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integralthecomputetoneedwethatSuppose
is.notationthisusefulhowjustofexampleanotherisHerebefore.used

beenhavetoseemnotdoesandnotationoursincenew,isitthatchance
someistherebutnew,isresultlastthethatclaimtodifficultisitsoliterature,

theinexistsfunctionsBesselonmaterialofamountenormousAnwell.
asnon-integerforcorrectisformulalastthethatnumericallyverifiedhaveWe

.
)(

d)(2=de)()(

toleads1975)Sih,and
(Kassirof(1.43)and(1.42)formulaewith(4.1.24)ofcomparisonexample,For

method.presentthebygivensolutioncorrespondingthewithmethodtransform
integralthebyobtainedsolutionstheofcomparisonbysimplycomputed

benowcanfunctionsspecialinvolvingintegralstheofSome

(5.3.12).
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ispunch,thetoappliedforceunitatodue
),,,(pointtheatdisplacementnormalthethat(5.2.4)fromdeducecanOne

:
.radiusofpunchcircularflatawith-direction,thein),,(point

arbitraryanatapplied,loadconcentratedaofinteractiontheConsider1.

(5.3.16)

.sin
2

+
2

2))((2
=d)e(sin

isresultfinaltheand(A4.2.3),usingperformedbe

can-integrationThe./)=(namely,form,simpleveryain(5.3.15)

ofrootpositivethefindtousallowsandparameterstheofintroduction
Thefirst.atpossibleseemnotdoeswhichtorespectwithresulttheintegrate
and(5.3.14)inresultthesubstitute(5.3.15),equationalgebraicorderfourththe

fromforexpressionexplicitangettoneedWe.torespectwith(5.3.14)
ofsidesbothofintegrationbycomputedbecan(5.3.13)integraloriginalThe

(5.3.15).
1

=

equationtheofrootpositiveaisparameterthewhere

(5.3.14)),(1=de)(sin

6.752.2)formula1963,Ryzhik,and(Gradshtein
oneanotherfoundhavewebuttables,theinintegralthisfindnotcouldWe
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integrationoforderthechangingaftergives,(5.1.8)into(1.1.27)ofSubstitution

(1.1.27).inestablisheddistancereciprocaltheforrepresentation
integraltheonbasedisapproachanalyticalThe(5.1.8).bygivenisequation
integralgoverningTheshapes.punchvariousforformulaeaccurateyetsimple

derivetousallowswhichproblemscontactelastictheoftreatmentanalyticalthe
ofideatheoutlineweHere,science.engineeringofbranchesotherinapplicable
bewillresultstheallthatmindinkeepshouldonebutproblemcontactelastic

theoftermsinmadebewillsectionthisinpresentationThe

confirmed.isaccuracygoodaandliterature,theinknownsolutionstheagainst
checkedareformulaetheAllsegment.circularaandsectorcirculararhombus,

arectangle,atriangle,apolygon,aofshapethehasplanformwhosepuncha
forderivedareformulaeSpecificpunch.flatarbitraryanforforceappliedthe

andsettlementpunchthebetweenestablishedisrelationshipaccurateyetsimple
Aproblem.punchnon-classicalthetohereappliedismethodgeneralThe

.+i=forcetangentiallocatedarbitrarily
anandpunchcircularflatabetweeninteractionofproblemtheInvestigate2.

manner.similarainfoundbecaninterestofparametersothertheAll

.
)(

sin
12

3
=

isresultThe(5.3.8).
frommannersimilarainobtainedbecanpunchtheofangletiltingThe

.sin
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=
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settlementpunchthegivesimmediatelytheoremreciprocaltheofApplication
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that(5.4.4)fromimmediatelygetsOne.
contactofdomaintheofgravityofcentertheatlocatedbeshouldcoordinates

polarofsystemtheoforiginthethatmeanswhichgravityofcentertheof
coordinatesandthetoproportionalareequationsbothofsideshandleftThe

0.=dsin)(,0=dcos)(

equationstwothetoleadswhichorigin,theaboutmomenttilting
anyproducenotshould(5.4.3)distributionstressthethatconditionthefrom

determinedbecanlocationThisorigin.systemcoordinatetheoflocationtheon
dependnotdoesforcetotalthethatnoteworthyisIt.ofareatheiswhere
(5.4.4)
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(5.4.9),
105

cos432
2

=),2+ln(14
2

=

harmonics:
non-zeroseveralevaluatecanWerange.thisoutsiderepeatedispattern

theand/4,</4<for/cos)=(iscasethisinboundarytheofequation
The.2sideofsquareaofcasethedetailmoreinconsiderNow

decreases.amplitudetheirthatshowsharmonicsfurtherofinvestigationThe

(5.4.8).
)(

de

35
8

2
=

isharmonicfourththeforexpressionTheharmonics.oddcontainnotdoes
)(forexpressiontheifzerobewillharmonicsoddtheallthatandcontour,

arbitraryanforzerotoequalisharmonicsecondthethatnotetoimportantisIt

(5.4.7).)d(
22

=

formthehasharmoniczero
Theharmonic.eachforseparatelyoutcarriedbecandisplacementsnormal
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(5.4.6).d
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||1e
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=),(

givestorespectwithIntegration(5.4.5).distributiontractionthebyproduced
displacements,thebewillconstantatoclosehowverifycanwe(5.4.1),

in(5.4.5)substitutingNow.==punchflataofcasetheFor

(5.4.5).
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formulaabytorelatedbewouldforcetotalthethen
foundbecouldpunchtheover=yieldtorequireddistributionpressurecorrect

theIfgravityofcenterthetorespectwiththecalledbecan

(5.4.12)d)(
2
1=

where

(5.4.11),
2

=

only.geometrypunchtheon
dependingcoefficientdimensionlessaisandarea,basepunchtheiswhere

(5.4.10),

formtheinrewritten
becanwhichforcetotaltheandsettlementpunchthebetweenrelationship

thebeing(5.4.7)assumemaywevalue,forcetotaltheinerrorsmaller
eveninresultwillfluctuationsignerrorthethatconsiderationintoTakingapex.

thefromdistancethewithrapidlyverydecreasingandapex,theat20%reaching
circletheoutsidesmallreasonablyiserrorThe.circletheinside3%

thanlessiserrorthethatshowcomputationsDirecterror.solutionthecalledbe
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exact.areellipseanofcasethein5.4.12)(5.4.10formulaeOur
./=ratioaspectlargeforsignificantquitebecanformulathisoferrorThe

.+2=

gives(5.4.14)formulaandsemi-axeswithellipse
anofcasetheinexample,Fordomains.oblongforsignificantquitebemight

errorthebutunity,fromawayfarnotratioaspectthewithdomainsforaccurate
sufficientlybetoitexpectshouldonesocircle,aforexactis(5.4.14)formula

thatverifyeasilycanOneinertia.ofmomentpolartheforstandswhere

(5.4.14).
2

=

readscoefficient
thethroughexpressedresultHis(1964b).Solomonbysuggested(5.4.10)

typetheofformulaoneonlyliteraturetheinfoundhaveWe

case.specificeachforarereallytheygood
howverifytoneedweandpunch,flatarbitraryanforvalidare5.4.12)(5.4.10

formulaethatassumetoreasonableseemsitNowbad.notiswhich1.6%
byerrorinisresultourthatso0.367,isand1964a),(Solomon,and1960)

(Noble,inobtainedwasaccuratebetoseemswhichofvalueTheaccurate.
soisoursthatmeannotdoesMaxwellofresultthetoclosenesscourse,Of

(5.4.13).=

bylaminaflataofcapacitythetorelatediscoefficientourthat
deduceeasilycanoneanalogy,electrostatictheUsingsquare.theofcapacity

theforMaxwellbygiven0.3607valueapproximatethetocloseveryiswhich

0.3611,=
)2+ln(1

1=

as(5.4.9)fromsquarethe
forcoefficientthecomputecanOneplanforms.punchvariousforofvalue

thefindtoisnowproblemThe.toapproximationgoodabetolikelyis
calculate,canwewhich(5.4.10),equationofthethatisassumptionbasicOur
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ishexagonregularaforofvalueTheresult.thiswithcomparetoanything
literaturetheinfindnotdidWe=0.3599.pentagonregularaFor.with
decreasewill(5.4.17)oferrorthethatexpectshouldwe=0.35917,=2/circle

aforresultexactthegivescaselimitingthein(5.4.17)formulaSince
1.6%.issquareafor(5.4.17)oferrortheearlier,seenhaveweAs4.1%.

byerrorinisresultourthatso0.3829,toequalisand1964a),(Solomonfrom
computedbecanaccurate,betolikelyseemswhich,ofvalueThe0.3673.=

gives(5.4.17)formula=3)(triangleequilateralanFor.ofvaluesparticular
severalConsider.<3rangewholetheinresultssamethepractically

givedifferent,lookingthough(5.4.18),and(5.4.17)Formulaerespectively.

(5.4.18)
)/sin(23

1+)/(2cos2=

and

(5.4.17),

)/sin(1
)/sin(+1ln

)/tan(4
=

tosimplify(5.4.16)and(5.4.15)formulaepolygonregularaofcasetheIn

(5.4.16).
48

3+
+1

2
2=

givescasethisin(5.4.14)SolomontodueformulaThe

(5.4.15).

+

++
ln

2
=

coefficienttheforexpressionfollowing

theyield(5.4.12)and(5.4.11)formulaeThen.ofsumthetoequal

beingpolygontheofareatotalthe,and,byformedtriangletheof

areathebeLet.asapexththetogravityofcenterthefromdistance
thedenoteWe1.asunderstoodis+1toequalindexofvaluethethat

clearisIt+1.numberedisintersectandsidesthewhichatapexThe

side.ththeoflengththebeing,to1fromdirectioncounter-clockwise
ainsidespolygonthenumberusLetbefore.asgravity,ofcenterthe

atlocatedissystemcoordinatetheoforiginThesingle-valued.andcontinuous
beboundaryitsdescribing)(functionthethatlimitationonlythewithsides,

withpolygonaasshapedpunch,flataConsider.
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andmethod,theirofnatureapproximatethetoattributedbeshouldfluctuation
thisthatrealizenotdidRvachevthatthinkWegravity.ofcenter
theaboutcoordinatetheoftriangle)theofheighttheof0.01(withinvariation

smallaindicatesgraphTheir.angletheoffunctionaasforcetheof
applicationofpointtheoflocationthedepictinggraphapresentedthoughhave

Theysettlement.punchtheandforcetotalthebetweenrelationshipthegive
notdidreason,someforbut,distributionstresstheforexpressionapproximate
angavewho(1977)RvachevbyconsideredwastriangleisoscelesThe

./2)3tan(tan=where
(5.4.22)

,
2

+
4

tanln+
4

cot
4

2cotln
2

2sin/2)tan(6=

formtheinrewrittenbecancoefficientthe

forformulathe,toequalissidestwothesebetweenangletheand,==
Whenresults.thecomparecanwesoconsidered,beenhavecasesparticular

certainbuttypegeneraloftriangleatreatingreportanyofunawareareWe

.])+[2(
3
1=

,])+[2(
3
1=,])+[2(

3
1=

)/2,++(=,)])()(([=

formulae
geometricknownwellthefromdeterminedbecan(5.4.19)inparametersThe

(5.4.19).
+

++
ln1+

+

++
ln1+

+

++
ln16=

follows:assimplifies(5.4.15)formula,and

,sidesthewithpunchtriangularaofcasetheIn.

.<3rangewholetheinsignificantly
changenotdoesofvaluethethatnoteworthyisIt.withdecreases
indeederrorpossiblemaximumthethatclearquiteisitand<0.3635,0.35917<
(1951)öSzegandlyaóPbygivenboundsthewithiniswhich0.3595
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certainatorespectwithextremum)oneonlyhaveto(ormonotonicallychange
shouldformulaapproximateanoferrorthethatassumetologicalseemsIt

presented.datathefromdrawnbecanconclusionsusefulSeveral.=1/2:
ourandcoefficientBorodachev-Galin’sbetweenestablishedbecanrelationship

followingThe(5.4.23).Solomonand(5.4.22)Howetoduethoseand(5.4.21)
resultourwithcomparedandbelowpresentedare,coefficienttheofterms

inexpresseddata,Theirlamina.rectangularaondistributionchargeelectricthe
ofproblemequivalentaninvestigated(1960)Nobleandpunch,rectangularnarrow
aofcasetheconsideredhave(1974)GalinandBorodachevaccurate.lessor

morebetoseemwhichresultsnumericalsomeliteraturetheinfoundhaveWe

(5.4.23).
12
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12
2=

formthetakescasethisin(5.4.16)SolomontodueresultThe

(5.4.22).
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+1sinh+sinh12
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readscoefficienttheoftermsinwhich
rectangleaofcapacitancetheforformulaapproximateansuggested(1920)Howe

(5.4.21).

sinh1+1sinh

2
=

toreducescase
thisin(5.4.15)Formula./=ratioaspecttheIntroducesemiaxes.itsbeing
andbase,rectangularawithpunchaConsider.

result.thiswithcompare
tosourceothernobetoseemsThereinterval.thiswithinis0.3822=result

Our<0.517.0.35917</2:3and/2,sidesthewithtriangleaforöSzeg
andlyaóPbyestablishedwereboundsfollowingTheHarrington.andOkonof

resultthefrom3.3%bydiffersandregionadmissibletheinsidewelliswhich
0.374=isresultOurresult.probablemosttheas0.3867=obtained

(1970)HarringtonandOkon<0.4282.0.35917<:forboundsfollowingthe
gavewho(1951)öSzegandlyaóPbyconsideredwas/2=ofcaseThe
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alsoismethodoursinceconjectureaasunderstoodbeshouldstatementprevious
thecourse,Ofgravity.ofcentertheatispointtheoflocationexactthethat
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iswhichourswithcoincidesalmost=0.3705,result,Their1:2.ratioaspectthe
withrhombusaconsideredalsoTheyHarrington.andOkonofresultthefrom
3%bydifferswhich=0.3744gives(5.4.25)Formula=0.3855.is=0.7:1.65:

ratioaspectthewithdiamondafor,coefficienttheoftermsinexpressed
result,Their(1970).HarringtonandOkonbynumericallysolvedwasdiamonda

ofcapacitytheofproblemrelatedthesciences,electricalInplanform.rhombus
awithpunchatorelatedresultanyliteraturemechanicsinfindnotdidWe

(5.4.25).

)+(1+1
)+(1++1ln

)]1/+[2(
=

formthehas/=ratio
aspecttheandandsemiaxesrhombustheoftermsinformulasameThe

(5.4.24).

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin

2
=

yieldscasethisin(5.4.15)Formula
apices.rhombustheofoneatanglethebeLet.

1.07.say,factor,constantabymultiplicationbyjustdramaticallyimproved
becanaccuracyitsthenso,reallyisthisIf(5.4.22).formulaHowe’sof

errortheinchangelittlebetoseemsThereunity.fromawayfarnotisratio
aspectthewhenonlywellperformsSolomontodueformulatheexpected,As
ratio.aspectofrangewidesufficientlyaintwootherthethenbetterperform

toseemsformulaOurexact.notareauthoroneleastatofresultsthethat
indicatesGalin,andBorodachevbythosetoNobletoduedatathefrommoving

whenjumpsformulaeachtoduediscrepancythethatfactTheparameter.
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1.61.31.94.45.55.38.214.926.7(5.4.23)Solomon
8.48.07.18.57.86.17.06.16.2(5.4.22)Howe
1.60.5-2.0-1.1-2.6-5.0-4.5-7.3-8.9(5.4.21)Formula

(%)Discrepancy
0.36130.37150.39690.40710.42110.43040.44230.48190.5402(5.4.23)Solomon
0.33630.34620.37590.38990.41120.42680.44810.53170.6916(5.4.22)Howe
0.36120.37420.41280.43060.45760.47710.50370.60720.8031(5.4.21)Formula
0.36700.37620.4047––0.4543–––Noble

–––0.42590.4458–0.48190.56610.7375Galinand
Borodachev

1.0000.5000.2500.2000.1500.1250.1000.0500.020=
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0.8%.ofdiscrepancythewith=0.3639,
gives/4=for(5.4.29)Formulaquadrant.aofcasethefor=0.3668obtained

(1970)HarringtonandOkon.)/(cossin=tanand),/(3=2sinHere,

(5.4.29).
])/2(/2)cotln[cot(sin+sin),E(

2
=

:2anglesubtended
ofsectorcircularaforresultfollowingthetoleadsparagraph,previous

theindescribedprocedure,theofRepetition.

0.3%.ofdiscrepancythewith0.3714gives(5.4.28)Formula0.3724.
iscoefficientthethroughexpressedresultTheirsemicircle.aofcapacitythe

computedhave(1970)HarringtonandOkon(5.4.28):ofaccuracytheverifyto
examplenumericaloneonlyfoundhaveWe.)cos/(sintan=where

(5.4.28).

2
+

4
tanln)cos(+sin),E()2E(

2sin
2
12

=

gives5.4.12)(5.4.11into(5.4.27)ofSubstitution

(5.4.27).+for
)cos(

cos=)(

and
;<2+or0for],sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

(5.4.26).
sin2

2
13

sin2
=

where

,=bydefinedisgravityofcenteritsoflocationTheparameters.segment
thebe2angletheandradiustheLet.

=0.3698.
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reasonablygivecanmethodMossakovskii’sThoughmeaningless.physically
iswhichoffunctionais=0pointtheat(5.4.32)solution)the(solution;

exactformclosedthethanratherseriesinfiniteangives(5.4.32)expression
ellipseanofcasethein)even((5.4.3):withcomparedasdisadvantages

essentialtwohas(5.4.32)Expressionparameter.smallaiswhere

(5.4.32),

)(

...+),(+),(+),(
=),(

formtheintractionscontacttheforsolutionaassumedHecross-section.
circularnearlyofpunchflataofcasetheconsidered(1972)Mossakovskii

book.thisofscopetheoutsideiswhichcurve-fitting,inexercise
anjustbewouldthisbut(5.4.31)typetheofformulaemanysuggestcanOne

(5.4.31).ofcaseparticularbestthenotis(5.4.14)Solomonbychosenformula
thethatclearisIt(5.4.23).thanaccuratemoreare=7and=1rectanglea
ofcasetheIn(5.4.18).thanaccuracybettermuchgive=9and=1polygon,

regularaforthatshowcomputationsDirectoptimal.senseanyinisand
parameterstheofchoicethiswhethernowaskmayOne=4.and=2for

(5.4.31).d)(
2
1d)(

2
12

=

namelyone,generalmore
aofcaseparticularaasconsideredbecan(5.4.14)formulaSolomon’s

investigation.additional
anrequiresnecessaryalsoareconditionsthesewhethertoasquestionThe

ellipse.antocorrespondswhichsecond,thethanhighernotharmonicscontains
)(ifvanishwillintegralthethatmeanswhich2thangreaternotdegree
of)(/inpolynomialfinitearepresents(5.4.30)infunctionhypergeometric

the,evenofcasetheInonly.harmonicsevencontains)(if
oddallforvanishwill(5.4.30)integralThe0.forzerotoequalbeshould

(5.4.30)d
)(

11;;
2
1,

2
||1e

conditions:sufficient
theprovidecan(5.4.6)Expression(5.1.8).equationintegralthetosolution

anbewould(5.4.5)typetheofexpressionanwhichforellipse,an
thanothercontour,anyexiststherewhetherenquiremightWe
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Itsection.previoustheinconsideredwasforceappliedcentrallyaofcase

The.=and=momentstiltingtwoandforceappliedcentrally

atoequivalentstaticallyisloadingThis.andcoordinatescartesian
withpointtheatappliedforcenormalabyhalf-spaceelasticanagainst

pressedispunchThesingle-valued.andboundedis)(functionthewhere

).(=

ascoordinatespolaringiven
isboundarywhoseplanformawithpunchflat-endedaConsider

confirmed.isaccuracytheirandliterature,
theinknownsolutionstheagainstcheckedareformulaetheAllsegment.

circularaandsectorcirculararhombus,arectangle,atriangle,apolygon,
aofshapethehasplanformwhosepunchaforderivedareformulaeSpecific

punch.flatarbitraryanofinclinationofanglestheandmomentstiltingthe
betweenestablishedarerelationshipsaccurateSomeforce.appliednon-centrally
normalaofactiontheunderplanformarbitraryofpunchinclinedflata

ofproblemcontactthetoheregivenissolutionanalyticalapproximateAn

depth.theoffunctionpoweratoproportionalbeingelasticityofmodulus
thewithhalf-space,non-homogeneousaofcasethefortheorytheGeneralize5.

(5.4.19).Derive4.

(5.4.15).Verify3.

(5.4.7).Derive2.

(5.4.6).Establish1.

1986k).(Fabrikant,
laminaeflatofcapacityelectricalthefindtousedwasmethodsameThe
1986b).(Fabrikant,inconsideredwasscreenflatrigidainshapegeneralof
apertureanthroughpenetrationsoundofproblemsimilarmathematicallyThe

punch).squareaofcasetheinexample,(forboundarypunchtheatsingularity
rootsquareaofassumptionincorrectofbecausewrongbetoseemspunch
thebyexerteddistributionstresstheevaluatetoablebeingofclaimhisforce,

appliedandsettlementpunchthebetweenrelationshiptheforestimationsaccurate
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toleadswhich

dS,==,dS==

conditionsstaticsthefromestablishedbecan

andparameterstheandmomentstiltingthebetweenrelationshipsThe

later.discussedbewill
orientationaxisThecontact.ofdomaintheofgravityofcentertheatlocated

iscoordinatesoforigintheifonlyandifsatisfiedbewill(5.5.4)thatfollowsIt
(5.5.4)

0.=dsin)(,0=dcos)(

equationstwothetoleadsthisindependent,

areandSincezero.toequalbeshouldoverofintegralthethat

conditiontheofuseMakeconstants.unknownyetastheareandwhere

(5.5.3),

)(

)sin+cos()(
=

aspunchtheunderdistributionstressnormalthePresent

moments.tiltingthetoanglestheserelatetonecessaryisIt

respectively.andaxestheaboutanglestiltingtheareandwhere

(5.5.2),=

bepunchtheunderdisplacementsnormaltheLet

(5.5.1)

.d),(
)(

),(

d
)(

d2=),(

namely,equation,integralgoverningsametheto
comewe5.4,sectiontheofproceduretheRepeatingresults.thesuperposeto

andmoments,tiltingtheofactiontheunderpunchtheconsidertohereremains
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tosimilararepropertiestensortheirSincename.acceptedanhavenotdothey
sopracticeengineeringinbeforeusedbeenhavetoseemnotdoquantitiesThese

(5.5.8)dcossin)(=

,dcos)(=,dsin)(=

introducedwerequantitiesfollowingthewhere

(5.5.7)],)sin+(+)cos+[(
2

=),(

assimplifiedbecanwhich

,d)()sin+cos)(cos(
2

=),(

formthetakewillharmonicfirstTheharmonics.even
onlycontains)(ifzerobewillofharmonicseventheallandzerothe
thatNoteharmonic.eachforseparatelyoutcarriedbecandisplacementsnormal
theofevaluationFurtherfunction.hypergeometricGaussthedenotesHere

(5.5.6).)dsin+cos(
)(

11;;
2
1,

2
||3e

)(
d=),(

yields,torespectwithintegrationafterwhich,(5.5.1)

into(5.5.3)ofsubstitutionbydonebecanThis.andanglestheto

andrelatetonecessaryisitNowrespectively.inertiaofproducttheand

inertiaofmomentstheofquantitiesknownwelltheareand,where

(5.5.5),+
3
8=,+

3
8=
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solutionthecalledbemayharmonicsremainingtheand,assumeto

naturalseemsit,ofthatthanlesssignificantlyisofamplitudetheSince

).sin5+cos5(
945

128=

),sin+cos)(2+ln(1=

harmonics:
non-zerotwofirsttheevaluatecanWerange.thisoutsiderepeatedispattern

theand/4,</4<for/cos=)(iscasethisinboundarytheofequation
The.2sideofsquareaofcasethedetailmoreinconsiderNow

decreases.amplitudetheirthatshowsharmonicsfurtherofInvestigation

(5.5.10).
)(

dsin6=,
)(

dsin4=

,
)(

dcos6=,
)(

dcos4=

introduced
werecontactofdomaintheofcharacteristicsgeometricalfollowingtheHere,

(5.5.9)}.]sin5)(+)+[(+

]cos5)(+)+{[(
315
64=),(

asmodifiedbecanwhich

,)dsin+cos(
)(

)cos5(

315
128=),(

harmonicfifththeforexpressiontheisHerecontour.arbitrary
anforzerotoequalisharmonicthirdthethatnotetoimportantisIt

calledbe

willwhilerespectively,

andcallshallweinertia,ofmomentstheofthose

350

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

ww

ww

pp
l

Hw

pplHw

la
l

a
A

a
A

a
A

a
A

pAApAA

pAApAAHw

pp
a

Hw

Oy
andOxaxestheaboutdomaintwo-dimensionalaofproductlinearthe

JOyandOxaxestheaboutdomaintwo-dimensionala

ofmomentslineartheJJ

≈

φφρ

φφ√ρπ

πφπ−φφ

)φ(
φφ

)φ(
φφ

)φ(
φφ

)φ(
φφ

φ−

φ−ρφρ

φφφ
φ

φ−φ
ρφρ

1

15

212

4

5

211

2

0

2

s62

0

2

s4

2

0

2

c62

0

2

c4

2c6c41s4s6

2s4s61c4c6

4
5

00201
0

2

0

0

2

4
5

xy

yx

PROBLEMSCONTACTTOAPPLICATION5CHAPTER

ππ

ππ

π



351

namely,significantly,
simplify(5.5.13)and(5.5.11)(5.5.5),formulaecasethisInsymmetry.of

axisanhascontactofdomainthewhencasetheonlyfurtherconsidershallwe
(5.5.13),ofaccuracytheverifytousedbecouldwhichdomainsnon-symmetrical

fordatanumericalnohaveweSincecontact.ofdomaintheofaxes

principalcentralthewithcoincideaxescoordinatethethatprovided=0,=
casethisinbecausesymmetryofaxisoneleastathaswhichdomainany

forexactlysatisfiedbewilltheoremThis1.|/|and1|/|
namely,computations,directseveralbyverifiedbeenhaswhichpropertyfollowing

thethisbymeanWe’approximately’.satisfiedistheoremthisthatstatemay

weButtheorem.thissatisfynotdogenerally(5.5.13)formulaethatso,

toequalbeshouldtheorem,reciprocalthetoaccordingspeaking,Strictly

.and+forholdspropertysameTheaxes.theofrotation
arbitraryantorespectwithinvariantare(5.5.13)formulaethatverifycanOne

form.tensoraormatrixainrewrittenbecanresultstheseallthatclearisIt

.=,=

,=,=

where
(5.5.13)

+
3
16=,+

3
16=

relationshiprequiredthegivesfinally(5.5.5)in(5.5.12)ofSubstitution
(5.5.12)

.
+2

=,
+2

=

gives(5.5.11)ofinversionThe

(5.5.11)).+(
2

=,)+(
2

=

to
leads(5.5.7)and(5.5.2)ofcomparisondirectasought,characteristicsintegralthe

inerrorsmallereveninresultwillfluctuationsignerrorthethatconsideration
intoTakingapex.thefromdistancethewithrapidlyverydecreasingandapex
theat20%aboutreachingcircle,theoutsidesmallreasonablyiserrorThe.

circletheinside3%thanlessiserrorthethatshowcomputationsDirecterror.
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formthein(5.5.16)formulaerewriteusLet

.domaintheofboundarytheto
closesignificantquitebecomemighterrorthewhilesymmetry,ofaxisoneleast

atwithplanformpuncharbitraryanfororigincoordinatetheofneighbourhood
theinaccuratereasonablybetothemexpectWeellipse.anfor
are(5.5.18)and(5.5.17)Expressionsradius.polaraveragethetoproportional

isthatalsonotecanOne.+=propertytheandinertiaofmomentsthe

withanalogythetoduecalledbemayquantityThe

d)(=

where

(5.5.18),+

)(

)(2
=

andanglestiltingtheanddisplacementnormaltheoftermsinwrittenbe
can(5.5.17)toequivalentexpressionAn.domaintheofareatheiswhere

(5.5.17),+
4
3+1

)(2

)(
=

andapplicationofpointitsofcoordinates
theandforceappliedtheoftermsinpunchtheunderdistributiontraction
theforexpressionfollowingthewritecanwe5.4,sectionofresultstheusing
andpunchflatloadednon-centrallyaofproblemthetobackReturning

(5.5.16).
3
16=,

3
16=

(5.5.15),
2

=,
2

=

(5.5.14),
3
8=,

3
8=
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(5.5.21)

,cos
48

3+
+sin2

4
+sin

2
=

inertiaofmomentstheforobtainedbecan

expressionsfollowingThe.ofsumthetoequalbeingpolygontheofarea

totalthe,and,byformedtriangletheofareathebeLet.

sidethetoperpendiculartheandaxisthebetweenangletheforstands

;asapexththetogravityofcenterthefromdistancethedenoteWe1.
asunderstoodbetois+1indexofvaluethethatclearisIt+1.numbered

isintersectandsidesthewhichatapexTheside.ththeoflength

thebeing,to1fromdirectioncounter-clockwiseainsidespolygonthe
numberusLetbefore.asgravity,ofcentertheatlocatedissystemcoordinate

theoforiginThesingle-valued.andboundedisboundaryitsdescribing)(
functionThesides.withpolygonaConsider.

solutions.numericalavailablewith
comparisonbyconfirmedis(5.5.20)formulaeofaccuracyofdegreehighThe

.axisthewithcoincidingsymmetryofaxisoneleastathavetoassumed
andaxesprincipalcentralitstorelatedisconfigurationEachconsidered.

areplanformspunchSeveralplanforms.punchvariousforandcoefficients
theofevaluationthetodevotedbewillsectionthisofpartremainingThe

(5.5.16).fromclearsonotisconclusionThisangle.tiltingsametheproduce
toorderin8bymultipliedbeshouldmomenttiltingtheandquadruples,areaits

double,dimensionslinearitsthatsomagnifiedisdomainawhencasethein
thatconclusionimmediatean(5.5.19)fromdrawcanOnesize.itsondepending

thosefromseparatedareofshapetheondependingfactorsthe(5.5.16):
equivalenttheover(5.5.19)formulaeofadvantageanisThereavailable.data
numericalthewithresultsourofcomparisonthesimplifywillwhichpolarizability

magneticofcoefficientscorrespondingthetoequalareandboth
size;itsondependnotdoandofshapethecharacterizetheydimensionless

aretheysincereasons:twoforandcoefficientstheintroducedWe

(5.5.20).
3

32
=,
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32
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where
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formula=3)(triangleequilateralanFor.ofvaluesparticularseveralConsider
(5.5.27)

.

)/sin(1
)/sin(+1lncossin9

)2cos+16(2

==

toleads(5.5.20)in(5.5.26)and(5.5.25)Substituting
(5.5.26)

.
)/sin(1
)/sin(+1lncos

2
=

)/sin(1
)/sin(+1lncot

4
==

(5.5.25)

,2cos+22sin
24

=
3
1+cotcot

64
==

tosimplify5.5.24)(5.5.21

formulaeand,=)]/2,/sin(2/n)]/4=[cot(=[,-1)/(=2

)],//[2sin(==,=polygonregularaofcasetheInpolygon.arbitraryan

forandcoefficientsthegives(5.5.20)into5.5.24)(5.5.21ofSubstitution
(5.5.24)

.sin
+

++
ln+2sin2114

]cos2)([1+1=

(5.5.23)

,cos
+

++
ln2+sin2114+

]cos2)([1+1=

formtheincomputedbecanmomentslinearThe
(5.5.22)

.sin
48

3+
+sin2

4
cos

2
=
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(5.5.28)

,
2

+
4

tanln+
4

cot
4

2cotln
2

2sin+

2sin)+sin(+sin3/2)tan(8=

coefficientstheforresultthewith

,
4

cot
4

2cotln
2

cossin+

2sin+)+sin(sin
2

cos
3
2=

,
2

+
4

tanln+
4

cot
4

2cotln
2

2sin+

2sin)+sin(+sin
2

cos
3
2=

/2),(cossin
36
1=/2),(sinsin

12
1=

give5.5.24)(5.5.20formulae,toequalbeingthembetweenanglethe,==
sideswithtriangleaofcasetheIn.

.<3rangewhole
theinsignificantlychangenotdocoefficientstheofvaluesthethatnoteworthy

isIt.withdecreasesindeederrorpossiblemaximumthethatclearquite
isitand(1981),HarringtonandOkontodue0.49resultthefrom1.4%by

differswhichln3)=0.483081/(32=40=ishexagonregularaforcoefficients
theofvalueThe.withdecreasewill(5.5.27)oferrorthethatexpect

shouldwe)=0.4789,=8/(3=namely,,ofcaselimitingtheincirclea
forresultexactthegives(5.5.27)formulaSince0.5193.iswhich(1979)Smedt
deofresultthefrom3%withinand(1981)HarringtonandOkonbygiven

0.5162to0.4973fromintervaltheinsideiswhich)]=0.50432=4/[9ln(1+=
and=4,squareaofcasetheInresult.thiswithcomparetodata

numericalanyfindnotdidWe)]=0.5922.316/[27ln(2+=3=gives(5.5.27)

h

lJ

lJ

lIlI

laa

n

n

hh
n

hhn

hh
n

hh

)γπ()αα−γ(α

γ−γαα)α(

)αα−γ(αα

γγα−α−α

)γπ()αα−γ()α(

γ−γααα

αααα

−α

∞≤

√

π∞→

√

√

triangleIsosceles2:Example

-13

3/2
x

y

3

x

24
y

24
x

21

1/4
yx

3/2
yx

yx

1/4
yx



























shapegeneralofpunchflatInclined5.5



bydonebecananalysisThis.axisthealongsay,,forceapplied
theofmovementofprocesstheanalyzingforusedbecan(5.5.30)Expression

(5.5.30).+
4
9+1

)(8

)(
=

formthetakes(5.5.17)toaccordingpunchtheunderdistribution
stresstheforexpressionapproximateTheratio.aspectofrangewidesufficiently

ainsatisfactorilyperformtoseems(5.5.29)formulaOur(5.5.29)bygiventhose
withalongresultshispresentweHere,.ratiosaspectvariouswithrectanglea

for(1979)SmedtdebycomputedwerepolarizabilitymagneticofcoefficientsThe

(5.5.29).
)(1/9sinh

4
=,

9sinh

4
=

yield(5.5.20)formulaeand

).(1/sinh4=,sinh4=

,
3
4=,

3
4=

toreducecasethisin5.5.24)(5.5.21

Formulae./=ratioaspecttheIntroducesemiaxes.itsbeing

andbase,rectangularawithpunchaConsider.

result.thiswithcomparetoliteraturetheinnothingfound

weand0.3995,=gives(5.5.28)formulasecondThetheirs.from10%than

lessbydifferswhich0.9255isforresultOur.isnotationourinwhich
coefficients,theofoneonlyfor1.021and0.9829betweenintervalthegavewho

(1981)HarringtonandOkonbyconsideredwastrianglerightisoscelesThe

./2)3tan(tan=where

,
4

cot
4

2cotln
2

cossin+

2sin+)+sin(sin9/2)cot(8=
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comparealsocanWesections.adjacentandthisthroughouttablesthein
wordthethanratherwordtheusingareweapproximate,alsois

SmedtDeofmethodnumericaltheSinceSmedtdebycommunicatedthosewith

comparedresultstheareHereTable).precedingthe(see0.8708takenwas
valuethe,axisthealong=0.5formadewere(5.5.31)todueComputations

(5.5.31).

)(4

)(9
=

resultthewith(5.5.19),byreplaceand(5.5.30)

in=0=0,setmustwepossible,comparisonthemaketoorderInSmedt.
defromcommunicationpersonalainreceiveddatanumericalthewithcompared
becan(5.5.30)todueresultsThepunch.theofradiustheofthirdone
toequalradiusofcircleaiscorethepunchcircularaofcasetheinknows,

oneAsrespectively./94and/94semiaxeswithrhombusaisseparation
anycausingwithoutappliedbecanforcethewhichinsidecorethethatreveals

analysisFurtherrelationships.theseverifytodatanoisthereUnfortunately,

half-space.thewithcontactinbewillpunchtheofhalfaonly/18=13
atappliedisforcethewhenthatexample,forstates,formulalastThe

.
9
4for,)4(9

5
2=

holdsrelationshipfollowingthe,by
separationofzonetheofwidththedenoteweIffurther.processtheanalyze

tosectionthisofformulaetheapplyagaincanoneratio),aspectdifferent
awithcourse,(ofrectangleaalsoiscontactofdomainnewthethatAssuming

half-space.thefromseparatingstartwillpunchthewhichafter/9,4aslong
ashalf-spacethewithcontactinbewillpunchthethat(5.5.30)fromclearisIt

line.straightabealwayswilloccursthiswhichatboundarythethat(5.5.17)
fromconcludecanOneedge.theatvanishtractioncontactthethatrequiring
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2.93.33.12.1-0.8-6.1-14.1(%)inDiscrepancy
2.92.21.8-0.5-3.2-6.4-9.4(%)inDiscrepancy

0.50430.59290.62280.87081.27012.14884.6876=(32)Formula
0.51930.61300.64260.88921.26002.02604.1070=Smedtde
0.50430.43410.41650.32650.26120.20010.1408=(32)Formula
0.51930.44360.42400.32490.25310.18810.1287=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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(5.5.32)

.

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(ln

2
cos+

2
sin+

2
cos)9(sin

2
8cos

=

,

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(ln

2
sin+

2
sin

2
cos)9(sin

2
8sin

=

asdeterminedarecoefficientsThe

.
1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(ln

2
cos+

2
sin+

2
cossin2=

,
1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(ln

2
sin+

2
sin

2
cossin2=

,sin=,
2

cossin
6
1=,

2
sinsin

6
1=

yieldcasethisin5.5.24)(5.5.21Formulaeside.itsbeand
apices,rhombustheofoneatanglethebeLet.

satisfactory.isagreementThe

are:resultsThe0.3265.be
totakenwasofvaluethe,andinterchangingandbyallreplacing

(5.5.31)tosimilarformulaausecanOne.axisthealongvaluessamethe
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1.64130.90140.60110.36630.1756=Smedtde
0.83330.66670.50000.33330.1667=

-12.8-14.1-9.8-8.1-6.2-6.3-2.9-2.2-1.3(%)Discrepancy
3.17772.08861.57091.23920.99500.79990.48980.35770.1159=(5.5.31)Formula
2.81821.83031.43041.14600.93670.75230.47590.35010.1143=Smedtde
0.91670.83330.75000.66670.58330.50000.33330.25000.0833=
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3.Exampletheofthosewithagreementinareresultstheallandsquare,
aintotransformsrhombusthe=1ofcasetheInrespectively./92and/92

semiaxeswithrectangleaisseparationanycausingwithoutappliedbecanforce
thewhichinsidecorethethatrevealsexpressionlasttheofanalysisFurther

.+
2
9+1

)(2

)(=

as(5.5.17)
toaccordingexpressedbecanpunchtheunderdistributiontractionThe

angles.sharpwithdomainsforincorrectgrosslyiswhich
(5.5.3)insingularityrootsquareaofassumptionerroneousthetoattributed

becanofvaluessmallfor(5.5.33)ofaccuracytheofdeteriorationThe

(5.5.33)formulabygiventhose
withcomparedresultshispresentweHere,(1979).Smedtdebynumerically

solvedwasdiamondaofpolarizabilitymagneticofcoefficientstheofproblem
equivalentmathematicallythesciences,electricaltheInplanform.rhombus

awithpunchatorelatedresultanyliteraturemechanicsinfindnotdidWe

(5.5.33).
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2.94.34.78.613.018.825.6(%)ofDiscrepancy
2.92.11.82.23.65.98.7(%)ofDiscrepancy

0.50430.60520.63880.90951.32542.19824.5987=(5.5.33)Formula
0.51930.63230.67030.99461.52402.70606.1820=Smedtde
0.50430.42300.40260.29860.22580.16270.1078=(5.5.33)Formula
0.51930.43230.41010.30520.23410.17290.1181=Smedtde
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cossin13cossinsin

sin2
2
1

)4cos3+4(1
=

,
2

+
4

tanln+sin)cos3(+),E(12+

),F(1+cossin)sin(1+sin

sin2
2
1

)cos4(1
=

toleads(5.5.20)inSubstituting
respectively.kindsecondtheandfirsttheofintegralsellipticincomplete

theforstand),E(and),F(functionstheand,)cos/(sintan=where

(5.5.35),),E(+1+),F(1

cossin13cossinsin
3
2=

,
2

+
4

tanln+sin)cos3(+),E(12+

),F(1+cossin)sin(1+sin
3
2=

(5.5.34)

),4cos(1+3
4
1=),cos(1

4
1=),sin2

2
1(=

yields5.5.24)(5.5.21momentsandareatheofComputation

(5.4.27).formthetakesgravityofcenteritstorespect
withboundarysegmenttheofequationThe(5.4.26).bygiveniswhere

,=bydefinedisgravityofcenteritsoflocationTheparameters.segment
thebe2angletheandradiustheLet.
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.
)2+(1
)(1++1ln+])(1++ln[

)(29
)+(14==

asdeterminedbewillcoefficientsThe
(5.5.38))

.
)2+(1

)+(1+1ln+])+(1+ln[4==

),+(1
3
4==,)(24=

formthetakewillmomentstheandareaThe/=asratioaspectthe
Introduce.2and2sideswithrectanglesequaltwoofintersectionorthogonal

thebyobtainedconfigurationpunchaConsider.

shape.complicatedmoreahavingbutsegmentaofformthe
innotcontactofdomaintheconsideredProtsenkoandRvachevthatconsideration

intotakenespeciallygood,surprisinglyasconsideredbeshouldagreementThe

resultsthecomparewe
Here,(1977).ProtsenkoandRvachevbybooktheinnumericallyconsideredwas

punchcircularinclinedanofproblemThe.=inresults0and/3,=
gives=circlecompletethecases:limitingtwoinexactisexpressionlastThe

(5.5.37).
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8.07.11.1(%)Discrepancy
0.57500.54180.3543=(5.5.37)Formula
0.62500.58330.3583=Rvachev
102.0108.1158.4(deg)=
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)+([)(
63
2)sin+(

3
)cos+(

3

)cossin(
3
4)sin+cos()(=

torespectwithintegration
aftergets,one(5.5.40),in(5.5.41)and(5.5.9),(5.5.7),(5.5.3),substitutingand

(5.5.41),+d
)(

)(

Taking

(5.5.40).dd
)(

)(
)()d()(2=)(

(5.1.8)ofsolutionexactthe
atvaluemaximumitsassumesfunctionalfollowingThe1960).(Noble,approach

variationalthewithcombinationin(5.5.9)harmonicfifththeconsideration
intotakingbyimprovedbecan(5.5.20)formulaeofaccuracyThe

Examples.preceding
theindemonstratedwasitasplanformspunchvariousforformulaeaccurate

sufficientlyandellipseanforsolutionthe(5.5.1)fromobtaincanone
Nevertheless,only.)}({circletheinsidevalidis(5.5.1)toledwhich

integrationofordertheofchangethethatnoteworthyisIt.

=0.75.aroundminimumflatrelativelyadisplaydataofsetsboth
well:asqualitativelybutquantitativelyonlynotgood,surprisinglyasagreement

resultstheconsidershouldwecomplexity,shapetheconsiderationintoTaking

belowpresentedareresultsThe(1979).Smedtdebygiven
thosewithcomparedand(5.5.39)fromcomputedwere==ofvaluesThe

(5.5.39)
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2.91.41.93.54.14.54.0-0.4-9.3(%)Discrepancy
0.50430.49260.48930.48900.50490.54650.60060.87581.7382=(5.5.39)Formula
0.51930.49970.49850.50690.52670.57250.62550.87201.5910=Smedtde
1.00000.80000.75000.60000.50000.40000.33330.20000.1000=
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(1979)SmedtdeofthosewithcomparedresultstheareHererectangle.
aforcomputationsnecessarytheperformedWe(5.5.20).thanaccuratemorebe

will(5.5.43)thatguaranteenoisthereapproximate,is(5.5.41)expressionSince

.dcos4)(=,dcos6)(=

and(5.5.10),bydefinedareandparametersthe
(5.5.44)
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=
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leastathavingdomainsforonlyvalidarewhichandcoefficientsthefor
resultfinalthepresentweHere,cumbersome.ratherissolutioncompleteThe
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(5.5.16)).(5.5.14)Establish5.

(5.5.7).Derive4.

(5.5.4).Verify3.
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formthetakewillharmoniczeroThe
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equationsofsetfollowingthetoleads(5.6.10)and(5.6.1)ofComparison
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),2(+)(2=
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(5.6.17),cossin2sin2
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,sin2+sin2cos2=

,cos2+sin2+cos2=

momentscubictheforderivedbecanformulaefollowingThe

(5.6.22).11
3

16
=

,
+

+
+

12
=

(5.6.21)].)(+[1+1=

,114=,
+

++
ln=

where
(5.6.20)

,sin2+cossin4sin4+cos4cos2=

(5.6.19),cossin2sin2
2
1+

)4cos(1sinsin4cos4=

(5.6.18),cossin2+sin4
2
1sin4cos4=
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(5.6.29).
3

16
=,

3

)5+4(
=,

3

)+4(5
=

polygonregularaforsimplify5.6.13)and5.6.12,(5.6.3,Formulae
(5.6.28)

.
3

22=,
3

22)2+4ln(1==

asexpressed
becan2sideofsquareafor-momentsThesquare.aforvalidnotis

(5.6.27),
8

3=21)(cos=21)(sin

summationseriestrigonometricthethatfactthetodue
square,theexceptpolygonregularanyforvalidare(5.6.26)formulaethatNote

(5.6.26)
)/sin(1
)/sin(+1lncos

8
=

)/sin(1
)/sin(+1lncos

8
3==

(5.6.25),
)/sin(1
)/sin(+1lncos+2sin

4
==

bydeterminedaremomentsremainingtheand(5.5.26),and(5.5.25)formthe
take-momentstheandinertiaofmomentsTheoccur.simplificationssignificant

polygonregularaofcasetheInpolygon.arbitraryanforsolutioncomplete
thegives5.6.13)and5.6.125.6.3,(5.6.2,into5.6.24)(5.6.17ofSubstitution

(5.6.24).
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+

++
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=
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(5.6.33).
)+3(1

11sinh4=

,
)+3(1

4=,
)+3(1

sinh4=

(5.6.32)).(1/sinh4=,sinh4=

,
3
4=,

3
4=

toreducecasethisin5.6.24)(5.6.17Formulae./=ratioaspect

theIntroducerespectively.andaxisthealongsemiaxesitsbeing

andbase,rectangularawithpunchaConsider.

result.thiswithcomparetoanythingliteraturetheinfindnotdidweagain,and
0.2443,ishexagonregularaforcoefficientstheofvalueThe.withdecrease

will(5.6.31)oferrorthethatexpectshouldwe)=0.2394,=4/(3=circle
aforresultexactthegivescaselimitingthein(5.6.31)formulaSince

2%.thanlessdiscrepancythewith0.2645,isSmedtDetodueresultThe

=0.2697.=and=4,squareaofcasetheInresult.thiswithcompareto

datanumericalanyofawarenotareWe=0.3782.=gives(5.6.31)formula
=3)(triangleequilateralanFor.ofvaluesparticularseveralConsider

(5.6.31)

.

)/sin(1
)/1+sin(ln

sin

36

223+7cos

)/sin(1
)/1+sin(lncos2sin

28
==

formthetakeandcoefficientsdimensionlessThe

(5.6.30).)+(
3
8+4=

,)+(2=

square.theincludingpolygonregularanyforvalidarefollowtoformulae
Thesquare.aforvalidnotare(5.6.29)formulaethatnoteshouldoneAgain,
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yieldcasethisin5.6.24)(5.6.17Formulae./=

ratioaspecttheintroduceand,)+=(sideitsdenoteWerespectively.

andalongsemiaxesitsbeandLet.

boundary.thetoclosesignificantquitebecomesdiscrepancythepredicted,weAs

belowgivenareaxisthealongresultsrelevantThe

SmedtDebycommunicatedthosewithcompared,axisthealongresults
theareHere=0.==1,,/=2=0.5,formadewereComputations

Smedt.Defromcommunicationpersonalainreceiveddatanumerical
thewithcomparedbecan(5.6.3)toduedistributiontractionTheratio.aspect
ofrangewidesufficientlyaoversatisfactorilyperformtoseemformulaeOur

methodourby
giventhosewithalongresultshispresentweHere,.ratiosaspectvariouswith

rectangleafor(1979)SmedtDebycomputedwereandcoefficientsThe

(5.6.34).2sinh+1sinh)+(12=
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-15.6-2.7-1.4-0.30.5-0.3(%)Discrepancy
-0.6138-0.5198-0.4907-0.4791-0.4744-0.4731=methodour
-0.5311-0.5063-0.4837-0.4774-0.4765-0.4715=SmedtDe
.8333.6667.50000.33330.16670.0000=

9.8-1.55.89.648.8-4.2-2.0-0.5-0.3Discrepancy(%)
1.85560.96020.51410.22730.0232-0.1290-0.3314-0.3953-0.4731=methodour
2.05800.94620.54560.25150.0452-0.1238-0.3249-0.3933-0.4715=SmedtDe
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-2.0-3.2-2.31.99.724.6(%)inDiscrepancy
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isthere,smallforandoferrorsrelativelargetheDespite0.5.

whenforunacceptablearethey,forsatisfactoryareresultsourThough

method
ourbygiventhosewithcomparedresultshispresentweHere,(1979).Smedt
Debynumericallysolvedwasdiamondaofshapetheinapertureanthrough

penetrationsoundofproblemequivalentmathematicallyTheplanform.rhombus
awithpunchatorelatedresultanyliteraturemechanicstheinfindnotdidWe

(5.6.37)

.
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)+(1++1ln

)+(1
+

)+3(1
+221

)+(1
4=

,
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)+(1++1ln
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1+

)+3(1
2+5+4
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4=

,
)+(1+1
)+(1++1ln

)+(1
+

)+3(1
45+2

)+(1
4=

(5.6.36)
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)+(1++1ln

)+(1
1)(2+
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34+1
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2=

,
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)+(1++1ln

)+(1
2+
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34+

)+(1
2=

(5.6.35)
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.
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=,
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=
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,
3

)22(
=

yield(5.6.12)

Formulaehere.validareformulaederivedpreviouslytheAll).1/(2=

and=0=tocorrespondscaseThis.forceappliedcentrallynormal

abyhalf-spaceelasticanagainstpressedandgeneratoritsonlyingradius
and2lengthofcylinderrightrigidaConsider

results.theimprovesslightlyapproachvariational
thethatonlatershownbewillIt0.3.forlargeunacceptablybecomes

discrepancyThe=0.75.aroundminimumflatrelativelyadisplaydataboth
well:asqualitativelybutquantitativelyonlynotgood,surprisinglyasagreement

resultstheconsidershouldwecomplexity,shapetheconsiderationintoTaking

belowpresented
are(1979)SmedtDebygiventhoseandresultsourbetweencomparisonThe

(5.6.38)

.2
)2+(1

)(1++1
ln+])(1++ln[+)(1+22==

aremomentsremainingThesection.previoustheingiven
aremomentstheofsomeandareaThe./=asratioaspecttheIntroduce

).(,2and2sideswithrectanglesequaltwoofintersectionorthogonal
thebyobtainedconfigurationawithpunchaConsider.

on.furtherdiscussedisaccuracy,
theimprovessomewhatandprinciplevariationaltheuseswhichapproach

alternativeAnunity.fromawayfarveryratiosaspecttheforwellworks
theoryourrollercylindricalrigidaofcasetheinthatfurtherseeshallWe

solution.theoferrortotalthedeterminegenerallywillitandproblems,contact

realindominatesgenerallywithtermtheerror;totalthecompensatepartially
willdiscrepancyinsignsdifferentfollowing:thetoduesatisfactoryquitebe
willproblemscontactvariousofsolutionofaccuracythethatbelievetoreason
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(5.6.41)1,=
)pha/(

+

5.6.1)Fig.(seeellipseanofpartaalongvanishto

problem.]rollerrigidthetopertinentgeometryThe5.6.1..

causewill(5.6.40)conditionthethatseecanone(5.6.2),tobackReturning

(5.6.40).=

conditionthefromdefineWe

.=atvanishtractions
thethatconditionthefromfoundbetoisandunknownyetasis2width
itswhile,=atsingularbeshouldtractionstheandprescribed,is2lengthIts

unknown.partiallycontactofdomainthehaveweHere,prescribed.wasregion
contacttheproblemscontactconsideredpreviouslytheIn.2byregioncontact

theofwidththedenoteWeinvolved.momentstheallfor5.6.34)(5.6.32
formulaeusecanwerectangle,atocloseisregioncontactthethatAssuming

(5.6.39)0.=,
3

)2(2
=
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tractionthecomparedhaveWecase.thisinaccurateleasttheiscontactof
domainrectangularaofassumptionourthatfactthedespite=1,aroundaccurate

mostthebetoseemsmethodourenough,Surprisinglyspace.halfelastic
anonrollerrigidaofproblemthetosolutionanalyticalaccuratesufficiently
agive5.6.43)(5.6.42formulaethatclaimtousallowsagreementgooda

Suchedges.rollertheatsingularitystresstheignoresprogramKalker’sthatfact
thealsoandtheory,ourofnatureapproximatetheconsiderationintotakinggood,

veryasconsideredbeshouldratiosaspectofrangewideaoveragreementThe
5.6.1.TableingivenarecomparisonofresultsTheforces.totalthecompare

tousallows(5.6.42)intosubstitutedbeingwhich,ratioaspectofvalue
thefindcanwe(5.6.43),ourswithsettlementpunchhisofequalityAssuming

procedure.followingthebyresultsthecomparetomanagedweratio,aspectof
valuethegivenotdoesprogramcomputerhisAlthoughmethod.numericalhis

bygenerateddatasomeKalkerfromcommunicationprivateinreceivedhaveWe

(5.6.45).1+)2ln(4
4

=

(5.6.44),
1+)2ln(4

ln21+1
2

=

form
thetakenotationourinformulaeThese1./=ratioaspectthewithcontact
ofdomainnarrowveryaofcasetheforpresentedwereformulaesomewhere

1972)(Kalker,reportoneonlyfoundhaveWesolution.thecompletesthisand

5.6.34),(5.6.32bymomentstheand(5.6.39)bydefinedareandwhere

(5.6.43))],2(+[
4
1=

(5.6.42),2)+(
3
8=

penetrationpunchtheandforcetotalthefor
expressionsfollowingthegivenow(5.6.39)and(5.6.13)(5.6.3),Formulae

further.detail
moreinconsideredbewillandaccurateleasttheis=casethesensethis

In2.4612.toequalisitwheresquareaforsmallestisratiosemiaxisellipse
Thecontact.ofdomainrectangularaofassumptionourvalidatingandline

straightatoclosevery(5.6.41)ellipsetheofpartthemakingthussemiaxis,
otherthethengreatertimesseveralleastatisalongsemiaxisellipsethe

thatshowcomputationsDirect.=atsingularremainwillstressesthewhile
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thewithlargeforaccuratemostthebetoformulaeKalker’sexpectedWe
5.6.2.TableingiveniscomparisonThis5.6.45).(5.6.44formulaeapproximate

hiswithKalkerbyresultsnumericalthecomparetointerestofalsoisIt

:axis
thetoparallellineaalongobservedisbehaviorsimilarAregion.contactthe
ofboundarythetoclosesignificantquitebecomeserrorrelativethepredicted,As

=0.1.=1,=0.9653,=20,/forbelowpresentedispicture
typicalTheKalker.ofresultsnumericalthewith(5.6.2)toduedistribution
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y/lHlr
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ε0

σ
σ

σ
σ

ε

y/l

x/l

g

13.67-7.17-1.61-0.380.09(%)discrepancy
0.1570E-010.1018E-010.8762E-020.8177E-020.7960E-02=methodour
0.1819E-010.9498E-020.8623E-020.8146E-020.7967E-02=Kalker

0.90000.70000.50000.30000.1000=

-39.49-4.84-1.250.09discrepancy(%)
0.4675E-020.6528E-020.7513E-020.7960E-02=methodour
0.3352E-020.6226E-020.7420E-020.7967E-02=Kalker

0.84000.60000.36000.1200=

-4.90119.3018.406.7710.6806E-01
-5.3069.3628.8904.0000.8939E-01
-4.9427.1856.8473.2970.9884E-01
-4.6125.4115.1732.6790.1101
-4.3233.9823.8172.1390.1239
-4.0432.8442.7341.6700.1411
-3.7031.9521.8821.2650.1633
-3.3351.2721.2310.92120.1933
-2.9080.77170.74990.63510.2359
-2.2790.42160.41220.40410.3018
-1.3930.19520.19250.22630.4174
0.43260.6719E-010.6748E-010.10030.6741
1.0150.3208E-010.3240E-010.5633E-010.9653

0.93990.1835E-010.1853E-010.3603E-011.282
-0.4892E-010.9114E-020.9110E-020.2026E-011.843

-1.7290.5019E-020.4934E-020.1225E-012.511
-4.3890.2296E-020.2200E-020.6251E-023.757
-6.1180.1377E-020.1298E-020.4000E-024.879
-8.4090.7174E-030.6618E-030.2250E-026.799
-11.650.2891E-030.2590E-030.1000E-0210.77
-16.200.6251E-040.5379E-040.2501E-0323.31

(%)(5.6.42)formula(Kalker)*settlementratio
discrepancyP*forcetotalP*forcetotalpunchaspect

KalkerofresultsnumericalthewithmethodourofComparison5.6.1.Table
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symmetry.ofaxisoneleastathaving

domainsforonlyvalidarewhichand,,coefficientstheforequations

ofsetthepresentweHere,cumbersome.ratherissolutioncompleteThe.

and,,,unknownsthetorespectwithequationsalgebraiclinearfourgive

0,=0,=0,=0,=

conditionsextremumThe.and,,offunctionaasfunctionalthe
considertopossibleitmakes(5.5.40)into(5.6.46)and(5.6.10)(5.6.2),(5.6.1),

ofSubstitution(5.6.10).bygivenis+and(5.6.2)bydefinediswhere

(5.6.46),+dS
R(M,N)

(N)

takeWe(5.1.8).ofsolutionexacttheatvaluestationaryits
assumeswhich(5.5.40),functionaltheagainusecanWe1960).(Nobleapproach

variationaltheusingbysuggestedbecanmethodalternativeAn

5%.aboutoferroranhasprocedure
numericalhisthatorasymptotically,exactnotare5.6.45)(5.6.44Kalker

offormulaethethateithermeansThisrapidly.increasesandsignchanges
errorthewhichafter=1,aroundzerotodecreasesit<22,2<intervalthe

inconstantalmostiserrorthecase:thenotisThis.withdecreasingaccuracy
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-23.950.8364E-010.6748E-010.10030.5772
-7.1260.3471E-010.3240E-010.5633E-010.8848
-1.1030.1873E-010.1853E-010.3603E-011.197
2.9870.8838E-020.9110E-020.2026E-011.734
4.6210.4706E-020.4934E-020.1225E-012.368
5.5110.2079E-020.2200E-020.6251E-023.551
5.7430.1223E-020.1298E-020.4000E-024.621
5.6580.6243E-030.6618E-030.2250E-026.456
5.0540.2459E-030.2590E-030.1000E-0210.27
4.0180.5163E-040.5379E-040.2501E-0322.34

(%)(5.6.44)formulaKalker*settlementratio
discrepancyP*forcetotalP*forcetotalpunchaspect

resultsnumericalhiswithKalkertodueformulaeofComparison5.6.2.Table



notgenerallyis(5.6.11)ofmatrixthewhiletheorem)reciprocalthebyrequired
isit(assymmetricis(5.6.48)ofmatrixthenoted:beshouldadvantageOne

accurate.morebewillitwhetherseenbetoremainsItearlier.introducedone
thethancumbersomemoreissolutionapproachvariationalthethatclearisIt

(5.6.49).d)cos(=

,dcos)sin(=,d)sin(=

as(5.6.9)tosimilarintroducedare-momentsThe
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3
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)],+(
5
1+[

3
16=++

)],+(
3
4+4[=++

384

⌡
⌠

⌡
⌠

⌡
⌠

aD

aDaD

D

CCDCCDIBHc

CCDCCCD

CCDIBIBHc

CCDCCDIBHc

CCICCJIABHc

CCICCJIABHc

AJHc

gDgDgIccc

gDgDgIccc

gIgIgAccc

φφφ

φφφφφφφ

−−−π

−−−

−−π

−−−π

−−−π

−−−π

π

ααα

ααα

ααα

46

0

2

226

0

2

46

0

2

y33

yx23

x22

y13

x12

11

yx0y33x23013

yx0y23x22012

yx0y13x12011

PROBLEMSCONTACTTOAPPLICATION5CHAPTER

yyyy

xxyyxxxx

xxyyyyyyxxyyxxyyyyyyyyyyy

xxyyxxxxyyyyxxyyyyyyxxxxxxyy

xxyyyyyyxxxxxy

xxyyxxxxxxyyxxyyxxxxxxxxx

xxyyyyyyxxxyyyyyy0y

xxyyxxxxyxxyyxxxx0x

0

yyyyxxyyy

xxyyxxxxx

yx

π

ππ



385

transmissionsoundthetorelatedexpansion,low-frequencytheintermquadratic
theofdeterminationanalyticaltheofproblemequivalentmathematicallyThe

computations.cumbersomemore
worthisapproachvariationaltheofaccuracybettersomewhatawhetherdecide

touserthetoupisItmethod.simplethefromresultthewithcompared

asincreased=0.1forindiscrepancytheexample,Forcases.allinnotbut
accuratemoreisapproachvariationalthethatisimpressiongeneraltheAgain,

rectangleaforcomputedresultsnumericaltheareHere

.
3
8=,

5
24=,

5
24=

formthetakewillrectanglethefor-momentsThe

circle.aforresultexactthegivemethods
bothofcaselimitingtheInaccurate.moresomewhatisapproach

variationalthethatindicationanbemightthisthenexactas0.2645,square,a
forSmedtDebyresulttheconsidersoneIfwell.worktoseemmethodsBoth

sideswithpolygonregularaforcomputationsofresultstheareHere
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8+cos

3
4+12sin

5
1=

only-momentpolarthe
needshallwepolygonregularaofcasetheIn(5.6.47).equationsofsetthe

ofsolutionthetoreferswordthewhileearlier,introducedmethodthe
toreferswordthehereaftertablestheInpolygon.regularaconsiderall,
ofFirstconfigurations.particularseveralforresultsthecompareusLet
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1.21.22.14.37.915.9(%)Discrepancy
0.26120.19970.13700.09390.05880.0316=variational
0.26450.20220.13990.09820.06390.0376=SmedtDe

1.21.51.2-1.0-5.8-14.2(%)Discrepancy
0.26120.34370.51660.80231.45233.4239=variational
0.26450.34910.52290.79421.37302.9980=SmedtDe
1.00000.75000.50000.33300.20000.1000=

0.00.10.30.61.23.29.9(%)Discrepancy
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.smallveryforfailstheorythebut,ratio
aspecttheofrangewiderainvalidbecomeresultstheconclusion:sametheto
leadssolutionsimplethefromdatathewithtablethisofComparison:

belowTablethesee:
solution.thewithandSmedt,

DeofdatathewithitcompareandcrossaforsolutiontheFind4.

).(2
3
8=),+(1

5
24==

:
punch.cross-shapedafor-momentstheFind3.

<0.33.for
unacceptableareresultsthebut>0.33,fordecreaseddiscrepancythe:

belowTablethesee:
solution.thewithandSmedt,De

ofdatathewithitcompareandrhombusaforsolutiontheFind2.

.
15
2=,

5
4=,

5
4=

:

.andsemiaxeswithrhombus,afor-momentstheFind1.
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results.
numericalavailablethewithmadeiscomparisonfavorableAdisplacement.

theandforceshiftingresultantthebetweenestablishedisrelationship
generalApressure.normalanyexertnotdoeswhichpunchaofkindspecial

aindicatetotermtheuseWedisplacement.tangentialatosubjected
punch,flexibleawithproblem,contactaasorloading,shearremoteawith

problem,crackexternalanasinterpretedbemayproblemThetraction-free.is
boundarytheofpartremainingthewhileshape,generalofdomainfiniteaover

prescribedisdisplacementtangentialuniformaconsidered:ishalf-spaceelastic
isotropictransverselyaforproblemvalueboundarymixedfollowingThe

1.06558
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=
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(5.7.5)
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2
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d
de+
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d
d

onlyharmoniczerotheretainingandintegration
oforderthechangingaftergives,(5.7.3)into(2.5.6)and(1.1.27)ofSubstitution

=const.(5.7.3)insidehandrightthewherecasetheonlyfurtherconsiderWe
(2.5.6).inestablishedwasIt(5.7.3).expressionoftermsecondtheinkernel

theforrepresentationintegralanneedalsoWe(1.1.27).inestablisheddistance
reciprocaltheforrepresentationintegraltheonbasedisapproachThe

(5.7.4).=,ee=

andvalue,conjugatecomplextheindicatesoverbartheHere
(5.7.3)

).,(=dd
),(

2
+dd

),(

2

follows:as(2.6.2)fromrewrittenwecan
equationintegralgoverningThefunction.boundedsingle-valuedais)(where

(5.7.2)),(=

as
coordinatespolarinexpressedbedomaintheofboundarytheLetproblem.

crackexternaltheinhalf-spaceselastictwobetweenconnectiontheofcrossection
thefororproblem,contactelastictheincontactofdomainthedenotesHere

(5.7.1).),(for),,(=

;),(for0,=;)<,<(for0,=

=0:planetheonprescribedconditionboundarymixedfollowing
thewith0,half-spaceelasticisotropictransverselyaConsider
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reader.thetoexercisethisleaveWeshapes.
punchofvarietyaforformulaespecificderivenowcanOne5.6.paragraph

incomputedwerethemofsomeand(5.5.8),inintroducedwere-momentsThe

(5.7.10))]},([+{2
8

=

},2+)]([{
8

=

namely,ones,realtwotoequivalentis(5.7.9)expressioncomplexThe

(5.7.9).)d(e+)d(
8

=

torespectwithintegration
afteryields,which(5.7.5)into(5.7.6-5.7.7)ofsubstitutionbydonebecanThis

.displacementthetoforcetangentialtherelatetonecessarynowisIt

later.discussedbewillorientationaxisThe.domain
theofgravityofcentertheatlocatedbeshouldcoordinatesofsystemthe
oforiginthethatmeansThisgravity.ofcentertheofcoordinatesorthe
toproportionalis(5.7.8)equationeachofsideleft-handthethatnotecanOne

(5.7.8)0.=dsin)(0,=dcos)(

equationstwotoleadsThistorque.anyproducenotshouldtractions
shearthethatconditionthefromdeterminedbecanlocationThiscoordinates.

ofsystemtheoforiginoflocationtheondependnotdoes(5.7.7)relationship
thethatnotetointerestofisIt.domaintheofareatheiswhere

(5.7.7),2=

yieldsover(5.7.6)ofIntegration.+i=forceresultant
atoequivalentstaticallyisloadingThisconstant.complexaiswhere
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wasprocedurenumericaltheofaccuracyThe=0.3.coefficientPoissontheand
=0.5,modulusshearthewithbody,isotropicanformadewereComputations

Kalker.ofresultsnumericalthewithcomparedandbelow,

tabletheinpresentedare(5.7.12),formulaetodue,andofvaluesThe
(5.7.12)

.
)](+)+([

8=,
)]()+([

8=

with

,=,=

asrewrittenbemay(5.7.11)EquationsKalker.byperformedwere
computationsnumericalsomemethod,ourofaccuracytheverifytoorderIn

literature.theinavailable
resultsnumericalvariouswithcomparedwhenparagraphspreviousinjustified

wasassumptionThis.domainarbitraryanforaccuratereasonablybetothem
expectmayweellipse,anforare(5.7.11)and(5.7.10)expressionsSince

(5.7.11)

.)]([
8

=,)]([
8

=

followsassimplify(5.7.9)formulaecasethisInvanish.

maketoassoorientationaxescoordinatethechoosealwayscanWe

(1949).Mindlin’swithcoincidesresultlasttheand

),/(2=),)/(2=(2caseisotropictheIn.))/(=(1argumentthe

withkind,secondandfirsttheofintegralsellipticcompleteareEandKwhere

,2E)K(2K
2
1=

,2E)K(2+K
2
1=

)(andsemiaxeswithellipseanforyields(5.7.10)formula
Indeed,ellipse.theoverallexactisresultthe=0,for(5.7.3)inintegrals

theofvalueexactthegives(5.7.9)expressionSinceconstant.isdisplacement
thecaseourIndisplacement.polynomialaproduces,])()/[(
bymultipliedpolynomialabygivenellipse,anoverdistributiontractiona

that1970)(Willis,knownisItexplain.toeasyisThisellipse.anofcasethe
inis(5.7.9)bygivensolutionthenevertheless,only,))(=min(circlethe

insidevalidis(5.7.5)inintegrationofordertheofchangethethatNote
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below.tabletheingiveniscomparisonThe=0.andunity,toequalassumed
wasdisplacementtangentialThe=0.5.linethealongdistributionstress

shearthecomparedalsohaveWe2.4%.ofdiscrepancythewith9.26,isresult

our=9.033,=resultHisrectangle.forassamethetakenwereparameters
remainingThe=0.5.and=4withcross,aforcomputationmadehasKalker

accurate.betoclaimmaymethodneitherwhereboundary,
thetoclosepointtheforexceptgood,surprisinglyconsideredbeshould

agreementthemethods,bothofnatureapproximatetheconsiderationintoTaking

below.tabletheingiveniscomparisonThe=0.

andunity,toequalassumedwasdisplacementtangentialThe=0.5.line

thealong=4,withsquareafor(5.7.12)and(5.7.7)(5.7.6),toduedistribution
tractionshearthecomparedalsohaveWeprocedure.numericalKalker’sthe

inflawssomeindicatesmonotonically,changenotdoesresultsnumericalthewith

ofdiscrepancythethatfactThesquare.aforthanrectanglenarrowafor
realisticlessis(5.7.6)distributiontractionassumedthesince,decreasingwith

monotonicallyincreasetomethodouroferrortheexpectWeratios.aspectof
rangewideaoveraccuratesurprisinglyasconsideredbemustformulaeourthen

error),4=6(%)10intotranslatesdiscrepancy10%ourthatexample,formeans,
(thisellipseanforassametheisrectangleaforpatternerrorthatassume

weIfones.numericaltheabovealsoareresultsourAllKalker.byresult
numericalthe4%aboutwassolutionexactTheknown.wellissolution

exactthewhichforellipse,anforandofcomputationbyassessed
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.<semiaxisitswhenpunch,ellipticalanofdisplacement
translationaltheandforceshiftingthebetweenrelationshiptheFind2.

axes.
ofrotationthetorespectwith(5.7.10)formulaeofinvariancetheVerify1.

zero.toequalbeingratioPoissonthetocorresponds
thisisotropy,ofcasetheInshift.theofdirectiontheondependnot

doescomplianceelasticthe=0,forthatnoteworthyisIt1/3.)/(2-)=/(

isotropyofcasethein;/isforvaluelimitingtheneedle,aof
caseextremetheIndirection.perpendiculartheindisplacementaforrequired

bewillforcegreateraanddirection,oblongtheindomainthemovetoeasier
becomewillitthatshow(5.7.13)Formulaeconstant.areaitskeepingwhile

toequallongernoisthatsodomainthedeformusletNow

0.assmallarbitrarily
becomemaycomplianceitsthatshowscircleawithcrossaofComparison

observed.bestillcandifferencethethatsurprisingisitapproximate,
istheoryourthatconsiderationintoTakingunity.tocloseveryiswhich

)=0.99452)ln(1+(2/toequaliscircleaofthattosquareaofmomentspolar
lineartheofratiothethatshowssquareawithcomparisonnumericalAmove.

toeasiesttheisdomaincircularathatconclusionthetocomemayone,

areasamethewithdomainsallofofvaluegreatestthehascircleathatfact
thetoDuedirection.anyinsamethebewillcomplianceelasticthehenceand

=0,that(5.7.13)fromhaveWe.=whencasetheconsiderall,ofFirst
(5.7.13)
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=

followsas(5.7.11)equationsrewriteus
Lethere.givenissolutiongeneraltheofanalysisqualitativeSome

boundary.thetoclosepointtheforexceptgood,isagreementThe
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into(2.5.6)and(1.1.27)ofSubstitution(2.5.6).and(1.1.27)inestablished
representationsintegraltheonbasedisapproachThe(5.7.3).bygivenis

equationintegralgoverningThefunction.boundedsingle-valuedais)(where

(5.8.2)),(=

ascoordinatespolar

inexpressedbedomaintheofboundarytheLet.+i=tractionsshear

complextheand,+i=displacementstangentialcomplextheIntroduce

angle.torsiontheisandtorsion,tosubjecteddomainthedenotesHere

(5.8.1).),(for,=and=

;),(for0,=and0=;)<,<(for0,=

=0:planetheonconditionsboundarymixedfollowing
thetoleadsproblemtheofformulationmathematicalThetorque.thetoangle

torsiontherelatetoneedWe.angletorsiontheproducingapplied,is
torqueaandsurface,half-spacethetoattachedisplanformgeneralofpunch

flexibleA0.half-spaceelasticisotropictransverselyaConsider

cross.aandrectangle,apolygon,aofplanformthehavingpunches
forderivedareformulaespecificSomeangle.torsiontheandtorquethe

betweenestablishedisrelationshipgeneralAmethod.generalthebyobtained
issolutionanalyticalapproximateAnconsidered.isplanformgeneralofpunch
abyhalf-spaceelasticisotropictransverselyaoftorsionofproblemThe

punch.rhombus-shapeda
forsymmetryofaxestheofdirectiontheincompliancetangentialtheFind4.

(5.5.38)and(5.7.12)use:

.ratioaspecttheand2
sidelongerthewithpunch,cross-shapedaofcompliancetangentialtheFind3.
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conditionsstaticsthefromestablishedbe

canandparameterstheandtorquethebetweenrelationshipsThe

later.discussedbewillorientationaxisThecontact.ofdomain
theofgravityofcentertheatlocatedbeshouldcoordinatesofsystemthe
oforiginthethatmeansThisgravity.ofcentertheofcoordinatesorthe
toproportionalis(5.8.5)equationeachofsideleft-handthethatnotecanOne

(5.8.5)

.0=dsin)(0,=dcos)(

namely,equations,twotoleadsthisindependent,

areandSincevanish.shouldoverofintegralthethatmeanswhich
zero,toequalbeshouldforceresultingthetorsionpureofcasetheinthat

conditiontheofuseMakeconstants.unknownyetastheareandwhere

(5.8.4),
])([

)sincos(i)(
=i+=

bepunchtheunderdistributiontractionsheartheLet

shapes.
nonellipticalofvarietywideaforreasonablebetoseemandellipse,anfor

areresultsthethatfurthershownbewillitNevertheless,one.firstthe
butharmonicstheallignoredhavewethatfacttheand)],(=min[circlethe

insideonlyvalidis(5.8.3)inintegrationofordertheofchangethethatNote
(5.8.3)

.)d,(
)(
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d
e+

)(

d),(
de

)(

d
e1+

)(

d),(
d)cos(

)(

d2=

onlyharmonic
firsttheretainingandintegrationoforderthechangingaftergives,(5.7.3)
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yields(5.8.8)in(5.8.1)conditionstwolasttheofSubstitution(5.6.9).
bydefinedare-momentstheand(5.5.8),byintroducedwere-momentsThe

(5.8.8))]}4i(3+3[4

)]4i(3+3[4i{e
8

3+

)]i+()(i[e
8

])sin(i+)cos[(i
4

=

follows:asrewrittenbealsocan
(5.8.7)Expressionvalue.conjugatecomplexthedenoteseverywhereoverbarThe

(5.8.7).d)esincosi)((e
8

3+

d)esincosi)((e
8

)dsincos)(icos(
4

=

torespect
withintegrationafteryields,which(5.8.3),in(5.8.4)ofsubstitutionbydonebe
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thebetweenrelationshipthefindcanone(5.8.6),in(5.8.11)substitutingBy

(5.8.12)./=,/=

introducedwereparameterstheHere
(5.8.11)

.
)]22(33+[)+(

)]4(33+[4
=

,
)]22(33+[)+(

)]4(33+[4
=

is(5.8.10)ofsolutionThe
(5.8.10)
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2
3

4
5(+)

2
3([+

4

,=)]
2
3(+)

2
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4
5([+

4

namely,coefficients,
realwithequationstwojustyields(5.8.9)expressionassumptions,theseUnder

symmetry.ofaxisoneleastathasdomainifcasethebealwayswillwhich

=0,=thatalsoassumewesimplicity,ofsaketheForinertia.ofaxes
principalthewithcoincidewillaxesthesesymmetry,ofcasetheIndirections.

axiscoordinatethechoosingappropriatelybythisachievealwayscanOne

=0.thatassumptionthebysimplifiedbemayequationsTheseequations.

algebraiclinearfoursolvetohasoneandcomplex,areandparameters

thecase,generaltheIn.andunknownstheforequationsalgebraic
lineartwotoleadwillandtorelatedtermstheof(5.8.9)inSeparation

(5.8.9))]}4i(3+3[4

)]4i(3+3[4i){i(
8

3+

)]i+()(i)[i+(
8

])(i+)[(i
4

=)i+(
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(5.8.17),
)K]}(2E[2E+)K](1E][E{[K

)K]}(2[2E2+E][K{
=

,
)K]}(2E[2E+)K](1E][E{[K

)K]}(2)[2E(12+)K](1[E{
=

follows:assimplify(5.8.16)and(5.8.15)formulaeand),/(2=

),)/(2=(2isotropy,ofcasetheInA5.1.Appendixfromformulae
relevantusingbyinvolved,integralstheofcomputationexactanwith(5.7.3),in

(5.8.4)ofsubstitutiondirectbyobtainedbecanresultssameTherespectively.
)K(and)E(forstand(5.8.16)and(5.8.15)inKandEabbreviationsThe

(5.8.16)

.
]}K+3EEKK+EK[+)K](1E)[E(K){+3(

+16)E]}16()K)(2[8(1E{2
=

(5.8.15)

,
]}K+3EEKK+EK[+)K](1E)[E(K){+(

E][5K+E])[K8{(
=

,
]}K+3EEKK+EK[+)K](1E)[E(K){+(

)K]}3)(8(1)E7[(8+)K](1[E{
=

yields(5.8.13)and(5.8.11)in(5.8.14)ofSubstitutionrespectively.kindsecond
theandfirsttheofintegralsellipticcompletetheare)E(and)K(Here

(5.8.14)

.])/([1=),)]/(3)E(+2(1))K(+[(24=

),)]/(3)K(3)(2(1+)1)E([2(24=

,)]/E()[K(4=,)]/)K((1)[E(4=

arecharacteristicsgeometrical
necessaryThe).(andsemiaxeswithellipseanconsiderIndeed,

ellipse.anforis(5.8.13)and(5.8.11)solutionthethatverifycanOne
(5.8.13)
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parameterstiffnesstheIntroduce

(5.8.21)
)+(3

16=,
)+(

4==

punch
circularaforresultsthegive(5.8.20)formulae,ofcaselimitingtheIn

(5.8.20).

)/sin(1
)/sin(+1ln)+(9

)]/cos(2+)[2/sin(32
=

,

)/sin(1
)/sin(+1ln)cos+(

8==

resultthewith(5.8.19),expressionsusecanWe
5.6.paragraphincomputedweremomentsnecessaryThesides.withpolygon

regularaasshapedpunchaConsider

reader.thetoleftisshapeparticular
anyforformulaespecificofderivationTheshape.generalaforaccurate

sufficientlybewilltheythatbelievetoreasonisthereandellipse,anforexact
areTheysection.thisofresultsmaintheare(5.8.13)and(5.8.11)Formulae

(5.8.19)
)+(3

64
=,

)+(
8==

namely,significantly,

simplify(5.8.13)and(5.8.11)formulae,=and=whencasetheIn

incorrect.is

whichconstants,elasticondependnotdoandparametersthethatindicates
itsinceerror,inbetoseems(1970)WillisbyresultThe1968).Sih,and

(KassirofformularelevanttheinnoticedaremisprintsSome(1949).Mindlin
ofresultscorrespondingthewithagreementinare(5.8.18)and(5.8.17)Formulae

(5.8.18).
)K]}(2E[2E+)K](1E][E3{[K

)K]}(2)[2E(14+E{2
=
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below.tabletheinpresentedareKalker,byresultsnumerical
withcompared(5.8.25),todueresultsOurKalker.bydevelopedsoftware

universaltheusingbycomputedwas/=quantityThe=0.3.coefficient
Poissontheand=0.5,modulusshearthewithisotropic,betoassumed

washalf-spaceTheratios.aspectvariousand=4withrectangleaforKalker
bymadewerecomputationssometheory,ourofaccuracytheverifytoorderIn

(5.8.25)

.
]})+sinh(1/sinh[)+2(1/sinhsinh))(1+3){(+9(

)}+(14+]sinh+)(1/sinh[)+)(13{(32
=

(5.8.24)

,
]})+sinh(1/sinh[)+2(1/sinhsinh))(1+3){(+(

]4+)(1/sinh)+)(13[(
=

,
]})+sinh(1/sinh[)+2(1/sinhsinh))(1+3){(+(

]4+sinh)+)(13[(
=

formthetakerectangleafor(5.8.13)and(5.8.11)Formulae5.6.paragraph

incomputedweremomentsnecessarytheandareaThe./=ratioaspect

theIntroducerespectively.andaxisthealongsemiaxesitsbeing

andbase,rectangularawithpunchaConsider

well.assurroundingsitsbutrod,imaginary
anonlynottwisttohasonehalf-space,aoftorsiontheinsinceexplainto

easyisThisstiffness.greatestthehascircleawhererods,oftorsionoftheory
Saint-VenanttheintheoremrelevantthetooppositeisThisstiffness.lowestthe

hascirclethearea,samethehavingdomains,connectedsimplyallofthatstating
theoremaprovemayOnecircle.aofthatfromindistinguishablepractically
stiffnesspolygonthemakesinincreasefurtherand1.05,issquareaforratio

correspondingThearea.equalanhavingcircleaofthatthangreatertimes1.24
stiffnesshastriangleequilateralanthatshows(5.8.23)ofanalysisElementary

(5.8.23).
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=
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,

)2+(1
)(1++1ln+)(1++ln)+(

==

yieldcasethisin(5.8.13)and(5.8.11)Formulae

5.5.paragraph
ingivenaremomentstheandareaThe./=asratioaspecttheIntroduce
).(2and2sideswithrectanglesequaltwoofintersectionorthogonal

thebyobtainedconfigurationawithpunchaConsider

procedure.numericalKalker’stheinflawssomesuggestsmonotonically
changenotdoesdiscrepancythethatfactTheaccurate.betoclaimmay
methodneitherwhereboundarythetoclosepointtheforexceptsatisfactory,is

modulusinagreementTheclose.veryisofargumenttheofagreementThe

belowtabletheingiven
isdegreesin)(argumentitsand||modulustheforcomparisonTheform.

polarinpresentedistractionshearTheunity.toequalassumedwasangle

torsionThe=0.5.linethealong=0.3,and=4withrectangle,afor(5.8.24)
and(5.8.4),toduedistributionstressshearthecomparedalsohaveWe

ratio.aspectofrangewideaover
accuratesurprisinglyasconsideredbemustformulaeourthenellipse,anforas

same,theisrectangleaforpatternerrorthatassumeweIfones.numericalthe
abovealsoareresultsourAllKalker.byresultnumericalthe7%about

wassolutionexactTheknown.wellissolutionexactthewhereellipse,an

forofcomputationbyassessedwasprocedurenumericaltheofaccuracyThe
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ratio.aspectsametheandareasamethehavingone,rhomboidalaofrigidity
torsionalthewithpunchrectangularaofrigiditytorsionaltheCompare5.

punch.rhomboidalabyhalf-spaceaoftorsiontheConsider4.

(5.8.13).and(5.8.11)Verify3.

(5.8.8).Derive2.

(5.8.3).Establish1.

boundary.thetoclosepointtheforexceptgood,isagreementThe

below.tablethe
ingiveniscomparisonTheunity.toequalassumedwasangletorsionThe

=0.5.linethealongdistributiontractionshearthecomparedalsohaveWe

accurate.very
consideredbemightresultour7%,beingsoftwareKalker’soferrorassumed

theconsiderationintoTaking7.9%.ofdiscrepancythewith167.9,isresult

our=154.7,resultHisrectangle.forassamethetakenwasdatanumerical
remainingThe=0.5.and=4withcross,aforcomputationmadehasKalker
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insideequationsintegralfollowing

therespectivelysatisfyingknown,areand,functionsthethatSuppose

(5.9.3).d
),(

)(
+d

),(

)(
=)(

equationintegralrelatedtheconsiderandpunch,first
thegenerality,oflosswithoutout,singlecanWeonly.characteristicsintegral
theininterestedareweifsolutionstheseknowtoneedreallynotdowe

thatshowtoareweHere,circles.severalofcasetheforeventime,present
theatknownnotisequationstheseofsolutionexactTheequations.integral

ofsetatoleads(5.9.2)in(5.9.1)conditionsboundarytheofSubstitution

(5.9.2).d
),(

)(
=)(

writecanwesuperposition,ofprinciple
theandproblemBoussinesqtheofsolutionknowntheusingByface.punch

thebydefinedisfunctionprescribedThedistribution.pressuretheforstands
and=0,boundarytheatpointaofdisplacementnormalthedenoteswhere

(5.9.1),=1,2,...,,for0=)(

,for)(=

areproblemtheforconditionsboundaryTheforces.
actingtheandpunchestheofdisplacementsgeneralizedthebetweenrelationships

thefindtoisproblemTheneglected.arehalf-spacetheandpunches
thebetweenforcesfrictionThepunch.ththeonactingforcenormalthe

beandpunch,ththeforcontactofdomainthebeLet0.half-space
elasticanpenetratingpunchesarbitraryofsetaConsider

considered.areexamplesspecificSeveralpunches.ellipticallocated
arbitrarilyofcasethetoappliedistheoremTheequations.algebraiclinearof

systemathroughdisplacementsgeneralizedtheirwithpunches,arbitraryofseta
onactingforces,resultanttherelateswhichestablishedistheoremgeneralA
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equationalgebraiclinear

theobtainwesign,changenotdoesaslongasvalidiswhichtheorem,

valuemeantheinvokingByforce.unitaofactiontheunderinpunch

flatatoduedomaintheindisplacementnormalthetoproportionaliswhich

(5.9.9),d
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,)d()(+=)d()(

obtained:becanresultfollowingthe(5.9.4),satisfiesthatfactthe
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(5.9.14))(+=)d()(

yieldtotheoremvaluemeantheagainusecanwesignchangenotdoesIf

(5.9.13).d
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,axistheaboutpunchfirsttheonactingmomenttiltingtheiswhere
(5.9.12)
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areatheoverintegrationand)(by(5.9.3)ofsidesbothofMultiplication
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forces.appliedtheandpunchestheofdisplacementsnormalthebetween
relationshipsnecessarytheprovidesequationsofsetThispunches.remaining

theforderivedbecanequationsalgebraiclinearadditional1procedure,
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allowsthatfactthebutknownnotispointtheoflocationexactThe

(5.9.10))(+=)d()(
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1955):(Lur’e,formthehaveand,functionsThe

punch.

ththeuponactingforcenormalthebeand;semiaxismajortheand

axisthebetweenanglethebeandcenter,itsdefineandellipse;

ththeofsemiaxesminortheandmajorthebeandLethalf-space.
elasticisotropictransverselyaonlocatedarbitrarilypunchesellipticalflat
ofsetaofinteractiontheConsider

below.considerediscaseparticularThisonly.
punchesellipticaltheforavailableismoment,theatwhich,loadingoftypes

threetoduesystemtheinpuncheveryoutsidedisplacementsnormaltheknow
toneedonethem,usetoorderInwork.reciprocaltheoftermsininterpreted
becanequationeachthatclearisItparagraph.thisofresultsmaintheare

(5.9.17)and(5.9.14)(5.9.10),typetheofequationsalgebraiclinearofsetsThree
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(5.9.25),
)E()K(

=)D(

(5.9.24),
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(5.9.23)
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)(/1)(),()(1),(
=

(5.9.22),
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=

where

(5.9.21),+M=
)(k3

(5.9.20),=
)3D(

(5.9.19),
)K(
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)K(

respectivelyyields(5.9.17)and(5.9.14)(5.9.10),into(5.9.18)ofSubstitution

(5.9.18).=1,2,...,for,+=

formthetakewillcasethisin(5.9.1)conditionsboundaryThe
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takingby(5.9.27)
fromobtainedbecanforboundslowerandupperThesettlement.required

theproducetonecessaryforcetheofvaluethedecreasespunchesthebetween
interactionthethatshows(5.9.27)Equationpunch.solitaryaonactingwhen

toequalsettlementpunchaproduceswhichforcethedenotes)K(/=where

(5.9.27),

)K(
),(+1

=

resultimmediatethewith

(5.9.26),
)K(
),(+=
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namely,equation,onejusttoreduces(5.9.19),
toequivalentequations,ofsetthesystem,theofsymmetrythetoduethen,

==havealsoweIf=0.==0,,==0,=,==,==
=2,wherecasetheConsider.

ellipse.theofcenter
theatlocatedcoordinatesofsystemtheinvalidissettheinequationeach

thatnoticetoimportantalsoisIt.and,forsolvedbetohave
equationsalgebraiclinearofsetsthreetheknown,aredisplacementsthewhere

casetheInpunches.theofdisplacementsangulartheandnormalthedefine
equationsofsetsthreetheknown,areforcesactingtheWhenequations.of

setaoffirsttherepresent(5.9.21)and(5.9.20)(5.9.19),equationstheofEach
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ellipsefirsttheofeccentricity
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timestenbetopuncheselliptictwoofcasetheinaccuracytheassumesone
ifEven.<2ofrangewholethein0.4%exceednotdoesestimationcentral

theoferrormaximumthethenexactassolutionKobayashi’stakesoneIf

5.9.1.Tablein

givenare=variousforratiotheofvaluesThe(1939).Kobayashiof
solutionnumericalthewithpunchesequaltwoforestimationcentralthe

ofcomparisonainfoundedisbeliefThisabove.indicatedthatthanlessmuch
isitthatbelievetoreasonaistherebutestimation,centraltheoferrorreal

theisgreathowsaytodifficultisitcase,thisforavailablesolutionaccurate
noisthereSince>12.for1%thanlessisitand>8,for2%thanless
isit>5,for5%thanlessisit>3.5,for9%thanlessisestimationcentral

theoferrorpossiblemaximumthesee,canoneAsestimation.centralthe
representcirclestheandonelowerthegiveslinedashedthebound,upperthe

giveslinesolidThe=1.=2,forversusratiotheplots5.9.1Figure

(5.9.29).sin=

bydefinedforestimationcentraltheconsideralsoshallWerespectively.

(5.9.28).
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sin=and,sin=
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isresultThe5.9.21).(5.9.19setstheofeachofequationonejustconsider
tosufficientisitsystem,theofsymmetrythetoDueorigin.systemcoordinate

theatonethefromstartingdirectionclockwisetheinnumberedarepunchesThe
punch.eachtoappliedbeforcesverticalequalLet5.9.2.Fig.inshown

configurationtheConsider.

(5.9.32).==

as(5.9.20)fromdeterminedbecanvaluewhose

punchesthetoappliedmomentstiltingbeshouldthere=0=casetheIn

(5.9.29).bydefinedisand

(5.9.31),)/(1=,
)E()K(

),E(),(
=
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(5.9.30)=0,=,)3D(==
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-0.040.886020.886380.861430.903675.0
-0.060.860930.861430.822130.886384.0
-0.070.843700.844270.792410.875153.5
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-0.020.798980.799150.699400.848042.6
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0.360.752720.750000.500000.822132.0
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punches.theofdisplacementsangulartheandnormalthedefine
5.9.35)(5.9.33equationsknown,aremomentstiltingtheandforcestheWhen

(5.9.37)

,)/+(+
2
1=,)/(+=

=,)/(+1=

(5.9.36)=2,3,4;for,1sin=

andrespectively,(5.9.23)and(5.9.22)bydefinedareandwhere

(5.9.35),)+(+M=
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(5.9.34),)+(=
)3D(
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+
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+
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elasticnon-homogeneousaonpunchesseveralofinteractiontheConsider4.

punch.ellipticalanoutsideactingforcesconcentrated
severalofproblemthetosolutionangive5.9.21)(5.9.19formulae

0caselimitingtheInincrease.will5.9.21)(5.9.19equationsofaccuracy

The.=2,3,...,,areastheofshrinkingofproceduretheConsider:
punch.theoutsidenormallyappliedloads,concentratedseveral

ofactionthetoduepunchellipticalanofdisplacementsgeneralizedtheFind3.

.insidepointaandcentrepunch

firstthebetweendistancetheisandonepunchofradiustheiswhere

,P+=
3

4

,P=
3

4

,sin2+=2

formthetakewill5.9.21)(5.9.19equationstheand

,sin2
)K(

),(
,/4)D()B(

,1sin2:

punches.
circularofcasethefor5.9.25)(5.9.22formulaeofcaselimitingtheFind2.

).+(=,)+(=:
tilt.toallowednotarepunchestheifmomentstiltingtheFind5.9.2.Fig.
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follows:as(5.7.5)fromrewrittenwecanequationintegralgoverning

thesuperposition,ofprincipletheofviewIn.+i=tractionstangential

complextheand,+i=displacementstangentialcomplextheIntroduce

forces.actingtheandpunchestheofdisplacementsgeneralizedthebetween
relationshipsthefindtoisproblemThepunch.-ththetoappliedforce

tangentialresultingtheofcomponentsthebeandLettractions.normal
anyexertnotdotheythatsoflexible,betoassumedarepunchesThepunch.

ththeforcontactofdomainthecallshallweHereafterindependent.
astreatedbecanpuncheachdisplacementstangentialthesincegeneral

morebeinginterpretationfirsttheloading,shearremoteatosubjectedand

inconnectedhalf-spaceselastictwoofcasetheasordisplacements,tangential

tosubjectedandhalf-spacethetobondedpunchesflexibleseveralbetween
interactionanaseitherinterpretedbecan(5.10.1)problemvalueboundaryThe

(5.10.1)....,=1,2,,),(for0,===

,),(for),,(=),,(=

is=0planetheonconditionsboundarytheofformulation
mathematicalThefree.stressisboundaryhalf-spacetheofrestthewhile

domainsconnectedsimplyseveraloverprescribedbedisplacementstangential
theLet0.half-spaceelasticisotropictransverselyaConsider

considered.areexamples
specificSeveraldisplacements.tangentialuniformtosubjecteddomainselliptical
locatedarbitrarilyofcasethetoappliedistheoremTheequations.algebraic

linearofsystemathroughdisplacementsgeneralizedtheirwithdomain,eachon
actingforces,tangentialresultingtherelateswhichestablishedistheoremgeneral

Aprescribed.displacementstangentialdifferentwithhalf-space,thetoconnected
punches,flexibleseveralofproblemcontactaasorloading,shearremoteto
subjectedandareasseveralthroughinterconnectedhalf-spaceselastictwobetween

interactionanaseitherinterpretedbecanproblemThefree.stressisboundary
half-spacetheofresttheandshapearbitraryofdomainsseveraloverprescribed

aredisplacementstangentialuniformwherecasetheforconsideredishalf-space
elasticisotropictransverselyaforproblemvalueboundarymixedThe

depth.theof
functionpoweratoproportionalbeingelasticityofmodulusthewithhalf-space,
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asrewrittenbecan(5.10.4)Equation

reader.theforconfusionanyproducenotshouldItthereafter.

and(5.10.4)inandofsubscriptsthesimplicityfordroppedhaveWe

(5.10.5).),(,)(=

),i(=),i(+=

and,),(pointthepunch,thebyexertedtractions
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theinonlyinterestedareweifsolutionstheseknowtoneedreallynot
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theoverintegrationandby(5.10.4)ofsidesbothofMultiplicationfollow.
toderivationtheinusedbewillpropertyimportantThis(5.10.4).expression
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where

(5.10.15)
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alsocansolutionThemanner.similarainobtainedbecanwhichcoefficients,
fuzzywithequationsalgebraiclinearofsettheoffirsttherepresents(5.10.18)

Equation.),(tocorrespondingvalueanyassumecanwhichquantities
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theofsomeconfiguration,symmetricofcasetheinthatnotetoimportantisIt
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(5.10.22)
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tangentialtheLet=0.==0,,==0,=,==,==
=2,wherecasetheConsider.

ellipse.theofcentertheatlocatedcoordinatesof
systemainvalidissettheinequationeachthatnoticetoimportantalsoisIt

.forcestheforsolvedbetohasequationsalgebraiclinearofsettheknown,
aredisplacementsthewhencasetheInpunches.theofdisplacementstangential
thedefineequationsofsettheknown,areforcesactingtheWhen

problem.
thetosolutionaccuratereasonablyaobtaintousallowsthatsmallsobecomes

boundslowertheandupperthebetweenvariationthecasessomeinfurther,
seeshallweAsinterest.ofquantitiestheforboundslowerandupperthe

findtousallowwilldomainthisofAnalysisdomain.fuzzyaasinterpretedbe
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thewith)=1/3,/(=1,=2,forversusratiotheplots5.10.1Figure

(5.10.26)

.
)]2E())K()[(2/()K(

)],2E(),)F()[(2/(),F(
=,

2
=

isresultThe(5.10.21).expressionini
byand,ibyofsubstitutionformalthebydirectiontheinprescribed
isdisplacementthewhencasethemannersimilarainconsidercanWe

.
)+(

cos=

bydefinedforestimationcentraltheconsideralsoshallWerespectively.

(5.10.25).
]+)[(

cos=

and

,
]+)+[(

cos=

takingby(5.10.24)fromobtainedbecanforboundslowerand
upperThepunch.isolatedantocomparedas,displacementtheproduceto

neededforcethereducesinteractionpunchthethatconcludemayone0,Since

(5.10.24)

)]2E())K()[(2/(+)K(

)],2E(),)F()[(2/(+),F(
=,

2
=

follows:
asrewrittenbecan(5.10.21)Equationpunch.isolatedanonactingwhen

displacementtheproducetoneededforcetheasinterpretedbecanwhere

(5.10.23)
)]2E())K()[(2/(+)K(

2=

notationtheIntroduce

GGbal/aT/T

kkkkGkG

kkkkGkG
C

C

T
T

T
TuuOy

bal
b

T

baal
b

baal
b

T
u

B

kkkkGkG

kkkkGkG
B

B

T
T

uT

kkkkGkG
auT

−−−

φ−φ−−φ

−

−
φ

−−
φ

−
φ

≥

−−

φ−φ−φ

−

−−

12

22
21

22
210

1/2222
-1

1/2222
-1

1/2222
-1

22
21

22
210

0

22
21

0

























loadingshiftingunderpunchesflexiblebetweenInteraction5.10

0



simplifywill(5.10.15)formulaand0,keccentricitythepunchcircularaof
casetheIncases.limitingcertainconsidertoappropriateisIt

case.secondtheinthen
strongerisaxisthealongprescribeddisplacementsofcasetheininteraction

thesinceexpectedbeshouldThiscase.firsttheinthanbettersignificantly
isestimationcentraltheofaccuracythethatseecanOne3.5%.and5%,7%,

12%,areerrorsrespectiveThedirection.theinprescribedaredisplacements
tangentialthewhencasetheforplotsamethegives5.10.2Figure

5.9.
sectioninasargumentsamethebysupportedisbeliefThisabove.indicated

thanlessmuchisitthatbelievetoreasonaistherebutestimation,central
theoferrorrealtheisgreathowsaytodifficultisitcase,thisforavailable

solutionaccuratenoisthereSince4.for5%thanlessisitand>3.5,
for7%thanlessisit3,for10%thanlessisit2.5,for15%than

lessisestimationcentraltheoferrorpossiblemaximumthesee,canoneAs

line.solidabygivenisestimationcentralthewhilecircles,bygivenarebounds
lowerandupperThe.axisthealongdirectedbeingdisplacementstangential
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notationtheagainIntroducing
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frictionthebeingwithdirection,theinacting,=forcetangentiala
andforceaxialanofactionthetosubjectedispunchThehalf-space.elastic

isotropictransverselypenetratingbase,generalwithpunch,circularaConsider
base.itsattractionshearproducedoeswhichpunchaindicatingpunch,

termthetooppositetheashereusedispunchtermThe

punch.ellipticalanoutsideactingforces
concentratedseveralofproblemthetosolutionangives(5.10.18)formula

0caselimitingtheInincrease.will(5.10.18)equationofaccuracyThe

point.ato,=2,3,...,,areastheshrinkingofproceduretheConsider:
punch.theoutsidetangentiallyappliedloads,concentratedseveral

ofactionthetoduepunchellipticalanofdisplacementsgeneralizedtheFind4.

other.eachtoorthogonalaresemiaxes
majortheirwhenpunches,ellipticalequaltwoofinteractiontheConsider3.
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yields(5.11.4)ofequationfirstthein(5.11.6)ofSubstitution

(5.11.6).cos+=),(

Thenaxis.theaboutangletiltingitsbeandcentre,itsofsettlement
thebeLetpunch.circularflataofcasetheConsider.
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(5.11.9).Establish3.

(5.11.8).(5.11.7)Derive2.

(5.11.5).Verify1.

./=
pointtheatappliedbeshouldloadnormalthetilting,eliminatetoorder

In1946).(Muskhelishvili,problemscontacttwo-dimensionalinand3)(Chapter
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(5.11.10).
)/((2/3)

)/(+=

:angle
tiltingtheandsettlementpunchthebetweenestablishedbemayrelationship

followingtheand,=thencentre,punchthefromdistancetheby
axisthealongshiftedisapplied,isloadnormalthewherepoint,theIf

(5.11.9).
3
22=,+2=

follows:as(5.11.8)
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simplifytoorderinmodifiedslightly(1961),RostovtsevofmethodtheuseWe
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