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Abstract

We aknowledge the presence of the the Chromosome Inversion Problem in some spaces con-
nected with Algebraic Geometry. There are at least two benefits of this approach: there are not
many articles dedicated to circular permutations. A reason could be that the related Algebraic
Geometry is non-trivial. Another benefit is the following: maybe the geometric approach will
lead to a geometric proof of the diameter of the circular permutations by reversals. We give a
practical applications of reversals in the study of these spaces. The opposite road, from Geom-
etry to Computational Biology, will be analyzed in a forthcoming paper
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1 Introduction.

This paper is part of a project aimed at establishing a stronger connection between the Computa-
tional Biology community , and the pure field of Algebraic Geometry, on the other side.

We are stimulated by the following approaches:

1. Mulmuley and Sohoni ’ 2001 approach of the P vs. NP Conjecture via Geometric Invariant
Theory. [14]. Mulmuley used some results from Algebraic Geometry to prove upper bounds
connected with CS.

2. The study of Thurston, Sleator and Tarjan on the rotation graph, using hyperbolic geometry.
We still do not have a pure combinatorics proof of their result. Their work was motivated by
Dynamic Optimality Conjecture. It is among the very few articles which show that it is possible
to have geometric proofs for combinatorics problems.

Our spaces came from Geometric Invariant Theory [13], which is the study of actions of
algebraic groups on algebraic varieties. They contain the graph of Thurston , Sleator and Tarjan.
The Chromosome inversion problem and Pevzner Theory was fully observable at the early stage of
our pure math investigation. It took a couple of months and luck to understand that the non-trivial
combinatorics of these spaces is not explicitly studied in Algebraic Geometry and it is much better
understood since 1996.[Pevzner, Bafna, Caprara, Tarjan, Shamir]



2  The Chromosome Inversion Graph G(n). An old problem

The Chromosome Inversion Problem was first stated in 1982 by Watterson, Ewens, Hall and Mor-
gan, in a desire to construct a phylogenetic tree of evolution, and to define a genetic distance [18].
In their paper , a first attempt of an algorithm and a conjecture of a diameter of a graph G(n)
appeared. A fundamental approach came in 1996, in the seminal article of Bafna and Pevzner [2].
See also [15].

2.1 Mathematical formulations

In the paper [18] , the objects of study are circular chromosomes, without a fixed 12 o’clock
position, without top and bottom. Mirror images are the same. Mathematically:

Let G,, be the following graph. The vertices of G,, are the right coset classes S,,/D(n), of the
symmetric group, modulo the dihedral group . D(n) is the symmetry group of the regular n-gon.

T is a set of n(n — 3)/2 involutions from S,,. For every pair (k, 1), 0 < k <1 < n, where (k,1)
is different from (1, n-1), we define d:=d(k, 1)(x)=1+k-x , if x is between k and 1. Otherwise, x is a
fixed point.

Two vertices are joined by an edge if there are two permutations a and b in their equivalence
classes, and if there is t in T, such that a=bt.

Remark. For any 1 in D(n) and t in T, rtr—! is in T.

Remark. Any graph has a metric , induced by the smallest number of edges between any 2 vertices.
Applying the first remark, we can say that the distance between 2 vertices which contain the
permutations o1 and o9 is k, if there are di,da, ..., dy, several reversals of T,and R in D(n) such
that 01 = 090 Rodjodgo...odg. (o means composition of functions ), and k is minimal with this
property .

In the case of Genome Rearrangements studied by Bafna and Pevzner, the vertices of a graph
are given by all permutations of S(n). Instead of n(n — 3)/2 reversals, the full set of n(n — 1)/2
reversals are considered.

Remark. In spite of their similarity, we did not find the mathematical equivalence between the
problems above. Instead, we can perform the steps of the solution of the Gollan Conjecture .

Lemma 2.1.1. The diameter of the graph Gy, is < n-2. ( The "ratchet” algorithm).

Proof ( [18]): Let a and b be two vertices of the graph. They can be represented as labelled
points of a circle , the labelling being given by two permutations from a and b. Starting from a
point A on the second circle, we travel clockwise until we first come to a point not in the position
from its first circle. We make a reversal, to create a neighborhood point of A as on the first circle.
We consider the next labelled point which is not in the right position, and so on . We can begin
with any A, and we need not to correct the position of the last point. So, the diameter of the graph
G, is < n-2.

By a circular permutation, we mean a right coset class in the S,,, modulo the dihedral group. (i.e
we label n points on a circle in the three dimensional space using permutations).

Breakpoint graph of a circular permutation o.For every vertex of G,,, we will associate
a bi-colored graph. Let i ~jif |i —j| = 1 or n-1. 0 = o(1)0(2)..0(k)..c(n). A pair of consecutive



elements o (i) and o(i + 1) is called a breakpoint if the absolute value of their difference is not 0 or
n-1. Define an edge colored graph G(o) with n vertices on the circle, labelled in the order given by
the permutation. We join i and j by a black edge if (i,j) is a breakpoint of 0. We join i and j by a
grey edge if i ~ j , but i and j are not consecutive in o.

Theorem 2.1.2. (circular Gollan conjecture) For every n, the distance d(7y,) between the vertices
represented by the identity and by the Gollan permutation is at least n-3.

Let us recall the Gollan permutation:

[ (3,1,5,2,7,4,.n—=3,n—-5,n—1,n—4,n,n—2) n even
Tn = (3,1,5,2,7,4,.n—6,n—2,n—5mnn—3,n—1) n odd.

The theorem above is a consequence of the 2 fundamental lemmas from Pevzner’s work [2]
[15]. It is possible to apply these lemmas in the case of the circular breakpoint graph.

We prove:

1.There are at most 3 disjoint alternating cycles in G(v;).

2.d(a) > b(a) - c(a), where b is the number of black edges of G(a), and ¢ is the maximal number
of disjoint alternating cycles of G(a).

Remark: Very few articles studied the circular permutations.

3 The Rotation Graph and the Associahedron.

There is a 1-1 correspondence between binary trees and triangulations of the n-gon, using n-3
non-intersection diagonals.

A diagonal flip is an operation that transforms one triangulation of a polygon into another: a
diagonal inside the polygon is removed , creating a face with four sides. The opposite diagonal of
this quadrilateral is inserted , restoring the diagram of a new triangulation.

Let TG(n) be a graph with one node for each triangulation of an n-gon and an edge between 2
nodes if they are related by a diagonal flip.

Theorem 3.0.3 (Thurston, Sleator and Tarjan). The diameter of TG(n) is 2n-10, for n big
enough.



K,,_1 is the n-3 dimensional convex polytope whose partial order set of its faces is isomorphic
with the partial order set of an n-gon with a couple of non-intersecting diagonals. The partial orders
are given by inclusions. There is such a convex polytope [Ziegler-Lectures on Polytope p.310].The
codimension k faces of the associahedron are indexed by n-gons with k non-intersecting diagonals.

4  Gluing geometric objects

In this section we will combine the rotation graph (or the associahedron) and the graph of the
chromosome inversion.

We will build a new space Mg, (R), by gluing associahedra according to the rules below. (see
Devadoss).

Remark. . The graph of the chromosomial inversion shows how the associahedra are glued to-
gether, using codimension one faces. The distance in the graph G(n) shows the minimal number
of associahedra placed between 2 given associahedra.

T is the following set of n(n — 3)/2 involutions from S,,. For every pair (k, 1), 0 < k <[ < n,
where (k1) is different from (1, n-1), we define d:=d(k, 1)(x)=I4+k-x , if x is between k and L
Otherwise, x is a fixed point. Let P be a fixed n-gon, with edges labeled 1,2,3..n. For every
diagonal of P we can associate an element of T in the following way: any diagonal determines a
partition of 1,2...n. Take the one which doesn’t contain n: it’s between 2 numbers, k and 1. Then
the associated d will be d(k,l), and we say that d(k,l) is supported by the diagonal of the n-gon
P. Throughout the paper, the word ”diagonal” means a diagonal of the n-gon, or the
reversal carried by the diagonal.

Take n! copies of K,,_1. For every permutation of S,, label the edges of the n-gon with
o(1),0(2)...0(k),...c(n). So the codimension k faces are labeled by decorated n-gons with k non-
intersecting diagonals. Two codimension k faces of different K,_1’s are identified (glued) if the
permutations o; and o2 which color the edges of the n-gons satisfy the following condition “flip”
or gluing condition: there are di,ds, ....,d; couple of elements of T, supported by the diagonals of
the second face, such that 01 = 03 0dj odyo...od;. ( o means composition of functions ).



The top dimensional faces (without diagonals) are identified by the action of D,,, the dihedral
group. So we can begin with (n — 1)!/2 copies of K,_1, indexed over S,,/D,. Two codimension
k faces are identified if their classes modulo the dihedral group D, contain 2 permutations which
satisfy the flip condition from the previous paragraph.

It is a classical procedure in topology, to build spaces using gluing maps. Everything is possible
if we are gluing in a space of big dimension (a generalization of the 3-dimensional procedure).

The new space above is called the moduli space of pointed real curves of genus 0, or real points
of the Deligne-Mumford-Knudsen compactification of stable n-pointed curves of genus 0.

It is an aspherical space or an Eilenberg-MacLane space K (7, 1), [3].: every spheroid can be
deformed to a point. i.e any function from a sphere to this space is shrinkable in the ambient space,
like the surface of a 3-dimensional ball which can be deformed into a point, using the ambient
space.

5 A Topological Theorem which uses Reversals

Theorem 5.0.4. The (n — 3)" homology group of the real moduli space is zero. More exactly:
Mo, (R) are non-orientable compact smooth manifolds of dimension n-3.

The proof is based on the following theorem (Spanier, page 206): if K is a finite n-dimensional
orientable pseudomanifold, then H,,_;(K) has no torsion.

We will assume that the moduli space is orientable. We will prove that the first homology group
has Zs-torsion. By Poincare duality, H,_1(K) has torsion. We will find an orientable manifold
which does not satisfy Spanier’s lemma.

So, the main point is to prove that the first homology group has Zs-torsion. We will use Davis’
description of the fundamental group:

The fundamental group m is described by Davis et al. as a kernel of an epimorphism f. Let A be
the following group, given by generators and relations:

-involutory generators ar, for each proper sub-interval T of [1, n-2]. The relations are: if the
distance between the intervals X and Y is at least 2, then ax and ay commute. If X C Y, then
ayaxay = ay. Z denotes the image of X under the order-reversing involution of Y.

-T is a set of n(n—3)/2 involutions from S,,, called reversals. For every pair (k,1), 0 < k <1 < n,
where (k,1) is different from (1, n-1), we define d:=d(k, 1)(x)=l+k-x , if x is between k and 1.
Otherwise, x is a fixed point.

The epimorphism f sends the generators of A into the corresponding reversals, which satisfy the
same relations. The kernel of f is isomorphic with the fundamental group of Mg, (R).
We are doing a simple diagram chasing:



Note: in Devadoss’ research, he described reversals as transpositions. The consequences of this
error are the following: -the imposibility to prove , using the diagram above, the fact that the first
homology contains torsion ( any transposition will go to an odd permutation, it is not in the kernel)
-This discovery, of the reversals inside the real moduli space, lead us to Computational Biology
where these permutations were first studied in the context of Gollan Conjecture. A wild guess of
the diameter of the circular permutations by reversals appeard in an arxive preprint, where the
working combinatorics was given by non-crossing partitions. In fact the combinatorics is given by
reversals.

6 Future Work

6.1 a question of Davis

Recently, Krammer proved a long standing problem in group theory: the Braid groups are linear.
A fundamental tool was a new description of the Braid group , having generators given by the set
of non-crossing partitions of n elements. We can say that the generators are the vertices of the
associahedron. The challenge is to answer a similar question from Davis et al. article, using Pevzner
Theory of sorting by reversals, and Caprara’s theorems on the relation between permutations and
breaking point graphs. Davis’ group is a group A, given by :

-involutory generators ap, for each proper subinterval T of [1, n-2]. The relations are: if the
distance between the intervals X and Y is at least 2, then ax and ay commute. If X C Y, then
ayaxay = ayz. Z denotes the image of X under the order-reversing involution of Y. The generators
are the reversals from T. The relations are given by the relations among the reversals.

- Let G the Cayley graph of the symmetric group, with respect to the set of n(n — 1)/2 trans-
positions (i,j). Take A a cycle of length n, which is at the distance n-1 from the identity. Let Q be
the set of all permutations which are on the geodesics from the identity to A\. The set Q, together
with the relations given by permutation composition, is a presentation of the braid group B,,.



- The graph G(n) from our second section, the Gollan permutation, and similar construction
could play a role in the study of Davis’s A- group.

6.2 Thurston , Tarjan and Sleator graph

A combinatorial proof of their results, or a proof which uses the spaces above, is our work in
progress.

6.3 Signed permutations

. If we take the reversal graph of signed permutation, there is a space whose building blocks are
glued in a manner prescribed by this graph: the edges show the incidence relations among the big
cells. We are convinced that there is a nice interplay among the already developed theory from
Computational Biology and its math counterpart, studied by Bott, Taubes, Axelrod and Singer.
The geometric theory of these spaces is not so developed as the theory for Mg ,(R).

6.4 Computational Biology

The forces which drive Computational Biology, and Algebraic Geometry are so different, that it is
too much to predict the future interactions among them. To speculate: we already know the power
of Physics and Computer Sciences predictions in pure mathematics. Maybe the future will show
predictions given by Genetics.
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