zn] + lal[br|[yr] + ... 4 [al|bm||ym]
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Since |a||ai,|al|bj] > 0, ax +y € J. Let || < |y| such that y € J. Suppose
that |y| < |ai||z1] + ... + |an||2s], hence |z| < |y| < |ai||z1] + ... + |an||2,| and
so x € J. Thus J is an (-ideal containing X, and hence (X) C J. This proves
the nontrivial side of the equality (X) = J. O

2.1.8 Definition Let M be an ordered module over an ordered ring A. An
element u > 0 is called a strong unit if for every x € M™ there exist a € AT

such that 0 < x < au. M is called bounded if it has a strong unit.

2.1.9 Remark Let M be an f-module over an ¢-ring A. By Lemma 2.1.7,
M is bounded if and only if there exist a positive element v € M such that
M = (u).

To justify Definition 2.1.8, first we give the following remark.

2.1.10 Remark Let M be a bounded ordered module over an ordered ring A
with a fix strong unit u. For every a € A we denote au = a, and in particular
lu = 1. Define the map ¢ : A — M given by a ~ a. We have the following:
(1) ¢ : A — M is an ordered module homomorphism.
(2) If A is an f-ring and M is an ¢-module then ¢ : A — M is an {-module

homomorphism whenever M is a strong f-module.

(3) For a bounded Riesz space E, ¢ : Q — E is a monomorphism Riesz

map. Also, for any positive r € Q, E = (r).

Recall that a topological space X is pseudocompact if and only if every ele-

ment of C(X), the ring of real continuous functions with identity 1, is bounded.
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Now, noting that C(X) is naturally a Riesz space, the following proposition
justifies the Definition 2.1.8 of a bounded Riesz space.

2.1.11 Proposition For a topological space X, the Riesz space C(X) is
bounded iff X is pseudocompact.

Proof One direction is trivial, since C(X) = [1]. To prove the nontrivial
direction, let C(X) be bounded, say C(X) = [u] for some u € C(X). If u is
not bounded, taking f(z) = ¢“®, it is easy to check that |f| £ ru for all
r € Qt, which is a contradiction. Thus u, and hence every element of C(X),

is bounded. O

2.1.12 Notation Let A be an f-ring. The category of all /~-modules over A
with /~-homomorphism is denoted by /Mod(A), the category of all f-modules
over A is denoted by fMod(A). The category of all bounded ¢-modules and
bounded f-modules over A are denoted by B/Mod(A) and BfMod(A), re-

spectively.

Also, the category of all Riesz spaces with Riesz maps is denoted by Rsz,
and the category of all bounded Riesz spaces is denoted by BRsz.

2.2 /-module of fractions

Let A be an ordered ring and S be a multiplicative subset of A containing 1.

Consider the ring S7'A of fractions. If S C A*, we define an order on S~'A
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by a/s < b/t if and only if there exists w € S such that w(ta — sb) < 0,
which makes S™'A an ordered ring. If A is an f-ring, then so is S™'A
with a/s o b/t = (ta o sb)/st for each o € {+,A,V} and |a/s| = |a|/s. For
S={seA:s>1}, wedenote S7'A by A. Note that A is a strong ordered
ring, in the sense that every > 1 is invertible. Moreover, the correspondence
A — A gives a coreflector from the category of f-rings to the category of

strong (-rings [2].

2.2.1 Definition Suppose that M is an ordered module over the ordered ring
A, and S is a multiplicative subset of A with S C A". Define a partial order
on ST'M by x/s < y/t if there exists w € S such that w(tz — sy) < 0.

2.2.2 Proposition Suppose that A is an ordered ring and S C A" is a mul-
tiplicative subset with 0 & S.

(1) S™*M is an ordered module over the ordered ring S~ A.

(2) STYM s also an ordered module over the ordered ring A and i : M —

S~YM which is given by i(x) = x/1 is an A-ordered module homomorphism.

(3) If M is an f-module then S~'M is an f-module, and i is an A-(-
homomorphism.
For every f-ring A;

(4) If M is a strong £-module then S~ M is a strong ¢-module over S™1A.

(5) If M is a super f-module then S™'M is a super f-module over STA.



2.2. (-MODULE OF FRACTIONS 31

Proof (1) First we show that the relation defined on S™'M in Definition
2.2.1 is a partial order. It is obviously reflexive. To prove antisymmetry, let
x/s <y/tand x/s > y/t. Hence there exist w,w’ € S such that w(sy—tz) >0
and w'(tx — sy) > 0. Thus ww'(ta — sb) = 0 and so z/s = y/t. To prove
transitivity, let /s < y/t and y/t < z/k. So there exist w,w’ € S such that
w(sy —tx) > 0 and w'(tz — ky) > 0. Thus

ww't(sz — kx) = ww'(stz — sky) + ww'(sky — thx) >0

and so z/s < z/k. Now to prove that S~ A is an ordered module, let z/s < y/t
and z/k € ST'M. Hence

w(ter —sy) <0 wk*(tx — sy + stz — stz < 0
w(k*tx + stkz — k*sy — sktz) <0
w(tk(kx + sz) — sk(ky +tz)) <0

(kx + sz)/sk < (ky + tz)/tk

T

/s +z/k <y/t+z/k

Suppose that a/s > 0 and z/t > 0 where a € A and € M. So there exist

w,w’ € S such that

wr >0, wa>0 = wwar>0
= (ax)/(st) >0

= (a/s)(z/t) =0

Thus S~™'M is an ordered set.
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(2) For every a € A and z/s € S™'M, define a(x/s) = (ax)/s. If a >0
then a/1 > 0, and hence (ax)/s = (a/1)(xz/s) > 0. Thus S™'M is an or-
dered module over A. For the second part note that for every z < y we have

z/1 <y/l.

(3) First we show that S™'M is an f-module. Let z/s,y/t € ST'M. We

claim that
x/sANy/t = (tx Nsy)/(st), z/sVy/t= (tzV sy)/(st)
First note that z/s,y/t < (tx V sy)/(st), since
t(tx V sy) — sty = t*x V tsy — tsy > 0

s(tw V sy) — stx = t*y V tsx — tsy > 0

Now, suppose that x/s,y/t < z/k, and hence there exist wy,wy € S such that

wi(sz —kx) >0, we(tz —ky) >0

So
wiwystz > wiwsetkr, wiwsstz > wiwssky
and hence
wiwystz > wiwaskx V wiwssky
= wwe(tz V sy)
Thus

wiws(stz — k(tz V sy)) > 0= z/k > (tz V sy)/st
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and so, /s V y/t = (tx V sy)/st.
To prove x/s A y/t = (tz A sy)/st, first note that x/s,y/t > (tz A sy)/(st),
since

t(tow A sy) — sty = t’t Atsy —tsy <0
s(tx A sy) — stx =ty Atsx —tsz < 0

Suppose that x/s,y/t > z/k, and so there exist w;,ws € S such that

wy(sz — kx) < 0,wq(tz —ky) <0

Thus
wiwostz < wiwsetkr, wiwsstz < wiwesky
SO
wiwystz < wiwoskxr A wiwssky
= wiwsy(tz A sy)
Hence

wiws(stz — k(tz A sy)) < 0= z/k < (tz A sy)/st

and so, x/s A y/t = (tx A sy)/st. This proves the claim and so S~'M is an
¢-module.
Now we prove the f-module condition for S™'M. For this, let a/k > 0, and

so there exists a w such that wa > 0. So,
(a/k)(z/sVy/t)) = (wa)/(kw)(z/sVy[t))
= (wa)/(wk)((tz V sy)/(st))

= (wtax V wsay)/(wkst)
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= w(tazr V say)/(wkst)
= (taz V say)/(kst)

= (ktax V ksay)/(k*st)
= (ax/ks)V (ay/kt),

thus
a/k(z/sVy/t) = (ax)/ksV (ay/kt).
It means that S~'M is an f-module.

By the formulas for V and A in S™'M in the proof of /~-module, we have

/IVy/l=(xVy)/l, z/Iny/l=(zAy)/]

So 7 preserves V and A, and it is an A-/-homomorphism.

(4) Since A is an f-ring, for every a/s € ST'A we have |a/s| = |a|/s. Let
z/t € ST'M,x > 0, and hence |a/s|(z/t) = |a|/s(z/t) = |a|x/st = |azx|/st.
So, by Theorem 2.1.3(4), S™'M is a strong f-module over S™'A.

(5) Since M is a super f-module, it is an f-module, and so |z/t| = |z|/t
is true for z/t € ST'M. Let a/s € S7'A. Thus |a/s||z/t] = (|a]/s)(|x|/t) =
|la||z|/st = |as|/st = |(a/s)(x/t)]. This proves that S™*M is a super f-module

over ST1A. O

2.2.3 Remark If M is an f-module then by the formulas for V and A in
S™IM we have the following formulas which will be used to prove Proposition

2.2.3:
|z/s| = (x/s) V (=x/s) = (x V (=2))/s = |x/s]
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(z/s)" = (z/s) V(0/1) = (z v (0))/s = 27 /s
(x/s)” = (=x/s) N (0/1) = ((=2) NO) /s =z /s

2.2.4 Remark If M is an /-module then S~'M may not be an ¢-module. For
example, A = Q[z] with ag+...+a,2™ > 0 if and only if a; > 0,0 < i < n, is an
(-ring but S™!'A is not an f-ring, where S = {p € A : p > 0}. To prove this we
will show that ((1 — x)/1)* does not exist. Assume that ((1 —z)/1)* = f/g,
where f > 0 and g € S. Hence f > (1 —x)g, and so f > ((1 —x)g)*. Since
flg =z ((1==)g)"/gand (1 —x)g)" /g = (1 —x)/1, we have f = ((1 —=z)g)"
and so ((1 —z)/1)" = ((1 —x)g)*/g. Suppose that g = ro + rix + ... + r,z",
where 7; >0, (0 <i<n-—1),and r, > 0. Let h = ro+mT4 ... Frpx” + gt

where 0 < ¢ < r,. Hence

(1—2)h=rg+ (ri —ro)x + ... + (rp — rn_1)2™ + (¢ — rp)z"t — g2

Thus

(L=2)R)" = ro+(ri—7ro) T+ ... 4 (rp — 1) 2™ + (g — 1) T2
= ro+(ri—ro)Tx+. ..+ (r,—rp1) 2"

= (L-2x)g)"

So, 0,(1 —2)/1 < (1 —2)h)"/h < ((1 —x)g)" /g and it contradicts ((1 —
z)/1)T = (1 =x)9)"/g.

2.2.5 Notation For S = {s€ A:s> 1} denote S"'Aby A and S~'M by M.
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2.2.6 Remark The ordered ring Z of all integers with its natural order is a
bounded f-ring. Every abelian ¢-group G is a super f-module over Z. On the
other hand Z = Q. So every Riesz space is of the form G and hence it is a super

f-module over Q. Conversely, if G is an abelian ¢-group then G is a Riesz space.

2.3 Topological structures on /~-module and Riesz
spaces
2.3.1 Definition Let A be a strong bounded /-ring. The neighbourhoods
Vila)={x € A: |z —a|l <1/n}

for each a € A and n € N determine a uniform topology on A with {V,,(a) : a €
A,n € N} as its basis. Moreover, A is a topological ring with this topology. In
fact, the operations ¢ : A? — A are uniformly continuous, where ¢ € {+, A, V},

and the multiplication is continuous (see [2]).

2.3.2 Definition For an /-module M over a strong ordered ring A the neigh-
bourhoods

Vola) ={z e M :|z—a| <1/n}

for each a € M and n € N, determine a uniform topology on M with {V,,(a) :

a € A,n € N} as its basis. Moreover, we have:

2.3.3 Lemma Suppose that M is an {-module over a strong ordered ring

A. Then the operations ¢ : M? — M are uniformly continuous, where ¢ €
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{+,A, V}.
Furthermore, if A is a bounded (-ring then the scalar multiplication A X

M — M is continuous.

Proof Uniform continuity of ¢ results from the following inequality:
[zoy—a'oy| <z —yl+[z" =y
For the continuity of scalar multiplication, let ag € A and x¢y € M. We have

lax — agxo| = |(a — ap)(z — x) + ao(x — o) + (@ — ag)xol

IN

(@ = ao)(z — z0)| + [ao(x — zo)| + [(a — ao)zo]
< la — apllx — zo| + |ao||z — 20| + |a — aol|xo|
Let k& € N. Take m,n € N to be large enough such that 1/mn + |ag|/n +
|zo|/m < 1/k. Now let |x — x| < 1/n and |a — ag| < 1/m. Hence
lax — agzg| < |a— aollr — zo| + |ao]|r — x| + |a — aol|xo]
< 1/mn+ |ag|/n + |xo|/m

< 1/k

This proves the continuity of A x M — M. O

We study another topology which is defined by order convergence of se-
quences [18]. This topology is studied for Riesz space.

Let E be a Riesz space. If (2,){° is a decreasing sequence in £ and = =
AN xn|n € N}, then we write z,, | x. Similarly the dual notion z,, T x is defined.

A sequence (€,)5° with €, | 0 is called a null sequence.
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A sequence (y,)$° is called order convergent to y as n — oo, written as

y=o-lim,,_,, Yy, if there exists a null sequence (¢€,)° with |y, — y| < €, for all

n € N.

Note that a bounded Riesz space F is Archimedean if and only if (1/n),>1

is a null sequence.

Applying the definition of ordered limit we get the following lemma:

2.3.4 Lemma [18] Assume that (2,)7°, (yn)5° are sequences in E such that
o-lim,, ..o , = x and o-lim, .. y, =y. Then,

(1) o-limy, oo (xy, + ayn) = = + ay.

(i) o-lim,—oo(n Vyn) =V y.

(i) o-limy,—oo(Tn Ayn) =T A Y.

2.3.5 Definition A bounded Riesz space E is called uniform if for every null

sequence (z,,) in E and r € Q" there exists m € N such that 0 < x,,, < r.

2.3.6 Definition Let X be a subset of a Riesz space E. Denoting the set
of all ordered limits of the sequences in X by X°, X is called o-limit closed if
X = X°. In the case of a uniform Archimedean bounded Riesz space, o-limit

closed subsets are the closed subsets of some topological space. In fact:

2.3.7 Lemma For a uniform Archimedean bounded Riesz space E, X — X°,

1S a closure operator.
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Proof Tt is clear that X € X~ and if X C Y then X  C Y’. Hence it is
enough to show that X =X

Suppose that a € X" Then there exist sequences (Tn), (Ymn)n>1, (€n)s
and (0n)n>1 such that y,,, € X for all m,n € N, and €, | 0, d,,,, | O, such

that for every m,n € N,
|CL - $n| S €n, |$n - ymn| S 5mn

Since E is a uniform bounded Riesz space, we can assume that (€,),>1 =

(1/n)n>1 and (0pmn)n>1 = (1/mn),>1. Hence we have
la = Ynn| < la— 20| + |20 — You| < 1/n+1/n

Now, since E is Archimedean we get that a= 0-lim,_.s Ynn. S0 a € X which

proves the lemma. O

But what is the relation between these two topologies? In the case of
bounded Archimedean uniform Riesz spaces the two topologies are equal. In

fact:

2.3.8 Theorem Suppose that E is a bounded Archimedean uniform Riesz
space and X is a subset of E. Then a € X, with the uniform topology, if and

only if there exists a sequence (x,) in X such that o-limz,, = a.

Proof Assume that a € X. Hence there is a sequence z,, € X such that
|z, —a| < 1/n. But E being Archimedean, 1/n | 0, so o-limx,, = a, by the

definition of order convergent.
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Conversely, suppose that o-limx,, = a. Thus there is a null sequence (g,)
such that |z, —a|] < e, for all n € N. Let k£ € N. Since F is uniform, there

exist an index n such that e, < 1/k. This proves that a € X. O

Now, we study the continuity of maps with respect to these two topologies.

First we begin with the uniform topology for /~-modules:

2.3.9 Lemma Suppose that A is a strong ordered ring, and f : M — N is a

map between two {-modules M and N.

(1) f is uniformly continuous if and only if for every k € N there exists a

n € N such that

lz —yl <1/n=|f(x) - fly)| <1/k

(2) f is continuous if and only if for every xo € M and k € N there exists

n € N such that

|2 — o] <1/n = [f(z) = f(zo)| < 1/k

Proof (1) Assume that f is uniformly continuous and let £ € N. Hence
f~Y(V4) contains an entourage Vj, in uniform topology of M for some integer
n. So, |x —y| < 1/n implies |f(z) — f(y)| < 1/k.

Conversely, suppose that the condition is true. Let Vi, = {(z,y) : |z —y| <
1/k} be an entourage, and n be an integer such that |z —y| < 1/n = |f(z) —
f(y)] < 1/k. Let (z,y) € V,, and so |z — y| < 1/n. Thus, by the condition
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|f(x) — fly)| < 1/k, Vi, € (f x f)"'(V4). This means that f is uniformly
continuous.
(2) It is similar to (1), replacing Vi and V,, by Vi(zo) and V,,(zo), respec-

tively. O

2.3.10 Proposition Suppose that A is a strong ordered ring and M, N
are bounded (-modules. Fvery {-homomorphism f : M — N is uniformly
continuous.

Proof Let k € N. we take n € N such that m/n < 1/k, where 0 < f(1) <

m. If |z — y| < 1/n, then
[f(@) = f)l = flz —yl) < fF(A/k) = (1/k)f(1) <m/n <1/k
So f is uniformly continuous, by Lemma 2.3.9. O

Now, we study the continuity of Riesz maps with respect to another topol-

ogy which defined by convergence for Riesz spaces.

2.3.11 Theorem Let E, D be Riesz spaces and f : E — D be a Riesz map.

Then f is continuous if and only if f(e,) | 0 whenever e, | 0 in E.

Proof First we note that f is continuous if and only if for every X C F,
f(X°) C f(X)". Let f be continuous and €, € F such that ¢, | 0. Consider
X ={e, :n €N Wehave 0 € X°, 500 = f(0) € X°. Thus there is

a subsequence €, such that o-limf(ex,) = 0. Since z,, is decreasing and f
preserves order, f(e,) | 0.

Conversely, assume that the condition is true. Let X C E, z € X',



42 CHAPTER 2. (-MODULES AND RIESZ SPACES

and z,, € X be a sequence such that o-ltmx,, = x. Hence there is a se-
quence €, € FE such that ¢, | 0 and |z, — 2| < €,. Since f is a Riesz map,
|f(z) — f(z)] = f(len — 2|) < f(e,). Let d, = f(e,). We have 6, | 0. So,
f(x) =o-limf(x,). Thus f(X°) C f(X)  and the proof is complete. O

2.3.12 Corollary Let f: A — B be a continuous Riesz map. Then
(i) f(zn) | f(z) whenever x, | x in A.

(ii) if a= o-lim, o ay, then f(a)= o-lim, . f(a,).

Proof (i) Let ¢, = x, —x. Then ¢, | 0. By Theorem 2.3.11, f(e,) | 0.
But f(en) = f(wn) — f(2), and so f(zn) | f(2).

(ii) Suppose that |a — a,| < €,, where €, | 0. Hence |f(a) — f(a,)| =
f(la — an]) < f(€,) and, by Theorem 2.3.11, f(e,) | 0 which means that

f(a)= o-lim,,_ f(a,). O

Convergence continuity of Riesz maps is obtained from the construction
of the algebraic operations of Riesz space similar to uniform continuity of /-
homomorphisms which is provided by boundedness in Proposition 2.3.10. But
for Convergence continuity of Riesz maps obtained from the conditions uni-

form and Archimedean, in fact:

2.3.13 Lemma If f: E — D is a Riesz map, E is a bounded uniform Riesz

space, and D is an Archimedean Riesz space, then f is a continuous Riesz map.

Proof Assume that ¢, | 0in E. Let £k € N. Since E is uniform, there
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exists my, such that for each m > my, 0 < ¢, < kL. So 0 < f(ep) <
f(E7Y) = k71 f(u) for all m > my,, where E = (u). Since D is Archimedean,
inf{k~f(u)|k = 1,2,---} = 0. Hence inf{f(e;,)|m = 1,2,---} = 0, and so
fle) 10. O

From Theorem 2.3.10 we have:

2.3.14 Corollary Suppose that A is a strong ordered ring. For a strong or-
dered ring A, every map in the category B/Mod(A) is uniformly continuous.

And from Theorem 2.3.13 we have:

2.3.15 Corollary FEvery map in the category BUARSz is convergence con-

tinuous.
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Chapter 3

Pointfree spectra

In this chapter we study tree pointfree spectra of /-modules, pointfree Keimel
spectrum, pointfree maximal spectrum, and spectra of closed (-ideals.

In first section we prove that compactness of L(M) is equivalent to bound-
edness of M, and for every f-module £(M) is coherently normal. Also, we
prove that £(M) is isomorphic to £(S™1M).

The completely regularity of pointfree maximal spectrum SL(M) is proved
in second section.

Corresponding of two topological structures we have two spectra of closed

(-ideal. We study these spectra in third section.

3.1 Pointfree Keimel spectrum

Suppose that A is an ordered ring and M is an /-module over A. The set of
all ¢-ideals of M is denoted by L(M) (see 1.2.6 for definition of ¢-ideal).

The spectrum > L(M) of L(M) is called the Keimel Spectrum and is de-

45
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noted by speci (M) (see [2, 16]).

3.1.1 Theorem Let A be an ordered ring and M be an {-module over A. Then

(1) L(M) is a frame.

(2) J € L(M) is a compact element if and only if there exists m € M such

that J = [m], where [m] is the l-ideal generated by m.

Proof (1) It is clear that £(M) is a complete lattice, since the intersection
of l-ideals of M is an (-ideal of M. Also notice that the join of a family
{Jy|y € T} of ¢-ideals is given by V J, = > J,. This is because Y J, is an
(-ideal. To see this, let « € M and |a| < |ay + --- + a,|, where a; € J,,
for K = 1,---,n. Hence, |a| < |a1| + -+ + |an|, and by Lemma 1.1.4(5),
la| = 21 + -+ 4+ =z, for some 0 < z; < |a;|, and hence |a| € Y J,. Similarly
at €Y J,, and so a =2a" —|a| € X J,.

To prove the distributivity of N over arbitrary V, let x € J N3 J,. Then
x € Jand |z| =u; + - + u,, where uy > 0, u, € J,, for k=1,---,n. Now,
by Lemma 1.1.4(5), |z| = || A (u1 + -+ + up) < |z| Aug + -+ - + |2| A u,, and
so |z| € X JNJ,, that is, x € > J N J,. Therefore, L(M) is a frame.

(2) Suppose that J is compact. So J = [a1] + [ag] + - - - + [a,] for a; € J. It
is easy to see that J = [a] for a = |ay| V - -+ V |ay,].

Conversely, suppose that J = [a] and J = V{J,|y € '} = X o J,.
We can take each J, = [a,] for some a, € J,. Then [a] = Y [a,], and so

la| = uy + -+ + ug, where 0 < u; € [a;,]. Obviously, [a] C [ug] + - + [ug] C
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lai,] + -+ [a;,] C [a], and hence J = [a;,] + -+ + [a;,]. So J is compact. O

3.1.2 Corollary For every {-module M over an ordered ring A, the following
are equivalent:

(1) M is bounded;

(2) L(M) is compact.
3.1.3 Lemma Let M be an {-module over an ordered ring A. Then M is an

f-module if and only if for every m,n € M™, [m] N [n] = [m A n].

Proof Suppose that the equality holds for all m,n € M*. SomAn =0
implies am A an = 0 for all a € A" and m,n € M*. Let a € AT and

m,n € M. We have
(m—mAn)A(n—mAn)=mAn—mAn=0

So

O=a(m—mAn)ANa(n—mAn) = (am—a(mAn))A(an—a(mAn))

= am Aan —a(mAn)

Hence, a(m An) = am A an. This means that M is an f-module. This proves

the nontrivial part of the lemma. O

3.1.4 Theorem For every f-module over an ordered ring A, L(M) is coher-

ently normal.

Proof By Theorem 3.1.1(2) and Lemma 3.1.3, £(M) is coherent. Thus
we just verify the normality condition. Let I + J = [a], where I,J € L(M)
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and a € M, which gives the compact element [a| in L(M). Then a = b+ ¢
for some b € I and c € J.

Let u = |c| — |b] A |c] and v = |b| — |b] A |¢|]. We have u € J, and hence
I+ [u] C [a]. But

a = la| < o] +[¢] = ([b] + [b] Afe]) +u

Thus a € I + [u], and [a] = I + [u]. Similarly [a] = J + [v]. O

3.1.5 Remark Since every Riesz space and abelian ¢-group are f-module by
Theorems 1.1.6 and 1.1.8, for every Riesz space E, L(E) is coherently normal.
Also for every abelian ¢-group G, £(G) is coherently normal. In fact,

3.1.6 Theorem For every f-module over an ordered ring A and a multiplica-
tive subset S of A such that for every s € S, s > 1, we have L(M) = L(S™'M)
as frames. In particular, £L(M) = L(M).

Proof Consider the maps ¢ : L(M) — L(S™M) given by ¢(J) = S71J =
{a/sla € J,s € S}, and ¢ : L(ST'M) — L(M) given by (I) = I N M. First
note that ¢ and 1 are both well defined, since S~'J and I N M are (-ideals of
S—'M and M, respectively. Also ¢ and 9 preserve inclusions. So it is enough

to show that ¢ and v are inverse of each other, that is,
STtInM=J, S?*TInM)=1I

It is obvious that S~™'(I N M) C I and J C S™'J N M. Conversely, let
x € S71JN M. Hence, there exist a € J and s € S such that a/s = z. Since
s > 1, we have |a/s| = |a|/s < |a|, and so a/s € J, since J is an (-ideal. Thus

x € J. Hence, ST'JNM = J.
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Now assume that a/s € I where s € S and a € M. So
a=sa/s€l=aclInNM=a/seSINM).

This yields S~(I N M) = I, and the proof is complete. O

The fact that every f-ring A is a subdirect product of chains (of f-rings)
is proved using the Axiom of Choice in [10] (Lemma 4, p.404). Here we prove
that every f-module over the ordered ring A is a subdirect product of chains

(of modules) using BUT, and give the chains explicitley.

3.1.7 Proposition Let M be an f-module over the ordered ring A, and P be
an element of L(M). Then the following are equivalent:

(i) P is a prime element of the frame L(M).

(ii) P is a prime L-ideal; that is, x|\ |yl € P=x € P ory € P.

(iii) M/ P is totally ordered.

Proof (i) = (ii): Let z,y € M and |z| A |y| € P. By Lemma 3.1.3,
(x) N (y) = (|=| Aly|) € P. Hence, x € (x) C Pory € (y) C P.

(il) = (i): Let INJ C P,z € [—Pandy € J— P. Hence, |z| € [ — P and
ly| € J— P. Since P is a prime (-ideal, |z| A |y| € INJ — P, which contradicts
INJCP.

(ii) = (iii): Let x + P,y + P € M/P. We have

(x—zAyYANy—xzANy)=xAy—xzAy=0

Hence, t—xAy € Pory—ax/Ay € P,sox+P <y+Pory+P <z+P ¢ M/P.
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(iii) = (ii): Let x,y € M and |z| A |y| € P. Assume that x + P <y + P.
We have r —x Ay € P, and hence x € P. O

3.1.8 Remark The spectrum of the frame £(M) is called the Keimel spectrum
and is denoted by SpecxkM [2, 16]. BUT is enough to prove that £(M) is
spatial, for any f-module M. Hence, by the above proposition, BUT implies
that N{P : M/P is totally ordered } = 0, which means that the homomorphism
from M to [I{M/P : M/P is totally ordered } is one-one. So BUT implies
that every f-module is a subdirect product of totally ordered chains (see [2]

for the same remark for f-rings).

3.2 Pointfree maximal spectrum

As for f-rings [2,4,5], we consider SL(M), the saturation of the frame L£(M) of
(-ideals of a bounded f-module M over a bounded ordered ring A is considered
as the maximal spectrum.

We show, among other things, that these two spectra are completely regu-

lar and, under some mild conditions, naturally isomorphic.

3.2.1 Lemma Let M be a bounded f-module over a strong ordered ring A.
Suppose that k : L(M) — L(M) is a nucleus such that for each a € MT,
k([a)) = k(J), where J = U{[(a —p)T], 0 < p < 1}. Then kL(M) = Fiz(k)
is a completely reqular frame. In particular, if K : L(M) — cL(M) is codense

then there is a frame isomorphism h : SL(M) — kL(M) such that k = hsyy.

Proof We begin by showing [(a —p)*] << [a] in L(M) for all a € M and
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each rational number p with 0 < p < 1. We will show that [(a—p)T] < [(a—q) ]
for all 0 < ¢ < p. We have

(a—q¢)"+(a—p)~ = (a=q)VO+(p—a)VO
= (avg)—g+(pVa)—a
= 0V(g—a)+(p—q)V(ea—q)
> p—q=p—q>0

Thus [(a —¢)T]+[(a—p)7]2[(a—¢) " +(a—p)7] 2 [p—ql = M.

On the other hand, (a — p)* A (a — p)~ = 0. Hence, by Lemma 3.1.3,
[(a =p)*]N[(a—p)~] =0. Thus [(a —p)*] < [(a —q)"].

Now we show the complete regularity of xL(M). Since for every J €
RL(M), J = WHla]la € JT} (in L(M)), J = k(J) = V{k[a]la € J"} (in
kL(M)). So it is sufficient to show that for each a € M ™, kla] is the join in
kL(M) of the corresponding k[(a — p)*], 0 < p < 1 in Q; that is to show that
kla] = k(I) for the ¢-ideal I = U{[(a —p)*], 0 < p <1 in Q} which is given by

the hypothesis. The second part of the lemma follows from Lemma 1.2.12. O

3.2.2 Lemma If M is a bounded f-module over a strong bounded ordered

ring A, then SL(M) is completely regular.

Proof Using Lemma 3.2.1, it is sufficient to show that for each a € M,
sla] = s(I) for the ¢-ideal I = U{[(a — p)*"], 0 < p < 1 in Q}. The inclusion
s(I) C sa] is trivial. So it is enough to show that [a] is I-small. Let [a]+J = M.

Thus 1 € [a] + J, and so we have 1 < ra+ by for some b; € J and r > 0. Since
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A is bounded, there exists a natural number n such that » < n. We have

O<i<a+iby=a+b forb=21|b]
lavb=[a]+[b] D a+b] D[] =M
O<p<g<aVb forsomep,qgeqQ
g—p<(a—p)Vb-p)<(a—p)"vbel+J
g—pel+J=DM.

I+J=M.

$od

This completes the proof. O

3.2.3 Theorem If M is a bounded f-module over a bounded ordered ring A
then SL(M) is completely regular.

Proof By the previous lemma and Theorem 3.1.6, it is enough to show
that A and M are bounded. Let a/s € A where a € A and s > 1. There exists

n € N such that |a] < n. So

la/s| = lal/s < [al/1 < n/L=n

This proves the boundedness of A. Similarly, M is bounded. O

3.2.4 Corollary For each bounded Riesz space E, SL(E) is completely reg-

ular.
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3.3 Spectra of closed /-ideals

Let M be an ¢-module over a strong ordered ring A and X denote the closure
of X C M with respect to the uniform topology generated by neighbourhoods
Vo(a) n € N and a € M. We define a map c¢p : L(M) — L(M) given by
en(l) =1

3.3.1 Lemma For any ¢-module M over a strong bounded ordered ring A,

cyr 1S a nucleus.

Proof First we show that I is an (-ideal. It is clear that I is a submodule
of M. Assume that |z| < |a| and @ € I. Let n € N. Take y € I such that

ly — al] < 1/n. Hence
] = Tyl Al = flal Alz| =yl Alel] < fla] = Tyl| < lla] = [yl] < 1/n

Thus |z| € 1, since |y| A |x] € I. Similarly, z+ € I, and so z = 2o — |z| is in
I. Hence I is an (-ideal.

To prove that ¢y, is a nucleus, note that (N1) is trivial. For (N2) let a € T
and n € N. Hence |a — z| < 1/2n and |z — y| < 1/2n, for some z € T and

y € I. Thus
la—y|<l|la—z|+ |z —y| <1/2n+1/2n=1/n

and so a € 1.
Now let a € INJ and n € N. We have |a — z| < 1/2n,|a — y| < 1/2n for

some x € [ and y € J. So

llal = lz[Alyll = [la| Alal = |2z[ Ayl < llal = |||+ [lal+yl] < 1/2n+1/2n = 1/n
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But |z| Aly] € INJ, so |a] € INJ. This proves (N3), and the proof is

complete. O

Let CLM be the frame Fixz(cyr), consisting of all closed ¢-ideals of M.

3.3.2 Theorem For any bounded f-module M over a strong bounded ordered
ring A, CL(M) is completely regular.

Proof By Lemma 3.2.1, it is enough to show that for every a € M,

la] =T, where I = U{[(a — p)T]|0 < p < 1}. We have

la—(a—1/n)"|=]la—(a—1/n)VO0|<1/nAa<1/n

Thus a € T, and hence [a] C T which is the nontrivial side of [a] = . O

3.3.3 Theorem Suppose that M is a bounded {-module over a strong bounded
ordered ring A. Then

(1) epr s LIM) — CL(M) is a codense quotient.

(2) CL(M) is compact normal.

Moreover, if M is an f-module then

(3) CL(M) is coherent.

(4) epr 2 L — CL(M) is a subfit codense quotient.

(5) There is an isomorphism hy - CL(M) — SL(M) such that hycy =
SM-

Proof (1) Let I = M = [1], where I € L(M). Hence, 1 € T and there
exists a € I such that |1 —a| < 1/2. So

L—la|Al=1—|a| ALl <|l—a| <1/2
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Thus 1 < 2(|a| A 1). Since |a] A1 € I, we have 1 € I, and hence I = M.
(2) follows from (1), Corollary 3.1.2, and Theorem 3.1.4 and 1.4.9.

(3) First we show that I € C'L(M) is compact if and only if I = [a] for some

a € I. Assume that I € CL(M) is a compact element. Since I = V,c+ [al,

there exists n € N such that

I=[a]+ ...+ [a.] =[a1] + ... + [an] = [d]

where a = a1 V ... V aq,.

Conversely, suppose that a € M and [a] = \/ D, where D is an updirected
subset of CL(M). Hence, [a] = UD, and so a € I for some I € D. Thus

la) =UD, and so a € I for some I € D. Thus [a] = I for some I € D. This

proves that [a] is a compact element.

Using

[a] N [b] = [a] N [b] = [la] A 18]}

we see that the meet of two compact elements of C'L(M) is compact. This
means that C/L(M) is coherent. And this proves (3).

(4) Since CL(M) is normal coherent and by Theorem 3.3.2 is regular,
hence by Lemma 1.2.12, CL(M) is subfit. So ¢y : L(M) — CL(M) is a subfit
codense quotient.

(5) follows from (4). O

By the notations of Definition 2.3.6 we have a closure operator on L(E),
and another closed spectrum for Riesz space E. We begin with the following
lemma.

3.3.4 Lemma For a uniform Archimedean bounded Riesz space E, c% :

L(E) — L(E), given by I — I°, is a closure operator.
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Proof First, notice that for an ¢-ideal J of E, J° is an ideal. This is because
first of all J° is a subspace (Lemma 2.3.4(i)). Now assume that 0 < z < |a|
for a € J°. Let o-lim,_sa, = a, for a, € J. Then o-lim,_ |a,| = |a|, and
hence x = |a| A x=0-lim,, _.oo(|a,| A ) and so x € J°, since |a,| Az € J for
all n. So |z| < |a| implies that |z|,z+ € J°, and hence € J°. Thus J° is an
ideal.

Second, to prove ?O =J° suppose that a € ?O. Then there exist sequences
(n)s (Ymn)n>1, (€n), and (dyn)n>1 such that y,, € J for all m,n € N, and

€n 1 0, Omn | 0, such that for every m,n € N,

’CL - xn‘ S €n, |$n - ymn‘ é 5mn

Since E is a uniform bounded Riesz space, we can assume that (€,),>1 =

(1/n)p>1 and (6mn)n>1 = (1/mn),>1. Hence, we have

la = Ynn| < |a — zp| + |20 = Ynn| < 1/n+1/nn

Now, since E is Archimedean, we get that a= o-lim,, .o Ynn. S0 a € J’

which proves the lemma. O

3.3.5 Lemma The above closure operator also satisfies the following:
() InJ’ =1"nJ’.

(11) If E has a nonzero null sequence, then T’ is a band of E.

Proof (i) The inclusion I°NJ° D TN J° is trivial. Let 2 € I°N.J°. Thus,

= 0o-lim,,_, a,= 0- lim,_, b, for some (a,)p>1 in I, (by)p>1 in J. Thus =
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o-limat AbF, 7= o-lima, Ab,. But 0 < af ALY <af, bF, 0<a, Nb, <

T b, € J. Thus af Abf a, Ab, € INJ and hence

n’»-’n n?-'n

a b, ar,a; €I, and b

n»’no n»’’n

etz eInNJ’ . SoxzelInJ’ . ThusI'NnJ' =InJ’.

(ii) By hypothesis, there exists a nonzero null sequence (a, )ncy. Let S C T°
and xr =/ S exists. Thus for eachn > 1, x—a, < z and hence z—a, <s, <z
for some s, € S. Thus = o-lim,,_,, s,; in fact x € =T and hence T° is a

band. O

We denote the set of all closed ¢-ideals of E, that is ideals I for which
I’ =1, by C°(E).

3.3.6 Remark But what is the relation of two frame C°L(FE) and CL(E)? We
should say that using Theorem 2.3.8, in case of bounded uniform Archimedean
Riesz space C°L(E) = CL(E). In other case the frame C°L(FE) dose not mean,

since ¢}, : L(F) — L(F) is not a closure operator.
So, Here we have all facts for C°L(F) that are true for CL(E):

3.3.7 Theorem For a uniform Archimedean bounded Riesz space E, C°L(E)
is a frame and ¢, : L(E) — C°L(E) is codense. If in addition E is complete,
then C°L(FE) is a subfit frame and ¢%, : L(E) — C°L(F) is a subfit quotient.

3.3.8 Corollary If E is a uniform complete bounded Riesz space then there
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is an isomorphism h : SL(E) — C°L(E) such that hsg = ¢%:

L(E) 22 SL(E)

(o}
°E

N\ L h
C°L(E)

3.3.9 Proposition For a bounded uniform Archimedean Riesz space E, C°L(FE)

18 compact completely reqular.

3.3.10 Definition A Riesz space is called Dedekind complete if sup(S) exists
forall S C E.
3.3.11 Proposition For a Dedekind complete uniform Archimedean bounded

Riesz space E, C°L(E) is coherently normal.

Proof By the above remark it remains to prove that | @O is normal in
C°L(E). Let I,J € CI(E) with IV J = {(a)°. Also let U = I+ N {a)’ and
V=Jtn @0. It is clear that U and V' are closed ideals. Since U NI = 0 we
have UNJ =UN(IVJ)=UnN{a)’=U, hence U C.J and so UNV = 0.

On the other hand, using completeness of F, we get @T)O —TaU =1IVU,

and similarly @0 = J Vv V. This proves the proposition. O



Chapter 4

Pointfree Kakutani duality

This chapter is the final aim of the thesis. Pointfree Kakutani duality is studied
in final section, before it, we study the functorial property of spectra that are
studied in previous chapter. The continuous real functions Riesz space as a
functor is studied in next section, and the adjunction property of these functors
is studied in section 3 (Theorem 4.3.1). In section 4 we study the generalized

pointfree version of Stone-Weierstrass theorem (Theorem 4.4.7).

4.1 The spectra functors

First we see that the pointfree Keimel spectrum is functorial:

4.1.1 Proposition Let A be an ordered ring. The assignment M —— L(M)
is functorial from (Mod(A) to AFrm. And its restriction on B¢{Mod(A) is
also functorial to AKFrm.

29
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Proof For any map f: M — N in fMod(A), the corresponding map
Lf:L(M)— L(N) takes each ideal J of M to the ideal generated by f[J] in
N; that is, Lf(J) = (U{(f(a))|a € J}). This map obviously preserves arbi-
trary joins, since it is a left adjoint to the map I —— f~![I] from L£(N) into

L(M), and the preservation of finitary meet is easily checked. O

The functor in Proposition 4.1.1 is called the Keimel functor and is denoted

by L.

Now we verify the functor of uniform closed spectrum for /-modules and

convergence closed spectrum for Riesz space.

4.1.2 Theorem Suppose that A is a strong ordered ring. Then the corre-
spondence M +— CL(M) defines a functor from B¢Mod(A) to KNRFrm,
such that for every M, CLf ocy = cpr o f. Moreover, The restriction of this
functor on BéMod(A) is a functor to KCRFrm.

Proof By Theorem 3.3.3(2) it is well defined on objects. Let f: M — N

be an /-module homomorphism. By Corollary 2.3.14, f is continuous. Hence

for every J € L(M), f[J] C f[J]. Thus
Lfocy(J) CenyoLf(J)

By Lemma 1.2.10, there exists a frame map denoted by CLf : CL(M) — L(N)
such that CLf ocyr = ey o Lf. This implies that C'L with this definition on

maps is a functor. The second part of the theorem results from 3.3.2. O
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The functor in Proposition 4.1.2 is called the uniform closed functor and is

denoted by C'L. We have:

4.1.3 Corollary Suppose that A is a strong ordered ring. Then ¢ = (car)m

s a natural transformation from L to CL.

The functor in Proposition 4.1.4 is called the maximal functor and is de-

noted by SL. We have:

4.1.4 Theorem Suppose that A is a strong ordered ring. Then the correspon-

dence M — SL(M) defines a functor from BfMod(A) to KCRFrm such
that b = (har)ar s a natural isomorphism from CL to SCL.

Proof Apply Theorems 3.3.3(5) and 4.1.2. O

From Theorem 4.1.3 we have:

4.1.4 Corollary Suppose that A is a strong ordered ring. Then s = (spr)r s
a natural transformation from L to SL. Also, the two natural transformation

c and s are naturally isomorphic.

4.1.5 Remark By Remark 3.3.11, the assignment C°L : E —— C°L(E) is
functorial from BUARsz to KCRFrm, and it is equal to CL, and ¢® = (¢%)g
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is a natral transformation.

L(D) £ CoL(E)
We denote the functor C°L = CL by M.

4.2 The functor of continuous real functions

In this section we consider C'(L) as a Riesz space with the scaler multiplication
ra = r.a, where r € Q, @ € C(L) and the operation . is the ring multiplication
of C'(L). Part (1) of the following lemma completes the proof of C'(L) to be a

Riesz space, and the rest describe the order of C'(L).

4.2.1 Lemma Let L be a frame, r,s € Q, and « € C(L).
(1) For each continous operation < : Q* — Q, we have r1{sl = (ros)l.
(2) a > 0 if and only if a(—,0) = 0, where (—,0) = \{(p,0)|p < 0}.
(3) a <0 if and only if a(0,—) =0, where (0,—) = V{(0,p)|p > 0}.
(4) If « < B and p € C(L), then a(p,—) < B(p,—) for all p € Q, where

(= 1) = Voep(q,p) and (p, =) = VoD, @)

Proof (1) Letp,q € Q. Wedenoted r1 = r*, s1 = s*, and (ros)l = (ros)*
for easiness.

Case 1: Suppose that 0 = (r<s)*(p, ¢). We will prove that 7*Cs*(p, ¢) = 0.
Let x,y, z,w € Q such that (z,y)(z,w) < (p, q).
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Since [[p < 10s < q]] = 0, either x < r < yor z < s < w is false. So

[t <r <y]]A][z < s <w]] =0, and hence

r'0s*(p,q) = {llz <r <yl A llz < s <wll[(z,9)0(z,w) < ()} =0

Case 2: Suppose that (ros)*(p,q) =1, s0 p < rds < g.
Let V = {(t1,12) € Q*|p < 1Oty < ). In fact, V is the inverse image of the
open internal (p, ) under the continouse map < : Q* — Q.
Then V' is an open set and (r, s) € (z,y) X (z,w) C V, for some z,y, z, w € Q.
It means that (z,y)(z,w) < (p,q) and [[z <7 < y|]]=1=[[z < s < w]]. So

L=\V{llz <r <yl Allz < s <wl]|(z,9)0(z,w) < (p.q)} = rOs(p,q)-
Hence, r*Os* = (rds)*.
(2) Suppose that a > 0. Let p < 0. We have
a(p,0) = (0Va)(p,0) = V{[lr <0 <s]]A(zw)|(r,s) V(z,w) € (p,0)}
= V{[[r <0<s]]Aalz,w)|][r <0< s]] =0}
=0
Thus a(—,0) = 0.
Conversely, suppose that a(—,0) = 0 and p,q € Q. It is enough to show
that o A 0(p, q) = [[p < 0 < ¢]] = 0(p, 9).
Case 1: Suppose that [[p < 0 < ¢]] = 1. Since (p,r) A (p,q) < (p,q), for all
r > q, we can write
aNO(p,q) = V{alr,s) Az <0 <w]]|(r,s) A (z,w) < (p,g)}
> V{alp,r) Allp <0 <dlllr > g}
= a(Vysg(p:7))
= a((p,—) vV (=,0))

= afe)=1
(note that a(—,0) = 0). Thus a A 0(p,q) = 1.
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Case 2: Suppose that [[p <0< ¢]] =
Let 0 < p < q. So, (r,8) A (z,w) < (p,q) implies [[z < 0 < w]] = 0. Thus

aA0(p,q) = \H{a(r,s) N[z <0 < w]]|(r,s) A (z,w) < (p,q)} =0

Let p < ¢ < 0. So, (r,8) A (z,w) < (p,q) and [[z < 0 < w]] = 1 imply
(r,s) < (p,q). Hence,

aN0(p,q) = V{a(r,s) Az <0 <w]|(r,s) A(z,w) < (p,q)}
< Aalr,s) Az <0 <wl]|(r,s) < (p,0)}
< VH{a(r,s)[(r.s) < (p,9)}
< aV{(r9)l(r,s) < (p.a)})

a(p,q) < a(=,0) =0
(3) Results from (2).

(4) Let p € Q. Then

alp,—) = (aNB)(p \/{a (r,s)AB(z,w)|r,z > p} < \/ B(z,w) = B(p,—)

z2>p

Then the proof is complete. O

Note that since C'(L) is Archimedean as an f-ring, it is so as a Riesz space,

too.

For any frame homomorphism f : L — L' define C(f) : C(L) — C(L') by
ar— foa.

Since C'(f) is an f-ring homomorphism [4], it preserves +, ., A, V. Now, let
r € Q. We have

C(f)(ra) = (). Cf)a) = rC(f) @) = rC(f)a),
since C(f)(r) =r (f preserves 0,1). Thus C(f) is also a Riesz map.
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Hence, we have the following Corollary:

4.2.2 Corollary C': Frm — Rsz, given as above, is a functor.

4.2.3 Lemma For any compact completely reqular frame L,
(i) C(L) is uniform.

(ii) For any frame map f : L — L' in KCRfrm, C(f) is a continuous

Riesz map.
(iii) If L is a compact, then C(L) is bounded.

Proof (i) Assume that ,, € C(L) is a sequence with «,, | 0 and hence r >
0. Let 0 < p < r. We have a,,(—,p) < aps1(—,p) and a,(p, —) > ani1(p, —)

for all n > 1.

We prove that a,, < p for some n € N and some p with 0 < p < r. Sup-
pose that «,, £ p for all n,p. Thus a,(—,p) # 1 and a,(p,—) # 0. Let
a, = Vol an(—,p) # 1 and b, = A2, an(p, —). We have a, A b, = 0. We
have b, # 0 for all p < r. Because, let b, = 0 for some 0 < g < r. For each p
with ¢ < p < r we have a, > o, (—,p) V am(q,—) =1 So, a, = 1, and hence,
by compactness of L, a,(—,p) = 1 for some n € N, which is a contradiction.
Now, since L is completely regular, cozero sets of L generate L, we can find an
o € C(L) such that 0 < coz(a) < b,. Let § = |a|, where n € N with np > a
exists by boundedness of C(L)). We have coz(f)Aa, =0and 0 < § < p. Thus
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(ﬂ - an)(ov _> = \/{6<r7 3) A O‘n(szﬂ(rv 8) - (va) < (07 _>}
= V{B(r,s) Na,(z,w)|z <w <r < s}
= V{B(r,s) Nap(z,w)]z <w <r<sand w>0and r < p}

(since o, > 0 ans 0 < 3 < p)

Hence, 0 < § < a, for all n > 1, by Lemma 4.2.1(3). Which contradicts «, | 0.

< cozfB N\ an(—,p) < cozB Aa,=0.

Hence there exists 0 < p < r such that a,, < p < r for some n. This proves

that C'(L) is uniform.

(ii) Results from (i) and Corollary 2.3.15.

(iii) Let o € C(L). We have Vo, a(—n,n) = 1. Since L is compact, there
exists n such that a(—n,n) = 1. Thus
0 =a(n,—) = (e« —n)(0,—) and hence 0 = a(—,—n) = a + n(—,0). So,

by Lemma 4.2.1(2),(3), we have —n < a < n. Thus o € (1). Therefore,
C(L) = (1), and hence C'(L) is bounded. O

Now we have the following Corollary:

4.2.4 Corollary C': KCRFrm — BUARsz is functorial.

4.2.5 Proposition C': Frm — Rsz is a faithful functor.

Proof Suppose that f,g: L — M are frame maps such that C(f) = C(g)

where L is completely regular. Let a € L. Since L is completely regular,

a = V{coz(a) : coz(a) < a}. We have
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f(a) = V{f(coz(a)) : coz(a) <a} = V{f(a((—,0)V(0,-)): coz(a) <
= V{g(a((—,0) vV (0,-)) : coz(a) <

= g(a)
So C is faithful.

4.3 The adjunction between functors

Recall from Theorem 4.1.2 CL = M : BUARsz — KCRFrm given by
E —— MEF is functorial. In the following theorem we will prove that M is a

left adjoint to C'.
4.3.1 Proposition M is a left adjoint to C.

Proof Let L be a compact completly regular frame. We define ¢y :
LC(L) — L by pr(I) = Vet coz(x). It is easy to check that ¢y is a frame
homorphism. The map ¢ is onto, since L is completely regular. To prove
that ¢y, is codense, note that coz(a) = 1 implies (a) = C'(L). Since
coz(la]) =1
= |af(0,—) =1
= |al(q,—) =1, for some ¢ > 0
= |a| > ¢ > 0, for some ¢ > 0
= (o) = C(L) = 1ccw).-

By Proposition 3.3.3, ccry : LC(L) — MC(L) is the smallest codense
quotient of LC(L). So there exists a unique frame map o, : MC(L) — L
such that oy, o Cery = ¢r. In particular, for all « € C(L), or({a)) = coza

where (o) = Cey((a)) = (o).

a}
a}
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Now for every E € BUARsz we define 75 : E — C(M(E)) by 7g(a) =

a, where a(p,q) = (((a —p) A (¢ —a))t). We will prove that (op,74) is the
adjunction.

To begin, we show that 74 is a continuous Riesz map. We must show that
for o = +,V, A, for every a,b € E and r € Q, aob = a o b, and (?E) = ra.

First note that (z Ay)™ = 2™ Ay* for all x,y € E. Hence, the equations

(=a)(p,q) = {((ma—p)* Ag+a)t) =a(—q,—p) = (=a)(p,q)

and for r >0

—

(ra) = ((ra—p)*t Alg—ra)t) =((a—r~'p)* A(r-tq—a)*) = a(r 'p,r 'q) =

prove (?E) = ra.

Let p,q, 7, s,w, z € Q such that (r,s) + (w, z) < (p,q). We have

(a+b—p)>(a—r+b—w) = 2((a—r)AN(b—w)+ (a—7r)A(b—w))
= 22 =r)A(b—-w))+d) = 4((a—r)A(b—
where d = (a—7)V(b—w)—(a—7)A(b—w) > 0. Thus (a—7)*A(b—w)t <

Ha+b—p)". Similarly, (s —a)" A (2 —b)T < 1(¢ — a —b)". Hence,

(((a=r)A(s=a) )n(((b—w) A(z=b)") C(((a+b—p)Alg—a—0b)*")

since, < > N <y >=< Ay > forall z,y > 0. Hence a+b(p, q) < a/+\b(p, q).
So, @ + b, @+ b are frame homomorphisms from L(R) to ME such that for
every u € L(R), a + b(u) < a/—l-\b(u) So we can prove the equality using the
regularity of L(R).

Next, we consider the operation A. Let p,q,r,s,t,u € Q such that (r,s) A
(t,u) < (p,q). Thus p <rAt,s Nu < q and hence

(a=r)A(b—t)<(a—p)A(b—p)=(aNb) -

(ra)(p,q)

w)),
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On the other hand,

(s—a)A(u—=0)<(g—a)V(g—b)=q—(anb)

So a A lS(p, q) < m(p, q), which shows that a Ab = a Ab, again by regularity
of L(R). Finally, to prove 7g(e) = 1, note that for each p,q € Q, 1(p,q) = 1 if
andonlyifp<e<qgorp<1<y.

For the join operation, use a Vb = —((—a) A (=b)). Finally, by Lemma
2.3.13, since E is uniform and C(MUFE) is Archimedean, 75 : E — C(MUE) is a

continuous Riesz map. Now we prove the adjunction identities:

oMMy = idpmg, (Cop)Tor = idey,

It is enough to show that

coz(a) =< a > and coz(((a —p) A (¢ — a))t) = alp, q)

foralla € E, a € C(L), and p,q € Q, that p < ¢ < 0, we have g—a < —a. Thus

0<(¢g—a)" <(—a)t, and hence (¢g—a)* € (a). So ((a—p)A(¢g—a))t €< a >.

In the case 0 < p < ¢ we have a —p < a. Thus 0 < (a —p)* < a* €< a >,

and hence ((a —p) A (g —a))t €< a >.

So coz(a) = \/0?2% a(p,q) << a >. But for a rational number ¢ with ¢ > 0
p<q<

and ¢ > 2a, we have a(0,q) = ((a A (¢ —a))*) =< a®™ >. Thus a™ € a(0,—).

Similarly, a= € a(—,0). So a =a™ —a~ € coz@, and hence coz(a) =< a >.
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The second identity of adjunction is proved as follows:

coz((a—p)"A(g—a)t) = ((@=p T A(g—a))"(0,-)
— Vi{la—p)Volrs) Al —a) v oz w)lr, = 2 0}
= V{(a—=p)(r,s)A(qg—a)(z,w)|r,z > 0}
= V{a(r+p,s+p) Nalqg—w,q— z)|r,z > 0}
= a|l V (+ps+p)Alg—w,q—2)

r,z>0
s$>ru>z

= a((pa_)/\(_7Q))
= a(p,q)

Thus the proof is complete. O

4.4 Generalized pointfree Stone-Weierstrass The-
orem

Now we prove the Stone-Weierstrass Theorem for C'(L) as a Riesz space, which
we call it as the Generalized Pointfree Stone-Weierstrass Theorem because it
is the pointfree version of the classical Stone-Weierstrass Theorem proved in
[18] for C(X) for a compact Hausdorff space X, and it is a generalization of
the pointfree Stone-Weierstrass Theorem proved for C'(L) as an f-ring [4].

We refer [4] for reason of some definitions and results for the Stone-Weierstrass

Theorem in C(L) as f-ring:

4.4.1 Definition Let L be a frame. A subset S C C(L) is called separating
if L is generated by the set Coz(S).
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4.4.2 Remark The classic definition of separating set is the same as the
pointfree definition of separating set, because:

4.4.3 Theorem Let X be a compact Hausdorff space and A be a unitary
subalgebra of C(X). If the cozero sets of the elements of A generate O(X),
then A is point-separating, and conversely whenever A is also a sublattice of
C(X).

4.4.4 Theorem (Pointfree Stone-Weierstrass Theorem) For a compact
completely reqular frame M, any separating unitary R-subalgebra A of C'(L) is

uniformly dense in C'(L).

Now we need the notion of restriction of « € C(L) to some w € L corre-
sponding to the topological notion of restricting continuous maps on a space

to some open subspace:

4.4.5 Definition «l, is the homomorphism R —| w such that «f,(r,s) =
a(r,s) = a(r, s) Aw, that is, the composite of o with the quotient map L —| w

which z ~ z A w.

4.4.6 Lemma For any o € C(L) and any natural k, there exist w,,, m € Z,

covering L and r,, € Q such that
—1/k < (o= rp)|w, <1/k

for all m € 7.

4.4.7 Theorem (Generalized pointfree Stone-Weierstrass Theorem)
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Any separating subvector lattice E of C(L) containing 1 is uniformly dense in

C(L) for a compact completely regqular frame L.

Proof Let o € C(L)" and k be a natural number. Take the cover C' =

{wy|m € z} of L and r,, € Q as in Lemma 4.4.6 which have
1k < (@ )l <1k, mETD
Let w € C. By complete regularity of L,

w=\{zeLl:z<w} = \[{\/{coz(a):a € E,coz(a) <z}:z=<w}
= \{coz(a)|a € E, coz(a) < w}

Hence, the set {coz(a)|a € E,coz(a) < w for some w € C} is a cover of L.
Thus by compactness of L we can find «ay,---,a, such that coz(ay) V -V
coz(ay,) = e and coz(wy) < w;. Hence, there is a rational number r > 0
such that r < |ag| + -+ + |an|. Let §; = @ A 1/n. We have §; € E,
coz(B3;) = coz(a;) < wy, and 1 = fy + ... + B,. Now let S =101+ - + r, 0,
B € E. We claim that |o — 3| < 1/k.

For this, take any w € C" = {wy,coz(81)*} A -+ - A {wy, coz(6,)*} which is a

cover, by the proof of Proposition 1 of [3]. we have

(o = B)lw =D (aBi = 1ifBi)lw = d_((a = r3) ) (Bifw)

Now for each i, w < w; or w < coz(3;)*, and therefore —1/k < (a—r;)|, < 1/k

or 3; = 0, the latter because coz(8;|,) = coz(53;) A w. It follows that

—1/kBilw < ((@ = 739)|w)(Bilw) < 1/kBi|w

So that —1/k < (a — )] < 1/k by summation over ¢, and since the w form

a cover, this implies —1/k < a — < 1/k, as desired. O



4.5. THE POINTFREE VERSION OF KAKUTANI DUALITY 73

4.4.8 Remark Since every closed R-subalgebra of C'(L) is a sublattice of
C(L)([4]), Theorem 4.4.7 implies Theorem 4.4.4.

4.5 The Pointfree version of Kakutani duality

This section is the final aim of the thesis. Here we construct the pointfree
version of Kakutani duality. Every bounded uniform Archimedean Riesz space
E can be embedded into C'(L) for some compact completely regular frame L. If
E is complete bounded uniform archimedean Riesz space then this embedding

is isomorphism, which is the pointfree version of Kakutani duality.

4.5.1 Lemma Let L be a compact completely reqular frame, and E be a

bounded uniform Archimedean Riesz space.
(1) o : MC(L) — L is an isomorphism.
(2) 75 : E — C(ME) is one-one.
(3) 7o) : C(L) — MC(L) is an isomorphism.

Proof (1) Using 1.4.23, o : MC(L) — L is onto. It is trivial that
or, : MC(L) — L is dense, and since both L and MC(L) are compact regular,
or : MC(L) — L is one-one. Thus oy, : MC(L) — L is an isomorphism.

(2) Suppose that & = 0, and hence (0) = coz(a) = (a). Thus {(a) = (0).

Since we have (0) = (0), thus a = 0. So 75 is one-one.
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(3) For every a € C'(L) and p,q € Q,

(Clor)) erew(@)(p,g) = or({la—=p)* Alg—a)t)

= coz((a—p)t Alg—a)") =al(p,q),

hence (C(o1)) o To(z) = idc(r), and using (1) 7, is an isomorphism. O

T7g may not be onto. Here we prove that 7z is onto if and only if F is
complete, in the sence that:
4.5.2 Definition A Riesz map is called an embeddingif 0 < a < 11is equivalent
to 0 < f(a) < 1, and is called dense if its image is dense in its codomain. A
bounded uniform Archimedean Riesz space E is called complete if every dense
embedding Riesz map from FE to another such Riesz space is an isomorphism
Riesz map.

From 1.3.10, we know that every bounded Archimedean Riesz space has a
natural M-norm which is defined by ||a|| = inf{q € Q : |a| < ¢}. We have
4.5.3 Theorem If f : E — D is a dense embedding then Mf : ME — MD

1s an isomorphism.

Proof Since f is an embedding, we can assume that E is a sub Riesz
space of D, and f is the inclusion map. Let J be a closed f-ideal of D. Take
I =JnNE. We have

MJ(I) ={I)p =(JNE)p =J,

since F is dense in D. Thus M f is onto, and so it is an isomorphism. O
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4.5.4 Lemma Riesz map f from a bounded Archimedean Riesz space to an-
other such Riesz space is an embedding if and only if f preserves the natural

M -norm, that is, ||a|| = || f(a)]].

Proof Suppose that E is a bounded Archimedean Riesz space and f :
E — D is an embedding. Let a € E and ¢ € Q. We have

la| <q¢ < 0<lal/g <1< 0< f(lal/q) =[f(a)l/qg <1< |f(a)| <gq.
Hence,
If(a)] = infleeQ:[f(a)] <q} =inf{g € Q:|a] <q} =l

This proves the nontrivial part of the Lemma. O

4.5.5 Theorem For every compact completely reqular frame L, C(L) is com-

plete.

Proof Let f: C(L) — E be a dense embedding. We have
C(L) S, E

Te(L) ! ! TE

cmor)) M ome

But, by Lemma 4.5.1(3), 7¢(zy and, by Theorem 4.5.3, C(Mf) are isomor-
phisms. Hence, 75 o f is an isomorphism. Thus there is a Riesz map g : £ —

C(L) such that g o f =idc(L), and so f is an isomorphism. O
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4.5.6 Theorem 75 : E — C(ME) is onto if and only if E is complete.

Proof We easily have that 75 is an embedding, 7x(F) is a subvector lattice
containing 1 = 1. And since for each a € E, coz(a) = (a) it is separating. By
Stone-Weierstras Theorem, 75(FE) is dense in C(ME). So, by and Theorem

4.5.5, E is complete if and only if 75 is onto. O

4.5.7 Remark We have an equevalence between the two categories of com-
pact completely regular frames and bounded uniform Archimedean complete
Riesz spaces, with Riesz maps. It is a pointfree version of the classic Kakutani

duality(see [16,18]).

Note that, by Proposition 4.5.9, the category of all bounded complete uni-
form Riesz spaces with Riesz maps is isomorphic to the category of uniform
M-spaces (Banach space with M-norm(see 1.3.10)), with Riesz maps, and the
proof is free from the Axiom of Choice. It means that the pointfree version
of Kakutani duality together with the Axiom of Choice imply the classical
Kakutani duality.

4.5.8 Lemma Suppose that E is a bounded Riesz space, and E is the norm
completion of the normed space E with the M-norm ||a|| = inf{q : |a|] < q}.
Then E is a bounded Riesz space. Also, Eisa M-space, and the inclusion map

v E — E is a dense embedding Riesz map.

proof Let E be the norm completion of E with its M-norm. The oper-
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ations +, A,V and the scaler multiplication, each as a unary operations, are

uniformly continuous by applying following relations:

[zAz—yAw| <z—yl+]z-wl, [zVz-yVuwl <|r—y[+]z—wl,

lz+2—(y+w)| <l|r—y|+ |z —w|, and |[rz —ry| < |r|lxz — y| for all r € Q.
So for o = {+,A,V} and f, : E — E given by f.(z) = rz, for all r € Q.

Hence, there exist continuous operations ¢ and fr such that the following

diagram commute:

ExE - E E I FE
LXt ] | ¢ and o, | 1t

Where ¢ is the inclusion map. Suppose that w = w’ is an equation that
holds in £, where w, w’" are two terms. We prove that it is true in E. Since
+, A, V and fr are uniformly continuous. Note that wy : E" — F and
w% . E™ — E are uniformly continuous which can proved by induction. Let
A1y ...y Gy € E and bi,....,b, € E. Now we can use from topology of convergence

sequence by Theorem 2.3.8 to find sequences (ag;)ien and (by)ien; 1 <k <n

and 1 <t <m. Such that a;, = lim;_,, ay; and b; = lim,_,, b;;. Hence

wplay, - a,) = wa(lim e agg, -, My oo Gpy)
= lim; oo wp(@s, -, ani)
= lim; . w;;(bu, S i)
= Wi (limi oo by, -+ -, limy o bini)
- w%(bl,--~,bm)

Thus w = w’ holds in E. Since E is a Riesz space E is a Riesz space too. Now
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we prove that
lall < ¢ < lal <

for every a € E and q € Q.
First we note that if 0 < a < b then ||a|| < ||b]|. Assume that a = lim,_ a,,
b = lim, .o by, and let ¢, = a and d,, = a} V b. We have

lim ¢, = lim a, V0= (lim a,)=aVv0=a

n—oo n—oo

lim d, = lim a; Vb, = (lim a;)V (lim b;) =aVb=1b

n—o0 n—o0 n—o0
Also, 0 < ¢, < d,, hence ||c,,|| < ||dn]| and we have ||a|| = lim, 0 ||cn|| <
lim, .o ||d.|| = ||b]|. And |||al|] = ||a||. Let a = lim, .. a,, we have |a| =
limy, o0 |an|, hence |[|af|| = limy, oo [[an[] = Timy, o [|an]| = [la]].
Now, suppose that |a| < ¢, thus |la|| = |||a||| < |l¢|| = ¢. Conversely,

suppose that ||a|| < ¢, and a = lim,, . |||a,||| < ¢, hence there exists N, such

that for every n > N; |la,|| < ¢, or |a,| < ¢. Thus
jal = lim [an| = lim |au] Ag = (lim |au]) A g = la| A g

It means that |a| < ¢. For boundedness of E, we show that £ = [1], let a € E,
and ||a]| < n, hence by previous argument |a| < nl. So, E is a M-space. For
the second part, note that for every a € E; ||a|| in E is equal to ||a|| in E, thus
|la|| = ||¢(a)||, hence by Lemma 4.5.4 we have ¢ is an embedding. Obviously
that it is ¢ is monomorphism and dense. So, it is a dense embedding. And the

proof is complete.O

4.5.9 Proposition A bounded Archimedean uniform Riesz space is an M-

space if and only if it is complete.
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proof Suppose that E is complete. By previous lemma Eisa M-space,
and . : E — F is a dense embedding, hence it is an isomorphim, and so £/ = E.
Convesely, suppose that E is an M-space. Let f : E — D be a dense
embedding map. By the above remark, f is an M-norm preserving from F
to D. Suppose that d € D. Since f(F) is dense, d = lim f(e,) is a Cauchy

sequence. So e, is a Cauchy sequence, since f preserves the norm. Hence,

f(z) = f(limz,) =lim f(z,) =d

So f is an isomorphism. This proves the Lemma.O
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Chapter 5

Pointfree prime representation

of real Riesz map

There is a classical representation theorem for real Riesz maps on C'(X) con-
sisting of real-valued continuous functions on a compact Hausdorff space X
which assigns to each real Riesz map ¢ : C'(X) — R with ¢(1) = 1 a point
x € X such that ¢ = 2, where Z is given by Z(«a) = a(z) for a € C(X) (see
[16], p. 163). The proof uses the Axiom of Choice and does not explicitely

give the point x.

In this chapter we present the pointfree version of this representation. We
replace the compact Hausdorff space X by a compact completely regular frame
M and the map Z by p, where p is a prime element of M. We define p by
Dedekind cuts that are used to define the real number p(a) for « € C(M).
Then we prove that each real Riesz map ¢ : C'(M) — R is of the form ¢(1)p,
where p =\ coz(ker¢) (Lemma 5.2.2).

We then give the exact relation between real Riesz maps, prime elements, and

81
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prime ideals which are in Fiz(n) (Theorem 5.2.4). If M is not completely
regular we can find a completely regular frame Kj; which C(M) ~ C(Ky)
and we have a correspondence between real Riesz maps and Y- K); (Theorem
5.2.5). Next we study the relation between™ and ~ in Proposition 5.2.6, and
see when p and ¢ are equal. Finally, we study the relationship between the
primes elements and the cozero elements. The fact that there is no nonunit

cozero element greater than each prime element is a result of this investigation.

(Corollary 5.2.7).

5.1 Pointfree version of I

Let M be a frame, a € M, and a € C(M). The sets {r € Q : a(—,7) < a}
and {s € Q: a(s,—) < a} are denoted by L(a,a) and U(a, a), respectively.
For a # e it is obvious that for each r € L(a,«) and s € U(a,a), 7 < s. In

fact, we have:

5.1.1 Lemma For a frame M, a prime element p € M, and o € C(M),
L= L(p,a),U =U(p,a) is a Dedekind cut, denoted by p(«).

Proof Since p is prime, using a(—,r) A a(r,—) = 0 we get LUU = Q.
Since Vp a(—,r) < p, L # Q, and similarly, U # Q. Obviously, L is a downset

and U is an upset. This proves the lemma. O

5.1.2 Corollary For each prime element p there exists a unique map p :
C(M) — R such that for each a € C(M), r € L(p,a) and s € U(p,a) we

have r < p(a) < s.
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If M = O(X) for a topological space X, then foreveryz € X,z : C(X) —
R given by Z(a) = a(x) factors through m/; note that in O(X) the prime

elements are exactly elements of the form m/. In fact, z = m, o ¢, where

¢ : C(X) — C(OX) is the isomorphism given by ¢(a)(p,q) = a(p,q).

Hence, m/ is equal to Z up to isomorphism. By the following proposition, p

is an f-ring homomorphism and a bounded Riesz map.

5.1.3 Proposition Ifp is a prime element of a frame M, thenp : C(M) — R

s an onto f-ring homomorphism. In particular, it is a bounded Riesz map.

Proof Let o :R* — R be a continuous map. We prove that p(aof) =
p(a) o p(B) for each a, B in C(M). Let r € L(p,aof) and s € U(p, ao). We
have aof3(—,r) < p and hence, by the definition of the operations in C'(M),

\/{Oé(_uz) Aﬁ(_uw) : (_72) <>(—,’LU) < (_7T)} <p

Let z,w € Q be such that (—,2) ¢ (—,w) < (—,7). So a(—,2) A B(—,w) <p
and hence, since p is prime, a(—,2) < p or f(—,w) < p. Thus z < p(«a) or
w < p(f). So

(P(a), P(B)) & (=00,2) X (—o0, w)

This means that
(P(a), p(B)) & U{(—00,2) x (o0, w) : (=, 2) o (=, w) < (=,7)}.

Since ¢ is continuous, p(a) ¢ p(B) € (—oo,r), or r < p(a) ¢ p(B). Similarly,
p(a) o p(B) < s. So, by Corollary 5.1.2, p(a) ¢ p(3) must be equal to p(aof).
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Now, since +, ., V, A are continuous operations, p : C(M) — R preserves
+,.,V, A and the scaler multiplication. It remains to prove that p(1) = 1. For
this, let r € L(p,1) and s € U(p,1). We have 1(—,r) < p, hence 1(—,r) =0

and so r < 1. Similarly, 1 <s. Thus p(1) =1. O

Now we want to prove that every real Riesz map on C(M) is of the form
7p for some prime element p € M and a real number 7 > 0. We begin by the
following lemma; recall that LC(M) is the frame of ¢-ideals of the Riesz space
C(M).

5.2 Prime representation of real Riesz maps
of C(M)

5.2.1 Lemma Suppose that M is a frame. Consider e : LC(M) — M given
by e(I) =V Coz(I) and { : M — LC(M) given by

lz)={a e C(M): coz(a) < x}.

(1) e is a left adjoint to ¢,

(2)n=»Loe: LOM)— LC(M) is a nucleus and I € Fixz(n) if and only

if I ={a:coz(a) <z} for some x € M,
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(3) If M is completely reqular then e o £ = idyy;.

(4) If M is compact then n is codense.

Proof (1) Let I € LC(M) and x € M. Suppose that e(/) < z and « € I.

We have coz(a) < e(I) < z, and hence «a € £(x). So I C {(x).
Conversely, suppose that I C ¢(x). We have
e(I) =\ Coz(I) <\/ Coz(l(z)) <z
So e is a left adjoint to ¢.
(2) The extension property and idempotency follow from (1). Now let
I,J e LC(M), a € n(I)Nn(J), and hence
coz(a) < (\/ Coz(I)) A (\/ Coz(J)) =\/ Coz(INJ)

Thus a € n(I N J), and so n(I) Nn(J) € n(I N J) which is the nontrivial side
of n(I)Nn(J) =n(INJ). Also let n(I) = I. Then {« : coz(a) <\ Coz(I)} =
te(I) =n(I) =1.

Conversely, let [ = {a : coz(a) < 2} and « € n(I). Then coz(a) < e(I) =
VCoz(I) <z,s0a€l. Thusn(I)=1.

(3) Assume that M is completely regular. Thus el(x) = V{a € C(M) :

coz(a) <z} =z

(4) Let M be compact and n(I) = C(M). Then 1 € n(I), so \/ coz(I) = e.

Thus there exist aq,---,ax € I such that coz(ay) V -+ V coz(ay) = e. Let
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a=|aq|+ -+ |ag| € I. We have a(0, —) = coz(a) = e and by compactness
of M, a(r,—) = e for some rational number r > 0. Hence, 0 < r < «, and so

r € I. Thus [ = C(M). Therefore, 1 is codense. O

5.2.2 Lemma Let M be a frame.

(1) For each nonzero bounded Riesz map ¢ : C(M) — R and a prime ele-

ment p with e(ker¢g) < p we have ¢ = p.

(2) If e(kerg) < e then ker¢ € Fix(n), and if M is completely reqular then

e(kerg) is a prime element of M.

Proof (1) Let a € ker¢. Then coz(a) < e(ker¢) < p, so for each r, s € Q

with 7 < 0 < s we have
al—,r)Va(s,—) <coz(a) <p

Hence, by the definition of p, p(a) = 0, so @ € kerp which proves that
ker¢ C kerp. Thus p factors through ¢ and so there exists a linear map
d : R — R such that do ¢ = p. Since d(1) = d(¢(1)) = p(1) = 1 and the

identity is the only linear map preserving 1 form R to R, we have ¢ = p.

(2) First we show that kerp = £(p) for all prime elements p € M. Let
a € C(M). Then « € kerp if and only if for every rational numbers r, s with
r<0<s,a(—71)Va(s,—) <pif and only if coz(a) < p, and hence, if and
only if @ € {(p). Now assume e(ker¢) < e. By the Prime Ideal Theorem,

there is a prime element p € M such that e(ker¢) < p. Hence using (1) we get
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kerey = kerp = ((p). So n(ker¢) = ker¢. Finally, let z Ay < e(ker¢). Then
Ux) N(y) = b(x Ny) < Le(kerg) = n(kerg) = kerg

Since ker¢ is a prime (-ideal, ¢(x) < ker¢ or {(y) < kero. Since M is com-
pletely regular, by Lemma 5.2.1(3), x = el(z) < e(kerg) or y = el(y) <

e(ker). Thus e(kerg) is a prime element. O

5.2.3 Lemma Let M be a compact completely reqular frame, ¢ : C(M) — R
a real Riesz map, p a prime element of M, and U be a prime (-ideal of C(M)

—_—~— —_~

such that U € Fix(n). Then ¢ = ¢(1)e(kere), e(kerp) = p, and U = kere(U).

Proof If ¢(1) = 0 then ¢ = 0. Assume that ¢(1) # 0. Let ¢/ = ;& which
is a nonzero bounded Riesz map with ker¢’ = ker¢. If e(ker¢) = e then
n(kerg) = le(kerg) = l(e) = C(M). Now, since M is compact, 7 is codense,
by Lemma 5.2.1(4), and so ker¢ = C (M) which is a contradiction to ¢ being
nonzero. By Lemma 5.2.2(2), e(ker¢) is a prime element and so, by Lemma

5.2.2(1), ;4 = ¢/ = kerg. Thus ¢ = ¢(1)e(kero).

By the proof of Lemma 5.2.2(2) with kerp = £(p) we get e(kerp) = el(p) =

Finally, let o € C(M). Then a € U if and only if a(—,7) V a(s,—) <

coz(a) < e(U) for all r < 0 < s and, equivalently, e(U)(a) = 0. So it is enough
to show that e(U) is a prime element. Suppose that z Ay < e(U). Hence,
Ux) NL(y) =L(xz Ny) < le(U) =n(U) = U, and thus {(z) < U or {(y) < U.
So, by complete regularity of M, x = el(z) < e(U) or y = el(x) < e(U), which
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yields that e(U) is a prime element. O

Let R(C(M),R) denote the set of all nonzero real Riesz maps on C'(M)
and U be the set of all prime ideals U of Fiz(M). Then we have the following
maps:

F: R(C(M),R) — R x X M given by F(¢) = (¢(1), e(kere)),
G:RT x> M — R(C(M),R) given by G(r,p) = rp,
H: R(C(M),R) — RT x U given by H(¢) = (¢(1), kere), and

P

K :RT xU — R(C(M),R) given by K(r,U) =re(U).

5.2.4 Theorem For a compact completely reqular frame M, F' is inverse to
G, and H 1is inverse to K. Also the restrictions of € and ¢ to U and > M,

respectively, are inverse to each other.

Proof Let ¢ € R(C(M),R),p € > M, U €U, and r € R". By Lemma
5.2.2(2), e(ker¢) is prime, and ¢(1) > 0. We have

Go F(¢) = G(o(1), e(kerg)) = p(1)e(kerd) = ¢

FoG(r,p) = F(rp) = (rp(1), e(ker(rp))) = (r, et(p)) = (r,p)

—_~—

Ko H(¢) = K(¢(1),kerg) = ¢p(1)e(kerg) = ¢

—_—~ —~—— e/~

HoK(r,U)=H(re(U)) = (re(U)(1), ker(re(U))) = (r,u)

Finally, by Lemma 5.2.1(3), we have e o £ = idy; and £ o e(U) = n(U) = U.

Hence, the result. O
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5.2.5 Proposition Let Ky be the subframe of M generated by Coz(M).
Then

(1) w=c(i) : C(Kp) — C(M) is an f-ring isomorphism, where i : Ky —

M s the inclusion map.

(2) Ky is completely reqular. Moreover, if M is compact then so is K.

(3) If M is compact then F' : R(C(M),R) = Rt x > Ky : G are inverse
each other, where F(¢) = (¢(1), e(ker(¢ ow))) and G(r,p) =rpow".

Proof (1) Trivially w is an f-ring monomorphism. To show that w is
onto, let &« : R — M be in C(M). For every r,s € Q, a(r,s) = coz((a—r)T A
(s —a)t) € Coz(M) C Ky, and hence Im(a) € Kjy. Thus w(a) =ioa = «,

where @ is the image restriction of «.

(2) For each o : R — M, coz(«) = coz(@), and for each §: R — Ky,
coz(fB) = coz(w(pB)). So Coz(Ky) = Coz(M). Hence, Ky is generated by
Coz(Ky). Thus Ky, is completely regular. Moreover, if M is compact then

every subframe of M is also compact.

(3) By (2), Ky is compact completely regular, and by Lemma 5.2.2(2),
e(ker(¢ ow)) is a prime element of K, and hence F' is well defined. Now let

(r,p) €ERT x X K)y and ¢ € R(C(M),R). Then

FoG(r,p)=F(rpo w’l)
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= (rp(1), e(ker(rpow™ ow))) = (r,e(ker(rp))) = (r,el(p)) = (r,p)

GoF(¢) = G(é(1),e(ker(pow))) = ¢(1)e(ker(pow))ow™ = powow™ = ¢

Hence the result. O

5.2.6 Proposition For any frame M, there is an (-ring homomorphism
Y C(M) — C(X M) given by ¢(a) = 7oY. a with the property that for every
prime elements p,q with p < q, po =q.

Proof Since for every a € C(M), ¢(«) is continuous, ¢ is well defined.

Let o € {+,V, A,.}. We show that ¥ (a o () = ¥(a) o ¥(F).

First note that for every o € C(M) and p € > M, 1(«) is a real number
such that for every r, s € @,
P < B@)p) <5 al(—1)V (s,-) <p
Let ¥ (a)(p) = a and ¥ (5)(p) = b. We have
r<a<s<al(—r)Vv(s,—))<p
r<b<se f((—r)Vis,—)<p
We show that
r<acb<se (@of)((—,r)V(s,—)) <p

Suppose that r < aob < s. Let 2,y € Q such that (—,z) o (—,y) < (—,7).
Thus
(=00, ) X (—00,y) S o7 (—00,7) = (a,) & (—00,2) X (—00,y)
= afx or bty

= a(_7$) /\ﬁ(_7y) < p



5.2. PRIME REPRESENTATION OF REAL RIESZ MAPS OF C(M) 91
Hence
aof(—,r)={a(=z2)AB(=y): (= z)o(—y) < (=1} <p

Similarly, a ¢ (s, —) < p.

Conversely, let «o 5((—,7)V (s,—)) < p. It is enough to show that (a,b) &
o7 (—0o0,r),07 (s, —). Suppose that (—oo,z) X (—o0,y) C o~ '(—o0,7), hence
(=)o (=y) < (=) Thus a(—,2) A B(—,y) < p, so a(—,z) < por
B(—,y) <p. Hence z < a or y < b. Therefore, (a,b) & (—o0,z) X (—00,y). So

(a’vb) g U{(—OO,I) X (—OO,y) : (—,l‘) ¢ <_7y) S (—,T)} = 0_1(—00,7’)

Similarly, (a,b) & o~ !(s, +00).

For the second part assume that p,q are prime elements with p < ¢ and
let a € C(M). We will prove that p o ¢)(a) = ¢ or ¥(a)(p) = G Let
r < ¢¥(a)(p) < s, and hence a((—,7) V (s,—)) < p < ¢q. Thus r < §(a) < s,

and so ¥(a)(p) = d(a). O

5.2.7 Corollary Let p,q be prime elements of the frame M. Then

(1) p=q& Coz(M)N | p=Coz(M)N | g,

(2) If p < q then (p,q) N Coz(M) = () is the empty set, where (p,q) = {z €
M:p<zx<q},
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(3) Coz(M) N (p,e) = 0.

Proof (1) We have p = ¢ if and only if for every o € C(M) and 7, s € Q,
a(r,s) < p < a(r,s) < gq. Since every element of Coz(M) is of the form a(r, s)

for some 7, s € Q we get the result.

(2) Assume that p < ¢. By Proposition 5.2.6, p = py» = ¢, and by (1) we
have Coz(M)N | p = Coz(M)N | q. Hence, (p,q) N Coz(M) = 0.

(3) Let « € (p,e). Hence, by the Prime Ideal Theorem, there exists a prime
element ¢ > x. We have x € (p,q) and by (2) (p,q) N Coz(M) = (), hence
x & Coz(M). Thus Coz(M) N (p,e) =0. O
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