
MORTGAGEPOOL ALLOCATION

BYSIMULATEDANNEALING

Eugene Pi nsky

Computer Sci ence Department

Boston Uni versi ty

Paul Fahn andYechi amYemi ni

Center f or Advanced Technol ogy

Col umbi a Uni versi ty

CUCS-052-90

ABSTRACT

Many optimi zati on probl ems i n �nance are known to be computati onal l y compl ex. In

thi s paper we consi der one such probl emof Mortgage Pool Al l ocati on. In thi s probl em

one needs to al l ocate a set of mortgage-backed securi ti es to �l l f orward contracts i n real -

time. The number of securi ti es and contracts i s typi cal l y l arge and there are numerous

constrai nts onal l ocati ons i nthe f ormof rul es publ i shedbythe Publ i c Securi ti es Associ ati on

(PSA). The probl emi s to �nd the most pro�tabl e al l ocati on that sati s�es al l of the PSA' s

constrai nts. Simul ated anneal i ng i s a recentl y expl ored probabi l i sti c al gori thm, usedmost

commonl y to sol ve simpl y- f ormul ated combinatori al optimi zati on probl ems wi th a smal l

number of constrai nts. Thi s paper shows successf ul appl i cati on of simul ated anneal i ng

to the probl emof mortgage pool al l ocati on: i t �nds good (hi ghl y pro�tabl e) sol uti ons

very qui ckl y. Thi s resul t i s si gni �cant both f or the compl exi ty of the probl emsol ved

and because i t demonstrates the f easi bi l i ty of simul ated anneal i ng f or sol vi ng real -worl d

�nanci al probl ems.
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1. INTRODUCTION: THEMORTGAGEPOOL ALLOCATIONPROBLEM

In thi s paper we consi der some of the mathemati cal probl ems ari si ng i n the tradi ng

of \Mortgage Pass-Through Securit i es". These securi ti es are created when mortgages are

pool ed together andundi vi ded i nterests i n the pool are sol d ([ 19] ). These mortgage-backed

\Pass-Through Securi ti es" are i ssued primari l y by the Government Nati onal Mortgage

Associ ati on (GNMA), Federal Home LoanMortgage Corporati on (FHLMC), and Federal

Nati onal Mortgage Associ ati on (FNMA).

Traders buyandsel l these mortgage-backedsecuri ti es andf orwards/futures. Acontract

i s an agreement between two parti es f or the sal e and del i very of a \pool " or a set of

mortgage pool s of agreed upon characteri sti cs. In a typi cal transacti on, pool i nf ormati on

may not be known at the time of the trade. Thi s i s cal l ed a TBA(to be announced

transacti on) i n contrast to a trade i n whi ch the pool i s speci �ed. For exampl e, one may

purchase $1 mi l l i onGNMAsecuri ti es and recei ve up to three pool s, whose numbers wi l l be

announced shortl y bef ore the settl ement. These mortgage pool s are assumed to be ei ther

i n the i nventory, or obtai nabl e through the tradi ng desk.

Contracts have agreed settl ement dates. Contracts must be �l l ed on the settl ement

date so as not to i ncur the �nance costs f or \hol di ng" the contract unti l i t i s del i vered

(f ai l ure to del i ver a securi ty on settl ement day i s theref ore costl y to the sel l er and shoul d

be avoi ded). Acontract i s �l l ed by mortgage pool s that sati sf y the requi rements of that

parti cul ar contract, but typi cal l y they are of the l owest possi bl e grade i n al l unspeci �ed

categori es. To �l l a \sel l " contract, speci �c pool s of the securi ti es and quanti ti es of these

pool s must be i denti �edandal l ocated. There i s some 
exi bi l i ty i n the number of pool s and

quanti tyof eachpool usedto sati sf y a sel l contract. There i s al so a 
exi bi l i tyof �2: 499999%

vari ance i n the total val ue of the contract when i t i s del i vered. Rul es publ i shed by Publ i c

Securi ti es Associ ati on (PSA) de�ne howthe contracts are to be del i vered. The assi gnment

of pool s by the sel l er i s cal l ed an al l ocat i on.

Most contracts are f orward contracts and are al l ocated on pool day. There i s one day

per month f or each type of securi ty. The al l ocators mai ntai n an i nventory of securi ti es

f romwhi ch sel l orders may be sati s�ed. However, onl y a smal l amount of pool i nf ormati on

i s avai l abl e at the begi nni ng of a pool day and thus onl y a smal l number of sel l contracts

can be pre-al l ocated. As pre-al l ocati on i nf ormati on i s communi cated among the traders,

addi ti onal contracts may be al l ocated f romthe i ncomi ng buy contracts. Moreover, i t i s

�nanci al l y advantageous to postpone the al l ocati on process to as short a time as possi bl e

bef ore the pool day deadl i ne. As a resul t, most of the al l ocati ons occur i n a rush at the
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end of the pool day. The sheer vol ume of these transacti ons may prevent the al l ocator

f romperf ormi ng a detai l ed anal ysi s, resul ti ng i n sub-optimal al l ocati ons. Moreover, even

though i t may be advantageous to re-al l ocate pool s duri ng the process due to changi ng

market condi ti ons, the cost of doi ng thi s manual l y may be too hi gh. The probl emi s then

to desi gn e�ci ent computer al gori thms f or mortgage pool al l ocat i on.

2. PRELIMINARIES, NOTATIONANDTHEPSARULES

In thi s secti on we woul d l i ke to descri be the structure of the pool s, contracts and PSA

rul es i n more detai l and i ntroduce some notati on.

A(mortgage) pool i s a col l ecti on of mortgages assembl edby an ori gi nator as the basi s

f or a securi ty ([ 19] ). Pool s are i denti �ed by a number. The ori gi nal pri nci pal amount

of a pool as of i ts i ssue date i s known as i ts Par Val ue or Ori gi nal Face Val ue. The

outstandi ng pri nci pal bal ance of the underl yi ng mortgages i s known as the Current Face

Val ue. Thi s val ue i s computed bymul ti pl yi ng the Par Val ue by a Convers i on Factor . Thi s

Conversi on Factor parameter i s quasi -stati c: the Bond Buyer newsl etter publ i shes the

\Monthl y Factor Report" whi chcontai ns a l i st of f actors f or GNMA, FNMAandFHLMC

securi ti es. The Coupon Rate of a pool i s the stated annual percentage rate of i nterest pai d

on the underl yi ng mortgages. There are a number of other characteri sti cs such as i ssue

and maturi ty dates, but we wi l l not consi der themhere.

Let P i denote the number of pool i , and l et Par Val ue(P i), Cur Val ue(P i), Factor(Pi)

and Coupon Rate(P i) denote i ts Par Val ue, Current Face Val ue, Conversi on Factor and

Coupon Rate respecti vel y. For exampl e, suppose the i - th pool i n the i nventory i s pool

Awhi ch i s a 10%GNMApool wi th the ori gi nal f ace val ue of $800; 000: 00 and the f actor

of 0: 99. For thi s pool Pi =A, Coupon Rate(P i) =10: 00, Par Val ue(P i) = $800; 000,

Factor(P i) =0: 99, Cur Val ue(P i) =Par Val ue(P i) � Factor(P i) =$792; 000. Fi nal l y, as

pool s are spl i t, some of themmay become too smal l . Very smal l pool s (<$25; 000) cannot

be further used and, theref ore, such \pool f ragments" shoul d be avoi ded. They typi cal l y

cannot be i ncl uded i n del i veri es, become a non- l i qui d asset, and are wri tten o� as a l oss.

The basi c uni t of tradi ng i s a $1; 000; 000 contract. The PSArul es speci f y the pool com-

posi ti on of the contracts i n terms of \mi l l i ons" and contract f ai l s ref er to these \mi l l i ons".

For exampl e, consi der a contract whose amount i s $5; 550; 000. For a l egal al l ocati on, we

need to al l ocate each $1; 000; 000 contract separatel y and speci f y the pool s f or the remai n-

der $550; 000 contract. The quanti ty l ess than $1; 000; 000 i s cal l ed an odd l ot . Al egal l y
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al l ocated $1; 000; 000 contract i s cal l eda good mi l l i on. Theref ore, f or thi s exampl e we need

to create �ve good mi l l i ons and al l ocate one odd l ot of $550; 000. In vi ewof the above,

wi thout l oss of general i ty, we assume that al l contracts have been spl i t so that we onl y

have contracts whose amount i s ei ther a mi l l i on or a f racti on of i t. We assume that al l

such contracts are i denti �edby a number. Let C j denote the number of contract j and l et

Market Pri ce denote the current market pri ce of the contract.

We wi l l �nd i t conveni ent to i ntroduce the f ol l owi ng notati on:

Amount(C j) nomi nal amount of contract j

Pri ce(Cj) agreed-upon pri ce of contract j

Market Pri ce(C j) current market pri ce of contract j

Desi red(C j) desi red amount to be del i vered on contract j

As an exampl e, consi der a $1; 000; 000 sel l contract C f or 10%GNMAs wi th agreed-

upon pri ce of $950; 000 (i . e. Amount(C) =$1; 000; 000, Pri ce(C) =$950; 000 . Suppose

that onthe settl ement day, the market pri ce of thi s securi ty i s $940; 000 (Market Pri ce(C) =

$940; 000). In thi s case, we woul d l i ke to del i ver as much of the securi ty as possi bl e at the

ol d pri ce. Thi s i s cal l ed a \Hi gh Tai l Contract", because we want del i ver more than the

speci �ed amount. Fol l owi ng the PSAgui del i nes we woul doptimal l y del i ver a maximumof

$1; 024; 999: 0 and thus the pro�t woul dbe $24; 999: 99� (0: 95� 0: 94). On the other hand,

suppose that the market pri ce on the settl ement day i s Market Pri ce(C) =$980; 000. In

thi s case, we woul d l i ke to del i ver as l i ttl e of the securi ty as possi bl e at the ol d pri ce. Thi s

i s cal l ed a \LowTai l Contract", because we want to del i ver l ess than the speci �edamount.

Fol l owi ng the PSAgui del i nes we woul d optimal l y del i ver $975; 000: 01 and thus mi nimi ze

a \l oss" of $24; 999: 99� (0: 98�0: 95). The \desi red" amount i s computed by the f ol l owi ng

rul es:

Desi red(C j) =

8
>><
>>:

Amount(C j) i f Pri ce(Cj) =Market Pri ce

1: 02499999�Amount(C j) i f Pri ce(Cj) >Market Pri ce

0: 97500001�Amount(C j) i f Pri ce(Cj) <Market Pri ce

The key PSArul es can be summari zed as f ol l ows:

(1) Pool s must have i denti cal coupons and be i ssued by the same agency.

(2) Sel l ers may del i ver up to �2: 499999%of the val ue of a contract

(3) For coupons greater than or equal to 12%, a maximumof f our pool s may be used to

del i ver per $1; 000: 000. Amaximumof three pool s may be used to del i ver f or an odd l ot
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Cj i f $500; 000<Amount(C j) <$1; 000; 000, and a maximumof two pool s f or an odd l ot

Cj i f 0<Amount(C j) � $500; 000.

(4) For coupons l ess than 12%, a maximumof three pool s may be used to del i vered

per $1; 000: 000. Amaximumof two pool s may be used to del i ver f or an odd l ot C j

i f $500; 000 < Amount(C j) < $1; 000; 000, and exactl y one pool f or an odd l ot C j i f

0<Amount(C j) � $500; 000.

(5) For contracts �l l ed wi th more than one pool , no proper subset of those pool s may f al l

wi thi n the al l owabl e vari ance of the contract.

We de�ne Max Pool s Al l owed(C j) to be the maximumnumber of pool s that can be

used to sati sf y contract Cj . Rul es 3 and 4 above de�ne Max Pool s Al l owed(C j) as f ol l ows:

Max Pool s Al l owed(C j) =

8>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>:

1 i f 0<Amount(C j) � $500; 000: 00 and Coupon Rate <12%

2 i f $500; 000: 00<Amount(C j) <$1; 000; 000: 00

and Coupon Rate <12%

3 i f Amount(C j) =$1; 000; 000: 00 and Coupon Rate <12%

2 i f 0<Amount(C j) � $500; 000: 00 and Coupon Rate � 12%

3 i f $500; 000: 00<Amount(C j) <$1; 000; 000: 00

and Coupon Rate � 12%

4 i f Amount(C j) =$1; 000; 000: 00 and Coupon Rate � 12%

The PSArul es f or GNMA, FHLMC, FNMAare simi l ar (such as rul es 1-4). However,

at the present time there are addi ti onal constrai nts f or the GNMApool s. In spl i tti ng

GNMApool s one has to spl i t an amount whi ch i s a mul ti pl e of $5; 000 i n the ori gi nal f ace.

However, when a pool i s created (i t i s j ust a pol l i ng of the exi sti ng mortgages), i ts f ace

val ue may not be an exact mul ti pl e of $5; 000. In such a case, the pool has a tai l : amount

whi ch i s a f racti on of $5; 000. For any amount X, we can easi l y de�ne

Tai l (X) =X� 5; 000: 00� bX=5; 000: 00c

For exampl e, suppose pool B i s created wi th ori gi nal f ace val ue of $658; 000. Thi s pool

has a tai l of Tai l (Par Val ue(A)) =$3; 000. The remai ni ng amount ($655; 000) i s a mul ti pl e

of $5; 000. If a pool i s created wi th a tai l , thi s tai l exi sts f or the l i f etime of a pool and

simpl y gets shunted f romone broker to another. Thi s tai l cannot be spl i t and no more

than one tai l can be used f or any contract. Si nce f or FNMAand FHLMCpool s we do not

have constrai nts on the tai l s, thei r al l ocati on i s easi er than that of GNMApool s. We wi l l

concentrate, theref ore, on the mortgage pool al l ocati on f or GNMAsecuri ti es.
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To i l l ustrate these rul es and constrai nts, l et us consi der a f ewexampl es. Assume that

we are al l ocati ng 10%GNMAmortgage pool s to sati sf y contract C j . Assume that we have

the f ol l owi ng 3 pool s i n the i nventory:

Pool Ori gi nal Face Tai l Factor Current Face

A $800; 000: 00 $0: 00 0: 99 $792; 000: 00

B $658; 000: 00 $3; 000: 00 0: 98 $644; 840: 00

C $525; 480: 30 $480: 30 0. 97 $509; 715: 89

Exampl e 1: Suppose Amount(C j) =$500; 000: 00 and Desi red(C j) =Amount(C j). For

thi s case Max Pool s Al l owed(C j) =1. Consi der the f ol l owi ng al l ocati on:

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

A $505; 000: 00 $499; 950: 00

$499; 950: 00 del i vered

Thi s consti tutes a good del i very f or thi s odd l ot, si nce onl y one pool was used (rul e

#4 i s sati s�ed), the del i vered amount ($499; 950: 00) i s wi thi n 2. 499999%of the contract

amount ($500; 000: 00) (rul e #2 i s sati s�ed), no smal l pool f ragments are l ef t, si nce $295; 000

remai ns i n pool A, and no tai l s were used and/or spl i t.

One coul d be tempted to try the f ol l owi ng al l ocati on:

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

C $515; 480: 30 $500; 015: 89

$500; 015: 89 del i vered

Thi s al l ocati on gi ves a cl oser val ue to the desi red amount ($500; 015: 89 i nstead of

$499; 950: 00) than the previ ous one. However, i t l eaves pool Cwi th a f ragment of $10; 000.

Such an al l ocati on shoul d be avoi ded.

On the other hand, the f ol l owi ng al l ocati on f or the same contract

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

A $490; 000: 00 $485; 100: 00

$476; 713: 02 del i vered
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i s i l l egal because the del i veredamount $476; 713: 02 i s not wi thi n 2. 499999%of the contract

amount. In other words, rul e #2 i s vi ol ated.

Exampl e 2: Suppose Amount(C j) = $750; 000: 00. and Desi red(C j) = 1: 02499999 �

Amount(C j) = $768; 749: 93. For thi s case Max Pool s Al l owed(C j) = 2. Consi der the

f ol l owi ng al l ocati on:

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

A $500: 000: 00 $495; 000: 00

B $275; 000: 00 $269; 500: 00

$764; 500: 00 del i vered

Thi s consti tutes a good del i very f or thi s odd l ot, si nce onl y two pool s were used (rul e

#4 i s sati s�ed), the del i vered amount ($764; 500: 00) i s wi thi n 2. 499999%of the contract

amount ($750; 000: 00 - rul e #2 i s sati s�ed), no pool f ragments were createdandthe ori gi nal

f ace of the amounts used i s a mul ti pl e of $5; 000: 00. On the other hand, the f ol l owi ng

al l ocati on f or the same contract

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

A $270; 000: 00 $267; 300: 00

B $245; 000: 00 $240; 100: 00

C $265; 300: 00 $257; 341: 00

$764; 741: 00 del i vered

i s i l l egal . Al though the del i vered amount $764; 741: 00 i s wi thi n 2. 499999%of the contract

amount (i t i s i n f act very cl ose to the desi red amount), more than two pool s were used

(rul e #4 i s vi ol ated). Moreover, the ori gi nal tai l $480: 30 f or pool C i s spl i t.

Exampl e 3: Suppose Amount(C j) =$1; 000; 000: 00. and Desi red(C j) =0: 97500001�

Amount(C j) = $975; 000: 01. For thi s case Max Pool s Al l owed(C j) = 3. Consi der the

f ol l owi ng al l ocati on:

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

A $620; 000: 00 $613; 800: 00
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B $203; 000: 00 $198; 940: 00

C $170; 000: 00 $164; 900: 00

$977; 640: 00 del i vered

Thi s i s an exampl e of a \good mi l l i on": the al l ocati on sati s�es the PSArul es, no pool

f ragments are generated and, i n addi ti on, onl y one tai l (f rompool A) i s used. On the other

hand, the f ol l owi ng al l ocati on

Pool Amount Del i vered Amount Del i vered

i n Ori gi nal Face i n Current Face

B $495; 500: 00 $485; 590: 00

C $505; 480: 30 $490; 315: 89

$975; 905: 89 del i vered

i s i l l egal . It i s i l l egal because more than one tai l i s used (i . e. more than one pool i s used

wi th the ori gi nal f ace amount not a mul ti pl e of $5; 000) and the tai l f or pool B has been

spl i t. Note that i n thi s exampl e, we woul d l i ke to del i ver as l i ttl e as possi bl e (optimal l y,

j ust $975; 000: 01) and theref ore, the second al l ocati on woul d have been better. However,

the constrai nts on the tai l s prevent us to del i ver exactl y the desi red amount. Thi s exampl e

shows that, i n general , i t may not be possi bl e to del i ver the desi red amount and thus one

needs to choose among many possi bl e al l ocati ons.

3. MATHEMATICAL FORMULATION

We are nowready to f ormul ate the probl emmathemati cal l y. Let C 1; . . . ; CR be the

contracts to be �l l ed and l et P1; . . . ; Pp be the pool s. Assume that f or each contract j

Amount(C j) � 1; 000; 000: 00.

Di vi de al l R contracts i nto three di sj oi nt groups: H (\hi gh"), E (\exact") and L

(\l ow") as f ol l ows:

H=f j j Desi red(Cj) =1: 02499999�Amount(C j)g

E=f j j Desi red(Cj) =Amount(C j)g

L=f j j Desi red(Cj) =0: 97500001�Amount(C j)g

An al l ocati on i s the speci �cati on of the amount f romeachpool to sati sf y sel l contracts

C1; . . . ; CR. It i s theref ore conveni ent to represent the al l ocati on as the matri x Awhere

the el ement a ir i s the amount used f rommortgage pool i to sati sf y contract j . We wi l l
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�nd i t conveni ent to speci f y the al l ocati on A i n the f ol l owi ng f orm(the �rst col umn wi l l

i ndi cate the amount of money l ef t i n the pool s af ter the al l ocati on):

A=

0
BBBBBBBB@

Cur Val ue(P 1) �
PR

r=1 a1r j a11 � � � a1j � � � a1R
... j

...
. . .

...
. . .

...

Cur Val ue(P i) �
PR

r=1 ai r j ai1 � � � aij � � � aiR
... j

...
. . .

...
. . .

...

Cur Val ue(P p) �
PR

r=1 apr j ap1 � � � apj � � � apR

1
CCCCCCCCA

The PSArul es then correspond to constrai nts on the rows and col umns of A. For

exampl e,
Pp

i=1 air i s the amount del i vered to contract r, whereas P i +
PR

r=1 air i s the

ori gi nal amount i n pool i . Let us de�ne �(x) =1 i f x >0 and �(x) =0 i f x =0. In

parti cul ar, �(aij) tel l s us whether pool i i s used to sati sf y contract j , whereas
Pp

i=1 �(aij)

i s the number of pool s used to sati sf y contract r.

The PSArul es can be conci sel y stated i n terms of the matri x Aas f ol l ows.

(1)
pX

i=1

�(aij) � Max Pool s Al l owed(C j) 1� j � R

(2)

����
pX

i=1

aij �Amount(C j)

���� � 0: 02499999�Amount(C j) 1� j � R

(3) aij = 0 or � $25; 000� Factor(P i) f or al l i ; j

(4) Cur Val ue(P i) �
RX

r=1

ai r= 0 or � $25; 000� Factor(P i) f or al l i ; j

(5)
RX

j=1

�(Tai l (ai j=Factor(P i))) � 1 1� i � p

(6) Tai l (ai j=Factor(P i)) = 0 or Tai l (P i=Factor(P i)) f or al l i ; j

(7) ai1j +� � � +aikj <0: 975001�Amount(C j) 1� i1 <� � � <ik � p

1� j � R; k <

pX

i=1

�(aij)

Inequal i ty (1) i s the constrai nt on the number of pool s that can be used to sati sf y a

contract. Inequal i ty (2) impl i es that one may del i ver up to �2: 499999%of the val ue of a

contract. Expressi on (3) means that each del i vered pool amount must have the f ace val ue

of at l east $25; 000. Expressi on (4) means that ei ther a pool i s total l y used f or del i veri ng a

contract or i t has at l east $25; 000 of the ori gi nal f ace val ue l ef t (i . e. no f ragmentati on has

occurred). Inequal i ty (5) impl i es that no more than one tai l may be used f or any contract.

Expressi on (6) impl i es that a tai l cannot be spl i t. Fi nal l y, expressi on (7) impl i es that no

proper subset of pool s al l ocated to a contract may f al l wi thi n the al l owabl e vari ance of the
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contract.

We are nowready to f ormul ate the pool al l ocati on probl em:

MORTGAGEPOOLALLOCATIONPROBLEM: Gi ven the contracts f C 1; . . . ; CRg

and the pool s f P1; . . . ; Ppg , compute the al l ocat i on matri x Awhi ch maxi mi zes

Pro�t(A) =
X
j2H

� pX
i=1

aij �Amount(C j)

�
+
X
j2L

�
Amount(C j) �

pX
i =1

ai j

�

where the matri xAsat i s�es the constrai nts of the PSArul es .

If we de�ne the cost of an al l ocati on as \cost(A) =�pro�t(A)", then the probl em

coul d be stated as f ol l ows:

Gi ven the contracts f C1; . . . ; CRg and the pool s f P1; . . . ; Ppg , compute the al l o-

cat i on matri x Awhi ch mi ni mi zes

Cost(A) =�

2
4X
j2H

� pX
i=1

aij �Amount(C j)

�
+
X
j2L

�
Amount(C j) �

pX
i =1

ai j

�3
5

where the matri x Asat i s�es the constrai nts of the PSArul es .

The mortgage pool al l ocati on probl empresented above i s an exampl e of constrai ned

combi nator i al opt i mi zat i on. There i s an obj ecti ve \cost" (\pro�t") f uncti on that has to be

mi nimi zed(maximi zed). Inour case, the probl emi s to compute the amounts contri butedto

contracts f romal l pool s, suchthat the al l ocati on sati s�es the PSArul es and i s of mi nimum

cost. The space over whi ch we mi nimi ze the cost f uncti on i s di screte and i s very l arge:

possi bl e assi gnments of pool s to goodmi l l i ons. The number of possi bl e ways to perf ormthe

al l ocati on (the con�gurati on space) i s f actori al l y l arge (despi te the restri cti ons of the PSA

rul es) and cannot be expl ored exhausti vel y. It canbe proved([ 20] ) that the mortgage pool

al l ocati on i s an i nstance of wel l -known combi natori al optimi zati on probl ems that bel ong

to the cl ass of NP-hard probl ems: there i s, probabl y, no exact al gori thmwhose worst-

case time compl exi ty i s pol ynomi al ([ 2] ). In practi ce, thi s means that there i s no e�ci ent

al gori thmfor mortgage al l ocati on that i s guaranteed to gi ve the best possi bl e al l ocati ony .

We suggest addressi ng thi s probl emusi ng the method of simul ated anneal i ng. z

y Such optimi zati on probl ems are ubi qui tous i n the �nanci al i ndustry.

z An al ternati ve approach, usi ng rul e-based systems, i s descri bed i n [ 20] .
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4. SIMULATEDANNEALING

Simul ated anneal i ng i s a probabi l i sti c al gori thmfor obtai ni ng good sol uti ons of combi -

natori al optimi zati on probl emsy . It was �rst i ntroduced i n the earl y 1950' s by Metropol i s

([ 9] ), and then rei ntroducedi n the earl y 1980' s byKi rkpatri ck ([ 6] ). It i s used f or probl ems

i n whi ch we wi sh to �nd an optimal sol uti on out of a l arge number of possi bl e sol uti ons;

each sol uti on can be assi gned a cost, and we seek the sol uti on wi th mi nimal cost.

The method of simul ated anneal i ng i s based on the anal ogy of cool i ng and anneal i ng

i n stati sti cal physi cs. Anneal i ng ref ers to a physi cal process i n whi ch a metal or gl ass i s

�rst heated unti l mol ten, and then sl owl y cool ed unti l i t reaches i ts most ordered state, i n

whi chi t has the l owest energy. At hi ghtemperature, the mol ecul es move f reel y. Under sl ow

cool i ng, thermal mobi l i ty i s l ost and atoms gradual l y f orma pure crystal , correspondi ng

to the state of mi nimumenergy. The cool i ng i s meti cul ousl y control l ed accordi ng to

a predetermi ned anneal i ng schedul e, whi ch speci �es the sequence of temperatures, the

durati on at each temperature, and the temperature at whi ch to stop. If the temperature

i s l owered too qui ckl y, the physi cal systemwi l l end up i n an imperf ect state, contai ni ng

mi croscopi c stress poi nts whi ch coul d l ead the materi al to crack or f ragment. At each

temperature T, the metal i s al l owedto reach thermal equi l i br i um, i nwhi chthe probabi l i ty

of bei ng i n a state wi th energy E i s gi ven by the Bol tzmann di stri buti on:

Probabi l i ty(E=E) =
1

Z(T)
� exp

�
�
E

T

�

where Z(T) i s the normal i zati onconstant. The f actor exp(�E=T) i s cal l ed the Bol tzmann

f actor .

Thi s process of cool i ng a 
ui di nto a l owenergy state (e. g. growi nga crystal ) was shown

to be simi l ar i n nature to that of �ndi ng an optimal sol uti on of a l arge combi natori al

optimi zati on probl em. In simul ated anneal i ng, the optimi zati on probl emto be sol ved

corresponds to the physi cal system, and reachi ng the optimal sol uti on (the one wi th the

l owest cost) corresponds to the systemreachi ng i ts l owest-energy state. At anypoi nt i n the

simul ated anneal i ng procedure, a parti cul ar sol uti on to the probl emi s bei ng consi dered;

thi s i s ref erred to as the current state of the system.

We i ntroduce a control parameter cal l ed the temperature. Thi s parameter wi l l gov-

ern, al ong wi th a probabi l i ty di stri buti on, the manner i n whi ch our systemwi l l move

y It i s al so knownas Stat i st i cal Cool i ng ([ 21] ), Probabi l i st i c Hi l l Cl i mbi ng ([ 14] ), Stochas-

t i c Rel axat i on ([ 3] ), or Monte Carl o Anneal i ng ([ 4] ).

12



betweenthe vari ous sol uti on states. The temperature parameter corresponds to the actual

temperature of the physi cal systembei ng cool ed. The physi cal systemwi l l move readi l y

f romone state to another at a hi gh temperature, whereas there wi l l be much l ess moti on

at a l ower temperature unti l , i n the extreme, there i s no moti on at al l when the tempera-

ture i s bel owa f reezi ng poi nt. Li kewi se i n simul ated anneal i ng, the systemwi l l exhi bi t a

great deal of moti on between sol uti on states at hi gh temperature, and wi l l showgradual l y

decreasi ng moti on as the temperature i s gradual l y l owered. Eventual l y, the temperature

i s so l owthat moti on f romone state to another i s almost compl etel y absent; at thi s poi nt

the simul ated anneal i ng al gori thmhal ts and the state i n whi ch the systemi s f rozen i s the

sol uti on to the probl em. As the temperature i s l owered, the systemtends to be i n states

of l ower energy, i . e. , i t consi ders sol uti ons that are better and better. Thi s movement i s

shown i n Fi gure 1. The sol uti on bei ng consi dered when the systemi s �nal l y f rozen i s,

general l y, a near-optimal sol uti on.

We note here that simul ated anneal i ng has al so been f rui tf ul l y compared to thermo-

dynami cal systems of mechani cal physi cs ([ 10] [ 11] ), and has been successf ul l y appl i ed to

hard combi natori al optimi zati on probl ems, i ncl udi ng the travel i ng sal esmanprobl em([ 6] ).

Wi th respect to growi ng crystal s, physi cal anneal i ng i s wel l understood. One begi ns

rai si ng the 
ui d to very hi gh temperature. The temperature i s sl owl y l owered unti l the

crystal i s f ormed. When the materi al begi ns to f reeze, temperature must be reduced very

sl owl y. Wi th respect to combi natori al optimi zati on probl em, such as mortgage pool al l o-

cati on, one starts wi th an arbi trary i ni ti al con�gurati on and chooses some cost (\energy")

functi on re
ecti ng the qual i ty of the al l ocati on. Subsequentl y, i f we have state A(e. g. an

al l ocati on of contracts), a newal l ocati onA0 i s randoml y generated f roman admi ssi bl e set

of \nei ghbori ng" con�gurati ons. The \cost" (energy) of the proposed newal l ocati on i s

subj ect to the acceptance cri teri on, based on the val ue T of control parameter \tempera-

ture", andthi s determi nes whether the newal l ocati on i s accepted. If the cost (\energy") i s

not i ncreased (the newal l ocati on i s at l east as good as the current one), we al ways accept

thi s newal l ocati on A0. On the other hand, i f the newal l ocati on A 0 has hi gher cost, the

acceptance probabi l i ti es are di stri butedaccordi ng to the Bol tzmann factor. The hi gher the

temperature, the more l i kel y are we to accept an al l ocati on wi th hi gher cost. The system

sometimes goes uphi l l (\escapi ng f roml ocal mi nima") as wel l as downhi l l , but the l ower

the temperature, the l ess l i kel y i s any si gni �cant uphi l l movement.

To impl ement simul ated anneal i ng we need the f ol l owi ng:

(1) representati on of probl emi nstances and potenti al sol uti ons f Sg

(2) a cost (or energy) functi onE(S) f or each possi bl e sol uti on state S, whi ch, whenmi ni -
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mi zed, i ndi cates the optimal sol uti on to the underl yi ng optimi zati on probl em

(3) a procedure \generate" to generate a newstate S 0
f roma current state S

(4) a control parameter T (temperature) and an anneal i ng schedul e whi ch speci �es the

number of randomchanges to be generated at each val ue of T (i nner l oop cr i ter i a i n the

al gori thm) and howT shoul d be updated (\cool i ng schedul e").

Astep i n the anneal i ng al gori thmproceeds as f ol l ows. Let the systembe i n a state

S, whi ch has energy E. Randoml y generate a move to another state S 0
and cal cul ate the

energy E 0
of the newstate. If the newstate has a l ower energy, E 0 <E, accept thi s move

and the systemi s nowi n state S 0
. If , however, the newstate has a hi gher energy than

the current state, accept the move wi th a probabi l i ty exp(�(E� E 0
)=T) where T i s the

current temperature. Thi s probabi l i ty can be thought of as the rel ati ve probabi l i ty that

the system, when l ef t to i tsel f at the current temperature, wi l l be i n state S0
as opposed

to bei ng i n state S. In practi ce, thi s means that f or constant temperature, the smal l er

the energy jump, the more l i kel y the move wi l l be accepted. For constant energy jump,

the hi gher the temperature, the more l i kel y the move wi l l be accepted. Thus at hi gher

temperatures the systemwi l l exhi bi t greater moti on than at l ower temperatures.

Af ter a certai n number of times of consi deri ng these randoml y generatedmoves to new

sol uti on states, the temperature i s l owered accordi ng to a chosen rul e. Acommon rul e

to l ower the temperature i s T =� � T, where � i s a constant ([ 1] [ 6] [ 15] ). Af ter a gi ven

number of temperature steps, or when the systemappears f rozen (moti on has ceased), the

anneal i ng procedure stops, and the l ast state i s output as the sol uti on to the optimi zati on

probl em.

Theref ore, f or the mortgage al l ocati on probl emthe basi c al gori thmi s as f ol l ows:

Si mul ated Anneal i ng Al gori thm:

compute i ni ti al temperature T 0

compute i ni ti al al l ocati onA

f or each temperature val ue T

begi n

whi l e(i nner l oop cri teri a i s not sati s�ed)

begi n

A0 =generate(A)

i f (oracl e(energy(A), energy(A0),T)=1)

accept newcon�gurati onA 0
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end

T =update(T);

end

pri nt the resul ts

Fi ni shed!

The acceptance of newal l ocati on A 0
i s governed by the f ol l owi ng simpl e rul e:

oracl e(energy(A),energy(A0) , T) :

compute y =mi nf 1: 0; exp(�(energy(A) � energy(A 0
))=T)g

r =random(0, 1);

i f (r < y) return(1);

el se return(0);

It i s i nstructi ve to compare simul ated anneal i ng wi th the more conventi onal probl em-

sol vi ng approach of gradi ent descent. In gradi ent descent, at each step a move to a new

sol uti on state i s generated and the cost (energy) cal cul ated. If the newstate has a l ower

cost (energy), then we have f ound a better sol uti on and the move i s accepted. If the new

state has a hi gher cost (energy) the move i s rej ected si nce the current sol uti on i s better.

The al gori thmhal ts when i t cannot �nd any states to move to. The probl emwi th thi s

approach i s that i t tends, f or compl ex probl ems, to hal t i n states whi ch are onl y l ocal

mi nima, not gl obal mi nima. Moreover, these l ocal mi nima are better than al l the states

whi ch can be reached by a si ngl e move, but may be i nf eri or to l ocal mi nima that can be

reached i n a f ewmoves.

Simul ated anneal i ng overcomes thi s probl emby occasi onal l y accepti ng a move to a

hi gher (worse) state, dependi ng onthe di �erence i nenergy andonthe current temperature.

By movi ng to a hi gher state, the systemcan escape f romthe trap of l ocal mi nima, gi vi ng

i t a greater chance of �ndi ng a gl obal or near-gl obal mi nima. Thi s upward movement,

whi chi s governedbythe probabi l i sti c deci si onprocedure descri bedabove, makes simul ated

anneal i ng tremendousl y powerful i n sol vi ng the most compl ex combi natori al optimi zati on

probl ems.

Theref ore, the simul ated anneal i ng al gori thmi s not a \greedy" al gori thmi n the stri ct

sense, l i ke many i terati ve al gori thms are: i t does not al ways proceed i n the di recti on of

l ower cost. The qual i ty of the l ocal mi nimumcon�gurati ons are of ten qui te i nf eri or wi th
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the gl obal mi nimumstate. Heuri sti c al gori thms of ten end at these l ocal mi nimumstates

because they are greedy: they onl y accept new states wi th l ower cost. The qual i ty of

sol uti ons obtai ned by simul ated anneal i ng depend drasti cal l y on the impl ementati on and

much experimentati on i s usual l y requi red � thi s i s due to the l ack of theoreti cal resul ts

concerni ng gui del i nes f or optimal properti es and control of the al gori thm([ 15] ). The

i ni ti al \temperature", nei ghbori ng al l ocati ons and rate of \temperature" decrease are the

parameters that wi l l a�ect the speed of the al gori thmand the qual i ty of the �nal sol uti on.

5. IMPLEMENTATION

Let us nowdi scuss the impl ementati on of the al gori thmas appl i ed to the mortgage

pool al l ocati on. In vi ewof the above di scussi on, to appl y the method we need to speci f y

the f ol l owi ng:

(1) Representati onof potenti al al l ocati ons f Ag andthe computati onof an i ni ti al al l ocati on.

(2) The \ENERGY" functi onE(A) f or each possi bl e al l ocati onA.

(3) Computati on of an i ni ti al temperature.

(4) Computati on of an i ni ti al al l ocati on.

(5) a procedure \generate" to generate a newal l ocati on A 0 f roma current al l ocati onA

(6) Anneal i ng Schedul e: Stop Cri teri a, Iterati ons (\i nner l oop cri teri a") and updati ng the

temperature (\cool i ng schedul e").

We have f ormul ated the probl emi ni ti al l y as to compute the matri x A so that the

cost(A) i s mi nimi zed. Thi s means that i n generati ng newmoves we have two al ternati ves.

The �rst i s to restri ct the generati on of moves so that each newstate sati s�es the PSA

constrai nts. The secondal ternati ve i s to al l owmoves to i l l egal al l ocati on, but to i ntroduce

a penal ty functi on, whi ch descri bes the degree to whi ch an al l ocati on f al l s short of expec-

tati on. Potenti al l y, the second approach gi ves a more powerful al gori thm: any changes i n

the constrai nts, qual i ty of pool s, and other desi rabl e i nf ormati on can be done by simpl e

changes i n the penal ty functi on. However, the rel ati ve wei ghti ng of the penal ti es i s known

to have a dramati c e�ect on the qual i ty of the obtai ned sol uti on. Too heavy penal ti es

may resul t i n a l egal al l ocati on of poor qual i ty. On the other hand, i nsu�ci ent penal ti es

may resul t i n an i l l egal al l ocati on At thi s poi nt, there are no known de�ni ti ve standard

gui del i nes on rel ati ve wei ghti ng of penal ty terms and much experimentati on i s usual l y

requi red to \tune" the energy functi on, generati on of moves and the \cool i ng schedul e"
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([ 15] ). Moreover, si nce, i n practi ce, the second approachtends to be much sl ower, we have

chosen the �rst approach: al l al l ocat i ons consi dered duri ng the execut i on of the

al gori thmare l egal .

We nowproceed to descri be the impl ementati on of the simul ated anneal i ng al gori thm

for mortgage pool al l ocati on:

� Representat i on of potent i al al l ocat i ons fAg: We represent an al l ocati on A as a

matri x where the PSArul es transl ate on certai n condi ti ons on i ts rows and col umns, as

descri bed i n secti on 3.

� The \ENERGY" f unct i on: The mortgage pool al l ocati on probl emcan be descri bed

as �ndi ng l egal al l ocati ons of mi nimumcost (thus maximi zi ng potenti al pro�t f romusi ng

the �2: 499999%vari ance rul e) and choosi ng one conf ormi ng to some desi rabl e constrai nts

(e. g. use of parti cul ar pool s or avoi d usi ng a parti cul ar pool , i f possi bl e). Theref ore, i t i s

conveni ent to wri te the energy functi on as

energy(A) =cost(A) +pool qual i ty(A)

Si nce the number andamount of contracts andpool s i s vari abl e, we �ndi t conveni ent to

use \normal i zed" val ues f or both cost(A) and pool qual i ty(A), such that 0� cost(A) � 1

and 0 � pool qual i ty(A) � 1. We de�ne such a \normal i zed" cost of an al l ocati on Aas

f ol l ows:

cost(A) =
X
j2H

1

R

�
1�

Pp
i=1 aij �Amount(C j)

25; 000

�
+
X
j2L

1

R

�
1�

Amount(C j) �
Pp

i =1
ai j

25; 000

�

Note that %2: 499999 vari ance al ways resul ts i n an amount that i s l ess than $25; 000

(recal l that f or each j we have Amount(C j) � 1; 000; 000).

Wi th thi s de�ni ti on i t i s easy to show that mi nimi zi ng cost of A i s equi val ent to

maximi zi ng the pro�t de�ned i n secti on 3.

For the pool qual i ty term,

pool qual i ty(A) =
pX

i=1

wi

p
�

PR
r=1 air

Cur Val ue(P i)

where 0� w i � 1 i s the wei ght gi vento pool i . The l arger the wei ght w i, the more \penal ty"

i s gi ven to usi ng pool i . Theref ore, f or exampl e, i f l arger pool s are more val uabl e, we wi l l
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use l arger wei ghts f or them. The use of these wei ghts f or the pool qual i ty termal l ows us

to produce an al l ocati on to i ncrease the qual i ty of the i nventoryy. In thi s way, the method

wi l l try to use or avoi dusi ng parti cul ar pool s, but i f i t has to use more money i n order to

al l ocate, i t wi l l do so to prevent a f ai l .

Note that energy(A) i s expressed as a sumof Rterms f or the contracts (i n the \cost"

term) and of p terms f or the pool s (i n the \pool qual i ty" term), and theref ore, changes i n

energy can be computed l ocal l y: a typi cal move (descri bed bel ow) i nvol ves at most one

contract and two pool s. Theref ore, once we compute the energy of the i ni ti al con�gurati on

(thi s requi res O(R� p) steps), we can compute the energy change of a newcon�gurati onby

usi ng val ues of the two pool s and one contract i nvol ved. If we keep track of the amounts

al l ocated to each contract and of the amounts used f romeach pool (thi s cl earl y requi res

extra R+p storage l ocati ons), then the energy of the newcon�gurati on can be computed

f romthe energy of the previ ous one i n constant time regardl ess of the number of pool s and

contracts.

� Computat i on of i ni t i al temperature: The method f ol l ows di rectl y f romthe theory of

simul ated anneal i ng: anneal i ng (cool i ng) must start when the systemi s mel ted (ergodi c).

The i deal starti ng temperature i s the l owest temperature at whi chthe systemi s mel ted. In

other words, at the i ni ti al temperature vi rtual l yal l transi ti ons are accepted. Our procedure

then i s to pl ace the systemat an extremel y l owtemperature, essenti al l y f rozen, and then

qui ckl y heat i t unti l i t i s mel ted.

We use the f ol l owi ng procedure, an improvement f romone descri bed i n ([ 7] ): we choose

an extremel y smal l number � whi ch i s smal l er by an order of magni tude than the measure-

ments of the energy of the system, and set the temperature of the systemT =� . We now

generate a smal l number of randommoves, say 100. The ergodi ci ty i s thenmeasured sim-

pl y as the f racti on of these moves that were accepted by the simul ated anneal i ng deci si on

procedure. At �rst thi s f racti onwi l l be l ow, because no moves to a hi gher energy state wi l l

be accepted when the systemi s f rozen. We then doubl e the temperature andmeasure the

y Togi ve just some exampl es of pool qual i ty: recentl y i ssuedpool s maybe more val uabl e.

Larger pool s (l arger f ace val ues) are more val uabl e si nce they are easi er to use f or spl i tti ng

purposes anduse of vari ance. The mortgage pool s of Cal i f orni a becamemore val uabl e af ter

the 1989 SanFranci sco earthquake: the specul ati onmaybe that peopl e wi l l be more wi l l i ng

to sel l thei r homes andmove out. Thi s means that the mortgages i n the underl yi ng pool s

wi l l be payi ng down very rapi dl y. There coul d be then a growi ng market f or Cal i f orni a

pool s, more of a demand and subsequentl y hi gher pri ces f or them.
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ergodi ci ty agai n by generati ng another 100 moves. Thi s step i s repeated unti l the ergodi c-

i ty exceeds a certai n threshol d, suchas 0. 9. At thi s poi nt, the temperature i s so hi gh that

90%of al l moves were accepted, and we say that the systemi s mel ted. The temperature

at thi s poi nt then becomes the i ni ti al temperature f or the simul ated anneal i ng.

Thi s rel ati vel y qui ck and simpl e method of computi ng the i ni ti al temperature ensures

that (1) anneal i ng wi l l start when the systemi s i ndeed ergodi c (mel ted), and (2) the

temperature i s not much hi gher than the mi nimumnecessary f or ergodi ci ty. We can now

be con�dent that the anneal i ng schedul e wi l l move the systeme�ci entl y f rommel ted to

f rozen wi thout excessi ve time at the hi gh temperature stagez.

� Computat i on of the i ni t i al al l ocat i on: We are l ooki ng f or a f ast heuri sti c. One

exampl e i s the f ol l owi ng:

Step 1: Sort pool s by amount

Step 2: Let C j be the next contract to al l ocate

and l et n =Max Pool s Al l owed(C j), X=Amount(C j)=n

Step 3: Fromthe sorted pool l i st, use up to n� 1 l argest pool s

whose current val ue i s l ess thanX

Step 4: Fi nd the n- th pool l arge enough to spl i t

f or the remai ni ng amount

Step 5: Go back to Step 1

Of course, i n perf ormi ng steps 3 and 4 we f ol l ow the constrai nts on the tai l s, pool

f ragments, etc. Intui ti vel y, the al gori thmtri es to del ay usi ng l arge pool s and tri es to get

ri dof smal l pool s. As f or i ts runni ng time, we note that at eachi terati on i t i nvol ves sorti ng.

For p pool s, a simpl e sorti ng al gori thm(e. g. bubbl e-sort) takes O(p 2) steps. However, i f

one uses doubl e l i nked l i sts as the underl yi ng data structure, we onl y need to do sorti ng

at the begi nni ng of the al gori thmand then perf orml ocal changes. In practi ce, i ts runni ng

time i s negl i gi bl e f or i nputs wi th hundreds of pool s and contracts.

z We shoul dmenti onhere another wi del y usedmethod ([ 25] ): If one makes the assump-

ti on that the energy i s di stri buted by Gaussi an di stri buti on wi th standard devi ati on �, i t

i s argued that an appropri ate temperature T shoul dbe hi gh enough to accept wi th proba-

bi l i ty PA a con�gurati onwhose energy i s 3� the energy of the current con�gurati on. Thi s

gi ves the rul e T =�3�= l ogP A. To determi ne �, one runs the al gori thmand accepts al l

possi bl e transi ti ons.
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�Generat i ng newal l ocat i ons: We woul dl i ke to de�ne a set of transf ormati ons (moves)

so that starti ng wi th some al l ocati onmatri xA, we canuse these moves to obtai n anyother

val i d al l ocati on matri x A0. We have chosen one such general purpose transf ormati on:

A=

0
BBBBBBBBBBBBBBB@

Cur Val ue(P 1) �
PR

r=1a1r j a11 � � � � � � � � � a1R
... j

...
. . .

...
. . .

...

Cur Val ue(P i) �
PR

r=1 ai r j ai1 � � � aij � � � aiR
... j

...
. . .

...
. . .

...

Cur Val ue(P k) �
PR

r=1 akr j ak1 � � � akj � � � akR
... j

...
. . .

...
. . .

...

Cur Val ue(P p) �
PR

r=1 apr j ap1 � � � � � � � � � apR

1
CCCCCCCCCCCCCCCA

�! A0 =

0
BBBBBBBBBBBBBBB@

Cur Val ue(P 1) �
PR

r=1 a1r j a11 � � � � � � � � � a1R
... j

...
. . .

...
. . .

...

Cur Val ue(P i) +X�
PR

r=1 ai r j ai1 � � � aij �X � � � aiR
... j

...
. . .

...
. . .

...

Cur Val ue(P k) �X0 �
PR

r=1 akr j ak1 � � � akj +X 0 � � � akR
... j

...
. . .

...
. . .

...

Cur Val ue(P p) �
PR

r=1 apr j ap1 � � � � � � � � � apR

1
CCCCCCCCCCCCCCCA

Thi s move can be descri bed as f ol l ows: randoml y choose contract C j and two pool s i

and k. If pool i i s used to del i ver aij > 0 to contract j, take some amount X� a ij and try

to al l ocate that amount f rompool k. We usual l y woul d not be abl e to real l ocate exactl y

Xbecause pool k wi l l have, i n general , a di �erent f actor and tai l than pool i . Thus, we

al l ocate an amount X 0 cl ose to X f rompool k to contract C j .

Note that thi s move i nvol ves at most two pool s and one contract. Thi s means that

savi ng/restori ng anal l ocati on andgenerati ng a newone canbe done very e�ci entl yby just

modi f yi ng one col umn and two rows. In other words, thi s step i n the simul ated anneal i ng

al gori thmtakes constant time, i ndependent of the si ze of the i nput.

� Anneal i ng Schedul e: The stop cri teri a i s usual l y determi ned by �xi ng the number of

temperature steps T f or whi ch the al gori thmi s to be executed. As f or the \i nner l oop

cri teri a", the simpl est choi ce i s to �x the number of i terati ons at each temperature by a

val ue dependi ng pol ynomi al l y on the si ze of the probl em([ 1] [ 15] ), f or exampl e bymaki ng
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i t proporti onal to p+R. Other suggesti ons are based on the argument that f or each val ue

of T, a mi nimumamount of transi ti ons are accepted ([ 6] ).

As f or the \Cool i ng Schedul e" we f ol l owa f requentl y used rul e T =� � T, where � i s a

constant smal l er than but cl ose to 1. The typi cal range of � i s 0: 8� �� 0: 95 ([ 1] [ 6] [ 15] ).

It i s sometimes argued that one shoul d have smal l er � i n the begi nni ng and �nal stages of

the al gori thm. We have �xed �=0: 9 throughout the al gori thm.

6. EXPERIMENTAL RESULTS

We impl emented the simul ated anneal i ng model f or vari ous sets of sampl e data. The

tests were made on a Sun 4/330. The temperature was decreased accordi ng to T =0: 9T.

Anneal i ng was hal ted when no move was accepted at one temperature l evel , up to a

maximumof 100 temperature steps. The number of i terati ons (attempted moves) at each

temperature was vari abl e, though an amount di rectl y proporti onal to the number of pool s

p pl us contracts R seems desi rabl e. The same number of moves are attempted at each

temperature l evel . The pool wei ghts w i's are al l set to zero (i . e. we consi der al l pool s to

be equal l y val uabl e). Some of the l arger sampl e data sets had more than 500 pool s and

more than 500 contracts. The contracts represented approximatel y $550; 000; 000. Our

method obtai ned good sol uti ons even f or such l arge al l ocati ons i n real -time: i n l ess than

2. 5 mi nutes runni ng on an IBMRS/6000 workstati on.

For any al l ocati on, we can measure the percentage of vari ance achi eved, i . e. , the pro-

porti on of pro�t achi eved by del i veri ng, f or each contract, an amount l arger or smal l er

than speci �ed dol l ar val ue of the contract. 100%of vari ance then means that the al l owed

2. 499999%vari ance was perf ectl y del i vered, i n the correct di recti on, on each contract. In

our tests, we measure thi s percentage bef ore and af ter anneal i ng. We use the di �erence i n

percentage ("improvement") as the measure of howwel l simul ated anneal i ng perf ormed.

Fi gure 1 demonstrates how the energy of the systemi s gradual l y l owered as the

systemcool s. Note the i ni ti al j ump i n the energy at the begi nni ng of the procedure. Thi s

i s because the i ni ti al state of systemi s not random, but the resul t of a heuri sti c al l ocati on

al gori thm. We can i nf er that thi s i ni ti al al l ocati on i s at a l ocal mi nimumof the energy

functi on; the �rst moves at hi gh temperatures tend to "shake up" the systemout of thi s

l ocal mi nimum, thus rai si ng the energy at the begi nni ng of anneal i ng. Note al so that there

seems to be a phase transi ti on just above T =1: 0�10 �3. At thi s poi nt ergodi ci ty i s broken

and the energy starts to decrease more rapi dl y.
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Simul ated anneal i ng proved to be sensi ti ve to the rati o of the total money i n the pool s

to the money needed to �l l al l the contracts. When thi s rati o was l arge, the anneal i ng

al gori thmhad greater 
exi bi l i ty to �ndbetter al l ocati ons, because more moves were avai l -

abl e. When the pool s-to-contracts rati o was smal l , however, there was very l i ttl e 
exi bi l i ty

f or adjusti ng the al l ocati on, and, as a resul t, the perf ormance by simul ated anneal i ng was

poor. These resul ts are demonstrated i n Fi gure 2. We tested the model on data sets

that were simi l ar except f or the pool s-to- contracts rati o. As the rati o approached 1. 0,

the improvement f ound by simul ated anneal i ng tends asymptoti cal l y towards zero. Thi s

deteri orati on i s reasonabl e si nce the al gori thmdepends on havi ng roomto maneuver the

al l ocati on by the desi gnated moves.

We al so vari ed the number of i terati ons (attempted moves) at each temperature whi l e

hol di ng al l other vari abl es constant. The number of i terati ons are cal cul atedas mul ti pl es of

(p+R). The resul ts, seen i nFi gure 3, show, as expected, that the more i terati ons at each

temperature, the better perf ormance achi eved by simul ated anneal i ng. Thi s i s because

wi th more i terati ons, the systembetter approximates thermal equi l i bri umat each tem-

perature. The margi nal improvement, however, decl i nes wi th i ncreasi ng i terati ons because

each i ncrement bri ngs the systeml ess cl ose to equi l i bri umthan the previ ous i ncrement.

Theoreti cal l y, af ter a certai n number of i terati ons per temperature, the systemwoul d

be i n thermal equi l i bri um, and thus further i ncreasi ng the i terati ons woul d not improve

perf ormance at al l .

7. CONCLUDING REMARKS

In thi s paper we have demonstrated that the method of simul ated anneal i ng can pro-

vi de an e�ci ent way to address the probl emof mortgage pool al l ocati on. Pool /contract

pri ori ti es andother desi rabl e characteri sti cs coul deasi l y be i ncorporatedbysimpl e changes

i n the energy functi on.

Most previ ous appl i cati ons of simul ated anneal i ng have shown i ts e�cacy f or sol vi ng

cl assi cal combinatori al optimi zati on probl ems wi th a smal l number of constrai nts, suchas

the travel i ng sal esmanprobl em(TSP). The current appl i cati on, mortgage pool al l ocati on,

di �ers f romthese other probl ems i n several ways. There are qui te a f ewconstrai nts i n the

current probl emspeci �ed by the PSArul es. They are si gni �cantl y more compl i cated than

the constrai nts of TSP; the PSArul es of ten appear strange and arbi trary, and are di�cul t

to enf orce. As a resul t, the moves i n the mortgage pool appl i cati on are more compl i cated
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than those i n appl i cati ons to standard combi natori al optimi zati on probl ems, where a set

of simpl e, e�ci ent, and i ntui ti vel y natural moves may be readi l y apparent. Lastl y, si nce

we wi shed to demonstrate f easi bi l i ty of simul ated anneal i ng f or �nanci al i nsti tuti ons, we

neededto have a sol uti oni n real -time f or l arge number of contracts andpool s. Towards thi s

end, we made whatever compromi ses were necessary i n setti ng the anneal i ng schedul e i n

order to obtai n a sol uti onwi thi n a f ewmi nutes or l ess, on a medi um-si zedworkstati on. We

have thus shownthat good sol uti ons are obtai nabl e i n real -time usi ng simul atedanneal i ng.

We hope that these resul ts wi l l encourage use of simul atedanneal i ng i ncommerci al setti ngs,

as wel l as provi de a f oundati on f or f urther research appl i cati ons of simul ated anneal i ng.
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Fi gure 1. Energy vs. Temperature

Fi gure 1: The progress of the al gori thmi s f romri ght to l ef t. As the temperature i s

l owered, the energy of the systemi s l essened, correspondi ng to better sol uti ons to the

optimi zati on probl em.
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Fi gure 2. Improvement vs. Rati o

Fi gure 2: As the pool s-to-contracts rati o i s decreased towards 1. 0, the perf ormance of

simul atedanneal i ng deteri orates. Thi s i s because f or a smal l rati o, there i s very l i ttl e room

to use the moves f or maneuveri ng and adjusti ng the al l ocati on. The percentage af ter the

i ni ti al al l ocati on was 0:84.
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Fi gure 3. Percent of Pro�t vs. Number of Iterati ons

Fi gure 3: Improvement due to simul ated anneal i ng i ncreases as the number of i tera-

ti ons (attempted moves) per temperature i ncreases. Note that the margi nal improvement

decreases as thermal equi l i bri umi s approached.
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Number of Iterations Fi nal % Change Change i n %

121 0.93091 0. 09134

504 0. 97144 0. 13187

1008 0. 98586 0. 14629

1512 0. 98893 0. 14936

2016 0. 99121 0. 15164

2520 0. 99197 0. 15240

3024 0. 99311 0. 15354

Comparing Soluti on Qual i ty When Varyi ng

the Number of Iterat i ons f or each T

(rati o = 1. 2, i ni ti al %of vari ance =0. 83957)

Rati o Start % End % Change

2. 00 0. 8064 0. 9785 0. 1721

1. 80 0. 8218 0. 9704 0. 1486

1. 60 0. 8223 0. 9555 0. 1332

1. 30 0. 8555 0. 9763 0. 1208

1. 20 0. 8396 0. 9309 0. 0913

1. 10 0. 8409 0. 9150 0. 0741

1. 04 0. 7153 0. 7655 0. 0502

1. 01 0. 7009 0. 7192 0. 0183

Compari ng Si mi l ar Data Sets wi th Di �erent Pool s-to- Contract Rat i o
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