Dynamics
Chapter 2. Particles Kinematics
2-1 Cartesian Coordinates:

€,6,, €, aeunit vectors. The orthogona basis of unit vectors:

6 e, =%, =¢e, 8 =0
68 =€ % =g, =1
e e=e,e e=¢,6 ¢-=¢

e e=-6,6°¢6=-€,6 €=-¢

Thereisavector—I whichisshowninfollows.
[ =Xg tYE, + 7€,
[=XE+Ye, +726 +Xe+ye +2e,
note: gl :§2 :93 =0
I=Xe +Ye, + 26,
The dynamics equations of motion for a particle subjected to aresultant force.

EF= mt = m'>'<§l + m'ygz2 + mig:3
2-2 Polar Coordinates:
In the Cartesian Coordinates
I =Xg +Yye,
In the Polar Coordinates

r=re

The transformation of Cartesian and Polar Coordinatesis: e

e =(ee)e *(e®)e
=cogle +snqge,

e, =(&, & )e + (g, > )8,
=-dnge, +coxg,



When €, €, arefixed, the particle' s velocity and acceleration expressions are shown below.

I;_:).(gl+.yg2:r.'§r +r§r
e =-(inq)q e +(cosy)g e, =q(- Snge, +coxe,) =g,
e =-(cox)qe - (Sng)ge, =- q(cosge +snqe,) =-qe

r=re +rqe,

-_—

F=reg +re+rqeg, +trqg +rqg
2

=re *rqe +rqeg +rqg -rq €

=(r-rq )e +(2rq+raq)e,

We define .r.- rq IS centripetal acceleration, and 2fq+rd is Coriolis accderation. So, the balance
of linear momentum for the motion of a particle is described as follows.

Example 2-2-1. Basad on thefigure, find the equations of motion

Solution: r=r

=

r=re +rqe

r=(r-rq )e +(2rq+rq)e,

The angular momentum is

H=m 1
=m(re) (e +rqe)
=mrige,

The bdance of angular momentum is



. 0

H = (mr2d+2mr fcj)gk

Based on the free-body diagram, the governing equations of .
force and baance of momentum are. F

E=-k(r-r)e +Fg
Mo :(M - Kq)gk

From Newton's second law of mation and law of balance of
angular momentum, we get:

E=mr

=mi(r- rq )e +(2rq+rq)e,]
=-k(r-r)e +Fe¢g

E:-uwrgzwﬁ-m3

mr- mrq +kr =kr,

F, =2rq+rq

M°=H
M - Kq :mr2d+2mrfq
M :mr2d+2mrfq+Kq

Example 2-2-2. A gring wraps around acylinder. Find the time—t for the string to wrap up the
cylinder? (note: thereisagravity forcein - €, direction.)

Solution: r =Re, +(I - Rg)e, = Re, +r¢g,

r =1- Rq
r =- Rq
r =-Rq

r=Re +rg +reg,

=-rge



r=-(rq+rqle-rq e
F=-Te, +(N-mg)e,

E=mr
—m-(rq+ra)e - rq g
=-Te, +(N- mg)e,

\ T=nr q2

When t=0,

T=myq

Whenr ® 0, q® ¥ ,then T® ¥ .

I isafunction of time as shown follows.

gYeo.

r R
rr =-Vv,R
r’=-2vRt+C

Apply theinitia condition, C =17.

r =(2- 2v,Rt)’
or
2
t=—
2v R




In transformation of coordinates, it can be shown as be ow.

é U écox sng Ouée U
e u_é Ué, U
&= §}smq cox OU%Z
eg e o 0 I1geg
écoxy snq Og
é

2-3 Cylindrical Coordinate:

The transformation from Cartesan to Cylindrical Coordinate is discussed above. The figure of the
transformation is shown in the next section.

2-4 Spherical Coordinates:

A Z

==

e/\ f

The sequence of transformation of these coordinatesis Cartesian, Cylindrica, then Spherica
Coordinates. The transformation from Cylindrical to Spherica Coordinateis.

€U €8 &8 &BUEU e&nt 0 cod leeu
e u_e ue. u_e ue. u
iegf@_(:eg})g e e, —@(1%@“@ écosf 0 -snfli,e_:%@
el ee 6% egxpbed e0 1 0 gep



The transformation from Cartesian to Sphericd Coordinateis:

ée:0 enfcosy snfsng cod kel
é u_é : . B U
E&e 0= §cosf.cosq cosf snq - gnf l;@@%j
&.Hd & -3nq cosq 0 PEef
e.=f g +qsinf g,

Qf ='fl §R+qCO§§q
Qq :-qcosfg -o'|sin1‘§R

Based on the above figure, the genera case in Spherica Coordinate will be:

[=T&

r=re +re,=re +rf g +rqsinge,
r=(r-rf -rq sn?q)e, +(rf +2rf - rq sinf cosf )g
+(rqsinf +2rqsnf +2rf q cosf )e,

In Spherical Coordinate, two rotations exist. They are demongtrated in Cartesian and Cylindrica
Coordinates.

w=qe +f g

Express the angular velocity vector in Spherica
Coordinate.

w =q(- sinf g +cosf e,) +f g,

\4
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:q cosf e, - q sinf g +f &,
e =W’ e
=(cosf e,-qsinfg +f g)" e,
:fg +qsinf§q
e =W e
=@cosf e,-qsnfg +f &)’

ID

=-f e, +qcos g




Ve

g =W &

=@cos e, -qsinfg +f e) e,
:-qsinng- qcosf e
Example 2-4-1. A smooth sphere with radius—R, a particle is close to the top of the sphere. With the

condition of the particle near the top with zero and smdl initid velodities, find where
the particle leaves the spherica surface and the comparison of these two conditions.

11

Solution: r = Re,
. . . e.
I =Re; + Re;
- . r
=Rf ¢ +Rgsdnfe, oA
N 22 e
r=-R( +q snf)e, s

+R(f - q snf cosf )e

+R(@sinf +2qf cosf )e,

E: NQR' Mg €,
= Neg- mg(cosf e, +sinf e )
=(N - mg cosf )e; - mg sinf g
E=mr
- mR(f +q ganf)=N- mgcosf ......... 1
mR(f'-q anf cod )=mgsanf ... 2
mRrREsnf +2qf cof)=0 ... 3



