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(4.4.32)

,d+d
+

=

(4.4.31)

,d++d+=

(4.4.30)

,d+d
+

=

(4.4.29)

,d++d+=

(4.4.28)

,d+d
+

=

(4.4.27)

,d++d+=

solution:
completetheforandofderivativesfollowingtheneedonlyshallWe

.d+d
+

=

,d++d+=

results:followingtheobtainwe4.4.23),(4.4.21
propertiestheusingand(4.4.24)in(4.4.26)and(4.4.9)substitutingBy

236

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

SK
G

G
KSK

G

G
K

z

GG

z

X

SK
G

G
KSK

G

G
K

zz

GG
Y

z

SK
G

G
KSK

G

G
K

zz

GG
X

z

SK
G

G
KSK

G

G
K

z

GG

z

Y

SK
G

G
KSK

G

G
K

z

GG

z

X

SK
G

G
KSK

G

G
K

z

GG
Y

SK
G

G
KSK

G

G
K

z

GG
X

YX

SK
G

G
KSK

G

G
K

GG
Y

SK
G

G
KSK

G

G
K

GG
X

τΛτΛ
∂
∂

π

−

∂

∂

τ−Λτ−
∂
∂

∂
∂

πΛ∂
∂

τΛτ
∂
∂−∂

∂
π

−
Λ∂

∂

τ−Λτ−Λ−∂
∂

π∂
∂

τΛτΛ∂
∂

π

−

∂
∂

τ−Λτ−
∂
∂

πΛ

τΛτ
∂
∂−π

−
Λ

τ−Λτ−Λ−π

τΛτΛπ

−

−

2
1

2

1

S

2
1

2

1

S

2

221

2

2

2
1

2

1

S

2
2

1

2

1

S

2

221

2
1

2

1

S

2
2

1

2

1

S

2

221

2
1

2

1

S

2
1

2

1

S

21

2
1

2

1

S

2
1

2

1

S

21

2
1

2

1

S

2
2

1

2

1

S

2

221

2
1

2

1

S

2
2

1

2

1

S

2

221

2
1

2

1

S

2
1

2

1

S

21

2
1

2

1

S

2
1

2

1

S

21



































































































































































MECHANICSFRACTUREINAPPLICATIONS4CHAPTER



237

)(+)(
1

12=

(4.4.38)

,)(+)(
1

1)+(

1
1)(

)(

2
=

(4.4.37),)(+)(
1)(

2=

(4.4.36),)()(+)()(+

)(+)(+)(+)(
1

1=

functions:elementaryinsolution
completethegiveresultsobtainedpreviouslyThe).,0,(pointtheat

antisymmetricallyfacescrackthetoappliedbe+=forcesconcentratedequal
twoLet.radiusofcrackpenny-shapedaby=0planetheinweakenedsolid

isotropictransverselyinfiniteanConsidercase.thetorelatedfunctions,Green’s
theallusgivewillsolutionThecrack.penny-shapedaofloadingforcepoint

tangentialaofproblemthesolvingtoappliedbemayaboveresultsThe

4.1.31).(4.1.27inandA4.4Appendix
infunctionselementaryincomputedare4.4.35)(4.4.27inintegralstheAll

(4.4.35)

,d+d
+

=

(4.4.34)

,d++d+=

(4.4.33)

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

Tzf
G

G
zf

m
HA

Tzf
G

G
zf

m

Tzf
G

G
zf

m

m
Hw

Tzf
G

G
zfTzf

G

G
zf

Tzf
G

G
zfTzf

G

G
zf

m

H
u

N

iTTT
az

SK
G

G
KSK

G

G
K

z

GG
Y

SK
G

G
KSK

G

G
K

z

GG
X

−γγπ−σ

γ
−

γ
−

γ−γπ

γγ
ℜσ

γ−ℜγγπ

−−π
β

−−π

γγ

φρ

−
−

τ−Λτ−
∂
∂ΛπΛ

τΛτ
∂
∂−Λπ

−
Λ

k13
1

2

k5
k

21662

k10
1

2

k5
k
2

k3
2

k+1

21
2

21

1

k9
1

2

k1
kk

k

21

38
1

2

31637
1

2

32

k8
1

2

k16k7
1

2

k2
k

21

000

yx

2
1

2

1

S

2
2

1

2

1

S

2

2212

2
1

2

1

S

2
2

1

2

1

S

2

2212

















































































































loadingsheararbitraryundercrackPlane4.4

±

k=1

2

k=1

2

k=1

2

k=1

2

Σ

Σ

Σ

Σ



e)(1

)(
+sin1

)(
e=)(

(4.4.43),1
e

+1
)(e

1)(

)(
tan

1)(

1
tan

1)(
)(1=)(

(4.4.42)

,
)(

tan
)3(3

=)(

namely,A4.4,Appendixincomputedarefunctionsremainingtheand
4.2.11),(4.2.7formulaebygivenare6thanlesssubindexwithfunctionsthe

and(2.1.9),bydefinedarecoefficientselasticthepart,realtheindicatesHere

(4.4.41).)(+)(+)()(
2
1+

)(+)(+)(+)(1)(
)(2

=

(4.4.40),)(+)(1)(
)(

=

(4.4.39),)()(+

)(+)(1)(+)(+

238

lt

ala

l
a

ta

a
zf

la

la

a

la

q
a

q
zf

al

s

s

al

tal

t

ss

ha
zf

f

Tzf
G

G
zfTzf

G

G
zf

Tzf
G

G
zfTzf

G

G
zf

Tzf
G

G
zf

Tzf
G

G
zf

Tzf
G

G
zfTzf

G

G
zf

)ρρ−(−

−
)(

ρ−
ρ−

−
ρρ−

ρ−

ρ−

−ζ

−
−

−ζ

−ζ
ρ−

−

−
−

−
−

−
ℜ

−
π

−γ
−

γ−γπ

γγ
τ

−
γ−γπ

γγ
ℜσ

−

−
γπ

−

02
2

1/22
2
2

2

-1
3

1/2
0
22

9

02
2

21/2
1
22

1/2

1/2
1
22

-1
1/2

-1
1/2

1/2
0
22

8

1/22
2
2

-1
3

1/22
2
2

2
2
222

2

7

315
1

2

34314
1

2

332

k15
1

2

k4k14
1

2

k3
k

k

21
2

21

z

k10
1

2

k5
k+1

21
2

21

z

312
1

2

311

313
1

2

35
3

2k12
1

2

k11











































































































































MECHANICSFRACTUREINAPPLICATIONS4CHAPTER

)-i(
i

)-i(

i

φ

φ

0

0

φφ

φφ

k=1

2

k=1

2

Σ

Σ



239

(4.4.47)

,e+12+
e

2+)(2e
+

3e
+

1+
e

)(2
+

e

+

)(

)(e

1)(

)(
tan

1)(

1
tan

1)3(
)(1=)(

(4.4.46),2e+
)(e

+
e

+

)(2e
+

22ee2e
+

1)(

)(
tan

1)(

1
tan

1)3(

3
+

2ee

)(
tan

e3
+

e48
)(tan

6+3
1=)(

(4.4.45),
))((

)(3e
=)(

(4.4.44),
)(
)(1tan

)(1
1

qlq

l

a

la

q

l

al

l

l

lla

la

a

la

q
a

q
zf

qR

qz

q

l

ll

q

hR

h

tal

tal

qsqss

ha

a

la

q

qal
s

s

qsqs

z
a

R
h

qR

zzRR

q
zf

talll

talh
zf

al
ta

tt

)ρ(
)ρρ−(

ρ−
−ρρ

)ρρ−(

−ρ

ρρ−

ρ

−

−
−

−ζ

−
−

−ζ

−ζ
ρ−

−
ρ

ρ−

−

ρ
−

−

−
−

ρ
−ρ−

ρ

ρ

−ζ

−
−

−ζ

−ζ
−

ρρ−
−

ρ

ρ
−ρ−−)(

−

−−

−ρ
−

−
−

−
−

02
2

2
2
21/2

1
22

2
02

2

2
2
22

02
2

2
2
2

1
2

2
2

1/2
1
222

1/2

1/2
1
22

-1
1/2

-1
2

1/2
1/2

0
22

12

2

0
2

22
2
2

1
2

2
2

3

2
0
2

2
2
2

2
2
2

2

0
0

2

0
0

2

2

1/2

1/2
1
22

-1
1/2

-1
2

1/2

1/22
2
2

-1
4

02

0
2

2

0
0

2
1/2

0
22

0

-1
2

0
3

42
0
2

0
4

11

22
2
2

1
2

2
2

2
2
2

10

1/22
2
2

1/2
-1

3/2















































































































loadingsheararbitraryundercrackPlane4.4

i

)-i(

ii

)-i()-i(

i

i

ii

i
i

i
i

ii
i

i

i

φφφ

φ

φ
φφ

φφφφ

φφφ

φ

φ

0

00

φφ

φφφφ



(4.4.52),<for,
))(1(1
]e)[(+tan+

)(1

)(3
tan1=

namely,=0,forsignificantly
simplifyresultsgeneralThequadratures.inloadingtangentialarbitrary

ofcasetheforsolutioncompleteawritetousallowsandfunctions,Green’s
theforexpressionsexplicitthefact,inpresents,4.4.51)(4.4.36solutionThe

(4.4.51)

.ee+
1)(

)(
tan

1)(

1
tan

1)(
+

)(
tan

2e
)(+tan

+
1=)(

(4.4.50),
e)(

)e(3)()(e
=)(

(4.4.49)

,
)(
)(1tan

)(1
3

e

)3+(2e
+

1

)3(

e)(

)(

)(1

)(
=)(

(4.4.48),
))((

)(3e
+

)(

2
+

)(

5
+

15

)(
tan

)15(
e=)(

240

aT
tta

tq/q
RRq

qG

T
ta

t

G

G

RR

G
u

z

s
ha

a

la

q

al
s

qss

z
a

R
h

qR

zR

q
zf

llll

lala
zf

al
ta

tl

tll

t

tll

lll

ala

ta

a
zf

talll

tal

tal

t

tals

sal

s

s

al

s

a
hzf

ρ
−−

−ηη
π

−

η−
−η

π

−

ρ
−ρ−ζ

−
−

−ζ

−ζ

−
−

ρ
ρ−)(

)ρρ−(−

ρρ−−ρ−ρ

−
−

−
−

ρρ−

ρ−ρρ

−

−

)ρρ−(−

−

−

ρ−

−−

−ρ

−−

−
−

−
ρ−

2

02
-12

22
1
2

2
2

-11

2

2

1/2

1/2
1
22

-1
1/2

-1
1/2

1/22
2
2

-1
2

0
01/2

0
22

0

-1

0

2
0
2

16

2
02

2
1
2

2
2

2
2

02
21/22

2
21/2

0
2222

15

1/22
2
2

1/2
-1

3/2
02

2

2
1
2

2
2

0

1
2

2
2

02
2

1
2

2
2

1/22
2
2

3

1/2
0
22

14

22
2
2

1
2

2
2

2
2
2

22
2
22

2
22

41/22
2
2

-1
5

1/22
2
2

0
02

2

13





















































































MECHANICSFRACTUREINAPPLICATIONS4CHAPTER

i

ii

i

)-i(

)-i(i

)-i(

)-i(

)-i(

i

i

φ

φφ

φ

φ

φ

φ

0

0

0

0

0

φφ

φφ

φφ

φφ

φφ



241

intensitystresscomplextheIntroducing.e=relationshipabytorelated

iswhich,+=decompositionthethroughexpressedbecanfactorsintensity
stressmodethirdtheandsecondThe(4.1.14).bydefinedareandHere

(4.4.56)

.>for,
)e(

)e(3e
+

)(

)(
=

(4.4.55)0,=

,(0)+(0)12+

(0)+(0)1+21=

(4.4.54),>for0,=

,<for,
)(1)(

)(3e
+e+

1
))(1(1

+tan1+
22=

(4.4.53)>for,sine)(

)(
tan

e
+

)(
tan1)(2=

,for
1e

+
1

)(=

i
R

a
T

G

G

R

T

a

a

Tf
G

G
TfHA

Tf
G

G
TfHA

a

aT
taa

t

G

G

a

qttaRqR
AH

aTa
aqs

a

a
s

s

a

G

G

a
s

qs
aHw

aT
as

a

G

G

qs
aHw

τττ

τττ
η

ρ
ρ−ρρ

ρ−ρ

−ρπ

ρ−
τ

σ

γ−γγπ

γγγπ
π

σ

ρσ

ρ
−ρ−

−ρη

ρ−
ρ

−−
η)η(γγ

γγ
−γγπℜ

π
σ

ρ)ρ(ρ−−ρ−

−ρρ−ρ
ℜρ−απ

≤ρ−ρℜρ−α

(n)
zz

tzzn
(n)

2
0

0
2

1

2

21/2222

1/2
0
22

z

z

13
1

2

11
3

2166

12
1

2

5
3

216622

1

2222
1

2

22

2
-1

21

21

216621

-1

0

0

2

1/222

1/222
-1

3
0

02

1

2

1/222
-11/2

0
22

3

2

0

0

1

21/2
0
22









































































































loadingsheararbitraryundercrackPlane4.4

i

)-i(

)-i(i

-i-i

-i

-i

-i

φ

φ

φφ

φ

φ

φ

0

0

φφ

φφ



isotropy.ofcasethefor(4.4.51)(4.4.36)solutiontheRederive5.

(4.4.51).(4.4.36)solutiontheDerive4.

(4.4.17).propertytheVerify3.

(4.4.14).ofequivalentisotropictheFind2.

isotropy.ofcasetheinsolutiongeneraltheDerive1.

(2.7.30).withagreementiniswhich

(4.4.59),dd
)e(

),(e)e(3
+

)cos(2+

),(e

)(2

)(
=+

formthetakes
factorintensitystresstheloading,distributedarbitrarilyofcasegeneraltheIn

(4.4.58)

.
)e(

)e(3e
+

)cos(2+

e

)(2

)(
=+

(4.4.56)fromgetsone

(4.4.57)},e){(lim=+

factor

242

⌡
⌠

⌡
⌠

aa

a

G

G

aaa

a
ikk

aa

Ta

G

G

aa

T

a

a
ikk

aikk

pressureuniformundercrackPenny-shaped4.5

−

−

φρρ
ρ−

φρτρ−

φ−φρ−ρ

φρτ

π

ρ−

ρ−

ρ−

φ−φρ−ρπ

ρ−

τ−ρ

4.4Exercise

0002
0

000

1

2

00
2

0
2

00

1/22

1/2
0
22

00

2

32

2
0

0

1

2

00
2

0
21/22

1/2
0
22

32

z
1/2

32













MECHANICSFRACTUREINAPPLICATIONS4CHAPTER

)-i(

i)-i(

-ia

)-i(

)-i(i

-i

-i

φ

φπ

φ

φ

φ

0

0

0

0

a

φφ

φφ

φφ

φφ

→ρ



243

introducedwasnotationtheHere

(4.5.8),
)(

)(
1)(

)(

e2
=

(4.5.7),sin
)(

1)(
)(

2
=

(4.5.6),
)(

)(

1
e8=

(4.5.5)

,sin
)(

)(

1)(

1)+(
8=

(4.5.4),sin))(sign(
1

4=

(4.5.3),
)(

sin
1

e2=

is:solutionTheA4.1.Appendixingivenarederivatives
theAll(2.1.12).and(2.1.6)formulaebyprescribedasfunction,potential
theofderivativesvariousthroughexpressedbecansolutioncompleteThe

(4.5.2)

.)(
32

)sin2+(22=

giving(A4.1.4),functionselementaryincomputedbecanintegralThe
(4.1.4).in(4.5.1)ofsubstitutionbyobtainedbecanfunctionpotentialThe

(4.5.1).)(4=),(

(4.1.12)fromgetsonecasethisIn
=const.pressurethebyopenedberadiusofcrackpenny-shapedaLet

lll

lapa

l
a

ll

alap

lll

all

m
aAHp

l
a

ll

ala

m

m
AHp

l
azlaz

m

m
Hpw

l

ala

l
a

m
Hpu

al
a

la

l
azaHpF

F

aHp

pa

−

−
−γ−γπ

ρ
τ

)(−
−

−
γ−γ−γπσ

−

−

−

γ
−σ

)(−
−

−

−γ

γ−γ
σ

)(−−−

−
−)(−

γ
ρ

−
−

−)(ρ−π

ρ−φρω

1k
2

2k
2

2k
2

1/2
1k
22

k

21

2

z

2k

-1

1k
2

2k
2

1/22
2k
2

k
k+1

21
z

1k
2

2k
2

2k
2

1/22
2k
2

1k
2

k

k2
2

2k

-1

1k
2

2k
2

1/22
2k
2

kk

3
2

kk
2

661

2k

-1
k

1/2
1k
22

k

k

2k
2

1/22
2k
2

2k

-1

k

k

1/22
2
21

22

2

-1222

1/222





















































































pressureuniformundercrackPenny-shaped4.5

i

i
66

i

φ

φ

φ

k=1

2

k=1

2

k=1

2

k=1

2

k=1

2

k=1

2

Σ

Σ

Σ

Σ

Σ

Σ



,
)(

)(
=,

)(

])([
=

,
)(

=,
)(

])([
=

,
)(

])2+(2[)(
=

,
)(

)]22(+[)(
=

,
)(

=,
)(

=,sin=

arenotation
ourinresultstheandfunctions,elementaryincomputedbecanintegralsThese

.dexp)sin(=

,dexp)cos(=

namely,functions,Besselinvolvingintegralsofformthein
themexpressedwhoElliott,ofthosewithagreementinessentiallyareresultsOur

method.transformintegraltheby(1949)ElliottbysolvedfirstwasproblemThe

(4.5.9)=1,2.for,/=

},]+)[(+]+)+{[(
2
1=

},]+)[(]+)+{[(
2
1=

244

⌡
⌠

⌡
⌠

lll

alla
S

la

laaz
S

laa
S

la

laaz
C

ll

lzaaala
S

ll

zaallaa
C

ll

ala
C

ll

laa
S

l
aS

x
a
zx

a
xJxxS

x
a
zx

a
xJxxC

kzz

zazal

zazal

−

−

−ρ

−−

ρ

−−

−ρ

−−

−

−ρ−−

−

−−ρ−

−

−

−

−
)(

)−()ρ(

)−()ρ(

γ

ρ−ρ

ρ−−ρ

1
2

2
2

2

1/22
2
2

1

2
1

1/2
1
222

21/2
1
22

1
2

1/2
1
22

1
1

1/2
1
22

1/2
1
22

1
1

3
1
2

2
2

1
422221/22

2
2

3
0

3
1
2

2
2

2222
2
41/2

1
22

3
0

1
2

2
2

1/22
2
2

2
0

1
2

2
2

1/2
1
22

2
0

2

-1
1
0

m
n-2

0

n
m

m
n-2

0

n
m

kk

1/2
k
221/2

k
22

2k

1/2
k
221/2

k
22

1k

MECHANICSFRACTUREINAPPLICATIONS4CHAPTER

∞

∞



245
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theinsignificantlychangenotdoesofvaluethethatnoteworthyisIt4%.

is(4.8.16)oferrorthewhileonly,0.5%bydiffersresultourthatso0.2375,is
HarringtonandOkonbyresultthehexagon,regularaofcasetheInformula.

ourfavoursalsowhich0.2258issquareaforHarringtonandOkontodueresult
numericalThe6.7%.byerrorinisFridbergandFikhmanastodue(4.8.16)

formulawhile3.6%byerrorinis(4.8.15)formulaourthenexact,as=0.2274
squareaforCohnbyresultexperimentalthetakesoneIftriangle.equilateral

anfordataanyfoundnothaveWeaccurate.moreisonewhichestablish
toimportantisitsosignificant,quiteissmallfordiscrepancytheircircle,
aforresultexactsamethegivecaselimitingtheinformulaebothWhile

presentedarecomputationsrelevanttheHere
(4.8.16).and(4.8.15)todueresultsnumericalthecomparetointerestofisIt

(4.8.16).)/cot(
3
4=

ab
OyOx

ba

AHpww

n

n
n

n
n

)ε(
ε
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≤ε
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∞≤
τ
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π
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Rectangle2:Example
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6.0-1.2-1.4-1.4-1.7-1.7(%)discrepancy
0.19730.2660.30920.33660.3520.357=(4.8.3)formula
0.2100.2630.3050.3310.3460.351=Okon

0.83330.66670.50000.33330.16670.=/

0.02.63.34.56.510.017.3(%)discrepancy
0.23940.23310.23120.22800.22270.21220.1862=(4.8.16)formula
0.23940.23920.23910.23880.23800.23570.2251=(4.8.15)formula

876543=

∗
∗

ρ

τ
τ

∞

w
walet
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toreducescasethisin(4.8.14)Formula1./=ratioaspecttheIntroduce
respectively.andaxesthealongsemiaxesitsbeingandrhombus,

aisdomainthewherecasetheConsider.

case.two-dimensionalthetocloseveryisdirectiontheinshape
crackthethatfactthetoattributedbemaywhichboundarythetocloseeven

agreementgoodahereobserveWe=0.025.foraxisthealongcomputed
datatheareHere>0.625.zonetheforexceptbadnotisagreementThe

=0.025.foraxisthealongcomputeddatatheareHere)./2
forstandsbefore,(as=0.5ratioaspectwithrectangleaforSmedtDefrom

communicationpersonalainreceivedresultsnumericalthewith(4.8.3)todue
displacementsdimensionlessthecomparealsocanWecorrect.isestimate

whichknowtoseemsnobodymomentthisAt-7%.byerrorinisFridberg
andFikhmanasbyresultthewhile8%byerrorinisresultournow0.1142;is

=0.1forofvaluehisexample,Fordifferent.bemightconclusionthethen
correctasSmedtDefromcommunicationpersonalainreceivedresultsnumerical

thetakeweinsteadIf<0.5.foraccuratemoreisFridbergandFikhmanasby
formulathewhile0.5forbetterperformsformulaourthenexactbetoCohn

ofresultstheassumesoneIfCohnofresultsexperimentalthewithcompared
(4.8.18)and(4.8.17)toduecomputationsofresultsthebelowpresentWe

(4.8.18).
)+(13

4
=
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ab
OyOxba

S

Oy

x/aOy
x/a

y/bOxAHpw
w

w

≤ε

π
∗ε

∗

ετ

ε
≥ε

επ
ε

τ

Rhombus3:Example

-1.21.40.80.40.20.1(%)Discrepancy
0.09870.16660.24030.28240.30620.3158*=(4.8.3)formula
0.09760.16900.24240.28360.30670.3161*=SmedtDe
0.47500.42500.32500.22500.12500.0250=

17.515.29.04.21.20.1(%)Discrepancy
0.07030.17870.24690.28620.30810.3158*=(4.8..3)formula
0.08520.21070.27130.29890.31180.3161*=SmedtDe
0.97500.82500.62500.42500.22500.0250=

6.76.74.40.1-1.1-1.3-1.5(%)discrepancy
0.21220.21000.20010.17880.15820.14290.1220=(4.8.18)formula

-3.7-2.6-0.72.36.69.512.7(%)discrepancy
0.23570.23090.21080.17490.14620.12770.1049=(4.8.17)formula
0.22740.22510.20930.17890.15650.14110.1202=experiment
1.00000.75000.50000.30000.20000.15000.1000=
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angles.sharpwithdomainsforholdnot
doeswhich(4.8.3)insingularityrootsquareaofassumptionthetoduemainly

isThisaxis.majorthealongmadeiscomparisontheifworseisagreement

The)./2forstands(sideitstoparallellinecentralaalong
computeddatatheareHere(1981).HarringtonandOkontodueresultsimilar

awith(4.8.3)ourtoduedisplacementsnormalthecomparealsocanWe

data.numericalthetocloseverybeingaveragetheirbound,
lowertheprovides(4.8.20)formulaandbound,upperthegivetoseems(4.8.19)

formulathatnoteworthyisItours.favourssetsecondthewhileaccurate,
moretheisFridbergandFikhmanasbyformulathethatsuggestsdataofset
firstTheyet.asdatareliablereallynoistherethatfacttheunderlinetoorder

indataofsetsbothpresentedhaveWe=tanangletheoffunctionaas

givenisLeefromreceiveddataThe(4.8.20)and(4.8.19)formulaetocompared
asreceiveddatatheareHereLee.andSmedtDefromcommunications

personalindataofsetstworeceivedhaveWe8.9%).(discrepancy0.1898
gives(4.8.20)formulawhile6.7%)(discrepancy0.2222isresultOur=0.2082.

asHarringtonandOkonbynumericallyfoundwas=0.5ratioaspectthe
withdiamondaforpolarizabilityelectricalofcoefficientTheplanform.rhombus

awithcrackatorelatedresultanyliteraturemechanicstheinfindnotdidWe

(4.8.20).
)+(13

22
=

isFridbergandFikhmanastodueresultThe

(4.8.19).
)+3(1

2
=

AHpww π∗

εα

τ
ε

επ
ε

τ

ε
ε

τ

-1

1/22

shapegeneralofcrackFlat4.8

6.76.98.510.111.813.715.8(%)Discrepancy
0.2120.2110.1970.1860.1700.1500.124=(4.8.20)formula
-3.6-3.8-5.2-6.3-8.1-10.6-14.2(%)Discrepancy

0.2360.2350.2270.2200.2090.1920.168=(4.8.19)formula
0.2280.2260.2160.2070.1930.1740.147=Lee

45.40.30.25.20.15.10.(deg.)=

4.14.46.99.812.815.1(%)Discrepancy
0.2120.2100.1900.1640.1320.094=(4.8.20)formula
-6.6-6.8-9.0-12.0-16.4-21.9(%)Discrepancy

0.2360.2340.2220.2040.1760.136=(4.8.19)formula
0.2210.2190.2040.1820.1510.111=SmedtDe
1.0000.8000.5000.3330.2000.100=

τ

τ
τ

α

τ

τ
τ

ε



Okonbypresentedsemi-circleafordistributiondensitypolarizabilityelectrical
theofplottheobservingbyobtainedbecanmethodnewtheofcorrectness
ofconfirmationadditionalAn4.3%).(discrepancy=0.2069is(4.8.23)
todueresultTheone.mentionedpreviouslythetoidenticalpracticallyis

which=0.2163is(4.8.22)todueresultOur=0.2161.asHarringtonandOkon
bycomputedwassemi-circleaforpolarizabilityelectricalofcoefficientThe

(4.8.23).
)sin+(3

sin2
2
14

=

givesFridbergandFikhmanastodueformula
Thekind.secondtheofintegralellipticincompletetheforstands),E(where

(4.8.22).
cos

sin+
1

),E(+sin

sin2
2
13

4=

gives
(4.8.12)and(4.8.6)in(4.8.21)ofFeeding.)cos/(sintan=where

(4.8.21),+for,
)cos(

cos=)(

and
,<2+or0for],sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

.
2sin

2
13

sin2
=

where,=bydefined
isgravityofcentertheoflocationThepresented.theorytheofaccuracy

thewithcomparableerroranwithgravity,ofcenterthewithidentifiedbecan
centercrackthethatshowcomputationsnumericalDirectparameters.segment

thebe2angletheandradiustheLet.
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3.3-3.40.5(%)discrepancy
0.24840.31420.3333=(4.8.3)formula
0.2570.3040.335=Okon

0.66670.33330.=/
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:forobtainedbecanexpressionfollowingThe

,)(24=

asexpressedbecanareaThe1./=asratioaspectthe
Introduce.2and2sideswithrectanglesequaltwoofintersectionorthogonal

anbyobtainedconfigurationcrackaConsider.

bound.lowerthegivesFridbergandFikhmanasdueformula
thewhileforbounduppertheprovidessegmentandsectorcircularaofcases

particulartheintheoryourthatisimpressiongeneralThesemi-circle.afor
thatthangreaterisquadrantaforofvaluethethatnoteworthyisIt7%).

(discrepancy=0.2107gives(4.8.25)formulaand1.7%),(discrepancy=0.2308
gives(4.8.24)formula=0.2269,quadrantaofcasetheinobtainedHarrington

andOkonaccurate.moreisformulawhichsaycannotwesoauthorsother
byconsideredbeennothascaseThis.=radiusthealongbondedfacesits

haswhichcrackcircularahavewe:approacheswhencrackpenny-shaped
aofcasethehavereallynotdowethatfactthetodueisThis.=when

circleaforvalueexactthetoreduce(4.8.25)nor(4.8.24)neitherthatNote

(4.8.25).
)+(13

4
=

reads
FridbergandFikhmanastodueformulaThe.)/(cossintan=Here,

(4.8.24).
sin

)cos(+cos+
1

),E(+sin
3

4=

resultfollowingthe
toleadsparagraphprevioustheindescribedproceduretheofRepetition(4.8.6).

integraltheforconditionminimumthefromfoundbeshouldofvaluethe
,>0.6or<0.1rangetheIn)./(32sin=bydefinedisofvaluethe

casethisIn.<0.6<0.1forgravityofcentertheatlocatedbemaycenter
crackthethatshowcomputationsNumericalcenter.circle’sthefromdistance

aatsymmetryofaxistheonlocatedbetoassumediscentercrackTheangle.
polartheandradiusitsbe2andLet.

.0.42atlocatedissemi-circletheofgravityof
centerTheclose.veryiswhich0.48atcoordinateitsgives(4.8.6)integralthe

ofminimizationtherequiringcentercracktheofdefinitionOurcenter.circle’s
thefrom0.47distanceaatlocatedismaximumIts(1981).Harringtonand

aA
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kk
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≤ε

τ
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Cross6:Example

sectorCircular5:Example
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atlookAconjecture.thedisprovetowayoneindicatecanWe.
or,eithernamely,holds,inequalitiestheofonecontourarbitrary
anforconjecture:atoleadswhichrespectively,boundslowerandupperas
actformulaethesensethisIn(4.8.13).FridbergandFikhmanastodueformula
thebyand(4.8.12)ourbygivenresultsthebetweensandwichedisresult

exactthethatindicateconsideredexamplestheofmajorityThe

square.atocomparedas0.7ratioaspectthewithcrossaabout
madebecanstatementsimilarAsemi-circle.aofthatthancircleaofshape

thetoclosemoreisquadrantaofshapethethatfactthetoduemainlyis
thisandsemi-circle,aforthatthangreateralsoisquadrantaforofvaluethe
thatindicatecanwebutnot,isbehaviordataotherthewhilecorrectis(4.8.26)

ofbehaviorquantitativethethatclaimtoproofrigorousnohaveWemonotonic.
aredataremainingThe0.7.forobservedismaximumflatrelatively

amonotonic:notis(4.8.26)bydefinedfunctionthethatnotedbeshouldIt

methods.numericalreliable
moreandnewsomedeveloptoneedaisthereandcrudetooaremethods

numericalexistingthepoint:oneprovesthisAll11%.byresultexperimental
thefromdifferswhich=0.08347is=0.1forresulthisexample,Forcorrect.
areSmedtDefromcommunicationpersonaltheinreceivedresultsnumerical
theifwrongbemightconclusionThisbound.lowertheprovidesFridberg
andFikhmanastodueformulathewhileforboundupperthegives(4.8.26)
ourthatisimpressiongeneralThereliable.verynotdatatheallmakingthus

largetooisdisagreementdatathesincediscrepancythecomputenotdidWe

SmedtDefromcommunicationpersonalinreceivedthoseand(1977),BladelVan
andMeulenaereDebyresultsnumericaltheandCohnofresultsexperimentalthe

tocompared(4.8.27)and(4.8.26)formulaebygivenresultsthepresentweHere,

(4.8.27).
3

)(22
=

isFridbergandFikhmanastodueformulaThe

(4.8.26)
1})]+{[2(162

2
=
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τ≥τ≥τ
τ≤τ≤τ

≈ε

τ

≈ε

τε

τ

π
ε−ε

τ

−εε−
ε

τ

Discussion.

13exact12

13exact12

1/22

0.21220.20790.19440.16980.15150.12730.0925=(4.8.27)formula
0.23570.23720.23760.22520.20780.17770.1284=(4.8.26)formula
0.22120.21930.20840.1767–0.11830.0835=SmedtDe
0.2380.230.220.19–––=MeulenaereDe

0.2274–––0.16090.13330.0942=experimental
1.00000.80000.60000.40000.30000.20000.1000=
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getsfinallyone

0=I

conditionextremumtheFrom.of
functionaasconsideredbecanwhichfunctionalaobtainwe(4.8.28),inthem

substitutingandrespectively,(4.8.7)and(4.8.5)bydefinedareandwhere

,+d
)(

)(

4
1

Taking

(4.8.28).dd
)(

)(
)(

4
1+)d()(2=)(

(4.1.9)ofsolution
exacttheatstationaryisfunctionalfollowingThe1960).(Noble,approach

variationalthewithcombinationin(4.8.7)harmonicfourththeconsideration
intotakingbyimprovedbecan(4.8.12)formulaofaccuracyThe

reader.
interestedthetoleftisandconjecture,thedisprovetoorprovetorequired

iseffortsignificantA1986e).(Fabrikant,inpresentedintegralstwo-dimensional
singularofevaluationaccurateformethodtheofbasistheonachieved

becanThisaccuracy.ansuchoffercantechniquesnumericalorexperimental
existingtheofnonemomenttheatbutconjecture,thedisprovewouldthis

thenexactis0.1789valueexperimentalthethatsurebecouldweIf0.1788.
and0.1749betweenbeshouldofvalueexactthe=0.3forthatseecanone

Section,previoustheoftabletheFrom0.18576.isofvaluecorresponding
The=1.propertyobviousanwith=2.8716,and=0.3482yieldswhich

,
16

1624
=

ratioaspecttheofvaluethegetsone(4.8.18),
and(4.8.17)equatingByresult.samethegiveand,are(4.8.18)and

(4.8.17)formulaebothwhichforofvalueabeshouldtherethatmeansThis
(4.8.18).formulatheforvice-versaandunity,tocloseforboundupperthe

giveshoulditand,ratioaspectsmallforboundlowerthegiveshould(4.8.17)
formulaourthatindicatesSectionprevioustheinrectangleatorelatedtablethe
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,dd
),()])([(

tan2=),(

pressureinternal
theanddisplacementsthebetweenestablishedbecanrelationshipfollowing
thecrackpenny-shapedaofcasetheinthat4.1.13)example,for(see,known

isItcase.generalaforpresentedbecanconsiderationsSomepressure.crack
uniformaofcasetheonlydetailinconsideredhavewesectionthisIn

accuracy.bettersomewhatwortharecomputations
cumbersomemorethewhetherdecidetouserthetoupisIt.ratio

aspectsmallveryawithdomainsforobservedbeusuallycanThisdeteriorates.
accuracythewhenexamplesfewaquitefindcanonecontrary,theOn

accuracy.theimprovealwayswillapproachvariationalthethatproofnoisThere
.smallforsufficientnotstillisimprovementthethoughaccuracy,theimprove

doesapproachvariationalthethatindicatesearlierpresentedonecorresponding

awithtablethisofComparisonCohnofresultsexperimentaltheagainst
belowpresentedarerectangleafor(4.8.29)toduecomputationsofresultsThe

.d)sin4(=,d)cos4(=

,
)(
dsin4=,

)(
dcos4=

introducedwerecharacteristicsgeometricalfollowingtheand

,
5

)+3(
=

where

(4.8.29),
)(13

8=
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

-0.2-0.3-1.50.25.28.612.3(%)discrepancy
0.22780.22570.21250.17850.14840.12900.1054=(4.8.29)formula
0.22740.22510.20930.17890.15650.14110.1202=Cohn
1.00000.75000.50000.30000.20000.15000.1000=
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followingtheexpression,lastthein(4.8.3)substitutingBy.pressureuniform
atosubjected),(2and2dimensionsofcrackrectangularaConsider

.)(22=

namely,factor,intensitystressthe
anddisplacementsopeningcracktheofvalueslimitingthebetweenrelationship

asymptotictheofuseMake1977).(Weaver,toclosearewhichresults
givetoderivedbemayformulaesimplesomethatshowcanwebutsection,this

ofscopemainthebeyondwasfactorsintensitystresstheofInvestigation

crack.generalaforusefulisexpression
lastthewhethershowwillresearchfutureThecrack.theinsidevaluesits

throughdirectlycrackcircularaoutsidedistributionstressnormalthegiveswhich

,
)cos(2+

dd),(])([

)]([
1=),(

expressionfollowingtheaboutmadebecanstatementsimilarAfurther.
investigatetoworthis(4.8.30)expressionthatclearquiteitmaketheybut

conclusively,anythingprovenotdoexamplesthesecourse,Of5%.exceednot
doesdiscrepancytheand=0.3411,(3/2)isCohnofvalueexperimentalthetodue

resultsimilarawhile)=0.3572,)ln(1+2(4/as(4.8.30)fromcomputedbecan
centreitsat*displacementdimensionlessthesquareaofcasetheIn0.5.

ratioaspectwithellipseanfor7%exceednotdoesexpressionapproximate
theoferrorthethatshowscomputationDirect=0).(circleaofcasethe
incoinciding,smallforothereachtocloseareresultsBoth.=2
isresultexactThe.)/=(1andkindfirsttheofintegralelliptic

completetheiswhere,)=(8/is(4.8.30)todueresultThe.
pressureuniformaunder)>ellipse,theofsemiaxestheareand(crack
ellipticalanofcentretheatdisplacementthecomputeusLetexample.

anisHereunity.fromawayfarnotisratioaspectwhosecracksofloading
generalaforaccuratesufficientlybewillitthatbelievetoreasonisthere

book,thisofscopethebeyondis(4.8.30)ofinvestigationcompleteaThough
(4.8.30)

.dd
),(

)(

)])()()([(
tan2=),(

naturalbetoseemsformula

lasttheofgeneralizationfollowingThe).cos(2+=where
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representationfollowingtheusesmethod
Thesection.previousinusedmethodthebyobtainedbecancrackgenerala
for(4.4.14)ofsolutionanalyticalapproximateAn).(ofexpansionFourierthe

fromvanishwillharmonicfirstthethatsoorientationaxiscoordinatethechoose
alwayscanWefunction.continuoussingle-valuedais)(where),(=

equationthebycoordinatespolarindescribedbeboundarycracktheLet

shape).generalofcrackflata
withspace,elasticanof(Bending-coordinate.thetoproportionalmagnitudeits
withloading,normaltosubjectedcrackflatgeneralaofproblemtheSolve5.

5%.)exceednotdoeserrorthewhichforsemiaxes,ellipseofratiothe(Find
crack.ellipticalanfor(4.8.30)formulaofvalidityofdomaintheFind4.

above.
’Discussion’sectiontheinexpressedconjecture,thedisproveorprovetoTry3.

(4.8.14).Establish2.

(4.8.5).Derive1.

1987c).(Fabrikant,shapegeneralofapertures
smallofpolarizabilityelectricalofinvestigationtheinusedisapparatussame

The1988d).(Fabrikant,insolvedisscreensoftainshapegeneralofaperture
anthroughpenetrationsoundofproblemequivalentmathematicallyThe

out.pointedarecracksellipticalforfactorintensitystressthedefining
in1975)Sih,and(Kassirofinconsistenciessomewhere1987f)(Fabrikant,paper

thetoalsoreferredisreaderThe.valueits(1977)Weaverbypaper
thein;)(aszerototending,withshoulditformulaourto

accordingside:shorterthealongfactorintensitystressdimensionlesstheofvalue
theis(1977)WeaverofresultsthewithdiscrepancyonlyTheslit.stripinfinite
anofcasetheinbeshoulditas1,is0)(asfactorintensitystress

theofvaluelimitingthethatindicates(4.8.17)ExpressionWeaver.ofresult
thetocloseveryiswhich=0.98issidelongertheofmiddletheatresult
our=0.3,ofcasetheIn3%.aboutofdiscrepancythewith0.73,about

isWeavertodueresultThe0.2357=0.7071.=3giveformulaeoursquarea
ofcasetheIn.)(=3sidelongerthealong;=3sideshorterthealong

]:)(/[=factorintensitystressdimensionlesstheforobtainedareformulae

272

a

aa

x

increases
b/ab/adecrease

b/a

b/a

a/b

bpk

shearuniformundercrackGeneral4.9

φ

φφρ

→κ→

κ

×κ
τκτκ

πκ

4.8Exercise

1/2

1/2

1/2
1

MECHANICSFRACTUREINAPPLICATIONS4CHAPTER



273
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centretheLetintersect.notdocracksThecracks.circularlocatedarbitrarily
by=0planetheinweakenedspaceelasticanConsider

considered.areexamplesillustrativeSeveralinteractions.closeveryofproblem
thetosolutionnumericalexactpracticallyaobtaintoalsousallowsmethod

Theproblem.thetosolutionaccuratesufficientlyafact,inprovide,they
thatclosesoareboundstheseapart,fararewhichcrackstheofcasetheIn

interest.ofquantitiestheforboundslowertheanduppertheobtaininginonly
interestedisoneifequationsintegralthesolvetoneednoisthereinteractions;

closeveryforevenconvergentrapidlyisprocedureiterationthenon-singular,
areequationsthemethods:otheroveradvantagesdefinitehavewhichderived,
areequationsintegralgoverningThepressure.normalarbitraryanofaction
theundercrackscircularcoplanarlocatedarbitrarilyseveralbyweakenedspace

elasticanofanalysisstresstheforhereappliedismethodgeneralThe

torsion.tosubjectedcrackflatgeneralaofproblemtheSolve5.

crackcross-shapedaforproblemtheSolve4.

crack.semicircularofcasetheConsider3.

(4.9.6).Establish2.

(4.9.3).Derive1.

shapes.crackvarious
forissolutiontheaccuratehowsaytodifficultisitthereforeloading,shear

undercracknon-ellipticalatorelateddatareliableanyliteraturetheinfind
notdidWeellipse.anforis4.9.5)(4.9.4bygivensolutionthe(4.9.3),
ofnatureapproximatethedespiteandonly,)}(min{circleainsidevalid
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values
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(4.10.3)
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result
thewith(4.10.4),inintegralsecondthetotheoremvaluemeantheapplycan
we,insignchangenotdoesSince(4.10.4).equationsintegralthesolving

withoutinterestofquantitiestheallforestimationcentralaccuratereasonablya
andboundlowerthebound,uppertheobtaincanonethatshowweHere

iteration.bynumericallysolvedbecan(4.10.4)equationsofsetThecrack.
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(4.10.8)
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interactions.
crackcloserelativelyforevensolutionaccuratesufficientlyagivesestimation

centralthethatshownbewillIt.==tocorrespondswhich
consideralsoshallWeaccurate.leasttheasconsideredbeshould

cracksequaltwoofcasetheveinthisInsharper.estimationsthemaking
thusonly)cracksunequalofcasethe(inforvariationadmissibleofrangethe

narrowsidentityThis.=identitytheimplieswhichtheoremreciprocal

theusingbysharpenedbecanestimationsThe.+=and+=
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boundupperThe.+and,+andbetweenvariesHere
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].)sin/[(=sin,)cos2+=(variablesnewtheintroducedhaveweHere
(4.10.16)
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iterationofproceduretheforexpressionconvenientagives
(4.10.4)in(4.10.15)ofSubstitution.),(callshall
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fromclearisIt.=namely,volume,itstoproportionalisenergycrack

thepressure,uniformaofcasetheinthatNote.+andbetweenvaries
andcrack,solitaryaofvolumetheofhalfaforstands=(8/3)Here

(4.10.13).sin2=,
1

===

then,==ifand
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iterationsixththeand2%,thanlesserrorrelativemaximumthehas1with
iterationfirsttherapidly:convergesandradius),itsof0.0005toequaliscracks

thebetweendistanceshortestthewhencasethetocorresponds(which=2.0005
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energy,cracktheofestimationcentraltheofaccuracyThe10%.about
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estimationcentraltheofaccuracyThe(1963).Collinsbyformulaethe
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theAllload.uniformsametheundercracksolitaryaoffactorintensity

stressthetocracksinteractingtheoffactorintensitystresstheofratiothegives

4.10.1TableinlinefirstThedata.additionalforpaperoriginalthetoreferred
isreaderThe.=2.0005withconsidered,interactionclosestthetorelatedtable,

abbreviatedonejusttohereourselveslimitWe.ofratiovariousfor1987g)
(Fabrikant,inpresentedare),(functioninteractiontheofvaluesThe

cracks.betweendistancesmall
arbitrarilyanforconvergenttheoreticallyisprocedureiterationthethatprobable

seemsitproof,rigorousahavenotdoweThougherrors.terminalgivingfailed
integrals,thecomputetousedwaswhichlibrary,IMSLfromDBLINsubroutine
standardthebecausebutnon-convergence,ofbecausenot,=2.0005thancloser

gonotcouldWe.10thanlesserrorrelativemaximumwithexactpractically
is=10foriterationfirsttheexample,Forincreases.cracksbetweendistance

theasimprovesiterationfirsttheofaccuracyThe.10thanlessbecomeserror
relativemaximumthesincesolutionexactanaspracticallyconsideredbemay
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φρ
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-7
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1.048841.048841.048841.048841.048841.048841.048840.00000
1.044111.044681.046301.048721.051411.053581.054420.08333
1.040071.041011.043821.048361.053961.058991.061080.16667
1.036571.037751.041421.047771.056461.065191.069130.25000
1.033531.034861.039111.046961.058831.072341.079030.33333
1.030861.032281.036921.045971.061031.080581.091460.41667
1.028501.029961.034831.044821.062991.090121.107430.50000
1.026421.027881.032871.043531.064641.101171.128650.58333
1.024551.026011.031021.042141.065931.113961.158120.66667
1.022891.024311.029281.040671.066821.128701.201760.75000
1.021391.022771.027661.039161.067281.145601.273660.83333
1.020031.021371.026141.037611.067291.164791.421350.91667
1.018811.020091.024711.036051.066861.186342.775771.00000

180.150.120.90.60.30.0.

=2.0005forfunctioninteractionThe4.10.1.Table
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crackstheinsideactpressureuniformaandcrack,centraltheupopen
pressureuniformaLetapex.itstocentrepolygonthefromdistancethebe

Letpolygon.theofapicestheatlocatedcentrestheirwith,radiusofcracks
bysurroundedpolygon,regularaofcentrethewithcoincidingcentreits,
radiusofcrackcircularaConsider.

crack.solitaryaoffactorintensitystresstheforbefore,asstands,where

,
]cos2)2()(+[)(

)(+
2

+1=)(

bydefinedbewillfactor
intensitystresstheexpression,previoustheofconsequenceimmediateanasand,

,
]cos2)2()(+[)(

)(+2+

4=),(

(4.10.6)toaccordingform,thetakewilldisplacementopeningcrackThe
crack.solitaryaofcasetheforresultcorrespondingtheis=(8/3)where

(4.10.18),

sin
(

41

=

resultthewith

,sin
(

4+
3
8=

equationsingleaby(4.10.8),toaccordingdefined,becan
2volumeopeningcracktheforestimationcentralThe.pressureuniforma
byopenedarecracksThe.becentrescrackadjacentthebetweendistancethe

and,beradiuscracktheLet.

quantities.theallforestimation
centraltheonlyconsidershallwefollowtoexamplestheInsection.next

theindetailmoreindiscussedisandbetter,muchis(4.10.13)tocorresponding
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1)(4=),(

resultthewithperformed,becan(4.10.20)insummationthe,=2Assuming

(4.10.20)
)cos(2+

1
)(4

+

1)(4=),(

(4.10.6),toaccordingare,displacementsopeningcrackcentralThe

.sin
)(

2=,sin
)(

2=

,sin
)(

21=1,=

where
(4.10.19)

,
+

3
8=,

+

3
8=

issolutionThe).sin(=2andrespectively,crack
apextheandcrackcentraltheofvolumetheofhalfdenoteandwhere

,sin
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sin
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3
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,sin
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3
8=

equationstwojustbydefinedbecanvolume
openingcrackthesymmetry,systemthetoDueapices.polygontheatlocated
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notationourinreads
itandcracks,equaltwoofcasetheforeasilyderivedbecoulditbutexplicitly

factorintensitystressthegivenotdidHesource.reliablemostthestillbe
toseemsago,years23publishedthough(1963),CollinsbypaperTheliterature.

theinavailablethosetoresultsourcomparetointerestofisIt

.
)]+cos(2++[)(

+

)cos2++()(4
1+1=

aswrittenbecanfactorintensitystressThe
.1)/(=2and],1)/(sin[=2(4.10.19);bydefinedareandwhere
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+

)cos2++()(4
1+1)(4=),(

aredisplacements
openingcrackTheapex.itswithcentrepolygontheconnectinglinethe

withcoincidingaxispolartheandcentrecracktheatoriginitswithcoordinates,
polarofsystemlocalainvalidareexpressionsfollowingThecharacteristics.
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isenergycrack
theforexpressionOurcrack.solitaryaofenergytheis=(8/3)where

,...+
15
32+

7
18+

9
4+

5
6+

3
2+1=

cracksequal
twoofenergycracktheforexpressionfollowingthegave(1963)Collins

result.theiroftermthirdtheinmissingis2factorathatnoticeshouldOne

.cos
3
2+

3
2+1=

is(1971),Panasiuk
andAndreikivtoduefactor,intensitystressThe.>2.5for0.9%thanless
bydiffersand,<<2rangewholethein3%thanmoreby(4.10.21)Collins’

fromdiffernotdoes(4.10.14)tocorrespondingestimationcentralthethatshow
computationsDirectliterature.theinreporteddistanceshortestthetocorresponds

which2.5for1%withinaccurateis(4.10.21)thatindicateresultsnumerical
thecentres,theirbetweendistancethethansmallermuchisradiuswhose

crackstheforonlyvalidareresultshisthatassumedhimselfCollinsThough
terms.commonfewaquitereveals(4.10.22)with(4.10.21)ofComparison

(4.10.22)....+
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3
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2
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3
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notationourinreadscracksequaltwoforresultHis
(1982).Ioakimidisbyderivedboundupperthewith(4.10.14)bydefinedfactor

intensitystresstheforboundupperthecomparetointerestofalsoisIt

4.10.1.)Tableexample,for(see,effects
interactionoflocalizationsharpthetoduemainlyisthisinteractions;close

veryforevensmallrelativelyisinteractioncrackthetodueincreaseenergy
Thesolution.numericalourofaccuracytheemphasizetoorderinpresented
areresultsCollins’radius.theirof0.001toequaliscracksthebetween

distanceshortestthewheninteractioncloseaforeven3%underis(4.10.23)
estimationcentraltheoferrorthethatconfirmsIt.ofvaluesthedisplays

4.10.2Tablelower.slightlybeingoursresult,Collins’tocloseveryiswhich
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0.01.0002161.0002161.0002141.0001611.00029410.000
0.01.0018351.0018341.0017641.0010091.0035265.000
0.11.0100351.0099001.0088091.0035261.0354323.000
0.41.0200671.0191601.0161201.0053701.1171322.500
1.01.0353991.0314131.0250911.0071501.4983502.200
1.51.0452761.0379081.0296371.0079212.9653662.100
1.91.0524111.0418611.0323521.008349–2.050
2.31.0580661.0445101.0341521.008621–2.020
2.41.0603781.0454441.0347831.008714–2.010
2.51.0616941.0459211.0351051.008762–2.005
2.61.0629761.0463081.0353661.008800–2.001
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byderivedequationsintegralgoverningofsettheishereexample,Forpoints.
severalbetweendistancesinvolvingintegralsvariousofcomputationofmethod

theusingbysignificantlysimplifiedbecanresultsknownwellSome

configuration.polygonaltheforresults
ourwithcomparetoliteraturemechanicstheinresultanyofawarenotareWe

Collins.byonecomplicatedveryaasaccurateasalmostissolutionapproximate
simpleourthatonlymeansitaccurate;soisestimationcentralthethatmean

notdoesthiscourse,Of.<2.001ofrangewholethein2%thanmore
by(4.10.26)fromdiffernotdoes(4.10.27)Our1987g).(Fabrikant,infound
becan(4.10.27),and(4.10.26)ofbasistheoncomputed,ofvalueThe

(4.10.27)

sin
)(
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=

is(4.10.18)todueexpressionOur
(4.10.26)
...)+0.8083+1.6507+0.2603+0.7921+0.5102+(1=

cracksequalofrowinfiniteanofcase
theinenergycracktheforexpressionfollowingthegave(1963)Collins

25%.aboutoferroranwith,=1.269
is(4.10.24)ofresultthewhile10%,oferroranwith=1.127givesbound

upperOur.=1.0234readsresultexactthe=3Forexample.numerical
aisHere.2hasIoakimidiswhiledenominatortheinhavewe

sharper:isestimationourwhyexplains(4.10.25)with(4.10.24)ofComparison

(4.10.25)
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,
)()(

tan
2

2
=

)]cos(2+[

dd

)cos(2+

1

)(

)(

integraltheofuseMakingfunctions.elementaryinpresented
bekernelitsthatsosimplifiedbecan(4.10.28)thatshowusLetinclusions.

thebetweendistancessuchatinteractionnoalmostistheresincevalue,practical
littleofiswhichapart,farareinclusionsthewhencasetheforsolution

approximateangivetomanagedhave(1986)al.etPanasiukimpossible.
tonextsolutionnumericalanymake(4.10.28),equationintegraltheofkernel
aiswhich(4.10.29),inintegralsquadrupleanddoubleThe.outsideareathe

denotesandinclusion,ththeofcrossectionmedianofradiustheisHere

(4.10.29).dd
)(+)(

))(,(

]})(+)][(+{[
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dd),(
=),(
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integraltheand),(crossection,medianitsisinclusion,ththe

ofboundarytheatdisplacementnormaltheisfunction,knownaisHere
(4.10.28)
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bending.
thetodueclosenotdocracksthatsostretchedspacetheAssumespace.

elasticanofbendingthetoduecrackstwoofinteractiontheConsider5.

microcrack.awithcrackaofinteractiontheConsider4.

(4.10.16).equation
integralthetoappliedprocess,iterativeanofconvergencetheInvestigate3.

theorem.reciprocitythewithcombined
4.2sectionofresultstheapproach:alternativeanusingby(4.10.4)Rederive2.

(4.10.4).Derive1.

analytically.ornumericallyiterationbysolved
easilybecanitnowthatsignificantlyso(4.10.28)simplifyresultsaboveThe

.>for,
)]cos(2+[)(

)(2=

)]cos(2+[

dd
tan1

(1.6.19)fromobtainmayoneIndeed,functions.
elementaryin])(+)[(computealsocanWe(4.1.14).by

definedareandthatremindedisIt(4.10.29).thansimplermuchiswhich

,dd),(tan12=),(

namely,significantly,coordinates
polarinsimplifiesoperatorintegraltheand,inintegrationtheperform

(4.10.29),ofintegralsecondtheinintegrationoforderthechangecanone
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forcesconcentratedunitthewithconsiderations,Similarrespectively.facescrack
ththeandfirsttheofdisplacementstangentialunknownyetastheareand

,,andforces;unitsamethetoduefacecrackfirsttheofdisplacements

tangentialtheareandaxis;thetoparalleldirectionthe
incrackfirsttheofpointarbitraryanatappliedforcesconcentratedunitofpair
atoduedomaincrackththeintractionssheartheforstandandHere

(4.11.1)

.)d+(=d+d+

theorem:reciprocaltheusingbyobtainedbecanequationintegralfollowing
The4.4.sectioninderivedcrackcircularisolatedanforfunctionsGreen’sthe
usetousallowwillchoiceThisbody.infiniteaninone)(numbercracksingle

aasbehavewouldsystemwholethethatsofaces,cracktheatdiscontinuity
displacementzeroprovidetoassochosenaretractionsThesecracks.remaining

thetoandtractionsshearapplyalsoWe.axisthetoparallel
and),,(coordinatespolarwithpointtheatdirectionsoppositeincrackfirst
theoffacesbothtoforcesconcentratedunittwoapplyWeconfiguration.

cracksamethetoappliedtractionsofsetsecondtheconsidertoneedwe
theorem,reciprocaltheusetoablebetoorderIncrack.firsttheofcentrethe

withcoincidingoriginthewithcoordinatesofsystempolarlocaltheincracksof
settheconsiderand1,numbercrackthegenerality,oflosswithoutout,single

canWefaces.crack-ththetoappliedbetractionshearskew-symmetric
arbitraryanLet.+=stressshearcomplextheand,+=displacement

tangentialcomplextheintroduceWe.bydenotedberadiusitsand
,andcoordinatesCartesianwithpointtheatlocatedbecrackththeof

centretheLetintersect.notdocracksThecracks.circularlocatedarbitrarily
by=0planetheinweakenedspaceelasticanConsider

examples.
illustrativeasconsideredarecracksequalofrowinfiniteanandcrackstwo

ofcasesThedisplacement,facecracktheenergy,crackthefactor,intensity
stressthelikeinterest,ofquantitiestheforestimationsaccuratesufficiently

providesItequations.integralthesolvedhavingwithoutsolution
approximateangetcanOnecracks.locatedcloselyveryforevenobtained

becansolutionnumericalexactpracticallyathatrapidsoisconvergencetheand
convergent,isprocedureiterationthethatshownisItnon-singular.areequations

Theconfiguration.symmetricalaofcasetheinreducedbecanandcracks,
ofnumberthetoequalisequationsofnumberTheequations.integralFredholm
ofsetatoreducedisproblemTheloading.sheararbitraryantosubjected

crackscircularcoplanarlocatedarbitrarilyseveralbyweakenedspaceelastic
anofanalysisstressthetoappliedismethodgeneralthesection,thisIn
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obtain(4.11.5),and(4.11.4)(4.11.3),ofsubstitutionafterand,
(4.11.1)toresulttheadd,unitimaginarytheby(4.11.2)equationmultiplyWe

(4.11.7).ee/ee=,)e/=(

(4.11.6)
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thefor4.11.2,and4.11.1Tablesinpresentedare),(functioninteraction
theofvaluesSomeloading.shearatodueinteractioncracktheandloading,

normalatodueinteractioncrackthebetweendifferencepossiblemaximumthe
exposetoorderincomputations,numericaltheallintakenwasvaluethisand

1/3,isbodyisotropicanfor/ratiotheofvaluemaximumThe(4.4.14)).
with(4.1.9)(compareloadingnormalatodueinteractioncracktheassame

theisloadingshearatodueinteractioncrackthe=0),ratioPoissontheto
equivalentisconditionthisbodyisotropican(for=0whencasetheIn

cracks.betweendistancesmallarbitrarilyforconvergent
theoreticallyisprocedureiterationthethatprobableseemsitproof,rigorousa

havenotdoweThougherrors.terminalgivingfailed,integrals,thecomputeto
usedwaswhichlibrary,IMSLthefromDBLINsubroutinestandardthebecause

butnon-convergence,ofbecausenot,=2.01thanclosergonotcouldWe
.10thanlesserrorrelativemaximumwithexactpracticallyis=10foriteration

firsttheexample,Forincreases.cracksbetweendistancetheasimproves
iterationfirsttheofaccuracyThe.10thanlessbecomeserrorthesince

solution,exactanaspracticallyconsideredbemayiterationsixththeand2.5%,
thanlesserrorrelativemaximumthehas1withiterationfirsttherapidly:

convergesandradius),itsof0.01toequaliscracksthebetweendistanceshortest
thewhencasethetocorrespondswhich(=2.01forconvergesprocedure

iterationthethatshowcomputationsDirect.2tocloseveryforconvergent
benotmightiterationofprocedurethetherefore,2as=0,,=
forsingularitylogarithmicahas(4.11.23)inintegralThe].)sin/[(sin=

,)cos2+=(variablesnewtheintroducedhaveweHere

(4.11.23).
)ee()cos2++(

)e+)(ee+(2),(
+

)cos(

),(

)cos(

dd
1+

12=),(

iteration
ofproceduretheforexpressionconvenientagives(4.11.9)into(4.11.20)of

Substitutioncrack.isolatedanofthattocrackinteractinganoffactorintensity
stresstheofratiothetoequalapproximatelyisvalueitssince,

⌡
⌠

⌡
⌠

f

GG

G

al
l

f

al
al

alalr
r

llr

rrlrlr

rlrrlrf

G

G

+2rrr+r

rf

a2lr+r+l

rrra

a
G

GG
u

factorinteraction

φρ

ν

≡

→ψ−
φρ−πψ

φρ−ρ

−ψ

−ψ

ψ−ψ

ψ

−ψ

ψ)−(

π

)ρ−(
−

τφρ

12

2

-1

1/222

20
000

2
0
2

0
0

0
000

1

2

0

00

1/22
0

000
1/2

0
22

00

2

2

1/222

1

2
2

1
2

0

















crackscircularcoplanarofinteractionClose4.11

-7

-7

-i-i

i-i-i

00
22

00
22

a

ψψ

ψψψ

π



byenergycracktheofvalueexactthecomputecanWe4.11.19).(4.11.18
bygivensolutionanalyticaltheofaccuracytheassessnowcanWe

1.8613.isloading
normalaofcasetheinvaluecorrespondingthewhile4.11.1)(Table2.1419

is=1/3and=2.01casetheforfactorinteractiontheofvaluemaximum
theexample,Forloading.normalatodueinteractionthethanstronger

isdirection)sametheincracksbothonacting(whenloadingshearatodue
interactioncrackthethatshows4.10sectioningivenresultsthewithComparison

).,2()=,(and),2()=,(:>forfunctioninteraction
theofvaluetheininterestedisoneifappliedbeshouldrulesfollowingThe

.0forpresentedaretablestheindataTheincreases.cracksthebetween
distancethewhensignificantly,reducesitandpart,realcorrespondingthe

of8%thanlessispartimaginarytheofvaluemaximumthesolutions:analytical
approximatethederivingwhenfunctioninteractiontheinpartimaginarytheof

neglectourjustify4.11.2TableindataTheload.uniformsametheundercrack
isolatedanoffactorintensitystressthetocracksinteractingoffactorintensity

stresstheofratiothetoequalapproximatelyis4.11.1TableinlinefirstThe
.10exceedingnoterrorrelativeawithmadewerecomputationstheAll

data.completethefor1989)(Fabrikant,paperoriginaltheto
referredisreaderThe=2.01.tocorrespondingconsidered,interactionclosest
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φ−πρℑ−φρℑφ−πρℜφρℜπφ

π≤φ≤

-6

0.000000.000000.000000.000000.000000.000000.000000.00
0.00000-0.00609-0.01107-0.01082-0.00834-0.004580.000000.25
0.00000-0.00918-0.01983-0.02774-0.02474-0.015260.000000.50
0.00000-0.01053-0.02518-0.04922-0.05420-0.042500.000000.75
0.00000-0.01092-0.02738-0.06835-0.09508-0.114480.000001.00

180135904530150

]=2.01forpart)(imaginaryfunctioninteractionThe4.11.2.Table

1.096681.096681.096681.096681.096681.096681.096680.00
1.074991.079301.093351.116491.123891.129161.131080.25
1.060271.065141.084511.135391.160501.182831.192200.50
1.049761.053931.072711.146601.205371.282401.327150.75
1.041951.045121.060421.143031.249441.529352.141891.00

180135904530150

=2.01forpart)(realfunctioninteractionThe4.11.1.Table
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becancharacteristicintegraltheforestimationcentralThe.loadingshear
uniformatosubjectedarecracksThe.becentrescrackadjacentthebetween
distancetheand,beradiuscracktheLet.

cracks.interactingtwoofcasetheininterestofquantitiestheforboundlower
closeveryagivingthusvalueexactthebelowslightlyalwaysisestimation

centralthethatnoticealsocanOnedecreases.asrapidlydeteriorates
estimationcentraltheofaccuracyTheradius.theirofhalfthanlessnotis

cracksinteractingbetweendistancethewhenaccuratesufficiently4.11.19)(4.11.18
solutionanalyticaltheconsidercanweandsmall,veryiserrorabsolutethe

part;realtheofpercentagesmallaconstitutespartimaginarythethatfacttheto
dueisthislarge,ispartimaginarytheoferrorrelativetheThough.>2.5for
3%exceednotdoesfactorinteractiontheofpartrealtheofestimationcentral
theoferrorrelativeThe4.11.4.Tableinvaluesexactthewithitcompared
andformulalastthetodue),(factorinteractiontheonlycomputedhaveWe

.
)e(

e3
+

cos2+

1

)()(2
+1=),(

formthein(4.11.19),toaccording
written,becanfunctioninteractiontheforexpressionanalyticalThe

4.11.1).Table(seeeffects
interactiontheoflocalizationsharpatoattributedbeshouldThissmall.rather

isenergyinteractioncracktheinincreasethethatfactthetoduemainlyisthis
course,of4%;exceednotdoeserrorrelativethe=2.01)(interactionclosevery

aforEven2.5.=forgoodveryisagreementThe(4.11.18).bydefinedis

where),=1/(1ascomputedwasvalueapproximateThe4.11.3.Table
ingiveniscrack)isolatedanofenergytheis(ratioThe(4.11.18).
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3.83.53.02.40.60.20.0(%)error
1.068081.066841.063331.058021.031651.017361.00043approx.
1.110001.106031.096211.083671.038171.019401.00043exact
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(4.11.10),and(4.11.9)toaccordingform,thetakewilldisplacementfacecrack

Thecrack.isolatedanofcasethetocorresponds)/(=(4/3)where
(4.11.24)

,
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+
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0.00000-0.00437-0.00951-0.01667-0.02834-0.042680.00000approximate
0.00000-0.00622-0.01359-0.02416-0.04299-0.078340.00000exactImag.

0.90.91.01.22.27.526.0(%)error2.05
1.029311.030291.033791.042261.064051.126521.21014approximate
1.038211.039451.043971.055421.088261.218261.63484exactReal

0.015.415.716.518.523.30.0(%)error
0.00000-0.00215-0.00461-0.00782-0.01210-0.014390.00000approximate
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0.20.20.30.40.61.62.8(%)error2.50
1.016641.017221.019251.023931.034651.057931.07927approximate
1.018921.019591.021981.027641.041361.074791.11020exactReal

1801501209060300(deg.)=

factor.interactionthefor
solutionsapproximateandexactofComparison4.11.4.Table
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as(4.11.18)toaccordingdefinediswhere

(4.11.27),
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isenergycracktheforexpressionOur(b).casethetominusand
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thewhere1969)Keer,and(FupaperoneonlyfoundhaveWeliterature.the
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stresstheforexpressionthegivewill(4.11.13)in(4.11.25)ofsubstitutionand

(4.11.25)

,
)(

1

)e(

e3
+

cos22+
+2(+

<<

c

c

W
W

GGGaW
a/l

WW

W

G

/GG
u

equalu
mm

ba

a/lal

alklk

lk

G

G

lklk
)lkU

−

−τπ
ε

ε
π

ε)π(επ

ν
ν

ν−ν

ε

−ρ−

ρ−

φρ−ρ
ρ

π

Discussion.

�

��

0

12
2

1
223

0

6
2

53
0

2

x

y

1/222-22

-22

1

2

24

2

2

















crackscircularcoplanarofinteractionClose4.11

12

22i22

i22

2244

22

φ

φ∞

k=1

Σ



cracks.identicalofconfigurationpolygonalaofcasetheConsider4.

(4.11.8).toappliediteration,ofproceduretheofconvergenceInvestigate3.

(4.11.11).Establish2.

(4.11.8).Derive1.

(4.11.26).expression
forcasethenotisthisthatseecanOne=0.for(4.11.30)withagreement
inbeshould(4.11.29)and(4.11.26)boththatmeanswhichloading,normala

underinteractionthetoequivalentmathematicallyisloadingshearatosubjected
cracksofinteractionthe=0)(=0whencasetheinbefore,noticedwasAs

(4.11.30)
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loading:
atosubjectedcrackstwoofcasetheforexpressionfollowingthe

gave(1963)Collinscoincidence.ajustiswhich=1/2foronly(4.11.29)and
(4.11.26)betweenagreementanobservecanweandshould),it(as)/(2=

bodyisotropicanofcasetheInconstants.elastictheofdependent
notis(4.11.26)intermeachwhileratiotheondepends(4.11.29)
intermeach(4.11.29):and(4.11.26)betweendisagreementdefiniteaisThere
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(A4.4.16)
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