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1. INIRODICOON THE MIRTGAGE POOL ALLOCAIT ON PROBLEM

In this paper ve consider sone of the mathenatical problens arising in the trading
of “Mortgage Pass-Through Securities”. 'These securities are created vhen nortgages are
pooled together and undi vi dedinterests inthe pool are sold([19]). These nortgage- backed
“Pass-Through Securities” are issued primarily by the (overmnent National Mrtgage
Msociation (N, Fderal fhre Loan Mrtgage (orporation (FHM), and Fderal
National Mrtgage Association (ENWA).

Taders buy andsell these nort gage- backedsecuri ties and forvards /futures. Acontract

7 or a set of

1s an agreenent betveen tvo parties for the sale and delivery of a “poo
nort gage pools of agreed upon characteristics. Ina typical transaction, pool infornation
may not be known at the tine of the trade. This is called a TBA (to be amounced
transaction) in contrast to a trade in which the pool is specified For exanple, one nay
purchase $1 m11ion QVAsecuri ties and recei ve up to three pool s, whose mmhbers wll be
ammounced shortly before the settlenent. These nortgage pools are assuned to be either

in the inventory, or obtainable through the trading desk.

Gntracts have agreed settlenent dates. (ontracts must be filled on the settlenent
date so as not to incur the finance costs for “hol ding” the contract until it is delivered
(failure to deliver a security on settlenent dayis therefore costly to the seller and shoul d
be avoided). Acontract is filled by mortgage pools that satisfy the requirenents of that
particular contract, but typically they are of the lovest possible grade in all wnspecified
categories. B fill a “sell” contract, specific pools of the securities and quantities of these
pool's must be 1dentifiedand all ocated. There 1s sone flexi bilityin the muber of pools and
quantityof eachpool usedtosatisfyasell contract. Thereis alsoaflexibilityof +2.499999%
variance in the total value of the contract whenit is delivered. Ries published by Public
Securities Association (PSA) define howthe contracts are to be delivered The assignnent
of pools by the seller is called an al [ ocati on.

Mst contracts are forvard contracts and are al located on pool day. There is one day
per nonth for each type of security. The allocators maintain an inventory of securities
frommwhi ch sell orders nay be satisfied. However, only a snall anount of pool infornation
1s available at the beginmng of a pool day and thus only a snall mumber of sell contracts
can be pre-allocated. A pre-allocationinfornationis commmmi cated anong the traders,
addi tional contracts nay be allocated fromthe incomng buy contracts. Mreover, it is
financi al l y advant ageous to postpone the allocation process to as short a tine as possible
before the pool day deadline. A a result, nost of the allocations occur in a rush at the
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end of the pool day. The sheer volune of these transactions nay prevent the allocator
fromperformng a detailed anal ysis, resulting in sub-optimal allocations. Mreover, even
though 1t nay be advantageous to re-allocate pools during the process due to changing
market conditions, the cost of doing this nanually nay be too high. The problemis then

to design effici ent conputer al gorithns for nortgage pool allocation.

2. PRELI MNARI ES, NOTATTI ON AND THE PSA RULES

Inthis section ve voul dlike to describe the structure of the pools, contracts and PSA

rules in more detail andintroduce sone notation

A(mortgage) pool is acollectionof nortgages assenbl ed by an ori gi nator as the basis
for a secuwrity ([19]). Pools are identified by a mmber. The original principal anount
of a pool as of its issue date is known as its Par Value or (@iginal Face Value. The
outstandi ng principal balance of the underl ying nortgages is known as the Gurent Face
Value. This value is conputed by mul tiplying the Par Val ue by a (bnversion Factor. Ths
(bnversion Factor paraneter is quasi-static: the Bond Biyer newsletter publishes the
“Mnthl y Factor Report” whi chcontains alist of factors for GQVA FNVAand FHM
securities. The Cbupon Rate of apool is the stated annual percentage rate of interest paid
on the underl yi ng nortgages. There are a muber of other characteristics such as issue

and naturity dates, but ve wll not consider themhere.

Let P; denote the muber of pool ¢, andlet Par Nalue(P ), Gu Value(P ), Factor(P;)
and uponFate(P ) denote its Par Value, Gurent Face Value, Conversion Factor and
(upon Rate respectively. For example, suppose the ¢-th pool in the inventory is pool
Avhichis a 10%@WM pool with the original face value of $800, 000. 00 and the factor
of 0.99. Rr this pool B =A GuponRte(P ;) =10.00, Par Value(P ;) =$300, 000,
Ector(P;) =0.99, Gr Value(P ;) =Puw Naluwe(P ;) x Fctor(P;) =$792, 000. Hnally, as
pools are split, sone of themnay becone too small. Very small pools (<$25, 000) cannot
be further used and, therefore, such “pool fragnents” should be avoided They typically

cammot be 1ncl uded in deliveries, becone a non-1iqui d asset, and are witten off as aloss.

The basicunit of tradingis a $1, 000, 000 contract. The PSArules specify the pool com
positionof the contracts interms of “mllions” and contract fails refer to these “mllions”.
For exanpl e, consider a contract vwhose anount is $5, 550, 000. For a legal allocation, ve
need to allocate each $1, 000, 000 contract separatel y and specify the pools for the renain-
der $550, 000 contract. The quantity less than $1, 000, 000 is called an odd [ ot. Alegally
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allocated $1, 000, 000 contract is called a good m11ion. Therefore, for this exanpl e ve need
to create five good mllions and allocate one odd lot of $550, 000. In viewof the above,
wthout loss of generality, we assune that all contracts have been split so that we only
have contracts whose anount is either a mllion or a fraction of it. W assume that all
such contracts are i dentified by a mmhber. Iet €' ; denote the mmber of contract 7 andlet
Mrket Price denote the current narket price of the contract.

Wwll findit convenient tointroduce the follow ng notation:

Aount(C ) nomnal anount of contract j

Price(Cj) agreed- upon price of contract j

Mrket Price(C ;) current narket price of contract j
Drsired(Cj) desired anount to be delivered on contract j

X an exanple, consider a $1, 000, 000 sell contract C'for 10%QNMs with agreed
upon price of $950, 000 (i.e. Awunt(CQ =$1, 000, 000, Price(Q =$950, 000 . Suppose
that onthe settlenent day, the narket price of this securityis $940, 000 (Mrket Price(O =
$940, 000). Inthis case, ve wouldlike to deliver as nuchof the security as possible at the
oldprice. Thisis calleda “Hgh Tail (ontract”, because ve want deliver nore than the
speci fied anount. Follow ng the PSAgui delines we voul doptimally deliver a naxi mumof
$1, 024, 999. 0 and thus the profit woul dbe $24, 999. 99 x (0. 95— 0. 94). Guthe other hand,
suppose that the market price on the settlenent dayis Mrket Price(Q =$980, 000. In
this case, ve vouldlike to deliver as little of the security as possible at the old price. This
is calleda “TowTail ntract”, because we vant to deliver less than the speci fied anount .
Following the PSA gui delines we woul d optinally deliver $975, 000. 01 and thus mini mze
a “loss” of $24, 999. 99 x (0. 98— 0. 95). The “desired” anount is conputed by the following

rul es:
Aot (C ) if Price(§) =Mrket Price
Drsired(Cj) = ¢ 1. 02499999 x Awunt(C ;) if Price(§) >Mrket Price
0. 97500001 x Anount(C ;) if Rrice(§) <Mrket Price

The key PSArul es can be surmari zed as foll ows:
(1) Pools must have identical coupons and be issued by the sane agency.
(2) Sellers my deliver up to £2. 499999%of the value of a contract

(3) Bor coupons greater than or equal to 12% a naxi munof four pools nay be used to
deliver per $1, 000. 000. Anaximmmof three pools nay be used to deliver for an odd lot
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C; 1f $500, 000 <Anount(C ;) <$1, 000, 000, and a naxi mmof two pools for an odd 1ot

C;if 0 <Aout(C ;) < $500, 000.

(4) Bor coupons less than 12% a naximmmof three pools may be used to delivered

per $1, 000. 000. A maxi mmof tvo pools may be used to deliver for an odd 1ot C j
if $500, 000 < Awunt(C ) < $1, 000, 000, and exactly one pool for an odd lot C' ; if
0 <ot (C ) < $500, 000.

(5) For contracts filled wi th nore than one pool, no proper subset of those pools nay fall

wthin the allowabl e vari ance of the contract.

W define Mx_Tools_Aloved(C i) to be the naxi mmmmber of pools that can be
uwsed to satisfy contract Cj. Riles 3 and 4 above define Mx_Pools_Aloved(C i) as follows:

if 0 <Aout(C ;) < $500, 000. 00 and Gupon Fate <12%
2 if $500, 000. 00 <Awunt(C ) <$1, 000, 000. 00
and Cbupon_Fate <12%
if Anount (C ;) =$1, 000, 000. 00 and Gupon Tate <12%
if 0 <Aout(C ;) < $500, 000. 00 and Gupon Rate > 12%
Pf $500, 000. 00 <Aoot (C ;) <$1, 000, 000. 00
and upon_Fate > 12%
4 if Aount(C ) =$1, 000, 000. 00 and Coupon Fate > 12%

Mx Tools Aloved(C ;) =

The PSArules for QMA FHMG FN\Aare simlar (suchas rules 1-4). Hvever,
at the present tine there are additional constraints for the QWA pools. In splitting
QWA pool s one has to split an anount whichis amiltiple of $5, 000 in the original face.
Hvever, vhen a pool is created (it is just a polling of the existing mortgages), its face
val ue nay not be an exact multiple of $5, 000. Insucha case, the pool has a tail: anount
vhi chis afraction of $5, 000. For any anount X, ve can easily define

Bil(X) =X— 5, 000.00 x [X/5, 000. 00]

For exanple, suppose pool Bis created with original face value of $658, 000. This pool

has a tail of Tail(Par \alue(4)) =$3, 000. The renai ni ng anount ($655, 000) is amiltiple

of $5, 000. If a pool is created vith a tail, this tail exists for the lifetine of a pool and
sinply gets shunted fromone broker to another. This tail camnot be split and no nore

than one tail canbe usedfor any contract. Since for ENVAand FHM pool s we do not

have constraints onthe tails, their allocationis easier than that of GM\Apools. Wwll

concentrate, therefore, on the nortgage pool allocation for GMAsecurities.
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Toi1llustrate these rules and constraints, let us consider a fewexanpl es. Assune that
ve are al l ocating 10%Q\N\MVAnort gage pool s to satisfy contract C j. Jssume that ve have
the followng 3 pool s in the inventory:

Pool Qiginal Face il Factor Grrent Face

A $800, 000. 00 $0. 00 0. 99 $792, 000. 00
B $658, 000. 00 $3, 000. 00 0. 98 $644, 840. 00
C  $525, 480. 30 $480. 30 0.97 $509, 715. 89

Exanpl e 1: Suppose Awunt(C ;) =$500, 000. 00 and Drsired(C ;) =Awumt(C ;). For
this case Mx_Pools_Aloved C ;) =1. Consider the followng allocation:

Pool Anount I»livered Anount I»livered
in Qiginal Face in Grrent Face
A $505, 000. 00 $499, 950. 00

$499, 950. 00  delivered

This constitutes a good delivery for this oddlot, since only one pool was used (rule
# is satisfied), the delivered anount ($499, 950. 00) is within 2.499999%0f the contract
anount ($500, 000. 00) (rule #21is satisfied), nosmall pool fragnents areleft, since $295, 000

remins inpool A andno tails vere used and/or split.

Qe could be tenpted to try the foll owng allocation:

Pool Anount I»livered Anount I»livered
in Qiginal Face in Grrent Face
C $5157 480. 30 $500, 015. 89

$500, 015. 89  delivered

This allocation gives a closer value to the desired anount ($500, 015. 89 instead of
$499, 950. 00) than the previous one. However, it leaves pool C'witha fragnent of $10, 000.
Such an al l ocation shoul d be avoi ded.

(1 the other hand, the followng allocation for the sane contract

ool Anount @11 vered Anount 111 vered
in Qiginal Fce in Grrent Face
A $490, 000. 00 $485, 100. 00

$476, 713.02  delivered
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isillegal because the delivered anount $476, 713.021s not wi thi n 2. 499999%of the contract
anout. Inother vords, rule #21s viol ated.

Exanpl e 2: Suppose Aount(C ;) = $750, 000.00. and Drsired(C ;) = 1.02499999 x
Aot (Cj) =9$768, 749.93. For this case Mx_Pools Aloved(C ) =2. nsider the

follow ng allocation:

Rool Aount Elivered  Anount [klivered
in Qiginal Face in Grrent Face

A $500. 000. 00 $495, 000. 00

B $275, 000. 00 $269, 500. 00

$764, 500. 00  delivered

This constitutes a good delivery for this oddlot, since only tvo pools vere used (rule
# is satisfied), the delivered anount ($764, 500. 00) is within 2.499999%0f the contract
anount ($750, 000. 00 - rule #21s satisfied), nopool fragnents vere created and the ori gi nal
face of the anounts used is a nultiple of $5, 000.00. (h the other hand, the following

allocationfor the sane contract

Pool Aount [2livered  Anount I¥livered
in Qiginal Face in Grrent Face
A $270, 000. 00 $267, 300. 00
B $245, 000. 00 $240, 100. 00
C $265, 300. 00 $257, 341. 00

$764, 741. 00  delivered
isillegal. Athough the delivered anount $764, 741. 00 is wi thin 2.499999%of the contract

anout (it is infact very close to the desired anount ), nore than tvwo pools vere used
(rule #is violated). Mreover, the original tail $480. 30 for pool C'is split.

Exanple 3: Suppose Awount(C ) =$1, 000, 000. 00. and Ixsired(C ;) =0. 97500001 x
Aot (C ) =9$975, 000. 01. For this case Mx Pools Aloved C ;) =3. Gunsider the
follow ng allocation:

ool Anount 111 vered Anount @11 vered
in Qiginal Fce in Grrent Face
A $620, 000. 00 $613, &00. 00
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=

$203, 000. 00 $198, 940. 00
C $170, 000. 00 $164, 900. 00
$977, 640.00  delivered

This is an exanple of a “good mllion”: the allocation satisfies the PSArules, no pool
fragnents are generated and, inaddition, only one tail (frompool A4) is used Qithe other
hand, the followng allocation

Pool Aount [2livered  Anount I»livered
in Qiginal Fce in Grrent Face
B $495, 500. 00 $485, 590. 00
C $505, 480. 30 $490, 315. 89

$975, 905. 89  delivered

isillegal. It is illegal because nore than one tail is used (i.e. nore than one pool is used
with the original face anount not a miltiple of $5, 000) and the tail for pool B has been
split. Note that inthis exanple, we wouldlike to deliver as little as possible (optinally,
just $975, 000. 01) and therefore, the second allocation voul d have been better. Fovever,

the constraints onthe tails prevent us to deliver exactly the desired anount. This exanple
shovs that, in general, 1t nay not be possible to deliver the desired anount and thus one

needs to choose anong nany possible allocations.

3. MXIHEVKD CAL FORMLAI ON

W are nowready to formul ate the probl emnathenatically. Let C 1y - .., &'be the
contracts to be filled and let Pi, ..., /be the pools. ZAssune that for each contract j
Aount (C ;) < 1, 000, 000. 00.

Dvide all R contracts into three disjoint groups: H (“high”), E (“exact”) and L
(“low’) as follovs:

H={j| Dsired(Cj) =1.02499999 x Anout(C ;)}
E—{j| Dsired Q) —Ammt(C )}
L={j| Desired(G) =0.97500001 x Aount(C ;)}
M allocationis the specificationof the anount fromeach pool to satisfy sell contracts

Ci, ..., £ It is therefore convenient to represent the allocation as the nmatrix A vhere

the elenent a ;; 1s the anount used fromnertgage pool ¢ to satisfy contract j. Wwll
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find it convenient to specify the allocation Ain the follow ng form(the first col um w1l
indicate the anount of noney left inthe pools after the allocation):

GrNaluwe(P 1) =Y an | @ - - -1ya- - - g
: | . .
A: Glr_\él ue(iP i) — E?:l ¢ | I} . e ij a- - - ;RAq
Gr Nalue(P ) =R a, | Ce e ae -
P r=1 @pr # » PR

The PSArules then correspond to constraints on the rows and colums of A For
example, Y.', a; is the anount delivered to contract r, whereas P ; + Zle ajr 1s the
original anount in pool ¢. Iet us define 6(x) =1if # >0 and 6(z) =0 if = =0. In
particular, 6(g;) tells us vhether pool 7 is used to satisfy contract j, whereasd ', 6(a;)
is the mumber of pools used to satisfy contract r.

The PSArul es can be concisely statedin terms of the matrix Aas follows.

P

(1) > 6(gij) < Mx_Pools Aloved(C ) 1<j <R
=
P

(2) > aij — Aowt(C )| < 0.02499999 x At (C ) 1<j<R
1=l

(3) ai; = 0 or > $25 000 x Ector(P ;) for all ¢, j

R
(4) Gr \alue(P ) —ZaiI: 0 or > $25 000x Fctor(P j)for all ¢, j
r=l

R
(5) > 6(Ril(aj/Fctor(P;))) <1 1<: <p
3=
(6) Til(gy/Fctor(P;)) = 0 or Til(P;/Fctor(P;)) for all 7, j
() aij+ - - 4 <0.975001 x Awme(C ) 1<ip< - - gE<p
P
1<j <R k<) 6(aj)

=

Inequality (1) is the constraint on the muber of pools that can be used to satisfy a
contract. Inequality (2) inplies that one nay deliver up to £2.499999%0f the value of a
contract. Fxpression (3) neans that each delivered pool anount nust have the face val ue
of at least $25, 000. Fxpression (4) neans that either a pool is totally usedfor deliveringa
contract or it has at least $25, 000 of the original face value left (i.e. no fragnentation has
occurred). Inequality (5) inplies that no nore than one tail nay be usedfor any contract.
Bxpression (6) inplies that a tail cammot be split. Hnally, expression (7) inplies that no
proper subset of pools allocated to a contract nayfall wthinthe allowabl e vari ance of the
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contract.
W are nowready to formil ate the pool allocation probl em

MORTGAGE POOL ALLOCATI ONPROBLEM G venthe contracts { C 1 - K}
and the pools { P, ... ,,’, conpute the allocation natrix A which naximzes

Rofit(4) = > (zp:a,'j — Anount (C j)) + Z(Arm)unt(C i) —éau)

Jgdl A jé
where the natrix Asatisfies the constraints of the PSArul es.

If ve define the cost of an allocation as “cost(A) = —profit(A”, then the problem
could be stated as follovs:

G ven the contracts {('...,£ and the pools {\P....,P, conpute the allo-

cation nmatrix Awhich mnimzes

Gost(A) = lz (z::a] — Anount (C j)) + Z(Axount(c i) —éjaﬂ)]

=il jé.
vwhere the natrix Asatisfies the constraints of the PSArules.

The nortgage pool allocation problempresented above is an exanpl e of constrai ned
conbi natorial optimzation. Thereis anobjective “cost” (“profit”) function that has to be
mmnimzed (maximzed). Inour case, the problemnis to conpute the anounts contri butedto
contracts fromall pool s, suchthat the allocationsatisfies the PSArules andis of mini mm
cost. The space over vhich ve mnimze the cost function is discrete and is very large:
possibl e assignments of pools to goodmllions. The mmber of possible ways to performthe
allocation (the configurationspace) is factoriall y large (despite the restrictions of the PSA
rules) and cammot be expl ored exhaustivel y. It canbe proved ([20] ) that the nortgage pool
allocation is an instance of well-known conbi natorial optimzation problens that bel ong
to the class of NP-hard problems: there is, probably, no exact algorithmwvhose vorst-
case tine conplexi tyis polynomal ([2]). Inpractice, this neans that there is no efléient
al gorithmfor nortgage all ocation that is guaranteed to gi ve the best possible allocationi .
W suggest addressing this probl emusing the nethod of simul ated anmeal 1 ng. I

7 Such optimzation problens are ubi qui tous in the financial industry.
T A al ternative approach, using rul e-based systens, is deseribedin [20].
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4. SI MLATED ANNEALL NG

Si mul ated atmeal ing is a probabilistic al gorithmf or obtai ni ng good sol utions of comnbi -
natorial optimzation problemsi . It was first introducedin the early 1950"s by Mtropolis
([9]), and thenreintroducedin the early 1980’ s by Krkpatrick ([6] ). It is usedfor problens
in vhich ve wsh to find an optinal solution out of alarge mmber of possible sol utions;

each sol ution can be assigned a cost, and ve seek the solution with mininal cost.

The nethod of simul ated annealing is based on the anal ogy of cooling and anneal i ng
in statistical physics. Amealing refers to a physical process in which a netal or glass is
first heated until nol ten, and then slowty cool ed until 1t reaches its nost orderedstate, in
wihi chit has the lovest energy. A hi ghtemperature, the nol ecul es nove freely. Uider sl ow
cooling, thernal mobilityis lost and atons gradually forma pure crystal, correspondi ng
to the state of minimumenergy. The cooling is neticulously controlled according to
a predetermned amnealing schedul e, which specifies the sequence of temperatures, the
duration at each tenperature, and the tenperature at whichto stop. If the tenperature
1s lovered too quickly, the physical systemwl]l end up in an inperfect state, contaimng
mecroscopi ¢ stress points which could lead the material to crack or fragnent. A each
temperature T the netal 1s allovedto reach t hernal equili brium in whichthe probahility
of beingin a state wthenergy Fis given by the Bl tznamn di stribution:

Probability(E=F) = —— . exp<_§)

Z(T) T
vhere Z(T) is the normlizationconstant. The factor exp( —E/T) is called the Bol t znann

factor.

Thi s process of coolingathi dintoalowenergystate (e. g growingacrystal ) was shown
to be simlar in nature to that of finding an optinal solution of a large conbinatorial
optimzation problem In simiated amnealing, the optimzation problemto be sol ved
corresponds to the physical system and reaching the optinal solution (the one with the
lovest cost ) corresponds to the systenreachingits lovest-energy state. A any point inthe
simil ated anneal i ng procedure, a particular solution to the problemis being considered,

this is referred to as the current state of the system

Wintroduce a control paraneter called the tenperature. Ths parameter wll gov-
ern, along wth a probability distribution, the nmamner in which our systemwll nove

T Itisalsoknowas Statistical (oling([21]), Probabilistic HIl (inbing([14]), Stochas-
tic Relaxation ([3]), or Mnte Carlo Annealing ([4]).
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betveen the various solutionstates. 'The tenperature paraneter corresponds to the actual
tenperature of the physical systembeing cooled. The physical systemwll nove readily
fromone state to another at a high tenperature, whereas there will be muchless notion

at a lover tenperature until, in the extrene, there is no notion at all when the tenpera-
ture is belowa freezing point. likewse in simulated ammealing, the systemw!ll exlihit a
great deal of notion betveensolutionstates at hi gh tenperature, and wll showgradually
decreasing notion as the tenperature is gradually lovered. Bentually, the tenperature

is solowthat notionfromone state to another is alnost conpletel y absent; at this point
the siml ated ammeal ing al gori thimhal ts and the state in vwhichthe systemis frozenis the
solution to the problem A the tenperature is lovered, the systemtends to be in states
of lover energy, i.e., it considers solutions that are better and better. This novenent is
shomnin Fi gure 1. The solution being considered vhen the systemis finally frozenis,

generally, a near-optinal sol ution

W note here that simmlated annealing has also been fruitfully conpared to therno-
dynamcal systems of nechani cal physics ([10][11]), and has been successfully applied to
hard conbi natorial optimzation problens, including the traveling sal esnan problem([6] ).

Wth respect to growng crystals, physical amealing is vell understood. (he begins
raising the flid to very high tenperature. 'The tenperature is slowty lovered until the
crystal 1s forned WHen the material begins to freeze, tenperature must be reduced very
slowty. Wth respect to conbinatorial optimzation problem such as nortgage pool allo-
cation, one starts withanarbitraryinitial configurati on and chooses sone cost (“energy”)
function reflecting the quality of the allocation Subsequently, if ve have state A(e.g. an
allocation of contracts), anewallocation 4 is randonhy generated froman admssible set
of “neighboring” configurations. The “cost” (energy) of the proposed newallocation is
subject to the acceptance criterion, based onthe value T of control paraneter “tenpera-

”

tue”, andthis determnes vhether the newallocationis accepted. If the cost (“energy”)is

not increased (the newallocationis at least as good as the cwrrent one), ve al vays accept
this newallocation A’. (hthe other hand, if the newallocation A ' has higher cost, the
acceptance probabilities are distributedaccording to the Bl tznammfactor. The hi gher the
tenperature, the nore likely are we to accept an allocation wth higher cost. The system
sonetines goes uphill (“escaping fromlocal mnima”) as vell as downhill, but the lover
the temperature, the less likelyis any sign ficant uphill novenent.

T 1npl enent si 1l ated ammeal 1 ng we need the foll owi ng:
(1) representation of probleminstances and potential solutions { S}

(2) a cost (or energy) function H S) for each possible solution state S, which, vwhen mni-
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mzed, indicates the optimal solutionto the underl ying optimzation problem
(3) a procedure “generate” to generate a newstate S ' froma current state S

(4) a control paraneter T (temperature) and an annealing schedule which specifies the
mmhber of randomchanges to be generated at each value of T' (inmer loop criteriainthe
al gori thn) and howT" shoul d be updated ( “cooling schedule”).

Astepin the ammealing al gorithmproceeds as follows. ILet the systembe in a state
S, vhich has energy EI Randonhy generate a nove to another state S " and cal cul ate the
energy E' of the newstate. If the newstate has alover energy, E ' <E accept this nove

!

and the systemis nowin state S If, hovever, the newstate has a higher energy than
the current state, accept the nove with a probability exp(—(E— E ')/T) vhere T is the
current tenperature. This probability can be thought of as the relative probability that

the system whenleft toitself at the current tenperature, will be instate S’ as opposed
to being in state S. In practice, this neans that for constant tenperature, the smaller
the energy junp, the nore likely the nove wll be accepted. For constant energy junp,

the higher the tenperature, the nore likely the nove will be accepted. Thus at hi gher

tenperatures the systemwll exhibit greater notion than at lover tenperatures.

ANter acertain mmber of tines of considering these randonhy generated noves to new
solution states, the tenperature is lovered according to a chosen rule. A common rule
to lover the temperature is T =a- T, vhere ais a constant ([1][6][15]). Ater a given
mmber of tenperatiure steps, or vhen the systemappears frozen (notion has ceased), the
amneal 1 ng procedure stops, and the last state is output as the solution to the optimzation

probl em

Therefore, for the nortgage allocation probl emthe basic al gori thmis as follows:

Si nul ated Anneal i ng Al gorit hm
conpute initial temperature T
conpute initial allocation A
for each tenperature value T
begin
whi l e(imner loop criteriais not satisfied)
begin
A" =generate( 4)
if (oracle(energy( 4),energy( 4),T)=)
accept newconfigaration A '
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end
T =update(T);
end

print the resul ts
Fi ni s hed!

The acceptance of newallocation A ' is governed by the followng sinple rule:

oracl e(energy( A),energy(3,T):
conpute y =mun{ 1. 0, exp( —(energy( A) — energy(A '))/T)}
r =randonf0, 1);
if (r <vy) retun(1);
el se retun(0);

It is instructive to conpare simul ated anneal i ng w th the nore conventional probl em
sol ving approach of gradient descent. In gradient descent, at each step a nove to a new
solution state is generated and the cost (energy) cal culated If the newstate has alover
cost (energy), then ve have found a better solution and the move is accepted. If the new
state has a higher cost (energy) the nove is rejected since the current solutionis better.
The al gorithmhal ts when it camnot find any states to nove to. 'The problemwth this
approach is that 1t tends, for conplex problens, to halt in states which are only local
mnina, not global mmna. Mreover, these local mmninma are better than all the states
whi ch can be reached by a single nove, but nay be inferior to local mmnina that can be

reached in a fewnoves.

St mil ated anneal 1 ng overcones this problemby occasionally accepting a nove to a
hi gher (vorse) state, dependi ngonthe diflerence inenergy andonthe current tenperature.
Br noving to a hi gher state, the systemcan escape fromthe trap of 1ocal mmna, gi ving
it a greater chance of finding a global or near-global mmnina. Ths upvard novenent,
whi chis governed by the probahilistic decisionprocedure descri bed above, nakes simmul ated
amneal 1 ng trenendousl y poverful in sol ving the nost conplex conbi natorial optimzation

probl ens.

Therefore, the simil ated anneal i ng al gori thmi s not a “greedy” al gori thmin the strict
sense, like nany iterative algorithng are: it does not al ways proceed in the direction of

lover cost. The quality of the local mmni mumconfigurations are often quite inferior wth
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the global mm mmstate. Feuristic al gorithns of ten end at these local mmni nunstates
because they are greedy: they only accept newstates wth lover cost. 'The quality of
sol utions obtai ned by siml ated anneal 1 ng depend drastically on the inpl enentation and
much experinentationis usually required — this is due to the lack of theoretical results
concerning guidelines for optimal properties and control of the algorithm([15]). The
imtial “tenperature”. neighboring allocations and rate of “tenperature” decrease are the

paraneters that wll affect the speed of the al gori thmand the quality of the final sol ution

5. I MPLEMENIAII ON

Let us nowdiscuss the inplenentation of the al gorithmas applied to the nortgage
pool allocation. Inviewof the above discussion, to apply the nethod ve need to specify
the follow ng:

(1) Representationof potential allocations { A} andthe conputationof animnitial allocation
(2) The “ENFRY” function E(A4) for each possible allocation A

(3) Gmputation of animtial temperature.

(4) Gnputation of animnitial allocation

(5) a procedure “generate” to generate a newallocation A ' froma current allocation A

(6) Amealing Schedule: Stop Giteria, Iterations (“immer loop criteria”) and updating the
temperature ( “cooling schedule”).

W have formil ated the probleminitially as to conpute the nmatrix A so that the
cost(A) is mnimzed This neans that in generating newnoves ve have tvo al ternatives.
The first is to restrict the generation of noves so that each newstate satisfies the PSA
constraints. 'The second al ternativeis to allownoves toillegal allocation, but tointroduce
a penal ty function, which describes the degree to vhich an allocationfalls short of expec-
tation. Potentially, the second approach gi ves a nore poverful al gorithm any changes in
the constraints, quality of pools, and other desirable infornation can be done by sinple
changes in the penal ty function. Fbvever, the relative weighting of the penalties is known
to have a dramatic effect on the quality of the obtained solution. Moo heavy penal ties
my result in alegal allocation of poor quality. (nthe other hand, 1nsuffiient penal ties
may result inanillegal allocation & this point, there are no known defini tive standard
guidelines on relative veighting of penalty terns and much experinentation is usually

requred to “tune” the energy function, generation of noves and the “cooling schedul e”
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([15] ). Mreover, since, in practice, the second approachtends to be nuch sl over, ve have
chosen the first approach: all allocations considered during the execution of the

al gorithmare legal.

W nowproceed to describe the 1mpl enentation of the simul ated ammeal 1 ng al gori thm

for nortgage pool allocation:

e Representation of potential allocations {A4}: Wrepresent an allocation Aas a
matrix vhere the PSArules translate on certain conditions onits rows and col umms, as

describedin section 3.

o The “ENERGY” function: The nortgage pool allocation problemcan be described
as finding legal allocations of mni mmmcost (thus naxi mzing potential profit fromusing
the £+2. 499999%vari ance rul e) and choosing one conformng to sone desirable constraints
(e.g. wuse of particular pools or avoid using a particular pool, 1f possible). Therefore, it is

conveni ent to wite the energy function as
energy( A) =cost (A +pool _quality( 4

Si nce the mmber and anount of contracts andpool s 1s variable, ve findit conveni ent to
use “nornalized” values for both cost(A) and pool _quality(4), suchthat 0 < cost(A4) <1
and 0 < pool _quality(A) < 1. W define such a “normalized” cost of an allocation Aas

followvs:

R 25, 000 = 25, 000

el
Note that 92. 499999 variance al vays results in an anount that is less than $25, 000
(recall that for eachj we have Anount(C ;) < 1, 000, 000).
Wth this definition it is easy to showthat mmmzing cost of Ais equvalent to
maxi mzing the profit definedin section 3.
For the pool quality term
Pow; SR ai

| _quality(4) = » —-

vhere 0 < w ; < 11isthe veight giventopool ¢. Thelarger the veight w ;, the nore “penal ty”

is givento using pool 2. Therefore, for exanple, if larger pool s are nore valuable, we wll
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use larger veights for them 'The use of these weights for the pool _quality termallows us
to produce an all ocation toincrease the quality of the inventoryf. Inthis way, the nethod
wll try to use or avoi d using particular pools, but if it has to use nore noney in order to

allocate, 1t wll do so to prevent a fail.

Note that energy( A) is expressedas a sumof Rterns for the contracts (inthe “cost”
tern) and of p terns for the pools (inthe “pool quality” ternj, and therefore, changes in
energy can be computed locally: a typical nove (described below) invol ves at nost one
contract and tvo pool s. Therefore, once ve conpute the energy of the imtial configuration
(this requires QR p) steps), ve can conpute the energy change of a newconfiguration by
using val ues of the two pools and one contract invol ved. If we keep track of the anounts
allocated to each contract and of the anmmts used fromeach pool (this clearly requires
extra R+p storage locations), then the energy of the newconfiguration can be conputed
fromthe energy of the previous one inconstant tine regardless of the muber of pools and

contracts.

e Conputationof initial tenperature: The nethodfollows directl yfromthe theory of
simil ated ammeal ing: ammealing (cooling) must start vhen the systemis nelted (ergodic).

The i deal starting tenperature is the lovest tenperature at whichthe systemis nelted. In
other vords, at the initial temperature virtuallyall transitions are accepted. Qu procedure
thenis to place the systemat an extrenely l owtemperature, essentially frozen, and then

quckly heat it wtil it is nel ted.

Wuse the follow ng procecdire, aninprovenent fromone deseribedin([7]): we choose
an extrenel y snall mmber e vhi chis smaller by an order of nagni tude than the neasure-
nents of the energy of the system and set the tenperature of the system7 =e. Wnow
generate a snall muber of randomnoves, say 100. The ergodicity is then neasured sim
ply as the fraction of these noves that vere accepted by the simil ated anneal 1 ng deci sion
procedure. A first this fractionwll be low because no noves to a hi gher energy state wll
be accepted vhen the systemis frozen. Wthen doubl e the temperature and neasure the

7 Tgive just sone exanpl es of pool quality: recentlyissuedpools nay be nore val uabl e.
Larger pool s (larger face values) are nore val uabl e since they are easier to use for splitting
purposes and use of variance. The nortgage pool s of (aliforn abecane nore val uabl e af ter
the 1989 San H-anci sco earthquake: the specul ationnay be that people will be nore wlling
to sell their hones and nove out. This neans that the nortgages in the underl yi ng pool s
wll be paying down very rapidly. ‘There could be then a growng narket for Giliform a
pools, nore of a denand and subsequently hi gher prices for them
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ergodi city again by generating another 100 noves. This stepis repeated until the ergod c-
1ty exceeds a certain threshold, suchas 0.9. A this point, the tenperature is so hi gh that
90%of all noves vere accepted, and ve say that the systemis nelted. The tenperature

at this point then becones the inmtial tenperature for the simi ated amneal i ng.

This relativel y qui ck and sinple nethod of conputing the initial tenperature ensures
that (1) ammealing will start when the systemis indeed ergodic (nmelted), and (2) the
tenperature 1s not much hi gher than the mm mmmecessary for ergodicity. W can now
be confident that the annealing schedule wll nove the systemetfftiently fromnel ted to

frozen w thout excessive tine at the hi gh tenperature stagef.

o (bnputation of the initial allocation: Ware looking for a fast heuristic.

exanple is the foll ow ng:

Step 1: Sort pools by anount
Step 2: Let C'; be the next contract to allocate
and let n =Mx_Pools Aloved C ;), X=Awumt(C ;)/n
Step 3: Fomthe sorted pool list, use up ton— 1 largest pools
whose current value is less than X
Step 4: Hnd the n-th pool large enough to split

for the remain ng anount

Step 5: (o back to Step 1

A course, in performng steps 3 and 4 ve followthe constraints on the tails, pool

fragnents, etc. Intutively, the al gorithmtries to delay using large pools and tries to get

ridof snall pools. A forits ruming tine, ve note that at eachiterationit invol ves sorting.
Ror p pools, asimple sorting al gorithm(e.g. bubble sort) takes O(p?) steps. However, if
one uses double linked lists as the underl ying data structure, we only need to do sorting
at the begi i ng of the al gorithmand then performl ocal changes. Inpractice, 1ts runm ng
tine 1s negligible for inputs wth imdreds of pools and contracts.

1 Wshoul d nention here another wdely used nethod ([25] ): If one nakes the assunp-
tion that the energyis distributed by Gaussian distribution with standard deviation o, it
is argued that an appropri ate tenperature 7" shoul d be hi gh enough to accept w th proba-
hility B a configuration vhose energy is 30 the energy of the current configuration. Ths
gives the rue T =—30/log P 4. ® determne o, one runs the al gorithmand accepts all

possible transitions.
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e Generating newallocations: Wvoul dlike to define aset of transformations (noves)

so that starting wthsone allocationmatrix A, ve can use these noves to obtai nany ot her

valid allocation matrix A'. Whave chosen one such general purpose transformation:

Gr \alwe(P ) — Z%{:lalr | an
5 |

Gralue(P ) —YFa, | a

A= : |
Gralwe(P ) - han | @

: |
Gur Nalue(P ) — Z%{:l apr | @
Gr Nalwe(P ) — Zf{:l ailr

Gr Nalwe(P ) +X — 2321 Ay
A= :

Gr Valuwe(P ) — X — Z?:l Ay

Gr Vil ue(P ) — T8 oy

Thi s nove can be described as follows: randonhy choose contract C

and k. If pool ¢ is usedto deliver ¢; > 0to contract j, take sone anount X< a

1‘.R.
Cyja- - - ipa
S - ma
PR )
n
a - e X
é 'kje;i—X'
#

TR

T iR

PR J

;5 and tvo pools ¢

ij and try

to allocate that anount frompool k. Wusually woul dnot be able to reallocate exactly
Xbecause pool k wll have, in general, a different factor and tail than pool ¢. Thus, ve

allocate an anount X ' close to Xfrompool k to contract C' ;.

Note that this nove invol ves at nost tvwo pools and one contract.

Thi s neans that

saving/restoring an all ocation and generating a newone can be done very effti ently by j ust

nodi fyi ng one col umm and tvo rovs. Inother vords, this stepinthe simul ated anneal i ng

al gori thmt akes constant tine, independent of the size of the input.

e Annealing Schedul e: The stop criteriais usually determned by fixi ng the mmber of
tenperature steps 1" for which the algorithmis to be executed. % for the “immer loop

criteria’, the sinplest choice is to fix the mmber of iterations at each tenperature by a

val ve dependi ng pol ynomally on the size of the problem([1] [15] ), for exanple by naki ng
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1t proportional to p+R Qher suggestions are based on the argunent that for each val ue

of T, a mnimmanount of transitions are accepted ([6] ).

% for the “Cooling Schedul e” ve foll owa frequentl y usedrule T'=a - T', vhere ais a
constant snaller than but close to 1. The typical range of ais 0.8 <« <0.95([1] [6] [13]).

It is sonetines argued that one shoul d have snaller avin the begi i ng and final stages of
the al gorithm W have fixed o =0. 9 throughout the al gorithm

6. EXPERI MENT'AL RESULTS

W inpl enented the sinul ated ammeal 1 ng nodel for various sets of sanple data. The
tests vere made on a Sun 4/330. The tenperature vas decreased according to T'=0. 97.
Amealing vas halted vwhen no nove was accepted at one temperature level, wp to a
naxi munof 100 tenperature steps. The mmber of iterations (attenpted noves) at each
tenperature was variable, though an anount directly proportional to the mmber of pools
p plus contracts Rseems desirable. The sane muber of noves are attenpted at each
temperature level . The pool veights w ;’s are all set to zero (i.e. we comsider all pools to
be equally valuable). Sone of the larger sample data sets had nore than 500 pools and
more than 500 contracts. The contracts represented approxi mately $550, 000, 000. Qm
net hod obtai ned good sol utions even for suchlarge allocations inreal-tine: inless than

2.5 mnutes runni ng on an I BVIRS/6000 workstati on.

For any allocation, ve can neasure the percentage of variance achieved, i.e., the pro-
portion of profit achieved by delivering, for each contract, an anount larger or smaller
than specified dol 1 ar val ve of the contract. 100%of variance then neans that the alloved
2. 499999%vari ance was perfectly delivered, in the correct direction, on each contract. In
our tests, ve neasure this percentage before and after anneal ing. W use the difference in

percentage ("inprovenent”) as the neasure of howvell simul ated anneal i ng perforned

Figure 1 denonstrates how the energy of the systemis gradually lovered as the
systemcools. Note the initial junp in the energy at the beginming of the procedure. This
is because the initial state of systemis not random but the result of a heuristic allocation
algorithm W caninfer that this imtial allocationis at a local mnimmof the energy
function; the first noves at i gh tenperatures tend to “shake up” the systemout of this
local mmni muy thus rai singthe energy at the begi nni ng of annealing. Note also that there
seems to be a phase transitionjust above T =1.0x10 ~3. A this point ergodicityis broken

and the energy starts to decrease nore rapi dy.
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St mil ated ammeal 1 ng proved to be sensitive to the ratio of the total noney 1n the pool s
to the noney needed to fill all the contracts. Wen this ratio was large, the annealing
al gori thmhad greater flexibility to find better allocations, because nore noves vere avail -
able. Wen the pool s-to-contracts ratio was small, hovever, there was verylittle flexibility
for adjusting the allocation, and, as a result, the perfornance by simil ated ammeal 1 ng vas
poor. 'These results are denonstrated in Figure 2. W tested the nodel on data sets
that vere simlar except for the pools-to- contracts ratio. A the ratio approached 1.0,
the 1nprovenent found by siml ated ammeal ing tends asymptotically towards zero. Ths
deteriorationis reasonable since the al gorithmdepends on havi ng roomto naneuver the

allocation by the designated noves.

W al so varied the muber of iterations (attempted noves) at each tenperature vhile
hol ding all other variables constant. The munber of iterations are cal cul ated as mul tiples of
(p+ R). The results, seeninFigure 3, show as expected, that the nore iterations at each
tenperature, the better perfornance achieved by siml ated ammealing. This is because
wth nore iterations, the systembetter approxi mates thermal equilibriumat each tem
perature. 'The narginal 1nprovenent, hovever, declines wthincreasingiterations because
each increnent brings the systemless close to equilibriumthan the previous increnent.
Theoretically, after a certain mmber of iterations per temperature, the systemwoul d
be in thermal equilibrium and thus further increasing the iterations would not inprove

performance at all.

7. CONCLUII NG REM ARKS

In this paper ve have denonstrated that the nethod of simil ated ammeal 1 ng can pro-
vide an efftient way to address the problemof nortgage pool allocation. Pool /contract
priorities andother desirabl e characteristics coul deasily be i ncorporatedby sinpl e changes

in the energy function.

Mst previous applications of simmlated anmeal ing have shown its efftacy for sol ving
classical combinatorial optimzation problens wth a snall mumber of constraints, suchas
the traveling sal esnan probl em( ISP). The current application, nortgage pool allocation,
differs fromthese other problens inseveral ways. There are quite afewconstraints inthe
current probl emspeci fied by the PSArules. They are si gni ficant] y nore conpl i cated than
the constraints of TSP the PSArul es of ten appear strange and arhi trary, and are difieul t

to enforce. A aresult, the noves in the nortgage pool application are nore conplicated
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than those in applications to standard conbi natorial optimzation problens, where a set
of sinple, efficient, and intui tivel y natural noves nay be readily apparent. ILastly, since
ve Wshed to denonstrate feasibility of simul ated ammeal ing for financial institutions, we
needed to have a solutioninreal -tine for l arge mmber of contracts and pools. Tovards this
end, ve nade vhatever conpromses vere necessary in setting the ammealing schedule in
order to obtainasolutionw thinafewmmtes or less, onanediunsi zed vorkstation. W
have thus shown that good sol utions are obtainable inreal - tine using simml ated anneal 1 ng,
Whope that these resul ts will encourage use of simil ated ammeal 1 ngincomercial settings,

as vell as provide a foundation for further research applications of simml ated ammeal 1 ng.
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Figure 1. Fergy vs. Tenperature

Figure 1: The progress of the algorithmis fromright to left. 2 the tenperature is
lovered, the energy of the systemis lessened, corresponding to better solutions to the

optimization probl em
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Figure 2. Improvenent vs. Ratio

Figure 2: As the pools-to-contracts ratio is decreased towards 1.0, the perfornance of
simil ated anneal 1 ng deteriorates. Thisis because for asnall ratio, thereis very little room
to use the noves for nmaneuvering and adjusting the allocation. The percentage after the
initial allocation vas 0.84.
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Figure 3. Percent of Profit vs. Nmber of Iterations

Figure 3: Inprovenent due to siml ated annealing increases as the mumber of itera-
tions (attempted noves) per temperature increases. Note that the narginal 1nprovenent

decreases as thermal equilibriumis approached.
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Number of Iterations Final % Change (hange in %

121 0.93091 0. 09134
504 0.97144 0.13187
1008 0. 98586 0. 14629
1512 0. 98893 0. 14936
2016 0. 99121 0.15164
2520 0. 99197 0. 15240
3024 0. 99311 0.15354

Comparing Soluti on Quality When Varyi ng
t he Nunber of Iterations for each T
(ratio= 1.2, initial %of variance =0.83957)

Ratio Start % End % Change

2.00 0. 8064 0.9785 0.1721
1. 80 0. 8218 0. 9704 0. 1436
1.60 0. 8223 0. 9555 0.1332
1.30 0. 8555 0.9763 0. 1208
1.20 0. 8396 0. 9309 0.0913
1.10 0. 8409 0. 9150 0.0741
1.04 0. 7153 0. 7655 0. 0502
1.01 0. 7009 0. 7192 0. 0183

Conparing Simlar Data Sets with I fferent Pool s-to- Contract Ratio
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