Davenport University

MATH030P – Textbox 12

Graphing Quadratic Equations in Two Variables
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The graph of a quadratic equation in two variables, known as a parabola, is a U-shape. It will open either upwards or downwards depending on the sign of the x2 term. A positive x2 term will open upwards and a negative x2 term will open downwards (as shown above). The point at which the graph changes direction (i.e., bottoms or tops out) is called the vertex.
Unlike linear equations, in order to ensure we graph a quadratic equation properly we must take a more methodical approach to finding our points. However, we will build on those earlier lessons in that we will find x & y intercepts, make use of the equation to help us find a key point, and, if additional points are needed, we’ll use the table approach (albeit slightly modified).
The steps
1. Put the quadratic in proper form:  
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· As you will see below, most of the following steps require the equation to be in this form; hence, we might as well do it first so we can readily proceed. 
· Identify the coefficients (a, b, and c)

2. Determine the direction of the tails

•
If a is positive (a > 0) the tails go up (i.e., graph looks like a “U”).

•
If a is negative (a < 0) the tails go down (i.e., graph looks like an upside down “U”).
· If a is zero (a = 0) then the equation is not a quadratic and the graph is not a parabola.
3. Find the y-intercept

Evaluate at x = 0. 

This will leave you with (0, c) as your y intercept.
4. Find the x-intercept(s)
•
Set y = 0 and solve for ‘x’. 
· If you are using the quadratic formula to solve then the below will be of use.
· If the discriminant is negative, it means there are no x-intercepts.
· If the discriminant is zero, there is one x-intercept which is also the vertex.
· If the discriminant isn't a perfect square, we will need to estimate the decimal form of the x-intercepts for graphing purposes.

5. Find the vertex

There are two steps to this:
•
First, find the x-coordinate of the vertex by computing: [image: image7.png]b




•
Second, find the y-coordinate of the vertex by evaluating the equation at [image: image9.png]



A small hint that can help you double-check your work, the x-coordinate of the vertex is also the midpoint of the x-intercepts.

6. Find some additional points if needed
· In the best case scenario, steps 3 through 5 yielded four distinct points. If so, once they are plotted the shape should be apparent and you can proceed to the next step: connecting the dots. 

· If steps 3 through 5 yielded fewer points and the shape is not apparent then you will need to choose some additional ‘x’ values to plug into the equation. 
· How many points do you need? 
· Minimally, if you have the vertex and at least one point on either side of the vertex then you should be able to graph the equation with a fair amount of confidence. 
· Preferably, you would have the vertex and at least two points on either side of the vertex.
· How should you choose the ‘x’ values to plug into the equation? List out, in order, the x values you have used/found in steps 3 through 5 and underline the ‘x’ value of the vertex. Next, consider the following questions to help guide your choice(s).

· Do you have at least one ‘x’ value (i.e., point) on each side of the vertex?
· Do you have large gaps between consecutive ‘x’ values?
· If your choice is a point outside of the range of ‘x’ values you have already used, choose the next ‘x’ value (e.g., if the largest ‘x’ value you used is 5, choose x = 6; if the smallest ‘x’ value you used is -3, choose x = -4).
7. Connect the dots

We are graphing the entire equation, not just a few points.
8. Does it look right?

•
You are expecting a 'U' shaped graph, did you get one?
•
If you didn't, you goofed up.

•
If you goofed up, look at the points that seem out of place compared to the rest.

•
Did you plot and label all of your points? There’s no use in finding a point if you’re not going to plot it (this is part of confirming whether or not you’re on the right track).
The above list looks like a lot of things to remember; however, keep in mind that this is not about memorizing the steps but about getting use to the process of graphing equations. Also, almost everything listed in these steps are things you have done before so there is not much in new learning required.

Example #1) Graph 
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Step #1: The equation is already in proper form. a = 1, b = 0, and c = 0.
Step #2: Since ‘a’ is positive (a=1 > 0), the parabola opens upward.

Step #3: Let x = 0: y = (0)2; hence, y = 0 and the y-intercept is (0, 0)
Step #4: Let y = 0: Solving 0 = x2 yields x=0; hence the x-intercept is (0, 0)

Step #5: Compute –b/2a: - (0)/2(1) = 0/2 = 0; hence the x coordinate of the vertex is 0. We would evaluate the equation at x = 0 next; however, we already did that in step #3 and that gave us (0, 0). So, the point (0, 0) is the vertex.

Step #6: Since we have only found a single point, we need to choose a few values of ‘x’ to flesh out the graph. Given the “questions to consider” from step #6, I’m going to choose the following x-values to plug into the equation: -2, -1, 1, and 2.

Note: Why did I choose four numbers and why these four numbers? I’m choosing 4 numbers because I prefer to graph parabolas using five distinct points. I’m choosing two x-values on either side of the vertex and I’m choosing the closest whole number values to the vertex (i.e., these should be the easiest numbers to compute). 
	x = -2
	y = (-2)2 = 4
	(-2, 4)

	x = -1
	y = (-1)2 = 1
	(-1, 1)

	x = 1
	y = (1)2 = 1
	(1, 1)

	x = 2
	y = (2)2 = 4
	(2, 4)


Step #7 & #8: After plotting all the points, the shape looked as expected; therefore, I connected the points (Done!).
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Example #2) Graph 
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Step #1: The equation is already in proper form. a = 1, b = -2, and c = -3.

Step #2: Since ‘a’ is positive (a=1 > 0), the parabola opens upward.

Step #3: Let x = 0: y = (0)2 -2(0) - 3; hence, y = -3 and the y-intercept is (0, -3)

Step #4: Let y = 0: Solve 0 = x2 – 2x – 3


Plugging into the quadratic formula: 
[image: image13.wmf])
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Yields x = -1 and x = 3; hence the x-intercepts are (-1, 0) and (3, 0)
Step #5: Compute
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; hence the x coordinate of the vertex is 1. 
Now, evaluate the equation at x = 1: 
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Hence, the point (1, -4) is the vertex.

Step #6, #7, & #8: After plotting the four distinct points from above, the upward U shape we were expecting was revealed, so we connected the points (Done).
If I wanted to choose some additional x values, my choices would have been as follows:

a) x = 2 (Wanted a second point to the right of the vertex, plus it filled in the gap between x =1 and x = 3)
b) x = -2 or x = 4 (These are the first whole number points beyond our Min/Max ‘x’ values)
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Exercises: 

(#1 - #4) Find the vertex of the following quadratic equations.

1) 
[image: image17.wmf]8

6

2

+

+

=

x

x

y

 




2) 
[image: image18.wmf]35

12

2

+

-

=

x

x

y


3) 
[image: image19.wmf]15

12

3

2

+

-

-

=

x

x

y





5) 
[image: image20.wmf]1

2

2

+

-

=

x

x

y


(#5 - #16) Graph the following quadratic equations, finding and labeling the vertex and all intercepts. All work is to be done on a separate piece of paper.
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