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INTRODUCTION

This book may be considered as a logical continuation of the two
previously published books (V.I. Fabrikant, Applications of Potential Theory in
Mechanics, Kluwer Academic, 1989) and (V.l.Fabrikant, Mixed Boundary Value
Problems of Potential Theory and Their Applications in Engineering, Kluwer
Academic, 1991), where a new and elementary method was described for solving
mixed boundary value problems. The method can solve non-axisymmetric
problems as easily as axisymmetric ones, exactly and in closed form. It enables
us to treat analytically non-classical domains. The method also provides, as a
bonus, a tool for exact evaluation of various two-dimensiona integrals involving
distances between two or more points.

The main emphasis of the first book was on solid mechanics problems. In
the second book we described various applications of the new method to
electromagnetics, acoustics and diffusion. Also included in the second book were
some results in fracture mechanics and elastic contact problems, which were
obtained later and could not be included in the first book.

There are numerous books on contact problems (Galin, 1951, Rvachev and
Protsenko, 1977; Mossakovskii et al., 1985), there are also books devoted to the
crack problems (Cherepanov, 1974; Kassir and Sih, 1975). There seems to be
no titles, giving exhaustive treatment of both contact and crack problems in one
book. Why this is so, is beyond my comprehension. Indeed, from mathematical
point of view, there is not much difference between them: a contact problem is
characterized by a displacement, prescribed inside certain domain, with the stress
being zero outside, while a crack problem is characterized by a stress prescribed
inside a domain, with the displacement vanishing outside. In a way, one
problem may be considered as inverse of the other.

This seems to be the first book, giving the state-of-the-art description of
both contact and crack problems. The same mathematical apparatus, developed
by the author, is used to solve both. Mgority of presented solutions is exact
and expressed in terms of elementary functions. One may argue, that these
elementary solutions are not needed in the age of powerful computers. This is
just not so: the most powerful computers are still quite bad in the cases of poor
convergence and can not handle singularities directly. In addition, elementary
solutions serve as excellent benchmark examples to verify the quality of new
numerical methods or a new software.

The book is addressed to a wide audience ranging from engineers to
mathematical physicists.  While an engineer can find in the book some
elementary, ready to use formulae for solving various practica problems, a



8 INTRODUCTION

mathematical physicist might become interested in new applications of the
mathematical apparatus presented. The book should be of interest to specialists
in electromagnetics, acoustics, diffusion, solid and fluid mechanics, etc.

The book is accessible to anyone with a background in university
undergraduate calculus, but should be of interest to established scientists as well.
Though the method is elementary, the transformations involved are sometimes very
non-trivial and cumbersome, while the final result is usually very simple. The
reader who is interested only in application of the general results to his/her
particular problems may skip the long derivations and use the final formulae
which requires little effort. The reader, who wants to master the method in
order to solve new problems, has to repeat the derivations which are given in
sufficient detail.

The book is based entirely on the author's results, and this is why the
work of other scientists is mentioned only when such a quotation is inevitable
for some reason, like numerical data needed to verify the accuracy of
approximate results, comparison with existing results, or pointing out some errors
in publications. There are several books and review articles presenting an
adequate account of the state-of-the-art in the field. Appropriate references are
given for the reader’'s convenience. The purpose of this book was neither to
repeat nor to compete with them.

For the reader's convenience, it was attempted to make each chapter (and
section, wherever possible) self-contained. The reader can skip several sections
and continue reading, without loosing the ability to understand material. On the
other hand, this resulted in repetition of some definitions and descriptions. The
author thinks that the additional convenience is worth several extra pages in the
book.

The book contains global variables, which denote the same quantity
throughout the book, for example, |,(CLL) I,(CLL), A, etc. There is only limiting

amount of characters in the Latin and Greek alphabets, while the number of
parameters and notations used in the book is much greater, so inevitably some
characters are used as local variables to denote several different quantities. For
example, & denotes in some sections the angle of inclination, while in other

sections it denotes (ppoé(“”"o))ﬂz. Hopefully, no character is used to denote 2
different quantities in the same section.

The book consists of 6 chapters. The first chapter describes the
mathematical foundations of the method, with some applications. Two chapters
are devoted to crack problems and 2 chapters describe the contact problems.
Each subject is divided in two parts. the fundamental problems and the advanced
ones. The most important results from the previous 2 books are repeated in a
concise form, while the new results of the past 12 years are given in detail.
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Several Appendices in the book contain various mathematical formulae
(derivatives, integrals, etc.), which are not avalable in other mathematical
reference books. Chapter 6 is completely devoted to such results, giving various
derivatives, one- and two-dimensional integras. The method developed in the
book can be generalized for solving mixed boundary value problems for
piezo-electric or piezo-magnito-electric bodies. Numerous publications in this field
are available in the literature.

The book contains so much new material that some misprints and errors are
inevitable, though every effort was made to eliminate them. The author would
be grateful for every communication in this regard. All the readers comments
are welcome. The author's present mailing address is:

Dr. V.l. Fabrikant

prisoner #167932D
Archambault jail

242 Montée Gagnon
Ste-Anne-des-Plaines,
Quebec, Canada JON 1HO

The following E-mail address can be used: Vaery_Fabrikant@hotmail.com



CHAPTER 1

MATHEMATICAL FOUNDATIONS

OF THE METHOD

The chapter gives the main mathematical results leading to the author's
method of solving mixed boundary value problems, as well as new applications
to the solution of biharmonic integral equation, computation of various integrals,
involving Bessal functions, etc. The material in sections (1.1)—-(1.7) follows
relevant sections from (Fabrikant, 1991), while sections (1.8)—(1.11) follow the
articles (Fabrikant, 19933, 1994a, 2001a, 2001c, 2003).

1.1. The r-operator and its properties

Let f(r,9) be an arbitrary function which belongs to LY0,2r] as a
function of ¢ for any fixed r=0. Let us associate with f(r,¢@) the sequence

{f.(n)} —0<N<oo (1.1.1)

of its Fourier coefficients. We consider (k) as an operator on the linear space
of sequences {f. (r)}. We do not define any topology on this space. The

algebraic operations are defined naturally as follows:

c{ iV} +c{ P} :={c, 18 +c, 1P}, (1.1.2)

{f ={f?} = 1P=tP On (1.1.3)
We define

LK) f} ={ K }. (1.1.4)

This definition makes sense for any kOC, and it implies that

10



1.1. The r-operator and its properties

£(K) L)} = £(k k) {f} O kg, k,0OC, (1.1.5)

LD){f} ={f}. (1.1.6)

Equation (6) is a particular case of (5) corresponding to k,=kz0 and k,=k™.
m

We consider now the operator I_IL(kj). It is well defined for any k;, in
j=1
particular, in the case when some of the k; are greater than 1. An obvious

m m
corollary is: if Brl kjg<1 then nL(kj){fn} is a sequence of the Fourier
j=1 j=1
coefficients of some function belonging to L*[0,2r] if {f.} is a sequence of the
Fourier coefficients of a function f(g)OLY[0,2r], and, moreover, the Fourier series
m

corresponding to the sequence nL(kj){fn} converges absolutely and uniformly in

j=1
@U[0, 2.

In the case when k<1, formula (4) can be rewritten as

21

i@ =D k'”'fneir“f’:%T > k'”'émf’J & "®f(qy) dap, . (1.1.7)

n=-—co n=-—co
Summation in (7) yields

21

L(k)f(cp)=2—’;[J Mk - f(@) Ay, (118)

where the notation was introduced

1-Kk?
1-2kcosy +k?’

Ak, W) = (1.1.9)

Note that the r-operator, as it is presented in (8), coincides with the one which
was introduced by Poisson for solving the two-dimensional boundary value
problem of potential theory for a circle. We are going to use it for solving the
relevant three-dimensional problems. Whenever the operator (k) is applied, with
no limitation k<1 assumed, its general definition (4) is valid, alowing the
properties (5) and (6) to be used. As soon as it becomes clear that k<1, the

11



12 CHAPTER 1 MATHEMATICAL FOUNDATIONS OF THE METHOD

representation (8) becomes valid thus making it possible to write the final result
in a closed and simplified form.

1.2. Integral representation for the reciprocal of the distance
between two points

It was proven in (Fabrikant, 1971a) that

min(po) ;\DX
1 _ 1 _2__Tu ’(p_%%
J (2 —xz)(po—xz))“*“”z
(12.1)

= " = COS—-
R™ (0% +p5-20ppcos(g-g)) 2 T 2
Here A is defined by (1.1.9). The identity (1) can be verified by the
introduction of a new variable

n(x) =[(p?-x?)(p5 — X1 %/x, (1.2.2)

Substitution of the identities

dn__p’o-x' D¢ - b-—xn_dn
dx cn . oer OO0 TR+

in (1) transforms it into:

1 2 _m[ n'd
m—y == COS?J ﬁrlz-i-_:llﬁ (1.2.3)

The integra in (3) can be evaluated by using formula (3.241.4) from (Gradshteyn
and Ryzhik, 1963), thus proving the identity. All the results above are related
to the distance between two points in the plane z=0. We need to generdize
them to represent

1 1
RE [0+ o 2ppyCos(@- @) + 217

(1.2.4)

One can observe that representation (1) remains valid if we formally substitute p
and p, by arbitrary quantities |, and [,. We need to choose them so that

P?+ P5 = 2pPoCOS(P— @) + 22 =17 +15 =211 ,co8(@-@). (1.2.5)
o ® ®



Integral representation for the reciprocal of the distance between two points

This leads to two equations
1T+15=p>+p5+2%  111,=ppy. (1.2.6)

Their solution will take the form

14002 =3([(p+ po)?+ 212~ [(p~ po)? + 719, (127)

12000, =5 ([(p+ po)?+ 212+ [(p~ po)* +71%9). (128)
Hereafter the following abbreviations will be used:

LX) =1(Xp,2), 1(X)=1,(x,p,2), (2.2.9

l,=1,(a,p,2), [,=1,(a,p,2). (1.2.10)
Note the limiting properties

liml,(x) =min(x,p), liml,(x) =max(x,p) . (1.2.11)

z-0 z-0

In view of the properties above, the representation (1) can be generalized as
follows:

1 1 _2 o U R @po’(p %%
Re™ [p2+ P~ 2ppocosi@— @) + 27 T J ([13(pg) - X1 (po) -3 ) 2
(1.2.12)
Formula (12) simplifies when u=0
DXZ
2o 1 :g'l(”") )\@_po’(p_%%jx (1.2.13)
Ry [p®+p5—2ppocos(@- @) + 21" "J ([12(00) - XAL13(pg) - X231 ) Y2 -

Again, one can notice that the integral in (13) may be evaluated as indefinite

DXZ
| "B M1 e e ) (1214

([I'i(po)—leuz(po)—xZ])“Z_ R~ O xR, 0

13



14 CHAPTER 1 MATHEMATICAL FOUNDATIONS OF THE METHOD

The last representation is very important and will be widely used throughout the
book.

Another series of useful formulae can be obtained from those above by a
simple change of variables, namely,

[PPo
J ASE e t L D=1 - 15(e0]) 0 (1.215)
1w ] xR O o
(D2 =3I - 13(po)1) 0
@ @po
1 1 2COs J Ao @ %% dx
RC [0+ po-2ppocos(g— @) + 202 T 2 1 (12 -1 ~15(pg]) =
(1.2.16)
o [PPo
1 . 2[ Ao O~ Gfix
Ro [0+ p5=2ppocosto=@) + 217 T (15~ 15(pg] [~ 1300 ™2
(1.2.17)
[PPo
J "o ® %EBX - ot B¢ =PV X~ poy (1.2.18)
-\/X —p _\/Xz_pg [] xR [J o

The representations above are useful for solving external mixed boundary value
problems.

Several modifications of (14) are available. For example, we can write

DXZ
gy ™ 1 B/ Xe- gD (1219)
\/p —ClB-g” Ro . O XRo 0 -
Here
g(x) =x[1+Z/(p?-x)]*2. (1.2.20)

It is important to notice that the function g(x) is inverse to I, for x?<p? and is
inverse to |, for x*>p?+Z%. Introduction of a new variable x=I,(y), y=g(x)
transforms (19) into:



1.3. Interna mixed boundary value problem

130 -y1™ [5Y) - mpo yA 15y) -y
[(p%—y’é‘)”u%(y) 2o Cppy %%’y‘ YR, 0
(1.2.21)
A particular case of (13), when z=0, reads:

min(po,p) )\DX , - %%jx

1 1 2 [Py
== == : (1.2.22)
R [0+ p5—2ppocos(o— @)l "J VPZ X2/ p5— X
The same result takes another form due to (17)
. P
1.2 )\%’;ZO’CP_%%*X
£=2 [ = (1.2.23)
iV X P PV

1.3. Internal mixed boundary value problem

The problem is called internal when the non-zero boundary conditions are
prescribed inside a circle.

Problem 1. Let us consider a typica problem solved by our method. We
need to find a harmonic function V, subject to the following boundary conditions
a z=0:

V=v(p,@), if p<a, oVv/ioz=0 if p>a. (2.3.1)
V(o0) =0. (1.3.2)

Here (p,¢) are polar coordinates in the plane z=0; and v is a given function.

The problem can be interpreted as an electrostatic one of a charged disc,
with a certain potential prescribed on its surface, or it can be interpreted as an
elastic contact problem of a circular punch pressed against an elastic half-space;
other interpretations are also possible.  We cal the problem internal because the
non-zero conditions are prescribed inside the disc. The potential function V can
be represented through a simple layer as follows:

21 a

V(0.92) =J J X0 dpydgy. (133)

15



16 CHAPTER 1 MATHEMATICAL FOUNDATIONS OF THE METHOD

Here
—TA24 A2 — _ 12 __1o0V
=[p*+ Py~ 2ppocos(@- @) + 217, and o=-— 520, (13.4)

Substitution of (1.2.13) in (3) yields, after changing the order of integration

I a

dx PodPo
1\ = ) 3
090~ T Jovpo 55 om0 9

g(x) =x[1+Z/(p* - x))] V2, (1.3.6)

Here

the r-operator is defined by (1.1.4) and (1.1.8), the abbreviations |, and |, are
understood as 1,(a,p,z2) and I (a,p,z) respectively; and the following rule is used
for changing the order of integration:

a 11(Po) I1 a

J deJ dx:J de dpy. (13.7)
(x)

Substitution of the boundary condition (1) in (5) leads to the governing integra
equation

o] a

d
J i J oo X Dhto, 0 =vipi0 (139

VP*-x* ) \po—x° E)p

Expression (8) is now presented as a sequence of two Abel-type operators and
one L-operator. The detailed solution can be found in (Fabrikant, 1991, Sec.
1.3) and it reads:

a t

df di  pd
o(y,cp):-%L(y)@J ﬁ %Edtj (t—zin@)—mL(p)v(p,cp). (1.3.9)

Taking into consideration that (py/t?)<1, the rules of differentiation of integrands
and the properties of the r-operators allow us to rewrite (9) as follows:

a

oly.9) = é%(azy 9 J G dtz)ﬂz = (tycp)D (13.10)




1.3. Interna mixed boundary value problem

Here
t

DLy, =%J (t—ziL‘?)@)—mdi") P00 (13.12)

Yet another form of solution is

o(y.9) = #@M

2 a
_tha”‘lﬂ Ve PVE Y 0 avipwpdpdy o

2m [a/p? +y? - 2py cos(g-w) L4/ p? +y? - 2py cos(g-¥)

(1.3.12)
The solution obtained here consists of two parts. the first part is singular at the
boundary while the second one vanishes at the boundary. In various applications
it is required that the solution be nonsingular at the boundary. The necessary
and sufficient condition then is ®(a,a,@)=0. In elastic contact problems this
condition defines the radius of the contact domain. Notice aso that in the case
when v is a two-dimensional harmonic function, the non-trivial solution is
singular.
Now it is of interest to express the potentia V in the half-space directly

through its value v prescribed inside the disc p=a. Substitution of (9) in (5)
yields, after subsequent integration:

I1 g(x)

V(p,0,2) =2 J = ozlx L%g);(x)gdgcéx)J [gz(xf)d_frz]m LNOV(r,9) . (1.3.13)

Interchange of the order of integration in (13) and integration with respect to X
yields:

Vipe2)= nZJ J To. an‘l&'; E,%;v(po,%) Po AP, g, - (13.14)

Here R, is defined by (4) and

7 12 [ 2
h=Vva lla\/a Po. (13.15)
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Formulae (13) and (14) define the potential function V in the half-space z=0,
expressed directly through its value v prescribed inside the disc p=a, z=0.
Expression (13) is useful when an explicit evaluation of the integrals is possible,
while expression (14) is more convenient for numerical integration.

Note that in the limiting case, when z=0, equation (14) transforms into a
known result, namely,

V(.90 =v(p,p), for p<a; and

, for p>a.

—_ 2l a
V(me)z\/pz_aZJ J V(Po, B) Po AP, Ay
) ) _'_[2

\ @-p3[p?+ p5— 2ppycos(@— @y)]

The solution of the first mixed boundary value problem is completed.

Problem 2. We consider now another internal problem, characterized by the
following mixed conditions on the boundary z=0:

%—\Z/:—Zm(p,cp), for p<a, and 0<@<2rm
V=0, for p>a, and 0<@<2m. (1.3.16)

The problem (16) can be interpreted as an electrostatic one of a charged disc
p<a inside an infinite grounded diaphragm p>a. Mathematicaly similar problem
arises in the consideration of a penny-shaped crack subjected to an arbitrary
pressure .

The relationship between ¢ outside the circle p=a through its values inside
takes the form:

A —
2 Va2 p5pedpy (Mo
0] ’ == > 5 L ’

2mna —0—
__ 1 V@ = p5.9(Po, @) Po P, Ay (13.17)
e\/p?-a2 P? + P5— 2PPoCOS(P— @)

Formula (17) alows us to express the potential function V directly through the
prescribed value of o as follows:



1.4. Externa mixed boundary value problem

a t

_ di(t) PodP, [Ppo
V(p,cp,z)—4J T pZ]uzJ e mg(t)%f(po,cp) (13.18)

An interchange of the order of integration in (18), and integration with respect to
t (see 1.2.15), yields:

21 a

=2 [ LD,
V(p,(p,Z)—T[J J ROtan R, (Pos @) PodPo Ay, - (1.3.19)
Numerous examples can be found in (Fabrikant, 1991).

1.4. External mixed boundary value problem

The problem is called external when the non-zero boundary conditions are
prescribed outside the disc. As in the previous section, we consider two types
of problem.

Problem 1. It is necessary to find a function, harmonic in the haf-space z
>0, vanishing at infinity, and subject to the mixed boundary conditions on the
plane z=0, namely,

ov
EDzzo:O’ for p<a, 0=<@<2m
V=v(p,g, for p=a, O0<@<2m. (14.1)

The problem (1) can be interpreted as an electrostatic one of a charged
digphragm, or as an external elastic contact problem. The governing integra
equation is:

4] X

d
J & J 20 e (0,9 = v(p.0). (142

Vo | Ve
Its solution is obtained:

o] o]

- B-Dd XdX podpo El
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The rules of differentiation allow us to rewrite (3) as follows

p
]
1 (ap(p) dx
(o0 =~ SR J = =2 P90 (14.)
where
- 2
x(x,p,cp):xj om0 (149

Further integration with respect to X becomes possible after interchanging the
order of integration, with the result:

o(p.Q) =-

T[ZD/ 7
2n

1 J J AV(py, ) Py dp, dey L0 VpP-aiy/po-a? % (1.4.6)

2 2 tan 2 2
/PP +P5=20p5c08(0— @) LA/ p?+p5—2ppycos(o— )

Now we can express the potentia function V directly through its boundary value
V. The result after the first integration takes the form:

0

V(.0 )———J

doy)  E)Od [_eedee L
[12y)-p3 Y2 Op EdyJ (02— 2)1/2L®0§/(901(P)- (1.4.7)

Interchange of the order of integration and integration with respect to y vyields:

21T

V(P.$2) :T_1[2J J Rig éﬁTo + tm_l%%(po’ @) Po AP Ay, (1.4.8)

where the notation was used j(x), defined by

(0= e X2\/'2(X) X2 149)

As before, we use the convention j=j(a). In the particular case, when z =0,
expression (8) simplifies to:
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21T

Y o ) V(Pg: @) Po AP, Ay .
V(p,p,0)==+/a - — , for p<a;
a0V pJ J V P6—&%[p? + p5 — 2pPyCOS(O— @y)] P

V(p,9,0)=v(p,p), for p=a. (1.4.10)

The general solution is completed.

Problem 2. We consider the problem of finding a harmonic function,
vanishing at infinity, and subject to the mixed conditions on the plane z=0:

V=0, for p<a, 0<@<2m

%—\Z/:—Zm(p,cp), for p>a, 0<@<2m. (1.4.112)

The problem may be interpreted as an electrostatic one of a charged infinite
diaphragm, with a grounded disc inside, or as an external crack problem in
elasticity. The values of o inside the circle p=a through its values outside are
defined by

A1 G —
1 \/ p5—a? 0(Po: P) Po dpy Ay
ey - p? p*+ P~ 2pP,COS(P— ;)

o(p.9) =— (1.4.12)

Now one can express the potentia V directly through the prescribed o. The
result is:

0] co

dx Po APy
VPE =X | VP gi(%)

Interchange of the order of integration in (13), and integration with respect to X
results in

V(.02 :4J

I

X%
Lm)pogo(po,(p). (14.13)

21T

V(p.9.2) 22| | Lamd (Do @) Po AP, A, (1.4.14)
T Ro [Ry

where R, is defined by (1.3.4), and j stands for j(a), as defined by (9).

The second problem is now solved. Numerous examples can be found in
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(Fabrikant, 1991, Sec. 1.4)

1.5. Some fundamental integrals

The integrals are called fundamental because of their primary importance to
the new method, and also because almost al the integral representations, derived
earlier, are just particular cases of the fundamental ones to be evaluated here.
We consider three points in the system of cylindrica coordinates, namely,
M(P.9,2), My(Py.®Z), and N(r,,0). The following notation is introduced:

() =3(1(p+ )2+ A2~ [(p- 1+, (151)
1) =5(1(p+ 12+ A"+ [(p -1+ A1), (152)
110() =3[P+ 7+ 2172~ (0o~ + 21 (153)
Loo(8) =2([(Po *+ 7+ 2172+ [(pp ~ 1)+ 212, (154)

According to the earlier convention, |, stands as an abbreviation for |,,(a), etc.,
R(CI) denotes the distance between two points.

We consider the following integral:

21 a

= ; -1D ho D Z
Il_J J RNV ™ RN M RN " 44 (15.5)

where

a?-13,v/a?-r?
= 1;\/ - (156)

The integral can be transformed to (see for details in Fabrikant, 1989, Sec.
1.6):

_ a[X2 -1 %(X)] 12 [X2 - %O(X)] 1/2 1(X)| O(X)
" ZHJ |§(X) al %(X) IgO(X) 10(X) mz(X)| 20(X)’ %%j (2.5.7)
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It is noteworthy that the integrand in (1.5.7) is symmetric with respect to the
points M and M, while it did not look so in the original expresson (1.5.5).
The integrand in (1.5.7) is a perfect differential, so that the integral can be
evaluated as indefinite:

[ = 1001 [ = (1™, Ta(9)!10(X)
[ 2(X) 1(X) |20(X) 10(X) m2(X)|2o(x)’(p %%i

I S . 221 G N A 2P O I
—2R1tan IR, D+2R2tan OR, O (1.5.8)

where
= [p?+ P5— 2pPaCos(@— @) + (2 - 2)% ™,

=[p?+ P~ 20PCOS(@— @) + (z+29)7 "7,
O,(X)=6(x) +ZZ/B(x),  Ox(X) =8(X) —zz/B(X) ,
B(x) = [x2 = 15001 Y2 [x2 = 1350)] Y%/ . (1.5.9)

Correctness of the integra in (1.5.8) can be verified by differentiation. The
algebra involved is not trivial. Here we present some intermediate
transformations:

8 809 (13001200 ~ 1)1 2(0)]

—0(x) = , 1.5.10
3% 311200 ~ 2091 (12000 — 2] (1:510
[ (X)] 19(X) o D:|§(X)|§O(X)‘|%(X)|%O(X)D 1 + 1 [

TL,00,0)° ¥ %0 22 [R+0(x)  Re+O3x)0]

(1.5.11)
Formula (1.5.8) allows us to evaluate the integral (1.5.5):

21 a

z 1 .0 ho
J J RN RINVD 2 RN, M) MO)ETO" dy

:thzl Dl 1 @D_I[LZOID_,_i -1 @ZD |2zl
Z%\Tl R, 2 2z, [0 Ry m2D2220

(15.12)
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where the contractions ©, and ©, stand for ©,(a) and O,(a) respectively.

The second fundamental integral to be considered is:

2 a
|- o [RINMg) 100 Mo [Mrdrdy
2 R3(N,M,) 00 hq [R(N,Mo)[(IR(M.N)’
(1.5.13)

where h, is defined by (1.5.6).
As before, the integral can be reduced to:

[ VB0 VB, 501se()

- ZHJ 50T )10 D091 ® (40

Note certain similarity between (1.5.14) and (1.5.7). The integrand in (1.5.14) is
a pefect differential, and can be evaluated in elementary functions:

'\/|§(X) - \/IgO(X) X ['100'10()()
[ 15(x) = 13(%) 150(x) = 150(X) Dz(x)|2o(x)’(p %%i

whereR, and R, are defined by (1.5.9), and
21X =E(X) +ZzE(X) . =p(X) =&(X) ~2Z/&(X) ,
E(X) =/ 15(x) =x% /[ 150(X) = X3/x (1.5.16)

Correctness of the integration can be verified by differentiation, using (1.5.11) and
the property:

E(3) [1500)130(x) = 15(X)11o(X)]
X [15(x) = 13001 [120(%) = 136(3)]

Finally, the integral (1.5.13) can be evauated as follows:

aixg(x) - (15.17)

21 a

JJ o [RINMg) 100 Mo [Mrdrdy

R3(N,M,) O hq [R(N, M) [(IR(M.N)
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|Zo|D G [F0 1, a[F
ZO%B tan mllj]]+R2B tan R, I (1.5.18)

According to our convention, =; and =, denote =,(a) and =,(a) respectively.

The integrals evaluated above may be caled internal because the domain of
integration was the interior of a disc. We can aso evaluate relevant externa
integrals. For example, we consider the integral:

2T
= Z 1 an? 0 o
o J J R(MLN) RON,Mg) ' RN, MO)ETO" ag, (15.19)
where
= (r2 _ a2)1/2(| go _ a2)1/2/a . (1520)

The integra can be reduced to

_, [ VB0 % YBR[
I?’_ZT[J 200 00 o ~ B ) (+520)

This is the integral which was aready evaluated in (1.5.15), so we may write
the final result

2T

Z 1 40 o
J J RV ROV & (RO, Mo)éld“d‘“

[] —
_d Bl Qo R0 miZl0), 1 0 (o[, miiZl
HZ%%‘” RO2z0RL RO22
(1.5.22)

Comparison with the relevant internal integral (1.5.12) indicates similarity, except
for substitution of © by =.

The second externa integral is

25
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2T

| = o  [RINMg) 100 Jo [Mrdrdy
4 R¥(N,Mg) O o [R(N,Mo) [(IR(M.N)’

(1.5.23)
where j, is defined by (1.5.20).
The integra can be reduced to:

0

"‘:2"J D¢~ 15091 D~ (1™, (o) e (15.2)

15(x) = 13(%) 150(x) = 150(X) mZ(X)IZO(X)

This integral was evaluated in (1.5.8), and the fina result is:

21T

JJ Z  (RNM9 40 o [Mrdrdy

R¥(N,Mg) O o [R(N, M) [(IR(M.N)

IzolD LT 1, o [
= ZO%B e PR g R (1.5.25)

One can notice the same similarity between the internal (1.5.18) and the external (1.5.25)
integrals. Thesimilarity goesfurther. By using the property

[1200 =X [X* = 13(x)] =x*Z*
we deduce, that for zz,>0,
2 () =8(x) +6(x),  =5(x) =&(x) —8(x),
O,()=0(X)+E(X),  O,(x) =6(x) —&(X). (1.5.26)

This means that =,=0, and =,=-0, for zz,>0. In the case, when zz,<0, the
relationships change, namely, =,=-0, and =,=0,



1.6. Mixed boundary vaue problems in spherica coordinates

1.6. Mixed boundary value problems in spherical coordinates

Exact solution in closed form is obtained to the following mixed problem
for a charged sphere: an arbitrary charge density distribution is prescribed at the
surface of a spherical cap while an arbitrary potential is given at the rest of the
sphere. The new method makes the solution straightforward and elementary, with
no special functions or integral transforms involved. A new type of solution is
obtained for the Dirichlet problem with discontinuous boundary conditions.

Integral representation for the reciprocal of the distance between two
points in spherical coordinates. We consider two points in spherical coordinates
M(r,8,¢) and N(a,6,@). The parameters |, and [, which were introduced in
section 1.2, have the geometrical interpretation as the difference and the sum of
the shortest and the longest distance from a point to the edge of a circular disk.
In spherical coordinates the same quantities with respect to a spherical cap can
be expressed as

m,(8,,6,a,r) :% (\/a2+ r*—2arcos(8+6,) —+/a’+r’-2arcos(6- 90)) ,

m,(8,,0,a,r) :% (\/ a®+r’—2arcos(8+6,) ++/a’+r>-2arcos(6- 90)) . (162
The following properties can be easily established:
m,m,=rasin@sing,,  m*+m,>=r?+a®-2ar cosd cosb,, (1.6.2)

so that the distance between two points M and N can be expressed as R3=mj+
m§—2m1m2cos((p—cp0). This property alows us to use formulae from section 1.2.
For example, we can derive the following integral representations:

wep A2 %EBT

1_ 1 an(e/2) tan(672) ros
Ro m/ar J \/cost —cosB /cosy (1) - cosB, 0.
n 5 [8N(0/2) tan(8y/2) cp—chEljr
(16.4)

1__1 J O ta?(1/2)
Ry, m/ar cosB — cosT +/cosB, — cosy (1)’
o T/ § eo)\/ 1/ cos6, y (1)

where
=l M, (6y) O
[2/ar cos(6/2) cos(6,/2)

t,=t,(6,,6,a,r)=2tan

27
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-1 mnl( O) Q Oljjz
=2tan Erlnz(eo) an2t > o
] 8 0
t,=t,(0,,0,a,r)=2t L ke
2=1(80,8,a,r) =2tan [2,/ar cos(6/2) cos(8,/2)1]
-1 |]n2( O) Q Oljjz
=2 i 60 2210 o
cosy (1) = cost -~ a)y __sin't .
4ar cost—-cosO’ ;

and hereafter my(x) and my(x) are understood as abbreviations for my(x,0,a,r)
and my(x,0,a,r) respectively. It is possible to show that both t, and t, are
inverse to y, i.e Y[t;,(6]=6,. Note aso that t;<min(6,06,) and t,=max(6,0y).
We can see certain analogy between the notations and their properties used in

cylindrical coordinates and those in spherica coordinates. | corresponds to t, g
corresponds to vy, etc.

By using analogy with section 1.2, we can derive the following indefinite
integrals:

O tan’(1/2)
)\ ,O— R
e o Ol 2 &l ot D00 (167
\/ €oST —cos6 4/ cosy (1) - cosf, Ro R, O h
\ [en(8/2) tan(90/2) Eh
A ) ~® & 300 168
\/ €0s0 — cost 4/ cosB, - cosy (T) Ro Ry O -
where
y, (1) = 2\/5 |/ COST —cosB ,/cosy (1) - cosBy/sint,
y,(T) = 2\/5 |/ cos6 — cost 4/ cosb, - cosy (T)/sinT, (1.6.9)
R5=r2+a?- 2ar[cos8 cos, + sinB sinB, cos(@— @,)] - (1.6.10)

The integrals in (7) and (8) can be verified by using the identity
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A__tan’(t/2) _ o L SNT y,(T) dy,(T)
Fan(6/2) tan(6,2) ¥~ PO RZ+y2(r) dt -

(1.6.11)

A similar relationship can be established to verify (8).

Formulation of the problem. We consider the following general problem: it
is necessary to find the electrostatic field of a charged sphere of radius a when
an arbitrary potentia v is prescribed over a spherical cap 0<6<a, while an
arbitrary charge distribution o is given at the rest of the sphere. As before, we
represent the potential through a simple layer

21 21 Tt

a 2. .
V(f,e,(p)=J d%J (80, ) ;OsneodGOJrJ d%J (00, @) ;Osmeodeo

, (1.6.12)

where R, is defined by (10).

Substitution of (3) and (4) in (12) yields, after interchanging the order of
integration

Dtl(a) a .
2a2 dr sin6, d6, 0 tan’(1/2)
V(r,0,p) =—— 0,,
(r.8.9 var = \/cosT - cosB IY cosy (1) —coseoL [tan(6/2) tan(8,/2) BO( o®
vt

+ w1 dneds, , Ctan(er2) tan(8y/2) %5 o )B
t J | \/c0osB — cost J \JcosB,—cosy(r) 0 tan*(1/2) o® 0

(1.6.13)

It is convenient at this stage to split our problem in two: i)to find the
electrostatic potential of a charged sphere when an arbitrary charge density is
given at a spherical cap, and the zero potential is prescribed elsewhere; ii)to find
the potential when the zero charge density is prescribed at a spherical cap, and
an arbitrary potential is given elsewhere. Both problems are treated separately.

Problem 1. We consider the boundary value problem, with the following
mixed conditions at r=a:

0=0(8,9), for O<@<2m, 0<0O<aq;
V(a,0,9)=0, for 0<@<2m, a<0O<Tr. (1.6.14)

In this case, the value of o in the domain a<8<t can be expressed through its

29
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values over 0<O<a as follows:

o(6, @) =~ —— J 0008y~ 2050 575 Be , N 2)ao(eo, (16.15)

mr,/ cosa - cosB cosB, - cosB [tan(el 2)

Expression (15) can aso be rewritten in the form

o(0,9) =- (1.6.16)

2 -
1 i 1/ €0s6, —cosa o(6,, @) sinb, d, da,
2T[2.\/Cosq —cosbO J J 1 - cosB cosB, —sinB sinB, cos(¢— @)’

which corresponds to the Green’s function found in a geometric form by Lord
Kelvin who used his method of images. Certain simplification occurs in the case
of axial symmetry, namely,

0(0) =-

o —
cos6,, — cosa
1 J v/ 088, 0(8,) sind, 8 . (16.17)

T/cosa —cosB | Cos8, —cose

The charge density is now known al over the sphere and we can find the value
of potential:

t(0) y(©)
— dt sin6, do, rtan(6/2) tan(6,/2)
vir.8.9)= \/ ar L \/ cosB —cost J |/ cos8, —cosy (1) ‘o tan®(1/2) Bo(eo, ?

(1.6.18)
Interchange in the order of integration in (18) and subsequent integration with
respect to 1t (see (8)) results in

21

2 O(C’(eo’(po) 2 LK o
V(r,e,(p)—T—TJ dchJ —R e o Snd e, (1.6.19)

where R, is defined by (10) and

_ \/ 2/ cosb, - cosa \/ mb(a) — cos(a/2) m2(0)
sina

(1.6.20)

Expressions (18) and (19) give two equivaent solutions to the problem 1, the
first one being more convenient for the exact evaluation of the integrals involved,
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while the second one has certan advantages when a numerical integration is
required.

Problem 2. We consider a charged sphere with the following boundary
conditions at its surface r=a:

0(6,9 =0, for O<@p<2m, 0<0O<q;
V(a,0,9)=v(0,¢), for O0<@<2m, a<B<T. (1.6.21)
The following integral equation results after substituting (21) in (13):
m

o J - J s§nB,dd,  [ten(6/2) tan(8,2)

cosB —cost | 1/cosB,—cost 1 tan*(1/2)
0

BO(eo,cp) =v(8, ). (1.6.22)

Its solution is:

0,
_ £fcot(8,/2)] d Sin®, d6, 0
0(8,,¢) = 212asing, dGZJ \/Wcosef 2]

T

d sinBdo 9[{,
X—— ———— / Tot= ~V(0,9). 1.6.23
delj \/cos8, —cosb >/(6® ( )

Expression (23) can be simplified as follows:

0 % 0
1 d(a, 8, ¢) dé, 0
0,,¢) =- —— —— — (6,,0,, . 1.6.24
0029 ="525 E\/cosa—cose;J \/c0s8; — cosb, 96, (©..9, cp)g (1629

Here

1

o O cos(®/2)de d[] B0 0 ta’(6/2) s
(00,0 @) =2tan ZJ \/cosB, —cosB do St [tan(6/2) tan(OZIZ)El/(e’(p)D

(1.6.25)
Formulae (23) and (24)—(25) give two equivalent forms of solution of the integral
equation (22). We note two different terms in (24): the first one is singular at
0, - a, while the second one tends to zero a 6, - q.

The potential in space due to a charged sphere can be obtained by
substitution of (23) into (13). The result is:

31
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v(r,6,¢=-Y2 J dr |, ey (r)/2] tan(e/2)0)
ty(a)

1/ €0sB —cost ‘0 tan?(1/2) O

i

o [  sinB,dd,

Ot— 0,, Q). 1.6.26

><a\/(T)([ \/cosy (1) - cos8, % ( o® ( )
y(D)

Interchanging the order of integration in (26), we obtain, after subsequent
integration with respect to T,

V(r.0,q)= ﬂr_IJ J 0.1 tan -1%5'%'( é’%)sne de, . (1.6.27)
0 0

where

2\/5 \/ cost, (o) — cosB ,/ cosa - cosb,

STt@ (1.6.28)

X =Yty ()] =

It can be proven that (28) can be obtained from (20) by a formal substitution
of 8, 6, and a by m-6, m-6, and T-a respectively.

The following identities can be useful in transformations:

[cosB — cost,(x)][cost,(x) — cosO] = @ e -7 0 s n2e,
[cosx — cost,(X)][cost,(X) — cosX] = a-r ﬁ
2 1 @ D

ot,(x) _sinB[cost,(X) —cosx] dt,(x) _sinx[cosO —cost,(x)] dt,(X)
0x  sinx[cost,(X)-cosB] 0x  SiNB[cosx—cost,(X)] 0x

sint,(x) sSint,(x) = 4ar)zsinxsin9,

(a+r

sint,(X) _sinB[cost,;(x) —cosx] _sinx[cost,(x) —cos6]
sint,(x) sinx[cos®—cost,(x)]  sinB[cosx —cost,(X)]’

4ar cosB cosx — (r —a)?
(r +a)?

cost,(x) cost,(Xx) =
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cost,(x) + cost,(X) = = aar )2 (cosx + cosB),
[cost,(X) —cosX] [cost,(X) —cosB] _[cosx —cost,(X)] [cosb —cost,(X)] _ (a-r)?
sin?t,(x) - Sin?t,(x) T dar

Certain integral characteristics can be evaluated without solving any integral
equation. For example, the total charge in Problem 1 can be found by
integration of both sides of (15), with the result:

21 o

Q1=1—2Ta2J J (8, @) cos 1%%(37%25%9 de. (1.6.29)

The total charge in Problem 2 can be obtained from (23) as

21

_a HD \/ 1 - cosa _, 3/ cosa - COSGDQ/
= d - +fan T =—— 9 S|n9d9 1.6.30
Q2 2T[2J CPJ E{/cosa—cose D\/1 cosa ©.9 ( )

Dirichlet problem with discontinuous boundary conditions. In many
practical cases, the boundary conditions for Dirichlet problem are changing so
rapidly that they can be modeled as discontinuous. The spherical harmonic
expansion solution converges very badly in those cases, and it is usualy
divergent on the surface of the sphere, thus making the solution unfit for
practical purposes. On the other hand, the closed form solution, given by
Poisson, is very inconvenient for practica evaluation of the integrals. The new
method allows us to obtain an alternative solution, which is equivalent to the one
obtained by Poisson, but is easy amenable for the exact evaluations of the
integrals involved.

We consider a charged sphere with the following conditions at its surface
r=a:

V(a,0,9)=v(B,), for 0<B<a, O0=<@<2m;
V(a,0,9)=0, for a<O<sm, O0<@<2m. (1.6.31)

The problem, in a sense, is inverse to problem 1, therefore, substitution of (31)
in (18) leads to the governing integral equation

33
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a

ot " §inB,de, | En(®r2) tan(6,/2) )
Zaj .\/COSO — COST J -\/COSGO —COST D tanZ(.[/z) %(90! (p) - V(e, (P) (1632)

The exact solution of (32) can be obtained in the form:

6,
o(6 )_L[cot(92/2)] d sinB, do, ) 9_15
2®= 2rasing, dezJ 1/ c0s8; —cos8, 20
a
d sin6do 9[{/
x4 | 8080 Ly Oy, ). 1633
delj \/cosB, —cos 209 ( )

Expression (33) is valid in the interval 0<8,<a. The charge density distribution

a the rest of the sphere can be obtained by substitution of (33) in (15), with
the result for a<6<TT

o
_ £]cot(8/2)] sin6, do, 2010
0.9 4tPa J (cos8; — cosB)¥? ‘ 200

d " sine,de,
JvCose = coso, %t 20 (16.34)

The elementary analysis of (33) and (34) shows that both charge density
distributions have non-integrable singularities of opposite sign a 6 - a, when
v(a—0,@)#0, otherwise expression (33) has no singularities, and formula (34) can
give an integrable singularity. The total charge can be obtained by integration
(33) and (34), with the result:

21 o

Q=2 J dcpJ v(8,¢) SnB.do. (1.6.35)

The potential in space due to a charged sphere can be obtained by substitution
of (33) in (18) which yields, after simplification,
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— ()

Va dt [Ban(6/2) tan?[y (1)/2] O]
V(r,8,¢) =—Y—= | S—
(r.8.9 T[-\/I‘(L V cosG—cosrLD tan?(1/2) O
t5(0)
9 [  sing,de, 8oL,
t—2+/(0,, @) 1.6.36
><a\/(T)([ \/COSV(T)—COSOOL%O ZD( 09 ( )
y(0)

Interchange of the order of integration in (36) and subsequent integration with
respect to t result in the well-known Poisson formula, namely,

21 o

2_472
V(r,8,¢) =2 4T[a J dchJ %Qn@odeo. (1.6.37)
0

Expression (36) is equivalent to (37) and has definite advantages when an exact
evaluation of the integrals is possible.

Influence of a point charge. We consider the interaction between a point
charge q located at the point with spherical coordinates (r,,6,,@,) and a grounded

spherical cap a<O<m of radius a. The induced charge density distribution is
given for a<O<r as

0

in, do
O(G’CP):_qL|COt§9/2!|QJ sing, do,

2rrasin® d | /cosh, - cosb

[tan’(8,/2)tan(8y2) [ 0ty(8,)/06,
O tan[t,,(8,)/2] [\/arg+/cos8, —cost,(6,)

(1.6.38)

The integra in (38) can be evauated exactly in the same manner as before,
with the result

__gqr*-a[R, .. 1 Xl
a(6,9) PR g +tan R (1.6.39)
where

2,/ ar,~/cost,,(a) — cosBy,/cosa - cosh
sintyo(a)

Xo= , (1.6.40)
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t10(X) =14(X, 04,2, 1), too(X) =15(X, 04,2, 1),

In the particular case ry—»a and 6,<a, formula (39) simplifies as

\/Cos6y—cosa 1
2rt,/cosa - cosb R*’

o(6,9=-q (1.6.41)

which is in agreement with (16). Expression (39) is convenient for a direct
evaluation of the induced charge density distribution but, if some further
mathematical transformations are needed, then the equivalent formula (38) has
definite advantages. For example, to evaluate the total charge Q using (39)
would be quite difficult, while (38) gives:

Q= —%[(a+ ro) SINAL—[a—ro SN A (1.6.42)

where
3 (ro+a)cos(a/2)

/(1) +darcos’(B/2)cos(ar2)

3 Iro— alcos(a/2)
" /M) - dar SP(BI2)cos(ar2)

m,(0) =m,(a,8,a,r,) . (1.6.43)

When the point charge is located at the axis (8,=m), formula (42) smplifies as

e I a ot o
Q= % a|D 2 (r +a)tan e ICOtZD]] (1.6.44)

In the case of a complete sphere we have a=0, and formula (44) simplifies
further

Q=5‘§3[|ro—a|—(ro+a)].

Similar formulae can be obtained for 6,=0.

The potential V, due to the induced charge can be obtained by utilization
of (4) in (26) which gives, after the first integration
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) ten(ty?) 0.
q @an(t ,I2) tan(tzo/z) %%2 to0 dX
/T, J 1/ C0SB —cost, /cosB, —costy,

Here the abbrevidtions t;, t,, t,;, and t,, are understood as t;(X), t,(X), t;5(X), t,n(X)
respectively, the prime signs indicate the partia derivatives with respect to x.
The integral in (45) can be evaluated exactly, and the fina result is:

V(6,0 =V, +V, = q?% 2, -ﬂ‘l( % 402 ﬂmz(a)%

(1.6.46)

(1.6.45)

V(r,0,9)=-

which is in agreement with a similar result of Hobson (1900) in toroidal
coordinates. The notations are

Ri=r2+15-2rry[cosd cosB, +SinB sind, cos(@— @)] ,

r2r2

Rg:?zo+ a?—2rr[cosh cosB, + SinB sinB, cos(@— @,)] ,

_(r+a)(ry+a) (r-a)(r,—a)

Nio= 2a S(X)iTS(X)’

\/ COSt; — COSX 4/ COSt 1, — COSX
) =
sinx

(1.6.47)

The following identities were used to perform integration in (45)

)\@an(t1/2) tan(t,y2) [ (a+r)?(a+ry)’
fan(t,/2) tn(t,y2) ' ¥~ PO 16aZsinix

[(1 - cost, cost,) (cost,, — cost,)

1 1 1]

[l
+ (1 -cost,, cost,,) (cost, —cost,)] + (1.6.48)
0T ' TIRI+Nix) RE+n3(x0
RE+n%(x) =Rz +n5(x), (16.49)
S(x) [} -cost, cost, N 1 - cost,, Cost,o[] (1.650)

ox S = 2sinx [Jcost, —cost,  cost,,—cost,, []
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dt, 2+/ar fcost, - cosx,/cos - cost,
ox a+r cost, — cost, '

(1.6.51)

An expression similar to (51) can be written for the derivative of t,.
Substitution of (48)—(51) in (45) makes the procedure of integration very simple.

1.7. Mixed boundary value problems in toroidal coordinates

Further extension of previously obtained results to the case of toroidal
coordinates is presented here. It is based on a special integral representation for
the reciprocal of the distance between two points. Its substitution in the
governing integral equation reduces the problem to sequence of two consecutive
Abel type operators combined with the r-operator. Each can be inverted exactly
and in closed form, thus giving the solution. Some integrals of fundamental
value, involving distances between several points, are established. The complete
set of systems of coordinates, where the new method can be applied, is not
known at this time and can constitute a subject for a separate investigation.

Mathematical preliminaries. The following relationships exist between the
Cartesan (X,y,2) and toroidal (v,u,q) coordinates

X:csmhvcosgg’ :csmhvsmgg’ = csinu . (1.7.1)
coshv - cosu coshv - cosu coshv - cosu

Here c is a dimensional parameter. The surfaces u=constant are spherical caps

c [3

2 2 _ 2
X°+y-+(z-ccotu) @Enul’

(1.7.2)

with the common line of intersection aong the circle p=c, z=0. The surfaces
v=constant are tori

v 2. 2_[lc [?
(/X?+y?—ccothv)®+z = Sl (1.7.3)
The properties of toroidal coordinates allow us to use this system of coordinates

for solving mixed boundary value problems for various geometries including the
case of several spherical caps.

Let the toroidal coordinates of points M and N be (v,u,@ and (x[B3,¥)
respectively. The distance between two points in toroidal coordinates is
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R =R N)_\/_2c\/coshvcoshx—sinhvsinhxcos(cp—llJ)—COS(U‘B)
0= T \/ coshv —cosu ,/ coshx — cosf '

(1.7.4)

We can establish validity of the following integral:

0 tanh®(1/2) B
j A fanh(vi2) tanh(x72)’ @ ‘“%ﬁ ) 2c

|/ coshv —cosht /coshx - coshy (1) T Ryy/ coshv —cosu 4/ coshx - cosf3

_, [12C4/ coshv = cosht,/ coshx - coshy (T)
[R,sinht /coshv - cosu/coshx - cosp L]

xtan

(1.7.5)

Here

_ _ _ . S[U—-B0 sinh
coshy = coshy (1) =coshy (T, 3, v, u)=cosht +sin (12 [toshv-coht’ (1.7.6)
We intentionally use in this section the same notation t,, t,, and y in order to

demonstrate certain analogy between the toroidal and spherica coordinates. We
hope the reader will not be confused. Introduce the following notation:

cosh(x+V) — cos(u —B) —/cosh (x —v) — cos(u - B)J

= = -1
t, =t,(x,3,v,u) =2tanh E 2\/_2 cosh(X12) cosh(VI2) E a.7.7)
L=t :Ztanh_l%/cosh(x+v) —cos(u—P) ++/cosh(x - v) - cos(u —B)B 179
e 0 2,/2 cosh(x/2) cosh(v/2) o

For the brevity sake, we use the following conventions. the parameters of vy, t;
and t, given respectively in (6), (7), and (8), are considered as the default

parameters.  This would allow us to write, for example, y (y,0) instead of vy
(y,0,v,u). The rule is rather simple: the parameters which are not given
explicitly assumed to be the default ones.

Notice that both t, and t, are inverse to y. This means that y(t,)=x and
y(t,)=x.  The following properties are valid: t,<min(v,x), t,2max(v,x); the
equality sign holds for u=pB. By using previous results we can obtan the
following integral representation for the reciprocal of the distance between two
points:
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O tanh’(1/2) B
1. \/ coshv —cosu,/ coshx - cosf Jt A [anh(v/2) tanh(x/2)’ -y EBT

Ry TiC \/coshv - cosht /coshx - coshy’

(1.7.9)

We can deive several variations of (9). For example, introducing a new
variable t=t,(y), expression (9) will take the form

O tanh*(ty(y)/2) ,
1 _y/coshv—cosu,/coshx - cos J [fanh(v/2) ianh(x/Z) @~ w%l(y) dy

(1.7.10)

Ry TiC \/coshv - cosht,(y) /coshx—coshy

Here the symbol () stands for the partial derivative with respect to the
parameter in brackets. By using (Al12), one can rewrite (10) as

1 \/coshv - cosu\/coshx -cosf
R, Tic |cos[(u — B)/2]|

<, [0 tanhP(t,(y)/2)

Q- B\/ cosht,(y) —coshy dy

N [Banh(v/2) tanh(x/2) (1.7.12)
[cosht,(y) — cosht,(y)] / coshx —coshy
We can also compute a more genera indefinite integral, namely,
l,= L
' cos{(u—B)/2] cos[(uy — B)/2]
y |/ cosht, —coshxy/ coshtzo—coshx)\@anh(t1/2) tanh(t,y/2)
J (cosht, — cosht,)(cosht,, —cosht,,) * [Banh(t,/2) tanh(t,y/2)’ %EPX'
(1.7.12)
Here t;,=t,(X,3, Vo, Ug) and ty=t,(X,B,Vy, Uy) respectively. Introduce new variables
— U —B W~ B 1 . [W-BL.. 0~ BO
r]1'2—cosD 5 osD 5 E%(x) iS(x) st 5 nD > (1.7.13)

where
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cosht, — coshx,/cosht,, — coshx
s =Y e S-n}{x = (17.14)

The following identities may be established by using formulae from Appendix:

dS(x) ___S(x) @oshtlcoshtz—1+cosht10cosht20—1D (1.7.15)
dx 2sinhx[Jcosht, —cosht,  cosht,, —cosht,, [J o

dj1 [L 1 @oshtlcoshtz—1+cosht10cosht20—1D

dx[B(x)[J 2S(x)sinhx[Jcosht,—cosht, = cosht,,—cosht,, [] (1.7.16)

rtanh(t,/2tanh(t,/2)) [ cos?[(u-PB)/2] cos’{(u,—B)/2] [gosht, cosht, -1
[fann(t,/2) tanh(t,y2)’ ~ %07 2sinhPx [lcosht, — cosht,

1

S(U - Ug) +2n7

%cosht2 - cosht,) (cosht,, — cosnt,) %oshw pos

1 0
+ 1.7.17
coshw — cos(u + U, — 2B) +2n30] ( )

Here

coshw = coshv coshv,, — sinhv sinhv,cos(@— @,). (2.7.18)

The transformations leading to (15)—(17) are very non-trivial. One hasto usethe appropriate
formulae from Appendix in an ingenious way in order to repeat the results. Taking into
consideration that

dn,(x) _Na(x) dS(x) dn,(x) _N1(x) dS(x)
dx S(x) dx '’ dx S(x) dx '’

coshw — cos(u — U) + 2N = coshw — cos(u + U, — 2f) +2n3, (1.7.19)
the substitution of (15)—(17) and (19) in (12) leads to

_ ] dn, dn, ]
l,=- 5t 2
[doshw — cos(u—ug) +2n7 coshw —cos(u + u, — 2B) +2n5L]

(1.7.20)
The last integral can be computed in an elementary way, and the fina result is:

41
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. 1 Nt Ve B
' \/2[coshw —cos(u—u,)] [/ coshw = cos(u - ug) 0

_ 1 tan™. [ \/—ZHZ(X) O
\/2[coshw - cos(u + U, — 2)] [}/ coshw - cos(u +u, - 2B)J

(1.7.21)
Here the reader may ask us two questions. First, why have we decided that the
integral (12) is computable, and second, how did we come up with expressions
(13) and the properties (15)—(17)? The integral (12) was encountered in solving
the problem of influence of a point charge on a spherica bowl which, as we
know, has an elementary solution. This meant that the integral (12) has to be
computable. The hints on how to compute it can be taken from similar integra
in section 1.6. One has just to replace the appropriate trigonometric functions
by the hyperbolic ones.

Yet another integra can be computed in a similar manner, namely,

_ 1
2= od (U-B)/2] cosl(Ug- P2

y \/ Coshx —cosht,/coshx = coshty, _ tanh(t,/2) tanh(t,,/2) _ EPX
(cosht, — cosht,)(cosht,, — cosht,,)  [Eanh(t,/2) tanh(t,,/2)’ '

(1.7.22)
The same integral (22) can be rewritten as
rtanh(t,/2) tanh(t,/2) 0 t2(X)t2o(X) dX
L= A , - : 1.7.23
? J anh(t,2) tenh(t,y/2)" ¥ %D\/coshtz—coshv\/coshtzo—coshvo ( )
Introduction of new variables
I -B [3 El’o BO
©,,=cos 2 Dr(x)_T( S =0 (1.7.24)
with
coshx —cosht,y/coshx — cosht
T(x) = \/ 1\/ 10
sinhx
and use of the identities (17) and
dT(x) _ T(x) [gosht;cosht,-1 N cosht,,cosht,, — 1] (17.25)

dx ~ 2sinhx[Jcosht,—cosht,  cosht,,—cosht,, []
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di [ 1 @oshtlcoshtz—1+cosht10cosht20—1D 1796
dx[T(X)[0 2T(x)sinhx[Jcosht,—cosht, = cosht,,—cosht,, [] (1.7.26)
alow us to compute the integral
- 1 il V220 O
* \/2[coshw - cos(u - Uy)] [/ coshw = cos(u - up)
. 1 el V200 [
\/2[coshw - cos(u + U, - 2)] [}/ coshw - cos(u +u, - 2B)J
(1.7.27)

One may deduce from (A2) that

_0. =B, Mo~ BI_1
T = fen 3 7 pfen =% WEC)

This property gives us various relationships between n and © depending on the
signs of the trigonometric functions. For example, when cog[(u - 3)/2] cos[(u, —
B)/2]>0 and sin[(u-PB)/2] sin[(u, - B)/2]>0, we have n,=0, and n,=-0,. The
derived integrals will be used in solving various mixed boundary value problems.

Problem description. We consider two spherical caps defined in the toroidal
coordinates (v,u,@) as follows:

O<v<h,, u=u,, O<p=<2mr
0<v<b, u=_, 0O<p<2m. (2.7.28)

In the limiting case b - and b, the spherica caps intersect along a circle

of radius ¢ which is the basic circle of the system of coordinates. We consider
an electrostatic problem when an arbitrary charge distribution o is prescribed on
the first spherical cap (u=ug), and an arbitrary potential distribution V is given

on the surface of the second cap. It is then necessary to find the electrostatic
field in the whole space. It is convenient to split the problem in two: the first
problem assumes that =0 and V#0, while in the second problem we take V=0
and 0#0. The linear superposition of the two solutions would give us the
general solution to the problem.

Problem 1. Since the first cap is not charged, we have to solve the Dirichlet
problem for a spherical cap with the following condition on its surface:
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V=V(v,), for O<v<b, u=_, 0<@<2m. (2.7.29)
The governing integral equation is:

b, [ tanh*(1/2) BU .
ot £ Banh(vi2) tanh(xi2) [ % @ Sinhx dx
1/ coshv —cosht J (coshx —cosP)*%/coshx—cosht

(1.7.30)
Here o is the charge distribution. The integral equation (30) represents a
sequence of two Abel type operators and the cr-operator. Each can be inverted
in a manner similar to the one employed in previous sections. The final result
is:

\%

V(v, ) =2c,/coshv - cosp J

b

_ _ (coshs - cosB)¥2 sOd sinhy dy 2yl
O(S’ (P) 2recsinhs L%anhZEUSJ .\/C()shy—coshsL%Oth 2[]

y
d L tanh(v/2)] V(v, @) sinhvdv

X .
dYJ \/coshv —cosp/coshy - coshv

(1.7.31)

Formula (31) gives the expresson for the charge density in terms of the
prescribed potential V .

We can now obtain the potential in space through its value on the
spherical cap. The following result can be obtained:

b
V(v,u,®) :T—lﬂ/coshv—coqu

dt, , Dranh(vi2) [0
yJcoshv —cosht,  Hanh*(t,/2)]

X

g J sinhy £[tanh(y/2)] V(y. @) dy (1.7.32)

dx | /coshy-cosB+/coshx-coshy

We interchange the order of integration in (32) and integrate with respect to x.
We obtain:

2n b
c3lsin(u - P)| A 0ORy ot XOIV(y, w) sinhy dy dy
ré(coshv—cosu) | | R3X(b) ORy, OO (coshy-cosp)®

V(v,u,Q) =

(1.7.33)
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The last formula is in agreement with the classical result of Hobson (1900).

Problem 2. The boundary conditions in this case take the form:
0=0y(V, ), for O<v<h,, u=uj, O<@=<2m. (2.7.34)
V=0, for O<v<b, u=_, 0<@<2m, (2.7.35)

Denote the surface of the first cap as S,, and the surface of the second cap as

S.  Introduce the following points, with their toroidal coordinates. M(v,u, @),
N(XB, W), No(VogUp @), and K(v,B,¢). The potentia in the space can be

presented again through the simple layer distributions

Ny d
V(M):J j J—Lg(":'/l,dN?+[ j —Ol_\‘jEMO,)NjO. (1.7.36)

S

We note that o, in (36) is known from (34) while o is not yet known. It can

be found from the integra equation which results from substitution of the second
boundary condition (35) in (36), namely,

_ o(N) dS 0o(Ng) dS
O—J j é(}—(,LNfJ j ﬁ. (1.7.37)
S

We can rewrite (37) as

0  tanh®(1/2)

2¢,/cohv—cosp S S s 107 eGP0 9 S
1/ coshv —cosht (coshx = cosB)?”Z\/ coshx —cosht
N, d
__J J %ﬂ). (1.7.38)

So

The general solution to (38) in the form:

O(N):—[ J G(N,Ny) 6(N,) dS, (1.7.39)
S

where the Green’s function G is defined by
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_ clsin(u, - P)| [R(N, Np) O Xo(b) [
GN. No) = TP(coshv, — cosu,) R¥(N, Ny) [ Xo(b) e [R(N, No) L]
(1.7.40)
with
Yo) = 2c/ coshty,(y) — coshv, 4/ coshy — coshx (1.7.41)

sinht,(y) 1/ coshv, — cosug /coshx —cosB’

Now we can express the potentia in space directly in terms of the prescribed
charge distribution o, The integrals involved, though looking quite formidable,

can be computed in terms of elementary functions.

[ 2 - -
_ L0 /2nu(b) [ +/coshw —cos(u—up)
V(M)_LJ EIH o [{/coshw - cos(u —ug)lJ /coshw —cos(u +u, - 2p)
2,10 V21:(b) ag(No) dS,
ntan E{/coshw —cos(u + U, —2pB) %ZR(M, No) (1.7.42)

In the particular case of b - oo formula (42) simplifies as follows:

[
_ LOV2cod(u-upi2l [ y/coshw—cos(u—uy)
V(M)_[[ EIH an [{/coshw = cos(u —ug)J y/coshw —cos(u +u, — 2p)
S
L O V2cos[(u+ug=2B)/2] [Tiog(N) dS,
+ an [{/coshw - cos(u +u, - ZB)%ZR(M,NO)' (1.7.43)

The last formula is in agreement with the long standing result of Hobson (1900).
Several examples are considered in (Fabrikant, 1991).

Appendix. Some essential formulae used in the main body of this section are
presented here.

tanhmlganhmzm— tanhB%anhWD (1.7.A1)

(cosht, — coshv)(coshv — cosht,) =sinh?v tanzgj—gﬁg (L7.A2)
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coszgj—;@ cosht, —cosht)(cosht, — cosht) = (coshv — cosht)[coshx — coshy (T)] , (1.7.A3)

sin’[(u = B)/2]+ coshv coshx

1.7.A4

cosht, cosht, = o[ (U-B)/2] : ( )
_coshv + coshx

cosht, + cosht, =————- 1.7.A5

O oo (u- B (L7A9
(coshx — cosht,)(coshv —cosht,) =si nzgj—;@ inh?t, (1.7.A6)
(cosht, — coshx)(cosht, — coshv) =si nzgj—;@ inh’t,, (1.7.A7)
: - sinhx sinhv

h ht,=——————— 1.7.A
sinht, sinht, oZ[(U-B)2’ ( 8)
sinht, sinhv(coshx —cosht,) sinhx(coshv —cosht,) 17 AQ
sinht, sinhx(cosht,—coshv)  sinhv(cosht, —coshx)’ (1.7.A9)

_(coshv-1)(coshx -1)

-1 -1)= 1.7.A1

(cosht, —1)(cosht, — 1) coZ[(u-B)/2] : ( 0)
1/ Cosh(Xx +V) = cos(u - )/ cosh(x —v) — cos(u - [3)

- 1.7.A11
cosht, —cosht, = oZ[(u-P)/2] ( )
0t, +/coshv-cosht,,/cosht, —coshx sinhx(coshv - cosht,)
0x  |cos[(u—P)/2]| (cosht,—cosht,) ~ sinht,(cosht,—cosht,) cos?[(u - B)/2]

sin[(u—B)/2]| sinhx+/coshv — cosht
|sin[(u—-P)/2]| \V 1 (17A12)
cosz[(u B)/2] (cosht, - cosht,)/coshx —cosht,
oty _ sinhx(cosht, - coshv) \/coshx cosht,/cosht, - coshv
0x  cos?q[(u-B)/2] sinht,(cosht,—cosht,)  |cos[(u - B)/2]| (cosht, - cosht,)
sin[(u—B)/2]| sinhx+/cosht, — coshv
|sin[(u—-P)/2| \V 2 (17A13)

cosz[( u—B)/2] (cosht, - cosht, ), /cosht, — coshx’

a7
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t, +/coshx—cosht;y/cosht,—coshv _sinhv(coshx - cosht,)
t; /coshv—cosht;,/cosht,—coshx sinhx(coshv - cosht,)

_sinhx(cosht,—coshv) snht, .,
~ sinhv(cosht, — coshx) _sinhtzsmh vian(u-py2]. (1.7.A14)

1.8. Continuations of some solutions in potential theory

Introduction. In mixed boundary value problems of potential theory, the
value of potential is given on a part of the boundary, while its derivative is
given on the rest of the boundary. We show here that it is possible to express,
for example, the potential on the rest of the boundary directly through its known
values on the part of the boundary. It is well known (see Fabrikant, 1989,
section 1.4), that for an integral eguation

21 a

v(p, @) = Ao @) PPl O<p<a, O<@<2m. (181)
2 2
/P?+P6 — 2Py COS(@— @)

where v is a known function inside a circle p<a, and the unknown function o
is zero outside the circle, the following continuation relationship exists

21

Vp*-a’ ’ V(Po, Po) Po dPo Ay
v(p, ) = — , for p>a, 1.8.2
(.00 =Y H Ve p (182)

where RP=p”+ p5— 2pp,coS(0— ).
In the case of an integral equation for an exterior of the circle, namely,

21T

v(p,(p):J J O(Po. %) PodPo A%y for asp<o, 0<@<2m, (1.8.3)

R 1

and 0=0 inside the circle p=a the following relationship is valid (Fabrikant,
1989, formula 1.5.19):

21T o0

P
V(p,(p)=\/an2 P J J YRy %) podpod(po’ for p<a. (1.8.4)

Vpo-alR?
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Yet another type of integra equation is encountered in elastic crack
problems:

21

1 J J V(Pg: @) Po AP, Ay

o(p,(p):—F[zA = , for O<p<a, O<@<2m. (185

Here o is a known function, v is zero outside the circle p=a and

0% | 0°
A=—+—. 1.8.6

x> ay? (186)
In this case, the following continuation solution exists (Fabrikant, 1989, formula
1.4.27)

21 a

a2 - P o(py,
0@M®=-ﬁv%f;?JJ Ve oRo® o o gy, for pra.  (187)

The external equation

21T

1 J J V(Pg: @) Po AP, Ay

o(p,(p):—F[zA = , for asp<e, O0<@<2m. (1.8.8)

has the following continuation solution (Fabrikant, 1989, formula 1.5.24):

21T

1 JJV£—¥M%%)

o(p, ) =- Podpody,, for p<a. (2.8.9

NCET R

We note, that the reciprocal theorem allows us to derive (9) from (2) and (7)
from (4). Indeed, we can define 2 potential fields. The first one is defined in

the plane z=0 as follows: the potential v; is prescribed inside a circle p=a, and
the charge distribution 07=0 outside the circle. The second field in the plane
z=0 is defined by the charge o, prescribed outside the circle, and the potential
V,=0 inside the circle. The reciprocal theorem states that

J J v105d8‘+[ J v’l'o’z'dS":J J v§01d8‘+[ J v, 0;dS'. (1.8.10)
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Due to the boundary conditions, equation (10) simplifies as follows:
J J v105d8‘+[ J v;0,dS =0. (1.8.11)
S S’
Assume that we have the relationships:
Vit = J J Mt L) Vi(t)dST,  o3(t) = J J Nt t) o3(t) dS (1812)
S S

The first expression corresponds to (2) and the second to (9). Here t is a
point inside a circle S, t, is a point externa to the circle. Substitution of (12)
into (11) gives

[ [ vg(ti)asj N(t, t) o3(t,) dS*Elj C== o U a3(t) HJ M(t, t) v(t) dS‘Ehsf |

<

e

(1.8.13)
From (13) it is evident that

N(t, t) =—M(t, t) . (1.8.14)

In (2) the internal point is t(py, @) and the external point is t(p,¢). In (9) the
notation is opposite, namely, ti(p,®) and t(py,@). Taking this into consideration,

direct comparison of (2) and (9) proves correctness of (14). The reciprocity of
(4) and (7) can be verified in the same manner.

In general, we should note that if the potential v is given al over the
plane z=0, then the charge density distribution is

-1 v
o=-7 HZA[ J = ds. (1.8.15)
S

Here S is the whole plane z=0. The inverse of (15) is

v= J J %ds. (1.8.16)
S

In the next section, we shall consider more complicated integral equation and
show that the continuity condition exists there too.
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Formulation of the problem and its solution. In (Fabrikant, 1989, section
2.6), it is shown that in the case of tangential displacement u=u,+iu, prescribed
inside a circle p=a, and tangentia stresses vanishing outside the circle, with
normal stresses equal zero al over the plane z=0, the governing integral equation
takes the form

21 a 21 a
1 , qt(Po, ®)
EGlJ J GHLY Podpo diy +5 GJ J qfq% Podpo dey =u(p, @),
for O<p<a, O0<@<2m. (2.8.17)

Here t1=1,+i1, is the complex tangential stress, overbar indicates the complex
conjugate value, G, and G, are the elastic constants, defined in (Fabrikant, 1989,
formula 2.1.14) and

q=pe®-pe®, R2=qq.

Since 1=0 for p>a, we can show that we can define the displacements u
outside the circle directly in terms of the displacements inside, without having to
find T.

Assuming that the expansions exist

p,@)= 2 T.(ME™,  u(p@= D up)e™, (1.8.18)

n=—oco n=—oco

equation (17) can be presented as an infinite set of equations (Fabrikant, 1989,
formulae 2.6.5 and 2.6.6)

p
N2 2n—2
261J x*™2 dx J T,a(Po) d Po+ZG J de (2n-1)p°—2nx°- (Po) dpo=U__(p),

Vor-2 | ppy/pi-x NEE IR "
(1.8.19)
p a p
2G; [ x*2dx [ T-nea(Po) dPo 2y [ (2n-1)p- 20K~ (0 do
\/pz_xz 2\/p0 2 \/p 32 po\/po- Tn+1(Po) GPg
=U_1(P) (1.8.20)
Equations (19) and (20) are vaid for n=1,2,3, ... and p<a. In the case of

axial symmetry, n=0 and the relevant equation is
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a

p _
2 X2 dx G111(Po) — G,141(Py)
P VP -x VP

The interesting feature of equations (19-21) is the fact that in the case of p>a,
the only thing, which changes, is the upper limit of the first integra in each
term, namely, p should be changed to a, the rest of equations remains
unchanged. This means, that we can express the displacements u outside the
circle p=a directly through the displacements inside, if we find an operator,
which would produce the desired change in the limit of integration. Such an
operator does exist, as we can illustrate by an example. We have an integral

dpy=u,(p), for p<a. (1.8.21)

P
|g:J %2%2 | (18.22)

Let us apply to both sides of (22) the operator

a

2 5 pdp ;
=\/r-—a — L , withr>a.
T[-\/ J _\/aZ_pZ(rZ_pZ)

The result is

Vai-pX(r?-p?
= %\/Tazja\/ 2 _2352 -p?) J | \;(:2)_2(‘2
Y L pr—
] Ja% e (1.8.23)

We have indeed obtained in (23) exactly the same integral as in (22), but with
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the upper limit changed to a. All the terms in (20) and (21) are of the same
nature as (22), so application of the operator (23) yields immediately

U_..(p) = \/p U-n1(Po)Po APy , for p>a and n=1,2,3,... (1824)
\/ a? - p5 (p* - ph)

Equation (19) does not conform completely to the model (23) due to the
presence in the second term of the factor (2n-1)p?>. We present transformations
related to this term separately:

a p a

1_2_[.\/ r2 — aZJ p dp ) J (2n - 1)p2 - 2I’1X2 X2n—2 dXJ T—n+1(p0) dpo

N N SN

a a

- a
_2 f7—=| 2 T_n.1(Po) dPy (21— 1)p? = 202
=oyfre-at xTodx .
TT-\/ J J p?fzx/pé—xz \/az—p2\/p2_xz 2 pap

a

X*"2dx [ (2n-1D)r —2nx -
:J -\/rz_x J ( 2-\} —n+1(p0) de
0 0
’ T ra(po)
i 2 .0 n— T—n+ p p
-(2n-1)y/ r2—a2J X2 deJ Wp"g__x‘;. (1.8.25)

The first term in (25) is exactly what we need, but we also obtained some
additional term. The general result at this stage is

P> =8 [ Un(Po)Po dp
um(p)—\/ J 8Po)Fo Py

Va-p3p*-p))

2 2 . -
- d
+2G,(2n-1) \/‘;n—ﬂaj x22 de Ta(Po) Ao (1.8.26)

VIS

Now we need to express the last term in (26) through known displacements
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a a a

_ _ Po
n— T (p )dp T (p ) 2n 2dX
sz deJ 1(Po o:J 1_20 do J

po AV pe-x | PO Vpo-x*

r 1/2
= % J T_ne1(Po) Podpy =J

Now we recall from (Fabrikant, 1989, section 2.6)

a
n-1
T ha(P) = pn_lj ﬁl(t) dt @ZC +D, 0P forn= 1,2,3, ...

\/ 2= (G, " [1\/a2_p2’

where

a

C, = -a‘2”+1J 2" (1) dt,

a

D = 2 i u—n+1(p0) pg de
n T[zGlaZn—Z da _\/az__pg !

quJ—n+1(r) + szml(r)
Gi-G5

f—n+1(r) ==

quJn+1(r) + sz—ml(r)
Gi-G5

-2n+2 d r pnu—n+1(p) dpD
W_pia(r) = T[zdl‘ S EJ \/_rz_pz ]

fn+1(r) ==

™ Upua(P)]
llJn+1(r) T[z 2n— ler _\/r _1 '

Substitution of (28) in (27) yields

(1.8.27)

(1.8.28)

(1.8.29)

(1.8.30)

(1.8.31)
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__ T r 2n-1 B~ = o1l
=5 D a (Ot + 2, + Dnga = (18:32)

Further substitution of (29), (30) and (31) in (32) gives

__ n G, on-1 4, 2adV(a)[]
1= 5 l)a E_nﬂ(t) Glfn+1(t)% o|t+—24—2Ola . (1.8.33)
Here
I (p)p"d
U_..(P) P dp
V(t)= | 1.8.34
0 J NCE (1.8.39

Substitution of (30) in (33) gives additional simplifications:

om0 YOt 23 dv(a)O
2(2n-1) G, G, da [

J

a

_ 1 O tzn-lg -2n+2 dV!tz%ﬂ_’_adV!aZD
nG,(2n-1) dt dt da [

_V(a) (1.8.35)

T[Gl '
Finally substitution of (35) in (26) gives

a

___ a i .
2 VPP -a* [0 Una(Po) Po > dpy +(2n-1) EzJ U_1+1(Po)Po dPo[]
G,

mop™ \ @ - p3(p% - pd)

Upa(P) = for p>a.

vat-p5 U

(1.8.36)
In the case of n=0, only the first term of (36) is used, since u_,,, is defined
only for n=1. Equations (24) and (46) give the Fourier series representation of
the displacements outside the circle p=a through the prescribed displacements
inside.
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The summation of (24) and (36), according to (18), can be performed and
the fina result is:

u(o, (p)—\/p - a J U(Po» B) Po AP, Ay

R/ a® - p
a 2n _( )( 5 62)
. U(Po, @) (P2 +
ZeZ(pH \/ao 0 (07— 62)2p0dp0d(pog for p>a. (1.8.37)
Here
5 =ppoe™. (1.838)

Solution of the external problem. In this case we have an arbitrary tangential
displacement u prescribed outside a circle p=a, tangential stress vanishing inside
and no normal stresses all over the boundary z=0. We need to express the
tangential displacement inside the circle through its value outside.

The governing integral equations (Fabrikant, 1989, formulae 2.7.6 and 2.7.7)
are:

0

’ Tn+1(po)p8+2 de +2G pn+1 dx
2n+2 -\/XZ_—pZ _\/ N pé 2 X2n+2 -\/XZ_—pZ

ZGlp

-n+1(po)p0 dpy=u,4(p), for p=za, n=0,1,2,..

Vxe-

J 2nx2 - (2n + 1)p0

(1.8.39)
T1(Po)Po APy (2n-1)x? —2np
2G — +2G dx
ol 2T 2 ‘92J \/Xz—pé " J in\/x
Upa(p), for pza, n=1,23, .. (1.8.40)

XJ n+1(po) Po dpo

\/X ‘po

The relevant expressions, vaid for p<a, differ from (39-40) only by the lower
limit of integration in the first integral of each term, namely, instead of p there
should be a. We consider the integra
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19 = ﬂz_dﬁz. (1.8.41)
VXi-p

Let us make the following transformation with (41):

0 0

_2 az_rzj pdp J f(x) dx

_\/p2_a2(p2_r2 _\/X2_p2

_2 2 2 pdp
_ﬁ\/az rzj f(x)de ey e

:J -\/ﬂzzduzz |:,:. (1842)
Xo=r

As we see, the required transformation is indeed (42). Applying it to both sides
of (39), divided by p", we obtain:

0

—— d
U, (P) :1_21 p"ya%-p? J Uni1(Po) AP , for p<a, n=0,1,2.. (1.8.43)

P/ pa—al(p3 - p?)

Equation (40) is not immediately amenable to a similar transformation due to the
existence of 2np? in the second term. We proceed:

0

2 pdp " @n-1)¢ —2np i " T,(PoPddpy
VEP=a(p?=r) | XX -p? VX -p;

_ 2rn-1\/ 2212 T,1(Po)P dpo[Tdx (2n - 1)x* - 2np?
n Vie-pp B | \Jp7=a @ p(p*-1?)

g n-1 2
= Va
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[ X

_ J (2n-1)2-2nr? J Th1(Po)P5 dPg

X2n'\/X2_r2 .\/Xz_pg
4] X_ n d
nr”_l\/_az — d_z):] Tn+1(p2)p0 2po . (1.8.44)
X VX2-p5

Again, the first term in (44) is exactly what we need and the additional term
appeared too. The general expression will take the form:

X_

2 1 e[ _ Una(POP o . d
u_n+1(p):ﬁp 1\/a2_p2J 1\Po)Po po +4nG,p 1\/a pJ J 1(Po)Po po.

1\/po a%(po—p \/ X2~ P
(1.8.45)
Let us transform the second term in (45).
dx ¥n+1(po)p8 dpy_ [ = n dx
—n em————— == I +l(p0)p0 de —_—
JJ V=5 J ” R
— '\/T_-Ir(n) T n+1(p0) dpo
T J : (1.8.46)
Now we have to recall from (Fabrikant, 1989, section 2.7):
p (t) dt D
1 n+1 n D
= f =0,1,2,...
Tn+1 n+1 -\/pz t2 -\/p azlj or n 01 1 &y
(1.8.47)

Here

1 S;C _T_2[2 2n+2dda EI

0

_ [ Una(P)dp
W(t)—J —p” \/pz_—tz’ (1.8.48)
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00

C, = -a2”+1J f o (D2 dt,

quJ—n+1(r) + szml(r)
Gi-G5

fea(r)=

1l-|Jn+1(r) + GZLIJ n+1(r)
Gi-G;

frea(r) =

0

—n+1(r) = T[zr dr

llJn+1(r) T[Zdr SZMZM_)D

Substitution of (47) in (46) yields:

0

_ P —
VU [ dp [ fua(®dt Dn O
p2n+1 \/pz — t2 \/pz _ a2D 4n

2r(n+1/2)

Further utilization of (49-51) in (52) gives:

0 0

TT fn+1(t) dt GZJ —n+1(t)

LS o S dt —-2 & dW(a)[]
4an t2n+1 Gl t2n+1 T[ZG da H

T[ Dl lI-Jn+1(t) dt =% 2 ad ( ZD
~an E’:‘ 2l T[ZG da [

0

a1 d [ dp  d [-na(P)
Jpr-r2ded p™ O

- 2mG,

Now (45) will take the form:

1 dt d 2n+2dW(t)D dW(a)[]_ 2n+1 —
21 dt at 0% da O 2mG,

(1.8.49)

(1.8.50)

(1.8.51)

(1.8.52)

(1.8.53)
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_ 2 n-1 j..2 .2 D —n+1(p0) dpo
Uopua(P) =P Va-p
1 J 5V p3—a%(p5—p

0

+@2n+ 1)%2J Un1(Po) Po[]
1

pov/pa-azld

Summation of (43) and (54) gives the closed form solution

for p<a and n=1,23,... (1.8.54)

21T o
\/ u(Po, M) Po dpo deyy
u(p.¢) = a J R p2- a2
21T o0
,Go oo, @) % (302-8) 00, d%D forp<a. (1.8.55)
Gy | Veb-a (- .

Here & is defined by (38).

Application of the reciprocal theorem for solving relevant crack
problems. We consider a transversely isotropic elastic half-space z>0, subject to
2 different sets of boundary conditions. The first set is characterized by

tangential displacement u; prescribed inside a circle p=a, tangential stress 17=0
outside the circle and the normal stress vanishing all over the plane z=0. The
second state is characterized by tangential stress 1, prescribed outside the circle
and the tangential displacement u,=0 inside the circle.

We know the relationship between u; outside the circle and u; inside (37).

We need to infer from it the relationship between 1; and T, in the second state.
By using the same logic, as described in (10-14), we see that the relationship
sought is of sign opposite to (37) and with interchange of p by p, and ¢ by
@, namely,

T(pa¢):‘T[2\/a12_ EJ J \/po T(po’%) Podpo day,

21T © — —_ .
Gy [ Vps—a2T(py @) (ph+8) €% 0
+=2 Y do. de [, 1.8.56
G]_J J (pg _ 62)2 pO pO CPOB ( )
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Equation (56) gives the tangentia stress in the crack neck in terms of the
tangential stress applied to an external circular crack.

The Fourier series expansion of (56) takes the form:

0

2 ™ Po = 8°T,,.1(Pg)Po AP
Tn(P) = _ﬁ\/ap?—_‘)zj -\/ ° p8+1(pgl_ p02) 2 O, for n=0,1,2, ...
r (p)=—-2—£2" V05~ 8% 11 (P6) P IR,
T - g2 P55 - P
<) TZ_
+(2n-1) %J Voo an+T1”+1(p°) o olpOEI for n=1,2,3,... (1.8.57)
1 0

Reciprocal theorem can be used in exactly the same manner to obtain the
continuation solution for tangential stresses in a penny-shaped crack. For this
purpose, formula (55) can be used. Application of the reciprocal theorem yields:

2mna

[l 2_ 2
T(p’(p):_nz\/plz_—aZEJ J \/aRz pOT(po’(Po) Po APy dy

2ma
G. . 2_ 2 (302 — 52) 0
5 e Ve oo =) (0, 49 podpoda (1.858)
1 (p*-9) 0

Formula (58) was originally derived in a different manner by (Fabrikant, 1989,
section 2.7).

The Fourier series expansion of (58) is

A —
2 a% = P Tra(Po)Ps 2 dp
Tpus(P) =~ a*/ > paBolbo o

T[pn+1_\/ p2 —a2 p2 _ pg

a

G _ R
+(2n+1) 5J N CNEST
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(1.8.59)

A —
2 a% - P5 T_paa(Po)PO dp
T_a(P)=- J\/ 0 —n+1A 70770 7o

T[pn_l'\/ p2 _ a2 p2 - pg

Discussion. It is of interest to notice that the governing integral equation of the
contact problem (17) can be rewritten as

%GIAJ [ Rt ds—%GZ/\ZJ [ RTdS=u. (18.60)
S S
Here
_0® _9d,.0
T oy “ox oy

The governing integral equation of the crack problem has been derived in
(Fabrikant, 1989) as

R S u 2[ | Uyl
e S;lAJ [ L ds+ G, [ [ RdSTT (18561)
S S

Here S is domain of the crack. As we can see, the structure of both equations
(60)—(61) is very similar, in the first one the distance between 2 points is in the
numerator, while in the second it is in the denominator. It is obvious that
when S denotes the whole plane z=0, equations (60) and (61) are mutually
inverse.

1.9. Exact method for solving mixed boundary value problems
with application to half-plane contact and crack problems

Abstract. A new method is presented for the exact solution in closed
form of a mixed boundary value problem of potentia theory when the potential
is prescribed on one haf-plane (say, y=0, z=0) and the charge density
distribution is prescribed on the other haf-plane (y<0O, z=0). The method is
based on a new integral representation for the reciprocal of the distance between
two points. Its substitution into the simple layer distribution leads to an integral
equation, which can be solved exactly, with no integral transforms or series
expansions involved. The genera results are applied to solving a punch problem
and a half-plane crack problem. A complete solution for the fields of stresses
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and displacements is given in closed form and in terms of elementary functions.

Introduction. We consider the following problem: find a harmonic function
V(x,y,z), vanishing at infinity, subject to the boundary conditions on the plane
z=0:

V(x,y,0) =v(x.y), for y=0, -ow<x<o,
ovO )
E (=0 = 2T[0(X,y) ) for y< 0 , o< X<00, (191)

This kind of problem was solved by Ufliand (1967), who used the integral
transform techniques. Kit and Kha (1989) obtained similar results by a
combination of integral transform and Riemann-Hilbert techniques. Ufliand (1967)
applied his results to solving half-plane crack problems for the case of isotropy,
with explicit computation of the main potential functions for the case of normal
and tangential concentrated loading of crack faces. He considered the cases of
symmetric as well as antisymmetric loading, namely, symmetric and antisymmetric
normal load, symmetric and antisymmetric shear loading, directed normally to the
crack edge. The solution of these problems was mainly limited to computation
of stresses in the plane of the crack. In the case of symmetric and
antisymmetric shear loading directed paralel to the crack edge, only a generd
outline was presented for determination of the main potential functions. The case
of a transversely isotropic body, to the best of our knowledge, was not
considered before.

The main advantage of the new method described below is its simplicity:
no integral transforms or special functions are needed. All the analysis, including
computation of three-dimensional potentials, is performed in closed form and in
teems of elementary functions. All  the parameters used have physica
significance, thus simplifying further investigation of the properties of solutions.
Our method is based on the following representation for the reciproca of the
distance between two points N(x,y), and Ny(XqYo):

0

1 1 2 )\*(Zu—y—yo,x—xo)du

== == _2_Jo- O 1.9.2

R VX=%)%+(y - Yo’ nTL[(yy) VU=-y)(u-yo) (1:92)
Here

N(@ab)= . (19.3)

The idea of such an integral representation came to our mind after reading the
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work of Rubin (1988) on fractional integrals.

We introduce a new variable
N =2/u-y \fu-y,. (1.9.4)

It is easy to show that

. o 2u-y-y, 3 n %_
N Y e X T Gy o o AR du 9

Substitution of (5) into (2) yields:

0

1_2[ _dq
= ”J R+ () (1.9.6)

thus proving (2). We use asterisks for two purposes. first, to emphasize the
analogy between our apparatus used for the geometry of a circle; second, to
show, that in the case of a half-plane there are certain differences as well.

The integral representation (2) is convenient for solving problems in the
upper haf-plane y=0. In the half-plane y<O, the following equivalent can be
established:

iny.yo) _ .

ﬁz\/(x—xo)2+(y—yo)2:T_[ VY =u)(yo—U)

(1.9.7)

Now we need to establish an integral representation for the reciprocal of the
distance R, between M(x,y,z) and Ny(XqY,), namely,

1_ 1
Ro~ \/(X_Xo)z"' (Y=Y + z (199

Since quantities y and y, in (2) are arbitrary, they can be formally replaced by,
say, li(yo,y,Z) and I;(yo,y,z), such that

1_ _1 * | (1.9.9)
Ro \Jx=%2 + [12(Yoy:2) = 11(Yo.. 2)]?

which requires that
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12(Yoy:2) = 11(Yo.Y,2) =\ (Y = Yo)* + 2. (1.9.10)

According to (2) and (7), we need to define I}(yo,y,z) and I;(yo,y,z) in such a
way, that

11(Yoy:0) =min(y.yo) .  12(YoY.,0) =max(y.y) (1.9.11)
We can aso require, that A* in (5) be invariant, namely,

11(YoY:2) + 1YY, = Yo +Y . (1.9.12)

All these requirements can be satisfied by putting

110 =10¥.2 =5 (v + Yo~ VY =Y+ 7),

1290 =10Y:2) =5(Y + Yo + VIV =Yo7+ 7). (19.13)

We can aso define g'(u), which is inverse to both Iy(y,) and I5(y,) in such a
way, that g'[11(Y)]=0 [I2(Yo)] =Y, namely,

Z2

9=y

(1.9.14)

Hereafter |; is understood as 13(0,y,2) and I3(y,) denotes li(y,y.2); similar remarks
are valid for |5, as defined in (13).

As before, it can be easly verified, that

© 10) _
1_2[ MUYy XX)du_g N 2uxodu o
Ro TI[*(y) '\/U_li(yO) '\/U_B(%) T[J; '\/lz(yo)_u'\ﬂ;(yo)_u
2\Yo -
In fact, the integrals in (15) can be computed as indefinite, thus:
[P X 0d Ly o (19.16)
'\/U‘|1(YO)'\/U‘|2(YO) 0 0

where
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h(u)=2fu=Ti(yg) fu=T2(yo)- (1917)

The integral representations (2), (7) and (15) dlow us to formulate and solve
various problems, as it is shown below.

Problem of the first type. Let the boundary conditions on the plane z=0

be:
V(x,y,0) =v(x,y), for y=0, -ow<X<oo,
ovQl _ _
9z =0~ for y<0, -w<x<w. (1.9.18)

We need to find the charge density distribution o for y>0, and the potential
V(x,y,z) in the whole space.

Let us represent the potential as a simple layer:

© )

V(X,y,z):J deJ dy, O(ﬁ’c’)y"). (1.9.19)

—00

Substitution of (15) in (19) yields:

o g (U

Lu-y- ,
V(x,y,z):ZJ _du_ (g, £(2U7Y Y9 OB0Ye). (1.9.20)
Vu-y IO
I2

Here the L -operator was introduced as

R 1| ka(xq,Dldx,

L (k)O(X,DJ—TJ It (X2 k>0, (1.9.21)
and the following rule for change of the order of integration was used:

© @ ® g

J dyOJ du= duJ dy, . (1.9.22)

I2(Yo) I2

It is of interest to note, that the r-operator, introduced in (Fabrikant, 1989), had
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the property, that r(k)s(k)=s(k,k,) and £(1)=1; the new operator £ is
different:

L(k) £ (k)=£(k,+ky),  L£(0)=1. (1.9.23)

Substitution of boundary conditions (18) into (20) leads to the governing integra
equation:

[ u o
2 -\ —
\/U‘y \/U_YO
Application of the operator
s ) (1.9.25)
\/y Y1
to both sides of (24) gives:
Y1 o« o
L 2 - ’ d *
_on L&Y=Y 0XY)) dYo_ d [ _dy £ W)VcY). (19.26)
VWi Yo dy, WY1
Here the following integral was used:
u
=d%=n. (1.9.27)
VU=Y\/Y =W
The next operator to apply is:
Y2
d
i Vi (-2y) (1.9.28)
2] W21

with the result:
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Y2 ©
~ 212 (~y,) O(X,Y,) = J N £(-2y) 3 JV_VLL(y)V(X y).  (1.9.29)
2 1 1
The fina result is:
o(xy)=-L0 4 a £(-2 ) m o (y)v(xYo) (1.9.30)
’ 2re dy \/Y‘Y1 & \/YO Y1 ° °

The back substitution of (30) in (20) alows us to express the potentia in the
whole space through its boundary values. The first simplification yields:

0 0

V(x,y,z):—%[[ L (2u -y—-29 (u))

I2

J L*(YO)V(X,YO) dYO.
09 ()] \fyo-g'(u)

(1.9.31)

On introducing a new variable t by the relationship u=I(t,y,z), namely, t=g (u),
expression (31) will take the form:

\/|2(t) ydt . L (Y)V(XYo) dyo
V(X,y,2) = J 70 T20 (205t -y -2t) dtJ = (1.9.32)

Here the abbreviation I,(t) is used for I(t\y,z2) and the following formula of
differentiation was used:

diyt) . -y (1.9.33)

dy I(t) -13(t)

The change of the order of integration in (32) yields:

0

[ Yo *
dt [z (21 -y-2t)
V(xy.2)= deogﬁ(yo)dyoj yr=limommen O y%(x,yo). (1934

The integral in curly brackets can be computed exactly (see Appendix A), and
the fina result is:
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0

-1 z [Ro S
V(x,y,2) = T[Z[ dXOJ REh +tan EQOE%/(XO%) dy, . (1.9.35)

where

h'=2y/yl>. (1.9.36)

In the case of y<O and z- 0, the formula (35) gives the potentia in the
negative half-plane, through its values in the positive haf-plane as follows:

00

_1 ’ 1 V(X0,Yo) dYo
V(x,y,0) = nZJ deJ .\/ T for y<o. (1.9.37)

Problem of the second kind. Let the boundary conditions on the plane
z=0 be:

_A1VO _ _
2T[62D2=0_0(X’y)’ for y>0, 0<X<o0o,

V(x,y,0)=0, for y<0, -—ow<x<oo. (2.9.38)

It is necessary to find the function V(x,y,z) in the whole space and o for y<O.
In order to derive the governing integral equation, we use the second condition
(38). Repeating the derivation of (24) for y<0, we obtain:

0

vi(x,y) Dy<0 = ZJ

u 5 +
du JL(ZU‘V‘VO)O (X.Yo) dyo (1.9.39)

Vu-y VU=Yo

By using the integral representation (7), the potential in the lower half-plane due
to the charge distribution there will take the form:

y 0 .
_ du [ £ (Y*+Yo—2U)a (XY,)dy,
0 =2 —— —— ) 1.9.40
v XYL l \/y_uJ o-u ( )
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Since the second condition (38) implies that v'+v =0, the governing integral
equation will be:

0

o[ _du £ 2u-y-y) 0" (x¥0) dys — o " du [ £tYem20) 0 (X dyo
J\/u—yJ VU=Yo 1 vy—UJ Wo-u
(1.9.41)

The left-hand side of (41) can be transformed by using two representations (2)
and (7) as follows:

0 0

du UL*(ZU_Y_YO)O+(X’Yo)dYO L(2u y- yo)du
— o = d
J\/“_VJ VU=Yo J yODEJ VU=yu=Yo S

0

:Jd OBJ; L(y+y ZU)du 0" (X.Yo) = Jj - JmL*(y+yo_2u)o+(X’yo)dYO

0l VW-uye-u D Vy-u VWo-u
__ " du [ LtYe- 2u) 0 (X.Yo) dyo (1.9.42)
l \/Y‘UJ \/YO_U o

Comparison of the last two expressions of (42) leads to:

J a (Yo~ 2U)a"(X,Y,) dy, =T JO L= 205 ()t : (1.9.43)

Wo—u VYo—u

Application of the operator

0

d J QU (ou) (1.9.44)

Vu-v

to both sides of (43) yields:

00

e (V)o (x,v) = —J (yO) o

-3 yo 0 (X,Yo) dyo., (1.9.45)
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and finally
o (X, y)D :——J -\/ Yo £ (Yo yy) 0" (X,Yo) dy - (1.9.46)

Expression (46) gives us the direct relationship between the charge distribution ¢*
in the upper haf-plane and ¢ in the lower one. It can be rewritten without
the £ -operator as follows:

© )

_ __1 yo 0" (X0Yo) Yo
= dx"J Y (- yo (540

—00

Now the charge distribution o is known al over the plane z=0 and we can find

the potential directly in terms of the prescribed density o*. By utilizing (7), we
obtain:

1 0
Vixy.z)=2| j L(y+Yo—2u)o” (X.Yo) dyo (1.9.48)
\/y u \/YO_U
g (u
Substitution of (47) in (48) gives after simplification:
IZ
Vixy.z) =—2[ "L (Yo 20)0 (%Yo dyo (1.9.49)
x/y u Wo-9'(u)
The positive counterpart, according to (20), will take the form:
T 07 £@u-y,myydu O
V(x,y,2) =2 dyoDJ ————[10"(X,Y,)
Vu- U=y ~/g"(U) - Yo
: Dl(y £ (y+y,-2u)du U
=of dy,;)| LYo 2OM Fy vy (1950
0l Weue-g

We change the order of integration in (50) according to the scheme:
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© i) y e e
J dyol du= J du J dy,+ l duJ dy, . (1.9.51)
- L g -

Taking the complete potential as a superposition of V- and V', we see, that (49)
cancels out with the second term in (51), so the only term left is:

y

V(X,y,2) =2 (1.9.52)

dLJ L(Yy+Yo- ZU)O(xyo)dyo
Vy-u o9’ ()

I g (u)

We can aso change the order of integration in (52) and perform the integration
with respect to u:

% o
U 2 (y +y,—2u) duD

V(x,y,z):2. dy, [ ———[10"(X,Y,)
c Og[ wW-uw-gwg

0

' : 1. - Yol
deJ e g\éo Bo(xo,yo) dy,. (1.9.53)

—00

2
Tt

We discard the superscript + on o in (53), because from the limits of integration
it is obvious, that o is related to the haf-plane y>0. In the plane z=0, (52)
and (53) simplify to:

y o
L (y+Y¥o—2u) o(x,yo) d
V(Xayao) = ZJ dL J (y yo u) O(X yO) yO

Vy-u V¥o-u

© )

ZJ don Lo E2*/yy‘ﬁo(xo,yo) dyo . (19.54)

Tt

—00
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Application to elastic contact problems. We consider a transversely
isotropic elastic half-space z>0, characterized by five elastic constants A, as

described in (Fabrikant, 1989). Let a semi-infinite smooth punch act on the
boundary z=0, y=0, while the rest of the boundary, namely, z=0, y<O0, is
stress-free.  Assume, that the punch produces the normal displacement:

w=w(X,y) for y=20, -—oo<x<o. (1.9.55)
The other boundary conditions on the plane z=0 are:

0,=0, for y<0, —-oo<x<oo,

1,=0, for —0<X,y<oo, (1.9.56)

It is known from (Fabrikant, 1989), that the governing integral equation is:

il o o(xo,yo) dy,=w(xy), y=0, -wm<x<o. (1.9.57)
0 0~

Here H is the elastic constant, defined in (Fabrikant, 1989) and R*=(x—Xg)?+(y—
Yo)% According to (30), the solution of (57) will take the form:

y )
—_Ldf_dy
oY) = =524 dyJ \/y_lyl (=2y) 5 J = 1L(yo)w(x Yo) (1.9.58)

The complete solution to the problem can be expressed through two potential
functions:

Fa( )— I:( z)), F( )— I:( Z) . (1.9.59)

Here z,=2zly,, k=1,2; m, and y, ae the elastic constants defined in (Fabrikant,
1989); the main potential function F(z) is defined as

© )

F(2)=F(xy.2) = J dXoJ In (\(X=%0) 7+ (Y = Yo) >+ 22 +2) 0(Xo,Yo) dyo (1.9.60)

—00
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By substitution of (58) in (60), we can easily compute 0F/0z, which will
coincide with (35) and further integration with respect to z (see Appendix B)
will give:

© )

F(x,y,2) :T[AH[ deJ K(X,Y,Z:Xg,Yo) W(Xo:Yo) Yo (1.9.61)
where
oo A amn0V2.01 . fiq
K D AL ’ ___t - — —|:| _—t ™
(XYZXO yo) R, an WOD _\/ - E{/iq an ZIZDD

=(X=Xg) (YY), (1.9.62)
and [0 stands for the real part of a complex expression. The displacements and
stresses are given through the main potential function as follows (Fabrikant,
1989):

— : - aFl aFZ

U—/\(F1+F2+IF3), W—m1$+m2¥,

2 B - (L mVAIF, + 1 - (L+ m)AIF

0,=2AN? (F,+F,+iF,),
_ A 0° 0
OZ_A446_22 1+m1)V%F1+(1+m2)V§F2D

=ANL %u m)F, +(L+my)F,+ iF?,EI (19.63)

Here u=u,+iu, is the complex tangential displacement and

_a -_ l(p[D aD P= ) — N
A= I Iay € @p pacp[l i \/ 1, A=NA.

0,=0,+0,, 0,=0,-0,+2iT,, T,=T, +iTy,. (1.9.64)
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Hence, to find a complete solution, we need the following derivatives of K:

az é@" +tan™ %}% (1.9.65)
AK = —‘lgo tan -1%0% _h% -\/2"2 tan %g (1.9.66)
%Z_ZK Rio B&Zgzm tanﬂ%o% h[Roi(h i% %} IEF;EI (1.967)
52K = _quo tanﬂ%o% h[Roi(h B %0_20;41)% (1.9.68)
o= B B L U

3’2% %tan‘l %B—m. (1.9.69)

The substitution of (65)—(69) and (61) in (63) gives the complete solution.

Application to the half-plane crack problem. We consider a transversely
isotropic elastic space weakened in the plane z=0 by a crack y=0. The crack
is opened by normal stress p, applied to the crack faces in opposite directions.
The boundary conditions on the plane z=0 are:

o,=-p(x,y), for —<x<o, y>0,
w=0, for —o<x<o, Vy<0,
1,=0, for —0<X,y<oo, (2.9.70)

The main potential functions in this case are:

N -

ch(X!y!Z) = ch(Z) 2T[( 1)

®(z)),

Y

CDZ(X!y!Z) = CDZ(Z) = 2T[( 1)

®(z,) (1.9.71)
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where

0

D(2) = D(x,y,2) = J deJ %{‘)’)dyo (19.72)

—00

and R§=(x—xy)?+(y-yo)?+2Z. The governing integral equation will take the form:

© )

___1 W(Xo:Yo) Yo
PO =2t AJ deJ N A v

(1.9.73)

where A is defined in (64). The integral equation (73) is inverse to (54),
therefore its solution is:

0

wixy)=2 HJ dlx, J P Y0 gy g_\/Ryyo%jyo . (19.74)

—00

Substitution of (74) in (72) alows us to express the main potential function in
terms of prescribed pressure as

© )

2
D(x,Y,2) :F[HJ dXoJ K(X,Y1Z:X0,Yo) P(X0,Yo) AYo » (1.9.75)
where
, _ 1 -1 @X/V_B/lﬂjh
= —— —, 1.9.7
K(X,Y,Z;X0,Yo) [ dx1J Rlotan TRy OR, (1.9.76)
Here

Rio= '\/(Xl —X)* + (Y1~ Yo

R, =+/(X, = X)%+(y, ~y)*+ 2. (1.9.77)

For the field of displacements and stresses we mainly need various derivatives of
%, They are
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9A - Mgyt L (1.9.78)

/\17(—? E?ot R ctan 2I (2.9.79)
- o ten %CE Z[ROE*(h 3% %f *AZ% (1580
a%/\gczzn%,tml %{E [R0+h(h = %O_Z(Iz—ll)% (1.9.81)
N K= 211 %an V’i _z(3§2§|;822) tan™ %%E

2\/Yols zh g , 1 [0 (1.9.82)

qs(s -217) R0+(h VRS 4ly(,-1)00

In expressions (65)-(69) and (78)—(82) the values for I, |, and h' are defined
by formulae (13) and (36). The other parameters are defined as

S =(y+Yp) —i(X=%), q=(X=Xo) +i(Y=Yo),

c= _\/%, (1.9.83)

and the overbar everywhere indicates the complex conjugate quantity.

We consider, as an example, the action of a pair of norma concentrated
forces PO(x—X,)d(y-Y,) applied to the crack faces in the opposite directions at
the points (X,,Yo.0"), Yo,>0. According to (63), (71), (75) and (78)—(82),

complete solution for the field of stresses and displacements in a transversely
isotropic elastic space is:

2 Vi
u=2Hp Etnl f1(z) + 2= 15 2)D (1.9.84)

2
w=2Hp Etn @) G2 (1.9.85)
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2P [ Vi 1D O Y2

f 1.9.86
TIZ(Vl ) Dmmﬁl)yz viO f3(zy) - iy + 1y y2D a( 2)D ( )
=2 HA, Pgmyl Ha(z) e (2 (19.87)
T[z(y (V1f3(21) V2f3(22)) (1.9.88)
nz(y 5 (1520 -5(2). (19.89)
where
1 1[5 _z [
fl(z)—q%an '\/—2|1 At B (1.9.90)
1m0
£(2) = R (1.9.91)
* __Di Dh 0N h' 0l Z ]
(2=~ G R " R2+ ()7 (=T, R (1.9.92)
_ [5_ ZBRS-Z). . [h'[
(@)= %a” V-2, TR O RO
2y/¥ol3 zh' g 1
- + 1.9.93
TS -2) R+ PR a1y (1993
@=-Dggr@ O __h [ 1 [ (1.9.94)

R R [Re+(h )] (R 2(15- 1T

The results, obtained in (84)—(89) are valid for isotropic bodies as well, provided
that we take

Yy —y — _1-V? . _E
Yi=Y>=Y;=1, H “TE AM_AGG_m , (1.9.95)

where E is the dastic modulus and v is the Poisson’s coefficient. The relevant
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limits can be computed according to the L’Hopital rule. We leave the actual
computations for the case of isotropy to the reader.

Appendix A. Derivation of (35). By using the rule of differentiation under
the integral sign, the expression in curly brackets of (34) can be rewritten as

* * A a— Yo
LYo+ 22-N)Vlo-y
(I2=12) /Yo J

dt dE(@0-y+y-2t) =—n
Fot®O . 10-m VIa(t) Yo (1.9.A1)

We introduce h'[I3(t)], as defined in (17), and transform it as follows:

h 1] = 24/1200) ~ 110 1/11(Ve) —12(t)

= 23/¥Yo (Z14) ~15(O)(y +Yo) + (O]

=2y =110 o= 11(t) ~ZH ALy - 1101}
=2y -t \WYp-t=h(t). (19.A2)
Here we used the identities:
HO-t=y-m,  LO0=w-32,  giol=t. (19.A3)
The derivative of h can be computed as

dh_ V10 ~tI0) 10+t (19.A4)
dt Wo—t 12(t) = 14(t)

By using the identity
205(t) =y +yo =2t =15(t) = 13(t) + Yo~ t, (L9.A5)

we can present the expression in square brackets in (Al) as

[15(t) = 13(t) +yo = t] VIo(t) -y
[15(0) = 1(O] {T12(1) = 13(t) + Yo~ ]2+ (X — %)}
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Via(t) =y o=t 220y~ 1)*  dh(t)
A A . 19.A6
Vi) -t[Re+RA(t)] Rt [RE+h¥(t)] dt ( )

Substitution of (A6) in (A1) and integration by parts yields (we replace the £
operator by A

Not2myx=x) o dit d 00=0*A(M) [
(12-1) Yo J VYo~ t At LAZ(t) [RG+ h%(t)] U

Zog lim 3 (Yo—1t) 0" (1) 0,, h'(t) dt

t -y, () [Ro+ h(D)] 1 J h#(t) [RG + (1)

(Yo-) (1) e
O Wo— D z
=— lim

zztlyofﬁ(t)[Ro+h2(t)]D ROL B2t Rj +hZ(t)ad X
_Zz @o 4 [

~Iry wnlm%uu (L9.A7)

Here, for the sake of brevity, we introduced the notation h'=h(0), as defined in
(A2). Substitution (A7) back into (34) leads to (35). Note, that the limit

t-y, in (A7) is infinite and cancels out with the next term ZI[R3h(t)] for
t-y,, We note aso other useful identities:

VIR =y Vy =10 =/Ixt) -t Vt=17 =/lit) -t VIy(t) -y

=\l -y Vi) -t=3,
y-li®) =l -t,  t=1(t) =t -y,

Al _ y=li(t) _ 1xt)-t (1.9.A8)

Ot 1) -13(t) I5(t)—13(t)

Appendix B. Here we present the detalls of the integration resulting in the
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expression, given (62). The integral to be computed is:

(2R, o[
|_J ~Traadad mo%iz. (L9.B1)

Here we note some useful derivatives and identities:

Mm___z Az o Yz
0z~ 2A-ly’ 9z 205-1)’ 9z h(y-I)

QML R [0 Y2 200 2z
0z R R3+()2[ (Iz-1) h'O R

R3+(h)2=(211-5)(211-5) =(2l,-iq)(2l,+iq) . (1.9.B2)

We Integrate by parts in (B1) and obtain:

*

':J zdz _itan-lﬂl@[ dzo , th (1.9.B3)

Rh' Ry [Ro] | Ry0z Ry
Using (B2), we can rewrite (B3) as

_ 1. .m0 Yoz dz J zdz
| =—=—tan ~ =——+ — — + - — . 1.9.B4
Ro (R [h(IZ_Il)[Rg"'(h Y| h[RE+(h)? ( )

The change of variables of integration with help of the expressions in (B2) will
allow us to transform the integrals in (B4) respectively into the following:

yozdz :\/7 dl,
| W-R+ (N VP [\/I_;(ZI;—iﬁ)(ZI;Hq)’

gz 2 [l y e
J WIRG+(W)T /Yo | (2=10) 212+i0) Vo) /I5(215-i0) (215+iq)

After substitution of (B5) in (B4) and some simplifications we obtain:

L0 1 0__ 4| 1.9.B6
R, R[] ZVyOH VE@5-ig) | Vi Es+igU ( )

The integrals in (B6) are elementary and we have:
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2150

‘1DhD+ 1_2DD1 a0l

|=— tan — tan™*
Ro molj \/2y0 Q/|q

Finaly, (B7) alows us to write the result of the definite integral:

(1.9.B7)

z@o )y _ 2O 1 01 . . fiqd
— —— 2] =— 1.9.B
J i mo%’z Rota” R /2y, q/.qta” org (L9B8)

1.10. Exact solution of the biharmonic integral equation
and its applications

Abstract. A new type of integral equation, which is called here
biharmonic, is studied in detail. An exact closed form solution is obtained for a
circular domain by using a new integral representation for the distance between
two points, combined with the properties of the Abel type integrals and the
L-operators, introduced by the author earlier. The necessary and sufficient
conditions have been established for existence of an integrable solution in the
case of a circular domain. The results are illustrated by several examples.

Introduction. The study, presented here, was prompted by a letter from
Ciavarella (Oxford, as he then was), where he was asking me the following
guestion: given an arbitrary finite domain S a the boundary z=0 of an elastic
half-space z=0, is it possible to find a unidirectional tangential stress distribution,
such that it would produce a constant tangentia displacement in the same
direction and would not produce any displacement in the perpendicular direction.
The rest of the boundary is assumed to be stressfree, and the normal stress
vanishes al over the boundary. It is well known (see, for example, Mindlin,
1949), that such a distribution does exist in the case of an dliptical domain.
The question now is whether this will also be true in the case of a generd
domain. Partial response to this question was given in (Fabrikant, 1989), where
the governing integral equation for such a problem (we call it tangential contact
problem) in the case of a transversely isotropic elastic body was presented in the
form:

%GlA[ [ R(3,9) 1(Jp) S, ——G /\2[ [ R(3,9) Td0) dS, =u(d) . (1.10.1)
S S

Here G, and G, are the elastic constants introduced in (Fabrikant, 1989); R(LL)
stands for the distance between two points, the points J and J, have Cartesian



1.10. Exact solution of the biharmonic integral equation

coordinates (x,y,0) and (X,Y,0) or the polar cylindrical coordinates (p,¢,0) and
(Po:®,,0) respectively; the complex tangential stress 1 was introduced as
T=T,+it,, and the relevant complex tangential displacement was introduced as
u=u,+iu,; the overbar denotes a complex conjugate quantity; A is a
two-dimensional Laplacian, and the differential operator A is

L0, 0 _go@,i00  ,_ax
A_ax+|6y_e @p+p6(p[l A=N\N. (2.10.2)

From the form of equation (1), one may conclude that Ciavarella’s question can
be answered in affirmative, provided that there exists a real function T, such

that

J J R(J,Jp) To(Jg) dSy =€ X+ Cry° + CaX +Cy + Cg, (1.10.3)
S

where c;, ..., c; are rea constants. Since application of A and A to both sides
of (3) gives us rea constants, this proves that existence of 1, effectively

guarantees, that such a wunidirectiona tangential stress will result in a
unidirectional constant tangential displacement over domain S. Now the problem
is reduced to investigation of the integral equation (3). There is huge literature
on the integral equation, where the distance between two points is in the
denominator (a simple layer in potential theory), but | could not recal any
reference study of the integra equation (3), where the distance is in the
numerator. It seems that such an equation does not even have a name. | have
decided to call it biharmonic integral equation for the following reason: a general
biharmonic function f can be presented in the following form:

f(M) = J J R(M,Jo) T(3) dS . (1.10.4)
S

Here point M has the cylindrica polar coordinates (p,®,z). Comparison of (3)
and (4) explains the logic behind the name given to the integral equation.

One can notice a smal "cloud” over the existence of solution of integral
equation (3), namely, if we assume existence of solution in the case, where
C,=C,=0, this would mean in physica terms that there exists a non-zero

tangential stress distribution, such that it does not produce any tangential
displacement in any direction, which does not make sense, so we have to assume
that such a solution does not exist, even in the case of a circular doman S
On the other hand, application of Laplacian to both sides of (3) results in
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J
[ [ RT((J"J’)O) dS, =2(¢; +C,). (1.10.5)

Equation (5) is the well known integra equation of the normal contact problem,
which is known to have a solution for arbitrary domain. Of course, there is no
guarantee, that the solution of (5) will aso be a solution for the integra
equation (3): they may differ by an arbitrary harmonic function.

So, the purpose of this study can now be outlined as follows: to find a
solution to the biharmonic integral equation:

[ [ R(3,39) T(Jp) dS, =w(J) (1.10.6)
S

where w is a known function and 1 is unknown, as well as the necessary and
sufficient conditions imposed on function w, so that the integral equation (6) be
solvable.  Since this equation has never been considered before, we limit
ourselves here to the case of domain S being a circle of radius a. The case of
elliptical and more complicated domains will be considered separately.

The analysis goes aong the following route. First, an integra
representation for the distance between two points is established.  This
representation is used then to reformulate the problem in terms of the
L-operators, introduced in (Fabrikant, 1989), and the Abel-type integrals. Process
of finding the inverse operators leads to a closed form solution, as well as to
the mathematical conditions imposed on function w, which would guarantee
existence of an integrable solution.  Several examples are considered as
illustrations of effectiveness of the obtained solution. Additional applications of
the developed mathematical apparatus to computation of various integrals, involving
distances between two points, is aso presented. Magjority of these integrals seem
to be new and have not been computed before.

Integral representation for the distance between two points. The idea for
such a representation comes from the general formula, derived in (Fabrikant,
1989):

min(po,p) )\DX_Z’ (p_(po kdX
1 :2005(117k)J (PP %

RIK 11 (02— x0) (02 —x2) T2 for k>-1. (1.10.7)

Here R is an abbreviation for R(J,Jy), and
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A(M,Y) = 1-m° m<1 (1.10.8)
1+ m?-2moeosy’ ' o

Though the value of k in (7) is assumed to be greater than -1, we may try to
use it for k=-2. The formal result reads:

min(po,p)

R(3,d) = J Ve’ _ng/p 0= X\ ,cp—cpoghx. (1.10.9)

X (6P,

The integra in (9) is divergent. Rephrasing Heaviside, who has alegedly said:
"This series is divergent; therefore we may be able to do something with it”, we
can say: "This integral is divergent, therefore it might be quite useful.” Indeed,
we can add and subtract an obvious term eliminating singularity, with the result:

min(po,p)
0 2 _ 0
_2 BP0 _ VPP -XVpo-X e
R(J,JO)—T[Emax(p,po)+J 2 . Moo @ %%ixg. (1.10.10)

Expression (10) is a mathematically correct integral representation for the distance
between two points. Its correctness can be verified by a direct computation of
the integral in (10). Indeed, such an integral can be computed as indefinite:

Po VPPV Po— X K3 p>=x*1/po—Xx*—pp
[ g;zo \/ X\/ )\DX ,(p %%ix-\/ \/ 0
_15/[3 -x*y/p5 = O

= o (1.10.11)

In order to obtain the integral representation for the distance between two points
in the case where the z-coordinate is non-zero, one can introduce the quantities
(Fabrikant, 1989):

1,(%) =% (Vo + X7+ 2-\p-x7+2), (1.10.12)

1(X) :% (\/(p +X)2+Z2 +f(p—X)* + zz) : (1.10.13)

One can verify the following properties of |, and I,:
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L)L) =xp, 15 +15)=x*+p*+2,
lim 1,(xX) =min(x,p) , lim 1,(x) = max(x,p), (1.10.14)
z-0 z-0

The formal substitution of p and p, by I,(p,) and I,(p,) in (10) leads to the
representation:

D 11(Po) -\/ 2-\/ X D
=X —X
R(M,JO):%[]Z(pO)+J (PP _VP X VPoTX DX ,(p—(po%ixﬂ. (1.10.15)
0 0

[ X (6P,

Substitution of (15) into (4) allows us to transform it as follows:

21 a 21 a

O
J J R(M,Jp) T(Po, @) podpod%:%EJ J 12(Po) T(Po, Po) Po APy dey

2m a 11(po) I

2
- J JT(pOa%)podpod%B '_ZT[J \/—

0

2 x* O
J(X)-\/po (X) L Ij)polj

I a

D 1

XT(Po. @) Po dPoL =~ 4J O)'(X aaxg/ J Vv p%-gz(x)L Dt(po,cp) poolpoD
N 09

(1.10.16)
Here the notation |, stands as an abbreviation for |,(a), the Lr-operator was

introduced as (Fabrikant, 1989):

21

L(m)f(cp):%TJ f(q) A(m, 0~ @) dgy (110.17)

the quantity g(x) is defined as

20N — o2 Z [
92(%) =X %+—p2_X2D (1.10.18)

and the following rule of interchange of the order of integration was used:
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a 11(Po) I1 a

J deJ dx:J de dpy. (1.10.19)
(x)

In order to verify (19), one has to use the fact that function g is inverse to
both 1, and I,.

In the case of z=0 and p<a, utilization of (16) in (6) alows us to
rewrite the biharmonic integral eguation in the form:

a

P
dx 0 2
B J FeT %/pz_xzj Vpo-xL %(—po%(po,cp) Po dpo%W(p,cp)- (1.10.20)

X 0X

Now the biharmonic integra equation has been transformed into the form
involving Abel-operators and the r-operators, and we can proceed with its
solution.

Solution of the biharmonic integral equation. We assume that the known
function w and the unknown function T can be expanded in a Fourier series:

wip,@= D W€,  1(p,9= D 1,(p)e. (1.10.21)

Nn=-co Nn=-co

From the structure of (20) it is obvious that the n-th harmonic of t will be
related to the n-th harmonic of w only, therefore, in order to solve (20) we can
consider the integral equation for the n-th harmonic, to solve it, and then to do
the proper summation. The integra equation for the n-th harmonic will take the
form:

p a
_al X0 Um0 7 X [ i
4J X 0X D/p X J VPo-x (PP, T(Po) Po dpoD— W,(P) - (1.10.22)

What follows is the procedure of solving (22), which mainly consists of
application of various integral and differential operators. If the reader asks, why
we are using this or that operator at certain step in solution, the answer is very
simple: since there is no established general procedure, the solution had to be
found by the “trial and error” method, and it was. The process leading to the
solution is presented below. The reader interested in the final result only can
skip the derivation.

87



88 CHAPTER 1 MATHEMATICAL FOUNDATIONS OF THE METHOD

Application of the operator

.
A r™dr
or \/rz_pz

to both sides of (22) yields, after interchange of the order of integration:

r a
an) dx [ 0 g
D[\/po‘r DT_ Tn(Po) PodPo — J XXJ a_x%/pg X% %n(po) Po dpo]
[
5 [ Wy(p) p™"dp
arJ Jr-02 ( )
The next operator to apply is:
a
__dr
-\/I‘ 2 2n+1’
with the result:
a r a
-n dr dx [ o
TIZJ g" 1%n(po)pé dpo_sz \/rz—yZJ fja—x%/po 2%)2( DDtn(po)podpo
a r ( ) n+1d
_ dr d [ Wy(p)p " dp

Now, multiplying both sides of (24) by y and differentiating twice with respect
to y, we obtain an explicit expression for T,

”162D dr W) O P p— 2 [ —

) =2 s "J J— 05 LD (00 oy T

T 0y? J\/r_ r X 6xﬂ/ [1%p, T
(1.10.25)

which leaves us with the task of dealing with the last term in (25) which aso
contains T, Here the notation was introduced:
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r

n+l
(r)z%%J Wo(P)P_dp. (1.10.26)

\/rz_pz

First, we establish the following useful identity:

W,

n

02 aMD_ [F (r)rz] a’F(a) _a’F'(a)
ZE(J .\/I-ZTyZD J -\/I' — (a2_y2)3/2 '\/aZTyZ (1.10.27)

Here F is an arbitrary function, which is finite and differentiable at a, the prime
sign denotes derivative with respect to the argument. The identity (27) is
derived by using twice the rule of differentiation under the integral sign:

a

QJ F(r)dr ___aF(a) +;fF’(r)rdr:_ yF(a) +yJ [F(r)/r] dar

| Py y@-F Y| Py ay@-y | -y

For the purpose of further transformations we denote:

r a

Fo(r)= JdXJ 5705 (%) "ot o™ oy (11028)

In dealing with the last term of (25), according to (27), we need first to
compute:

r a

J dx J 207 ()" n(po)po”dpfr—%na [(p0,00)

a

~®(0,00)] T(Po) P " APy + J [D(r,po) = P(0,P0)] T,(Po) PG " dpoEI (1.10.29)
Here the notation was introduced:

x?"2[2np5 - (2n + 1)x2]

\/po X

Po
D(t,pp) = J (1.10.30)
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The integral in (30) is computable in terms of elementary functions, but we do
not realy need to do it. Since ®(p,pPy) =0, expression (29) can be simplified

further as

r a a

Jd—xja%%/po 2 () " (00 o™ dpy = anJ P(0.00) (P 5",

a

+J D(r,po) Tr(Po) P5 " dpoEI (1.10.31)

The differentiation of (31) with respect to r yields:

a

0 [dx| d n 2n 2n+1)r? n
arJ XJ ax%/po XZ(X) n(po)po dp, = J Po—( ) (P o)po dp,

Vet

a a

gn?—l D J CD(O pO) Tn(po) pO . dpo + J CD(r ’po) Tn(po) pé_n deEI (11032)

Now, according to (27), we need to multiply both sides of (32) by r? and
differentiate the result with respect to r. This procedure gives:

a

S arJ dXJ axlj/ 0 XZ(X) n(pO) pOndeB

2np3 - (2n + 1)r?

Vo7

T.(Po) Po " dpg

a
_ 0 [ 2np5-(2n+1)r?
‘arJ Vo512

T.(Po) P5 " dpo — J

a

= f?n_l B—J ®(0,) T(Po) Po dpo+J D(r,Po) Tw(Po) PG " olpOEI (1.10.33)

The next step is the substitution of (33) in (27) and computation of the
integrals. It is shown here step by step. The first integral to be computed is:
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a a

2n 2n+1r -n -n al
J _dr 6J p5—( ) T.(py) P dpozlzTErZ Tn(y)—(2n+1)J T.(Po) P6 dpog

VP -y?or Vo312

+

a
2 _ 2
L \im J 2006~ 2N+ DT, 1 ) ok oy (1.10.34)

Vai-y’r . a Vo2

Here the following general rules were used:

’ dg 0 af(po) f(Po) PodPo[ Tt ’ 26
\J\/rz__yzﬁ J \/p 2 0 2% f(Po) Po APy yf(Y)D
@ i [ f(Po) Podpo
Vai-yr_a) Afps-r?
’ dr f(po) Po dpo f(po) Po dpo
f( y) + [im (1.10.35)
= i e

The last term in (35) is not necessarily zero, since function f might have
singularity at a.

The next integral to be computed is:

a a y

dr 2n 2 2n+1)r? -n T 2n n
J \/ryZJ pi)/ pg(__rz : ) T(Po) PO de:E%J T,(Po) P65 " dp,

y

—@2n+1) J T, () PE™ olpOEI (1.10.36)

The integral to follow is dlightly more involved:

a a

Po
i ®(r,p,) d
J dr y J (r Po) ¢ f (0g) ot ndeZJ f (py) po "d J (r p°)2 2rn (1.10.37)

_\/r2_ _\/ 2
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Since, according to (30), ®(r,p,) is defined as:

p
" X2 [2np2 - (2n + 1)x7]

q>(r,po)=—J N
=

we can introduce a new variable t=rpy/x, so that

P
or 0P8 [ [2nt2=(2n+1)r? dt
(r 1p0) - r1—2n J t2n+1 .\/tZTrz .

Substitution of (39) into (37) gives, after simplification:

a

a
dr o(r po) -n T m4n2_1)y_4n2po
do.=——
J _\/rz_y J r n(po) pO pO ZyJ D 2n(2n_ 1)pgn

. 1
2n(2n-1)y*"*

%n(po) o™ dpg -

From (30) we may compute:

mr(n-1/2
P(0,p0) = _% Po"-

Now utilization of (41), (40), (36), (34) and (27) in (25) leads to:

n-1 a2 [ ' n+l
_y 0% dr [A0A0 [ WaP)p " dp
Tn(Y) 2 0y? D/J -y 4201 7 or V- +To(Y)

a a a
1 n+1 n-2 dr 2 (n+1/2) n+1
_— d d
yn+2J Tn(po) pO pO J -\/I' _\/T[an r(n) J Tn(po) Po Po

a
2 02F() JEF@)0 2y J2np§—(2n+1)r2

lim
[a®-y»**  \Ja2-y?[) mfa®-y?r . a Vo -

(1.10.38)

(1.10.39)

(1.10.40)

(1.10.41)

T.(Po) P5 " dpo -

(1.10.42)
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We can get from (28) and (29):

a a

mr(n-12
2 J¢(O’po)Tn(po) pé‘”dpo—\/n (n )J T.(Po) P5 dpy,  (1.10.43)

Fn(a) == T[a2n

S 2m(n+1)a®

and from (32) we get:

a

a
, 2 . 2np; - (2n + 1)r? 1o r(n-1/2) e

Fn(@) == lim —— T, dpy——=mr—= T, dpg -

(&) nrﬁaJ \/pé—rzrz (Po) Po  dpg 2 1\/T[r(n)J (Po) Po  dpy
(1.10.44)

Simplifications in (42) due to (43) and (44) finally lead to a solution:
2n+1 2 ( )d
1 9 ™ 62% W,,(r) dr 3a’y"

= — —_—— F : 1.10.45
Tn(y) yn+layDT[2 ay2 \Jan_\/rZ_yZ%"‘ n(a) (az_y2)5/2 ( )

There is though one problem with this solution: we have terms with singularities
of the order 52, which ae not integrable. In order to eliminate these
singularities, certain conditions should be imposed on W,. These conditions can
be derived by performing differentiation under the integral sign in (45), using the
rule (27), with the result:

y PR Wi@] [ _rdr 9% [Wa(r)
T[2 ] -\/az—y2 \/rZ_yZarZDrZ”‘Z

T(Y) =

ya " Wi(a)[], _ 3a’y” W.(a)0
+ (@2-y?)¥? D+ (@2-y?)>? n(a) + 222 [

(1.10.46)

It is obvious from (46) that, in order to eliminate the non-integrable singularities,
the following conditions should hold:

W, (a) =-1?a”F (a), Wi(a) =0. (1.10.47)

In addition, one may conclude from (46) that in the case where W, (a)=0 the
solution T will be zero a the boundary p=a.

Assuming that (47) holds, the remaining terms in (46) can be rearranged to
give:
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a

n-1 4
__y—of_d__ 0 WnnN[
Tn(y) T[Z ayJ -\/_rz_yz ar Dan_z D (11048)

It is reminded that W, is defined in (26).

Now we need to consider in more detail the first condition (47). Taking
into consideration (43), it can be rewritten as

a

2 -
wn(a)=—%r?+—f)’zlj T,(po) 06 dpy (1.10.49)

Now we have to check whether a substitution of (48) into (49) leads to an
identity. We have:

__T0°r(n-1/2) ayzndya ’ dr 9 [Wa(nO
W, (a) = 2 (n+1) J = @J \/ryza 072 O (1.10.50)

Differentiation under the integral sign and integration by parts in (50) gives us.

W (a) =W (a) _Fl—l fim Szw;’(r) — (4n—1)r Wi(r) + (4n2—1) wn(r)EI (1.10551)

This means that (49) is an identity if, and only if
lim Szw;’(r) — (4n = 1)r Wi(r) + (4n2—1) wn(r)% 0. (110.52)
r-o0

Elementary analysis shows that (52) will be satisfied for any r when
W (r)=cr®™, or W (r)=cr™*, c=const. (1.10.53)

It is also obvious that (52) is never satisfied when W, =const.Z0 This means that

the second condition of (47) requires that the parameter a enter the expression
for w explicitty. A more detailed analysis can be performed assuming that w,

can be presented as a series
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w,(p)= D o (1.10.54)

k=—m

Here c, are constants and at least one of them depends on the parameter a.

Negative powers of r are admissible for higher harmonics, the lower limit of
summation m in (54) depends on n, and will be determined from the further
analysis. Substitution of (54) into (26) allows us to compute:

o 2l [L+(k+n)2] .
W= 2 e &

k=—m

e ALk
Wi = > \/rn[(k[+n(—1)/r;)] ]ckrk 2, (1.10.55)

k=—m

Since W, can not be a constant and negative powers in W, are not alowed,

except for the zero harmonic [see (53)], we may conclude that m=0 when n=0
and m=n-2 otherwise and the term with k=1-n should vanish, which means
that c,,=0. Since k=2-n, the last limitation is only applicable to the zero

harmonic: it can not contain a linear term c,p.

Performing summation in (48) and returning back to origina notation, the
final solution will take the form:

1 9 _d o0, AOIM0 I
0= nzyL(wayJ Niat Lm@r@arJ—P—P—\/z 1o wo.9

The summation of the conditions (47) yields:

(1.10.56)

21 a

I|m %ﬁ(l) rarJ _LLL(p)qu (p) T[J J %_ —%)ei((p_(po)gjz

% Po .«wpo)D” Dt(po,%) Po P, A, . (1.10.57)
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rnma %(1) ai Elaij VPTP_ £(p) w(p, (p)% (1.10.58)

Expression (57) looks quite cumbersome. It can be replaced by the equivaent
expression (52) which, in turn, can be rewritten as

or

0
2n-2 6 6 D?'Vn(f) _
r| Lmog s ot %_o. (1.10.59)

Formula (56), combined with conditions (58) and (59), are the main results of
this section.

Discussion. After the solution in the form (56) has been derived, one can
find a smpler way to obtain it. Indeed, the biharmonic integral equation (20)
can be presented in the form:

p a
dx pz+l32 2¢ D[ d

J \/p = J \/p = (P ®) Po dpy
J \/p ZdXJ \/po X O_L D[(po’(P) PodPe=W(p, @) . (1.10.60)

Application to both sides of (60) of the operator

r

J 7"79—4@
yields:
1 2 d
T[J (r2+x2 + 2p3 — 4x%) de Jos L%Et(po,(p) pode—T[J (r2—x2)?X
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a

J\/Po @ & o EDr0,0) 9oy JVPTP—L(p)w(p ©.  (11061)

Differentiation of both sides of (61) with respect to r gives us.

] r a ) r a
1 @ dx i 2 >
ZHDJ J Nr: =" o, S{(po,(p) podpo—rJ 7J VP56 — X a_me)OD[(pO’(p)pOde

D r
+J Vi L0 Pothi = Jﬁp—ap)w(p ©. (11062

Yet another differentiation with respect to r of (62) divided by r results in

\/po _90ao 0
J 7 L o o= 2 —a—J V‘%"—L(p)w(p,cp)D (11063)
The next operator to apply is:
D_lDD
ar L 217

with the result:

a

2T[J [ L%E{(po,cp) Podpy = ar 2 LLLO [10 J V%p—L(p)W(p (p)D]]

Vie-r? [82(Pr [1 or

(1.10.64)
And finaly, the application of the operator

d

to both sides of (64) leads to (56). The condition (58) can be recovered from
(63) by taking limit r ~a. We were unable though to recover the condition
(52) and this was the main reason, why we did not present this derivation in
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the main part of this section. The solution (56) is not the only one available.
For example, application of the operator

_rdr_ Q0
_\/r2_y2

to both sides of (63) gives:

a r

nZJ (Bo 1DL(—)r(po,cp)podpo J rdr L%E&%’%J—p—%ap)w(p cp)D

VP
(1.10.65)
Now multiplication of both sides of (65) by y and double differentiation with
respect to y gives yet another equivalent solution:

a

0= L) 2 @J = L%E%E%JV%LL@)MQ@% (110.66)

Yet another application of the developed apparatus is for computation of various
integrals involving distance between two points. As an example, here is the
case, where

Py ) =V 82— p3phe "0, (1.10.67)

the relevant integral is:

21 a

J J \/a ~Po poe(n 2% R(J,J0) Podpo day,

e

p a
_ dx 0 O3 l2n-4k k+1 [l
4 R

_ m2egin-2 Z M(k+3/2-m) [(m+3/2) (Q)Zm [(Jn-2k|+m-1/2)
2(k+1)(k+2)a2" MNk+1-m)r(m+1) F(jn—2k|+m+1)

gt 2(n=2k+m=1/2) , (In—2k|+ m)> - 1/4

a%p? - p4D
[] (In=2k|+m+1) (In=2k|+m+1)(jn—-2k|+ m+2)
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(1.10.68)
Here the following integral was used:

+ a* (a? I(k+3/2—m) [ (m+3/2) (x\2m
J\/p X/~ p5 p5" dpy = 2(|<+1)(k+2)Z F(k+1-m)r(m+1) @

(1.10.69)

The result in (68) shows that the well known in potentia theory polynomial
theorem is vaid in this case too. A significant simplification of (68) takes
place when k=0:

21 a

ingy _ Tl3/2r!n—1/2! i n%4
J J \/a ~Popoe " R(J,Jo) Podpy gy = 6r(n+1) (pe')
_2n—1 2 2 n —1/4 4]
n+t1 2P +(n+1)(n+2)p (1.10.70)
In the case n=2k, formula (68) gives:
2 a -\/_
_ T
J J Va2 p5 R(J,Jp) po*" dp, dpy = 2(k+ 1)(k+ 2)a>

9 % Mk+3/2-m)I'(m+3/2) (9)2'“ r(m-1/2)

Mk+1l-mr(m+1) r(m+1)
o L o4 2K K2-14 4
02 Tk a P+ Dk+2° O

And one more integral which might be useful in practice:

2 a n+1
RUJ) 00 oAy 7 v - [+ 32K (k= 1/2) (py *
V- Ar(n+2-k)r3(k+1) '
k=0

Several particular cases of the last integral:
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21 a
R(J.Jo) 3 _TC[3 4 2 al]
J J\/az—_—pépodpod%_ 2 Ba *t35 ap +16l3 5
21 a ( )
R(J.Jo) 5 _T_lz@ +3 5402 4,1 el
J J\/_az—pépOdpod%_‘l@ 8ap +32ap 64p|j

And here is an example of computation of an integral in the case where the
z-coordinate is non-zero:

21 a I

J J \/a -poR(M, Jo) Podpo diy, = _4J d?ai%/ J \/p - g(x)
()

2

I
x\[a= 05 Py oo a3 /13 -a° (13- 277) + 5L (1417 + 813 - 1507)

¥ sjn-l(l—az) %)Z(az—f) —%p4+ (a2+ ﬁ% (1.10.71)

Various more complicated integrals can now be computed just by integrating both
sides of (71) with respect to z
And one more integral, which does not seem to have been computed before:

21 a

J J e (zln[R(M,JO) +7] —R(M,JO)) P, dp, d@,

T[DD, 1.4 1 1 1 4[], 4(a) .4 2
=5 e Z'-za +a222—§p222—§a2p2+1—6p Elsm 1(I—Z)+§a?’zln[lz+(I2—p2)1’2]

2194§2 2__2 254|]D
a @ a’p 9a+9 I1 48pIl aI2+ ID]]

The reader can find additional integrals of similar kind in Chapter 6.
Examples. As the first example, we consider the case where
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® 1
w(p,9) =7 %“ +a%p? -3 p‘% (1.10.72)
Substitution of (72) into (26) yields:

W,(r) :;—[: (a*+2a2r2 —% rY),  Wir) :8ir2 (-a*+2a2r2-1r%),

4
Wi(r) =TZ‘2 (%—r) . (1.10.73)

Substitution of (73) in (52) and in the second condition of (47) shows, that they
are satisfied. One can see that not only Wy(a)=0 here, but aso Wy(a)=0 as
well. By observing expression (46), one can conclude, that in the case where
the second derivative is equal to zero, the solution will be zero at the circle
boundary. Indeed, substitution of (73) into (56) yields:

To(y) =1/a%-y2. (1.10.74)
We consider as the second example the case:

w(p, @) = G—Ti (p*+8a%p? +24a") .
The relevant computations in this case give:

1 4 ; 4
W)= Grovaar+32)  wn =T (7 2a2-32),

4.
Wi(r) :%2 (r +3’r—2 . (1.10.75)

In this case aso the existence conditions are satisfied, but Wo(a) is non-zero,
which means, that the solution will have an integrable singularity at the
boundary. Indeed, the solution is:

2
To(y) = %%yz :

We consider next the case where the first harmonic is prescribed, namely,
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* |
w(p, @) =1 (482 - p?)pe®.
The relevant computations here are:

Wl(r):T_;(aZ—%rz) r, W'l(r):T—g(az—rz),

T,(y)=-

Yy
Va2 -y

And as the last example, here is the case of a second harmonic:

w(p,0) =2re?* (32 -F 7).

) y2- 28’
Wz(r):TIZFZ%L—%EI Wa(r)=Ter(a-r), TZ(y):yzv%'

It is important to note that in the case of higher harmonics the solution may
have a very strong singularity at zero.

Conclusion. An exact closed form solution has been found to the
biharmonic equation (6) in the case where domain S is a circle of radius a.
The solution has the form (56) or (66). It has been found that the solution
with an integrable singularity a the boundary exists only in the cases where the
right-hand side satisfies specific conditions (58) and (59). Yet another condition
has to be satisfied, namely, Wy(a)=0, if one need to obtain a solution vanishing
at the boundary.

As a bonus, numerous new integrals, involving distances between points are
computed in terms of elementary functions.

Looking back at equation (3) which started the whole investigation, we may
safely conclude that its solution exists only if c¢,=c,, c;=c,=0 and cJ/(c,+c,)=a%
In al cases, for the solution to exist, the radius of the circle must be explicitly
present in the prescribed function w.
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1.11. Computation of infinite integrals involving three Bessal functions
by introduction of a new formalism

It has been accepted by many scientists, that whatever can be done in the
field of evaluation of integrals of Bessel functions, had already been done and
that nothing new or important can be introduced at this stage. This section is
written to disprove such a notion. Introduction of a new and elegant formalism
not only allows simple computations of various integras in terms of elementary
functions, it also allows to discover errors (or misprints) in long-standing results,
which by now have entered practically all respectable tables of integrals.

Introduction. This section represents logical continuation of (Fabrikant and
Dome, 2001c), where the new formalism was first utilized for computation of
various infinite integrals, involving Bessel functions. At first, | was the single
author of the article. | have sent it to several journals and got quite a negative
reaction. Rosedale from Proceedings of Cambridge Philosophical Society wrote to
me, that my material can not be published in any research journal and advised
me to submit it to some newspaper for math teachers. Freiberger from Quarterly
of Applied Mathematics advised me to read Watson's treatise, to which |
responded with a list of literature on Bessel functions in four languages, which |
have aready read. | guess, this list convinced him to submit my article for
review and the reviewer (DOme) was so impressed by the idea, that he decided
to become a co-author.

Though it is known theoretically that certain integrals involving Bessd
functions can be expressed in terms of elementary functions, practical evaluation
of such integrals is very difficult. For example, in Gradshteyn and Ryzhik,
1994, formula 6.751.3 (formula contains a misprint), one can see

0

12
o _ (\/(c2 +b?-a?) + 4a2c+ b2 + 2 - a?)
J e ™ cos(ax) J,(bx) dx = \/_2 T =) rad , ¢>0. (1.11.1)

If one tries to differentiate (1) with respect to ¢ in order to obtain the integra

0

J e cos(ax) J,(bx) x dx, (1L.11.2)

the result would be unwieldy.

In order to overcome all these difficulties, the following notation from
(Fabrikant, 1989) is introduced here:
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1,(x,b,¢) =1,(x) :% (x+b)Z+ —{(x-b)Z+?), (1.11.3)

I2(x,b,c)EI2(x):%(\/(x+b)2+c2 +(x-D)F+c2).
(1.11.4)
The geometric interpretation of 1,(x,p,z) and 1,(x,p,z) is quite obvious: if one
considers a circle of radius x in the plane z=0 and a point with the polar
cylindrical coordinates (p,®,z), then 1,(x,p,2) and I,(x,0,2) represent half of the
sum and the difference respectively of the longest and the shortest distance from
the point to the circle.

The following properties of I,(x,b,c) and |,(x,b,c) can be verified directly:

C|imO L) =min(x,b),  1,(X)<min(x,b),
C|imO 1,(X) =max(x,b),  1,(x)=max(x,b), (1.11.5)
LL()1,(x) =xb, 12(x) +15(X) = X%+ b?+ 2, (1.11.6)
V=120 /15(x) -x%=xc, V2= 15(x) 15(x) - b?=hc, (1.11.7)

VX2 =150) /b2 =15(x) = cl,(x) V1500 =X 15(x) —b?=cl,(x). (1.11.8)
The differentiation can be performed by using the main formulae:

b[X l(X)] _ a ( )
LOLIZ) —13()] ~ 9x 2

% 11(x) =

D o BIBX)-X] 9
db Z(X)‘Iz(x)u%(x) 12(x)]  Ox 1),

d ___¢ch(® cly(x)
=i 26 T -0 (A9

Numerous additional useful formulae can be found in Chapter 6. For the sake
of brevity, we shall use the notation |, and |, to denote |,(a,b,c) and I,(a,b,c)

respectively.
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Utilization of |, and |, in (1) alows to simplify it significantly, namely,
\/'2
e cos(ax) J,(bx) dx = - (1.11.10)
—hh

Now differentiation of (10) with respect to ¢ can be performed and the integral
(2) can be computed as follows:

0

4 _20n. 2 2 W2
Je‘CXcos(ax)Jo(bx)xolxzc['2 af(2a +2c b}

2 .22 12
\/|2‘az(|2‘|1)3

(1.11.11)

which is quite manageable, as compared to the result, one would get by
differentiation of (1) with respect to c.

In the main body of this section, we derive new representations for the
integrals involving a product of three Bessel functions. Certain particular cases,
where these integrals are computable in terms of elementary functions, are
discussed. Comparison with known results is made. We found that a long
standing result of Bailey (1935), which can be found in amost every respectable
table of integrals, namely,

0

J tJ,(ctsingcos®) J,(ct cospsin®) J,_,,(ct) dt

: Ly
= - 2an(m) sn"gsin © . c>0 (1L11.12)
TIC® coS' (pcos'® cos(@+ P) cos(p— P)

is correct for 0<@+®d<1U2, but is incorrect for T>@+®>1W2. Our representation
alowed to obtain the result which is correct for @<1W/2 and ®<1W2 and
m>@+®>0. A smal table of integrals involving Bessel functions is given in
Appendix in order to illustrate advantages of the new formalism.

Derivation of the main representations. The following general result was
established by Bailey (1935):

0

J £ (at) J,(bt) K (ct) dt = 27" b I(y+u+v =p)/2] F[(y+u+v +p)/2]

VI (U+ ) M(v +1)
_ 2 2
XF4(y+u;V p’y+u;\)+p;“+l,v+1;_%’_% . (11113)

105
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Here F, is the hypergeometric function of 2 variables. The result is valid when
O(y+u+v)>|0(p)] and O(ctiaxib)>0. The symbol O denotes the real part of
the expression to follow.

Bailey (1935) also established the following property:

‘v Qe — X _ y
P BV B Ay aayy
:(1—x)“(1—y)“F1(0(;y—B,1+0(—y;y;x,xy), x<1l, xy<1. (11114
In order to use (14), we presume y=v-p—-p+2 and

X _al y _b?
Ay &' @Ay & (111.15)

Expressing x from (15) as x=ya?b? and substituting it into the second equation
(15), we get:

a’y?—(a?+b?+c?y+b?=0. (1.11.16)
Using properties (6), the solutions of (15) can be written in the form:

2 2
_l1 _13
2 Xl—b_z’ Xz—b_z-

NN

I
a

[==

(1.11.17)

Y1=3 Y=

a

Convergence of (14) requires that x<1 and xy<1, so we have to choose the
solution of (15) as

I
a

RN

2
_l1

=

X (1.11.18)

y:

N

One can easily deduce that the second solution in (17) gives the values greater
than 1.

Substitution of (18) and (14) in (13) yields:

V-i—p+l _2MPath'r(v—p+1) [@°[yr+?
J P (at) I, (bt) K (ct) dt = =

PP ru+1) 050

2 2
1212

=,5) . 1.11.19

xFy(v=p+Lpu-v,v-p-p+Lp+l;
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Here we used the property (8).

We recall a well known integral representation (Bateman et al, 1953a,
formula 5.8.5)

Fi(a,b,c,d;x,y) = r(d) J“a_l(l_”)d_a_ld” O(a)>0, O(d-a)>0.

r@rd-a | 1-w)’@-u)®’
(1.11.20)
Utilization of (20) in (19) gives, after simplification:
mt"_”_pﬂJ (at) 3,(bt) K. (ct) dt =—— 2"
" Y P a"b'c’r(u-v+p)
U eveaer 2 a2 2 1
X2 (1312 - x] dx
X , -v+p=20, v-p>-1.
J (bZ_XZ)H‘V H P P
(1.11.21)

Yet another case where (14) can be used is y=u—-v+p+2. The repetition of the
above derivation yields:

0

LHU-v+p P
—v+pt+l _ 2 C
J P (at) J,(bt) K(ct) dt =

a"b’r(v-p-p)

V-pu-p=20, p+p>-1.

Iy
y i (I SIS M
J ( a2— Xz)v-u

(1.11.22)
Taking into consideration that K ()=K_,(0 we may conclude that (22) can be
obtained directly from (21) by replacing p by —p and interchanging places of p
and v, a and b.

Now we recall that
J,(2) = [exp(-p1i/2) K (=i2) — exp(pTi/2) K (iz)]/Ti . (1.11.23)

Utilization of (23) in (13) gives yet another result of Bailey (1935):
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0

1 _ 2 At I [(y+u+v+p)2]
J t'J,(at) J,(bt) J (ct) dt =

I (U+ DT+ 1= (y+p+v-p)2

+U+V-— +U+V+P. a? b?
xF, (¥ “2 Py “2 p,p+1,v+1,?,? . (1.11.24)
Formula (24) is valid for c>a+b, O(y+pu+v+p)>0, O(y)<5/2.

As before, in order to use (14), we presume y=v-p-p+2 and

X a’ y b2

TR~ 2 TRa @ (1.11.25)

Expressing x from (25) as x=ya?b? and substituting it into the second equation
(25), we get:

a’y?—(a?+b?-c?)y+b?=0. (1.11.26)

In order to make (26) formaly the same as (16), we have two choices. one, to
formally replace ¢ by ic; the second choice is to formally replace a by ia and
b by ib. The first choice would lead to both I, and |, purely imaginary and

complex conjugate; the second choice leaves both |, and 1, rea, but I, will
become negative.

The first choice gives the solution:

2 2
yzlf, lebig, where 1,.=1,(a,b,ic), a>0, b>0, c>a+b. (1.11.27)

The second choice gives the solution:

2 2
yzlai;‘, X:Ibi;‘, where 1,,=1,(ia,ib,c), a>0, b>0, c>a+b. (1.11.28)

Repeating the transformations similar to those in (19)—(21) and using (27), we
arrive at the integral representation:

0

J tv—p—p+1 Ju(at) Jv(bt) Jp(Ct) dt = /e sin[n(p —V)]

(-1 (u-v+p)ab’c
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lic

X1+2V—2p [(l gc _ XZ)(I %C _ XZ)] p-v+p-1 dx

X
(b2 _ XZ)H‘V

, H-v+p=20, p-v<l.

(1.11.29)
Since |,. is imaginary, one can see certain difficulty in the practical use of (29)
when a numerica evaluation of the integral is required. The expressions of the
type (1) are understood everywhere as exp(iTi).

Utilization of (28) leads to yet another integral representation:

0

J P g (at) J,(bt) J(ct) dt = 272 Sinrfp - v)]

nr(u—-v+p)a'b’c®

[1al _ —v+p—
S (A (Pat'S) il

x (b2 + XZ)H‘V

, H-v+p=20, p-v<l.

(1.11.30)
One may immediately conclude that the integral in (30) vanishes when p-v is
an integer and c>a+bh.

Formaly replacing a by ia and b by ib in (13), we obtain yet another
result due to Bailey (1936):

0

J 71 (at) 1,(bt) K (ct) dt = 27 b I(y+u+v =p)/2] F[(y+u+v +p)/2]

MU+ Tr(v+1)

B 2 2.
xF4(V+U;V P YYHEVHP. ) yg g, R D O(y+p+v)>0(p)0.

2 !?l? ]
(1.11.31)
Once again, by taking y=v-u-p+2 and using the procedure described above, we
arrive at:

0

pt Pl (v —p+1) (B2
J tHPT (at) 1, (bt) K (ct) dt = =

P (n+ 1) AN

15 13
><F1(v—p+1;|1—v,v—|1—p+1;|1+1;—§‘,—|%l :
2a
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Now utilization of (20) yields:

0

J L) a1 (bt K (ct) dit =2
n v P

Fu-v+p)a“b’cP

[1al _ —yto
S (A (Pat'S) Wl

X (b2 + XZ)H‘V

, H-v+p=20, p-v<1.

(1.11.32)
Formally replacing b by ib in (13), we obtain a result:

0

J £ 3 (at) 1,(bt) K (ct) dt = 27" b I(y+u+v =p)/2) F[(y+u+v +p)/2]

VI (M+ ) M(v+1)
_ 2 2
><|:4(V+“;V p’y+p;v+p;“+1’v+1;_%’% . (1.11.33)

Taking, as before, y=v—-u-p+2, we arrive at the equation:
a’y?—(c*+a’-b?y-b?=0. (1.11.34)

We can formally solve it introducing I,(a,ib,c), but this would lead us into
complex domain. We can stay in the real domain by introducing I,(c,b,a)=I;
and 1,(c,b,a)=1.

By using the identities:
c?+a’-b*=[(1)*-b -[b*-(1)],  a*v?=[(12)?-b7[b?- (1],
we can find the necessary roots of (34) as

_(19?-b? __b*-(p?

ot e (1.11.35)
which in turn leads to:
“\2 _ 2 2_(17\2
VORI ) - V. el 1 (1.11.36)

b2 ' 2 b2
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The conditions x<1 and xy<1 narrows our choice to:

el (1 Sl (i

o =-— (1.11.37)
And using the procedure, similar to those outlined above, we arrive at
. o V=P | |V _ 2 b2_(|~)2]m"9+1
v—p-p+1 I K :2 a b r(V p+1)m[ 1
J P (a0 1,00 Koo =BT Tt FE
b?-(1D? _b2-(12?
F,(v-p+Lu-v,v-p-p+1Lpu+1; -
xF(v=p+Lu-v,v-p-p+Lu+1; o (I;)Z—bZ)’
which can be represented as
mt"_”_pﬂJ (at) 1 (bt) K. (ct) dt = —— 2
Wy P Fu-v+p)a“b’c®
S 140020172 2\ re2 4 o2\ H-vHp-1
X [(s1 —X)(s2 +XI)] dx
X , -v+p=0, -v<l1.
(bZ_XZ)H‘V H P P
(1.11.38)
Here
SS=b?-(17)?%,  s5=(15)?-Db?. (1.11.39)

Of course, one can rewrite (38) interchanging parameters a and c, thus returning
to the regular notations |, and |, instead of 17 and I,.

Formulae (21), (30), (32), (38), are the main new results of this section.
One can derive similar representations for other combinations of the products of
3 Bessal functions by using essentially the same mathematical apparatus, as
described above. This is left to the interested reader.

Discussion. We consider now various particular cases of the main results,
derived above and, where possible, compare them with the existing results.

First, we discuss the integra representation (21). In the particular case of
p=v-y, the gammafunction in the denominator grows to infinity and so does
the integral. This indeterminate expression of the type o/co can be computed in
elementary fashion, with the result:
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0

(b2 1)+ 13

tJ (at) J,(bt) K,_ (ct)dt= : 1.11.40
J () 1O K, (e at =25 s (11140
A smilar formula is given in Bailey (1935) in the form:
- - sin"@sin"® cos' "@cos" ' ®
J tJ,(ctsing) J,(ctsin®) K, (ct cospcos®) dt = (22 (1—sin2cpsi(r[1)2q3) (1.11.41)

The correspondence between (40) and (41) can be proven easily, as soon as one
can deduce that

l,=csinpsin®,  l,=c, (b?-19)=c?sin’® cos?p. (1.11.42)
Clearly, our formula (40) is more convenient to use, because it does not require

the introduction of artificial parameters ¢ and .

In the particular case of p=0 and v=1/2, formula (40) gives:

0

2_12
Je‘“JO(ax)sjn(bx)dx:\{E |2|1'
2711

Integration of the last result with respect to c yields:

0

J e ™ J,(ax) sin(bx) d7X =s n‘l(lg) :
2

which is in agreement with Gradshteyn and Ryzhik, 1994, formula 6.752.1.

In the particular case of p=-1/2 and v=0, formula (40) gives (10). In
the particular case of p=1/2 and v=1, formula (40) gives:

0

o _ PRY ek
Je Jl(bx)sn(ax)dx:llj(\l/g—_l,f)l.

Integration of the last result with respect to c yields:
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0

J & J,(bx) sin(ax) dx _a-ya’-li

X b

which is in agreement with Gradshteyn and Ryzhik, 1994, formula 6.752.2. The
integrations above were performed according to the table of integrals given in
Section 6.2.

By using the property of Bessel functions
%(a“ Ju(at)) =ta"J 4 (at), (1.11.43)

we can multiply both sides of (40) by a and differentiate with respect to a.
The result is:

0

J t?J,(at) J,(bt) K,_(ct) dt =

2(b?-13)" M1 %12 » 15(@2+c?-b?
p2-vi2-82 = 7L (11144
a" b’ " H(12-19)? ! 12-12 0O ( )

This result does not seem to have been reported before. We have found in the
existing tables only one formula to verify (44) for u=v=1 (Bateman and Erdélyi,
Vol.2, 1954, formula 8.3.26), which in our notation reads:

o0

2, A2_42
J t2J,(at) J,(bt) K,(ct) dt = Zb(z 2* T2)3 a). (1.11.45)
2711
One can aso use the property of Bessel functions
Jn(2)=2p3 (/2= 3,.4(2) (1.11.46)

and to find the integral:

0

2 _[2\VH2u-2 2 2_ 12 2, 2 2 2
Jtz‘]wl(at)‘]v(bt)Kv_u(Ct)dt: 2(b*=19)" I (va p|1)+|1(a +c2-b)

alb (-1 UIR(2-1) (-9 O

(1.11.47)

This result also seems to be new. It can be checked by (45) if we take
p=v=0; one can notice that a and b would change places.
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In a similar manner, we can increase and decrease the order of any of the
Bessel functions in (40), which would be much more difficult to do using Bailey
result (41).

Various new results can be obtained by consideration of limiting cases in
(40), for example, the case of a=0 leads to:

0

+1 - 2H bV r(ll"‘l)
J = J,(bt) K,_,(ct) dt =

(b2 + CZ)H"'l CV‘H )

(1.11.48)

which is essentidly in agreement with (Bateman and Erdélyi, Vol. 2, 1954,
formula 8.13.3)

If we take p=1/2 in (21), the result is:

[ Il

1+v— V712 _y2\ (12 _ 2\ uv-1/2

Vma' b’ I (u-v+1/2) (b% =X

(1.11.49)
Formula (49) corresponds to the result which was first derived in (Fabrikant and
Dome, 2001c) by a much more complicated method and where several particular
cases of (49) were studied. We consider yet another particular case, namely,

H=v,
[ Il

ot _ 2 X dx
J & 3,(a) 3,(b0) ct =— b“J

VB

(1.11.50)

It is well known from (Bateman and Erdélyi, Vol. 2, formula 8.11.16), that
(50) can be computed in terms of Legendre function Q,_,, of the argument

(13+13)/(21,],), so we can consider the right-hand side of (50) as a new and
elementary integral representation for the Legendre function.

In (Bateman and Erdélyi, Vol. 2, formula 8.11.20), one can see

© w2
. 20" M Ly (cosO)**
e % J (ax) J,(bx dx:K—La“b
J p( ) v( ) T J [C2 + CosZe(bZ _ a2 + u)]Ll

cos[(u—v)6] do

X .
[c?+ cos?B(a? - b? + u)]'u cos®8

(1.11.51)

where
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u? cos*0 =[c? + cos?0(a? + b?)]? - 4a2b’cos’8 . (1.11.52)

The integral representation (51)—(52) is agebraically very cumbersome. Here the
introduction of the new formaism aso helps to simplify and bring some
mathematical beauty. We denote

le=5 (\/ (a+b)*c0s’6 +c*~+/(a—b)°cos6 + cz)

l26=5 (\/(a +b)2c0s?0 + ¢ ++f(a-b)’cos? + %) . (1.11.53)

This notation alows us to write:

c?+c0s20(a? — b? + U) =155 + 159 — 2b%c0s%0 + 155 — 125 = 2(1 50 — b?c0s%6) ,

u? cos*0 =[c? + cos?0(a? + b?)]? - 4ab?cos’0 = (155 — 135)?. (1.11.54)
Substitution of (54) into (51) alows to simplify it as follows:

® W2

H-v+1 p+v _
J e J,(ax) J,(bx) dx :—ZCT[ a"b J (cos®)” " cos[(u-v)6] db

(15— a%cos?0)* ™ (15 —1%0) 156

(1.11.55)

Clearly, (55) is more smple and elegant, as compared to (51), so the newly
introduced formalism helped here as well. There is though difficulty in actua
computation of (51) or (55) for ¢-0 since the product of c-term and the
integrand will be close to zero everywhere, except a very small interval near
6=172, where it will behave like a o&-function. We can use the integra
representation for the product of two Bessel functions (Bateman et al, 1953b,
formula 7.7.2.12)

W2
H Voo
3,(a2) 3,(b2) :£2_61un2_b)_l %Y (cosB)*™" (A) " 3., (A7) B, (1.11.56)
172
where
A =~/2c0s6 (a’e® + b%e '°) (1.11.57)

and to derive a more convenient representation for the integral
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H Ve
J & ™ 3, (ax) 3,(bx) dx=§2—a‘un2—b)—l %) (cosE)H (M) dGJ €% J,,,(AX) dx
2

o2 (2b VT|12 (-\/C FA2— )p+v
—(28)7 (2D)° (" jotu-v) (cosB)*™ (\)
T _\/ 2 )\2 )\H*'V
-T2
Il v 2 i6(L-v) p+v
_(2a)" (2b) € "(cosb)” " do — (1.11.58)
mo 2\/c2+)\2(\/c2+)\2+c)

Formula (58) seems to be new and has a good convergence everywhere.

It is useful to indicate a particular case of (40), when p=v:

(<4}
\Y

£.3,(at) 3,(bt) Ky(ct) dt =~ (1.11.59)
152-13)

Formula (59) is in agreement with (Gradshteyn and Ryzhik, 1994, formula
6.522.3 and 6.522.5).

We can aso set u=1/2 in (49) and obtain an integra representation for the
product of exponential, trigonometric and Bessdl function. This is left to an
interested reader.

Now we consider several particular cases of (30). The integra is
computable in terms of elementary functions for the case of p=v-u:

0

J £3,(at) 3,(bt) J,., (ct) dt = Z2nTW L 1" (0% +13) ™ (1.11.60)

20" (13, 1)

A smilar result of Bailey (1935), which entered practicaly every table of
integrals, reads:

0

J tJ,(ctsingcos®) J,(ct cospsin®) J,_,,(ct) dt
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: TR
=— V251n(unu)sn Qesin'® . (1.11.61)
TIC” cOS @ cos” P cos(@+ D) cos(p—P)

By using the definition of I,,=I,(ia,ib,c), one can show that (60) is equivalent
to (61) for the case @+®<1/2 and is not equivaent to (61) in the case
T>@+®>12. Direct numerical computations also showed that Bailey (1935)
result (61) is incorrect for T>@+®>172. The right formula in this case is

0

J tJ,(ctsingcos®) J,(ct cospsin®) J,_,,(ct) dt

. v "
= , Zs.n (1) cos gcos , for T>@E+d>T2. (1.11.62)
nic? sin*@sin @ cos(@+ P) cos(p— D)

Our formula (60) is correct in the whole range O0<@+®<t, Q<12 and P<TV2
Strictly speaking, formula (60) is valid for c>a+b, but we may notice an
interesting bonus: in the case of semi-integer p and integer v, formula (60)
seems to be valid for any positive a, b and c. Here are some examples. If
we take p=1/2 and v=1, we can write using (60):

0

2y/11a(b? +11)
t J,,(at) J,(bt) J,,(ct) dt =—= : 1.11.63
J 20,00 () at = S e (11169
The same integral can be computed directly, with the result:
1 Q0 _a+c ___je-al O (5416

J ) 3000 ) ot = e O i~

Though the results in (63) and (64) look different, they are, in fact, the same.
One can establish, for example, that

15— 17a=1/c> - (a-h)? /c®-(a+b)*=+/(a+c)*-b* {/(a-c)?-b>.
Next, we can prove, that
(a+opy/(@-07 =B~ [o-alla+ o) -b? =2ViL(b?+1%,)

by taking square of both sides and using the properties (6)—(8). Thus, we have
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proven that (63) gives the correct value for the integral not just for c>a+b, but
for any positive values of its parameters a, b and c, provided that we take the
real part of the result.

Yet another example is the case of p=3/2 and v=1. The result due to
(60) is:

0

232 =
J t Jg(at) J,(bt) I_yp(ct) dt=-1 0 2(172) -\/C §

Hra¥b(12, - 12,) /b2 +12,0

(1.11.65)

The same integral computed in a regular way gives:

1 : c?-ac-b?> | b?’-ac-c® []
t Jgo(at) Jo(bt) I_yo(ct) dt =——= D% n(c-a +
J ) ,001(00) k= D fSan(c ) BB e
(1.11.66)
Again, one can prove that the results in (65) and (66) are identical. On the

other hand, when p is an integer and v is a half-integer, formula (60) gives
only the result valid for c>a+b. For example, direct evaluation of the integral:

0

2_R2 2_ A2 _
JtJl(at)Jyz(bt)Jﬂz(ct)dt: 1 Ha—c“+bc _ a“—c°—bc []

m/bc ab - [/a?-(c-b)? +fa?-(c+b)?l]

(1.11.67)

shows that it is zero for c>a+b.

Now we discuss the properties of formula (32). As before, it is easly
computable in the case of p=v-u:

0

J t1,(at) 1,(bt) K,_,(ct) dt =

2 \H (2 412 \VH
('16‘3 Sb +2'1a) —. (1.11.68)
a" b’ c"M(12. - 11a)

Formula (68) seems to be new. It is of interest to notice that (68) is similar
to (60), except for the factor 2sin(rp)/rt  In the case of p=v, formula (68)
simplifies as

0

J t1,(at) I, (bt) Ky(ct) dt = (13"

which is in agreement with (Gradshteyn and Ryzhik, 1994, formula 6.522.3)
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The integra in (32) is also computable in the case of a-0, with the
result:

0

v—p _ v
J 7P (bt) K (ct) dt =2 (VP * DD

Cp(C2 - bz)v_p+1

(1.11.69)

Though we did not find (69) in the tables, there exists formula 8.13.3 in
(Bateman and Erdélyi, 1954, Vol. 2), with J, instead of |, and from which

(69) can be deduced.
If we take p=1/2 in (32), we obtain:

© 114l

V—+1 2V 2 _u2\(12 _ 2\ H-—v-12
e—cttv-u Iu(at) |V(bt) dt - 2 - X [(IZa X )2(|1a2 X_V)] dX.
VTr(u-v+12)a'b (b%+x4)"
(1.12.70)
Further simplification of (70) takes place for p=v:
© 114l o
X dx (111.72)

—Ct —_ 2
J ¢ b de=as b"J V(A1)

From (71) one may conclude that in the case of semi-integer v, the integra is
computable in terms of elementary functions;, in the case of integer v, the result
can be expressed in terms of complete elliptic integrals. For example, in the
case of v=0, we gQet:

3 2K (=1 /I
J e 1 (at) I (bt) dtzw.
T3,

Here K is a complete elliptic integral of the first kind. In the case of a=b,
the last result is in agreement with (Bateman and Erdélyi, 1953, Vol. 1,
formula 4.16.10)

Yet another simplification of (70) takes place for p=v+21/2:

0

— [1al

2 iy

&°1,,,(at) 1, (bt) L = _\{m . x_ox (1.11.72)
VYU /ma e | (o? e

Differentiation of both sides of (72) with respect to c yields:
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0

—ct n — -\/—2 C(I %a)w-ﬂz
b dt= 212 '
J e ly.p(at) 1,(bt) \/t t \/ﬁ(ab)" \/b2+|’fa(|§a—l'fa)

(1.11.73)

All these formulae seem to be new.

And finally, we discuss the properties of (38). As in previous cases, the
integral is computable when p=v-p, with the result:

00

tJ (ct) 1,(bt) K,_,(at) dt = (b2 19" (19" (1.11.74)
J W vH a" 't (15-13) o
Here we aready switched from |~ to | by interchanging places ¢ and a.
In the case of p=v and p=0, we get:
t Jo(ct) I, (bt) K, (at) dt :% : (1.11.75)
12(12=17)

which is in agreement with (Bateman and Erdélyi, Vol. 2, 1954, formula
8.3.30)

Taking v=0 in (75) and differentiating both sides with respect to a, we
arrive a:

0

J £ (et 1 (b0 K(at) dt = 28(C_+8 D)

- (1.11.76)

which is in agreement with (Bateman and Erdélyi, Vol. 2, 1954, formula
8.3.28)

By taking in (38) p=p=0 and v=-1/2, we arrive at the integral:

0 tl

J Jo(ct) cosh(bt) K(at) dt =b J dx

VE )&+ ([02-x)

(1.11.77)

Here

ti=b?-13,  t3=15-b2, (1.11.78)
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The reader may notice that we have interchanged a and c, so that we are now
dealing with regular |, and |, instead of I; and I,. The integral in the

right-hand side of (77) can be computed according to (Gradshteyn and Ryzhik,
1994, formula 3.147.4) as.

0

2
J J4(ct) cosh(bt) K (at) dt:%, =l (1.11.79)
2711

T2 2
l2-11

where K is the complete elliptic integral of the first kind. Formula (79) is in
agreement with (Gradshteyn and Ryzhik, 1994, formula 6.662.1)

By taking in (38) p=0, p=1 and v=1/2, we arrive at the integra:

” PR
J J4(ct) sinh(bt) K,(at) dt:%lj \/(g x2)?t2 +XX2).
1~ 2

(1.11.80)

The integral in the right-hand side of (80) can be computed according to
(Gradshteyn and Ryzhik, 1994, formula 3.167.28) as

0

- _ 1 2 42 @z_lri (1]
JJo(ct)smh(bt)Kl(at)dt——abvlg_ligzK(k) BNtk (118

Here I is the complete elliptic integral of the third kind and k is defined by
(79). The complete elliptic integra of the third kind can be presented via
complete and incomplete elliptic integrals of the first and second kind. We use
for this purpose formula 13.8.23 from (Bateman and Erdélyi, 1955, Vol. 3).
The fina result is:

0

J Jy(ct) sinh(bt) K, (at) dt =+ KA 4 e F 1) - K (k) E(e,k)EI (111.82)

alifiz-12

where E is the complete elliptic integral of second kind, F and E are
incomplete dlliptic integrals of the first and second kind respectively, k is defined
by (79) and

sing =|9 | (111.83)
2

In order to demonstrate the advantages of the new formaism, we reprint below
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the same integral, as it is given in (Bateman and Erdéyi, 1954, Vol. 2,
formula 8.3.24)

0

J Jy(ct) sinh(bt) K ,(at) dt :i %1 E(k) - K(k) E(u) + KES0Udnubl oy o )0,

cnu ]
(1.11.84)
where
cnu=2c¥[(a?+b?+cd)2-4a?hy? - a?+b?+c3 1, (1.11.85)
K2={1-(a2-b2-cA)[(a2+b2+c?)2-4a%h2 V3 /2. (1.11.86)

Introduction of the new formalism shows that (86) is identical with the way k is
defined in (79) and alows to rewrite (85) as

2
2 _ C
cnu—z—

1 (1.11.87)
|2 —a

which, in turn, gives

15— b?
sPu==,  dnfu=35—
12 l2-11

(1.11.88)

and the combination

shudnu_ b
cnu .\/|§_|%

(1.11.89)

after substitution back into (84) makes the last term in (84) equal to the first
term in (82). Since sn(u) in (88) is equa to snB in (83), then u in the first
teem of (84) is equa to F(6,k) in the second term of (82), so that formulae
(82) and (84) may be declared equivalent, provided that we can interpret E(u) in
the second term of (84) as E(8,k). The same formula entered Gradshteyn and
Ryzhik (1994, formula 6.662.2).

Conclusion. An elegant formalism is introduced, which seems to fit
naturally for evaluation of integras involving Bessel functions. Severa new
integral representations are obtained for infinite integrals involving product of 3
Bessal functions of first, second and third kind. In certain cases these integrals
are computed in terms of elementary functions. Significant number of computed
results is new and not available in existing tables. The remaining results are
compared with existing ones and some are found to be in eror (or misprint).



1.11. Computation of infinite integrals involving three Bessel functions 123

The particular case of integrands involving exponential, trigonometric and
hyperbolic functions is considered by taking Bessel functions of the order 1/2.

Appendix. We present below examples of application of the above results.
All of the integras were checked numerically. They were submitted to and
accepted for incluson in the Sixth Edition of Gradshteyn and Ryzhik tables.
Hereafter |, and |, are understood as I,(a,b,c) and |,(ab,c). The integrals are

vaid for 0(c)>|0(azb)|

0

| 0,89 310000 B \/}/Tb %x/a & ami(2) + (v i-b)5

0

e J(ax) J1/2(bX) 1/2 -\/ (b '\/bz 2)

0

a-12
e_CXJl(ax)Jl,z(bx)xﬂzdx \%b “Ié_lz !
d \/ 27

0

2 [hZ2_[2
e ™ J,(ax) Jg,(bx) x*? dx = 21/ b1y

\2mab®? (13-19)’

0

= d 1 -
e Jl(aX)J?’/Z(bX)X_l)/(ZZ-\/Tab?’/Z% ll—_nllj |1'\/a

0

—ox dx c m1(3az-|f) 2 . 1L

e % J,(ax) Jg,(bX) =5 =—= ——— -3a’°sin=
] x7 \[2nab™ 0 /a2 -2 [a

o dx 1 Ol T o0 11 520
J e’ Jl(aX)JS/Z(bX)X_3/2 \/21'[ab5/ZEV 2_|2B Tac T, 7gd IlD

1 POy, L
303+ T} +sinPatct + et -2a'
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0

—cx 1 . 2 2
Je Jl(ax)Js,z(bx):(jS),(z T El25[bs/z (b 2_|%)5/2]+Cazsn1%%a2_%_% B

|1D ca?, O
ag) 3/a?-120

+cln/ &2 —If% gaz %—

o0

~ 2W32_ 12 _ 2
€7 Jy(ax) Jyy(bx) X2 dx = 2a%™I5-b

: Van(z-1lz’

0

[ o dx _ 2b¥ @_Vb*-17 (0*-1)**[
&7 2 300 \/2na2E_$_ b 3 O

0

J e % J,(ax) Jl,z(bx)dTX2 T[b %)(Ba —-4b%+12¢?) - \/ b%-17 (12I2—16b2
X

.\/

+4|’f—3sa2)EI

0

2b%? 2_ 21232 TV,
Je_CXJ3(aX)Js/2(bX)X1/2dX=\/ b Ve, (02-1)¥0 ayi3-a0

@3 b 3p* O 1305-1H 0

0

—CX —2b 4b2 2b2 _|4
& J(ax) J,(bx) 3% ﬂz %/I (20219 1—8%

0

4

2 7 Biz_&b 8li_a’, |1
b+4c \/b |1 = b+5b3D]]

& Jy(a%) Jan(DX) 36 3,2

0

—cx dx _ \/—2b3/2 2 4 2) 4 3, 7 ol
e J?’(aX)J?”Z(bX)xT’Z__\/TTBa?’ a—:,__)b C+3C +4/15-b
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P2 a2
32 12.2_4.2 2|+ |1+ |1+|1Da [ ]

2——| —2124+ 21
b 17327 52 16b* 24b* 30b*0 16b3sn [,

The 3 integras below are aso new and represent further development of
(Gradshteyn and Ryzhik, 1994, formulae 6.578.4, 6.711.3 and 6.711.4) respectively
for c>a+b.

0

-3 _PMV Sl rp-1)0 p-1a® p-1b*0
J tPHYJ (at) J,(bt) I (ct) dt = - S- =

cPr(u+nrv+1) 0 p+lc? v+1c[d

0

KRV 2 2 2

PVErp+) -1 p+l 30

a'br(v) [Ob® & _, .0
2V ru+y -1 p+1 "7 [0

X" cos(cx) J(ax) J,(bx) dx =




