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Brief Survey

CERTES (Centre d’Etude et de Recherche en Thermique Energétique et Systèmes) is a research institution oriented to the study in unbalanced systems, energy transfer and combustion, atmospheric pollutant dispersion, fluid mechanics and infrared metrology; it consists thus a group of theoretical and experimental physicists, applied mathematicians and computer scientists. 

This internship is based on the study on several methodologies used in system simulation, which are called namely, initial valued problems, interval estimation, and set inversion. 
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—— 数学世界与物理世界，孰鸡，孰蛋？

Mathematical side and physical side, which is the egg and which is the hen?
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Chapter 1.
Thermodynamic systems and their model 

– Initial valued problems (IVP)

Scientific computing uses a lot of differential equations, and the numerical methods 
 for solving them constitute an important and interesting discipline. Take a simple example, in ecology 
, the Lotka-Volterra predator-prey model, used in the study of population dynamics, takes form as:

x1’ = (a–bx2) x1
x2’ = (-c + dx1) x2
y = x1
which indicates the relationship between the size of prey number (x1) and that of predicator number (x2) ; the variable y is an artificial means, called as model output and provides an observation on the prey population; a, b, c and d are parametric constants. Once a model is built, various analytical or approximation methods 
 can be applied on it, combined to experimental means. Similar and well-known examples include ballistics problem for trajectory study in aerospace, and a lot in econometrics 
. 

The construction of a parametric model is possibly a spiring procedure, showed as below:

 Elaboration on model → Choose capturer → Planning of experiences → 

           Feedback

 → Filter → Estimation 

Fig1. General procedure of constructing a parametric model


In the former predator-prey example, it should be noted that it is a linear model; however, the nonlinear 
 ones form a much more challenging class. Some occasions when time variable is involved, it is crucial whether we consider the time continuous or discreet. It is also necessary to separate algebraic and differential models: the algebraic ones do not concern variable derivates 
. 

In the laboratory CERTES, energy transfer and combustion out of equilibrate states are studied, thermodynamic systems are written into group of differential equations. With specified initial variable value or scope 
, the whole model is named initial valued problem (IVP). In the situation that all parameters are known (when it is called a white model), these differential equations can be solved or approximately solved, giving the precise description of physical phenomena. Otherwise, in the situation that some parameters are unknown, but present within a certain known bound (when it is called a gray model), with the aid of measured data, we can inversely decide the information of parameters, this is the basic principle of a methodology called inverse method. 
 An illustration could be drawn:



For studying heat exchange inside and between different layers of some solid materials, an experiment device was designed in CERTES, illustrated as Fig 3. A conservation law holds:

φx +φg =φx+dx +φst
where

φx = –(λS ∂T/∂x ) x
φx+dx = –(λS ∂T/∂x )x+dx
φg = q S dx

φst =ρCs dx( ∂T/∂t )

Further study will be presented in chapter 4 (1D model).

Chapter 2.
The solution of an IVP

For an ordinary differential equation 
 (ODE)

In general, the set of autonomous 
 initial value problems (IVPs) are defined as below:

y’(t) = f (y)

y(t0) = y0
where t∈[t0 , T] for some T > t0. Here t0 and T∈R, f ∈Ck–1(D), D∈Rn is open, f : D→Rn, under the assumption that the representation of f only contains a finite number of constants, variables, elementary operations and standard functions. We can also define the initial value y(t0) to be included in an interval rather than specifying a particular value:

y’(t) = f (y)

 y(t0)∈[y0]

Correspondingly, two sorts of calculation can be done according to these two sorts of initial conditions, with different nature of the object being handled: the analytical approach, which is standard numerical methods, mostly based on Taylor expansions and gives punctual solution; and the approximation approach, called validated (or interval) methods, utilizing interval analysis. In this chapter the former one and its validity proof will be given, and in the next chapter, the interval counterpart will be presented.


Taylor formula shows that, and based on which is given the standard numerical solution to differential equation of y to the n-th derivative at point t0 with residual r 
:

 y (t) = y (t0) + y ’(t0)(t–t0) /1! + y ’’(t0) (t–t0)2 /2! + … + y (n) (t0) (t–t0)n /n! + r (t,t0)

To calculate the i-th coefficient of y, denoted by (y) i, recursively, define the auxiliary sequence:

f [0] (y) = y 






f [i] (y) = (1/i)(∂f [i−1] /∂y)f (y)
, i≥1

Thus we have

(y)0 = f [0] (y) = y0 
(y)i = f [i] (y) = (1/i)(∂f [i−1] /∂y)f (y) = (1/i) (f(y)) i−1  i≥1
The IVPs in (2.1) (2.2) are in explicit form, and the expansion appears in the right side of the equation. However in practice, it’s observed that when f is stiff or irregular, it’s less truncated or more stable to write f in an implicit form and use an expansion on both sides 
. This method is named after Hermite-Obreschkoff, actually could be seen as a generalization of Taylor method.

Let

Pp,q(s) = sq (s-1)p / (p+q)!

ciq,p = [q! / (p+q)!] [(q+p-i)! / (q-i)!]

gi (s) = g(i) (s) / i!

Where p≥0, q≥0, 0≤i≤q, g(t) is any (p+q+1)-differentiable function. By particular inference we get

∑i=0q (-1)i ciq,p hji f[i]( yj+1) = ∑i=0p (-1)i cip,q hji f[i]( y)

The p, q stands for, respectively, the number of terms in yj (“previous”) and yj+1(“future”), so an expansion on both side can be done. We have

q = 0: explicit Taylor (like what is in formula (2.3) )

p = 0: implicit Taylor (also called backward method)

Hermite-Obreschkoff methods have smaller truncation errors and better stability than Taylor series methods with the same step size and order 
, and thus are usually considered for computing an approximate solution of a stiff problem.


To summarize chapter 2 and connect to chapter 3, a dichotomy illustration is shown in Fig 4.


Chapter 3.
Interval estimation with interval analysis

– Interval Hermite-Obreschkoff (IHO) method

As the previous chapter gives the punctual solution to an IVP for an ODE, in both explicit and implicit schema, this chapter introduces the interval counterpart. First the definition of interval computation and the motivation of doing interval estimation are introduced.

In a pure theoretical context, everything should have a punctual solution. But in reality, there exist two sorts of errors between the phenomenon we have observed and the models we set up: one is called physical “error” (or more factual, non-determinism, due to the uncertain nature of world, for instance stochastic distribution); the other one is called numerical error 
, caused by observation or experimental warp, computation deviation etc, and which is the main error mathematicians should improve their algorithms in order to eliminate. 

To separate these two sorts of errors, and try to be most correct is thus motivated, however, more practically, another viewpoint is to allow these inevitable errors inside the computation, bring them to be part of the model inside bounded tolerance. Interval estimation provides a means to express this vagueness within certain requisition. Instead of trying to approach the exact data at each point as close as possible, we now try to approach all the data the closest in a global sense. 
 It uses an interval to mimic real behavior, together with its error. To be precise, we work with interval analysis instead of standard calculation.

Interval analysis found its base in set theory, and was first established by Moore and Hansen. It contains interval arithmetic and interval algebra. The basic knowledge can be found in the papers [1] ~ [5] listed in the bibliography, and more detailed in the books [7] and [9].


We will now introduce first the interval solution of (2.2) based on Taylor series which is a one-step method 
, and it contains two-phased integration steps: (1) prove existence and uniqueness of the solution enclosed in the interval; (2) compute a tighter enclosure. The first step is done via introducing Picard-Lindelöf operator on the function term and on considering about integration, use Banach fix point theorem; and the second step is done by using Lohner’s method and mean-value theorem to erase wrapping effect. These two steps are signified as Algo I and Algo II, pseudo-described below:

Algo I (existence and uniqueness)



Find [yj~]  s.t.



y(t; tj, [yj]) ( [yj~] for t∈[tj , tj+1].

Algo II (computing a tight enclosure)



Use [yj~], find tighter [yj+1]  s.t.



y(tj+1; t0, [y0]) ( [yj+1].

where

y(t; tj, [yj]) =def { y(t; tj, yj) | yj∈[yj] } and [yj] is the enclosure of y(tj; t0, [y0])

as illustrated in Fig. 5:

In the following sections we gradually give the details and proofs:

Phase I - Algo I (Resolution)

1. Picard-Lindelöf Theorem (existence and uniqueness of solution in IVP for ODE)

Definition (Picard-Lindelöf operator): (Φy)t = yj + ([tj .. t] f(y(s))ds

Lemma (Banach fix point theorem): Φ:Y(Y defined on a complete non-empty metric space Y with a metric d(.,.), ｮ! y* = Φ(y*) if d(Φ(x), Φ(y)) ≤ γd(x,y) for 0≤ γ <1.

The idea is: in order to prove (2.2) has a unique solution, we’d better prove that this solution is the fix point of some function Φ, and this function could be exactly written in Picard-Lindelöf form so is accordant with the integration of (2.2). Then for small [tj , tj+1] replace the integration, use the Banach theorem to validate Φ has the fix point. At the same time a way to compute this solution [yj~] is naturally given. The calculation of [yj~] is named as constant enclosure 

Proof: (1) Find [yj~] s.t. yj + [0, h] f([yj~]) ( [yj~]

(3.1)



In fact [yj] + [0, h] f([yj~]) ( [yj~];


(3.2)


 (2) U =def {u | u∈C0[tj , tj+1], u(t)∈[yj~]}



y∈U, Φ(y(t)) = yj + ([tj .. t] f(y(s))ds






∈yj + ([tj .. t] f([yj~])ds

//∵definition of U






( yj + [0, h]f([yj~])


//∵integration mean value theorem






( [yj~]




//∵(3.2)



And Φ([yj~]) ( [yj~] because maps U into itself, so the [yj~] is an a priori enclosure;


 (3) To compute [yj~]: [yj~] = [yj~] + f([yj~])[0, h], iteratively inflated until (3.2) holds. ◘

2. Direct evaluation

Recall Taylor expansion for point solution:

x(tj+1) = x(tj) + hx’(tj) + … + hk x(k) ( tξ)/k!
tξ∈[tj , tj+1]
(3.3)

We have the interval Taylor expansion, where state vectors are in a set rather than being punctual values, respecting to the principle of interval analysis:

[x(tj+1)] = [x(tj)] + h[x’(tj)] + … + hk [x(k) ( tξ)]/k!

(3.4)

and we use the [yj~] computed in last step to directly replace the interval in residual term [x(k) ( tξ)], which is an improvement to the much vague constant enclosure [0, h]! And being assured by last step, we are guaranteed that [yj~] contains all the solutions x(t). We shall see however, this direct evaluation is still not enough, since the width of [xj] increases with j caused by bound propagation, tighter intervals are thus needed in a second optimization phase.

Phase II - Algo II (Optimization)

3. Direct method, or Mean-Value form 

By adopting

f[i]([xj]) = f[i]([xj^]) + J (f[i]; [xj]) ([xj]–xj^)
(3.5)

where J is the Jacobian mean-value form, we have

[xj+1] = [vj+1] + [sj] ([xj]–xj^)

(3.6)

where [sj] ([xj]–xj^) is the evaluation of {sj ([xj]–xj^) | sj∈[sj], xj∈[xj]}, and where

[vj+1] = xj^ + ∑i=1k-1 f[i] (xj^)hi + f[k]([xj~])hk
[sj] = I + ∑i=1k-1 J (f[i]; [xj]) hi
The mean-value form evaluation contains still a huge defect: the step (3.6) introduces wrapping effect 
 at each step. And it is an inevitable feature of interval analysis. Some improvement can be done, as in the extended mean-value (EMV) form.

4. Lonher’s method, or Extended Mean-Value form

Omitted, details could be seen in [1].

5. CERTES method, or Interval Hermite-Obreschkoff form

Hermite-Obreschkoff methods have smaller truncation errors and better stability than Taylor series methods with the same step size and order, and thus are usually considered for computing an approximate solution of a stiff problem. In order to complete the framework, we replace the EMV form by an IHO algorithm.


The detailed IHO algorithm could be found in [1].

Besides the issue of guaranteedness, there is another challenging issue for interval estimation: the convergence and arbitrary precision of covering, this will be discussed in chapter 5.

Chapter 4.
Set inversion method for parameter identification

– A method to validate set-inversion software

So far, what we discuss is state estimation, i.e., under the supposition that the parameters are known. But in any applications, parameters are not beforehand known and should be tested and obtained from data, and parameter estimation (or say, parameter identification) is carried out. 

In the literature, parameter estimation problem is usually solved by probabilistic methods where an explicit characterization of the measurement noise is supposed available; but in practice, this is not usually the case for many reasons (for instance, there are not enough measurements to make a statistical distribution significant). An alternative and more natural way, is to assume the perturbations belong to a known set, and by using interval analysis and inverse method, to give proper range of the parameters. 

In this chapter, the set inversion algorithm will first be introduced in section 1. And then a method for testing the validity of an interval estimator software is given in section 2. An example of thermodynamic 1D model and computation result is presented in section 3 and 4.

1. Set inversion algorithm

Consider the problem of determining a solution set for the unknown quantities u defined by:

S = { u∈U | f (u)∈[y]}

(4.1)

where [y] is a known set, U is an a priori search set for u, and f a nonlinear function not necessarily invertible. (4.1) can be rewritten as

S = f-1 [y] ∩ U
(4.2)

which involved the inverse problem 
 and can be solved, especially when f is not invertible, by recursive searching algorithms such as SIVIA. It partitions the search space in three regions (or union of regions) according to the criteria that: 

[f][u] ( [y]

feasible

[f][u]∩[y] = (

unfeasible

otherwise

undetermined
After a finite number of steps, SIVIA produces an inner (S() and an outer (S+) set of the solution set S, s.t.

S( ( S ( S+
In practice, consider the gray ODE model with unknown parameter p:

x’(t) = f (x(t), p)

y’(t) = g (x(t), p)

p∈[P0]

where x is the state vector, y is the measurement data vector, and [P0] the initial search box.

The meaning of “Feasible” changes into: 

[ym(ti, p^)]∈[yi]
i = 1..N

where “m” stands for measured, and p^ is the estimated parameter. 

Initially, 

S = { p∈[P0] | for all tj ∈{t1..tN}, ym(tj, p)∈[yi]}

Where ym(tj, p) = g(x(ti), p). It is solved with set inversion and the final solution is

{p | model output data {g(x(ti), p), i = 1..N} consistent with measured date [yi]}.

2. A method for testing validity of the converted software

In order to test the validity of the software of interval estimation developed by another intern student, a two-staged method is designed. Suppose the model for estimating unknown parameter vector is from the following ODE form like in (4.3):

x’(t) = f (x(t), p)
(4.7.1)

y(t) = g (x(t), p)
(4.7.2)

p ∈ [P0]

where x is the state vector, y is the measurement data vector, p is the parameter vector to be estimated. We carry the following three steps, with a two-facet calculation:

(1) Measurement estimating y with some pre-setup p
Take some value for p, and f, g already defined, we resolute equation (4.7.1) with VNODE or MATLAB the x, then put into equation (4.7.2) for the y. This y is thus considered as estimated measurement.

(2) Parameter estimation p with the calculated y
Now facing the model again, but we are in the view of parameter estimation. Using set inversion techniques with the software already developed at CERTES, we calculate the new p, which denoted as p.

(3) Comparing p and p, get some observations and draw to some conclusions, possible modification to the software.

This is actually a black box testing, we go over the model twice with different algorithms. Numerical errors from first step should be considered during comparison. See the following illustration. Once our testing on the software is done, we could elaborate on the real measurement data from experiments and do “real” parameter estimation.


3. Thermodynamic model: conductivity and diffusivity

We have mentioned in chapter 1 the conservation differential equations on thermal diffusion, from (1.2) ~ (1.3) we first get: 

∂(λS ∂T/∂x ) /∂x + q S dx =ρCs dx( ∂T/∂t)

(4.8)

Then we suppose q = 0 (there is no energy generation from system interior) and s = 1, thus: 

ρC dx (T/(t = λ( ((T/(t) / (x

(4.9)

To get rid of partial differentiations we use finite difference method for unidimensional case, which replaces partial differentiation by midpoint average on direct division of Δ quantities. Thus the above equation varies into:

ρC Δx dTi/dt = λ(Ti+1–2Ti + Ti-1) /Δx

(4.10)

The Ti’s are temperature at the spatially discrete points on a linear direction. This equation holds for each material level (there are totally four materials), which means when k varies between 1,2,3 and g, it holds for the brass, the sample, the copper, and the grease layer.

ρk Ck Δxk dTi/dt = λk (Ti+1–2Ti + Ti-1) /Δxk

(4.11)

But on the interface of two layers, both thermal influences shall work, i.e. an arithmetic average of the two layers is presented:

1/2 (ρk Ck Δxk + ρk+1 Ck+1 Δxk+1) dTi/dt = 

(λk /Δxk )Ti-1–(λk /Δxk +λk+1 /Δxk+1 )Ti + (λk+1 /Δxk+1 )Ti+1 
(4.12)

Also on two boundaries, we have:

x = x0, T0 = T(x0, t)



(4.13)

x = xN,  1/2 (ρ3 C3 Δx3 )dTN /dt = (λ3 /Δx3 )TN-1–(λ3 /Δx3 + h )TN + hTa 
(4.14)

From (4.11) to (4.14) is the basic 1-dimension model (1D model), it is an ODE with vector T. To compute all the Ti’s in MATLAB, one can write the model in a matrix form 

CT’ = AT + BE

(4.15)

which explains the equation group intuitively as “the variability of temperature T’ depends on the thermal property of conductor (every point temperature Ti) and the external influence (E)”. A, B, C are coefficient matrixes that tell about real quantities.


The 1D model can be easily extended into 2D and 3D, in the framework of finite difference method and adopt middle point average, assuming no interference between the dimensions.

4. A detailed example

A first attempt begins, we took each point at one layer and T = [T0, … T8]T.


From the thermo-physical properties listed in the paper (λ, a =λ/ρC, Δx) for k = 1,2,3, g respectively, we set up the group of punctual equations as following: (take h = 5 W/m.m.K)

T0(t) = 20 + Σ(i=1..5) Ai sin(2πf0 2i–1 t)

15151.51 T1’ = 20000 (T0–2 T1 + T2)

7612.39 T2’ = 20000 T1–22125 T2 + 2125 T3
3635.89 T3’ = 2125 T2–2158.4 T3 + 33.4 T4
7198.5 T4’ = 33.4 (T3–2 T4 + T5)

3635.89 T5’ = 33.4 T4–2158.4 T5 + 2125 T6
17098.14 T6’ = 2125 T5–41025 T6 + 38900 T7
34123 T7’ = 38900 (T6–2 T7 + T8)

17061.5 T8’ = 38900 T7–38905 T8 + 5 Ta
During the execution by VNODE, a divergence occurred. Several adjustments and analysis were carried out, which improved our knowledge of simulation. First, VNODE can choose time step automatically quite well but usually at the last point of an interval, it is forced to take a too small step for the implicit schema which is proved 
to cause (accumulated) errors. Second, a prediction-correction step can be applied after each “last point” in order to save this algorithmic error source, which adds bound to an abnormal enclosure, and it proves to work better. Third, the cause of pessimism might be lessened by adding dependence. Fourth, in the conversion of Taylor to ITaylor, the ambiguity in interval function evaluation 
 does not affect.


Chapter 5.
A further step towards better convergence: 

– Arbitrary precision for general ODE approximate solution

From this chapter we are going to discuss anther key aspect of interval estimation, apart from that of the guaranteedness issue, which is called the issue of arbitrary precision. 

Contrariwise to statistical estimators for which the convergence issues are handled through the asymptotic properties of the point estimations when the number of data measurements tends to infinity, the convergence of interval observers is connected to the properties of guaranteedness and arbitrary precision. The guaranteedness property is the fact that the estimated set for the state vector is guaranteed to enclose the actual state vector of the system. The property of arbitrary precision means that the estimate set converges from the outside to the actual state vector. These issues are now well-established for bounded-error observers for discreet-time systems. For the type of systems under study in the paper [5], the arbitrary precision convergence property is driven by the one of the prediction step, i.e., the verified integration of the ODE, for which no theoretical results are available. 

1. Arbitrary precision in the estimation of non-linear algebraic model

As proved in [5] for the model: 

xl+1 = fl (xl, wl)

yl = hl (xl) + vl
2. Arbitrary precision in the estimation of ODE model

To find out whether similar property as 1 holds, the key issue is to find out recursiveness.

Chapter 6.
Conclusion

To make a thorough overview, as most as possible systematically and structural, upon the topics on simulation that I have learned in these six months, it is better to use an illustration:


I think the most valuable thing I learn from this internship is that I have got to known what is (interval) simulation, how to do it and what is ahead. There are still a lot to think over, some are listed in the Appendix, and others needing a more profound understanding alone with my experience and digest, will be appear in later work. The effort should be made more on some practical job, together with the enhancement of mathematical background. As Confucius said: “Learning without thinking leads to confusion, and thinking without learning leads to ennui!”
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Appendix

1. System identification

System identification is a kind of mathematical tools and algorithms that build dynamical models from measured data, in order to describe the dynamic behavior of a system or a process. Usually it’s quite impossible if we want to build a white box model, because of the complex nature of reality. Then the amelioration is to start from the measurements of behavior and external influence (the input), and try to determine a mathematical relation between them without going into details inside the real system. – This is called the system identification. 

There are two types of models that could be utilized: one is called gray box model in which certain peculiarities is already available but still have a number of unknown free parameters which can be estimated using system identification. The other is called black box model in which none of prior model is available. 

A priori information is usually prejudged. But also this causes confusions.

2. Nonlinear systems: can they be in line with linear models?

In real life all systems are nonlinear, yet most models estimated using data from such systems are linear. It is very relevant to ask what linear approximation these models will converge to. A general answer can be given in terms of the cross spectrum between the input and output and of the input spectrum. The best approximation will depend on the input used.

3. Simulation of Uncertainty: non-casual phenomenon of casualty 

Uncertainty is an inevitable part of the assertion of knowledge. In mathematics, there are several disciplines studying it, such as probability (Bayesian mass distribution), epistemic knowledge (Dempster-Shafer belief functions, or sets of possibilities), fuzzy logic (logic of partial truth), game theory, etc. In physics there exists the famous (Heisenberg) uncertainty principle that leads to the basics of quantum mechanics. 
On simulation, however, the focus is how to simulate the phenomenon that we can only know from experimental data by a mathematical model to a certain precision. On of the methodology for solving uncertainty is called interval analysis or known as set membership estimation, that we try to cover the possible solution inside a most precise bound.
4. Two sorts of function

(1) Algebraic relation, or say discreet problems, explicit function:
y(t) = algebraic f ((, u) ;

f is the model, u the input, y the output, and ( the uncertain parameter (vector).

(2) Algebraic-differential relation, or say continuous problems, implicit function:
y'(t) = f(y(t), u(t), () ; defined also as ODE.

To calculate y(ti), we use some numerical resolution such as Taylor expansion.

5. Punctual and interval estimation are from different motivations

(1) In punctual estimation, we use quadratic minimization (or say least square) to find a solution that is intuitively the most "close" to the actual function. Formally, we look for ( s.t. min J((), where  

J(() = ( || y(t) – y(t) ||^2

Here y is in the model and y is measured value.

So always we get an optimal solution to certain pre-fixed model structure. Sometimes model ambiguity should also be in consideration, that there might exist several groups of (model structure, minimized estimation).

(2) In interval estimation, the measured value is no longer a point but rather, a point together with its bound of errors, which can be described as an interval [y]. Thus, what we want is to find an "interval function" s.t. at each measured point it contains the y and it's inside each [y]. Formally, to find the set of parameters, 

S = {( | for all i, yi(t) ( [yi]}

This can be solved by set inversion. (cf. set projection)

If no such set can be found, i.e. for all (, not exist i s.t. yi (t) ( [yi]; it then means there's no matched solution and certain things should be modified, either the model either the error requirement. -- So that's why interval estimation, though aiming at different objective, is deemed more powerful than punctual one, because it's guaranteed in such a sense that either a solution within predefined error bounds is found, either it can be proved that there's no solution existed within this bound. The bound brings also a notion of precision. 
6. About time steps

Instability: constant time step and variable time step.

For punctual estimation, often the constant time step (tiny as though) is enough; but for intervals, it's more complicated due to some instability nature of problems (such as the overflow of predator-prey model using constant enclosure). An alternative is to change error bounds after each step, suiting to the real situation. 

There is a grand result in applied mathematics, that explicit ODE can use small time steps while implicit ODE can use large time steps. IHO however can operate with both.
7. Algebraic vs. continuous

The classification is rather simple: Continuous problems mean that solutions are continuous functions defined on a whole interval of argument values, and involve differential/integral equations. While in algebraic problems, solutions are numbers or finite sets of numbers.

8. Numerical stable: input/output

· Analytic: Taylor expansible (power series)

· Singularity: Laurent expansible – Holomorphic functions, by definition, (?) a point differentiable everywhere within some open disc in the complex plane.

The importance of power series lies in that: first, from its form, integration and differentiation can be both carried out term by term; second, an analytic function can be uniquely extended to a holomorphic one defined on an open disc in the complex plane, which makes the whole machinery of complex analysis available; third, truncated series can be used to compute function values approximately.

9. Inverse problem

Values of some model parameters must be obtained via manipulation of observed data, this manipulation is also called inverse modeling.

· Linear inverse problem: d = Gm
G is the system model, in a form of matrix operator, i.e. the data kernel, also the explicit relationship between data and model parameters, representation of the physical system.

· Non-linear inverse problem: d = G(m)
G is the non-linear operator and cannot be algebraically operated from m.

10. Three kinds of numerical errors

The precision requisition is always a tradeoff to efficiency, particularly for the last two sorts:

· Propagation of error in initial data

· Round-off error (caused by finity of digit number)

· Truncation error (caused by finity of step number)

The first two sorts can be saved by a rounded interval arithmetic, namely, adding a low-order bit to right-end points and subtracting a lower-order bit from left-end points, in order to compute intervals that are as narrow as possible and containing the exact interval results.

11. Two kinds of convergence

· Asymptotic: when points number goes to infinity, it exists in both statistical estimator and interval estimator (since handling of wrapping effect could be viewed as this sort). (Iteration control.)

· Approximate: when one wants to achieve arbitrary precise outer estimation, it exists in interval estimator. (Distance control.)

12. One-step method and multi-step method

(1) The one-step method: only yk (or in general any priori point) is used for yk+1, i.e.:

yk+1 = yk + h ( (xk , yk)

For example,

· Euler’s method (“tangent approximation”)

· Runge-Kutta method (“weighted average f’’ ”)

(2) The multi-step method: several previous points are used and should be solved recursively.

For example, (the 4th order)

· Adams-Bashforts method (explicit)

yk+1 = yk + h (55 f k -59 f k-1 +37 f k-2 -9 f k-3) /24

· Adams-Moulton method (implicit)

yk+1 = yk + h (9 fk+1 +19 f k -5 f k-1 + f k-2) /24

Combine from these two comes the

· Predictor-Corrector method (“explicit + implicit”, and in fact, explicit!)

yk+1 (p) = yk + h (55 f k -59 f k-1 +37 f k-2 -9 f k-3) /24
explicit predictor
fk+1 (p) = f (xk+1 , yk+1 (p))






correcting
yk+1 = yk + h (9 fk+1 (p) +19 f k -5 f k-1 + f k-2) /24

corrector
For both one-step and multi-step methods, there are rounding error analysis and stability analysis.
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Fig6. Two-staged validation
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� Numerical methods: a set of rules for solving a problem, or problems of a particular type, involving only the operations of arithmetic. [?]


� Ecology: the science of the relationships between organisms and their environments. Particularly, the study of the detrimental effects of modern civilization on the environment, with a view toward prevention or reversal through conservation.


� Generally speaking, an analytical method considers on the level of perturbation, and changes a continuous form into another continuous form but which presents simpler; an approximation method, instead, considers on the discretization, and changes a continuous form into a discreet one.


� Econometrics: application of mathematical and statistical techniques to economics in the study of problems, the analysis of data, and the development and testing of theories and models.


� See also Appendix item 2.


� See also Appendix item 4, item 7.


� Correspondingly, two sorts of calculation can be done according to these two sorts of initial conditions: the analytical approach, which is standard numerical methods, mostly based on Taylor expansion; and the approximation approach, called validated (or interval) methods, utilizing interval computation. See next chapter.


� Terminology: sometimes, for these two different calculation stereotypes, the models are distinguished as “behavioral model ” (modèle comportemental) and “experiential model” (modèle à base de connaissance). In fact, we also have the concept of black model, see Appendix item 1.


� “Ordinary” is relative to “partial”, cf.: partial differential equation (PDE).


� Autonomous systems mean that there exists no exoteric influences, however, a non-autonomous system of ordinary differential equations (ODEs) can be converted into an autonomous system, by viewing the outside influence a member of a newly enlarged system.


� The residual term is often the crux for precision. For punctual solution, the format of residual should be chosen according to application, for example Peano form, Maclaurin form, Lagrange form, and Cauchy form. However, in the interval case, the main question is how to find a tightest interval covering the possible residual. We’ll see it in chapter 3 with enrollment of Banach fix-point theorem and Picard-Lindelöf operator.


� The reason might be that it introduces a “balance” on both sides. – author


� See also Appendix item 6.


� See also Appendix item 10.


� On the comparison of different motivation of punctual/interval estimation, see also Appendix item 5.


� See also Appendix item 12.


� Constant enclosure is done with Euler step (one among the one-step methods). An alternative is called polynomial enclosure which belongs to multi-step methods, see also Appendix item 12.


� Also: centered form.


� Definition of wrapping: overestimation due to the representation of a (possibly not continuous) set by an interval vector. Cf. another kind of error bringing pessimism caused by dependency effect.


� Set inversion method can also be applied in state estimation, see [3].


� See also Appendix item 9.


� x is the spatial variable along linear spread of heat, c the thermal conductivity, λthe thermal diffusivity.


� Implicit ODE should work with large time steps, see also Appendix item 6.


� For instance, f=x*x-2x and f=x(x-2) might get different result in interval calculation.


� This paragraph is cited from the writing of professor N. Ramdani.
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