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Abstract: This is the arranged version of last Wednesday discussion, concerning basics of numerical asymptotic methods for interval IVP for ODE.
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General questions in mind: 

· “Méthodes ensemblistes” and “Analysis d’intervalles”, what’s the difference ? 

· “Identification paramétrique” and “solving IVP for ODE”, what’s the relationship ?

· In “systèmes à temps continus”, can we still use Taylor/HO asymptotic ?

I. Problem Involved

Initial valued problems (IVP) for ordinary differential equations (ODE) take the form as below:

y’ = f (y)


(I-1)

y (t0) = y0


(I-2)

In an interval case, the initial condition is replaced by

y (t0) ∈ [y0]

(I-3)

which is here our focus of study. Since we could have two classes of basic interval problems, 
 i.e. (1) [Model-approximation] to solve an equation whose data (e.g. coefficients, parameters, etc.) are allowed to vary over an interval by computing a best possible inclusion set 
; and (2) [Solution-approximation] when initial date are given, to generate convergent sequences of bounds covering to the real solution under comparatively weak conditions. Actually here the problem belongs to the second class.

To resolve the problem, numerical methods 
 are employed, among which the Taylor expansion is well adapted: first it concerns tightly with differential equations, second it’s a polynomial approximation. Usually calculating the residual is crucial.

II. Punctual Solution

Standard Taylor solution to differential equation of y to the n-th derivative at point t0 is given as the following, with residual r :

 y (t) = y (t0) + y ’(t0)(t–t0) /1! + y ’’(t0) (t–t0)2 /2! + … + y (n) (t0) (t–t0)n /n! + r (t,t0)
(II-1)

To calculate the i-th coefficient of y, denoted by (y) i, recursively, define the auxiliary sequence:

f [0] (y) = y 





(II-2)

f [i] (y) = (1/i)(∂f [i−1] /∂y)f (y)
, i≥1
(II-3)

thus

(y)i = f [i] (y) = (1/i)(∂f [i−1] /∂y)f (y) = (1/i) (f(y)) i−1 
(II-4) *
Meanwhile, it’s discovered that when f is stiff or irregular, it’s less truncated and more stable to write f in an implicit form and utilize an expansion on both sides, which introduces a “balance”
. This method, named after Hermite-Obreschkoff, actually is a generalization of Taylor method.

…{See pp.39, Chap 4.1.1}
 (II-5)

III. Interval Solution

As mentioned at first, the residual term is often the crux for precision. For punctual solution, the format of residual should be chosen according to application, for example Peano form, Maclaurin form, Lagrange form, Cauchy form. However, for interval case, the main question is how to find a tightest interval covering the possible residual. We’ll see it in Chap.3.1 with enrollment of Banach fixpoint theorem and Picard-Lindelöf operator.

IV. Why interval estimation? -- Moralité
In a pure theoretical world, everything should have the punctual solution. But in reality, there exist two sorts of errors between the phenomenon we have observed and the models we set up: one is called physical “error” (or more factual, uncertainty, due to perhaps the nature of world, for example stochastic distribution); the other is called numerical error, caused by observation or experimental warp, computation deviation, etc. Interval estimation provides a means to express this vagueness within certain requisition, and thus maybe forms a quite practical methodology. 

The goal of us is to separate these two sorts, and to eliminate the latter errors the most possible.

Possible investigation that could be found: 

F.N.Ris, <Interval analysis and application to linear algebra>, Oxford thesis, 1972.

� From <Introduction to Interval Computation>.


� Cf: problème d’inverse.


� Don’t know for sure whether Taylor method can be called “numerical”. Either, whether the term “asymptotic” can alternate the term “approximate”.


� “Pacification.”





