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distancetheofreciprocaltheforrepresentationIntegral1.2.
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integrandsofdifferentiationofrulesthe1,<)/(thatconsiderationintoTaking

(1.3.9)).,()(
)(

d
d
d1

)(
d

d
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reads:itand1.3)
Sec.1991,(Fabrikant,infoundbecansolutiondetailedThe-operator.one
andoperatorsAbel-typetwoofsequenceaaspresentednowis(8)Expression

(1.3.8)).,(=),(
dd4

equation
integralgoverningthetoleads(5)in(1)conditionboundarytheofSubstitution

(1.3.7).dd=dd

integration:oforderthechangingfor
usedisrulefollowingtheandrespectively;),,(and),,(asunderstood

areandabbreviationsthe(1.1.8),and(1.1.4)bydefinedis-operatorthe

(1.3.6),)]/(+[1=)(
Here

(1.3.5)),(
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dd4=),,(

integrationoforderthechangingafteryields,(3)in(1.2.13)ofSubstitution

(1.3.4).
2
1=and,]+)cos(2+[=

Here
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(1.3.15).=

and(4)bydefinedisHere
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1
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torespectwithintegrationand(13)inintegrationofordertheofInterchange
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d
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directlyhalf-spacetheinpotentialtheexpresstointerestofisitNow

singular.
issolutionnon-trivialthefunction,harmonictwo-dimensionalaiswhen

casetheinthatalsoNoticedomain.contacttheofradiusthedefinescondition
thisproblemscontactelasticIn0.=),,(isthenconditionsufficientand

necessaryTheboundary.theatnonsingularbesolutionthethatrequiredisit
applicationsvariousInboundary.theatvanishesonesecondthewhileboundary
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follows:asofvalueprescribed
thethroughdirectlyfunctionpotentialtheexpresstousallows(17)Formula

(1.3.17).
)cos(2+

dd),(1=

),(
d2=),(

form:thetakes
insidevaluesitsthrough=circletheoutsidebetweenrelationshipThe

.pressure
arbitraryantosubjectedcrackpenny-shapedaofconsiderationtheinarises
problemsimilarMathematically.>diaphragmgroundedinfiniteaninside

discchargedaofoneelectrostaticanasinterpretedbecan(16)problemThe

(1.3.16).2<0and,>for0,=

;2<0and,for),,(2=

0:=boundarytheonconditionsmixedfollowing
thebycharacterizedproblem,internalanothernowconsiderWe

completed.isproblemvalueboundarymixedfirsttheofsolutionThe

.>for,
)]cos(2+[

dd),(
=,0),(

and;for),,(=,0),(

namely,result,known
aintotransforms(14)equation0,=whencase,limitingtheinthatNote

integration.numericalforconvenientmoreis(14)expressionwhile
possible,isintegralstheofevaluationexplicitanwhenusefulis(13)Expression

0.=,=disctheinsideprescribedvalueitsthroughdirectlyexpressed
0,half-spacetheinfunctionpotentialthedefine(14)and(13)Formulae
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(1.4.3)).,(1d
d
d)(d

d
d11=),(

obtained:issolutionIts

(1.4.2)).,(=),(
dd4

is:equation
integralgoverningTheproblem.contactelasticexternalanasordiaphragm,
chargedaofoneelectrostaticanasinterpretedbecan(1)problemThe

(1.4.1).2<0,for),,(=

;2<0,<for0,=

namely,0,=plane
theonconditionsboundarymixedthetosubjectandinfinity,atvanishing0,

half-spacetheinharmonicfunction,afindtonecessaryisIt

problem.of
typestwoconsiderwesection,previoustheinAsdisc.theoutsideprescribed

areconditionsboundarynon-zerothewhenexternalcalledisproblemThe

1991).(Fabrikant,infoundbecanexamplesNumerous
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to:simplifies(8)expression
0,=whencase,particulartheIn).(conventiontheusewebefore,As

(1.4.9),
)(

=)(

bydefined),(usedwasnotationthewhere

(1.4.8),dd),(tan+1=),,(

yields:torespectwithintegrationandintegrationofordertheofInterchange

(1.4.7)).,(1
)(

d
d
d)(

])([

)(d2=),,(

form:thetakesintegrationfirsttheafterresultThe.
valueboundaryitsthroughdirectlyfunctionpotentialtheexpresscanweNow

(1.4.6).
)cos(2+

tan
)cos(2+

dd),(

2
1+

),,(1=),(

result:thewithintegration,oforder
theinterchangingafterpossiblebecomestorespectwithintegrationFurther

(1.4.5).)(
d

=),,(

where

(1.4.4),),,(d+),,(1=),(

followsas(3)rewritetousallowdifferentiationofrulesThe
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infoundbecanexamplesNumeroussolved.nowisproblemsecondThe

(9).bydefinedas),(forstandsand(1.3.4),bydefinediswhere

(1.4.14),dd),(tan12=),,(

inresults
torespectwithintegrationand(13),inintegrationofordertheofInterchange

(1.4.13)).,(
)(

dd4=),,(

is:result
The.prescribedthethroughdirectlypotentialtheexpresscanoneNow

(1.4.12).
)cos(2+

dd),(1=),(

bydefined
areoutsidevaluesitsthrough=circletheinsideofvaluesTheelasticity.
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infinitechargedaofoneelectrostaticanasinterpretedbemayproblemThe
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1.6):
Sec.1989,Fabrikant,indetailsfor(seetotransformedbecanintegralThe

(1.5.6).=

where

(1.5.5),dd
),(),(

tan
),(

1=

integral:followingtheconsiderWe

points.twobetweendistancethedenotes),(
etc.;),(forabbreviationanasstandsconvention,earlierthetoAccording

(1.5.4).]+)[(+]+)+[(
2
1=)(

(1.5.3),]+)[(]+)+[(
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(1.5.2),]+)[(+]+)+[(
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1=)(

(1.5.1),]+)[(]+)+[(
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1=)(

introduced:isnotationfollowingThe,0).,(and),,,(),,,(
namely,coordinates,cylindricalofsystemtheinpointsthreeconsiderWe

here.evaluatedbetoonesfundamentaltheofcasesparticularjustareearlier,
derivedrepresentations,integraltheallalmostbecausealsoandmethod,newthe

toimportanceprimarytheirofbecausefundamentalcalledareintegralsThe

1.4)Sec.1991,(Fabrikant,
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(1.5.12)
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isintegralexternalsecondThe

.byofsubstitutionfor
exceptsimilarity,indicates(1.5.12)integralinternalrelevantthewithComparison

(1.5.22)
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2
+tan1+
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2
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dd
),(
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),(

1
),(
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integral:theconsiderweexample,Forintegrals.
externalrelevantevaluatealsocanWedisc.aofinteriorthewasintegration
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,=)](][)([

propertytheusingByfurther.goessimilarityTheintegrals.
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2
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)]([
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/2)cos(/2)cos(2

)(
tan2=),,,(

where

(1.6.4),
)(coscoscoscos

d,
/2)(tan

/2)tan(/2)tan(

1=1

(1.6.3),
cos)(coscoscos

d,
/2)tan(/2)tan(

/2)(tan
1=1

representations:integralfollowingthederivecanweexample,For
1.2.sectionfromformulaeusetousallowspropertyThis).cos(2

+=asexpressedbecanandpointstwobetweendistancethethatso

(1.6.2),coscos2+=+,sinsin=

established:easilybecanpropertiesfollowingThe

(1.6.1).)cos(2++)+cos(2+
2
1=),,,(

,)cos(2+)+cos(2+
2
1=),,,(

asexpressedbe
cancapsphericalatorespectwithquantitiessamethecoordinatessphericalIn

disk.circularaofedgethetopointafromdistancelongesttheandshortestthe
ofsumtheanddifferencetheasinterpretationgeometricalthehave1.2,section
inintroducedwerewhich,andparametersThe).,,(and),,(

coordinatessphericalinpointstwoconsiderWe

conditions.boundarydiscontinuouswithproblemDirichlettheforobtained
issolutionoftypenewAinvolved.transformsintegralorfunctionsspecialno

withelementary,andstraightforwardsolutionthemakesmethodnewThesphere.
theofresttheatgivenispotentialarbitraryanwhilecapsphericalaofsurface
theatprescribedisdistributiondensitychargearbitraryansphere:chargedafor

problemmixedfollowingthetoobtainedisformclosedinsolutionExact
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identitytheusingbyverifiedbecan(8)and(7)inintegralsThe

(1.6.10).)]cos(sinsin+cos[cos2+=

(1.6.9),/sin)(coscoscoscos2=)(

,/sincos)(coscoscos2=)(
where

(1.6.8),
)(

tan
2

=
)(coscoscoscos

d,
/2)(tan

/2)tan(/2)tan(

(1.6.7),
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tan
2

=
cos)(coscoscos

d,
/2)tan(/2)tan(

/2)(tan

integrals:
indefinitefollowingthederivecanwe1.2,sectionwithanalogyusingBy

etc.,tocorresponds
,tocorrespondscoordinates:sphericalinthoseandcoordinatescylindrical

inusedpropertiestheirandnotationsthebetweenanalogycertainseecanWe
).,max(and),min(thatalsoNote.=]([i.e.,toinverse

areandboththatshowtopossibleisItrespectively.),,,(and
),,,(forabbreviationsasunderstoodare)(and)(hereafterand

(1.6.6),
coscos

sin
4

)(cos=)(cos
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2
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2
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)(
)(
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2
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)(

2tan=

28

⌡
⌠

⌡
⌠

φ−φθθθθ−

ττγ−θτ−θτ

τθ−τγθ−ττ

τ
τγ−θτ−θ

τφ−φ
τ

θθ
λ

τ
−

θ−τγθ−τ

τφ−φθθ
τλ

γ

θθ≥θθ≤θθγγ
θ

θ

θ−τ
τ−−ττγ

θθ
θ
θ

θθ
θ

θθ≡

θθ
θ
θ

ararR

ary

ary

R
y

R

ar

R
y

R

ar

gtl

ttt
ttraxm

raxmxmxm

ar
ar

m
m

ar

m
ratt

m
m

METHODTHEOFFOUNDATIONSMATHEMATICAL1CHAPTER

000
22

0
2

02

01

0

21

00

02
0

0

11

00

0
0

2

0201001,2

212

121

22

1/2
0

01

021

0

021
022

1/2
0

02

011

−

−

−

−

−









































√ √ √

√ √

29

itsthroughexpressedbecan<domaintheinofvaluethecase,thisIn

(1.6.14).<,2<0for,0=),,(

;<0,2<0for),,(=

:=atconditionsmixed
followingthewithproblem,valueboundarytheconsiderWe

separately.treatedareproblemsBothelsewhere.givenispotentialarbitraryan
andcap,sphericalaatprescribedisdensitychargezerothewhenpotentialthe
findto)elsewhere;prescribedispotentialzerotheandcap,sphericalaatgiven

isdensitychargearbitraryanwhenspherechargedaofpotentialelectrostatic
thefindto)two:inproblemoursplittostagethisatconvenientisIt

(1.6.13)

.),(
/2)(tan

/2)tan(/2)tan(

)(coscos

dsin

coscos
d+

),(
/2)tan(/2)tan(

/2)(tan
cos)(cos

dsin

coscos
d2=),,(

integration
ofordertheinterchangingafteryields,(12)in(4)and(3)ofSubstitution

(10).bydefinediswhere

(1.6.12),
dsin),(

d+
dsin),(

d=),,(

layersimpleathroughpotentialtherepresent
webefore,Assphere.theofresttheatgivenisdistributionchargearbitrary
anwhile,0capsphericalaoverprescribedispotentialarbitraryan

whenradiusofspherechargedaoffieldelectrostaticthefindtonecessaryis
itproblem:generalfollowingtheconsiderWe

(8).verifytoestablishedbecanrelationshipsimilarA

(1.6.11).
d

)(d

)(+

)(sin
=,

/2)tan(/2)tan(
/2)(tan
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τ
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τ
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involved,integralstheofevaluationexacttheforconvenientmorebeingonefirst
the1,problemthetosolutionsequivalenttwogive(19)and(18)Expressions

(1.6.20).
sin

(0)/2)(cos)(coscos2
=

and(10)bydefinediswhere

(1.6.19),dsintan
),(

d2=),,(

inresults(8))(seetorespect
withintegrationsubsequentand(18)inintegrationofordertheinInterchange

(1.6.18)

.),(
/2)(tan

/2)tan(/2)tan(

)(coscos

dsin

coscos
d2=),,(

potential:of
valuethefindcanweandspheretheoverallknownnowisdensitychargeThe

(1.6.17).dsin)(
coscos

coscos

coscos
1=)(

namely,symmetry,axialof
casetheinoccurssimplificationCertainimages.ofmethodhisusedwhoKelvin

LordbyformgeometricainfoundfunctionGreen’sthetocorrespondswhich

(1.6.16),
)cos(sinsincoscos1

ddsin),(coscos

coscos2
1=),(

formtheinrewrittenbealsocan(15)Expression

(1.6.15)).,(
/2)tan(
/2)tan(

coscos

dsincoscos

coscos
1=),(

follows:as<0overvalues

30
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is:resultThe(13).into(23)ofsubstitution
byobtainedbecanspherechargedatoduespaceinpotentialThe

.atzerototendsonesecondthewhile,
atsingularisonefirstthe(24):intermsdifferenttwonoteWe(22).equation

integraltheofsolutionofformsequivalenttwogive(25)(24)and(23)Formulae
(1.6.25)

.),(
/2)tan(/2)tan(

/2)(tan
2

cos
d
d

coscos
d/2)cos(

2
tan2=),,(

Here

(1.6.24).),,(
coscos

d
+

coscos

),,(

2
1=),(

follows:assimplifiedbecan(23)Expression

(1.6.23)).,(
2

cot
coscos

dsin
d
d

2
tan

coscos

dsin
d
d

sin2

/2)][cot(
=),(

is:solutionIts

(1.6.22)).,(=),(
/2)(tan

/2)tan(/2)tan(

coscos

dsin

coscos
d2

(13):in(21)substitutingafterresultsequationintegralfollowingThe

(1.6.21).,2<0for),,(=),,(

;<0,2<0for0,=),(

:=surfaceitsatconditions
boundaryfollowingthewithspherechargedaconsiderWe

required.
isintegrationnumericalawhenadvantagescertainhasonesecondthewhile
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,
)+(

)(coscos4=)(cos)(cos

,
)](cos[cossin
]cos)([cossin

=
)](cos[cossin
]cos)([cossin

=
)(sin
)(sin

,sinsin
)+(

4=)(sin)(sin

,
)(

)](cos[cossin
)](cos[cossin

=
)(

]cos)([cossin
]cos)([cossin

=
)(

,sin
+

=]cos)()][cos(cos[cos

,sin
+

=]cos)()][cos(cos[cos

transformations:inusefulbecanidentitiesfollowingThe

respectively.and,,byand,,of
substitutionformalaby(20)fromobtainedbecan(28)thatprovenbecanIt

(1.6.28).
)(sin

coscoscos)(cos2
=)]([=

where

(1.6.27),dsin
),(

tan+d
2

||=),,(

,torespectwithintegration
subsequentafterobtain,we(26),inintegrationofordertheInterchanging

(1.6.26)).,(
2

cot
cos)(cos

dsin
)(

/2)(tan
/2)tan()/2]([tan

coscos
d=),,(
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equationintegralgoverningthetoleads(18)in
(31)ofsubstitutiontherefore,1,problemtoinverseissense,ainproblem,The

(1.6.31).2<0,for,0=),,(

;2<0,0for,),(=),,(

:=
surfaceitsatconditionsfollowingthewithspherechargedaconsiderWe

involved.integrals
theofevaluationsexacttheforamenableeasyisbutPoisson,byobtained
onethetoequivalentiswhichsolution,alternativeanobtaintousallowsmethod
newTheintegrals.theofevaluationpracticalforinconvenientveryisPoisson,

bygivensolution,formclosedthehand,othertheOnpurposes.practical
forunfitsolutionthemakingthussphere,theofsurfacetheondivergent

usuallyisitandcases,thoseinbadlyveryconvergessolutionexpansion
harmonicsphericalThediscontinuous.asmodeledbecantheythatrapidly

sochangingareproblemDirichletforconditionsboundarythecases,practical
manyIn
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d
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as(23)fromobtainedbecan2ProbleminchargetotalThe
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result:thewith(15),ofsidesbothofintegration
byfoundbecan1Probleminchargetotaltheexample,Forequation.
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simplification,afteryields,which(18)in(33)of
substitutionbyobtainedbecanspherechargedatoduespaceinpotentialThe

(1.6.35).dsin),(d
4

=

result:thewith(34),and(33)
integrationbyobtainedbecanchargetotalThesingularity.integrableangive

can(34)formulaandsingularities,nohas(33)expressionotherwise0,)0,(
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(1.6.34)).,(
2

cot
coscos

dsin
d
d

2
tan

)cos(cos

dsin

4
/2)][cot(=),(

:<<forresultthe
with(15),in(33)ofsubstitutionbyobtainedbecanspheretheofresttheat
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(1.6.40),
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coscoscos)(cos2
=
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(1.6.39),tan+
2
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resultthewith
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integrationfirsttheaftergives,which(26)in(4)of
utilizationbyobtainedbecanchargeinducedthetoduepotentialThe

0.=forobtainedbecanformulaeSimilar

.)]+(|[|
2

=

further
simplifies(44)formulaand0,=havewespherecompleteaofcasetheIn

(1.6.44).
2

cot
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where

(1.6.42)]sin||sin)+[(=

gives:(38)whiledifficult,quitebewould
(39)usingchargetotaltheevaluatetoexample,Foradvantages.definite
has(38)formulaequivalentthethenneeded,aretransformationsmathematical

furthersomeifbut,distributiondensitychargeinducedtheofevaluation
directaforconvenientis(39)Expression(16).withagreementiniswhich
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(1.6.50),
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iscoordinatestoroidalinpointstwobetweendistanceTherespectively.
),,(and),,(beandpointsofcoordinatestoroidaltheLet

caps.sphericalseveralofcase
theincludinggeometriesvariousforproblemsvalueboundarymixedsolvingfor

coordinatesofsystemthisusetousallowcoordinatestoroidalofpropertiesThe

(1.7.3).
sinh

=+)coth+(

toriareconstant=
surfacesThe0.=,=circlethealongintersectionoflinecommonthewith

(1.7.2),
sin

=)cot(++

capssphericalareconstant=surfacesTheparameter.dimensionalaisHere

(1.7.1).
coscosh

sin=,
coscosh
sinsinh=,

coscosh
cossinh=

coordinates),,(toroidaland),,(Cartesian
thebetweenexistrelationshipsfollowingThe

investigation.separateaforsubjectaconstitutecanandtimethisatknown
notisapplied,becanmethodnewthewherecoordinates,ofsystemsofset

completeTheestablished.arepoints,severalbetweendistancesinvolvingvalue,
fundamentalofintegralsSomesolution.thegivingthusform,closedinand

exactlyinvertedbecanEach-operator.thewithcombinedoperatorstypeAbel
consecutivetwoofsequencetoproblemthereducesequationintegralgoverning

theinsubstitutionItspoints.twobetweendistancetheofreciprocalthe
forrepresentationintegralspecialaonbasedisIthere.presentediscoordinates

toroidalofcasethetoresultsobtainedpreviouslyofextensionFurther

simple.veryintegrationofprocedurethemakes(45)in(51)(48)ofSubstitution
.ofderivativetheforwrittenbecan(51)tosimilarexpressionAn

(1.6.51).
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points:
twobetweendistancetheofreciprocaltheforrepresentationintegralfollowing
theobtaincanweresultsprevioususingBy.=forholdssignequality
the);,max(),,min(valid:arepropertiesfollowingThe.=)(
and=)(thatmeansThis.toinverseareandboththatNotice

ones.defaultthebetoassumedexplicitly
givennotarewhichparametersthesimple:ratherisruleThe).,,,(
ofinstead),(example,forwrite,tousallowwouldThisparameters.

defaulttheasconsideredare(8),and(7),(6),inrespectivelygiven,and
,ofparameterstheconventions:followingtheusewesake,brevitytheFor

(1.7.8),
/2)(cosh/2)(cosh22

)cos()(cosh+)cos()+(cosh
2tanh=),,,(

(1.7.7),
/2)(cosh/2)(cosh22

)cos()(cosh)cos()+(cosh
2tanh=),,,(

notation:followingtheIntroduceconfused.benotwillreaderthehope
Wecoordinates.sphericalandtoroidalthebetweenanalogycertaindemonstrate

toorderinand,,notationsamethesectionthisinuseintentionallyWe

(1.7.6),
coshcosh
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2

sin+cosh=),,,(cosh)(coshcosh
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(1.7.5).
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(1.7.4).
coscoshcoscosh

)cos()cos(sinhsinhcoshcosh2
=),(

⌡
⌠

β
≥≤γ

γγ

δ
γδγ

γ

β−−−β−−
β≡

β−−−−β−−
β≡

γ

τ−
τβ−τβτγ≡τγ≡γ

β−−τ
τγ−τ−

×

β−−
−

τγ−τ−

τψ−φτλ

β−−
β−−ψ−φ−

≡

u
xvtxvtxt

xttt

uvy
y

t
t

vx

uvxuvx
uvxtt

vx

uvxuvx
uvxtt

tt

v
uuv

xuvR

xvc

xuvR
c

xv

xv

xuv

uxvxvc
NMRR

coordinatestoroidalinproblemsvalueboundaryMixed1.7.

212

121

2

1

1
22

1
11

21

2
2

0

1

0

2

0

−

−

−





































√ √
√ √

√ √
√ √

√ √

√
√

√ √

where

(1.7.13),
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variablesnewIntroducerespectively.),,,(=and),,,(=Here
(1.7.12)
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)/2)((tanh
coscoshcoscosh

=1

formthetakewill(9)expression),(=variable
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is:resultfinaltheandway,elementaryanincomputedbecanintegrallastThe
(1.7.20)

.
2+)2+cos(cosh

d
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thatconsideration
intoTakingresults.therepeattoorderinwayingeniousaninAppendixfromformulae
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variablesnewofIntroduction
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namely,manner,similaraincomputedbecanintegralanotherYet

ones.hyperbolictheby
functionstrigonometricappropriatethereplacetojusthasOne1.6.sectionin

integralsimilarfromtakenbecanitcomputetohowonhintsThecomputable.
betohas(12)integralthethatmeantThissolution.elementaryanhasknow,
weaswhich,bowlsphericalaonchargepointaofinfluenceofproblemthe

solvinginencounteredwas(12)integralThe(17)?(15)propertiestheand(13)
expressionswithupcomewedidhowsecond,andcomputable,is(12)integral

thethatdecidedwehavewhyFirst,questions.twousaskmayreadertheHere
(1.7.21)
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surface:itsonconditionfollowingthewithcapsphericalaforproblem
Dirichletthesolvetohavewecharged,notiscapfirsttheSince

problem.thetosolutiongeneral
theusgivewouldsolutionstwotheofsuperpositionlinearThe0.and

0=takeweproblemsecondtheinwhile0,and0=thatassumesproblem
firstthetwo:inproblemthesplittoconvenientisItspace.wholetheinfield

electrostaticthefindtonecessarythenisItcap.secondtheofsurfacetheon
givenisdistributionpotentialarbitraryanand),=(capsphericalfirstthe

onprescribedisdistributionchargearbitraryanwhenproblemelectrostatican
considerWecoordinates.ofsystemtheofcirclebasictheiswhichradiusof

circleaalongintersectcapssphericaltheandcaselimitingtheIn

(1.7.28).20,=,0

;20,=,0

follows:as),,(coordinates
toroidaltheindefinedcapssphericaltwoconsiderWe

problems.valueboundarymixedvarioussolvinginusedbewillintegralsderived
The.=and=havewe0,>)/2]sin[()/2]sin[(and0>)/2]

cos[()/2]cos[(whenexample,Forfunctions.trigonometrictheofsigns
theondependingandbetweenrelationshipsvarioususgivespropertyThis

.
)(

1
2

tan
2

tan=)(

that(A2)fromdeducemayOne
(1.7.27)
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)2+cos(cosh
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)]2+cos(2[cosh
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)cos(cosh
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1=
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.
)cos(cosh
ddsinh),()(tan+

)(
1

)cos(cosh
)||sin(=),,(

obtain:We
.torespectwithintegrateand(32)inintegrationofordertheinterchangeWe

(1.7.32).
coshcoshcoscosh

d),(/2)][tanh(sinh
d
d

/2)(tanh
/2)tanh(

coshcosh

d
coscosh1=),,(

obtained:becanresultfollowingThecap.spherical
theonvalueitsthroughspaceinpotentialtheobtainnowcanWe

.potentialprescribed
theoftermsindensitychargetheforexpressionthegives(31)Formula

(1.7.31).
coshcoshcoscosh

dsinh),(/2)][tanh(
d
d

2
coth

coshcosh
dsinh

d
d

2
tanh

sinh2
)cos(cosh=),(

is:
resultfinalThesections.previousinemployedonethetosimilarmannerain

invertedbecanEach-operator.theandoperatorstypeAbeltwoofsequence
arepresents(30)equationintegralThedistribution.chargetheisHere

(1.7.30)

.
coshcosh)cos(cosh

dsinh),(
/2)tanh(/2)tanh(

/2)(tanh

coshcosh
dcoscosh2=),(

is:equationintegralgoverningThe

(1.7.29).20,=,0for,),(=
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bydefinedisfunctionGreen’sthewhere

(1.7.39),d)(),(=)(

form:thein(38)tosolutiongeneralThe

(1.7.38).
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d)(
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coshcosh)cos(cosh
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/2)tanh(/2)tanh(
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namely,(36),in(35)conditionboundary
secondtheofsubstitutionfromresultswhichequationintegralthefromfoundbe

canItknown.yetnotiswhile(34)fromknownis(36)inthatnoteWe

(1.7.36).
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distributionslayersimplethethroughagainpresented
becanspacetheinpotentialThe).,,(and),,,(),,,(
),,,(coordinates:toroidaltheirwithpoints,followingtheIntroduce.
ascapsecondtheofsurfacetheand,ascapfirsttheofsurfacetheDenote
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(1.7.A2),
2

tansinh=)cosh)(coshcosh(cosh

(1.7.A1),
2

tanh
2

tanh=
2

tanh
2

tanh

here.presented
aresectionthisofbodymaintheinusedformulaeessentialSome

1991).(Fabrikant,inconsideredareexamplesSeveral
(1900).HobsonofresultstandinglongthewithagreementinisformulalastThe

(1.7.43).
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d)(

)2+cos(cosh

)/2]2+cos[(2
tan2+

1
)2+cos(cosh

)(coscosh

)cos(cosh

)/2]cos[(2
tan2+1=)(

follows:assimplifies(42)formulaofcaseparticulartheIn

(1.7.42).
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d)(

)2+cos(cosh

)(2
tan2

1
)2+cos(cosh

)(coscosh

)cos(cosh

)(2
tan2+1=)(

functions.elementaryoftermsincomputedbecan
formidable,quitelookingthoughinvolved,integralsThe.distributioncharge

prescribedtheoftermsindirectlyspaceinpotentialtheexpresscanweNow

(1.7.41).
coscoshcoscosh)(sinh

coshcoshcosh)(cosh2
=)(
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(1.7.40)

,
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(1.7.A13),
coshcosh)cosh(cosh)/2][(cos

coshcoshsinh)/2]||sin[(
=

)cosh(cosh)/2]||cos[(

coshcoshcoshcosh
=

)cosh(coshsinh)/2][(cos

)cosh(coshsinh
=
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(1.8.4).<for,
dd),(

=),(

1.5.19):formula1989,
(Fabrikant,validisrelationshipfollowingthea,=circletheinside0=and

(1.8.3),2<0,<for,
dd),(

=),(

namely,circle,theofexterioranforequationintegralanofcasetheIn

).cos(2+=where

(1.8.2),>for,
dd),(

=),(

existsrelationshipcontinuationfollowingthecircle,theoutsidezerois
functionunknowntheand,circleainsidefunctionknownaiswhere

(1.8.1).2<0,0for,
)cos(2+

dd),(
=),(

equationintegralanforthat1.4),section
1989,Fabrikant,(seeknownwellisItboundary.theofparttheonvalues

knownitsthroughdirectlyboundarytheofresttheonpotentialtheexample,for
express,topossibleisitthathereshowWeboundary.theofresttheongiven

isderivativeitswhileboundary,theofpartaongivenispotentialofvalue
thetheory,potentialofproblemsvalueboundarymixedIn
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(1.8.10).d+d=d+d

thatstatestheoremreciprocalThecircle.theinside0=

potentialtheandcircle,theoutsideprescribedchargethebydefinedis0=

planetheinfieldsecondThecircle.theoutside0=distributionchargethe

and,=circleainsideprescribedispotentialthefollows:as0=planethe
indefinedisonefirstThefields.potential2definecanweIndeed,(4).from

(7)and(2)from(9)derivetousallowstheoremreciprocalthethatnote,We

(1.8.9).<for,dd
),(1=),(

1.5.24):formula1989,(Fabrikant,solutioncontinuationfollowingthehas

(1.8.8).2<0,<for,
dd),(

4
1=),(

equationexternalThe

(1.8.7).>for,dd
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1.4.27)
formula1989,(Fabrikant,existssolutioncontinuationfollowingthecase,thisIn
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too.thereexistsconditioncontinuitythethatshow
andequationintegralcomplicatedmoreconsidershallwesection,nexttheIn

(1.8.16).d=

is(15)ofinverseThe0.=planewholetheisHere

(1.8.15).d
4
1=

isdistributiondensitychargethethen0,=plane
theoverallgivenispotentialtheifthatnoteshouldwegeneral,In

manner.sametheinverifiedbecan(7)and(4)
ofreciprocityThe(14).ofcorrectnessproves(9)and(2)ofcomparisondirect

consideration,intothisTaking).,(and),(namely,opposite,isnotation
the(9)In).,(ispointexternaltheand),(ispointinternalthe(2)In

(1.8.14).),(=),(

thatevidentisit(13)From
(1.8.13)

.dd)(),()(==dd)(),()(

gives(11)into
(12)ofSubstitutioncircle.thetoexternalpointais,circleainsidepoint

aisHere(9).tosecondtheand(2)tocorrespondsexpressionfirstThe

(1.8.12).d)(),(=)(,d)(),(=)(

relationships:thehavewethatAssume

(1.8.11).0=d+d

follows:assimplifies(10)equationconditions,boundarythetoDue
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isequationrelevanttheand0=symmetry,axial
ofcasetheIn.and...3,2,1,=forvalidare(20)and(19)Equations

(1.8.20),)(=

d)(
21)(2d2

+
d)(d2

(1.8.19)

,)(=d)(21)(2d2
+

d)(d2

2.6.6)and2.6.5formulae
1989,(Fabrikant,equationsofsetinfiniteanaspresentedbecan(17)equation
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existexpansionsthethatAssuming

.find
tohavingwithoutinside,displacementstheoftermsindirectlycircletheoutside

displacementsthedefinecanwethatshowcanwe,>for0=Since
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and2.1.14)formula
1989,(Fabrikant,indefinedconstants,elastictheareandvalue,conjugate

complextheindicatesoverbarstress,tangentialcomplextheis+=Here
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integraltheconsiderWe.beshould
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√ (1.8.56),dd
)(

e)+(),(
+

dd),(1=),(

namely,,
byandbyofinterchangewithand(37)tooppositesignofissought

relationshipthethatseewe14),(10indescribedaslogic,sametheusingBy
state.secondtheinandbetweenrelationshiptheitfrominfertoneedWe

(37).insideandcircletheoutsidebetweenrelationshiptheknowWe

circle.theinside0=displacementtangentialtheand

circletheoutsideprescribedstresstangentialbycharacterizedisstatesecond
The0.=planetheoverallvanishingstressnormaltheandcircletheoutside

0=stresstangential,=circleainsideprescribeddisplacementtangential
bycharacterizedissetfirstTheconditions.boundaryofsetsdifferent2
tosubject0,spacehalfelasticisotropictransverselyaconsiderWe

(38).bydefinedisHere

(1.8.55).<for,dd
)(

)(3e),(¯̄
+

dd),(
=),(

solutionformclosedthegives(54)and(43)ofSummation

(1.8.54)...3,2,1,=andfor,
d)(¯̄

1)+(2+

)(

d)(2=)(
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,d)(1)+(2+

d)(2=)(

is(58)ofexpansionseriesFourierThe

2.7).section
1989,(Fabrikant,bymannerdifferentainderivedoriginallywas(58)Formula

(1.8.58).dd),(
)(

)(3
e+

dd),(1=),(

yields:theoremreciprocaltheofApplicationused.becan(55)formulapurpose,
thisForcrack.penny-shapedainstressestangentialforsolutioncontinuation
theobtaintomannersametheexactlyinusedbecantheoremReciprocal

(1.8.57)...3,2,1,=for,d
)(
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)(
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...2,1,0,=for,
)(

d)(2=)(

form:thetakes(56)ofexpansionseriesFourierThe

crack.circularexternalantoappliedstresstangential
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problemscrackandcontacthalf-planetoapplicationwith
problemsvalueboundarymixedsolvingformethodExact1.9.

stressesoffieldstheforsolutioncompleteAproblem.crackhalf-planeaand
problempunchasolvingtoappliedareresultsgeneralTheinvolved.expansions

seriesortransformsintegralnowithexactly,solvedbecanwhichequation,
integralantoleadsdistributionlayersimpletheintosubstitutionItspoints.two

betweendistancetheofreciprocaltheforrepresentationintegralnewaonbased
ismethodThe0).=0,<(half-planeothertheonprescribedisdistribution

densitychargetheand0)=0,(say,half-planeoneonprescribedis
potentialthewhentheorypotentialofproblemvalueboundarymixedaofform

closedinsolutionexacttheforpresentedismethodnewA

inverse.
mutuallyare(61)and(60)equations0,=planewholethedenoteswhen

thatobviousisItdenominator.theinisitsecondtheinwhilenumerator,
theinispoints2betweendistancetheonefirsttheinsimilar,veryis(61)(60)

equationsbothofstructurethesee,canweAscrack.theofdomainisHere

(1.8.61).=d¯̄+d
)(2

1

as1989)(Fabrikant,
inderivedbeenhasproblemcracktheofequationintegralgoverningThe

.+=,+=

Here

(1.8.60).=d
2
1d

2
1

asrewrittenbecan(17)problemcontact
theofequationintegralgoverningthethatnoticetointerestofisIt
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thereadingaftermindourtocamerepresentationintegralansuchofideaThe

(1.9.3).
+

=),(

Here

(1.9.2).
))((

d),(22=
)(+)(

1=1

):,(and),,(pointstwobetweendistance
theofreciprocaltheforrepresentationfollowingtheonbasedismethodOur

solutions.ofpropertiestheofinvestigationfurthersimplifyingthussignificance,
physicalhaveusedparameterstheAllfunctions.elementaryofterms

inandformclosedinperformedispotentials,three-dimensionalofcomputation
includinganalysis,theAllneeded.arefunctionsspecialortransformsintegralno

simplicity:itsisbelowdescribedmethodnewtheofadvantagemainThe

before.considered
notwasknowledge,ourofbestthetobody,isotropictransverselyaof

caseThefunctions.potentialmaintheofdeterminationforpresentedwasoutline
generalaonlyedge,crackthetoparalleldirectedloadingshearantisymmetric

andsymmetricofcasetheIncrack.theofplanetheinstressesof
computationtolimitedmainlywasproblemstheseofsolutionTheedge.crack

thetonormallydirectedloading,shearantisymmetricandsymmetricload,normal
antisymmetricandsymmetricnamely,loading,antisymmetricaswellassymmetric

ofcasestheconsideredHefaces.crackofloadingconcentratedtangentialand
normalofcasetheforfunctionspotentialmaintheofcomputationexplicitwith

isotropy,ofcasetheforproblemscrackhalf-planesolvingtoresultshisapplied
(1967)Ufliandtechniques.Riemann-Hilbertandtransformintegralofcombination

abyresultssimilarobtained(1989)KhaiandKittechniques.transform
integraltheusedwho(1967),UfliandbysolvedwasproblemofkindThis

(1.9.1).<<,0<for,),(2=

,<<,0for,),(=,0),(

0:=
planetheonconditionsboundarythetosubjectinfinity,atvanishing),,,(

functionharmonicafindproblem:followingtheconsiderWe

functions.elementaryoftermsinandformclosedingivenisdisplacementsand
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(1.9.9),
)],,(),,([+)(

1=1

thatsuch),,,(and),,(say,

by,replacedformallybecantheyarbitrary,are(2)inandquantitiesSince

(1.9.8).
+)(+)(

1=1

namely,),,(and),,(betweendistance
theofreciprocaltheforrepresentationintegralanestablishtoneedweNow

(1.9.7).
))((

d),2+(2=
)(+)(

1=1

established:
becanequivalentfollowingthe0,<half-planetheIn0.half-planeupper

theinproblemssolvingforconvenientis(2)representationintegralThe

well.asdifferencescertainaretherehalf-planeaofcasetheinthatshow,
tosecond,circle;aofgeometrytheforusedapparatusourbetweenanalogy

theemphasizetofirst,purposes:twoforasterisksuseWe(2).provingthus

(1.9.6),
)(+

d2=1

yields:(2)into(5)ofSubstitution

(1.9.5).
d
d

])(+2[
=

)(+)(2

2
=),(2

thatshowtoeasyisIt

(1.9.4).2=

variablenewaintroduceWe

integrals.fractionalon(1988)Rubinofwork
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where

(1.9.16),)(tan1=
)()(

d),(2

thus:indefinite,ascomputedbecan(15)inintegralsthefact,In

(1.9.15).
)()(

d),2+(2=
)()(

d),(22=1

thatverified,easilybecanitbefore,As

(13).indefinedas,forvalidare

remarkssimilar);,,(denotes)(and),(0,asunderstoodisHereafter
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(1.9.22).dd=dd

used:wasintegrationofordertheofchangeforrulefollowingtheand

(1.9.21),0>,
)(+

d),(1=),()(

asintroducedwas-operatortheHere

(1.9.20).
)(

),()(2
dd2=),,(

yields:(19)in(15)ofSubstitution

(1.9.19).
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layer:simpleaaspotentialtherepresentusLet

space.wholethein),,(
potentialtheand0,>fordistributiondensitychargethefindtoneedWe
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be:
0=planetheonconditionsboundarytheLet
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result:thewith

(1.9.28))2(
d

d
d

is:applytooperatornextThe
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is:resultfinalthe
andA),Appendix(seeexactlycomputedbecanbracketscurlyinintegralThe

(1.9.34).),()(
)()(

2)(2d
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yields:(32)inintegrationofordertheofchangeThe
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form:thetakewill(31)expression
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(1.9.40).
d),()2+(d2=),(

form:thetakewilltheredistributionchargetheto
duehalf-planelowertheinpotentialthe(7),representationintegraltheusingBy

(1.9.39).
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obtain:we0,<for(24)ofderivationtheRepeating(38).
conditionsecondtheuseweequation,integralgoverningthederivetoorderIn

0.<forandspacewholethein),,(functionthefindtonecessaryisIt
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√ (1.9.45),d),(
)(

=),()(

yields:(43)ofsidesbothto

(1.9.44))(2d
d
d

operatortheofApplication

(1.9.43).
d),()2(

=
d),()2(

to:leads(42)ofexpressionstwolasttheofComparison

(1.9.42).
d),()2+(d=

d),()2+(d=),(
d)2+(

d=

),(
d)(2

d=
d),()(2d

follows:as(7)and
(2)representationstwousingbytransformedbecan(41)ofsideleft-handThe

(1.9.41)

.
d),()2+(d2=

d),()(2d2

be:willequation
integralgoverningthe0,=+thatimplies(38)conditionsecondtheSince
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scheme:thetoaccording(50)inintegrationoforderthechangeWe

(1.9.50).),(
)(

d)2+(
d2=

),(
)(

d)(2
d2=),,(

form:thetakewill(20),toaccordingcounterpart,positiveThe

(1.9.49).
)(

d),()2+(d2=),,(

simplification:aftergives(48)in(47)ofSubstitution

(1.9.48).
d),()2+(d2=),,(

obtain:
we(7),utilizingBy.densityprescribedtheoftermsindirectlypotentialthe

findcanweand0=planetheoverallknownisdistributionchargetheNow

(1.9.47).
)(+)(

d),(
d1=),(

follows:as-operatorthe
withoutrewrittenbecanItone.lowertheinandhalf-planeupperthein

distributionchargethebetweenrelationshipdirecttheusgives(46)Expression

(1.9.46).d),(
)(1=),(

finallyand

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

σ
−−

−

σ
−−

−−

−

σ−
−

−

−
σ−

−

σ
σ

−−
σ

−
π

−σ

σ
σ

σ−
−

−π−σ

yx
ugyuy

uuyy
y

yx
yugyu

uyyu
yzyxV

ugy

yyxuyy

uy
uzyxV

uy

yyxuyy

uy
uzyxV

z

yyxx

yyx
y
y

xyx

yyx
yy
yy

y
y

yx

L

L

L

L

L

L

half-planeaforproblemsvalueboundarymixedsolvingformethodExact

<0

0
+

*
0

0
*

)(

0

0

0
+

0
*

0
*

)(

0

0

+

*
0

00
+

0
*

0

0

000
*

)(

0

+

2
0

2
0

000
+

0

0

02

*

+

00
+

0

0
*

0

0

yl

yl

l

ug

l

∞−

∞

∞∞

∞

∞−

−

−

∞−

−

∞

∞−

∞

−

−

∞

−

01
*

02
*

1
*

*

1
*


















y



√ √

√ √

√

√ √

√ (1.9.54).d),(
2

tan1d2=

d),()2+(d2=,0),(

to:simplify(53)and
(52)0,=planetheIn0.>half-planethetorelatedisthatobvious,isit

integrationoflimitsthefrombecause(53),inon+superscriptthediscardWe

(1.9.53).d),(
2

tan1d2=

),(
)(

d)2+(
d2=),,(

:torespectwith
integrationtheperformand(52)inintegrationoforderthechangealsocanWe

(1.9.52).
)(

d),()2+(d2=),,(

is:lefttermonlytheso(51),intermsecondthewithoutcancels
(49)thatsee,we,andofsuperpositionaaspotentialcompletetheTaking

(1.9.51).dd+dd=dd
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(1.9.60).d),(++)(+)(lnd=),,()(

asdefinedis)(functionpotentialmainthe1989);
(Fabrikant,indefinedconstantselastictheareand2;1,=,/=Here

(1.9.59).)(
1

=)(,)(
1

=)(

functions:
potentialtwothroughexpressedbecanproblemthetosolutioncompleteThe

(1.9.58).),()(
d

d
d)2(

d
d
d

2
)(=),(

form:thetakewill(57)ofsolutionthe(30),toAccording.)

(+)(=and1989)(Fabrikant,indefinedconstant,elastictheisHere

(1.9.57).<<,0,),(=d
),(

d

is:equationintegralgoverningthethat1989),(Fabrikant,fromknownisIt

(1.9.56).<,<for,0=

,<<,0<for,0=

are:0=planetheonconditionsboundaryotherThe

(1.9.55).<<,0for),(=

displacement:normaltheproducespunchthethatAssume,stress-free.
is0,<0,=namely,boundary,theofrestthewhile0,0,=boundary

theonactpunchsmoothsemi-infiniteaLet1989).(Fabrikant,indescribed
as,constantselasticfivebycharacterized0,half-spaceelasticisotropic

transverselyaconsiderWe
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(1.9.64).+=,2+=,+=

.=,1=,+e=+=

anddisplacementtangentialcomplextheis+=Here

(1.9.63).+)+(1+)+(1=

,)+(1+)+(1=

,)++(2=

,])+(1[+])+(1[2=

,+=),++(=

1989):
(Fabrikant,followsasfunctionpotentialmainthethroughgivenarestresses

anddisplacementsTheexpression.complexaofpartrealtheforstandsand

(1.9.62),)(+)(=

,
2

tan12
tan1=),;,,(

where

(1.9.61),d),(),;,,(d1=),,(

give:will
B)Appendix(seetorespectwithintegrationfurtherand(35)withcoincide

willwhich,/computeeasilycanwe(60),in(58)ofsubstitutionBy
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(1.9.71))(
1)(2

=)(),,(

,)(
1)(2

=)(),,(

are:casethisinfunctionspotentialmainThe

(1.9.70).<,<for,0=

,0,<<for,0=

,0>,<<for,),(=

are:0=planetheonconditionsboundaryThe
directions.oppositeinfacescrackthetoapplied,stressnormalbyopenedis

crackThe0.crackaby0=planetheinweakenedspaceelasticisotropic
transverselyaconsiderWe

solution.completethegives(63)in(61)and(69)(65)ofsubstitutionThe

(1.9.69).
)¯̄+(2¯̄

1
2

¯̄tan
¯̄2

1
¯̄
3+

+
])(+[

1+tan+3=
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are:They.
ofderivativesvariousneedmainlywestressesanddisplacementsoffieldtheFor

(1.9.77).+)(+)(=

,)(+)(=

Here

(1.9.76).
d2

tan1d=),;,,(

where

(1.9.75),d),(),;,,(d2=),,(

aspressureprescribedofterms
infunctionpotentialmaintheexpresstousallows(72)in(74)ofSubstitution

(1.9.74).d
2

tan
),(

d2=),(

is:solutionitstherefore
(54),toinverseis(73)equationintegralThe(64).indefinediswhere

(1.9.73),
)(+)(

d),(
d

4
1=),(

form:thetakewillequationintegralgoverningThe.+)(+)(=and

(1.9.72)
d),(

d=),,()(

where
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(1.9.85),)(
1

+)(
1

2=

(1.9.84),)(
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2=

is:spaceelasticisotropic
transverselyaindisplacementsandstressesoffieldtheforsolutioncomplete

the(82),(78)and(75)(71),(63),toAccording0.>),,0,(pointsthe

atdirectionsoppositetheinfacescrackthetoapplied)()(forces
concentratednormalofpairaofactiontheexample,anasconsider,We

quantity.conjugatecomplextheindicateseverywhereoverbartheand

(1.9.83)
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=
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asdefinedareparametersotherThe(36).and(13)formulaeby
definedareand,forvaluesthe(82)(78)and(69)(65)expressionsIn
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relevantThecoefficient.Poisson’stheisandmoduluselastictheiswhere

(1.9.95),
)+2(1

==,1=1,===

takewethat
providedwell,asbodiesisotropicforvalidare(89)(84)inobtainedresults,The

(1.9.94),
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was-operatorthe),(forabbreviationanasstandsnotationtheHere
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)(d21dd),(
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(1.10.15).d,+)(2=),(

representation:
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derivation.theskip
canonlyresultfinaltheininterestedreaderThebelow.presentedissolution
thetoleadingprocessThewas.itandmethod,error”and”trialthebyfound
betohadsolutiontheprocedure,generalestablishednoistheresincesimple:

veryisanswerthesolution,instepcertainatoperatorthatorthisusingarewe
whyasks,readertheIfoperators.differentialandintegralvariousofapplication

ofconsistsmainlywhich(22),solvingofproceduretheisfollowsWhat

(1.10.22).)(=d)(d4

form:
thetakewillharmonic-ththeforequationintegralThesummation.properthe
dotothenandit,solvetoharmonic,-ththeforequationintegraltheconsider

canwe(20)solvetoorderintherefore,only,ofharmonic-ththetorelated
bewillofharmonic-ththethatobviousisit(20)ofstructuretheFrom

(1.10.21).e)(=),(,e)(=),(

series:Fourierainexpandedbecanfunctionunknowntheandfunction
knownthethatassumeWe

solution.
itswithproceedcanweand-operators,theandAbel-operatorsinvolving

formtheintotransformedbeenhasequationintegralbiharmonictheNow

(1.10.20).),(=d),(d4

form:theinequationintegralbiharmonictherewrite
tousallows(6)in(16)ofutilization,<and0=ofcasetheIn

.andboth
toinverseisfunctionthatfacttheusetohasone(19),verifytoorderIn

(1.10.19).dd=dd
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introduced:wasnotationtheHere.contains
alsowhich(25)intermlastthewithdealingoftaskthewithusleaveswhich

(1.10.25)
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:forexpressionexplicitanobtainwe,to
respectwithtwicedifferentiatingandby(24)ofsidesbothmultiplyingNow,
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is:applytooperatornextThe
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=

d)(dd)(2

integration:ofordertheofinterchangeafteryields,(22)ofsidesbothto

d

operatortheofApplication
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(1.10.30).d
]1)+(2[2

=),(

introduced:wasnotationtheHere

(1.10.29).d)()](0,),([+d)()](0,

),([1=d)(d

compute:
tofirstneedwe(27),toaccording(25),oftermlastthewithdealingIn

(1.10.28).d)(d2=)(

denote:wetransformationsfurtherofpurposetheFor
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is(27)identityTheargument.thetorespectwithderivativedenotessign
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asfurther
simplifiedbecan(29)expression0,=),(Sinceit.dotoneedreallynot

dowebutfunctions,elementaryoftermsincomputableis(30)inintegralThe
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give:
torearrangedbecan(46)intermsremainingtheholds,(47)thatAssuming

.=boundarytheatzerobewillsolution
the0=)(˝wherecasetheinthat(46)fromconcludemayoneaddition,In

(1.10.47).0=)(´,)(=)(

hold:shouldconditionsfollowingthe
singularities,non-integrabletheeliminatetoorderinthat,(46)fromobviousisIt
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result:thewith(27),rule
theusing(45),insignintegraltheunderdifferentiationperformingbyderivedbe
canconditionsThese.onimposedbeshouldconditionscertainsingularities,

theseeliminatetoorderInintegrable.notarewhich5/2,ordertheof
singularitieswithtermshavewesolution:thiswithproblemonethoughisThere
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integral:lasttheofcasesparticularSeveral
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here:introducedis1989)(Fabrikant,
fromnotationfollowingthedifficulties,theseallovercometoorderIn

unwieldy.bewouldresultthe

(1.11.2),d)()(cose

integraltheobtaintoorderintorespectwith(1)differentiatetotriesoneIf

(1.11.1).0>,
4+)+(2

++4+)+(
=d)()(cose

seecanonemisprint),acontains(formula6.751.3formula1994,
Ryzhik,andGradshteyninexample,Fordifficult.veryisintegralssuchof

evaluationpracticalfunctions,elementaryoftermsinexpressedbecanfunctions
BesselinvolvingintegralscertainthattheoreticallyknownisitThough

co-author.abecometo
decidedhethatidea,thebyimpressedsowasme)ô(Dreviewertheandreview

forarticlemysubmittohimconvincedlistthisguess,Iread.alreadyhave
Iwhichlanguages,fourinfunctionsBesselonliteratureoflistawithresponded
Iwhichtotreatise,Watson’sreadtomeadvisedMathematicsAppliedof

QuarterlyfromFreibergerteachers.mathfornewspapersometoitsubmittome
advisedandjournalresearchanyinpublishedbenotcanmaterialmythatme,

towroteSocietyPhilosophicalCambridgeofProceedingsfromRosedalereaction.
negativeaquitegotandjournalsseveraltoitsenthaveIarticle.theofauthor

singlethewasIfirst,Atfunctions.Besselinvolvingintegrals,infinitevarious
ofcomputationforutilizedfirstwasformalismnewthewhere2001c),me,ôD

and(FabrikantofcontinuationlogicalrepresentssectionThis

integrals.oftablesrespectableallpracticallyenteredhavenowbywhich
results,long-standinginmisprints)(orerrorsdiscovertoallowsalsoitfunctions,

elementaryoftermsinintegralsvariousofcomputationssimpleallowsonlynot
formalismelegantandnewaofIntroductionnotion.asuchdisprovetowritten

issectionThisstage.thisatintroducedbecanimportantornewnothingthat
anddonebeenalreadyhadfunctions,Besselofintegralsofevaluationoffield
theindonebecanwhateverthatscientists,manybyacceptedbeenhasIt
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respectively.
),,(and),,(denotetoandnotationtheuseshallwebrevity,of

saketheFor6.ChapterinfoundbecanformulaeusefuladditionalNumerous

(1.11.9).
)()(
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)]([
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(1.11.8).)(=)()(,)(=)()(

(1.11.7),=)()(,=)()(

(1.11.6),++=)(+)(,=)()(

(1.11.5),),max()(,),max(=)(lim

,),min()(,),min(=)(lim

directly:verifiedbecan),,(and),,(ofpropertiesfollowingThe

circle.thetopointthe
fromdistanceshortesttheandlongesttheofrespectivelydifferencetheandsum

theofhalfrepresent),,(and),,(then),,,(coordinatescylindrical
polarthewithpointaand0=planetheinradiusofcircleaconsiders

oneifobvious:quiteis),,(and),,(ofinterpretationgeometricThe
(1.11.4)
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2
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(1.11.13).,1;+,1+;
2

+++,
2
++

1)+(1)+(
)/2]+++[()/2]++[(2=d)()()(

(1935):Baileybyestablished
wasresultgeneralfollowingThe

formalism.newtheofadvantagesillustratetoorderinAppendix
ingivenisfunctionsBesselinvolvingintegralsoftablesmallA0.>+>

and/2<and/2<forcorrectiswhichresulttheobtaintoallowed
representationOur/2.>+>forincorrectisbut/2,<+<0forcorrectis

(1.11.12)0>,
)(cos)+(coscoscos

sinsin)(2sin=

d)()sincos()cossin(

namely,integrals,oftable
respectableeveryalmostinfoundbecanwhich(1935),Baileyofresultstanding

longathatfoundWemade.isresultsknownwithComparisondiscussed.
arefunctions,elementaryoftermsincomputableareintegralsthesewhere

cases,particularCertainfunctions.Besselthreeofproductainvolvingintegrals
theforrepresentationsnewderivewesection,thisofbodymaintheIn

.torespectwith(1)ofdifferentiation
bygetwouldoneresult,thetocomparedasmanageable,quiteiswhich

(1.11.11).
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)]2+(2[
=d)()(cose

follows:ascomputedbecan(2)
integraltheandperformedbecantorespectwith(10)ofdifferentiationNow

(1.11.10).=d)()(cose
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1)+(
1)+(2=d)()()(

yields:(13)in(14)and(18)ofSubstitution

1.than
greatervaluesthegives(17)insolutionsecondthethatdeduceeasilycanOne

(1.11.18).=,=

as(15)ofsolution
thechoosetohaveweso1,<and1<thatrequires(14)ofConvergence

(1.11.17).=,=,=,=

form:theinwrittenbecan(15)ofsolutionsthe(6),propertiesUsing

(1.11.16).0=+)++(

get:we(15),
equationsecondtheintoitsubstitutingand/=as(15)fromExpressing

(1.11.15).=
))(1(1

,=
))(1(1

and2+=presumewe(14),usetoorderIn

(1.11.14).1<,1<,,;;+1,;)(1)(1=

))(1(1
,

))(1(1
;,;,

property:followingtheestablishedalso(1935)Bailey

follow.toexpressionthe
ofpartrealthedenotessymbolThe0.>)(and)|(|>)++(

whenvalidisresultThevariables.2offunctionhypergeometrictheisHere
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(1935):Baileyofresultanotheryetgives(13)in(23)ofUtilization

(1.11.23).)]/(/2)exp()(/2)[exp(=)(

thatrecallweNow

.and,and
ofplacesinterchangingandbyreplacingby(21)fromdirectlyobtained

becan(22)thatconcludemaywe),(=)(thatconsiderationintoTaking
(1.11.22)

.1>+,0,
)(

d)])([(
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2=d)()()(

yields:derivationabove
theofrepetitionThe2.++=isusedbecan(14)wherecaseanotherYet

(1.11.21)

.1>,0+,
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d)])([(
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2=d)()()(

simplification:aftergives,(19)in(20)ofUtilization
(1.11.20)
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)(1)(1
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)()(
)(=),;,,,(

5.8.5)formula
1953a,al,et(BatemanrepresentationintegralknownwellarecallWe
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representation:integraltheatarrive
we(27),usingand(21)(19)inthosetosimilartransformationstheRepeating

(1.11.28).+>,0>,0>,),,(=where,=,=

solution:thegiveschoicesecondThe

(1.11.27).+>,0>,0>,),,(=where,=,=

solution:thegiveschoicefirstThe

negative.become
willbutreal,andbothleaveschoicesecondtheconjugate;complex
andimaginarypurelyandbothtoleadwouldchoicefirstThe.by
andbyreplaceformallytoischoicesecondthe;byreplaceformally

toone,choices:twohavewe(16),assametheformally(26)maketoorderIn

(1.11.26).0=+)+(

get:we(25),
equationsecondtheintoitsubstitutingand/=as(25)fromExpressing
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.,1;+1;+,1;+

1)+(
1)+(2=d)()()(

at:arrive
weabove,describedproceduretheusingand2+=takingbyagain,Once

(1.11.31)
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(1936):Baileytodueresult
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(1.11.36).
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as(34)ofrootsnecessarythefindcanwe
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result:thewithfashion,elementary
incomputedbecan/typetheofexpressionindeterminateThisintegral.the

doessoandinfinitytogrowsdenominatortheingamma-functionthe,=
ofcaseparticulartheIn(21).representationintegralthediscussweFirst,

results.existingthewiththemcomparepossible,whereand,abovederived
results,maintheofcasesparticularvariousnowconsiderWe

reader.interestedthetoleftisThisabove.described
asapparatus,mathematicalsametheessentiallyusingbyfunctionsBessel3
ofproductstheofcombinationsotherforrepresentationssimilarderivecanOne

section.thisofresultsnewmaintheare(38),(32),(30),(21),Formulae
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yields:torespectwithresultlasttheofIntegration

.
)(

=d)(sin)(e

gives:(40)formula1,=and1/2=ofcaseparticularthe
In(10).gives(40)formula0,=and1/2=ofcaseparticulartheIn

6.752.1.formula1994,Ryzhik,andGradshteynwithagreementiniswhich

,sin=d)(sin)(e

yields:torespectwithresultlasttheofIntegration

.=d)(sin)(e

gives:(40)formula1/2,=and0=ofcaseparticulartheIn

.andparametersartificialofintroductionthe
requirenotdoesitbecauseuse,toconvenientmoreis(40)formulaourClearly,
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places.changewouldandthatnoticecanone0;==
takeweif(45)bycheckedbecanItnew.betoseemsalsoresultThis

(1.11.47)

.
)(
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+

)(

)(

)(

)2(
=d)()()(

integral:thefindtoand

(1.11.46))()/(2=)(

functionsBesselofpropertytheusealsocanOne

(1.11.45).
)(

)+(2=d)()()(

reads:notationourinwhich8.3.26),formula1954,Vol.2,
lyi,éErdand(Bateman1==for(44)verifytoformulaoneonlytablesexisting
theinfoundhaveWebefore.reportedbeenhavetoseemnotdoesresultThis

(1.11.44).
)+(

)(

)2(
=d)()()(

is:resultThe
.torespectwithdifferentiateandby(40)ofsidesbothmultiplycanwe

(1.11.43),)(=)(

functionsBesselofpropertytheusingBy

6.2.Section
ingivenintegralsoftablethetoaccordingperformedwereaboveintegrations

The6.752.2.formula1994,Ryzhik,andGradshteynwithagreementiniswhich
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where

(1.11.51).
cos)]+(cos+[

d])[(cos

)]+(cos+[
)(cos)(2=d)()(e

see:canone8.11.20),formula2,Vol.lyi,éErdand(BatemanIn

function.Legendretheforrepresentationintegralelementary
andnewaas(50)ofsideright-handtheconsidercanweso),)/(2+(

argumenttheoffunctionLegendreoftermsincomputedbecan(50)
that8.11.16),formula2,Vol.lyi,éErdand(BatemanfromknownwellisIt

(1.11.50).d2=d)()(e

,=
namely,case,particularanotheryetconsiderWestudied.were(49)ofcases

particularseveralwhereandmethodcomplicatedmoremuchaby2001c)me,ôD
and(Fabrikantinderivedfirstwaswhichresultthetocorresponds(49)Formula

(1.11.49)

.
)(

d)])([(

1/2)+(
2=d)()(e

is:resultthe(21),in1/2=takeweIf

8.13.3)formula
1954,2,Vol.lyi,éErdand(Batemanwithagreementinessentiallyiswhich

(1.11.48).
)+(

1)+(2=d)()(

to:leads0=ofcasetheexample,for(40),
incaseslimitingofconsiderationbyobtainedbecanresultsnewVarious

(41).result
Baileyusingdotodifficultmoremuchbewouldwhich(40),infunctionsBessel

theofanyoforderthedecreaseandincreasecanwemanner,similaraIn
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integraltheforrepresentationconvenientmoreaderivetoand

(1.11.57))e+e(2cos=

where

(1.11.56),d)()()(cose)(2)(2=)()(

7.7.2.12)formula
1953b,al,et(BatemanfunctionsBesseltwoofproducttheforrepresentation

integraltheusecanWe-function.alikebehavewillitwhere/2,=
nearintervalsmallveryaexcepteverywhere,zerotoclosebewillintegrand
theand-termofproductthesince0for(55)or(51)ofcomputation

actualindifficultythoughisTherewell.asherehelpedformalismintroduced
newlytheso(51),tocomparedaselegant,andsimplemoreis(55)Clearly,

(1.11.55).
)()cos(

d])[(cos)(cos2=d)()(e

follows:asitsimplifytoallows(51)into(54)ofSubstitution

(1.11.54).)(=cos4)]+(cos+[=cos

,)cos2(=+cos2+=)+(cos+

write:tousallowsnotationThis

(1.11.53).+cos)(++cos)+(
2
1=

,+cos)(+cos)+(
2
1=

denoteWebeauty.mathematical
somebringandsimplifytohelpsalsoformalismnewtheofintroduction

theHerecumbersome.veryalgebraicallyis(52)(51)representationintegralThe
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d)()sincos()cossin(

reads:integrals,
oftableeverypracticallyenteredwhich(1935),BaileyofresultsimilarA

(1.11.60).
)(

)+()()(2sin
=d)()()(

:=ofcasetheforfunctionselementaryoftermsincomputable
isintegralThe(30).ofcasesparticularseveralconsiderweNow

reader.interested
antoleftisThisfunction.Besselandtrigonometricexponential,ofproduct

theforrepresentationintegralanobtainand(49)in1/2=setalsocanWe

6.522.5).and6.522.3
formula1994,Ryzhik,and(Gradshteynwithagreementinis(59)Formula

(1.11.59).
)(

=d)()()(

:=when(40),ofcaseparticularaindicatetousefulisIt

everywhere.convergencegoodahasandnewbetoseems(58)Formula

(1.11.58).
+++

d)(cose)(2)(2=

d
+

+
)()(cose)(2)(2=

d)(ed)()(cose)(2)(2=d)()(e
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haveweThus,(8).(6)propertiestheusingandsidesbothofsquaretakingby

)+(2=)+(||)()+(

thatprove,canweNext,

.)()+(=)+()(=

thatexample,forestablish,canOne
same.thefact,inare,theydifferent,look(64)and(63)inresultstheThough

(1.11.64).
)(

||

)+(

+1=d)()()(

result:thewithdirectly,computedbecanintegralsameThe

(1.11.63).
)(

)+(2
=d)()()(

(60):usingwritecanwe1,=and1/2=takewe
Ifexamples.someareHere.and,positiveanyforvalidbetoseems

(60)formula,integerandsemi-integerofcasetheinbonus:interesting
annoticemaywebut,+>forvalidis(60)formulaspeaking,Strictly
/2.<and/2<,<+<0rangewholetheincorrectis(60)formulaOur

(1.11.62)./2>+>for,
)(cos)+(cossinsin

coscos)(2sin=

d)()sincos()cossin(

is:casethisinformularightThe/2.>+>forincorrectis(61)result
(1935)BaileythatshowedalsocomputationsnumericalDirect/2.>+>

casethein(61)toequivalentnotisand/2<+casethefor(61)to
equivalentis(60)thatshowcanone),,,(=ofdefinitiontheusingBy

(1.11.61).
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6.522.3)formula1994,Ryzhik,and(Gradshteynwithagreementiniswhich

,
)(

)(
=d)()()(

assimplifies
(68)formula,=ofcasetheIn.)/2sin(factortheforexcept(60),to

similaris(68)thatnoticetointerestofisItnew.betoseems(68)Formula

(1.11.68).
)(

)+()(
=d)()()(

:=ofcasetheincomputable
easilyisitbefore,As(32).formulaofpropertiesthediscussweNow

.+>forzeroisitthatshows

(1.11.67)
)+()(

+1=d)()()(

integral:theofevaluationdirectexample,For.+>forvalidresulttheonly
gives(60)formulahalf-integer,aisandintegeraniswhenhand,other

theOnidentical.are(66)and(65)inresultsthethatprovecanoneAgain,
(1.11.66)

.
)+(

+
)(

)sign(1=d)()()(

gives:wayregularaincomputedintegralsameThe

(1.11.65).
+)(

)2(
=d)()()(

is:(60)
todueresultThe1.=and3/2=ofcasetheisexampleanotherYet

result.theofpartreal
thetakewethatprovided,and,parametersitsofvaluespositiveanyfor
but,+>forjustnotintegraltheforvaluecorrectthegives(63)thatproven
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yields:torespectwith(72)ofsidesbothofDifferentiation

(1.11.72).
+

d2
=d)()(e

1/2:+=forplacetakes(70)ofsimplificationanotherYet

4.16.10)formula
1,Vol.1953,lyi,éErdand(Batemanwithagreementinisresultlastthe
,=ofcasetheInkind.firsttheofintegralellipticcompleteaisHere

.
)/(2

=d)()(e

get:we0,=ofcase
theinexample,Forintegrals.ellipticcompleteoftermsinexpressedbecan

resultthe,integerofcasetheinfunctions;elementaryoftermsincomputable
isintegralthe,semi-integerofcasetheinthatconcludemayone(71)From

(1.11.71).
))((

d2=d)()(e

:=forplacetakes(70)ofsimplificationFurther
(1.11.70)

.
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d)])([(

1/2)+(
2=d)()(e

obtain:we(32),in1/2=takeweIf

deduced.becan(69)
whichfromand,ofinsteadwith2),Vol.1954,lyi,éErdand(Bateman

in8.13.3formulaexiststheretables,thein(69)findnotdidweThough

(1.11.69).
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(1.11.78).=,=

Here

(1.11.77).
))(+)((

d=d)()(cosh)(

integral:theatarrivewe1/2,=and0==(38)intakingBy

8.3.28)
formula1954,2,Vol.lyi,éErdand(Batemanwithagreementiniswhich

(1.11.76),
)(

)+(2=d)()()(

at:arrive
we,torespectwithsidesbothdifferentiatingand(75)in0=Taking

8.3.30)
formula1954,2,Vol.lyi,éErdand(Batemanwithagreementiniswhich

(1.11.75),
)(

=d)()()(

get:we0,=and=ofcasetheIn

.andplacesinterchangingbytofromswitchedalreadyweHere

(1.11.74).
)(

)()(
=d)()()(

result:thewith,=whencomputableisintegral
thecases,previousinAs(38).ofpropertiesthediscusswefinally,And

new.betoseemformulaetheseAll

(1.11.73).
)(+)(

)(2
=d)()(e
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belowreprintweformalism,newtheofadvantagesthedemonstratetoorderIn

(1.11.83).=sin

and(79)by
definedisrespectively,kindsecondandfirsttheofintegralsellipticincomplete

areandkind,secondofintegralellipticcompletetheiswhere

(1.11.82).),()(),()(+)(1=d)()(sinh)(

is:resultfinalThe
3).Vol.1955,lyi,éErdand(Batemanfrom13.8.23formulapurposethisfor
useWekind.secondandfirsttheofintegralsellipticincompleteandcomplete
viapresentedbecankindthirdtheofintegralellipticcompleteThe(79).
bydefinedisandkindthirdtheofintegralellipticcompletetheisHere

(1.11.81).,)(1=d)()(sinh)(

as3.167.28)formula1994,Ryzhik,and(Gradshteyn
toaccordingcomputedbecan(80)ofsideright-handtheinintegralThe

(1.11.80).
)+)((

d1=d)()(sinh)(

integral:theatarrivewe1/2,=and1=0,=(38)intakingBy

6.662.1)formula1994,Ryzhik,and(Gradshteynwithagreement
inis(79)Formulakind.firsttheofintegralellipticcompletetheiswhere

(1.11.79),=,)(=d)()(cosh)(

as:3.147.4)formula1994,
Ryzhik,and(Gradshteyntoaccordingcomputedbecan(77)ofsideright-hand
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misprint).(orerrorinbetofoundaresomeandonesexistingwithcompared
areresultsremainingThetables.existinginavailablenotandnewisresults

computedofnumberSignificantfunctions.elementaryoftermsincomputedare
integralsthesecasescertainInkind.thirdandsecondfirst,offunctionsBessel

3ofproductinvolvingintegralsinfiniteforobtainedarerepresentationsintegral
newSeveralfunctions.Besselinvolvingintegralsofevaluationfornaturally

fittoseemswhichintroduced,isformalismelegantAn

6.662.2).formula(1994,Ryzhik
andGradshteynenteredformulasameThe).,(as(84)oftermsecondthe

in)(interpretcanwethatprovidedequivalent,declaredbemay(84)and(82)
formulaethatso(82),oftermsecondthein),(toequalis(84)ofterm

firsttheinthen(83),insintoequalis(88)in)sn(Since(82).interm
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