CHAPTER 5

APPLICATION TO CONTACT PROBLEMS

The various elastic contact problems, solved in Chapters 2 and 3, dea
primarily with the stresses and displacements in the plane z=0. We concentrate
here on the complete solutions. The solution is called complete when explicit
expressions are given for the field of stresses and displacements in the whole
half-space. The complete solution, combined with the reciprocal theorem, enables
us to solve more complicated problems of punch interactions, influence of
external loads on punches, etc. An approximate analytical solution is given to
the non-classical punch problem. Significant part of the material presented here
is as yet unpublished. The rest follows the papers (Fabrikant, 1974a, 19863,
1986¢, 1986i, 1987h).

5.1 Contact problem for a smooth punch.

A smooth punch is pressed against a transversely isotropic elastic half-space
220 by a norma force P. The term ‘smooth’ is used to identify a punch
which does not exert any shear traction at its base. Let S denote the domain
of contact. The mixed boundary conditions on the plane z=0 are:

o, =0, for (poOS w = wp@, for (p,eOS,

T, = 0, for —oo<(X,y)<co. (5.1.1)

z

As in the previous chapter, we may assume again that
F.(2 = c,F(z), F.(2 = c,F(z), Fi(2 = 0. (5.1.2)

Substitution of (5.1.2) and (2.1.12) in the third condition (5.1.1) yields:
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c = —czyllmlyz. (5.1.3)

1

Now we need to define the man potential function F so that its second
z-derivative vanishes at z=0 outside the domain of contact. Comparison with
(4.1.4) gives

F(p,92) = F(M) = J J IN[RMN) + 7 o(N) dS,. (5.1.4)

S

The simple layer potentia property yields inside the domain of contact:

0°F
E [L=o = —2T[0', (515)

which, combined with (2.1.12), gives the second equation for the constants c, and

c
2

2mA,[(1 + ml)c1 + (1 + mz)cz] = 1 (5.1.6)

Equations (5.1.3) and (5.1.6) determine the constants

c. = Hy/(m - 1), c, = Hy/(m, - 1). (5.1.7)

1 2

The simplifications made in (5.1.7) are due to the properties (4.1.10).

Finally, substitution of (5.1.2), (5.1.4) and (5.1.7) in the second of equations
(2.1.6) yieds for z=0 the well known governing integral equation of elastic
contact problem for a smooth punch:

W(Ny) = HJ [%ﬂl\% ds,. (5.1.8)

An approximate analytical solution of (5.1.8) for a punch of arbitrary shape will
be given later. We consider in more detail the case of a circular punch. The
integral equation (5.1.8) can be rewritten for a circular domain of contact of
radius a as follows (c.f. 1.4.5)

P dx 2 podpo DX N

4HJ At J (pg_—xz)yz o] 0 0Po®) = w(p.9)
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Its exact closed form solution is (c.f. 1.4.10)

a

1 d xdx
= - —— L u _oxdx
o(P9 = - = LO) g j T
p
X pdp
Qg d 0%
xL&—deT(J ¢ - D7 L(pg) w(Po.®)-

(5.12.9
The potential function F can be found in two stages. First of all, one has
from (5.1.4):

2n g
oF _ o(r,g) rdrdy
0z J J [0 + r2 — 2rpcos(g-u) + Z2]1/2 (5.1.10)
Substitution of (5.1.9) in (5.1.10) yields, after integration (c.f. 1.4.21)
2n aljlQ I:r'
F 0
a - leH J J 1@;0% 3 0(Po, Pp) PdP . (5.1.11)

Here R=[p° + p5 — 2ppcos(o-@) + Z]1Y% and h is defined by (4.1.18). The

next integration of (5.1.11) with respect to z gives the expresson for the
potential function directly in terms of the prescribed displacement under the
punch, namely,

2n g
FP0d = o J J HP.DZ PoPy) WPoP)PedPdR, (5.1.12)
where
7((p!(p12; pO!(po) = - itan-lljllj-'- ﬁgn[l + (|2 - )1/2]
Ry R (a o)
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0 1 M5 (G 1)1/2D 1 12 _ P e
- D 1)ﬂ2%an w0 D ¢ = e
(5113)

The details of integration are presented in Appendix A4.3. Now al the Green's
functions related to the field of displacements and stresses can be obtained in
elementary functions from (5.1.13) by differentiation

R
ox _ 2 07,
> =R 0T + tan il (5.1.14)
2 _ 12
AK = 9ok + tan'lEh—DD— . EIL e
RGOh [R,[  hq 0 a
@ - 10" &@ - ¥
1 ] 15 2
o v B -1 5.1.15
2@ - 0P e - o )%% 119
2 1 37 1 2 p2 13
6_72( = o3t T _2@ tan-l[ﬂm] + 2 2 Eiz 2 21D (5.1.16)
zZ Ry RS h R h(RS + MRS 15 = 150
i®
ox e, ahm, 2 g et 4 5117
z R [h tmmomﬂ+h(R§+h2)D|§—|§+R§D (117
12 - o2
Nx = 3&5_2 di)"'tanltﬂm"' 21 2@22_ 22 pz &9
Ry [h R h(RS + hHR; 15 =17 O
] Z 12
3 1 1 L3¢ s 15 12
+ SF - ————m t = - tan’(C - 1)
&% (@ - )"y @ - " He® - 1)
d?® a’l 0
+ — - (5.1.18)
pa@® - pp"*0 (& - 1D"*@%T - 1HO

The following identities were used in the simplification of (5.1.14-5.1.18):
(15 - P& - 1) + &’qq = aX(R; + h),

(@7 - 15)@%7 - 1) = (RZ + h?)lZa%p’
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(5 - P)(ag + 2) — qa(@® - pg) = (I3 - )Ry + h?).
(5.1.19)
Formulae (5.1.13-5.1.18) are the main new results of this section. They give a
complete solution for the contact problem under consideration when combined
with formulae (2.1.6), (21.12), (5.1.2) and (5.1.7). When the prescribed
displacement can be expressed as a sum of powers in x and y, the complete
solution is elementary. Some particular examples will be considered further.

Exercise 5.1
1. Derive 5.1.13.

2. Verify (5.1.14)—(5.1.18).
3. Prove the identities (5.1.19).

4. Derive the general solution for the case of isotropy.

5.2 Flat centrally loaded circular punch.

We consider a transversely isotropic elastic half-space z=0, indented by a
rigid circular punch of radius a. The punch loading is staticaly equivalent to a
centrally applied normal force P. Denote the punch settlement by w=const.
Solution of the integral equation (5.1.8) is given by (5.1.9), and in this particular
case takes the form

w

o(p.9) = 2R = A% (5.2.1)

Integration of the last expression over the circle p<a relates the punch settlement
w to the total force P as

= 2wa

P ==

The substitution of (5.2.1) in (5.1.4) leads to an integra which can be evaluated
by differentiation of the expression for the main potential function (A4.1.1) with
respect to a. The result is

_ 2w e 18y _ 2 212 2 _ vzl
F = ™ n (|2) (a D7 + aln[l, + (I5 = p°) ]D (5.2.2)
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The appropriate differentiation of the potential function (5.2.2) gives the complete
solution:

20ae? o« Yk (& - Iik)mD
u= = ka - 1% - —" (5.2.3)
k=1
w = 2@ sn'(2) (5.2.4)
nem, -1 [ o
k=1
oA Ve - (M + Dy; (@ - 15)"?
0, =~ T ~ yk(mk — 1) |2 _ |2 ; (525)
doAge”? 2y, E(a2 - 15"
o =
2 n kzl(mk -1 0 ng - Iik
2a (& - Iik)ﬂz
- 20 - —
2 (5.2.6)
(@ - 13"
; 5.2.7
leH(Vl kz( )Vk Z - 12 (5.2.7)
_ we'® 2( 1)* Ilk(lgk - a)”? (528)
©OTCHY, - W) - (15 = 130 h

This problem was first solved by Elliott (1949). His solution is essentialy in
agreement with ours. The fact that he uses the notation p as an elastic

parameter and as a polar radius simultaneously, somewhat complicates the
comparison.

Introduce the stress intensity factor as

k, = lim{(a - p)*?c}, for z=0. (5.2.9)

p—a

Substitution of (5.2.7) in (5.2.9) yidlds
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N
k= = === (2) (5.2.10)

The asymptotic behavior of the field of stresses and displacements near the punch
edge can be derived by substitution of (4.7.1) and (5.2.10) in (5.2.3-5.2.8). The
result is:

~ ~ W 0 V1S, Y25, ] 5
u = u, = 2mHkV2r o, = 1 + ey 1D+ 0(1), (5.2.11)
_ \/_ DmlTl m2T2 D 212
w = —2rHk,v2r o, = 1 + ey 1D+ 0(1), (5.2.12)
Yo - (M + 15 S
0; = ALKV — o 5 * o), (5.2.13)
12 S< ~
o, = 2T[A66Hk1() Zm + O(Vr), (5.2.14)
Ky E{151 stzD
o, = - + 0(1), 5.2.15
‘ \/2r(y1 yz) DQ1 Qz D ( ) ( )
k T, T
vt o= - —— 00 204 o), (5.2.16)

Comparison of (5.2.11-5.2.16) with (4.7.4-4.7.9) indicates that they become
identical if one substitutes formally 6 by 10. This is easy to explain. The
punch problem is mathematically equivalent to an external crack problem. There
exist a notion that the asymptotic behavior of stresses and displacements near the
edge of an arbitrary flat crack with a smooth boundary is completely defined by
three stress intensity factors. This means that the asymptotics of an interna
crack and an external one should be the same. The system of loca axes was
introduced in previous section so that the angle 8 was measured from the
direction outside the penny-shaped crack. In the case of the punch problem the
axis On should be directed into the circle, this will make the expressions
(5.2.11-5.2.16) identical to (4.7.4-4.7.9).
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Exercise 5.2
1. Find the complete solution to the problem of a smooth flat centraly loaded
circular punch in the case of an isotropic half-space.

Answer :
i(p D ﬁ _ (a2 _ Ii)l/ZD le(lg _ a2)1/2D
= = 1-2v +
) EH )0 P O La -1 S

2 _ 12
o 2a® - 19"

_ W ;-1.a
VTR %n (Iz) ¥ 21 - v)(I15 - 130

- 1) A - a%ea® - pf + 2z2)]D

‘1 Tt(l - %1 2\' 12 - 12 ¥ @ - 1H12 - 13 O
_ 2wpe®® O o a® - 19" 2a - @ - 19",
0-2 - T[( — ) D_( )D |§ — Ii p2 D
az(I5 - a)"[21] + P12 + 313 - 6a%)][]
) 202 - oy .
o O @ - 1) A + ap® - 2a° - 2z2)]g
= +
% T W1 - V) Er 12 - 12 (@ - 155 - 13° 0
oou  20e%@ = 194315 + 12 - 4d)
T ) 17 - 1%y

Hint: use formulae (5.2.3-5.2.8).
2. Rewrite the result of the Exercise 1 in polar coordinates.

Answer:

6 D ﬁ _ (a2 _ Ii)l/Z
R ) D‘(l - )

0, 21,5 - az)”zg
O P O 03 -1) g
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T B
az(12 - adY1 - 13 + p%(12 + 312 - 4290
i 202 - 177 =
oou O a- (a® - 15"
Ocp__—n(l—v)gl_zv’ 2
@ - 1H¥a® - @ - w30
]
1505 = 19 a

oo 2@ - 1DVH3IS + 12 - 4ad)
T = -
Pz (1= V) (13 = 15’

5.3 Inclined circular punch on an eastic half-space

The case of a flat circular punch pressed against a transversely isotropic
elastic half-space by a non-centrally applied force P can be considered as a
superposition of two problems. that of a centraly loaded punch, which was
considered earlier, and a punch subjected to a tilting moment @/ which will be
considered here. Let the displacements under the punch be

w = by - bx (5.3.1)

Here b, and b, are the tilting angles about the axes Ox and Oy respectively.
Introduce the complex tilting angle

b = b, + ib, (5.3.2)

Expression (5.3.1) can now be rewritten as

w(p,g) = O{bpe%. (5.3.3)
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Here O indicates the imaginary part. The substitution of (5.3.3) in (5.1.9) yields

20{ bpe'?}
Q) = 534
a(p,®) leH(az ~ p2)1/2 ( )
Evaluation of the potential function (5.1.4) leads to the integral
2n g poe(po
J J @ - P IN(Ry + 2) pudp,de, (5.3.5)

Taking into consideration that

i
pe
eyl Gl

the integral in (5.3.5) can be evauated by parts, with the result given by
(A4.15). The potentia function takes the form:

E = 20 bgeft int & _ @2 - 13%2(1
TH l, 1

12 + 2a°
_3—pz)

2a°[]
3p°[]

(5.3.6)
All the necessary derivatives are readily available from Appendix A4.1, and we
can write the complete solution:

[
1Ay 12[]
%b%ksn @ - @ - 15"y

2
_ 2i ¥
o ka -
k=1

_2a® - (I3 + 2a%(@® - 1)"0
- be”'? = 0 (5.3.7)
P 0
_ 2 a 2% 0
w = (b ( ) z o (5.3.8)
~ 8Ags 5 : Vi - (m + 1)V§ (@ - Iik)ﬂz
P X o R )

k=1

(5.3.9)
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4Ai€® 2y O aly(a® - 15)"
(0) =
’ n L 1D (15 = 150

o D[(l + 2a)(@ - 12)% - 227 aly(a® - 15)"?
- o ; + — (5.3.10)
3p Ly (15 = 13

2(by - byx)i @ - 1"
, T oo 2Dy, , (5.3.11)

leH(yl = Yy) et “ ng(lgk - Iik)

( 1)k+1
leH(vl =Y Z
_ o al iy - CORN
+ be"? —————1] (5.3.12)

1205 = 13 [

Note. Some of the integrals involving special functions can now be
computed simply by comparison of the solutions obtained by the integra
transform method with the corresponding solution given by the present method.
For example, comparison of (4.1.24) with formulae (1.42) and (1.43) of (Kassir
and Sih, 1975) leads to

00 Il
Sz d_S — D&B’Z -n indX
J Jn+1/2(as) Jn(ps) € Vs [al (ap) J o - X2)1/2-

We have verified numerically that the last formula is correct for non-integer n as
well.  An enormous amount of material on Bessel functions exists in the
literature, so it is difficult to clam that the last result is new, but there is some
chance that it is new, since our notation |, and |, does not seem to have been

used before. Here is another example of just how useful this notation is.
Suppose that we need to compute the integral
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0

J sinax J,(px) €~ d_>2< :

(5.3.13)

We could not find this integra in the tables, but we have found another one
(Gradshtein and Ryzhik, 1963, formula 6.752.2)

0

J sinax J,(px) €~ d7X = %(1 - ), (5.3.14)

where the parameter r is a positive root of the equation

2
V4
8.2 = 1—iLr2 - r—2 (5.3.15)

The origina integra (5.3.13) can be computed by integration of both sides of
(5.3.14) with respect to zz We need to get an explicit expresson for r from
the fourth order agebraic equation (5.3.15), substitute the result in (5.3.14) and
integrate the result with respect to z which does not seem possible at first. The
introduction of the parameters |, and |, alows us to find the positive root of

(53.15) in a very simple form, namely, r=(a®> - 19)*?a. The z-integration can
be performed using (A4.2.3), and the final result is

. dx (2a® - 19)(15 - )" - 2a’z Cia
J snax J,(px)e” = = + B sn'@).
X

2ap 2 l,
(5.3.16)

Exercise 5.3

1. Consider the interaction of a concentrated load P, applied at an arbitrary
point (p,@,z) in the z-direction, with a flat circular punch of radius a.

Solution:

One can deduce from (5.2.4) that the normal displacement w at the point (p,p2),
due to a unit force applied to the punch, is
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Zm
H K . 1,a
w = — sin(=).
azmk -1 (IZk)
k=1

Application of the reciprocal theorem immediately gives the punch settlement w
due to the load P,

2
H M . 1,a
W=7 POka—_l SN
k=1

The tilting angle & of the punch can be obtained in a similar manner from
(5.3.8). The result is
2 2 12
3H my L (1 = &)
5=— P> %)sin'l(i) - -
2a” MMy T 1 |k | O

All the other parameters of interest can be found in a similar manner.

2. Investigate the problem of interaction between a flat circular punch and an
arbitrarily located tangential force T=T,+T,.

54 Flat punch of arbitrary planform under the action
of a normal centrally applied force

The general method is applied here to the non-classical punch problem. A
simple yet accurate relationship is established between the punch settlement and
the applied force for an arbitrary flat punch. Specific formulae are derived for
a punch whose planform has the shape of a polygon, a triangle, a rectangle, a
rhombus, a circular sector and a circular segment. All the formulae are checked
against the solutions known in the literature, and a good accuracy is confirmed.

Theory. The presentation in this section will be made in terms of the
elastic contact problem but one should keep in mind that all the results will be
applicable in other branches of engineering science. Here, we outline the idea of
the analytical treastment of the elastic contact problems which allows us to derive
simple yet accurate formulae for various punch shapes. The governing integra
equation is given by (5.1.8). The anaytica approach is based on the integra
representation for the reciprocal distance established in (1.1.27).

Substitution of (1.1.27) into (5.1.8) gives, after changing the order of integration



54 Flat punch of arbitrary planform under a normal force 337

A
. o dx 2n a(%) (p_po’ (P_(PO)
w(p.@) = p HJ 02 - D" J d, J 0 - )7 O(Po: @) PodPe-
0

(5.4.1)

Consider a flat-ended punch with a planform S whose boundary is defined
in polar coordinates as

p = a(g). (5.4.2)
Let the normal pressure distribution under the punch be

_ @
o =
2.~ _ 2[¥?
@ - o°F

where ¢ is a constant which can be determined from the condition that the
integral of o over S should give the total force P.

(5.4.3)

2n a(e) 2n

J do J L CJ a¥(@de = 2Ac = P,
2.~ _ 2[¥?
@ - o'F
(5.4.4)

where A is the area of S. It is noteworthy that the total force does not depend
on the location of the coordinate system origin. This location can be determined
from the condition that the stress distribution (5.4.3) should not produce any
tilting moment about the origin, which leads to the two equations

2n 2n

J a*(g) cosp dp = 0 , J a*(gp) sing dp = 0.

The left hand sides of both equations are proportional to the x and y coordinates
of the center of gravity which means that the origin of the system of polar
coordinates should be located at the center of gravity of the domain of contact
S. One gets immediately from (5.4.4) that
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P a(g)

ZA%Z(cp) -

For the case of a flaa punch w = & = const. Now substituting (5.4.5) in
(54.1), we can veify how close to a constant will be the displacements,
produced by the traction distribution (5.4.5). Integration with respect to p, gives

(5.4.5)

HP< i xax
w(p.@) = 2A J (p)lnl(p_—x)uz
2n
s B 546
> L @) B 4.

Here F stands for the Gauss hypergeometric function. Further evaluation of the
normal displacements can be carried out separately for each harmonic. The
zeroth harmonic has the form

2n

wo = 22 T J a(@)de. (5.4.7)

It is important to note that the second harmonic is equal to zero for an arbitrary
contour, and that all the odd harmonics will be zero if the expression for a(g)
does not contain odd harmonics. The expression for the fourth harmonic is

21'[ 4i(¢-0p)

d(Po
_HP 8 3

The investigation of further harmonics shows that their amplitude decreases.

Now consider in more detall the case of a square of side 2I. The
equation of the boundary in this case is a(@)=l/cosp for -TW4<@<rv4, and the
pattern is repeated outside this range. We can evauate severa non-zero
harmonics:

HP 32p%c0
W, = 2 A 4t In(l + v2), w, = 5> —‘205—;4‘9, (5.4.9)
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_ _HpP 64 P2 . 12pa . 20pel]
Wg 2A 3465 pcoss“’%l) 0 TP

- DG r(g)g 144 r(g)E
W12 = ﬁ pCOSlZ(pD 17 (|)2 + 19 (|)4
r(3) r(3)

1200 1Q) rd) 1680 T4 3780 (&
O O
ro ré r& ré&)

0
($)10D

If we assume that the punch settlement d=w, then the remaining harmonics may

be called the solution error. Direct computations show that the error is less than
3% inside the circle p<l. The error is reasonably small outside the circle
reaching 20% at the apex, and decreasing very rapidly with the distance from the
apex. Taking into consideration that the error sign fluctuation will result in even
smaller error in the total force value, we may assume (5.4.7) being the
relationship between the punch settlement and the total force which can be
rewritten in the form

HP

5 = " (5.4.10)

where A is the punch base area, and g is a dimensionless coefficient depending
on the punch geometry only.

2VA
= — 5.4.11
g lera ( )
where
2n
_ 1
M = o J a(p) do (5.4.12)

can be caled the average radius with respect to the center of gravity If the
correct pressure distribution required to yield w=0 over the punch could be found
then the total force P would be related to & by a formula
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HP

0 = ——= .
g,VA

Our basic assumption is that the g of equation (5.4.10), which we can calculate,
is likely to be a good approximation to g,. The problem now is to find the

value of g for various punch planforms. One can compute the coefficient g for
the square from (5.4.9) as
1

= — = 0.3611,
g m In(1 + V2)
which is very close to the approximate value 0.3607 given by Maxwell for the
capacity of the sguare. Using the electrostatic analogy, one can easily deduce
that our coefficient g is related to the capacity C of a flat lamina by

C

= = . 5.4.13
TA (5.4.13)

g

Of course, closeness to the result of Maxwell does not mean that ours is so
accurate. The value of g which seems to be accurate was obtained in (Noble,
1960) and (Solomon, 1964a), and is 0.367, so that our result is in error by
1.6% which is not bad. Now it seems reasonable to assume that formulae
(5.4.10-5.4.12) are vaid for an arbitrary flat punch, and we need to verify how
good they redly are for each specific case.

We have found in the literature only one general formula of the type
(5.4.10) suggested by Solomon (1964b). His result expressed through the
coefficient g reads

2918 |01/8
g = T AT (5.4.14)

where |, stands for the polar moment of inertia. One can easily verify that

formula (5.4.14) is exact for a circle, so one should expect it to be sufficiently
accurate for domains with the aspect ratio not far away from unity, but the error
might be quite significant for oblong domains. For example, in the case of an
ellipse with semi-axes a and b formula (5.4.14) gives

B 27/8

9=

a, b
(b+a)'

The error of this formula can be quite significant for large aspect ratio e=a/b.
Our formulae (5.4.10-5.4.12) in the case of an ellipse are exact.
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Example 1. Polygon. Consider a flat punch, shaped as a polygon with n
sides, with the only limitation that the function a(¢) describing its boundary be
continuous and single-valued. The origin of the coordinate system is located at
the center of gravity, as before. Let us number the polygon sides in a
counter-clockwise direction from 1 to n, a, being the length of the kth side.
The apex at which the sides a, and a,,, intersect is numbered k+1. It is clear

that the value of index equal to n+l is understood as 1. We denote the
distance from the center of gravity to the kth apex as b,. Let A  be the area

of the triangle formed by a,, b, and b,,,, the total area A of the polygon being
equa to the sum of A,. Then formulee (5.4.11) and (54.12) yield the
following expression for the coefficient g
2VA
g = : (5.4.15)
_ A bt by, g
T[Z a, " b, + by, - a

k=1

The formula due to Solomon (5.4.14) in this case gives

(5.4.16)

298 [ ZAE 0 alk1 + 3(bi+1 - bi)z 3
9 = ;s U Z -3 17 5 :
5 & Ae U 48A?

In the case of a regular polygon formulae (5.4.15) and (5.4.16) simplify to

4v/tan(vn)
g = (5.4.17)

1 — sn(1in)

and

_ 2%8 [Q2cosi(mn) + 1[]1V8
9= % 0 3nsn@wn) O

(5.4.18)

respectively.  Formulae (5.4.17) and (5.4.18), though looking different, give
practically the same results in the whole range 3<n<ewc. Consider severd
particular values of n. For an equilatera triangle (n=3) formula (5.4.17) gives g
= 0.3673. The value of g, which seems likely to be accurate, can be computed
from (Solomon 1964a), and is equa to 0.3829, so that our result is in error by
4.1%. As we have seen earlier, the error of (5.4.17) for a square is 1.6%.
Since formula (5.4.17) in the limiting case n-o gives the exact result for a
circle g:2/T13’2:0.35917, we should expect that the error of (5.4.17) will decrease
with n. For a regular pentagon g=0.3599. We did not find in the literature
anything to compare with this result. The value of g for a regular hexagon is
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0.3595 which is within the bounds given by Polya and Szegd (1951)
0.35917<g<0.3635, and it is quite clear that the maximum possible error indeed
decreases with n. It is noteworthy that the value of g does not change
significantly in the whole range 3<n<co.

Example 2: Triangle. In the case of a triangular punch with the sides a,,
a, and a;, formula (5.4.15) simplifies as follows:

b, + b, + & b, + by + a,
g—GEEIr 1

- — I + _I
WA, b, + b, - & a,

n
b, + b; — a,

b, + by + a3D-1

1

+ 4
as

(5.4.19)

The parameters in (5.4.19) can be determined from the well known geometric
formulae

A =[plp - a)p - a)p - a)l*’ p=(a, +a+ a2

b, = %[Z(ai +a) - aj)”*, b, = %[Z(ag + a%) - a3
b, = 32(a2 + &) - aj'?
3~ 3 3 2 (P I

We are unaware of any report treating a triangle of general type but certain
particular cases have been considered, so we can compare the results. When
a,=a,=l, and the angle between these two sides is equal to a, the formula for

the coefficient g can be rewritten in the form

_ 6 .o 2y —a .o m,oyot
g = T[\/tan(a/2) %sm(z)ln(cot 7 Co) + Intan(z + 2)D :

(5.4.22)
where y = tan™(3tan(a/2)).

The isosceles triangle was considered by Rvachev et al (1977) who gave an
approximate expression for the stress distribution but, for some reason, did not
give the relationship between the total force and the punch settlement. They
have though presented a graph depicting the location of the point of application
of the force P as a function of the angle a. Their graph indicates a small
variation (within 0.01 of the height of the triangle) of the coordinate about the
center of gravity. We think that Rvachev et al did not readize that this
fluctuation should be attributed to the approximate nature of their method, and



5.4 Flat punch of arbitrary planform under a normal force

that the exact location of the point is at the center of gravity. Of course, the
previous statement should be understood as a conjecture since our method is also
approximate.

The case of a=1/2 was considered by Pblya and Szegd (1951) who gave
the following bounds for g: 0.35917<g<0.4282. Okon and Harrington (1970)
obtained g = 0.3867 as the most probable result. Our result is g = 0.374
which is well inside the admissible region and differs by 3.3% from the result
of Okon and Harrington. The following bounds were established by Polya and
Szegd for a triangle with the sides a, a/2 and av3/2: 0.35917<g<0.517. Our
result g = 0.3822 is within this interval. There seems to be no other source to
compare with this result.

Example 3: Rectangle. Consider a punch with a rectangular base, a and
b being its semiaxes. Introduce the aspect ratio e=a/b. Formula (5.4.15) in this
case reduces to

2
g = . (5.4.21)
[ | 1 a0
T[D\/S sinh (s) + = sinh¢ 0

Howe (1920) suggested an approximate formula for the capacitance of a rectangle
which in terms of the coefficient g reads

1
g = : (5.4.22)
1. .. oal. e, 1 e + 1%
2\/e§smhle + smhl(g)+ 3t el K?LD
The result due to Solomon (5.4.16) in this case takes the form
9/8 3
-2 De [ 1 B¢ (5.4.23)

9=m 0 T2 O

We have found in the literature some numerical results which seem to be more
or less accurate. Borodachev and Galin (1974) have considered the case of a
narrow rectangular punch, and Noble (1960) investigated an equivalent problem of
the electric charge distribution on a rectangular lamina. Their data, expressed in
terms of the coefficient g, are presented below and compared with our result
(5.4.21) and those due to Howe (5.4.22) and Solomon (5.4.23). The following
relationship can be established between Borodachev-Galin’s coefficient y and our
g: y=l/2mgve. Several useful conclusions can be drawn from the data presented.
It seems logical to assume that the error of an approximate formula should
change monotonically (or to have only one extremum) with respect to a certain
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€ = 0.020 0050 0100 0.125 0150 0200 0.250 0.500 1.000
Borodachev
and Gdlin 0.7375 05661 0.4819 - 0.4458 0.4259 - - -
Noble 0.4543 0.4047 0.3762 0.3670

Formula (5.4.21) 0.8031 0.6072 05037 0.4771 04576 0.4306 0.4128 0.3742 0.3612
Howe (5.4.22) 0.6916 05317 0.4481 0.4268 0.4112 0.3899 0.3759 0.3462 0.3363
Solomon (5.4.23) 05402 0.4819 0.4423 0.4304 0.4211 0.4071 0.3969 0.3715 0.3613
Discrepancy (%)

Formula (5.4.21) -8.9 -7.3 -4.5 -5.0 -2.6 -11 -2.0 0.5 16
Howe (5.4.22) 6.2 6.1 7.0 6.1 7.8 85 7.1 8.0 8.4
Solomon (5.4.23) 26.7 14.9 8.2 53 55 4.4 19 13 16

parameter. The fact that the discrepancy due to each formula jumps when
moving from the data due to Noble to those by Borodachev and Galin, indicates
that the results of at least one author are not exact. Our formula seems to
perform better then the other two in a sufficiently wide range of aspect ratio.
As expected, the formula due to Solomon performs well only when the aspect
ratio is not far away from unity. There seems to be little change in the error
of Howe's formula (5.4.22). If this is really so, then its accuracy can be
improved dramaticaly just by multiplication by a constant factor, say, 1.07.

Example 4: Rhombus. Let a be the angle at one of the rhombus apices.
Formula (5.4.15) in this case yields

2
g = . (5.4.24)

cos(a/2) + sin(a/2) + 1
cos(a/2) + sin(a/2) — 1

Tv/sina In

The same formula in terms of the rhombus semiaxes a and b and the aspect
ratio € = a/b has the form

12
g = 2 + 1o . (5.4.25)

1+ ¢+ (1 + &)
1+¢-(1+ &)

1T In

We did not find in mechanics literature any result related to a punch with a
rhombus planform. In electrical sciences, the related problem of the capacity of
a diamond was solved numerically by Okon and Harrington (1970). Their result,
expressed in terms of the coefficient g, for a diamond with the aspect ratio
a:b=0.7:1.65 is g=0.3855. Formula (5.4.25) gives g=0.3744 which differs by 3%
from the result of Okon and Harrington. They aso considered a rhombus with
the aspect ratio 1:2. Their result, g=0.3705, almost coincides with ours which is
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9=0.3698.

Example 5: Circular segment. Let the radius r and the angle 2a be the
segment parameters. The location of its center of gravity is defined by X = kr,

where

2 sin‘a
k = z . (5.4.26)
3(a - ESi n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@ = r[-kcosp + (1 - Ksir®)™?], for O<@<T-y Or THHY<Q<2TT
and
_ k - cosu .
a(p) = e cr— for TEys@<TEHY. (5.4.27)

Substitution of (5.4.27) into (5.4.11-5.4.12) gives

2(a - %sin 2a)Y?

g = (5.4.28)

T[%E(k) - E(yk) - ksiny + (k - cosx) In tan(g + 321)5

where y = tan’(sina/(k - cosn)). We have found only one numerical example
to verify the accuracy of (5.4.28): Okon and Harrington (1970) have computed
the capacity of a semicircle. Their result expressed through the coefficient g is
0.3724. Formula (5.4.28) gives 0.3714 with the discrepancy of 0.3%.

Example 6: Circular sector. Repetition of the procedure, described in the
previous paragraph, leads to the following result for a circular sector of
subtended angle 2a:

2Va

g = (5.4.29)

T[%(y,k) — ksiny + ksina In[cot(a/2)cot((y — 0()/2)]5

Here, k=2sina/(3a), and y=tan’(sina/(cosa—k)). Okon and Harrington (1970)
obtained g=0.3668 for the case of a quadrant. Formula (5.4.29) for a=1/4 gives
0=0.3639, with the discrepancy of 0.8%.
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Discussion. We might enquire whether there exists any contour, other than
an ellipse, for which an expression of the type (5.4.5 would be an exact
solution to the integral equation (5.1.8). Expression (5.4.6) can provide the
sufficient conditions:

2n

in(go-goo) % Jﬂl 1 . X2 %

e FA-Y % 1, 1-—— 5.4.30
should be equal to zero for n#0. The integral (5.4.30) will vanish for all odd
n if a(gp) contains even harmonics only. In the case of even n, the

hypergeometric function in (5.4.30) represents a finite polynomial in x/a(g) of
degree not greater than n-2 which means that the integral will vanish if (a(¢))™
contains harmonics not higher than the second, which corresponds to an ellipse.
The question as to whether these conditions are also necessary requires an
additional investigation.

Solomon’s formula (5.4.14) can be considered as a particular case of a
more general one, namely

2n 2n

1/2m Dl

2 - n
-— & J (ato)dgl " L J (a(@)'do= (5431)

9% WA n

for m=2 and n=4. One may ask now whether this choice of the parameters m
and n is in any sense optimal. Direct computations show that for a regular
polygon, m=1 and n=9 give much better accuracy than (5.4.18). In the case of
a rectangle m=1 and n=7 are more accurate than (5.4.23). It is clear that the
formula chosen by Solomon (5.4.14) is not the best particular case of (5.4.31).
One can suggest many formulae of the type (5.4.31) but this would be just an
exercise in curvefitting, which is outside the scope of this book.

Mossakovskii (1972) considered the case of a flat punch of nearly circular
cross-section. He assumed a solution for the contact tractions in the form

Fop® + oF,(p9) + °F(p@) + . . .
o(p.9) = : (5.4.32)

2.~ _ 2[¥?
@ - o'F

where o is a smal parameter. Expresson (5.4.32) has two essentia
disadvantages as compared with (5.4.3): (i)even in the case of an ellipse
expression (5.4.32) gives an infinite series rather than the closed form exact
solution; (ii)the solution (5.4.32) a the point p=0 is a function of ¢ which is
physicaly meaningless.  Though Mossakovskii's method can give reasonably
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accurate estimations for the relationship between the punch settlement and applied
force, his clam of being able to evaluate the stress distribution exerted by the
punch seems to be wrong because of incorrect assumption of a square root
singularity at the punch boundary (for example, in the case of a square punch).

The mathematically similar problem of sound penetration through an aperture
of genera shape in a rigid flat screen was considered in (Fabrikant, 1986b).
The same method was used to find the electrical capacity of flat laminae
(Fabrikant, 1986Kk).

Exercise 5.4
1. Establish (5.4.6).

2. Derive (5.4.7).
3. Veify (5.4.15).
4. Derive (5.4.19).

5. Generdize the theory for the case of a non-homogeneous half-space, with the
modulus of elasticity being proportional to a power function of the depth.

5.5 Inclined flat punch of general shape

An approximate analytical solution is given here to the contact problem of
a flat inclined punch of arbitrary planform under the action of a norma
non-centrally applied force. Some accurate relationships are established between
the tilting moments and the angles of inclination of an arbitrary flat punch.
Specific formulae are derived for a punch whose planform has the shape of a
polygon, a triangle, a rectangle, a rhombus, a circular sector and a circular
segment.  All the formulae are checked against the solutions known in the
literature, and their accuracy is confirmed.

Theory. Consider a flat-ended punch with a planform S whose boundary is
given in polar coordinates as

p = a).

where the function a(g) is bounded and singlevalued. The punch is pressed
against an elastic half-space by a normal force P applied at the point with
cartesian coordinates x, and y,  This loading is daticaly equivalent to a

centrally applied force P and two tilting moments M,=Py, and M,=-Px, The
case of a centrally applied force was considered in the previous section. It
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remains here to consider the punch under the action of the tilting moments, and
to superpose the results. Repeating the procedure of the section 5.4, we come
to the same governing integral equation, namely,

2

X
0 20 aley) )\(P_Po’ PG

dx
w(p,) = %HJ A J depy J - %7 O (Po: Po) PP,
0

(5.5.1)

Let the normal displacements under the punch be
W= oy - ooX, (5.5.2)

where o, and o, are the tilting angles about the axes Ox and Oy respectively.
It is necessary to relate these angles to the tilting moments.

Present the normal stress distribution under the punch as

a(@)p(p,cosp + p,Sing)
o = : (5.5.3)

2.~ _ 2[¥?
@ - o'F

where p, and p, are the as yet unknown constants. Make use of the condition
that the integra of o over S should be equal to zero. Since p, and p, are
independent, this leads to the two equations

2n 2n

J (a(@)’cosp do = 0, J (a(@)sing do = 0

(5.5.4)
It follows that (5.5.4) will be satisfied if and only if the origin of coordinates is
located at the center of gravity of the domain of contact. The axis orientation
will be discussed later.

The relationships between the tilting moments and the parameters p, and p,
can be established from the statics conditions

M, = Py, = J J oyds , M, = =Px, = —[ J oxds,
S S
which leads to
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8 8
M, = é(pllxy + p,ly), My = —3(p1|y + p2|xy)’ (5.5.5)

where I, I, and I, are the well known quantities of the moments of inertia
and the product of inertia respectively. Now it is necessary to relate p, and p,
to the angles a, and o, This can be done by substtution of (55.3) into
(5.5.1) which, after integration with respect to p, Yyields

® p

2
wp, @) = HZ J (E)Inl_(pz X_d))((z)uz
2n ,
ey [3 = || 1. 4. 4 __X .
XJ e Fg=z a2 bl az(%)gplcos% + P,SiNgy)dq,. (5.5.6)

Here F denotes the Gauss hypergeometric function. Further evaluation of the
normal displacements can be carried out separately for each harmonic. Note that
the zeroth and al the even harmonics of w will be zero if a(¢) contains only
even harmonics. The first harmonic will take the form

2n

wi(p, @) = ngJ cos(@ — @)(p,cosp, + p,singy) a(qy) da,

which can be smplified as
wyp.®) = SHPI(PJ, + P )cosp + (pyd,, + p,d)singl, (55.7)

where the following quantities were introduced

2n 2n
k=Jd@$%dm, %=Ja@cﬁ¢w,
2n
Jy = J a(p) sing cosp do (5.5.8)

These quantities do not seem to have been used before in engineering practice so
they do not have an accepted name. Since their tensor properties are similar to
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those of the moments of inertia, we shall cal J, and J, the linear moments of
a two-dimensional domain about the axes Ox and Oy respectively, while J, —will
be called the linear product of a two-dimensional domain about the axes Ox and
Oy

It is important to note that the third harmonic is egual to zero for an
arbitrary contour. Here is the expression for the fifth harmonic

2n

128 & J COSS(® ~ @

ws(p.¢) = 37eHP 20 (P,COSPy + P,SINGy)dp,

which can be modified as

64
ws(P.®) = 3reHP{[(A A Py + (A, — A_)p]cos5e

+ (A, +A )P, + (A, — A_)P,JSin5g}. (5.5.9

Here, the following geometrical characteristics of the domain of contact were
introduced

2n 2n
A = [ cosdg (39 | A = cos6@ (39 |
“ 1 @) co (a(®)
2n 2n
A = . %P_Czk[’ , = SiLGCP_CZkP _ (5.5.10)
* ] @) SG (a(®)

Investigation of further harmonics shows that their amplitude decreases.

Now consider in more detail the case of a sguare of side 2l. The
equation of the boundary in this case is a(@p) = l/cosp for —-TV4<@<tv4, and the
pattern is repeated outside this range. We can evaluate the first two non-zero
harmonics:

w, = THIpIn(l + V2)(p,cosp + p,Sng),
128Hp" :
Wy = ﬁg— (p,COS5Q + p,sin5g).

Since the amplitude of w; is significantly less than that of w,, it seems natural
to assume w = w,, and the remaning harmonics may be caled the solution
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error.  Direct computations show that the error is less than 3% inside the circle
p<l. The error is reasonably small outside the circle, reaching about 20% at the
apex and decreasing very rapidly with the distance from the apex. Taking into
consideration that the error sign fluctuation will result in even smaller error in
the integral characteristics sought, a direct comparison of (5.5.2) and (5.5.7) leads
to

TT, Tt
a, = EH(pl‘]xy + pZJx) J Cxy -~ EH(ley + pZJXy)' (5511)

The inversion of (5.5.11) gives

2 Jyo, t Ja, 2 Jya, + J,a,
L= T o P 3 -2
TH JJd, = Iy TH JJ, = Iy
(5.5.12)
Substitution of (5.5.12) in (5.5.5) finally gives the required relationship
_ 16 _ 16
M, = _3T[H(mllax + mlzay) , My = 311_H(m21ax + mzzay)
(5.5.13)
where
Il = Iyl Jolx = Iy
My = —F—772 - my, = ———2
JJd, = Iy JJd, = Iy
by = Il 0y = Iyl
m21 = N1 _ 7 2 m22 = N1 _ 7 2
JJd, = Iy JJd, = Iy

It is clear that all these results can be rewritten in a matrix or a tensor form.
One can verify that formulae (5.5.13) are invariant with respect to an arbitrary
rotation of the axes. The same property holds for myj+m,, and m,-m,,.

Strictly speaking, according to the reciprocal theorem, m,, should be equa to
m,,, so that formulae (5.5.13) generally do not satisfy this theorem. But we

may state that this theorem is satisfied 'approximately’. We mean by this the
following property which has been verified by several direct computations, namely,
|[m,—m,,[/m;; <1 and |m,—m,,|/m,,<1. This theorem will be satisfied exactly for

any doman which has a least one axis of symmetry because in this case
m,,=m,,=0, provided that the coordinate axes coincide with the central principal

axes of the doman of contact. Since we have no numerical data for
non-symmetrical domains which could be used to verify the accuracy of (5.5.13),
we shall consider further only the case when the domain of contact has an axis
of symmetry. In this case formulae (5.5.5), (55.11) and (5.5.13) simplify
significantly, namely,
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_8 __8
My = 3P, My = = 31,p, (5.5.14)
Tt _ _ It
a, = EHJXp2 : a, = —EHJypl, (5.5.15)
16 16 v
Mx = 3T[_H J—X a, My = 3T[_H J—y (Xy. (5516)

Returning back to the problem of a non-centrally loaded flat punch and
using the results of section 5.4, we can write the following expression for the
traction distribution under the punch in terms of the applied force P and the
coordinates of its point of application x, and Y,

o = Pae) % + §Aﬁ°_(o + %DD (5.5.17)
2 ol K -
2A@) - 05

where A is the area of the domain S. An expression equivaent to (5.5.17) can
be written in terms of the normal displacement & and the tilting angles a, and

Ay

2a(Q) 0o Oy X 4

o = . - — (5.5.18)
2.~ _ 2[¥?
SO

N N

where
2n

3 = J a(@) do

The quantity J, may be caled the polar linear moment due to the analogy with
the moments of inertia and the property J,=J,+J,. One can note aso that J, is

proportional to the average polar radius. Expressions (5.5.17) and (5.5.18) are
exact for an é€lipse. We expect them to be reasonably accurate in the
neighbourhood of the coordinate origin for an arbitrary punch planform with at
least one axis of symmetry, while the error might become quite significant close
to the boundary of the domain S

Let us rewrite formulae (5.5.16) in the form
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A3/2 A3/2
Mx = 2T[_H hxux , My = 2T[_H hyCXy, (5519)
where
321, 321,
h = —— , h = —— . 5.5.20

We introduced the coefficients h, and h, for two reasons: since they are

dimensionless they characterize the shape of S and do not depend on its size
both h, and h, are equal to the corresponding coefficients of magnetic

polarizability which will smplify the comparison of our results with the numerical
data available. There is an advantage of formulae (5.5.19) over the equivaent
(5.5.16): the factors depending on the shape of S are separated from those
depending on its size. One can draw from (5.5.19) an immediate conclusion that
in the case when a domain S is magnified so that its linear dimensions double,
its area quadruples, and the tilting moment should be multiplied by 8 in order to
produce the same tilting angle. This conclusion is not so clear from (5.5.16).
The remaning part of this section will be devoted to the evaluation of the
coefficients h, and h, for various punch planforms. Several punch planforms are

considered.  Each configuration is related to its central principal axes and
assumed to have at least one axis of symmetry coinciding with the axis Ox.
The high degree of accuracy of formulae (5.5.20) is confirmed by comparison
with available numerical solutions.

Example 1: Polygon. Consider a polygon with n sides. The function
a(@) describing its boundary is bounded and single-valued. The origin of the
coordinate system is located at the center of gravity, as before. Let us number
the polygon sides in a counter-clockwise direction from 1 to n, a,_ being the

length of the kth side. The apex at which the sides a, and a,,, intersect is

numbered k+1. It is clear that the value of index n+l is to be understood as
1. We denote the distance from the center of gravity to the kth apex as b,

Y, stands for the angle between the axis Ox and the perpendicular to the side
a. Let A be the area of the triangle formed by a, b, and b,,,, the tota
area A of the polygon being equal to the sum of A,. The following expressions
can be obtained for the moments of inertia

n 2
ZZAE . 2 + bi+1 - bi in2 + alkl + 3(bi+1 - bi) 52 D
= — SN —— SIn CO!
s aﬁ% Vi 4A, Vi 48A; Vg

(5.5.21)

353
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: 2A3 bi+1 - b2 alkl + 3(bi+1 - bi)z 5 D
— O sn2y, + sin
=23 S - —ga— S, o b
(5.5.22)
The linear moments can be computed in the form
n Ak
1,1 2
J, = - = aZ - - b cos2
. Z 2 0%, * bw)[ ¢ = (b = by)cos2p,
b, + b, + a
1 k+1 k D
+ 4A (= 29, + 2a, In 53
I((bk bk+1) sn Vi % r‘bk bk+1 - 0 ka
(5.5.23)
J =iA—k%i )a? - (b - by, lcos2y
y - aﬁ b bk+1 k k k+1 k
b, + b, + a 5 0
- 4Ak(b bk+l)sn2qu +2a, In b, + b, - a sin lka
(5.5.24)

Substitution of (5.5.21-55.24) into (5.5.20) gives the coefficients h, and h, for
an arbitrary polygon. In the case of a regular polygon a.=a, b,=b=a/[2sin(1Vn)],
W =2m(k-1)/n, A =[acot(1vn)]/4=[ b’sin(21/n)]/2, A=nA,, and formulae
(5.5.21-5.5.24) simplify to

4 4
_ o nat ol em 10 nbt o 2w 2n(]
x = 1y = &4 cotn%ot (;[) + 30 24 smF% + COSFD
(5.5.25)
3 =3 = n_ cot | 1 + sin(/n) _ 1 + sin(tvn)
X y - sin(1Un) 2 % M= sin(t/n)’
(5.5.26)
Substituting (5.5.25) and (5.5.26) in (5.5.20) leads to
2
16(2 + cosﬁn)
h, =h, = :
9%3sinz[cos3(z[)ﬂll 1 + sin(tYn)
n n’[] - sin(1Un)
(5.5.27)

Consider severa particular values of n. For an equilateral triangle (n=3) formula
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(55.27) gives h,=h=3""16/[27In(2+V3)]=05922. We did not find any numerical
data to compare with this result. In the case of a square n=4, and
hX:hy:4/[9In(1+\/§)]:O.5043 which is inside the interval from 0.4973 to 0.5162
given by Okon and Harrington (1981) and within 3% from the result of de
Smedt (1979) which is 0.5193. Since formula (5.5.27) gives the exact result for
a circle in the limiting case of n-co, namely, hX:hy:8/(3T13’2):O.4789, we should
expect that the error of (5.5.27) will decrease with n. The vaue of the
coefficients for a regular hexagon is h=h =40v2/(3"*81 In3)=0.4830 which differs
by 1.4% from the result 0.49 due to Okon and Harrington (1981), and it is
quite clear that the maximum possible error indeed decreases with n. It is

noteworthy that the values of the coefficients do not change significantly in the
whole range 3<n<co,

Example 2: Isosceles triangle. In the case of a triangle with sides
a,=a,=l, the angle between them being equal to a, formulae (5.5.20-5.5.24) give

= Lisgrg §i? - Ly

« = 75i'sina sin(a/2), l, = 36' sina cos’(a/2),
_ 2, oLl . .

J, = élcosﬁ%nu + sin(a + y) — 2siny

. 3.0 2y - a & m,oyo
+ 28 G)In(cot=—— cotz) + In tan(z + P

_ Z o(D_. o .
J, = 3Icos§DS|n0( sn(a + y) + 2siny

, a 2y —a o]
+ smacosiln(cot 7 cot 4)D

with the result for the coefficients

0
h = 8(tan(0(/2))3’2[3%n0( + sin(a +y) - 2siny
0

in?d y-—a 4@ L
+ Zsm2 In(cot 7 cot 4) + In tan(4 + Z)%,

(5.5.28)



356 CHAPTER 5 APPLICATION TO CONTACT PROBLEMS

0
h, = 8/cotard) EQB—sina — sin(@ + y) + 2siny
0

— 1
+ sinucos% In(cota%a cot%)%,

where y = tan™(3tan(a/2)).

The isosceles right triangle was considered by Okon and Harrington (1981)
who gave the interval between 0.9829 and 1.021 for only one of the coefficients,
which in our notation is h,. Our result for h is 0.9255 which differs by less

than 10% from theirs. The second formula (5.5.28) gives h, = 0.3995, and we
found nothing in the literature to compare with this result.

Example 3: Rectangle. Consider a punch with a rectangular base, a, and
a, being its semiaxes. Introduce the aspect ratio ¢€=a,/a,.  Formulae
(5.5.21-5.5.24) in this case reduce to

4 4
=3 a,a,’, ly =3 a’a, ,
J, = 4asinh’e | J, = da,sinh*(le).
and formulae (5.5.20) yield
483/2 48-3/2
h, = , h, = ————. 5.5.29
X 9sinh™e Y o9sinh™(1/g) ( )

The coefficients of magnetic polarizability were computed by de Smedt (1979) for
a rectangle with various aspect ratios €. Here, we present his results along with
those given by (5.5.29) Our formula (5.5.29) seems to perform satisfactorily in a
sufficiently wide range of aspect ratio. The approximate expression for the stress
distribution under the punch according to (5.5.17) takes the form

yy
- P a@ % , o, Yo (5.5.30)

AR &2
312 1 2
8ala2%2((p) - pZD

Expression (5.5.30) can be used for analyzing the process of movement of the
applied force P, say, along the axis Ox. This analyss can be done by
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€= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000 1.0000

de Smedt h= 0.1287 0.1881 0.2531 0.3249 0.4240 0.4436 0.5193

Formula (32) h,= 0.1408 0.2001 0.2612 0.3265 0.4165 0.4341 0.5043

de Smedt h= 4.1070 2.0260 1.2600 0.8892 0.6426 0.6130 0.5193

Formula (32) h,= 4.6876 2.1488 1.2701 0.8708 0.6228 0.5929 0.5043
Discrepancy in h, (%) -94 -6.4 -3.2 -0.5 18 22 29
Discrepancy in h, (%) -14.1 -6.1 -0.8 21 31 33 29

requiring that the contact traction vanish a the edge. One can conclude from
(5.5.17) that the boundary at which this occurs will always be a straight line.
It is clear from (5.5.30) that the punch will be in contact with the half-space as
long as x,<4a,/9, after which the punch will start separating from the half-space.

Assuming that the new domain of contact is also a rectangle (of course, with a
different aspect ratio), one can again apply the formulae of this section to
analyze the process further. If we denote the width of the zone of separation
by c, the following relationship holds

c = :E)(Qx0 - 4a,)) , for xozgal.
The last formula states, for example, that when the force P is applied at
X,=13a,/18 only a haf of the punch will be in contact with the half-space.

Unfortunately, there is no data to verify these relationships. Further anaysis
reveas that the core inside which the force can be applied without causing any
separation is a rhombus with semiaxes 4a,/9 and 4a,/9 respectively. As one
knows, in the case of a circular punch the core is a circle of radius equa to
one third of the radius of the punch. The results due to (5.5.30) can be
compared with the numerical data received in a personal communication from de
Smedt. In order to make the comparison possible, we must set P=0, M, =0 in

(5.5.30) and replace M, by (5.5.19), with the result

Ne a(@) hx

4a1%2(<p) - ngz

oH (5.5.31)

Computations due to (5.5.31) were made for €=0.5 along the axis Ox, the value
h, was taken 0.8708 (see the preceding Table). Here are the results compared
with those communicated by de Smedt Since the numerical method of De Smedt
is aso approximate, we are using the word discrepancy rather than the word
error in the tables throughout this and adjacent sections. We can also compare
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x/a,= 0.0833 0.2500 0.3333 0.5000 0.5833 0.6667 0.7500 0.8333 0.9167

de Smedt oH= 0.1143 0.3501 0.4759 0.7523 0.9367 1.1460 14304 1.8303 2.8182
Formula (5.5.31) oH= 0.1159 0.3577 0.4898 0.7999 0.9950 1.2392 15709 20886 3.1777
Discrepancy (%) -1.3 -2.2 -2.9 -6.3 -6.2 -8.1 -9.8 -141 -128

the same values along the axis Oy. One can use a formula smilar to (5.5.31)
replacing all x by y and interchanging a, and a,, the value of h, 2 was taken to

be 0.3265. The results are:

yla,= 0.1667 0.3333 0.5000 0.6667 0.8333
de Smedt oH= 0.1756 0.3663 0.6011 0.9014 1.6413
our result oH= 0.1756 0.3673 0.5998 0.9292 1.5662
Discrepancy (%) 0.0 -0.3 0.2 -3.1 4.6

The agreement is satisfactory.

Example 4: Rhombus. Let a be the angle at one of the rhombus apices,
and | be its sde. Formulae (5.5.21-5.5.24) in this case yield

_ Ll . 200
(= 6I sina sm(2), I

_ Ll a 2
y = gl'sna cosz(z), A = I%ina,
cos(a/2) + sin(a/2) + 1[]
cos(a/2) + sin(a/2) — 1]

(&)
I
nfa

) 2Isina%o - snd + srf@in

cos(a/2) + sin(a/2) + 1[]
cos(a/2) + sin(a/2) — 1]

- oldng ool + gpd a
J, = 2lsinocosy + sng + cosz(z)ln

The coefficients are determined as

. 200
8sin 5
h, = ,
Loaell o L . 2.0y cos(0/2) + sin(a/2) + 1[]
S(sina) %OSE g+ SN G)INCosa2) + sn(al2) = 10
a
8cosZ§
hy = _
el . O a, cos(a/2) + sin(a/2) + 1 [J
I(sina)**zcosy + sing + COSZ(Z)InCOS(CX/Z) T en@?) =1 0

(5.5.32)
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The same formulae can be expressed in terms of the rhombus semiaxes a and b
and the aspect ratio €=b/a, giving

22 (1 + €9

h, = :
2 ATV
1 +e¢e+ (1 + ) [J
9% - + 2 I
22 (1 + €9
h, = . (5.5.33)
1 1+¢e+ 1+ )20
9 3/2% - 1 + I

We did not find in mechanics literature any result related to a punch with a
rhombus planform. In the electrical sciences, the mathematicaly equivaent
problem of the coefficients of magnetic polarizability of a diamond was solved
numericaly by de Smedt (1979). Here, we present his results compared with
those given by formula (5.5.33)

€= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000 1.0000

de Smedt h= 0.1181 0.1729 0.2341 0.3052 0.4101 0.4323 0.5193

Formula (5.5.33) hz= 0.1078 0.1627 0.2258 0.2986 0.4026 0.4230 0.5043

de Smedt h,= 6.1820 2.7060 1.5240 0.9946 0.6703 0.6323 0.5193

Formula (5.5.33) h,= 4.5987 2.1982 1.3254 0.9095 0.6388 0.6052 0.5043
Discrepancy of h, (%) 8.7 59 3.6 22 18 21 29
Discrepancy of h, (%) 25.6 18.8 13.0 8.6 4.7 4.3 29

The deterioration of the accuracy of (5.5.33) for smal values of € can be
atributed to the erroneous assumption of a square root singularity in (5.5.3)
which is grossly incorrect for domains with sharp angles.

The traction distribution under the punch can be expressed according to
(5.5.17) as

____Pag orfe , Pom
R zB’E T T P
2A@) - 05

Further analysis of the last expression reveals that the core inside which the
force can be applied without causing any separation is a rectangle with semiaxes
2a/9 and 2b/9 respectively. In the case of e€=1 the rhombus transforms into a
square, and all the results are in agreement with those of the Example 3.
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Example 5: Circular segment. Let the radius r and the angle 2a be the
segment parameters. The location of its center of gravity is defined by X = kr,

where k is given by (5.4.26). The equation of the segment boundary with
respect to its center of gravity takes the form (5.4.27).

Computation of the area and moments (5.5.21-5.5.24) yields

A = r¥a - %sinZa), |, = leArz(l ~ keosa), |, = leArz(1+3kcosa—4k2),
(5.5.34)
2 - 3 2 12 1 - K
J, = grksny + (1 - k’sin?y)Y?sinycosy + 2 F(Te-y, k)
0
2k -1, _ 0. ™,y
+ 2 E(tey,k) + 3(k cosu)Dsmy + In tan(4 + Z)%
2 ' 2 112 0
J, = —r[siny%sinzy - 3cosa - (1 - K’siny)Y? cosy
y 3 0 0
2 2 0
- Lo K Ryl + 25K EreyviD (5.5.35)
k k 0

where y = tan’(sina/(k - cosa)), and the functions F(GI) and E(C) stand for the
incomplete €lliptic integrals of the first and the second kind respectively.
Substituting in (5.5.20) leads to

41 - keosa) U -k
h, = ( ) Chksindy + (1 — Kesiny)“sinycosy + K F(ryk)
k
% - lsi n2a Egs
2 L]

2k>-1 3 _ 0. 10 y
+ 2 E(r-y,k) + 3(k cosu)Dsmy + In tan(4 + Z)%

1
’

41 + 3kcosn - 4k%) U
h, = ( ) [siny%si n’y - 3cosa - (1 — k?sin®y)Y“cosy

Clgme®? O
% ZSIHZCXD

[]
[
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_ K2 2 Dl
-1 kzk F-y,k) + 1;;—2‘( E(rey,k0 - (5.5.36)
[

We can use this result to investigate the case of a circular punch under the
action of a normal force P applied a x,>r/3. From the classica theory we

know that there should be a separation between the punch and the half-space.
Assuming that the domain of contact after separation is a circular segment, one
can get the following relationship between the coordinate x, and the size of the

segment characterized by the angle a

_ - Ra Ak

%o = 3(k - cosa)

(5.5.37)

The last expression is exact in two limiting cases. the complete circle a=m gives
X,=rf3, and a-0 results in x,=r. The problem of an inclined circular punch

was considered numerically in the book by Rvachev and Protsenko (1977). Here,
we compare the results

o (deg)= 158.4 108.1 102.0
Rvachev et al. x,= 0.3583 0.5833 0.6250
Formula (5.5.37) x,= 0.3543 0.5418 0.5750

Discrepancy (%) 11 7.1 8.0

The agreement should be considered as surprisingly good, especially taken into
consideration that Rvachev and Protsenko considered the domain of contact not in
the form of a segment but having a more complicated shape.

Example 6: Cross. Consider a punch configuration obtained by the
orthogonal intersection of two equa rectangles with sides 2a and 2b. Introduce
the aspect ratio as e=b/a The area and the moments will take the form

A = 4a%(2 - ¢) , =1, = = a1 + & - &Y,

4
X Yy 3

1 + (1 + SZ)UZD

3, =3, = 4a%n[e (1 + )Y + eln

X 1+ v2e O
(5.5.38))
The coefficients will be determined as
2 _ .3 2\1/2
h=h = 2L+ E ke 4 (146" + g I LES D
y %2 - ¢) (1 + v2e U
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(5.5.39)
The values of h=h,=h  were computed from (5.5.39) and compared with those

given by de Smedt (1979). The results are presented below

€= 0.1000 0.2000 0.3333 0.4000 0.5000 0.6000 0.7500 0.8000 1.0000

de Smedt h= 15910 0.8720 0.6255 0.5725 0.5267 0.5069 0.4985 0.4997 0.5193

Formula (5.5.39) h= 1.7382 0.8758 0.6006 0.5465 0.5049 0.4890 0.4893 0.4926 0.5043
Discrepancy (%) -9.3 -0.4 4.0 45 4.1 35 19 14 29

Taking into consideration the shape complexity, we should consider the results
agreement as surprisingly good, not only quantitatively but qualitatively as well:
both sets of data display a relatively flat minimum around €=0.75.

Discussion. It is noteworthy that the change of the order of integration
which led to (5.5.1) is vaid inside the circle psmin{a(g)} only. Nevertheless,
one can obtan from (5.5.1) the exact solution for an ellipse and sufficiently
accurate formulae for various punch planforms as it was demonstrated in the
preceding Examples.

The accuracy of formulae (5.5.20) can be improved by taking into
consideration the fifth harmonic (5.5.9) in combination with the variationa
approach (Noble, 1960). The following functional assumes its maximum value at
the exact solution of (5.1.8)

_ 2 a(N)
(o) = ﬁ[ j o(M)w(M)ds - j j O(M)H j ROVIN) dsNgisM. (5.5.40)
S S S
Taking
a(N)
HJ [_R(M’N) ds, = w, + w,, (5.5.41)

S

and substituting (5.5.3), (5.5.7), (5.5.9), and (5.541) in (5.5.40), one gets, after
integration with respect to p

2n

[
| = J (a(®)'Tlp,00sp + p,sing) FE(ting — a1, cos)
[

. 2
- g(ley + P, )cosp - %,)[(pl\]xy + p,J)sing — 6—;)[(61(([’))3([pl(AC6 +A)
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+ pfA, - AlcosSp + [pyA_ +A) + pAA - Ace)]snSm)%dcp.

(5.5.42)
Considering now the functional | as a function of p, and p, the extremum

conditions

ol -0,

ol
= = =0,
op,

o,

give two linear algebraic equations with respect to the unknowns p, and p,.

The complete solution is rather cumbersome. Here, we present the final result
for the coefficients h, and h, which are valid only for domains having at least

one axis of symmetry, and the central principal axes taken as the coordinate axes

321, :<32|y
h, = , h, = , 5.5.43
* 3A% (1 + ny Y 3ATI (1 + ) ( )
where the correction terms
_ (Bc4 B Bc6)(Ac4 B Ac6) _ (Bc4 + Bc6)(Ac4 + Ac6)
M = 841 J, L 841 3, |
(5.5.44)

the parameters AC4 and AC6 are defined by (5.5.10), and
2n 2n

B = J (a(@) cossp dg, B = J (a(@)) coste dg

C

Since expression (5.5.41) is approximate, there is no guarantee that (5.5.43) will
be more accurate than (5.5.20). We performed the necessary computations for a
rectangle. Here are the results compared with those of de Smedt (1979)

&= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000 1.0000

de Smedt h= 0.1287 0.1881 0.2531 0.3249 0.4240 0.4436 0.5193
Formula (5.5.43) h,= 0.1405 0.1988 0.2577 0.3207 0.4165 0.4376 0.5331
de Smedt h= 4.1070 2.0260 1.2600 0.8892 0.6426 0.6130 0.5193
Formula (5.5.43) h= 4.5856 2.0985 1.2479 0.8714 0.6463 0.6190 0.5331
Discrepancy in h, (%) -9.2 -5.7 -1.8 13 18 13 -2.7

Discrepancy in h, (%) -11.7 -3.6 1.0 20 -0.6 -1.0 -2.7
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Comparison with similar data computed on the basis of formula (5.5.29) shows
that the correction terms n, and n, in this particular case resulted in decreasing
the value of discrepancy, positive as well as negative. We caution again that
there is no guarantee that this will be vaid for an arbitrary domain. For
example, here are the data computed for a rhombus

€= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000 1.0000

de Smedt h= 0.1181 0.1729 0.2341 0.3052 0.4101 0.4323 0.5193

Formula (5.5.43) hz= 0.2268 0.1860 0.2351 0.3031 0.4058 0.4264 0.5091

de Smedt h,= 6.1820 2.7060 1.5240 0.9946 0.6703 0.6323 0.5193

Formula (5.5.43) h,= 8.5600 2.5916 1.4196 0.9408 0.6490 0.6138 0.5091
Discrepancy of h, (%) -92.0 -7.6 -0.4 0.7 1.0 14 20
Discrepancy of h, (%) -385 4.2 6.8 5.4 32 29 20

Comparison with the data computed due to (5.5.33) indicates that the discrepancy
decreased for €20.2 while for €=0.1 it has jumped in the opposite direction to
-92%. The main reason for this is a jump in the value of the coefficients n,
and n, when ¢ is very smal. The following rule of thumb may be suggested
for the user wishing to improve the accuracy: when the value of the correction
coefficients n, and n, does not exceed small percentage of unity, their inclusion

generally results in an improvement in accuracy, otherwise one should not use
formulae (5.5.43).

It is worthwhile to give the solution due to (5.5.42) for the case when the
domain of contact has no axis of symmetry, and only the first harmonic of the
displacements w, is taken into consideration. The result is

Uu(Cplyy = Cpld + Oyl = Cly)

Py = cc -c?
11 22 12
(5.5.45)
O(X(Clllx B Clzlxy) + ay(clzly B Clllxy)
P2 = cc -c?
11 22 12
where
_ TH - IH
Cu = 2 (Jyly +ny|xy) : Cp = 2 (el +nylxy) ’
TiH

C, = T Gyl *+ 1) + 13, + 1)

Formulae (5.5.45) are different from the equivalent set (5.5.12) derived earlier.
In the absence of any numerical data for a general domain, it is impossible to
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say whether formulae (5.5.45) are more accurate than (5.5.12), but they are
definitely more complicated. It is noteworthy that in the case of a domain with
an axis of symmetry both (5.5.45) and (5.5.12) simplify to the same equations
(5.5.15).

One can notice a certain similarity between the formulae derived and those
related to the Saint-Venant theory of bending. This similarity will become more
evident if, for example, we rewrite equation (5.5.17) in the form

oo 2@ op, s Mm
- - OA 401, |,
2%2(@ -

y
We think that this similarity is not a pure coincidence since the method used in
this section can aso be caled semi-inverse. The method can be developed
further into a complete Saint-Venant type theory of elastic contact problems which
could combine the simplicity and accuracy sufficient for a practical engineer.

The mathematically identical problem of the magnetic polarizability of small
apertures was solved in (Fabrikant, 1987j).

Exercise 5.5
1. Find the moments of inertia and the J-moments for a circular sector
characterized by the radius r and the polar angle 2a.

Answer:
_ 14 _ 1, _ .4 90° + 9asinacosn - 16sin’a
x = 7 (a 23m20(), l, =r 360 :
2 L2
3 = %r ka 1ok - ksindy — (1 — Kisindy )Y%sinycosy + 1k—fF(y,k)
]

+ 3ksina %osu + cos(a + y) + sin‘a In(cot%coty_z—u)%

o U 2 172 1- K
3, = ér[ksiny(sinzy - 3) + (1 - K3sin¥)"*sinycosy — 2 F(y,K)
O
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2 |
+ Ll:—;(E(y,k) + 3ksina %osza In(cot%cotYTG) - coso - cos(a+y)%

Here k = 2sina/(3a), and y = tan™(sina/(cosa — k)).

2. Find the shape coefficients h, and h, for the circular sector described in the

Exercise 1.
Answer:

_ 2(2a - sin20()D 1
= 72 N
a O

h

X

2
> Kewk) - ksinly - (1 — Ksindy)Y2sinycosy

2_ |
+ 2kk2 LE(yk) + 3ksino %Osa + cos(o+y) + sina In(cot%coty%)%

1
’

2 : _ . 2 [
h = 4(90° + 9asinacosa 16sin a)[ksiny(sinzy - 3
[

Yy 9a5/2

L2 2
+ (1 - Wty Psinyeosy — LAk + 2K W

— 1
+ 3ksina B—cosa - cos(a + y) + cosa In(cot% cotyTa)%.
3. Veify (5.5.4).
4. Derive (5.5.7).

5. Establish (5.5.14)(5.5.16)).



5.6 Curved punch of general planform 367

5.6 Curved punch of genera planform

In this section, we analyze the elastic contact problem for a curved punch
of non-éliptic planform under the action of a norma force. The punch base is
assumed to be a quadratic surface. Some general relationships are established
between the applied force and the punch settlement. Specific formulae are
derived for a punch whose planform has the shape of a polygon, a rectangle, a
rhombus and a cross. An example of a finite rigid cylinder lying on its
generator and pressed against an elastic half-space is considered in detail. The
method allows us to have singular tractions at the cylinder edges and zero
tractions at the rest of the contact doman boundary. The last condition serves
to determine the width of the domain of contact. All the formulae are checked
against the previously published solutions, and a good accuracy is confirmed for
a sufficiently wide range of values of aspect ratio.

Theory. Consider a punch with a curved base and arbitrary planform. The
punch is pressed against an elastic half-space by a norma force P. Let the
boundary of the domain of contact S be given in the polar coordinates as

p = ay),

where the function a(¢) is bounded and single-valued. Here we assume that the
domain of contact is prescribed. The case when the doman of contact is
unknown (or partialy unknown) will be discussed further. The punch base is
assumed to be a quadratic surface. This limitation is not essential. The method
can be applied to higher order surfaces as well. The transformed governing
integral equation is given by (5.5.1).

Let the normal displacements under the punch be
W = gO + gxy2 + gxyxy + gyxza (561)

where g, is the punch penetration, and g,, g, and g, are the known constants

defined by the punch base geometry. Let the pressure distribution under the
punch be

a(@lo, + pi(o,sin“ + a,sing cosp + 0,Cos’P)]
o(p,p) = : (5.6.2)

2.~ _ 2[¥?
@ - o'F

where o, a,, o, and o, ae the as yet unknown constants. We make use of

the condition that the integral of o over S should be equal to P. This leads to
the expression
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8
P = 20,A + 3 (o, + ol + agl), (5.6.3)

where A is the area of the domain of contact S and I,, 1, and I, are the

axial moments of inertia and the product of inertia respectively. The location of
coordinate origin can be defined from the condition that the tilting moments
produced by the tractions (5.6.2) should vanish. This condition vyields the
following set of equations:

2n

a’(@la, + %az(cp)(axsinch + 0,,Sing cosp + a,cos’g)singde = O,

2n

a’(@la, + %az(cp)(axsinch + 0,,Sing cosp + a,cos’g)cospdp = O. (5.6.4)

v

The point whose coordinates satisfy (5.6.4) will be caled the punch centre.
When the domain of contact has one axis of symmetry the punch centre is
located on this axis. In the case of two axes of symmetry, the punch centre
coincides with the centre of gravity. Now it is necessary to relate o, a,, d,,
and o, to the parameters g, 9,, 9,, and g,,. This can be done by substitution

of (5.6.2) into (5.5.1) which yields, after integration with respect to p,,

w P 2n
d N(¢-¢, 2
wp,Q) = HO‘OZJ (B)lnl(p - xA)Y2 J " %LZU, P 32)((%)%1%
0 p d 2n ( o) _I_I
Il | "
+ H_ZMJ(p)(p_X)UZJ F=— 2 &
1- X (asirg + a_singcosy + o codR)d
a(qy) * ST R

Here F denotes the Gauss hypergeometric function.  Further evaluation of the
normal displacements can be carried out separately for each harmonic. Note that
all the odd harmonics of w will be zero if a(g) contains only even harmonics.
The zeroth harmonic will take the form
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2n

Wlp.@) = EHJ Doy + (@) + 5 6
x(0, SN, + 0, SiNQ,Cosy, + aycoscho)%l(cpo)dcpo, (5.6.5)
which can be smplified as

Tl p° [
Wo(p®) = ZH%GOJO *aB +ayBy +aB, + Snd F agdy F any)D

(5.6.6)
where the J-moments were defined in the previous section, and the following
additional quantities were introduced:

2n 2n
B, = J (@St do B, = J 2(@cosp do
2n
B, = J a*(@)sing cosp dg. (5.6.7)

Since the tensor properties of the B-moments are similar to those of the
moments of inertia, we shal cal B, and B, the cubic moments of a

two-dimensional domain about the axes Ox and Oy respectively, B, ~will be

called the cubic product of a two-dimensional domain about the axes Ox and
Oy.

Here is the expression for the second harmonic

2n

W (p.@) = gﬂHpZJ (o, Sin°Q, + 0, SiNQ,Cosp, + 0,CoS" Q) a(;)cos2(P-@,)da,

which can be modified as

3 :
w,(p.Q) = 3 mHp¥{-a,[(C - C,,) €0s2¢ + 2C_ sin2g] + a,[(C

- CXXW)COSZCp + ZCWancp] + ny[(Cnyy - CXXXy)COSZCp + ZCWancp]}.

(5.6.8)
Here, the following geometrical characteristics of the domain of contact have been
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introduced:
2n 2n
Cpo = J a(@)sin‘od Cpoy = J a(@)sin‘goospd
.211 2n
_ ;a2 _ : 3
Coy = | a(@singoospde, C,, = J a(@)singcos’pde,
(v
.21'[
_ 4
nyyy = | a(g)cos’@dg. (5.6.9)
(v

The C-moments will be called the linear moments of the fourth order. Ther
relationships with the J-moments are easy to establish, for example, JX:CXXXX+CXXW,

ny:Cnyy+Cx)o(y, etc. It is important to note that the parameter o, did not appear

in (5.6.8), and the parameters a,, o, and a, will not appear in the expression

for the fourth harmonic. The investigation of further harmonics shows that their
amplitude decreases. In the case of an ellipse they vanish thus making the
solution exact. It seems natura to assume w=wy+w,, and the remaining

harmonics may be caled the solution error. We should aso take into
consideration that the error sign fluctuation will result in even smaller error in
the integral characteristics sought, like the total force P. Now we have an
approximate expression for the displacements under the punch

[
_ T 2]
w = ZHDZGOJO + a,B, + a,B,, + aB, + X D—GX(CW - ZCW)

_ _ O, \2 _
+0,(2C - C )+ aC, -C_)o+y %xx(zcm c,,)

0
+ a,(2C_-C_) - q(C, -2C )3+ exy%xxcxxxy+ a,C, * ach%

(5.6.10)
Comparison of (5.6.1) and (5.6.10) leads to the following set of equations

LIS _
2 H(2a,J, + a,B, + aXyBXy + uyBy) = Jor
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Tt
! H%xx(zcm C,,) * 9y(C, - C ) -a(C - 2C )D g,

0 - _ _ 0_
] HDO(X(CXXXX ZCW) + O(Xy(ZCXyyy Cxxxy) + (Xy(Znyyy CXXW)D 9y,

31 _
> H%(XCXXXy + O(XyCXXyy +0(yCnyyD— Oyy-

(5.6.11)

The last three equations of (5.6.11) can be solved with respect to a,, a,,
and a,,. In the case of elastic contact problem when g, is prescribed, the value
of a, can be found from the first equation (5.6.11), after which the total force

P is defined by (5.6.3), and the solution is completed. When the total force P
is given, the value of a, can be determined from (5.6.3) after which the punch

penetration g, is given by the first equation (5.6.11).
A significant simplification occurs when the domain of contact S has at
least one axis of symmetry. In this case CXXXy:CW:BXy:O. The last equation

(5.6.11) becomes decoupled from the previous three. The solutions can be then
written explicitly

ag2c, - €, ) *+g(C, - 2C, )
O = 3MH(C_C - Co) |
4g,(C,, - 2C, ) + 9,2C,, - C, )
O = 3 (C_C - Ciy) |
20,y
o = (56.12)

Xy 3H C
XXyy

Substitution of (5.6.12) into the first equation (5.6.11) gives

gyB D

where
B.=B(C -C_)+B/(C_ -2C )
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B, =B(C, -2C_)+B(C_-C_)

Expressions (5.6.2), (5.6.3), (5.6.12), and (5.6.13) give a complete and exact
solution for an ellipse. We shall prove them to perform well for an arbitrary
punch planform. We expect (5.6.2) to be reasonably accurate in the
neighbourhood of the coordinate origin, while the error might become quite
significant close to the boundary of the domain S.

It is convenient to discuss the following particular cases:. gO:ZT[\/K,
9,79,79,,=0; 9,=2mVA, 9,=0,,=9,=0; and the case g,=2mVA, g,=g,,=g,=0. In
each case we compute the integral

-H
p—A[[odS,

S

which is proportiona to the average value of o, and is dimensionless, thus
characterizing the shape of S and being independent of its sizee We shall
denote these parameters by p, p, and p, for each case respectively. There are
two reasons for these definitions. i) they correspond exactly to the parameters
used in the theory of sound penetration through holes, so it would be easy to
compare the numerical results;, ii) tabulation of these parameters for various
shapes will simplify significantly the solution of any specific contact problem.
Indeed, the relationship between the applied force P and the punch penetration g,

can be rewritten as

A o

_ A = O
P = smaga % * VARG, + PO

The last expression indicates that the knowledge of the shape coefficients and the
punch area is sufficient for establishing the relationship between the applied force
and the punch penetration. Formulae (5.6.3), (5.6.12) and (5.6.13) lead to the
following expressions for the parameters p,, p, and p,

8{83[1,(C,,, — 2C ) + I,(2C__ - C_)] - 3AB}
9A3’2J0(cxxxxc:yyyy - C2 ) '

Po =3 By =
0 XXyy

8{8[1,(2C, - C ) +1(C_ - 2C ) - 3AB}
p, = - . . (5.6.14)
9A*I(C_.C  ~ Chy)
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Some further simplifications take place when the domain S possesses such a
symmetry that al the moments about the axis Ox are equal to the similar
moments about the axis Oy. In this case

8(8l,J, — 3AB)
Py = P = 3AT)

, (5.6.15)

where the moments with the subindex O indicate corresponding polar moments.
Formula (5.6.13) also simplifies as follows:

B
-2 0 _ 2 N
Op = T[HJO%O Jo(gx + gy)D (5616)

Formulae (5.6.2), (56.3), (5.6.12) and (5.6.13) are the man results of this
section. The elastic contact problem for a wide variety of planforms can now
be solved by a relatively simple computation of the geometrical characteristics
(moments) of the domain of contact.

Several examples are considered further. We present only the necessary
computations of the moments involved. The domain of contact is assumed to be
prescribed. The more complicated case when the domain of contact is partialy
unknown is discussed in the context of the problem of a rigid roller on an
elastic half-space.

Example 1. Polygon. Consider a polygon with n sides. The genera
notation of its parameters is the same as in the previous section, where the
moments of inertia and the J-moments are computed. Here the remaining
moments are presented.

The C-moments can be computed by the following formulae

C = Z—choszwk - u.coAy, + v sindy, + 4§<siankcos3qu + 2tkcos4qu,

k=1

C_ = Dveoshy, + usindy, + scosP(l - 4siniy,)

k=1

+ % qsn2y, - 2tsing,cos’y,, (5.6.17)
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@)
I

where
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D u,cosAy, — V,Sindy, - %§<Sin4lpk + 2t Sn’Y,cosy,,

k=1

Z—vkcos4qu - usSnY, - ssiny (1 — 4cosy,)

k=1

+ % q8n2y, — 2t sin°y,cosy,,

D q,Co82y, — U CoSAY, + VSindy, — 4dssinycosl, + 2tsin‘y,,

k=1

_Aklbk+bk+1+ak _4Ai1 1

Y ™ by — e ¢ B by
k1 1

Qe = ;i (Fk + @)[ai + (b, - b,
Ak bi+1 - bi + aiﬁ ﬂ)i - bi+1 + aﬁ ﬁg

u, = +

k 12ai' bk+1 0 0 bk DD

4
L= SAg1ag
“ 3alkl m)iﬂ bED

The following formulae can be derived for the cubic moments

n

D —jcos2y, + rsin2y, + 2f,cosy,,

k=1

o8]
I

o8]
I

, = 20,082y, — rsn2y, + 2fsiny,

k=1

(5.6.18)

(5.6.19)

(5.6.20)

(5.6.21)

(5.6.22)
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By = 2 (i - fJsin2y, + rcos2y, (5.6.23)

k=1

where

A B+ by + & Ay

e = ﬁ 3 in v e = ﬁ (bk+1 - by,
La, O b + by, — & a, [
ﬂ’ku - kBD

f:_b+b+A% 5.6.24
k ( k 1) ak DD J ( )

Subgtitution of (5.6.17-5.6.24) into (5.6.2, 56.3, 5.6.12 and 5.6.13) gives the
complete solution for an arbitrary polygon. In the case of a regular polygon
significant simplifications occur. The moments of inertia and the J-moments take
the form (5.5.25) and (5.5.26), and the remaining moments are determined by

_n . N0 2m 3T, .1 + sin(r/n)[]
B, =B, = 7 Dsm— + cos (T[)In——sm((%%D (5.6.25)
_ _3nb 1+ sin(@n
Coni = Gy = 78 9% "™ —gn(n)
c =B ol |pL * Sn(wn (5.6.26)

Yy 8 n 1 - sin(t/n)

Note that formulae (5.6.26) are valid for any regular polygon except the sguare,
due to the fact that the trigonometric series summation

i A k— 2_T[— Al 2—T[: @
> sin’(k 1 = > cos'(k == (5.6.27)

k=1 k=1

is not vaid for a square. The C-moments for a sguare of side 2| can be
expressed as

¢ - 5 _ 2/20 _ 22
CW—CWW—I%In(1+\/2) <D C Tl
(5.6.28)
Formulae (5.6.3, 5.6.12, and 5.6.13) simplify for a regular polygon
4(59x + gy) 4(gx + 59y) 169xy
%= T, 0 YT a0 % T Emy, 0 60
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Again, one should note that formulae (5.6.29) are not valid for a square. The
formulae to follow are valid for any regular polygon including the square.

B
-2 0 _ 0
GO - T[HJO%O Jo(gx + gy)lj

AB
=4 B, 0
P = T[HJO%QO * 3 IO JO %gx + gy)D (5.6.30)

The dimensionless coefficients p, and p, take the form

211 . TT
83 D23+7COSF smﬁ .
Py = Be” . 2T6 12 10 1+sin(1vn) b 36 ) 1+sin§TVnzD
(nsin**ncos | 1-sin(r/n) I —Sn(rn)

(5.6.31)

Consider severa particular values of n. For an equilateral triangle (n=3)
formula (5.6.31) gives p,=p,=0.3782. We are not aware of any numerical data

to compare with this result. In the case of a square n=4, and p,=p,=0.2697.

The result due to De Smedt is 0.2645, with the discrepancy less than 2%.
Since formula (5.6.31) in the limiting case n-o gives the exact result for a

circle p,=p,=4/(31**)=0.2394, we should expect that the eror of (5.6.31) will
decrease with n. The value of the coefficients for a regular hexagon is 0.2443,
and again, we did not find in the literature anything to compare with this result.

Example 2: Rectangle. Consider a punch with a rectangular base, a, and
a, being its semiaxes along the axis Ox and Oy respectively. Introduce the
aspect ratio e=a,/a;. Formulae (5.6.17-5.6.24) in this case reduce to

4 4
=3 a,a,’, =3 a’a, ,

J, = 4asinh’e J, = da,sinh™(Le). (5.6.32)
C_ = 4a(snh’e - — & = da—F

o a,(sinh™e 3 82)1,2), CXXW a13(1 + O

C = dasnht - L (5.6.33)

” e 31+ A2
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B, = 2a§%(1 + )2 - sinhle + 2£3sinh'1(%)g

B, = 2a§%(1 r )2 - s3sinh'1(i8L) + 2sinh sg (5.6.34)
The coefficients p, and p, were computed by De Smedt (1979) for a rectangle

with various aspect ratios €. Here, we present his results along with those given
by our method

€= 0.1000 0.2000 0.3330 0.5000 0.7500 1.0000

De Smedt p,= 2.9980 1.3730 0.7942 0.5229 0.3491 0.2645
our method p,= 3.2809 1.3959 0.7782 0.5100 0.3485 0.2697
Discrepancy in p, (%) -94 -1.7 20 25 0.2 -2.0
De Smedt p,= 0.0376 0.0639 0.0982 0.1399 0.2022 0.2645
our method p,= 0.0284 0.0577 0.0963 0.1431 0.2086 0.2697
Discrepancy in p,(%) 24.6 9.7 19 -2.3 -3.2 -2.0

Our formulae seem to perform satisfactorily over a sufficiently wide range of
aspect ratio. The traction distribution due to (5.6.3) can be compared with the
numerical data received in a personal communication from De Smedt.

Computations were made for €=0.5, gy:ZTWK, H=1, g,=9,=0. Here are the
results along the axis Ox, compared with those communicated by De Smedt

xla,= 0.0000 0.2500 0.3333 0.5000 0.5833 0.6667 0.7500 0.8333 0.9167
De Smedt o= -0.4715 -0.3933 -0.3249 -0.1238 0.0452 0.2515 0.5456 0.9462 2.0580
our method o= -0.4731 -0.3953 -0.3314 -0.1290 0.0232 0.2273 0.5141 0.9602 1.8556
Discrepancy (%) -0.3 -0.5 -2.0 -4.2 48.8 9.6 5.8 -15 9.8

The relevant results along the axis Oy are given below

yla,= 0.0000 0.1667 0.3333 .5000 .6667 .8333
De Smedt o= -0.4715 -0.4765 -0.4774 -0.4837 -0.5063 -0.5311
our method o= -0.4731 -0.4744 -0.4791 -0.4907 -0.5198 -0.6138
Discrepancy (%) -0.3 0.5 -0.3 -1.4 -2.7 -15.6

As we predicted, the discrepancy becomes quite significant close to the boundary.

Example 3: Rhombus. Let a; and a, be its semiaxes aong Ox and Oy

respectively. We denote its side |=(a’+a3)", and introduce the aspect ratio
ge=a/a,. Formulae (5.6.17-5.6.24) in this case yield

377



378

x -

J, =

B, =

XXyy
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|43 I 3 R 2%
3(1 + €9)% Y3 o+ €)% @+ ey
__Me 0O _1-g& € |n1+8+(1+82)1/2D
Q@+ 0a+ed? @+ 1+e-@1+H2 0
e O__1-¢ 1 |P1+s+(1+82)1/2D
Q+e)0 @+ @+€) 1+e- @1+ 0
(5.6.35)
__ 2% O +4 -3, 2-¢ 1+e+ 1+ )
@+ 0 @+ &) 1+¢€)1+¢e- @1+ )0
2% 01+ 48 - 3 | 42’ - 1) Lte+ (14 £)¥°0
@+ 0 @+ ey 1+¢€¢) 1+¢e- @1+ )"0
(5.6.36)
__4le  [O2-¢& + 5 - 4 e 1+e+ (1+ )0
1+ ¢)? 0 31+ ) 1+¢€)1+¢e- @1+ )0
__ e O-4+B-g+2° 1  1+e+ 1+ )
1+ &) 0 3(1 + €312 1+¢€)1+¢e- @1+ )0
__4e O1-2-2+¢ & 1+e+ 1+ )"0
1+ ¢) 0 31+ )™ 1+¢€)1+¢e- @1+ )0
(5.6.37)

We did not find in the mechanics literature any result related to a punch with a
rhombus planform. The mathematically equivalent problem of sound penetration
through an aperture in the shape of a diamond was solved numerically by De
Smedt (1979). Here, we present his results compared with those given by our

method

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,= 4.6520 1.8890 0.9844 0.5933 0.3655 0.2631
our method p,= 3.7425 1.6605 0.9192 0.5770 0.3661 0.2697
Discrepancy (%) 19.6 121 6.6 2.7 -0.2 -2.5
De Smedt p,= 0.0314 0.0549 0.0862 0.1270 0.1923 0.2631
our method p,= 0.1944 0.1435 0.1345 0.1532 0.2050 0.2697
Discrepancy (%) -518.4 -161.3 -56.0 -20.6 -6.6 -2.5

Though our results are satisfactory for p,, they are unacceptable for p, when
e<0.5. Despite the large relative errors of p, and p, for smal g, there is
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reason to believe that the accuracy of solution of various contact problems will
be quite sdatisfactory due to the following: different signs in discrepancy will
partially compensate the total error; the term with p, generally dominates in real

contact problems, and it will generaly determine the total error of the solution.
We shall see further that in the case of a rigid cylindrical roller our theory
works well for the aspect ratios € very far away from unity. An alternative
approach which uses the variational principle and somewhat improves the
accuracy, is discussed further on.

Example 4. Cross. Consider a punch with a configuration obtained by the
orthogonal intersection of two equal rectangles with sides 2a and 2b, (a=b).
Introduce the aspect ratio as e=b/a. The aea and some of the moments are
given in the previous section. The remaining moments are

0 1+ (1+€)¥2
_ — 543 2\1/2 2\1/2 3 N
Bx = By = 2a 528(14'8 ) + In[e + (1+8 ) ] + € %ﬂw V2

(5.6.38)

The comparison between our results and those given by De Smedt (1979) are
presented below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000

De Smedt p,=p,= 0.9675 0.4854 0.3271 0.2671 0.2523 0.2645
our method p,=p,= 1.6943 0.6765 0.3716 0.2683 0.2517 0.2697
Discrepancy (%) -75.1 -39.4 -13.6 -0.5 0.3 -2.0

Taking into consideration the shape complexity, we should consider the results
agreement as surprisingly good, not only quantitatively but qualitatively as well:
both data display a relatively flat minimum around €=0.75. The discrepancy
becomes unacceptably large for €<0.3. It will be shown later on that the
variational approach dightly improves the results.

Example 5: Rigid roller. Consider a rigid right cylinder of length 2| and
radius r, lying on its generator and pressed against an elastic half-space by a
normal centrally applied force P.  This case corresponds to g¢,=g, =0 and
9,=—1(2ry). All the previously derived formulae are valid here. Formulae
(5.6.12) yield

20C - 2C )
yyyy XXyy

a
X 3mH(C,.C =~ Chyy)
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22c, - C_)
= . o, =0 (5.6.39)

a —_—
y 3mH(C, .C =~ Chyy)

Assuming that the contact region is close to a rectangle, we can use formulae
(5.6.32-5.6.34) for al the moments involved. @We denote the width of the
contact region by 2b. In the previously considered contact problems the contact
region was prescribed. Here, we have the domain of contact partially unknown.
Its length 2| is prescribed, and the tractions should be singular at y=xl, while its
width 2b is as yet unknown and is to be found from the condition that the
tractions vanish at x=%b.

We define a, from the condition
a, = -a b’ (5.6.40)

Returning back to (5.6.2), one can see that the condition (5.6.40) will cause o

Fig. 5.6.1. The geometry pertinent to the rigid roller problem.]

to vanish aong a part of an dlipse (see Fig. 5.6.1)

2 a@phaly’
St — =1 (5.6.41)
b ayb
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while the stresses will remain singular at y=xl. Direct computations show that
the ellipse semiaxis along Oy is at least several times greater then the other
semiaxis, thus making the part of the ellipse (5.6.41) very close to a straight
line and validating our assumption of a rectangular domain of contact. The
ellipse semiaxis ratio is smallest for a square where it is equal to 2.4612. In
this sense the case I=b is the least accurate and will be considered in more
detail further.

Formulae (5.6.3), (5.6.13) and (5.6.39) now give the following expressions
for the total force P and the punch penetration g,

_ 8 2
P = §(0(XIX + a,ly) - 20,b%A, (5.6.42)

9o = 7 TH[a,B, + o (B, - 2J,b)], (5.6.43)

N

where a, and a, are defined by (5.6.39) and the moments by (5.6.32-5.6.34),

and this completes the solution. We have found only one report (Kalker, 1972)
where some formulae were presented for the case of a very narrow domain of
contact with the aspect ratio e€=I/b>1. These formulae in our notation take the
form

— L 1-1n2 O

" s 2sZrOHEr * In{e) + 10 (5.6.44)
_ 2 [

% = 4r052%|n(48) * 10 (5.6.45)

We have received in private communication from Kalker some data generated by
his numerical method. Although his computer program does not give the value
of aspect ratio, we managed to compare the results by the following procedure.
Assuming equality of his punch settlement with ours (5.6.43), we can find the
value of aspect ratio € which, being substituted into (5.6.42) alows us to
compare the total forces. The results of comparison are given in Table 5.6.1.
The agreement over a wide range of aspect ratios should be considered as very
good, taking into consideration the approximate nature of our theory, and also the
fact that Kaker's program ignores the stress singularity at the roller edges. Such
a good agreement alows us to clam that formulae (5.6.42-5.6.43) give a
sufficiently accurate analytical solution to the problem of a rigid roller on an
elastic half space.  Surprisingly enough, our method seems to be the most
accurate around €=1, despite the fact that our assumption of a rectangular domain
of contact is the least accurate in this case. We have compared the traction
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Table 5.6.1. Comparison of our method with the numerical results of Kaker

aspect punch tota force P* tota force P* discrepancy
ratio € settlement  g* (Kalker) formula (5.6.42) (%)
23.31 0.2501E-03 0.5379E-04 0.6251E-04 -16.20
10.77 0.1000E-02 0.2590E-03 0.2891E-03 -11.65
6.799 0.2250E-02 0.6618E-03 0.7174E-03 -8.409
4.879 0.4000E-02 0.1298E-02 0.1377E-02 -6.118
3.757 0.6251E-02 0.2200E-02 0.2296E-02 -4.389
2511 0.1225E-01 0.4934E-02 0.5019E-02 -1.729
1.843 0.2026E-01 0.9110E-02 0.9114E-02 -0.4892E-01
1.282 0.3603E-01 0.1853E-01 0.1835E-01 0.9399
0.9653 0.5633E-01 0.3240E-01 0.3208E-01 1.015
0.6741 0.1003 0.6748E-01 0.6719E-01 0.4326
0.4174 0.2263 0.1925 0.1952 -1.393
0.3018 0.4041 0.4122 0.4216 -2.279
0.2359 0.6351 0.7499 0.7717 -2.908
0.1933 0.9212 1231 1.272 -3.335
0.1633 1.265 1.882 1.952 -3.703
0.1411 1.670 2734 2.844 -4.043
0.1239 2.139 3.817 3.982 -4.323
0.1101 2.679 5.173 5411 -4.612
0.9884E-01 3.297 6.847 7.185 -4.942
0.8939E-01 4.000 8.890 9.362 -5.306
0.6806E-01 6.771 18.40 19.30 -4.901

distribution due to (5.6.2) with the numerical results of Kaker. The typical
picture is presented below for r /1=20, £=0.9653, H=1, y/I=0.1.

x/= 0.1200 0.3600 0.6000 0.8400
Kaker o= 0.7967E-02  0.7420E-02  0.6226E-02  0.3352E-02
our method o= 0.7960E-02  0.7513E-02  0.6528E-02  0.4675E-02

discrepancy (%) 0.09 -1.25 -4.84 -39.49

As predicted, the relative error becomes quite significant close to the boundary of
the contact region. A similar behavior is observed along a line parallel to the
axis Ox:

yll= 0.1000 0.3000 0.5000 0.7000 0.9000
Kalker o= 0.7967E-02  0.8146E-02 0.8623E-02 0.9498E-02  0.1819E-01
our method o= 0.7960E-02 0.8177E-02 0.8762E-02 0.1018E-01  0.1570E-01

discrepancy (%) 0.09 -0.38 -1.61 -7.17 13.67

It is aso of interest to compare the numerical results by Kalker with his
approximate formulae (5.6.44-5.6.45). This comparison is given in Table 5.6.2.
We expected Kalker's formulae to be the most accurate for large € with the
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Table 5.6.2. Comparison of formulae due to Kaker with his numerical results

aspect punch tota force P* tota force P* discrepancy
ratio € settlement  g* Kalker formula (5.6.44) (%)
22.34 0.2501E-03 0.5379E-04 0.5163E-04 4.018
10.27 0.1000E-02 0.2590E-03 0.2459E-03 5.054
6.456 0.2250E-02 0.6618E-03 0.6243E-03 5.658
4.621 0.4000E-02 0.1298E-02 0.1223E-02 5.743
3.551 0.6251E-02 0.2200E-02 0.2079E-02 5.511
2.368 0.1225E-01 0.4934E-02 0.4706E-02 4.621
1734 0.2026E-01 0.9110E-02 0.8838E-02 2.987
1.197 0.3603E-01 0.1853E-01 0.1873E-01 -1.103
0.8848 0.5633E-01 0.3240E-01 0.3471E-01 -7.126
0.5772 0.1003 0.6748E-01 0.8364E-01 -23.95

accuracy decreasing with €. This is not the case: the error is amost constant in
the interva 2<e<22, it decreases to zero around e=1, after which the error
changes sign and increases rapidly. This means either that the formulae of
Kaker (5.6.44-5.6.45) ae not exact asymptotically, or that his numerica
procedure has an error of about 5%.

Discussion. An alternative method can be suggested by using the variational
approach (Noble 1960). We can use again the functional (5.5.40), which assumes
its stationary value at the exact solution of (5.1.8). We take

a(N)
HJ [ ROV ds, = w, + w, (5.6.46)
s

where o is defined by (5.6.2) and wy+w, is given by (5.6.10). Substitution of

(5.6.1), (56.2), (5.6.10) and (5.6.46) into (5.5.40) makes it possible to consider
the functional | as a function of a, a,, a, and a,. The extremum conditions

X7

al al Al 3l
aa, 0 3q =0 doa, ~ O 3

X

= O’
Xy

give four linear algebraic equations with respect to the unknowns a, a,, o, and
d,. The complete solution is rather cumbersome. Here, we present the set of
equations for the coefficients a, a,, and o, which are valid only for domains

having at least one axis of symmetry.
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4
Culo + Cpa, + Ciay, = 4[Ag, + §(|x9x + 1,0,)],

16 1
ClZGO + CZZGX + C23ay = _[IXgO + _(DXXXXgX + D gy)]1
3 5 Xy

_ 16 1
Ciglly + Cy0l, + C 0 = §[|y90 + E(Dng + Dyyyygy)]. (5.6.47)

Here,
C;; = 2nmHJA,

_ 1 4 4
C12 = E T[H[BXA + § IX(ZJO + 2Cxxxx - Cxxyy) - § Iy(Cxxxx - 2Cxxyy)]’

_ 1 4 4
Ciy = 5 mH[B,A + 3 (23, + 2c:yyyy - CXXW) -3 IX(Cyyyy - 2CXXW)],

_ 4 _ - -
Cp = 15 TH[5B, I, + Dxxxx(ZCxxxx Cxxyy) Dxxyy(Cxxxx 2CXXW)]’

2
Chy = 75 T[H[5(BXIy + Bylx) - Dxxxx(nyyy - 2C )

15 XYy
+2D (C +C -C )-D (C_-=2C ),
XKy - XXX yyyy XXyy Yy o XXX XXyy
-4 _ _ _
c, = 15 T[H[5By|y + DWW(ZCWW CXXW) DXXW(Cyyyy 2CXXW)]. (5.6.48)

The D-moments are introduced similar to (5.6.9) as

2n 2n
0, = [ &@sr'we, D = J a®(@)sin’gooed
.21'[

D = | a%gcos‘ede. (5.6.49)
(v

It is clear that the variational approach solution is more cumbersome than the
one introduced earlier. It remains to be seen whether it will be more accurate.
One advantage should be noted: the matrix of (5.6.48) is symmetric (as it is
required by the reciprocal theorem) while the matrix of (5.6.11) is generaly not
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Symmetric.

Let us compare the results for several particular configurations. First of
al, consider a regular polygon. In the tables hereafter the word simple refers to
the method introduced earlier, while the word variational refers to the solution of
the set of equations (5.6.47). In the case of a regular polygon we shall need
the polar D-moment only

D, = nsm—% + = cosz(T[) + = cos (T[)D

Here are the results of computations for a regular polygon with n sides

n= 3 4 5 6 7 9 o0
simple p,=p,= 0.3782 0.2697 0.2502 0.2443 0.2420 0.2403 0.2394
variationa p,=p,= 0.3409 0.2612 0.2472 0.2429 0.2412 0.2401 0.2394
Discrepancy (%) 9.9 32 12 0.6 0.3 0.1 0.0

Both methods seem to work well. If one considers the result by De Smedt for
a sguare, 0.2645, as exact then this might be an indication that the variationad
approach is somewhat more accurate. In the limiting case of n-o both
methods give the exact result for a circle.

The D-moments for the rectangle will take the form

_ 24 5 _ 24 s _ 8 3.3
Dxxxx = E a,a,, Dyyyy = E a;a,, Dxxyy = § a;a,.
Here are the numerical results computed for a rectangle

€= 01000 02000 03330 05000 07500  1.0000
De Smedt p,= 29980 13730 07942 05229 03491 02645
variational p,= 34239 14523 08023 05166 03437  0.2612
Discrepancy (%) -14.2 -5.8 -1.0 12 15 12
De Smedt p,= 00376 00639 00982 01399 02022  0.2645
variational p,= 00316 00588 00939 01370 01997 02612
Discrepancy (%) 15.9 79 4.3 21 1.2 1.2

Again, the general impression is that the variational approach is more accurate
but not in al cases. For example, the discrepancy in p, for €=0.1 increased as
compared with the result from the simple method. It is up to the user to
decide whether a somewhat better accuracy of the variational approach is worth
more cumbersome computations.

The mathematically equivalent problem of the analytical determination of the
quadratic term in the low-frequency expansion, related to the sound transmission
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through an aperture in a rigid screen, is considered in (Fabrikant, 1986d).

Exercise 5.6

1. Find the D-moments for a rhombus, with semiaxes a, and a,.
Answer

_ 4 5 _4 5 _ 2 3.3
D =5 &8 D =g aa, D = aa,

2. Find the variational solution for a rhombus and compare it with the data of
De Smedt, and with the simple solution.
Answer: see the Table below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,= 4.6520 1.8890 0.9844 0.5933 0.3655 0.2631
variagtional p,= -0.5952 3.3549 0.9465 0.5580 0.3534 0.2612
Discrepancy (%) 112.8 -77.6 38 6.0 33 0.7
De Smedt p,= 0.0314 0.0549 0.0862 0.1270 0.1923 0.2631
variationa p,= 0.0090 0.1464 0.1110 0.1400 0.1971 0.2612
Discrepancy (%) 715 -166.7 -28.8 -10.2 -2.5 0.7

Conclusion: the discrepancy decreased for €>0.33, but the results are unacceptable
for €<0.33.

3. Find the D-moments for a cross-shaped punch.
Answer :

24 6 4 5 8 _6.3 3
= = — + — = = —
DXXXX Dyyyy 3 a€(l + ¢ £), DXXyy 3 a2 - ).

4. Find the variational solution for a cross and compare it with the data of De
Smedt, and with the simple solution.
Answer: see the Table below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,=p,= 0.9675 0.4854 0.3271 0.2671 0.2523 0.2645
variationa p,=p,= 1.4346 0.5822 0.3397 0.2606 0.2482 0.2612
Discrepancy (%) -48.3 -19.9 -3.9 24 16 1.2

Conclusion: Comparison of this table with the data from the simple solution leads
to the same conclusion: the results become valid in a wider range of the aspect
ratio €, but the theory fails for very small e.
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5. Apply the theory above to the case of a roller, with the aspect ratio e=1.

Answer:

1 X V2In(L + V2) - 1 Y[

| 4n(1 ?) - —-4 - & = )
a(@ %”( Ay 2~ 2/2n( + v2) - 1 1’0

THrIn(L + v2)[3In(1 + v2) - V2 %\Z(Cp) - ngz

2 2
0.4869a(e) | Er T (2.46121)° B

nHro%Z(cp) - pz%w

) 21912In(1 + v2) - V2] 1.8781°
ComHr, In(1 + V2) [3In(1 + V2) - ¥2]  THr,

18I0 + ¥2) - V2 In(1 + v2) + 2] 1 (p55g)2

% 4ry(l + V2) [3In(L + V2) - V2] T

5.7 Flat flexible punch of general planform
under shifting load

The following mixed boundary value problem for a transversely isotropic
elastic half-space is considered: a uniform tangential displacement is prescribed
over a finite domain of general shape, while the remaining part of the boundary
is traction-free. The problem may be interpreted as an external crack problem,
with a remote shear loading, or as a contact problem, with a flexible punch,
subjected to a tangential displacement. We use the term flexible to indicate a
special kind of a punch which does not exert any norma pressure. A generd
relationship is established between the resultant shifting force and the
displacement. A favorable comparison is made with the available numerical
results.
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Theory. Consider a transversely isotropic elastic half-space z=0, with the
following mixed boundary condition prescribed on the plane z=0:

o, = 0, for —oo<(X,y)<oo; T = 0, for (x,y)OS;
u = u(xy), for (x,y)dS. (5.7.1)

Here S denotes the domain of contact in the elastic contact problem, or for the
crossection of the connection between two elastic half-spaces in the external crack
problem. Let the boundary of the domain S be expressed in polar coordinates
as

p = ag), (5.7.2)

where a(g) is a singlevalued bounded function. The governing integral equation
can we rewritten from (2.6.2) as follows:

2n a(e)y 2n a(e)g

G, (o) G, q T(PyP)
- J J —R Podpd®, + = J J TSR Pt = UeO:
(5.7.3)
Here the overbar indicates the complex conjugate value, and
q = pe? - poei%, R? = qq. (5.7.4)

The approach is based on the integral representation for the reciprocal
distance established in (1.1.27). We aso need an integra representation for the
kernel in the second term of expresson (5.7.3). It was established in (2.5.6).
We consider further only the case where the right hand side in (5.7.3) u=const.
Substitution of (1.1.27) and (2.5.6) into (5.7.3) gives, after changing the order of
integration and retaining the zero harmonic only

G, an A (AN
m J % J (p2 _ X2)1/2 J (pg _ X2)1/2
Gz 2n g P dx a(wy) g 22 )

(5.7.5)
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We assume the shear stress distribution in the form

_ ca(q) 5.7.6
[2°(0) - 17 570

where ¢ is a complex constant. This loading is statically equivalent to a
resultant force T=T,+iT,. Integration of (5.7.6) over S yields

T = 2Ac, (5.7.7)

where A is the area of the doman S It is of interest to note that the
relationship (5.7.7) does not depend on the location of origin of the system of
coordinates. This location can be determined from the condition that the shear
tractions should not produce any torque. This leads to two equations

2n 2n

J (a(@)’cosp do = O, J (a(@)sing do = 0 (57.8)

One can note that the left-hand side of each equation (5.7.8) is proportional to
the x or y coordinates of the center of gravity. This means that the origin of
the system of coordinates should be located at the center of gravity of the
domain S. The axis orientation will be discussed later.

It is now necessary to relate the tangential force T to the displacement u.
This can be done by substitution of (5.7.6-5.7.7) into (5.7.5) which vyields, after
integration with respect to p,

2n 2n

u = 8_T,[A831T J a(@)dg, + G,T J e o a(cpo)dcpog (5.7.9)

The complex expression (5.7.9) is equivalent to two rea ones, namely,

e
I

TT
ax (TG, — G5, = J)I + 2T,G,3,},

Uy

Tt
A {2T,G,J,, + T,[G Iy — G,(J, = I)I}, (5.7.10)
The J-moments were introduced in (5.5.8), and some of them were computed in
paragraph 5.6. One can now derive specific formulae for a variety of punch
shapes. We leave this exercise to the reader.
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Note that the change of the order of integration in (5.7.5) is valid inside
the circle p=min(a(g)) only, nevertheless, the solution given by (5.7.9) is exact in
the case of an ellipse. This is easy to explain. It is known (Willis, 1970) that
a traction distribution over an €llipse, given by a polynomia multiplied by
a(@/[a¥ @) - pA Y% produces a polynomia displacement. In our case the
displacement is constant. Since expression (5.7.9) gives the exact value of the
integrals in (5.7.3) for p=0, the result is exact al over the ellipse. Indeed,
formula (5.7.10) yields for an ellipse with semiaxes a and b (a=b)

_ 1 02 - KYK - 2E[]
u, = ZaS;lK + 6,4 7 T T

_ 1 L [2 - KK - 2ET]
u, = ZaS;lK G, 3 7 0T

where K and E are complete elliptic integrals of the first and second kind, with
the argument k:(l—(b/a)z)llz. In the isotropic case G,=(2-v)/(2mu), G,=v/(2rq),
and the last result coincides with Mindlin's (1949).

We can aways choose the coordinate axes orientation so as to maeke J,,
vanish. In this case formulae (5.7.9) smplify as follows

=
X 8A

Tt

u y:8—A

[GJy - Gy(d, = I)I T, u [Gdy - Gy3, - I T,

(5.7.11)
Since expressions (5.7.10) and (5.7.11) are exact for an ellipse, we may expect
them to be reasonably accurate for an arbitrary domain S. This assumption was

justified in previous paragraphs when compared with various numerical results
available in the literature.

In order to verify the accuracy of our method, some numerica computations
were performed by Kaker. Equations (5.7.11) may be rewritten as

T, = Cu, Ty = Cyuy,
with

_ 8A c = 8A
T TG, +J) - G, - I YT WG, +J) + GO, - )T
(5.7.12)
The values of C, and C,, due to formulae (5.7.12), are presented in the table
below, and compared with the numerical results of Kalker.
Computations were made for an isotropic body, with the shear modulus p=0.5,
and the Poisson coefficient v=0.3. The accuracy of the numerical procedure was

C
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€= 0.1 0.2 0.3 0.5 0.7 1.0

C, our method 5.16 6.12 6.87 8.1 9.19 10.67
C, Kaker 4.644 5.650 6.445 7.766 8.904 10.43
Discrepancy (%) 10. 1.7 6.2 41 31 23
C, our method 4.32 5.32 6.13 7.56 8.85 10.67
C, Kalker 3.991 5.044 5.904 7.373 8.667 10.43
Discrepancy (%) 7.6 5.2 3.7 25 21 2.3

assessed by computation of C, and C, for an ellipse, for which the exact

solution is well known. The exact solution was about 4% above the numerical
result by Kalker. All our results are aso above the numerical ones. If we
assume that error pattern for a rectangle is the same as for an ellipse (this
means, for example, that our 10% discrepancy translates into 10-4=6(%) error),
then our formulae must be considered as surprisingly accurate over a wide range
of aspect ratios. We expect the error of our method to increase monotonically
with decreasing €, since the assumed traction distribution (5.7.6) is less realistic
for a narrow rectangle than for a square. The fact that the discrepancy of C,

with the numerical results does not change monotonically, indicates some flaws in
the Kaker's numerical procedure. We have also compared the shear traction
distribution due to (5.7.6), (5.7.7) and (5.7.12) for a square with a,=4, aong the

line y=0.5. The tangential displacement u, was assumed equal to unity, and
u,~0. The comparison is given in the table below.
Taking into consideration the approximate nature of both methods, the agreement

X= 0.5 15 25 35

T our method 0.084 0.090 0.107 0.172
1 Kaker 0.0863 0.0923 0.105 0.222
Discrepancy (%) -2.6 -25 1.7 -29.

should be considered surprisingly good, except for the point close to the
boundary, where neither method may claim to be accurate.

Kaker has made computation for a cross, with a=4 and €=0.5. The remaining
parameters were taken the same as for rectangle. His result C,=C =9.033, our

result is 9.26, with the discrepancy of 2.4%. We have also compared the shear
stress distribution aong the line y=0.5. The tangential displacement u, was

assumed equal to unity, and u,=0. The comparison is given in the table below.
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T our method 0.0996 0.104 0.124 0.199
1 Kaker 0.0997 0.106 0.120 0.254
Discrepancy (%) -0.08 -19 29 =27.

The agreement is good, except for the point close to the boundary.

Discussion. Some qualitative analysis of the general solution is given here. Let
us rewrite equations (5.7.11) as follows

nG,J, nG,J, G,(J, - Jy)
u, = [1 - K]T,, u, = [1 + K]Ty, K = TJO

X 8A y 8A

(5.7.13)
First of all, consider the case when J,=J,. We have from (5.7.13) that k=0,
and hence the elastic compliance will be the same in any direction. Due to the
fact that a circle has the greatest value of J, of al domains with the same area
A, one may come to the conclusion that a circular domain is the easiest to
move. A numerical comparison with a sguare shows that the ratio of the linear

polar moments of a square to that of a circle is equa to (2Vm)Iin(1+v2)=0.9945
which is very close to unity. Taking into consideration that our theory is
approximate, it is surprising that the difference can still be observed.
Comparison of a cross with a circle shows that its compliance may become
arbitrarily small as €-0.

Now let us deform the domain S so that J, is no longer equal to J,

while keeping its area constant. Formulae (5.7.13) show that it will become
easier to move the domain in the oblong direction, and a greater force will be
required for a displacement in the perpendicular direction. In the extreme case
of a needle, the limiting value for Kk is G,/G;; in the case of isotropy

(G,/G)=V/(2-v)<1/3. It is noteworthy that for G,=0, the elastic compliance does

not depend on the direction of the shift. In the case of isotropy, this
corresponds to the Poisson ratio being equal to zero.

Exercise 5.7

1. Veify the invariance of formulae (5.7.10) with respect to the rotation of
axes.

2. Find the relationship between the shifting force and the trandational
displacement of an éliptical punch, when its semiaxis a<b.

2 - K)K(k) - 2E(k1)DDT
4 m

Answer: u, = 2—16831K(k1) - ng
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2 - KKKk, - 2E(k,)
1 $ 1 )
U, = Kl + G % m

3. Find the tangential compliance of a cross-shaped punch, with the longer side
2a and the aspect ratio e.

Hint: use (5.7.12) and (5.5.38)

4. Find the tangential compliance in the direction of the axes of symmetry for
a rhombus-shaped punch.

5.8 Reissner-Sagoci problem for general domains

The problem of torsion of a transversely isotropic elastic half-space by a
punch of general planform is considered. An approximate analytical solution is
obtained by the general method. A general relationship is established between
the torque and the torsion angle. Some specific formulae are derived for
punches having the planform of a polygon, a rectangle, and a cross.

Theory. Consider a transversely isotropic elastic half-space z=0. A flexible
punch of genera planform S is attached to the half-space surface, and a torque
M, is applied, producing the torson angle w. We need to relate the torsion

z

angle to the torque. The mathematical formulation of the problem leads to the
following mixed boundary conditions on the plane z=0:

0, = 0, for —eo<(x,y)<e0; 1, = 0 and 71, = 0, for (X,y)US

u, = -wy and u, = wx for (x,y)US. (5.8.1)

Here S denotes the domain subjected to torsion, and w is the torsion angle.

Introduce the complex tangential displacements u=u,+iu, and the complex
shear tractions T=T,+iT,,. Let the boundary of the domain S be expressed in
polar coordinates as

p = ay), (5.8.2)

where a(g@) is a single-valued bounded function. The governing integral equation
is given by (57.3). The approach is based on the integral representations
established in (1.1.27) and (2.5.6). Substitution of (1.1.27) and (2.5.6) into
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(5.7.3) gives, after changing the order of integration and retaining the first
harmonic only

p 2n a(q)o)

2 G deX s( ) q T(poa (po) dpo
u=-— —_— co —_—
m ! J (p2 _ X2)1/2 J %) A% J (pg _ X2)1/2

TU (o)
AR S AT A LI
+ = G,[] -e S S— e dg, —
TU (o)
wrh % g, ; T 30y - 4 o ain
te| —S——a5 | € du T(Po: )P,
J (p2 _ X2)1/2 J J pg(pg _ X2)1/2 0

(5.8.3)
Note that the change of the order of integration in (5.8.3) is valid only inside
the circle p=min[a(g)], and the fact that we have ignored all the harmonics but
the first one. Nevertheless, it will be shown further that the results are exact
for an ellipse, and seem to be reasonable for a wide variety of nonelliptical
shapes.

Let the shear traction distribution under the punch be
a(p) p(igeosp - ,sing)

T=1, +it, = : (5.8.4)
’ [a%(@) - pY?

where g, and g, are the as yet unknown constants. Make use of the condition

that in the case of pure torsion the resulting force should be equal to zero,
which means that the integral of T over S should vanish. Since q, and g, are

independent, this leads to two equations, namely,

2n 2n

J (a(@))’cosp d = O, J (a(@)’sing do = 0 .

(5.8.5)
One can note that the left-hand side of each equation (5.8.5) is proportional to
the x or y coordinates of the center of gravity. This means that the origin of
the system of coordinates should be located at the center of gravity of the
domain of contact. The axis orientation will be discussed later.

The relationships between the torque M, and the parameters g, and q, can
be established from the statics conditions
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M, = [[ T,,X dS - [[ T,y dS,

S S
which leads to

8
M, = :Q)(q),ly + q,l,). (5.8.6)

where |, and |, are the moments of inertia

Next, it is necessary to relate g, and g, to the torsion angle w. This can
be done by substitution of (5.8.4) in (5.8.3), which vyields, after integration with
respect to p,

2n

GlpJ cos(@-@y)(iq,cosp, — q,sing, )dg,

c
11
NP

2n

- g Gzpei‘pJ a(@y)(-ig,cosp, - axsincpo)ei(po dep,

2n

‘pJ a(@)(-ig,cos, - axsincpo)e?’i“00 da,. (5.8.7)

+ %ﬂ G,pe’

The overbar everywhere denotes the complex conjugate value. Expression (5.8.7)
can also be rewritten as follows:

c
11
NP

Glp[(lqny - quxy)Cogp + (iqnyy - qux)gn(p]

- g GZPeI(p[_ay(lJy - ny) - ax(‘]xy + IJx)]

31 QT .
+ ) G,pe {—|qy[4Cyyyy - 3Jy + |(3ny - 4CXXXy)]

- ax[4c:nyy - 3], +i@33, - 4C )N} (5.8.8)

Xy

The J-moments were introduced by (5.5.8), and the C-moments are defined by
(5.6.9). Substitution of the last two conditions (5.8.1) in (5.8.8) yields
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Wy +iX) = 7 Gilligd, - aI)x + (9, - 4]

- 5 G + IN[-G,3, ~ ) — TGy + 1)

31

g Gy(x - iy){_iqy[A'nyyy - 8, + i),y - 4Cxxxy)]

- ax[4c:nyy - 3], +i@33, - 4C )]} (5.8.9)

Xy

Separation in (5.8.9) of the terms related to x and y will lead to two linear
algebraic equations for the unknowns q, and q,. In the general case, the

parameters g, and g, are complex, and one has to solve four linear algebraic
equations.  These equations may be simplified by the assumption that J, =0.

One can aways achieve this by appropriately choosing the coordinate axis
directions. In the case of symmetry, these axes will coincide with the principal
axes of inertia. For the sake of simplicity, we assume also that nyyy:C =0,

xxxy_
which will aways be the case if domain S has at least one axis of symmetry.
Under these assumptions, expression (5.8.9) yields just two equations with real
coefficients, namely,

T 5 3 3
Z quny + T[GZ[qy(ZJy - Enyyy) + qX(ECxxxx - Jx)] = W,
T 3 5 3
4 GO T[Gz[qy(icyyyy — ) A ECxxxx)] e
(5.8.10)
The solution of (5.8.10) is
4w[G,; + 3G,(3 - 4c,)]
% T WG, + G)I[G, + 36,3 - 2c, - 2¢)]
4G, + 3G, - 4c)]
% = WG, + G)IIG, + 36,3 - 2c, - 2¢)]
(5.8.11)
Here the parameters were introduced
c,. =C 1 c, =C 1 (5.8.12)

X xxxx X! y yyyy Y’

By substituting (5.8.11) in (5.8.6), one can find the relationship between the
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torque and the angle of torsion in the form

26(G, + 9G)(IJJ, + 1/3) - 12G,(cl /3, + ¢ /3]

M, = 3G, + GG, + 36,3 - 2¢, - 20)]

(5.8.13)
One can veify that the solution (5.8.11) and (5.8.13) is exact for an ellipse.
Indeed, consider an ellipse with semiaxes a and b (a=b). The necessary
geometrical characteristics are

J. = 4b[E(k) - (1 - KKK)]/K, J, = 4b[K(k) - E(K)]/K,

= 4b[2(2k* - DEKK) + (1 - K2 - 3K)K(K)]/(3KY,

XXXX

C,,, = 4bl(2 + KIK(K) - 21 + KIEKIEK),  k = [1-(b/a)]"2

(5.8.14)
Here K(k) and E(k) are the complete elliptic integrals of the first and the
second kind respectively. Substitution of (5.8.14) in (5.8.11) and (5.8.13) yields

W{G,K[E - (1-K)K] + G,[(8-TK)E - (1-k*)(8-3K))K]}

G = (G, +G,){ G,(K-E)[E-(1-kK)K] + G,[K’K(K+E)-(K-E)(K+3E)]}
W{(G,K* - 8G,)[K - E] + G,K[5K - E]
% = TH(G,+G,){ G,(K-E)[E-(1-kK*)K] + G,[K°*K(K+E)-(K-E)(K+3E)]}
(5.8.15)
20a°{ G,K’E - G,[8(1-k)(2-k)K - (k*-16k*+16)E]}
M. = 3(G+G ) G,(K-E)[E-(1-K)K] + G,[K’K(K+E)-(K-E)(K+3E)]}
(5.8.16)

The abbreviations E and K in (5.8.15) and (5.8.16) stand for E(k) and K(k)
respectively. The same results can be obtained by direct substitution of (5.8.4)
in (5.7.3), with an exact computation of the integrals involved, by using relevant
formulae from Appendix AS51. In the case of isotropy, G,=(2-v)/(2m),

G,=v/(2ry), and formulae (5.8.15) and (5.8.16) simplify as follows:

_ pe{KIE - (1-K)K] + (1-K)[2E - (2-K)K]}
% = DK - BE - (1-KIK] + VE[ZE — 2—KOK]}

H{ KK — E] + 2V[2E - (2 - KOK]}
b{[K - EJ[E - (1-k)K] + VE[2E - (2-KAK]} '

q, = (5.8.17)
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_ 2mwa¥{K'E + (1 - K)2E - (2 - K)K]}
Z 7 3([K - EJ[E - (1-kK)K] + VE[2E — (2-K)K]} °

(5.8.18)

Formulae (5.8.17) and (5.8.18) are in agreement with the corresponding results of
Mindlin (1949). Some misprints are noticed in the relevant formula of (Kassir
and Sih, 1968). The result by Willis (1970) seems to be in error, since it
indicates that the parameters g, and g, do not depend on elastic constants, which

IS incorrect.
In the case when J,=J, and c,=c,, formulae (5.811) and (5.8.13) simplify
significantly, namely,
641 ,w
2~ 3m,(G, + G,

8w

qy = qx = T[JO(Gl + GZ), M

(5.8.19)

Formulae (5.8.11) and (5.8.13) are the main results of this section. They are
exact for an ellipse, and there is reason to believe that they will be sufficiently
accurate for a general shape. The derivation of specific formulae for any
particular shape is left to the reader.

Example 1. Regular polygon. Consider a punch shaped as a regular
polygon with n sides. The necessary moments were computed in paragraph 5.6.
We can use expressions (5.8.19), with the result

q = q, = 8w
y X !
Tt 1 + sin(1vn)
mb(G, + Gz)cos—n In 1 — sn(vn)

3 .
_ 320b°sin(n)[2 + cos(2r/n)] (5.8.20)

1+ singTVnz.
MG, + &) In T—gn(mn)

In the limiting case of n-c, formulae (5.8.20) give the results for a circular
punch

= 4w M. = L&)b?’
X 1Pb(G, + G’ 203G, + Gy

d =4 (5.8.21)

Introduce the stiffness parameter
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D = MG, + Gylw = 64l(3mJy), (5.8.22)

which is a geometric characteristic of domain S. If we take the ratio of the
stiffness of a regular polygon Dp to the stiffness DC of a circle, having the

same area, the result is

D .
c 3N 1+ s!ngrr/nz
1 - sin(1/n)

D .
P _ 2sin(tvn)[2 + cos(ZTVn)]. (5.823)

Elementary analysis of (5.8.23) shows that an equilateral triangle has dtiffness
1.24 times greater than that of a circle having an equal area. The corresponding
ratio for a square is 1.05, and further increase in n makes the polygon stiffness
practically indistinguishable from that of a circlee One may prove a theorem
stating that of al simply connected domains, having the same area, the circle has
the lowest stiffness. This is opposite to the relevant theorem in the Saint-Venant
theory of torsion of rods, where a circle has the greatest stiffness. This is easy
to explain since in the torsion of a half-space, one has to twist not only an
imaginary rod, but its surroundings as well.

Example 2: Rectangle. Consider a punch with a rectangular base, a, and
a, being its semiaxes along the axis Ox and Oy respectively. Introduce the
aspect ratio €=a,/a,. The area and the necessary moments were computed in
paragraph 5.6. Formulae (5.8.11) and (5.8.13) for a rectangle take the form

(G, - 3G,)1 + £)¥sinh’e + 4Gg]
18,&(G,+G,){ (G,—3G,)(1+£%) *sinh esinh™ (V) +2G,[esinh™(Ve)+sinh ']}’

q, =

(G, - 3G,)1 + £)Y’sinh’(le) + 4G,)]

8, (G,+G,){ (G,-3G,)(1+e%) "*sinh'esinh™(1/e)+2G,[esinh™(1/e)+sinh 'e]}
(5.8.24)
R2wal{(G, - 3G, + £)"Ye’sinh™(Ue) + sinh™e] + 4Gl + €9}

Mz_ _ N2 1 -1 -1 -1 - -1
(G +G){(G,—3G,)(1+e") " “sinh e sinh™(1/e)+2G,[esinh™(1/€)+sinh"e]}
(5.8.25)
In order to verify the accuracy of our theory, some computations were made by
Kaker for a rectangle with a,=4 and various aspect ratios. The half-space was

assumed to be isotropic, with the shear modulus p=0.5, and the Poisson
coefficient v=0.3. The quantity C=M_J/w was computed by using the universa
software developed by Kaker. Our results due to (5.8.25), compared with
numerical results by Kalker, are presented in the table below.

a =
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€= 0.1 0.2 0.3 0.5 0.7 1.0

C, our method 48.3 62.9 77.9 113.7 160.6 258.
C, Kaker 36.74 51.29 66.47 102.4 148.4 241.
Discrepancy (%) 239 175 14.7 9.9 7.6 6.6

The accuracy of the numerical procedure was assessed by computation of C, for

an é€llipse, where the exact solution is well known. The exact solution was
about 7% above the numerical result by Kalker. All our results are also above
the numerical ones. If we assume that error pattern for a rectangle is the same,
as for an ellipse, then our formulae must be considered as surprisingly accurate
over a wide range of aspect ratio.

We have aso compared the shear stress distribution due to (5.8.4), and
(5.8.24) for a rectangle, with a,=4 and £=0.3, aong the line x=0.5. The torsion

angle was assumed equal to unity. The shear traction is presented in polar
form. The comparison for the modulus [t] and its argument arg(t) in degrees is
given in the table below

y= 0.15 0.45 0.75 1.05

[t] our method 0.139 0.219 0.375 0.806
[t{] Kalker 0.145 0.228 0.366 111
Discrepancy (%) -1.9 -4.2 23 =37.7
arg(t) our method 112.57 141.27 154.3 161.03
arg(t) Kalker 112.14 140.72 152.94 161.15

The agreement of the argument of 1 is very close. The agreement in modulus
is satisfactory, except for the point close to the boundary where neither method
may clam to be accurate. The fact that the discrepancy does not change
monotonically suggests some flaws in the Kaker's numerical procedure.

Example 3. Cross. Consider a punch with a configuration obtained by the
orthogonal intersection of two equal rectangles with sides 2a and 2b (a=b).
Introduce the aspect ratio as € = b/a. The area and the moments are given in
paragraph 5.5.

Formulae (5.8.11) and (5.8.13) in this case yield

W
q, = q, = ,

212
na(Gl+Gz)Bln(e + (149" + el 1(1+ fi’é)s B
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6dwa’s(l + € - €°)

+ + 2\1/2
9T[(Gl + Gz)%n[s + (1+82)1/2] + &l 1(1 +1\/8§)8 E
Kaker has made computation for a cross, with a=4 and €=0.5. The remaining
numerical data was taken the same as for rectangle. His result C,=154.7, our
result is 167.9, with the discrepancy of 7.9%. Taking into consideration the
assumed error of Kalker's software being 7%, our result might be considered
very accurate.

We have also compared the shear traction distribution along the line y=0.5.
The torsion angle w was assumed equal to unity. The comparison is given in
the table below.

X= 0.5 15 25 35

[t] our method 0.120 0.280 0.535 112
[t] Kaker 0.118 0.287 0.512 147
Discrepancy (%) 15 -25 44 -23.
arg(t) our method 135. 108.4 101.3 98.13
arg(t) Kaker 135. 108.0 101.1 98.72

The agreement is good, except for the point close to the boundary.

Exercise 5.8
1. Establish (5.8.3).

2. Deive (5.8.8).
3. Verify (5.8.11) and (5.8.13).
4. Consider the torsion of a half-space by a rhomboidal punch.

5. Compare the torsiona rigidity of a rectangular punch with the torsiond
rigidity of a rhomboidal one, having the same area and the same aspect ratio.
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5.9 Interaction between punches subjected to normal pressure

A genera theorem is established which relates the resultant forces, acting on
a set of arbitrary punches, with their generalized displacements through a system
of linear algebraic equations. The theorem is applied to the case of arbitrarily
located elliptical punches. Severa specific examples are considered.

Theory. Consider a set of N arbitrary punches penetrating an elastic
half-space z=z0. Let S be the domain of contact for the nth punch, and P, be
the normal force acting on the nth punch. The friction forces between the
punches and the half-space are neglected. The problem is to find the
relationships between the generalized displacements of the punches and the acting
forces. The boundary conditions for the problem are

w = w, (M) for M O §,
o,M) =0 foo M O S, n=12,...,N, (5.9.1)

where w denotes the normal displacement of a point at the boundary z=0, and ©
stands for the pressure distribution. The prescribed function w, is defined by the

punch face. By using the known solution of the Boussinesg problem and the
principle of superposition, we can write

N o (T,
w(Q) = HZJ JR(T—WQ) ds,. (5.9.2)

=1
n Sn

Substitution of the boundary conditions (5.9.1) in (59.2) leads to a set of N
integral equations. The exact solution of these equations is not known at the
present time, even for the case of severa circles. Here, we are to show that
we do not redly need to know these solutions if we are interested in the
integral characteristics only. We can single out, without loss of generdlity, the
first punch, and consider the related integral equation

o,(T) . o, (T,

S =2 ° S

n

Suppose that the functions o, o, and o, are known, satisfying respectively the
following integral equations inside S;
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—OO(QI) ds, =1 594
HR(Tl,Ql) 5=t (5.94)

%Qy ds = 595
JEree

AN 5.9.6
HR(Tl,Ql) ST (5.90)

Multiplication of both sides of (5.9.3) by 0,(Q,) and integration over the area S
yields

a,(T)

[ [ 0o(Qy) Wy(Q,) dS, = H[ [ 0,(QdS, [ [m ds, +
Sl Sl Sl
N o (T,
HY [ [ 0,(Q,)dS, [ Jm ds,. (5.9.7)
n=2 Sl Sn

By interchanging the order of integration in (5.9.7) and taking into consideration
the fact that o, satisfies (5.9.4), the following result can be obtained:

| [ 0@ wiQuas, = Hipy + X[ [ w, o Tas

Sl n=2 Sn
(5.9.8)
where P, is the total force acting on the first punch, and
0,(Qy)
Wln(Tn) = [ [m dSl, (599)

Sy

which is proportional to the normal displacement in the domain S due to a flat
punch in S, under the action of a unit force. By invoking the mean value
theorem, which is valid as long as o, does not change sign, we obtain the
linear algebraic equation
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| | ost@n wi@pas; = Hp, + T ()P (5910)

=2
S n

The exact location of the point C, is not known but the fact that C OS, allows
only a limited variation within S, and in many cases provides sufficiently close

upper and lower bounds for the parameters sought. By using the same
procedure, N-1 additional linear algebraic equations can be derived for the
remaining punches. This set of equations provides the necessary relationships
between the normal displacements of the punches and the applied forces.

Let wus derive smilar relationships for the angular displacements.
Multiplication of both sides of (5.9.3) by 0,(Q,) and integration over the area S;

yields

a,(T)

j jox@l)wl(@l)dsl - Hj j 0,(Q)dS, j j—R(Tl,Ql) ds, +
Sy S S]
N o (T.)
+ HY HoX(Ql)dsl HW s, (5.911)
n=2 S S

1 n

By changing the order of integration in (5.9.11) and taking into consideration that
o, satisfies (5.9.5), the following result can be obtained

[ [ 0,(Q)w,(Q)dS, = HB— M, + Z [ [ xaln(Tn)on(Tn)d%S

Sl B Sn

(5.9.12)
where M1y is the tilting moment acting on the first punch about the axis Oy,
and

1 Ox(Ql)
aln(T”) = )—([ jm d81 (5.9.13)

Sy

If o, does not change sign we can use again the mean value theorem to yield

| [ o@pwi@)as; = HE-M, + Fa, (A)P, (59.14)

Sy
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where A (x,y,) 0 S, The additional N-1 equations relating the punch rotations

about the axis Oy with the corresponding tilting moments can be obtained in a
Ssimilar way.

Multiply both sides of (5.9.3) by o,(Q) and integrate over S,. The
procedure leads to the egquation

J J 0,(Qwy(Q)ds; = H, + T J J VB, (T)o(T s,
S n=2 S,

(5.9.15)

where Mlx is the tilting moment about the axis Ox acting on the first punch,

and

Ty =1 Q) d 5.9.16
™ = ]| ey o (5919

1

As before, application of the mean value theorem gives

J J 0,(Qwy(Qds; = HI, + 3B, B)y,P.D

Sy

(5.9.17)
Three sets of linear algebraic equations of the type (5.9.10), (5.9.14) and (5.9.17)
are the man results of this paragraph. It is clear that each equation can be
interpreted in terms of the reciproca work. In order to use them, one need to
know the normal displacements outside every punch in the system due to three
types of loading which, a the moment, is available for the elliptical punches
only. This particular case is considered below.

Application to eliptical punches. Consider the interaction of a set of N
flat ellipticad punches arbitrarily located on a transversely isotropic elastic
half-space. Let a, and b, be the maor and the minor semiaxes of the nth

ellipse; X, and Y, define its center, and 6, be the angle between the axis Ox
and the maor semiaxis a,; and P, be the norma force acting upon the nth
punch.

The functions o, o, and o, have the form (Lur'e, 1955):

_ oy

_ 1 X2
%0 = 2m,K(k) : @& bl
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o =

y = 2mo,B(k,) Er o

X % _ Xy
x = 2mb,D(k,) %

0?0

oy
0?0

The boundary conditions (5.9.1) in this case will take the form

w,o =90, — ax + By,

for n=1,2,...,N.

APPLICATION TO CONTACT PROBLEMS

(5.9.18)

Substitution of (5.9.18) into (5.9.10), (5.9.14) and (5.9.17) yields respectively

N F(CP k)
K(kl) Py

< 0 = b -

[

a3
1
3Dk, 2t - %" Zo‘lnxnpng

2
albl

_ y O
3Bk P T H%"lx * Zﬁlnynpng

where
F(o, k) = E(@, k)
O = K(k) - E(k)
E(@,k) - (L - K)F(@ k) - Kipl, = D™ Ip, (P5, - k)™
B =
n E(k) - (1 — KK(ky)

E(k) - (1 = k) K(k)

B(k) = ki

K(kl) - E(kl)

D(k) = 2
1

(5.9.19)

(5.9.20)

(5.9.21)

(5.9.22)

(5.9.23)

(5.9.24)

(5.9.25)
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K(ky), F(cpln,kl), E(k,), E(cpln,kl) stand for the complete and incomplete elliptic
integrals of the first and second kind respectively; and p,, @ ae defined by

., 1
¢, = snl(a), p, = [L + (L® - Kxya)¥™,
n

L = 20 + (¢ + yd/all,

where x, and y, are coordinates of a certain point inside S, and k; is the
eccentricity of the first ellipse

k, = [1 - bial]™

Each of the eguations (5.9.19), (5.9.20) and (5.9.21) represent the first of a set
of N eguations. When the acting forces are known, the three sets of equations
define the normal and the angular displacements of the punches. In the case
where the displacements are known, the three sets of linear algebraic equations
have to be solved for P, M - and Mny. It is also important to notice that

each equation in the set is valid in the system of coordinates located at the
center of the ellipse.

Example 1. Two equal elliptical punches. Consider the case where N=2,
a,=a,=a, b,=b,=b, X=Y,=0, X,=Il, Y,=0, 6,=6,=0. If we also have P,=P,=P
then, due to the symmetry of the system, the set of equations, equivalent to
(5.9.19), reduces to just one equation, namely,

a _ F(pk []
Ko 8= H% + JS’LZK(k) Po (5.9.26)
with the immediate result
I:)O
P= ——M | (5.9.27)
F(o,k
1 + K(K)

where P =0a/HK(K) denotes the force which produces a punch settlement equal to

0 when acting on a solitary punch. Equation (5.9.27) shows that the interaction
between the punches decreases the value of the force necessary to produce the
required settlement. The upper and lower bounds for P can be obtained from
(5.9.27) by taking
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¢ = sin'lg_Lag and @ = sin'%%alg (5.9.28)

respectively. We shall aso consider the central estimation for P defined by
@ = s‘n‘l(%). (5.9.29)

Figure 59.1 plots the ratio P/P, versus l/a for a=2, b=1. The solid line gives

the upper bound, the dashed line gives the lower one and the circles represent
the central estimation. As one can see, the maximum possible error of the

Fig. 59.1. Interaction between two elliptica punches.

central estimation is less than 9% for 1/a>3.5, it is less than 5% for 1/a>5, it is
less than 2% for 1/a>8, and it is less than 1% for |/a>12. Since there is no
accurate solution available for this case, it is difficult to say how great is the
real error of the central estimation, but there is a reason to believe that it is
much less than that indicated above. This belief is founded in a comparison of
the central estimation for two equal circular punches with the numerical solution
of Kobayashi (1939). The values of the ratio P/P, for various d=I/a are given

in Table 5.9.1.
If one takes Kobayashi’'s solution as exact then the maximum error of the

central estimation does not exceed 0.4% in the whole range of 2<d<w. Even if
one assumes the accuracy in the case of two elliptic punches to be ten times
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Table 5.9.1 Comparison of two solutions

upper lower central result of error

d bound bound estimation K obayashi (%)
20 0.82213 0.50000 0.75000 0.75272 0.36
2.2 0.83172 0.61457 0.76900 0.77014 0.15
24 0.84030 0.66379 0.78517 0.78545 0.04
26 0.84804 0.69940 0.79915 0.79898 -0.02
2.8 0.85505 0.72728 0.81136 0.81096 -0.05
3.0 0.86143 0.75000 0.82213 0.82162 -0.06
35 0.87515 0.79241 0.84427 0.84370 -0.07
4.0 0.88638 0.82213 0.86143 0.86093 -0.06
5.0 0.90367 0.86143 0.88638 0.88602 -0.04
7.0 0.92611 0.90367 0.91637 0.91619 -0.02
10.0 0.94522 0.93381 0.94005 0.93999 -0.007

00 1. 1. 1. 1. 0.0

worse than the accuracy of the central estimation for two circular punches, this
would still give the maximum error of 4% which is not bad. Bearing this in
mind, we shall evaluate the central estimation only in the examples to follow.

If the normal forces are applied centrally then the angles of inclination of
the punches will be defined by (5.9.20) and (5.9.21) as

3D(K)
a, = -a, = - i Ha,IP, B, = B, =0, (5.9.30)
1

where
_ Fek - E(@k)
%2 T TRE) - ER
and @ is defined by (5.9.29).

k = (1 - b¥a)*?, (5.9.31)

In the case a,=a,=0 there should be tilting moments applied to the punches
whose value can be determined from (5.9.20) as

y = —sz = ay,lP. (5.9.32)
Example 2: Four equal dliptical punches. Consider the configuration
shown in Fig. 59.2. Let equa vertical forces P be applied to each punch.
The punches are numbered in the clockwise direction starting from the one at the
coordinate system origin. Due to the symmetry of the system, it is sufficient to
consider just one equation of each of the sets (5.9.19-5.9.21). The result is

409
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Fig. 5.9.2. Geometry of four punches interaction

F(®,,k) F(@3.K) F ((P14, k) 0

a _
K ° = HP% TR T TK® T TKw D (5.9.33)
a’ O
3D(k)a1 = H%’Hy - Pl(ag + a14)D (5.9.34)
ab2
3BRCL H%"lx + Pe(B, + 1313)% (5.9.35)
where o and Bln are defined by (5.9.22) and (5.9.23) respectively, and
¢, = S'n'l(pi), for  n=234; (5.9.36)
1n
I
pp =+ (- Y p, =1
_ 2 202y 212(82 _ 10> 2 2,201
pl3_%+(L kI/a)D, L—2%+(| +C)/aD
(5.9.37)

When the forces and the tilting moments are known, equations (5.9.33-5.9.35)
define the normal and the angular displacements of the punches.
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The mathematically equivalent problem of diffuson through perforated
membranes was solved in (Fabrikant, 1985a, 1987k).

Exercise 5.9

1. Consider the interaction between the four elliptical punches depicted in
Fig. 5.9.2. Find the tilting moments if the punches are not allowed to tilt.

Answer: M_ = -Pc(a,, + a5 , M1y = Pl(a, + a).

2.  Find the limiting case of formulae (5.9.22-5.9.25) for the case of circular
punches.

D Ifllj al aiB/ZD
A ) = £ —4 _ __
nswer: o, =By~ EH” .0 fﬁ 70 &

PR Yo

K(ky) T [, [

1n

and the equations (5.9.19-5.9.21) will take the form

—a1 = %3 ZPnsin*%%

B(k,) - D(k,) 174 |,

48’ N
_ ]
E (Xl = H%ﬂly - ZCXl XnPnD
n=2

48’

31 B, = H%L/le * Zﬁlnynpng

where a, is the radius of punch one and r is the distance between the first
punch centre and a point inside S.

3. Find the generalized displacements of an eliptical punch due to the action of
several concentrated loads, applied normally outside the punch.
Hint: Consider the procedure of shrinking of the areas S, n=23,..,N. The

accuracy of equations (5.9.19-5.9.21) will increase. In the limiting case § -0

formulae (5.9.19-5.9.21) give an exact solution to the problem of severa
concentrated forces acting outside an elliptica punch.

4. Consider the interaction of several punches on a non-homogeneous elastic
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half-space, with the modulus of elasticity being proportional to a power function
of the depth.

5.10 Interaction between flexible punches under shifting loading

The mixed boundary value problem for a transversely isotropic elastic
half-space is considered for the case where uniform tangential displacements are
prescribed over several domains of arbitrary shape and the rest of the half-space
boundary is stress free. The problem can be interpreted either as an interaction
between two elastic half-spaces interconnected through several areas and subjected
to remote shear loading, or as a contact problem of several flexible punches,
connected to the half-space, with different tangentia displacements prescribed. A
general theorem is established which relates the resulting tangentia forces, acting
on each domain, with their generalized displacements through a system of linear
algebraic equations. The theorem is applied to the case of arbitrarily located
elliptical domains subjected to uniform tangential displacements. Several specific
examples are considered.

Theory. Consider a transversely isotropic elastic half-space z=0. Let the
tangential displacements be prescribed over several simply connected domains S,

while the rest of the haf-space boundary is stress free. The mathematical
formulation of the boundary conditions on the plane z=0 is

U, = u(xy), u, = ufxy), for (x,y)ts,

o, =1, =1, =0, for (x,y)OS, n=12, ..., N. (5.10.2)

z zX yz

The boundary value problem (5.10.1) can be interpreted either as an interaction
between several flexible punches S, bonded to the half-space and subjected to
tangential displacements, or as the case of two elastic half-spaces connected in S
and subjected to a remote shear loading, the first interpretation being more
general since the tangential displacements each punch can be treated as
independent.  Hereafter we shall cal S the doman of contact for the nth

n
punch. The punches are assumed to be flexible, so that they do not exert any
normal tractions. Let TnX and Tny be the components of the resulting tangential

force applied to the n-th punch. The problem is to find the relationships
between the generalized displacements of the punches and the acting forces.

Introduce the complex tangential displacements u=u,+iu, and the complex
tangential tractions T=T,+it,,. In view of the principle of superposition, the
governing integral equation can we rewritten from (5.7.5) as follows:
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e (&) G q T(En) N
S H — dEdn + — H = den 0= u(xy)
n:1D Sn S D

n

(5.10.2)
Here

q=x-£&+iy - n) qa=x-&-ily-n), R’ = ¢@&10.3)

Substitution of the boundary conditions (5.10.1) in (5.10.2) leads to a set of N
integral equations. The exact solution of these equations is not known at
present, even for the case of severa circles. Here it will be shown that we do
not really need to know these solutions if we are interested only in the
relationship between the applied forces and the punch displacements. We can
single out, without loss of generality, the first punch, and consider the related
integral equation

G, ¢ T&En) G, qy T,(EN)
WXy = = [ [ decn + — [ [ = 7 dedn

s Ry s O Ry
05, T,EN) G, q,, T.(&N) 0
+ 205 dédn + — ———— d&dn(] (5.10.4)
n:ZD S In s] 1n n D

Here u, stands for tangential displacement of the n-th punch, 1, is the tangential
tractions exerted by the punch, the point (x.,y)OS,, and

n

qk = Xk - En + I(yk - r]n)’ akn = Xk - En - I(yk - r]n)a
R =(q.0d)"  En)0OS, (5.10.5)

We have dropped for simplicity the subscripts of ¢, and n, in (5.10.4) and
thereafter. It should not produce any confusion for the reader.

Equation (5.10.4) can be rewritten as
Gl GZ 2 -
U0y = 5 Aj J RyT,(EN) dedn - — /\j J RuT,(EN) dEdn

Sy Sy
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G, _ [
.S 8| | R dean - 5 A | R T e dand
HZD Sn Sn D
(5.10.6)
Suppose that the function 1, is known, satisfying the following integral equation
inside S,

J J TENR dedn = ax® + ay® + axy + ax + ay + a,

Sy

(5.10.7)
where a,, .. ,a are complex constants. One can verify that

AJ J T,(&.N)R,;, dédn = 2a, + 2a, = d; = congt,

Sy

/\ZJ J T,(ENR, dédn = 2a, - 2a, + 2ia, = -c, = const,  (5.10.8)
Sl
which means that the function t1, renders constant the first two integras in
expresson (5.10.4). This important property will be used in the derivation to
follow. Multiplication of both sides of (5.10.4) by 1, and integration over the
area S, yields

Gl T]_(E!r])
J J U, (Xp,Yy) To(Xy,) dx,dy, = > J [To(xl,yl) dx,dy, J J = dédn
11
Sl Sl Sl
G, e Ay E1(&1"1) dEd
P b o || R s
EcH ()
253 [ [ro(xl,yl) dx,dy, [ [ =— dean
=2 S s In

1 n
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G, q, T,En) 0
+ - [ Jto(xl,yl) dx,dy, [ [ — d¢dn] (5.10.9)
S1 sn 1n 1n D

By changing the order of integration in (5.10.9) and taking into consideration the
property (5.10.8), the following result can be obtained

G, G, _
J J Uy(X3,Y1) To(XpYy,) dxdy, = > d, T, + > c, Ty

Sy

) To(XpY1)
+ 20y | [ uEm @ | | =g axay,

neo L] Sy s in
G, _ a,. To(XuYy) 0
+ — | | T(n) dEdn L dxdy,0 (5.10.10)
2 n g R
S S 1n 1n D

n 1

where T, is the complex representation for the total tangential force acting on
the first punch. Introduce the notation

To(X11y1) qln TO(Xl’yl)
PE.n) = [ [ —Rr Oxdy, WEn) = [ [ = R dx,dy, .

Sl n Sl 1n 1n
(5.10.11)
Now expression (5.10.10) can be rewritten as
G, G, _
J J U(XpY) To(Xpyy) dxgdy, = 2 dT, + P c,T,
Sl
N ml GZ D
n=2D Sn Sn D
(5.10.12)

By evoking the mean value theorem, we come to the linear algebraic equation,
for the forces T, applied to each punch.
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G, G, _
J J Uy(X3,Y1) To(XpYy,) dxdy, = > d, T, + > c, Ty

Sl
i) G, _O

+ 20 O0Y) Ty + 5 WEN) T.O (5.10.13)
n=2D D

The exact location of the points (x.,y,) and (¢.,n,) is not known but the fact
that they belong to S, alows only a limited variation, and in many cases

provides sufficiently close upper and lower bounds for the parameters sought.
By a similar argument, N-1 additional linear algebraic equations can be derived
for the remaining punches. This set of equations provides the necessary
relationships between the tangential displacements of the punches and the applied
forces, and represents the main result of this paragraph. It is clear that each
equation can be interpreted in terms of the reciproca work. In order to use
equations (5.10.13), one needs to know the explicit expresson for 1, which, at

present, is available for the elliptical punch only.
Application to eliptical punches. Consider the interaction of a set of N

flexible elliptical punches arbitrarily located on an elastic half-space, with uniform
tangential displacements u,=const prescribed in S. Let a, and b, be the maor

and the minor semiaxes of the nth ellipse; X, and Y, define its center, 6, be
the angle between the axis Ox and the maor semiaxis a, and T, be the
tangential force acting upon the nth punch. The function t, for the first punch
is

2 2 2
To(xy) = % - ;—2 - ﬁ—z SU. (5.10.14)
1 1

Substitution of (5.10.14) in (5.10.10) yields, after computation of the integrals
involved (see Appendix A5.1 for details)

2a,u; = GK(k)T, + G,[(2 - K)K(k) - 2 E(k)]T/K

1< U _ _ O

+ 1y [Gl[ [ D, 1,5, + (G,/K) [ [ L, T,dS, - i(GK) [ [ M, 1,05, O

n=2 D Sn Sn Sn D
(5.10.15)

where



5.10 Interaction between flexible punches under shifting loading 417

D = [F(e, k) - F(w_ k)l
L= {2 - KIF(@, k) - FW, k)] - 2[E@, k) - EW, k)},
M = [ - Ksinp )" — (1 - Kisin"g )" (5.10.16)

Here k=(1-b%a%)"? K(k,), F(o, k), E(k), E(g k) denote the complete and
incomplete elliptic integrals of the first and second kind respectively; W and O
are defined according to formulae (A5.1.20-A5.1.21) from Appendix A5.1, namely,

2.2 2.2 212 \1/2
1 Xnyn + (alyn + blxn - albl )

@ = tan Y :
L X¥a — (@l + b - ajby )"
Y = tan 5 5 : (5.10.17)
yn - bl

In the case when @ <Y, it should be replaced by THQ, . We recall that the
point (x.y,)OS, If the mean value theorem is applicable, equation (5.10.15)
transforms into

2a,u, = GK(k)T, + G,[(2 - K)K(k) — 2E(k)IT/K
15 O : :
+ 52 [Gy[F(o, k) — F(, K)IT, + (G/kII(Z2 — K)(F(@, k)

n=2

- F(, k) — 2(E(@, k) - EW, k)T,

(5.10.18)

O

— i(G/KII(L ~ Kisin“p ) — (1 - Kkising )7 T,

It is important to note that in the case of symmetric configuration, some of the
teems in (5.10.18) vanish; the parameters @ and Y ~ do not necessarily
correspond to the same point (X.y,); they should be interpreted as fuzzy
quantities which can assume any vaue corresponding to (x.y,)0S, Equation

(5.10.18) represents the first of the set of N linear algebraic equations with fuzzy
coefficients, which can be obtaned in a smilar manner. The solution can aso
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be interpreted as a fuzzy domain. Analysis of this domain will allow us to find
the upper and lower bounds for the quantities of interest. As we shall see
further, in some cases the variation between the upper and the lower bounds
becomes so small that allows us to obtain a reasonably accurate solution to the
problem.

When the acting forces are known, the set of equations define the
tangential displacements of the punches. In the case when the displacements are
known, the set of linear algebraic equations has to be solved for the forces T,.

It is also important to notice that each equation in the set is valid in a system
of coordinates located at the center of the ellipse.

Example: Two equal dliptical punches. Consider the case where N=2,
a,=a,=a, b,=b,=b, X=Y=0, X,=I, Y,=0, 6,=6,=0. Let the tangential
displacements be prescribed as u,=u,=u where u is a real quantity. Due to the
symmetry of the system, we may also assume T,=T,=T, and O[T]=0 (i.e. the
resulting force is directed along the axis Ox). Taking into consideration the
properties

D (xy) = D _(-xy) = D_(x-y) = D_(=x-y),
L (xy) =L (=xy) = L (x-y) = L_(=x-y),
M _(xy) = -M_(=xy) = -M_(x-y) = M_(-x-y), (5.10.19)

we have

J J M, tdS, = O, (5.10.20)
SFI

and the set of equations, equivalent to (5.10.15), reduces to just one equation,
namely,

2au = 2{GK(KT + (G2 - K)K(k) - 2E(K)]T}
- {GFkOT + (G2 - KRk - 2EKO]T}, (5.10.21)

where, due to symmetry, @ is defined as

— ~ncild b N
@ = cos ¢ - & + )%0 (5.10.22)
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Introduce the notation

T. = 2au
° T GKK + (GSANR - KK(K) ~ 2E(K)]

(5.10.23)

where T, can be interpreted as the force needed to produce the displacement u

when acting on an isolated punch. Equation (5.10.21) can be rewritten as
follows:

T, G,Fk® + (G2 - K)Fk® - 2E(k@)]
T = , B =
2-B G,K(K) + (G/KI)(2 - KIK(K) - 2E(K)]

(5.10.24)

Since B=0, one may conclude that the punch interaction reduces the force needed
to produce the displacement u, as compared to an isolated punch. The upper
and lower bounds for T can be obtained from (5.10.24) by taking

-1D b i
(p = Cos S(I + a)2 _ a2 + bZ]UZB !
and
0 b 0

(5.10.25)

S
I

-1

= cos :
respectively. We shall aso consider the central estimation for T defined by
[ b [

_ el
¢ = cos %IZ — 2 4 bz)llzg

We can consider in a smilar manner the case when the displacement is
prescribed in the Oy direction by the formal substitution of u by iu, and T by
iT in expression (5.10.21). The result is

T, G,F(k® - (G2 - KIF(k® - 2E(k,0)]
T=3-¢ c= 2 2
G,K(K) — (G/KI(2 - KIK(K) — 2E(K)]

(5.10.26)

Figure 5.10.1 plots the ratio T/T, versus l/a for a=2, b=1, (G,/G,)=1/3, with the
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tangential displacements being directed along the axis Ox. The upper and lower
bounds are given by circles, while the central estimation is given by a solid line.

Fig. 5.10.1. Interaction between two édliptica punches,
with shifting load in the Ox direction

As one can see, the maximum possible error of the central estimation is less
than 15% for |/a=2.5, it is less than 10% for |/a=3, it is less than 7% for
[/a>3.5, and it is less than 5% for |/a>4. Since there is no accurate solution
available for this case, it is difficult to say how great is the real error of the
central estimation, but there is a reason to believe that it is much less than
indicated above. This belief is supported by the same argument as in section
5.9.

Figure 5.10.2 gives the same plot for the case when the tangential
displacements are prescribed in the Oy direction. The respective errors are 12%,
7%, 5%, and 3.5%. One can see that the accuracy of the central estimation is
significantly better than in the first case. This should be expected since the
interaction in the case of displacements prescribed along the axis Ox is stronger
then in the second case.

Discussion. It is appropriate to consider certain limiting cases. In the case
of a circular punch the eccentricity k, -0, and formula (5.10.15) will simplify
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Fig. 5.10.2. Interaction between two éliptica punches,
with shifting load in the Oy direction

N D al
2a1u1 = g GlTl + ZEGI[ [ Sin_l%xz-i-—yz)llzg Tn(X,y) dxdy
n=2 Sn
al(X2 + y2 _ ai 172 _ D
+ G, — T.(Xy) dxdy[d (5.10.27)
x - iy) .

SFI

Here we used the integrals (A5.1.22-A5.1.23). The interaction of two equa
circular punches subjected to loading T in the Ox direction leads to the
following expression for the central estimation

2au =

2 _ 212 _
AR S;J s'@ + Gﬂ'T""L TB (5.10.28)

Introducing again the notation
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the following result can be obtained from (5.10.28)

TO
T = (5.10.29)

G 2 _ 212
2[1 1.a 2 a(l© —a) [
1+F[%n(T)+€l—l2 0

If the tangential displacements are prescribed in the Oy direction, we obtain

TO
T = (5.10.30)

1+ 2
T

G, 2 0O

All the results are valid for the case of an isotropic body, provided that
G=(2-v)/((2mu) and G,=v/(2ru), where p is the shear modulus and v is the

Poisson coefficient.

Exercise 5.10
1. Verify (5.10.6).

2. Derive (5.10.12).

3. Consider the interaction of two equa elliptica punches, when their major
semiaxes are orthogonal to each other.

4. Find the generalized displacements of an elliptical punch due to the action of
several concentrated loads, applied tangentially outside the punch.
Hint: Consider the procedure of shrinking the areas S, n=23,..,N, to a point.

The accuracy of eguation (5.10.18) will increase. In the limiting case S -0

formula (5.10.18) gives an exact solution to the problem of severa concentrated
forces acting outside an elliptica punch.

5.11 Contact problem for a rough punch

The term rough punch is used here as the opposite to the term smooth
punch, indicating a punch which does produce shear traction at its base.
Consider a circular punch, with general base, penetrating transversely isotropic
elastic half-space. The punch is subjected to the action of an axia force P and
a tangential force T=kP, acting in the Ox direction, with k being the friction
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coefficient. Let the domain of contact be a circle of radius a. The shear
traction T is assumed to be proportional to the pressure o, namely, TZXZKO.

The governing integra equation will take the form (due to (2.2.13)):
" 000 WIPR® 0 o " 20 (PoyBy) PP,
J J = = - akDJ J —,
R H i9
€

_ (5.11.1)
pe® - p

Here w(p,) is the punch settlement. Let us rewrite (5.11.1) in the operator
form

Ao = "ﬁ" ~ akwMo, (5.11.2)

where A\l and ¢ are the integral operators in the left- and the right-hand sides
of (5.11.1) respectively.

The values of a and k for rea bodies are less that unity, and hence their
product is convenient to use as a small parameter. Let the following expansion
hold

a(p® = D (ak)"o,(p.0). (5.11.3)

n=0

By substitution of (5.11.3) in (5.11.2) and equating the terms with equal powers
of the smal parameter, the following infinite system of integral equations can be
obtained:

\O, =

T|s

: Ao, = —MO,, .., Ao, = —MO__, .. (5.11.4)

n-1

The operator ACY, inverse to A is known from (1.4.10), so we can write the
formal solution to the problem as follows:

o= (k- m)wl%g (5.11.5)

n=0

Example. Consider the case of a flat circular punch. Let w be the
settlement of its centre, and & be its tilting angle about the Oy axis. Then

w(p,®) = w + Opcosy. (5.11.6)

Substitution of (5.11.6) in the first equation of (5.11.4) yields
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1 + 20
%P9 = 27 Uzaz = ppzc)?,sch, (5.11.7)

which is, in fact, the solution for an inclined smooth punch. Substitution of
(5.11.7) in the second equation of (5.11.4) vyields the second term of the
expansion

a

_ 2 =aln(a® - pH)Y¥a] 1 d x2dx & + x[¥2
o,(P.@) = TlBHD o@ - PP cosp + 5@ dpj @ - D" In@ 0
p
Ani(a2 - oAV
@ _a )2 + Eﬂl 2[222 n 22;1/2 a . el ? pz)yz%OSZCP% (5.11.8)

The procedure may be continued, and further terms of the expansion may be
obtained. It is left to the interested reader. The resultant force P and the
tilting moment M can be obtained by integration of the sum of (5.11.7) and
(5.11.8) as follows:

_ 2a ok _ <[] _ 28’2 5 _ ak [
P = — + = a&SD M = nHBa6 = ooD (5.11.9)

If the point, where the normal load P is applied, is shifted aong the axis Ox
by the distance b from the punch centre, then M=Pb, and the following
relationship may be established between the punch settlement w and the tilting
angle o:

_ _b + (akma w
5 = @3)a = (akib a - (5.11.10)

Formula (5.11.10) shows that the punch tilts even in the case of a centra
loading. A similar effect can be observed in the case of a bonded punch
(Chapter 3) and in two-dimensional contact problems (Muskhelishvili, 1946). In
order to eliminate tilting, the norma load should be applied a the point
x=—0ka/Tt

Exercise 5.11
1. Verify (5.11.5).

2. Derive (5.11.7)-(5.11.8).

3. Establish (5.11.9).
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4. Find the corrective term in the expression for P (5.11.9) due to o,.

. _ 2a _ 1 2000 ok [l
AnSNer.P—T[H%o% 6O(kD+T[a6D

5. Find the norma displacement w outside the punch, taking into consideration
the first two terms in the solution expansion.

cw = 20 o1 1Ay a2 21 [l
Answer: w = T[Eszm (p) + Eﬁsn (p) p(p a’) osch

0 2 212
+ ﬂ( @'Cos'l(%) + (p — a)

p
2 = D D In(pz _ az)uz%osq’

+ &(p? - a2)1’2In—p—(pz e + p%%a?’cos'l(%)

2 4 9g2 2 ]
2 _ az)uzg) +3 a In : _pa2)1/2 - %%OSZCPS

+ (P
6. Try to find an exact closed form solution to the problem.

Appendix A5.1

Here the method of computation of several integras over an dliptica
domain is given. We introduce the notation

R =[x - %)+ (Y - ¥p)1"

2

Xo Yo [y2
%=d -2 50

The following integral is to be computed

) J J f(Xo:Yo)dXody, (A5.11)

= RZO ,
S

where S is an ellipse with semiaxes a and b (a=b), and f is a general function.
We use the method of Rostovtsev (1961), dlightly modified in order to simplify
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the computations. Introduce a new system of polar coordinates (r,0), with the
origin at the point (X,y), namely,

Xy = X + rcosh, Yo = Yy + rsiné. (A5.1.2)

First of al, consider the case when (x,y)OS. Substitution of (A5.1.2) in
(A5.1.1) yields

2n r

1
| = abdo f(x + rcosB, y + rsin@) dr
(b’cos’® + a’sin’B)Y? J [(r, - O + )"
(A5.1.3)
where r, and -r, are the roots of algebraic equation
2 : 2
(x + r2cose) + (y + rzsme) ~1=0
a b
namely,
_ (@ + P2 £ Q _ xcosd , ysing
Mo = P ’ Q= 2 b2
cos’® | sin’d X 2
P ==+ 552 z:1—;2—>t:—2. (A5.1.4)
Now, we may split the integra (A5.1.3) in two, according to the scheme
2n r T ri 2n r
J do J dr = J do J dr + [ do J dr. (A5.1.5)
Tt

Make a formal replacement of 6 by 148 in the second integral of (A5.1.5).
Taking into consideration that r (0)=r,(1+6), transformation of (A5.1.5) may

proceed as follows
2n r T r T ro T r T 0

o[ [ofe oo

(A5.1.6)
In the last term of (A5.1.6) we have made a forma replacement of r by -r.
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Taking into consideration that the expression f(x+rcosd, y+rsinB) remains
unchanged with the replacements of 6 by ™6 and r by -r, the two integrals in
(A5.1.6) can be combined, and the final result will read

1 1
| = abdb f(x+rcosh, y+rsinB)dr
J (b’cos’® + a’sin’g)" I [(r, = 0 + )"
2

(A5.1.7)

We recal the integra

1 —

r'dr = rnz 2 Hj r_zm
I [(r, - + )" “=Tn+1-Krk+10r,0"
2

k=0

1 . T(n + K) r(% + K

(A5.1.8)

Now various integrals can be computed fairly easily. Here are the results which
are used in the main text of this book:

L8

dx,dy,
J J ROZOO - nJ Toos a.t:dgzsinze)ﬂz = 2mbK(K), (A5.1.9)

n 2i0
- abe’ do
qRZ, J (b’cos’® + a’sin’B)Y?

= 2mo[(2 - K)K(K) - 2E(K)]/K>.

(A5.1.10)

Now consider the case when the point (x,y)OS. In this case substitution
of (A5.1.2) in (A5.1.1) yields

02 rq

| = J abdo I f(x_+ rcosB, y + rsing) dr
2

(b’cos’® + a’sin’B)Y? [(r, - D + )"
oy -

(A5.1.11)

where a, and o, are the angles between the axis Ox and the two lines passing

through the point (x,y) tangentially to the ellipse. We can find these angles by

using classical formulae of differential geometry. The parametric equation of the
ellipse can be written
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X = acost, Y = bsint. (A5.1.12)

The equation of the lines passing through the point (x,y) tangentiadly to the
ellipse may be written as

y — bsnt _ x - acost
bcost —asint (AS.L13)

Equation (A5.1.13) can be solved for sint, and the two solutions are

b[aZy == X(X2b2 + y2a2 _ a2b2)1/2]

(sint),, = 2 (A5.1.14)
This gives the following two expressions for cost
a[bzx + y(X2b2 + y2a2 _ a2bZ)1/2]
(cost)ll2 = N : (A5.1.15)
Now we can write
tanq = Y = bsint (A5.1.16)
12 x - acost
Substitution of (A5.1.14-A5.1.15) in (A5.1.16) yields
2.2 2,2 212\ 12
a‘y” + b°x® - a‘b
tana = v F &Y > > ) : (A5.1.17)
12 X" - a
We can now compute the integrals
dx,d "
o O iRk - FW.K, (A5.1.18)
. RZ, (b’cos’® + a’sin’d)
a;
dx,d " -
g axyay, - abe2|9 do
. qRz, (b’cos’® + a’sin’B)Y?
a;

= {2 - K)FeK - FWK] - 2E@kK - EWK]
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- 2[@Q - Ksinfg¥? - 1 - Ksinfy) 3 e. (A5.1.19)
Here

Xy + (a2y2 + b2X2 _ a2b2)1/2
y2 _ b2 )

tang = cota, = (A5.1.20)

Xy - (a2y2 + b2 - a2b2)1/2
yz — b2

tany = cota,

(A5.1.21)

In the limiting case of a circle, b-a, k-0, and formulae (A5.1.18-A5.1.19) will
take the form

21ma sin

dx,dy, . a
H o - e (A5.1.22)

S

q dx,dy 2 2 212

. o (A5.1.23)

S

The more complicated integrals can be computed in the same manner.
Here are some additional integrals, where x and y are inside the doman S,
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H—RZO = tb kz% E g’ 2E-(2- KK g
s

21 A2 (a2l
+Ttby k4%(1 K ~(2-3K)E 3

3
XX _ 3 12-K- .. L] 210 2 el
H m = TG A B 2K keg B+5KOK +(E8-KIET
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The case where x and y are outside the doman S
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In the integrals above, the abbreviations F(¢), E(p), F), E(Y) were used to
denote F(@ k), E(@ k), F(y,k), E(Q,K) respectively. The notation A(g) stands for

(1 _ kzs n2(p)1/2

The case of a circle of radius a and x, y inside the doman S

2
[ xodxody0
RZ, aT6 %a +5x° y 0
Jg!
[ XoYodXodY, 3
RZ, Ttagy
Jg!
2
[ yodxodyo 2[]
—RZO aTs %la —X?+5y 0
Jg!
[ XadXodyo 2[]

— A0k 2. 52
Rz, —nzax32§a =3y

[ XoYodXodYo _ 10 2, qv2_. 20
/2, lea a8+ -y

I
[ XYoo dYo 2[]

— A0} 2 2
/2, —nzaxsz%a X+9y°

yodxody0
[ [ RZ, 32 %a -3x2 +7y 0



