CHAPTER 4

APPLICATIONS IN FRACTURE MECHANICS

The great magority of the punch and crack problems solved deals with the
stresses and displacements in the plane z=0 only. Some solutions of this kind
have been presented in previous chapters. There are just a few complete
solutions published (Sneddon, 1951; Elliott, 1949; Westmann, 1965), where explicit
expressions are given for the field of displacements and stresses for the simplest
axisymmetric problems (a circular punch and a penny-shaped crack). The explicit
expressions for the field of displacements due to an elliptic crack can be found
in (Kassir and Sih, 1975). Knowledge of complete solutions is indispensable for
consideration of more complicated problems of crack interactions, influence of
external loads on punches and cracks, etc.

We present in this chapter a complete solution to the problem of a
penny-shaped crack in a transversely isotropic elastic space, subjected to an
arbitrary normal and tangential loading. All the relevant Green's functions are
given explicitly in terms of elementary functions. An approximate analytical
solution is given for a flat crack of arbitrary shape. The solution’s accuracy is
high, which is mainly due to the fact that it becomes exact in the case of an
elliptical crack. The derivation of non-singular governing integral equations
enables us to consider a very close interaction of coplanar cracks. Some of the
material presented in this Chapter is «ill unpublished. The rest follows the
papers (Fabrikant, 1987a, 1987b, 1987f, 1987g, 1988b, 1989).

4.1 Flat crack under arbitrary normal loading

A genera solution to some mixed problems in terms of three harmonic
functions was given in Chapter 2. We show here that in the case of a flat
crack under norma loading, the general solution can be expressed through just
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4.1 Flat crack under arbitrary normal loading 221

one such function. Consider a transversely isotropic elastic space weakened by a
flat crack S in the plane z=0, with arbitrary pressure p applied to the crack
faces. Due to symmetry, the problem can be formulated as follows: find the
solution to the set of differential equations (2.1.3) for a half-space z=0, subject
to the mixed boundary conditions on the plane z=0:

o, = —p(xy), for (xy)US; w = 0, for (xy)dS

T, = 0, for —oo< (Xy) <co. (4.1.1)

z

These conditions can be satisfied by a representation in terms of one harmonic
function. Let us put, according to (2.1.13),

Fi(2) = c;F(z), Fia(2) = c,F(2), Fis(2 = 0. (4.1.2)

Expressions of the type F,(z) and F(z), etc., everywhere in the book should be
understood as F,(x\y,2 and F(x\y,z) respectively. The substitution of (4.1.2) and
the last of expressions (2.1.12) in the third condition (4.1.1) yields:

C, = —Cy,/my, (4.1.3)

We can represent the function F as the potential of a simple layer, i.e.

Fooa) = Fo = | | TUSE (41.4)

S
where w stands for the crack face displacement w(xy,0), R(M,N) is the distance
between the points M(p,p,z) and N(r,y,0), and the integration is taken over the
crack domain S Expression (4.1.4) satisfies the second condition (4.1.1)

identically, due to the well known property of the potentia of a simple layer.
Inside the crack the same property gives:

oF
37 o = ~2Tw = —21w(Xy,0) (4.1.5)

Now expressions (4.1.2), (4.1.4), (4.15), and (2.1.6) give the second eguation for
c, and c,:

-m,c,/y; — myCly, = 121 (4.1.6)

The constants ¢, and c, are determined from (4.1.3) and (4.1.6) as



222 CHAPTER 4 APPLICATIONS IN FRACTURE MECHANICS

_ Y1 _ Yo
C, = - —2T[(m1 _— C, = - —2T[(m2 _— 4.1.7)
The potential functions will be given by
F.(2) = - F Fi(2) = ’
1(2) = - om, = 1) (zy), (2) = - om, — 1) F(z).
(4.1.8)

The substitution of (4.1.8) and (2.1.12) in the first condition (4.1.1) leads to the
governing integral equation:

P(Ng) = - M[%H A[ j %(%WLS)S, (4.1.9)

S

where, as before, R(N,N) stands for the distance between two points N, and N,
and both N,, N O S The following identities were used:

mm, = 1, (m; = D/(m; + 1) = 2mMALH(Y, — Vo) (4.1.10)

We next consider the penny-shaped crack in more detail. We shal return to the
case of a general crack in section 4.8 below.

Green's functions for a penny-shaped crack. An exact solution in
elementary functions is possible when the crack is circular. Let a be the radius
of the crack. The governing integral equation (4.1.9) can be rewritten in polar
coordinates as follows (see section 2.8)

p
S S N I R S .
POD = = - 49 G J F 5w L)

a

d o id) w0
X— —_— (= .
dx J o - T2 pg Po®

(4.1.112)
The integral operator inverse to (4.1.11) is defined by (2.8.2)
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a X

dp P

d PodPo 0

(X _Xp2)1/2 J ¢ - )2 Lgngp(po, 9. (4.1.12)
0

W, @ = 4HJ
p

Another form of solution can be obtained from (1.4.33), namely,

2 a
_ 2 p(pO’(pO) _1m|j
W= HJ J —R tan RO Podpyda,, (4.1.13)
where
R=[p® + p; — 2ppacos(@—gy)] 2, n =@ - p)” @ - p)a.

(4.1.14)
In this chapter, we do not restrict attention to the plane z=0: our purpose is
obtaining a complete solution. We shall call F(p,9,z), as defined by (4.1.4), the
main potential function since both functions F, and F, become easily available,

when F is found. The substitution of (4.1.13) in (4.1.4) alows us to express
the main potential function as follows:

2T a

F(p.02) = %HJ J K(p.0.Z Po®) P(Po0)Peondey (4.1.15)

where the Green's function K reads:

K(M,No) = K(p,(p,Z; pO’(pO)

2T a

J J 1@ - % - )" rdray

RNNg ' O aR(N,N,) O R(MN)’

(4.1.16)
Here R(CI) denotes the distance between respective points. M(p,9,z), N(r,y,0), and
No(Pg:®,0).  Although we can not compute the integral in (4.1.16) in elementary
functions, all its derivatives can be expressed in elementary functions, due to the
fundamental integral established in section 1.6. Making use of (1.6.19), one can
write:
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oK ___2n a0 h [
3z RMNg) ' [R(M,NC!

(4.1.17)
where

h = (@ - 1H)%@&* - p)"a , (4.1.18)
and the contraction |, everywhere in the book stands for |,(a), as defined by

(0.18). Note that h tends to n, as defined by (4.1.14), for z-0 and p<a.
Expressions (4.1.15) and (4.1.17) alow us to write:

2T a

oF _ _ 1 40 h O
57 4HJ J R(M,Ny) tan [RM.Ng P(Po: Po) PodPd,. (4.1.19)

The integral in (4.1.19), athough looking difficult to compute even for p=const,
can be expressed in elementary functions for any polynomial loading.  This
becomes evident, if we use the equivalent representations through the r-operator
(see 1.4.31):

Iy g(x)
oOF dx PodPo PP
& = e )
az J(O) (X2 _ p2)1/2 J [QZ(X) _ p(21]1/2 DXZ% 0
2
(4.1.20)
Here
= 0 1 z Ey 4121

and the contraction |, everywhere in the paper stands for |,(a), as defined by
(0.14). Using the change of variables x=I,(t), t=g(x), expresson (4.1.20) can be
rewritten as follows:

Todiyy) © e PPo
oF _ 2 0~'M0
oz S"HJ (150 - 7™ J(tz - )" Lmé(o%’(p@“’)'

(4.1.22)
Since the function F vanishes at infinity, it can be determined from (4.1.22) in
the form
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i - Zd Ty ©opody PR
@ma—‘"lZJ“%)_ﬁmJaz_ﬁmL%m%%@-

(4.1.23)
By using the property
oLt D) - P aly)
o T [ - B 0z

which is a consequence of formulae (A4.1.28) and (A4.1.29) from Appendix
A4.1, expression (4.1.23) can be modified as follows:

PodPo ho dy d ZPOD
J (p°

a t

F(p,9,2) = 8T[HJ dt J

@ - D)~ — AT Lﬂzp Dp(po’q’)-
0

(4.1.24)
Expression (4.1.24) is convenient for exact evauation of the potential function F
and proves that it can be expressed in elementary functions for arbitrary
polynomial loading. A simple change of variables gives another formula,
equivalent to (4.1.24):

0

dx P
[ X2 -~ D" Lgx—zo%(po,cp)-

a

" pydpg
F(p,9,2 = 8T[HJ tdt J

(4.1.25)

We can proceed now with the remaining derivatives of the Green's function
K, defined by (4.1.16). Differentiation of (4.1.16) yields:

AL

i i 2 _ 22,2 NP2
* pd? - gV tan'lﬁa 7@ = )" rdrdy

AK(P,@.Z,p0, @) = _J J R(MN) o aR(N,N,) O R(N,Ny)’
(4.1.26)
This integral is computed in Appendix A4.3. By using (A4.3.11), one can write
2 2\1/2 -
21 DZ 1h (a - po) 1 S M
NK(p,0,z, Py, == = tangs - —— tan ————7
(P92, PoB) 7 R R, s (1% - 2972

(4.1.27)
where A is given by (2.1.5), h is defined by (4.1.18), and
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a — pe-i(P _ poe-lcpo ’ g — ( ppoel(q"@o))]./Z

R, = R(MNy) = [p* + p5 - 2ppscos(o—q) + Z17% . (4.1.28)

The other derivatives, which will be needed for the complete solution, are:

2 2
2 h pe — | v
6_ K(P.0.Z, Pp®y) = 211% tanl[hD 0 - _Z %

RO ZRZ + n) O1Z-17 R
(4.1.29)
[pe® — pye® o
—/\K(p 0.z Po®) = ZHB— tan’
0 EQOD
h pe?® pei(p - poelcpo
+ R N hZDIZ — |2 =2 (4.1.30)
0
A2k _ E( po) @ poel%D s 0
P.9.Z Pot) = T[S? m 2 D Elz 1/2D
3R ~7)  ohog @ - e - &) e
- —— tan —_ +
AR OR, O q 112 - ppe ™
Zzh 0 q p2e2|(p
- 2 =2 2 2 2 . (4.1.31)
R: + h? OgrS (15 - 155 - p)

This concludes the genera solution to the problem of a penny-shaped crack

subjected to an arbitrary pressure. Formulae (4.1.17) and (4.1.24-4.1.31) are the
main results of this section.

Exercise 4.1
1. Prove the identity (4.1.10).

2. Establish (4.1.19).

3. Veify the derivation of (4.1.27)—(4.1.31).
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4. Find the Green's functions for a semi-infinite plane crack in a transversely
isotropic space, subjected to a normal loading.

Hint: consider the limiting case of (4.1.24-4.1.31), when the radius a-o, and
the coordinate origin moves from the circle centre to its boundary.

4.2 Point force loading of a penny-shaped crack

Consider a penny-shaped crack opened by two equal concentrated forces P
applied in opposite directions at the point (py,®,0"), p,<a. Formulae (2.1.6),

(21.12), (41.8), (41.17), and (4.1.24-4.1.31) give a complete solution for the
field of displacements and stresses in elementary functions, namely,

_ 2 0 Y1 Y ]
u = - HP D—ml — fi(z) + —m2 — f(z) ok (4.2.1)
m m
_ 2 ] 1 2 [l
w = - HP D—ml — f(z) + —m2 — f(z,) ok (4.2.2)

2P Y1 1 % 2)
0, = 57— —_— — — z
Comh - ) Hm s Dy v B

0 Y2 1 [

- _ - = (Z) 1, (423)
Om, + Dy, V2 %3 2 0
_ ﬂ' D yl y2 D
0, = = HAgsP Om, - 1 fi(z) + m, — 1 f4(z,) ik (4.2.4)
_ P L] _ ]
0, = —le(yl ~ V) Dy1f3(zl) Yofa(2,) ik (4.2.5)
_ P L] _ ]
z = _nz(yl y2) DfS(Zl) fS(ZZ) Di (426)
where
2 212 -
1 ﬁa po) 1 S z -1h ]
f(2) = a 0 tan (I; DT - —0 tan Eo 0 (4.2.7)
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11 h
fy(2) = = tanlgﬁo B, (4.2.8)
0z h P - 17 v
f3(2) = [ = tan -IDL D"’ 2 2 Dz 21__2 ,
0 R, OR, O z(R0+h)DI2—I1 R,
(4.2.9)
(8.2 - pg)llz Dpoelcpo 2 H H g H
fi(2) = == - - = qtan' D ———p
q s U s g 0Og; -a)" O
Z(3R2 _ @ - p)V12 - ad)2 i%
) o @& - e - e e
azRg WOD a §2[|2 ppoel(«r«oo)]
m 2 2I(p
0d pe 0
+ =— - (4.2.10)
RS+ h> OarRS (15 - 1903 - p) [
j . i i(po
[(pe? - o h e"p pe? - pe
A0, O _P 0
fo(2) = Dﬂ— tan’ WOD R " hZDIZ + Rg % .
(4.2.11)

It is reminded that Ry=[p” + p; — 2ppycosie—@) + Z]”>. The expression for o
(4.25) simplifies when z=0 and p>a, namely,

z

P (a® - pp)™
% TR W - @A+ - 20p0c0S@-@)] | @212
Defining the stress intensity factor
ky = lim(p ~ aa}
the following result may be obtained from (4.2.12):
P (a® - pp)™
(4.2.13)

LT RRa)” @ + 0] - 2apcosoq)
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One can write for an arbitrarily distributed pressure:

2T a

1 J J @ - pé)ﬂzp(Po,%) Podpode,

K, = 59—
to(a)” a® + p; — 2apcos(@-@y)
which corresponds to the well known result (Cherepanov, 1974).

Exercise 4.2
1. Derive the solution (4.2.1)—(4.2.6) for the case of an isotropic body.

2. Veify the derivation of (4.2.7)—(4.2.11).

4.3 Concentrated load outside a circular crack

Consider a transversely isotropic space weakened by a penny-shaped crack of
radius a in the plane z=0. Let a concentrated force P be applied a an
arbitrary point (p,g,z) in the Oz direction. The crack faces are stressfree. Let
us find the crack opening displacement and the opening mode stress intensity
factor k.

Consider the second system in equilibrium: two unit concentrated forces Q
applied normaly to the crack faces in opposite directions at the point (po,@,0%).
Denote the normal displacement in the space due to the forces Q by wg while
wp is the crack opening displacement due to force P. Application of the
reciprocal theorem to the two systems yields

Qwp = Pwg
which gives the crack opening displacement

m m
2 1 >
We(Po ) = T HP Bml ] fi(z) + rr12——1 f(2)) E’ (4.3.1)

with f, defined by (4.2.8). The stress intensity factor can be determined by

I We(Po: %)
k(@) = gy Nim @ p)”
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P n ™ f m, . [
= + —
2(2a)1’2n2 Om, - 1 6(21) m, - 1 6(2) ]
where
fo(2) = (@ - 1), 2 = p® + & - 2pacos(¢-@) + Z-
(4.3.2
The stress intensity factor vanishes as z tends to zero for p=a.
In the case of an isotropic body, expression (4.3.1) transforms into
[
P 1 -v a[h [
We(Po®) = = [0 =—=— tan =
P(pO (pO) leu E RO mOD
2 2
— 2 2
_1g_h gt Th o Zpg_ 2, O
20R+ROZ-F RO R RO (43.3)

Here p is the shear modulus, and v is Poisson’s ratio. The corresponding
expression for the stress intensity factor will take the form:

P(8.2 - Ii)llz 0 1 DZ2 p2 - Ii

Y T 01T TV O A @

(4.3.9)
In the case of axiad symmetry p=0, and formulae (4.3.3-4.3.4) simplify as
follows:

Wp(Po @) = 2u (pg N Z2)1/2 + (pg N Z2)3/2 Dtan ng T 2 [

2 2
p % 1-v 7 O, a0% = Pope
W

22(a2 _ pg)llz B

+ O
207 + D)@ + A

K = Pa'”? 0, , 1 Z 0O
oo\ + 2) O 1-va+ 20

which is in agreement with the results reported by Collins (1962), who
considered the axisymmetric case only.
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Exercise 4.3
1. Verify (4.3.2)

2. Derive a complete solution for the case of an arbitrary point force applied
outside a penny shaped crack in a transversely isotropic Space.

4.4 Plane crack under arbitrary shear loading

Consider a transversely isotropic elastic space weakened by a flat crack S
in the plane z=0, with arbitrary shear loading applied to the crack faces
antisymmetrically. The problem can be formulated as follows: find the solution
to the set of differential equations (2.1.3) for a half-space z=0, subject to the
mixed boundary conditions on the plane z=0:

T, = -t1(xy), for (xy)OS u =0, for (xy)ds,
0, =0, for —oo<(X,y)<co. (4.4.1)

It is no longer possible to present the solution in the form (4.1.2). A more
complicated representation is necessary, namely,

Fi = c(AXy + AX) F, = (AX, + AX) Fi = C(AXs — AXo)(4.4.2)

Here c;, ¢, and c; are the as yet unknown constants, X;, X, and X, are the as

yet unknown complex harmonic functions. A bar indicates the complex conjugate
value throughout this book. Introducing the notation z=zly,, for k=123, we

assume aso that

X1(2 = Xx(z), X2(2) = X(2), X3(2) = X(z). (4.4.3)
This assumption will allow us to reduce the problem to finding just one
harmonic function which is much easier than searching for three. By substituting
(44.3) into the third equation (2.1.12), we obtain the first equation for the
constants, namely,

c, + mC, = 0. (444)

The third condition in (4.4.1) is thus satisfied. Substitution of (4.4.2) in (2.1.6)
yields

u = Cl(/\z_Xl + Ax,) + Cz(/\z_Xz + AX,) + ics(/\z_Xs = AXs),
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(4.4.5)
where the differential operators A and A are defined by (2.1.5). When z=0,
equation (4.4.5) transforms into

u=(c +c, +ic)AX + (¢, + C, — iCAX. (4.4.6)
It is convenient to assume

c, + Cc, +icg = 0. (4.4.7)
This assumption simplifies (4.4.6) as follows

u = (c, + c, — icyAyx, (4.4.8)
and makes it possible to represent

X(M) = jj IN[R(M,N) + Z] u(N) dS . (4.4.9)

S

The representation (4.4.9) satisfies the second condition (4.4.1) identically, and
inside the crack the following equation becomes valid

c, +C —icg = 12 (4.4.10)
The solution of the set of equations (4.4.4), (4.4.7), and (4.4.10) gives

1 1

“T " amm - 2T T amm, -1

c, = ﬁ . (4.4.12)

Substitution of (4.4.2) and (4.4.11) in the last of expressions (2.1.12) gives the
following expression for the tangential stress:

A446ﬁ”1+1 —
TZ:_4_T[6_Z[rTn1—1(AX1+AX1)
m, + 1 0

+

=1 (V% 8+ (N~ Bxa-

(4.4.12)
Expression (4.4.12) simplifies for z=0
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m + 1 m, + 1

Lo e Mt g, gM*tl  1g,g
‘ an M ((my - 1y, a0 0z  [m, - Ly, vy0J 0z[]°

(4.4.13)
Finally, satisfaction of the first condition (4.4.1) vyields the governing

integro-differential equation:

B 1 u(N) u(N) [
N =~ o2 - @) %1AJ J RINNg 7 GZAZJ J RINNY 0

S S

(4.4.14)
where the elastic constants G, and G, are defined by (2.1.9).

Green’s functions in the case of shear loading. The integro-differential
equation (4.4.14) was solved exactly for a penny-shaped crack in section 2.7.
The closed form solution is (see 2.7.53)

2T a
G,

09 -3 [ B3 a-

N N

@-tHn
a1l -1 O

8 8

(PP PodPede,

2T a
G,

— 2i
2 0q ..an . nl(ga - te ¥ 0-
+ T J J DRa tan R + a2(1 _ t)(l _ E) DT(pO,(po) podpod(po ’

(4.4.15)
where R and n are defined by (4.1.14), q is defined by (4.1.28), a bar indicates
the complex conjugate value, and

ppO i
t=— e (4.4.16)

The potential functions can be found by substitution of (4.4.15) and (4.4.9)
in (44.2) and evaluation of the resulting integrals. This looks at first somewhat
difficult, nevertheless, it will be shown here that al the Green's functions can be
expressed in elementary functions. Note the following property:

01 .any, 8 -9nNQ
MRER T2 O
~04q a0 . 0 lgg -t 0
=g Rq gt a1 - @ -1 O (44.17)
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Introduce the following notation:

a2 - r2)1/2(612 _ p2)1/2
E(NN) = = tan'ﬂ > O

RINN) " O aR(NNy 0’
(38.2 -r poeI (LP'%)) (a2 -7 2)1/2(a2 _ pg)ﬂz
E,(N,N, = _ |
o 0 a(az _ rpoe(w %))2
v % 2 _ W22 212
E (N N ) B re — Pe€ tan-llﬁa r ) (a po) .
3 yWNo) — . -
RINN)(re™ - pe® U aR(N,N,) 0
a@@® - )@ - py* d¥ - pe® rp
- d ° _ 0 e
t— i(W-eo)y o o2 -1 (u-o) _ T — € 5
(8" = rege ™)@~ 1pe ™) el - pe a
(4.4.18)

Here the points N and N, are characterized by the cylindrical coordinates (r,y,0)
and (py,9,,0) respectively. Note the following relationships of symmetry:

Ei(N,Ng) = E;(N,N), Ex(N,Np) = Ez(No’N),
Es(N,Ng) = E3(Ng,N). (4.4.19)

Let R(M,N) denote the distance between the points M(p,9,z2) and N(r,$,0). By
using (4.4.17) one may write

ds, _ d
j J/\[El(N,No) = ENNO 7~ ‘J J’\Es('\"'\'o) R(M,N)

’ ’ (4.4.20)
Integration by parts in (4.4.20) leads to an important property:
J J [ENNY — EN.NJA g S, = —J J (NNt S,
’ ’ (4.4.21)

Two more properties can be obtained by applying A and A to both sides of
(4.4.21), namely,
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' 0 1 _
BN = ENNIIN rissdSy = | | ENNDA ey dS
S

(4.4.22)

[ENNY — EN.NQJA Tt sl = J | ENNIA S
S

(4.4.23)
The properties (4.4.21-4.4.23) will alow us to substitute the evaluation of various
integrals involving E; which look very formidable, by evaluation of integrals
involving expressons E;, and E, some of which have already been computed
(4.1.27-4.1.31), and the remaining can be evaluated relatively easy (see Appendix
A4.4).

Introduce the notation
X = AX + AX , Y =AX - AX . (4.4.24)

In order to obtain the complete solution, we shall need the following expressions
for various derivatives of X and Y: the tangentia displacements are defined by
AX and AY; the norma displacements by 0X/dz, the field of stresses may be
computed through 8°X/07%, A?X, A%Y, A(0X/0z), A@Y/dZ). All the Green's
functions involved can be expressed as various derivatives of two fundamental
functions, namely,

Kl(M!NO)

H E(N,N) INRMMN) + 7 dS, |,

S

KZ(M!NO)

H E,(N,Ng) INRMN) + 7 dS, . (4.4.25)

S
Rewrite formula (4.4.15) as

G, G; _
) = | BN = 2 ENNGT TN d

1
S

G, _
+ | | B0 T as,

S
(4.4.26)
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By substituting (4.4.9) and (44.26) in (44.24) and using the properties
(4.4.21-4.4.23), we obtain the following results:

G, - G, Gz_D G, - M

X = T %‘[ [ %(1 + DT ds + /\[ [ %(1 + EKZDT dSD
s s

G+ G o S G Oz 40

=SSRl (R SR B s o af [ K - gl o
s s

We shall only need the following derivatives of X and Y for the complete
solution:

Gl_GZDOZ GZ_D G, O- [
AX = = Dazzjj%l-F DT dS+/\[[§<l+§lK2DT dSD
S S
(4.4.27)
G, + G, p° GZ—D G, - 0
AY_T@_ZZ[[%l_ DT dS+/\[[§<l—€lK2DT dSD
S S
(4.4.28)
oX G, - G, 9 Gz_D G, - ]
%= o 0 | ot gRnt o8+ A | K+ gkt as
S S
(4.4.29)
ay G + G, 0 - Gz_D G, - 0
E:—T[ a—ZD_A[J%l_ D'l' dS+/\[J§<1—€1K2DT dSD
S S
(4.4.30)
G, -G 2 G G
Fl ! 2 0[]0 o ) 2 o
SAX = —— azDaZZJ j X, + Gleads + /\J j X, + GlKZSdSD
S s
(4.4.31)

G, +G 2 G
0 __t 2 0[P _x.0 2. 0= 0
A R =t

S S
(4.4.32)
G G

XSS + —K,J1 ds + A + =K1 ast
o7 m a?%‘”%l ik H%l G, 20" o

S S
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(4.4.33)
G, -G, 2 Gz_ G, -
2y _ o 0 —2. 0 [l
NX = = Aﬂazzjj%l-k DT dS+/\[[§<l+GlK2DT dSD
S S
(4.4.34)
G, + G, 2 Gz_ G, -
2y _ [P~ _ ] _ 4 U N
NY = — A@zzj J %1 DT ds + /\J J %1 GlKZDT dSD
S S
(4.4.35)

All the integrals in (4.4.27-4.435) ae computed in elementary functions in
Appendix A44 and in (4.1.27-4.1.31).

The results above may be applied to solving the problem of a tangential
point force loading of a penny-shaped crack. The solution will give us al the
Green's functions, related to the case. Consider an infinite transversely isotropic
solid weakened in the plane z=0 by a penny-shaped crack of radius a. Let two
equal concentrated forces T=T,+iT, be applied to the crack faces antisymmetrically

a the point No(po,@,0). The previously obtained results give the complete
solution in elementary functions:

u= ylfH %mk L 1%%2(4) + 5 BET * He@) s(zk)ﬁg
+ %%2(23) - gj f7(z3)§' + %16@3) - 22 f8(z3)§:§ (4.4.36)
w = %{ HYLY, D% %kl)yk El(zk) ¥ gj fg(zk)%', (4.4.37)
o, = D%% %(—N”Eyﬁ - y% Bgfs(zk) + gj flo(zk)%é
(4.4.38)

z G
2 1 2 _
0, = -~ ﬁAeeHylyz Z—mk — 1%5(4) + 51 f13(zk)%

k=1
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G

O G, _
+ %11(4) + gi flz(zk)atg - T[zyi?’%fs(zs) + gi f13(23)%

G [
+ Bfll(zs) - gi f12(23)§:g (4.4.39)
_ O vy, i kil G, _ 0
o, = D%m g(—l) ES(Zk) e flo(zk)%g ! (4.4.40)

G

YiY. G,
— Z( . %3(4) 5 W@l + 5@ ¢ 5 W@

E 2T[2(V1 - Vz)

* %3%3(23) G, 14(23)% %4(23) + —1 15(23)§:D (4.4.41)

Here [0 indicates the real part, the elastic coefficients are defined by (2.1.9), and
the functions f with subindex less than 6 are given by formulae (4.2.7-4.2.11),
and the remaining functions are computed in Appendix A4.4, namely,

OO

ha? t 3015 - a)”? s
f(9 = — Eiz -2 2, 3 tan-lm 2 21/2DD
S 5 — a’t S le - a) N
(4.4.42)
_ 2 12
_ 1 2 _ 21/2Etz - a0 1 0 1ﬁa 1) [
W) = 2@ - o) ST%"” 70 W GT PO

A R s P _ ’ — O_ 4 % (4.4.43)
1 = Ppee a

a(l2 - a%)"

0 L@ - )02 - ppe™™)



4.4 Plane crack under arbitrary shear loading

239

]
_ 1 1@( ZﬂZD 4.4.44
t(l _ mlz _ MZDE ( L )
hpe®312 - a’)
£ ) = - | 4.4.45
10(2) (12 = (2 - a&y ( )
4 22 _ A i%
() = ;E 3R, + 6Ryz y4 tan‘l(ﬂ) @ p)1/2D ZEﬁ 4[ioe
W T R R, O i
2 2i(p0 _ | i
+ 3p0_e Ut s __U_ (PE?etP
s* @2 - a)™0 pOp qD
3(2 _ 1)1/2 . 1 t -1(a2 _ Ii)l/ZD:D
7 C-07 aC - pPm
hae® DZpOG'% 2% 2 @oe 2 ﬁ'ﬁ - az)fD
+ — — - = e S
p? O ¢ P og q 02 - a0
o g o) + 2849 (4.4.46)
Ry + h* 015 - 1F P RZq -
[B7 12 a2 )1/2
f(z):lL(az—pz)”2 (Z_l) %an 0 @~ m
12 a 0] 1)1/2D &.(Z _ 1)1/2|]:|]
e2i(p(a2 Ii)1/2 D Ig + p2 2p2(|§ _ 2) 1D
- +
a(lg - Ii) Dlz ppoel(&%) (|2 ppoel(WO)) N
€3 26 (@ -1)"5 1+ 2’ 1 &9
+ —= - ot 2= + =)
Plg P a L2 - ppe™) a P
(4.4.47)
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. w2 - M S g
ful@) = N Eg P m— R T R
5 T N C )

]
. . ; 0 (4.4.48
S0 - %) | (2 - arD (- B - arn )

(@ - pd)"* O a(l2 - a%)" D3;(|’;‘ - 1%)
f (2 =
14(2) a3(1 - 1) B(Ig _ Ii)(lz ppoel(«r%)) N 1-t

(090 1) 2 2t _ 32
N A e R SV
- 2 1/2
13 = ppoe ™ o G {2 =700
(4.4.49)
f15(2) p’e" e’ - pp)""(13 - )35 - ppe ™) (4.450)
N : | 4.
. 202 = (2 - pped ™)
” 1ER:tan()+( rod R 2%6‘“15 s O
2) = = & 3 05 q
w2 = 35 R "R O T 50" qE - a0
_ 2 _ 112
O SN el U DL L
q T - )% aC - p™0 pO s’
(4.4.51)

The solution (4.4.36-4.4.51) presents, in fact, the explicit expressions for the
Green's functions, and allows us to write a complete solution for the case of
arbitrary  tangential loading in quadratures. The general results simplify
significantly for z=0, namely,

G, G, 3 -t
b= 208 gan_ 228700
m OR R G a1 -1
G, — 2i
®20q 2N, 0 L@ -t Oz
+ ™ ORg tan = + 20 - 91 - DT’ for p<a, (4.4.52)
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e 'ra
w =Ha(a? DO)HZD%TIS G, P_og? - E%D for p=a,

G. 2% -
_ 2 2 21/2 1 S g€ 1 S
w = T_THO((a - Py D%tan N glmp =tan—; — 2\

s (p? - @)

2 _ 212 -i% [
(e §2qa) - eapo sin'l(%)%[] for p>a (4.4.53)
0

2 i v Vo
% D%HHA%WZ et LR 7o 0l

10 G, npe'?s - 1) [
_LD f
* - p2D G, (@ - pHail - t) %D of p=8,

o, = 0, for p>a, (4.4.54)

Q
N
1

G, _
T_l2 %T[AGGHVNz %S(O)T + 51 flz(o)TB

. G
+ %T[AGGHV1VZ - 73%11(0)1_ + 51 fa(0)T

g, = 0, (4.4.55)

(a2 _ pg)l/z DT Gz e2i(p(3p _ i(wO))-—I- .
= —_— == 4+ —
PTRE-DP R G pp - pe(‘”‘“")) O

for p>a.

(4.4.56)
Here R and n are defined by (4.1.14). The second and the third mode stress

intensity factors can be expressed through the decomposition 1=1, +it,, which is
related to T, by a relationship T,=1™e?. Introducing the complex stress intensity
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factor
k, + ik, = lim{(p - a)**1,e'%, (4.4.57)
p-a

one gets from (4.4.56)

- (a® - pp)”” 0 Te'?

+ ik, =

27 ra)® [ + a® - 2apgcos(o-@)
G, é%3a - poe‘(‘““f’))?D

+ — :
Gl a(a _ poel(q)-%))z D

(4.4.58)
In the general case of arbitrarily distributed loading, the stress intensity factor
takes the form

2T a

@ -p)"” 5 €%oow)
k, + ik, =
= (2a)"?  [p; + a® ~ 2ap,cos(-@)

G, (3a - pe“™) €° T(pp@)
=2 i %)odpod%, (4.4.59)

+
G, a(a - p,

which is in agreement with (2.7.30).

Exercise 4.4
1. Derive the general solution in the case of isotropy.

2. Find the isotropic equivalent of (4.4.14).
3. Veify the property (4.4.17).
4. Derive the solution (4.4.36)—(4.4.51).

5. Rederive the solution (4.4.36)—(4.4.51) for the case of isotropy.

4.5 Penny-shaped crack under uniform pressure
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Let a penny-shaped crack of radius a be opened by the pressure p=const.
In this case one gets from (4.1.12)

w(p,g) = 4Hp(a® - p)*2 (4.5.1)

The potential function F can be obtained by substitution of (4.5.1) in (4.1.4).
The integral can be computed in elementary functions (A4.1.4), giving

2a° - 312

F = 2T[Hp%2a2 + 27 - pz)sin'l(l—a;) -— (5 - a3V

[l

(45.2)
The complete solution can be expressed through various derivatives of the
potential function, as prescribed by formulae (2.1.6) and (2.1.12). All the
derivatives are given in Appendix A4.1. The solution is:

2 D Vi a a(l2, - a?)"
u = 2pre ani%n' (E() - T % (453)
2k
‘0
w = 4Hp> i ign(2)(a% - 12)Y2 - zsin (—) (4.5.4)
5“7 I

0 - (m + 14 (305

(4.5.5)
, Y dlk(lgk - a)™?
= —8H 2P 45.6
> Pust® ZE‘T“ - 10505 - 1k)% R
1)y, Da(lz" - a)” Coael @
Oz 7 T[(Vl - Vz)ZE( 120 - 15 .l (Izk) #59
2pa’pe?® & 1k)1/2D
45.8
Ty - v ZE( ) 125 - 1k)D (458)

Here the notation was introduced
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lh = 3@ + o + A" - (@ - o) + 2",

= 3l + o + A% + [(@ - ) + 2",

z, = 7y, for k=1,2. (4.5.9)

The problem was first solved by Elliott (1949) by the integral transform method.
Our results are essentially in agreement with those of Elliott, who expressed them
in the form of integrals involving Bessel functions, namely,

0

cr = J X"2cos(X) Jm(xg) exp(—xg) dx,

0

g = J X" 2sin(x) Jm(xg) exp(-xE) dx.

These integrals can be computed in elementary functions, and the results in our
notation are

A a(a® - 15" . a(l2 - a%)"
ﬁzsm(l—), $: 7 7 C, = 7 7
) 12 - |2 12 - |2

a(@® - 1515 + a%p® - 2a° - 22

c? = ,
3 (|§ _ |'i‘)3

a(l2 - a)"[a’(2a® + 27 - p%) - I

) (3 =17 ’
o Za - (@ - 159 o - a- (a® - 15"
1 = p(a2 _ Ii)llz ' - p ’
Za - (& - 15)Y? al,(12 - a%)"
pia* - 19" FHENH
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,_a- @ -1 a@ - p”
C, = B 2 _ 1
P (13 = 12)
a’p(l5 - a)¥(1% + 312 - 4a%)
C; = :

13 - 19°

a’p(a® - 19)Y431% + 12 - 4a)

S = 3 ,

(|§ - |1)
) 2a[(15 - a)"* - 7 a(? - a)"
C2 = - ,
2 p2 Ig — 12

2ala - (a° - 19 a(@® - 1)

ng 2 - 2 iz
1

P Iz_

C2 _ E ﬁ _ (a2 _ Ii)llz ) a|1(8.2 —- Ii)l/ZD
coe 0w (15 ~ 1) O

a(@ - 1515 + a%p® - 2a° - 22

13 - 19°

There are some misprints (or errors) in Elliott's paper. For example, according
to his formula (425), the tangential displacement u vanishes on the plane z=0
which cannot be correct; there are some missing terms and obvious misprints in
formula (42(6).

In the limiting case of y,-Y,-Y;—-1, m-m,-1 H=(1-v)/2ry, A,=Ag=H,
formulae (4.5.3-4.5.8) give the complete solution for an isotropic body. By
using the L’HoOpital rule, one obtains

o0 (3 - 2a’7(a® - 190
Ep—m 2v)j1 - S 0
|2 |2(|2 |1) []

(4.5.10)
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[
w= L pa - vZe - )7 - mn @
™ D 2

[Tl l
a(l2 - a%)"
co-ledy
¥ z%n s %
(4.5.11)
D (|2 a2)1/2
_2p B e p- NI
%1 T E(l ¥ O 12 -2 - (|2)D
aZ[l] + a’(2a® + 27 - 3p2)]g 4512
(|§ _ Ii)?’(lg _ a2)1/2 D i
2Ioal’j‘ez“"(l’;_‘ - a)'g Z[a%6l2 - 212 + p?) - 5130
g, = [1-2v + ]
P -1) g I3 - 15 -a)
(4.5.13)
gIQDa(l’;‘ - a%)Y? a aZ[l} + a’(2a® + 27 - 3p9)|0]
0, = EF———— - sn'(;) - [
ool - 12 (3 - 19%3 - a* g
(4.5.14)
21,692 - a®)Ya%41? - 5p?) + 12
" 1€7(15 )" Ta"(4l; - 5p%) 1]. 4515
’ m (15 = 19)°

This problem was first solved by Sneddon (1951), using the integral transform
method. He was seemingly unable to compute the potential function (4.5.2), so
he resorted to differentiation under the integra sign, with a subsequent
computation of various integrals involving Bessel functions. His final results are
given as elementary functions of the four parameters

r =1 + (za)’" R? = [(pla)® + (Za)* - 1)* + 4(Za)?,

] 2az ]

_ -1 —
0 = tan"(a/2), @ = tan B+ Z < a0

This choice of parameters is not the best possible. Here is one illustration.
The expresson for S in Sneddon’s notation takes the form (Sneddon, 1951,



4.6 Penny-shaped crack under uniform shear loading 247

p.497)

an'ldg no + \/ﬁsi n(@/2) -

S =t [dcosd + /Reos(@2)l

with the limitation p#0, and no indication of what the result would be if p=0.
In our notation the corresponding result is sin'l(allz), with no limitations attached.

Introduction of Sneddon’s parameters r and 6 seems to be unnecessary. There
exist relationships between his parameters R and ¢, and our |, and |,, namely,

R= (3 - 1)@°  sn(@2) = (@ - 1)"015 - 19"

These relationships may be used to compare the solutions, which are in good
agreement, except for some misprints. factor ¢ is missing in Sneddon’s formula

(139, p. 496), and the last term in his formula (145, p. 499) should read —ﬁ,
rather than +S.

Exercise 4.5
1. Establish the result (4.5.3)-(4.5.8).

2. Derive (4.5.10)—(4.5.15).

3. Derive the expressions for the polar components of stresses and displacements
equivalent to (4.5.10)—(4.5.15).

4. Find the complete solution in the case where the penny-shaped crack is
loaded by a normal stress, whose magnitude is proportional to the x-coordinate.

4.6 Penny-shaped crack under uniform shear loading

Consider a circular crack of radius a in a transversely isotropic elastic
space, subjected to a uniform shear loading 1, where T is a complex constant.
The solution of the integro-differential equation (4.4.14) in this case is

2(G; - G)
u=—T1(a

G 2 - )" for z=0 and p<a. (4.6.1)
1

Substitution of (4.6.1) in (4.4.9) leads to the integral
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2G; - 6 i 2 212
G, T J J (@ = Py In(Ry + 2) pydpydey, |

which has been computed in Appendix A4.1, with all the necessary derivatives.
The complete solution will take the form:

c2-c2lU 4 _
u = 1Gl 2 %nl — 1%17(21)1 + f18(Zl)TB
1 - 0 - N
+ mz—_lgﬂ(zzﬁ + f18(22)TD+ fiz)T - fls(zs)Tg
(4.6.2)
G - G} a(l2, - a?)"
_ - {0 o1 ay 01
" 2G, (Tpe " e (p)z - 1%n (IZk) 15 Oy
(4.6.3)
2(62 - GZ)A yz(m + 1) y2 I (a _ |2)1/2
o, = - e : 66a(te‘p + 1€ ‘p)z : - - - lkz ,
1 i Vz(mk 2k(|2k %)
(4.6.4)
Z(Gi - Gg)Aee l _ 0
0, = G, %“1 - 1%19(21)T + fzo(zl)TD
1 - u _ 0
¢ L L@IT + @I+ F(@T ~ fo(@1 (465)
m, - 1 0 0
2V1V2[3(Te-i(p + ¥e|(p) : -1 kallk(a2 - |ik)1/2 166
0- = - ] . .
’ TGy(Y; ~ Vo) — ) |2k(|§k - Iik) ( )
vy, O B -1 _u
E3aleen EV m—vs Z( )[f21(zk)r + f(zT] + H[f(z)T - f22(23)1]5
(4.6.7)

Here
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- (12 + 2a%)(a® - 19H)Y?

f(2) = &9 37 , (4.6.8)
fo(2) = zsn'l(lﬂ) - (@ - 1H” (4.6.9)
2
ol (az _ |2)1/2 |
fo2) = 60— 4d% (2, (4.6.10)
|2(|2 - |1)

0 aly(a® - 1)"

fo(2) = YRR (4.6.11)
.a a(l2 - a%)"
2@ = S0@) + —m (4.6.12)
2 2
e %al?(12 - a?)'?
fo(2) = , (4.6.13)

203 = 1)
A complete solution to this problem for the case of isotropy can be found in
(Westmann, 1965).

In the case of isotropy, formulae (4.6.2-4.6.7) transform into

u = m %—5 + 4v)zsin'1(|—a;) + 41 - V)(a2 - |i)1/2

Za(|2 _ a2

2

> ) _ o
e a + T (4.6.14)

2 - |2 12

2

2 _ 212 2,2 _ 1212
W = (Td® + 1e ‘p)pgl ZV%n @ a(l a’) al: &g, za’(a - 19 E
2 - v) s
(4.6.15)
2 172
21d? + 16'9H all(a 12)

o, = 21 +

2 - v) H (|2 - |1)
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z,(12 - a®"[a%(4l5 - 5p%) + 1710

+ O (4.6.16)
(15 = 19)° 0
) 2d® U aly@ - 1™
TR gt T TE
21,(12 - @) 452 a’(4l5 - 5p%) + Iy o
+ - 22 5 ﬁ_2 e - 22 2 - (Tt + Tezmp)
1L(2 - 12 02 (12 - 15
(4.6.17)
2e? + 1e'®) 2415 — a)a’(4l; - 5p°) + 1]
o, = - , 4.6.18
w2 - V) 02— 1 (4619
S J ML e
2 - ) O 12 -1 1’00

2a” - )™} +a’(2a” + 22 - 3p°)]

1z - 19° O

+

T+ Era(l’;‘ — a2

2(a® - 1)Y[a%el2 - 212 + p?) - 5|‘2‘]D 127? [ 1610
@ Fz-n g 40P

+

Exercise 4.6

1. Investigate a penny-shaped crack of radius a in a transversely isotropic

elastic body, subjected to the shear loading T:cpei‘p, where c=const.
Answer: the main potential function will be proportional to the integral

2T a
|=JJW%+M¥-®%%£®Mb
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[
= g pe®a? - 1)”ﬂla + 7p° 139I2 - 412
0
2(8a* + 4a%% + 31 16a%0]
+ 21 “Uy z4a? - 307 + aAsn*@) - —0
15p [ P 15p°

It might be a good exercise for the reader to perform the differentiation and
write a complete solution. As an example, here are the first two derivatives

- H
o - ' g2 - 612)”2%5&—12 - 12 - 2 D+ sin'l(lg)%laz ~ 3 + 12z2%
2

2 |
o1 T[pe"p%a 1)1’2@ - 34 3zsn (—

Note: 0l/0z is proportional to the main potential function for the case of linear
normal loading of a penny-shaped crack.

2. Find the expressions for the energy release rate by using a procedure similar
to the one employed by Kassir and Sih (1968).

Answer: G, = 2IPHK,, G, = T0(G, — G)K;, G = TO(G, + G,k

3. Find the Green's functions for a semi-infinite plane crack in a transversely
isotropic space, subjected to a shear loading.

Hint: consider the limiting case of (4.4.36-4.4.41), when the radius a-, and
the coordinate origin moves from the circle centre to its boundary.

4.7 Asymptotic behavior of stresses and displacements
near the crack rim

Kassir and Sih (1975) have derived expressions relating the stress intensity
factors to the field of stresses and displacements in the immediate vicinity of the
crack edge, by using their very complicated solution for an elliptica crack.
Their derivation looks so complicated that nobody so far was capable to repeat it
and verify its accuracy. There is a notion in fracture mechanics that the
asymptotic behavior is defined completely by three stress intensity factors, and is

251
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invariant for any crack, with a smooth boundary. If this is so, then we can
obtain the same results from the much simpler solution for a penny-shaped crack.
The results, presented here, are simpler than those of Kassir and Sih, and
obtained in a smple manner.

Asymptotic behavior for mode | loading. Though formulae (4.5.3-4.5.8)
are valid for a penny-shaped crack subjected to a uniform pressure only, they
can be used to obtain some general results which are valid for an arbitrary crack
with a smooth boundary subjected to arbitrary loading, in other words, we can
explore the asymptotic behavior of displacements and stresses near the rim of a
general crack. Introduce the local system of spherical coordinates (r,0,), with
the coordinate origin a the crack rim. The following asymptotics are valid for
the main parameters used in (4.5.3-4.5.8):

p=a+rod Iy=a-318  l=a+irm

z = rsing, 12 - 12 = 2arQ,, (@ - 12)"* = (an)"’s,

(5 = @ = @)1, sn'@) = -, (4.7.)
2

Here the notation was introduced:

Q. = [cos™® + (1/yP)sin®6]™? S, = [Q, — cosA]™?,
T, = [Q. + cosH]™?, for k = 1,2,3. (4.7.2)
Introducing the opening mode stress intensity factor
p+/2a
L= \1/1 : (4.7.3)

the following asymptotic expressions can be derived by substitution of (4.7.1) and
(4.7.3) in (45.3-4.5.8):

0 YiTy Y21, ]

o1t mont O (4.7.4)

u = u, = —2mHk,/2r

[ m; S m,S, 0

mnl -1 + m2 _ 1D+ O(r)’ (475)

w = 2mHk;/2r
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2V - (m + DYE T,

o, = 2nA66Hk1(§)UZZ oD ot o0 (4.7.6)
A _
o, = —2T[A66Hk1(%)1/2 Zﬁ + 0/, (4.7.7)
_ Ky lel V2T2D
o, = v 00O o+ o), (4.7.8)
K
S S o 07, (4.7.9)

‘ - \/E(Vl - Yo) [@, Q.U

These results were computed for @=0. This assumption allows us to avoid a
cumbersome axis transformation, without loss of generality. The parameter o, in

this case is interpreted as the sum o, + o, and 0, = 0, — o0, + 2it,. By
taking the sum and the difference of (4.7.6) and (4.7.7), one can gQet

.k gmh, Tq
" V2rys - U 1Q  v.Q.U

A0 - (M + DT (2% - (mp + YTy
+
O wim - DQ .m, - DQ, [

Formulae (4.7.4-4.7.9) are essentially in agreement with the results of Kassir
and Sih (1975), except for some misprints, for example, one should read \/nl

2
Oy = T[A66Hk1(F)1/2

and \/n_z instead of n, and n, in the denominator of the terms in curly brackets

of their formula (8.94c). In order to compare our results with those of Kassir
and Sih, one should keep in mind that their definition of the stress intensity

factor is \/E times greater than ours, their notation n, corresponds to our Y

Kassr and Sih seem to have not noticed the properties (4.1.10) and the
relationship S =(sin@)/(y,T,), which in some cases can be used to simplify their

results significantly. For example, they have an expresson [A;;m,
A11V§]/[A44(mk + 1)] in formula (8.95a), without realizing that it is equa to -1
for k=1,2.
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The asymptotic behavior of the displacements and stresses near the crack
edge in an isotropic body can be found from either (4.7.4-4.7.9) or
(45.10-4.5.15). The result is

kl\/r

u=u, = cos@ ) %(1 ~v) - co® ) + 0(1), (4.7.10)
r
W = 1\/ sm— %(1 ~v) - co® ) + (), 4.7.11)
o, = E cosQ % + 2v - sing sn@D+ 0(1) (4.7.12)
! \/F 2 2 2] ’ o
o :Ecosga—m—sm— sn@D+ 0(~/r) (4.7.13)
) \/F > 5 \/ : 7.
o, = E cosQ % + sing sn3—9D+ 0(1) (4.7.149)
z \/F 2 2 2] ’ o
_ _ K 36
1, =1, = —= SnB cos> + 0(\/r) (4.7.15)

zn -\/r
which is in agreement with the results given in (Sih and Liebowitz, 1968).

Asymptotic behavior for mode Il and 11l loading. We can derive again some
results of general nature, namely, the asymptotic behavior of the field of stresses
and displacements in the neighbourhood of the edge of a flat crack with a
smooth boundary. ~We recal that a ¢=0 the decompositions u=u,+iu, and
T=T,+T, ae equd to u™=u+iu and 1"=1,+it, respectively; o, is understood
as o,+to, and 0,=0,—0,+2it1,;. This will allow us to avoid a cumbersome axis

transformation. The complex stress intensity factor, introduced in (4.4.57), can be
expressed through the prescribed shear loading t as

Ra _
K=k, + ik, = \/—T[a a Gi S (4.7.16)

and its inversion gives



4.7 Asymptotic behavior of stresses and displacements

TG, (kG,

V2a(G? - G)

Substitution of (4.7.1) and (4.7.17) in (4.6.2-4.6.13) yields

_ kV¥20 S S, ikayzy /2
= = +
U F I Aylyy — WO m +1 m, +1D Ay
) 2ylyz.\/Zr m, T, m,T, 0
e Aulyy — Vz)D yi(mg + 1) Vz(mz + 1)
“Yime + 1) - S,
0y = 21Ky, Y,HAg ()1/2 Z Vim, - 1) o
k=1 K
iks\/2S,
0, = 27Tk2V1V2HA66( )ﬂZD > > U_ 3\{ ,
[{m, - 1)Q1 (m, = 1)Q,I Ya/r Qs
LAAD Dsl SZD
T e S—
? V2rty, = v) @ Q0
o s ir = - _k2V1V2 DTl T, D i3 T3
N “ V2r(ye = Vo) . Q, VzQzD \/Zng

By taking the sum and the difference of (4.7.20) and (4.7.21), one gets

KaY1Yz Dsl S ]
0, = — -
TV - v QD
_ 2\/1\/2D 1 D]]l 1D31 Dl
O = \/ \/2)Dw2 y2@1 E}’g
o S
+ 2nHA66BDl Q2

(4.7.17)

(4.7.18)

(4.7.19)

(4.7.20)

(4.7.21)

(4.7.22)

(4.7.23)

(4.7.24)

(4.7.25)
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6% (4.7.26)
T. = — — . .
nt _\/2 r y3 Q3

Our formulae (4.7.18-4.7.26) are in relatively good agreement with similar results
of Kassir and Sih (1975), except for formula (8.96b, p.371) for u, which should

correspond to the imaginary part of our (4.7.18). Formula by Kassir and Sih
(8.96b) seems to be in error because it implies that u, depends on k, v, and

Y,, which is wrong: our result relates u, to k; and y,; only, as it should be.

There are several misprints in their formulae (8.96a) and (8.96c). The remaining
formulae are in agreement, though the formulae by Kassir and Sih (1975) look
more complicated than ours, mainly because they did not notice the properties
(4.1.10) which could make some expressions much simpler.

Exercise 4.7
1. Establish (4.7.1).

2. Derive (4.7.4)—-(4.7.9).
3. Derive (4.7.18)-(4.7.23).

4. Find the asymptotic behavior of the stresses and displacements near the crack

rim for the case of mode Il and Il loading in isotropic bodies.
N 0

Answer: u, + iu, = S (1 - V) + cos(z )% + 2iks[]
[

w = k\/r cos(z) 21 - ) + s‘n@%

ko 6, 36,00
o, = ? sin(z ) =2(1 + v) - cosz(é)cosz(i)D

sin(6/2) s
o, = = D21 - V) - cosGoos ks - 2k



4.7 Asymptotic behavior of stresses and displacements

K
g, = 2—\} sin@ cos(3—29),

_ cos(6/2) 0. . .30 s
1% = — 7= O - sng) sn)H, + i

Note: compare with the results presented in Sih and Liebowitz (1968).
KsS,

T — .
nt _\/2 r y3 Q3

(4.7.26)

Our formulae (4.7.18-4.7.26) are in relatively good agreement with similar results
of Kassir and Sih (1975), except for formula (8.96b, p.371) for u, which should

correspond to the imaginary part of our (4.7.18). Formula by Kassir and Sh
(8.96b) seems to be in error because it implies that u, depends on k, v, and

Y,, which is wrong: our result relates u, to k; and y; only, as it should be.

There are several misprints in their formulae (8.96a) and (8.96c). The remaining
formulae are in agreement, though the formulae by Kassir and Sih (1975) look
more complicated than ours, mainly because they did not notice the properties
(4.2.10) which could make some expressions much simpler.

Exercise 4.7
1. Establish (4.7.1).

2. Derive (4.7.4)—(4.7.9).
3. Derive (4.7.18)-(4.7.23).

4. Find the asymptotic behavior of the stresses and displacements near the crack

rim for the case of mode Il and Il loading in isotropic bodies.
P [
r

Answer: U, + iu, = VAR %(1 — V) + cosz(g)%z + 2iky]
VI 2 2 0

_ \/r 6, U, _ . 2.0\[]
w = sz cos(i) D(1 2v) + Sm(i)D
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2 8] 6, 36

o, = ? sm(é)D—Z(l + V) - cosz(é)cosz(i)D
_sin(6/2) 6. 30 o

o, = \/F =2(1 - v) - cos;(i)cos(i)%2 - 2|k3g

ko 30
o, = 2_\/F sinb cos(i),

. cos(6/2) . 6. . 30 o
1t = — 7= O - sng) sn)H, + L

Note: compare with the results presented in Sih and Liebowitz (1968).

4.8 Flat crack of general shape

The general method is applied here to the analysis of an elastic space
weakened by a flat crack of arbitrary shape under the action of a uniform
normal pressure. A simple yet accurate relationship is established between the
crack face displacements and the applied pressure for an arbitrary flat crack.
Specific formulae are derived for a crack in the shape of a polygon, a rectangle,
a rhombus, a cross, a circular sector and a circular segment. All the formulae
are checked against the solutions known in the literature, and their accuracy is
confirmed. A similar approach can be used for the analysis of a crack under a
general polynomia loading. The materia in this section follows the paper
(Fabrikant, 1987b).

Theory. Consider an elastic space weakened in the plane z=0 by a flat
crack occupying the domain S whose boundary is given in polar coordinates as

p = a(y). (4.8.1)

Let a uniform pressure p be applied normaly to the crack faces in opposite
directions. The governing integral equation in this case is given by (4.1.9).
The approach is based on the integral representation of the reciproca of the
distance between two points established in (1.1.27). Substitution of (1.1.27) into
(4.1.9) gives, after interchanging the order of integration
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2

X
2T a(e) )\(P_Po’ @)

P dx
oP.g = - 2Tl13HAJ - O J depy J W W(Po: @) PodPy-

0

(4.8.2)
It is noteworthy that the change of the order of integration which led to (4.8.2)
is valid inside the circle psmin{a(g)} only, and this is one of the reasons why
the accuracy generally deteriorates for domains with the aspect ratio very far
away from unity. Nevertheless, one can obtain from (4.8.2) the exact solution
for an ellipse and sufficiently accurate formulae for various crack shapes as will
be demonstrated further on. Let the norma displacements of the crack face be

w = % %Z(q)) - ngz, (4.8.3)

where o is a constant to be defined. Now substituting (4.8.3) in (4.8.2), we
can verify how close to a constant will be the traction ¢ producing the
displacements (4.8.3). Integration with respect to p, gives

e P 21_2 2
R Xy xadx a’(@) - X
0(p!(p) - 8T|.2HAHZZ°° J (p) (p2 _ X2)1/2 J a2((p0)
oA 1 X Cliew
F% > 5 % g e (4.8.4)

Here F stands for the Gauss hypergeometric function. Further evauation of the
normal traction can be done separately for each value of n. The zeroth term
has the form

_ 0B
0 = 22 (4.85)

where the notation

B = J aﬂ(% (4.86)

was introduced. It is clear that the value of the integral in (4.8.6) will depend
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not only on the domain contour but also on the location of the coordinate
origin..  The following argument might be useful for establishing certain rules in
this regard. According to (4.8.3), the coordinate origin location corresponds to
the point where the crack face displacement attains its maximum. We shall call
this point the crack centre. In the case of a crack domain with one axis of
symmetry, we may conclude from physical considerations that this point should be
located at the axis. When this domain possesses two axes of symmetry the
location of the crack center is at their intersection, i.e. at the center of gravity
of the domain. It is noteworthy that the integra (4.8.6) attains its minimum in
this case. One can extend this rule to a genera crack, namely, the crack center
should be identified with the point inside S where the integral (4.8.6) reaches its
minimum.  Direct computations for various domains indicate that this minimum
is, in general, sufficiently flat, so that in many cases one may locate the crack
center at the center of gravity, without any significant loss in accuracy. We
shall discuss this in more detail further on when considering the domain S in
the shape of a circular segment and sector.

It is important to note that the second harmonic is equal to zero for an
arbitrary contour, and that all the odd harmonics will be zero if the expression
for a(gp) does not contain odd harmonics. Here is the expression for the fourth
harmonic

21T

43 [ cosAe — @)dg
% =" STFHPJ a’(q,)

(4.8.7)

The investigation of the fourth and further harmonics shows that their amplitude
decreases for general domains, and they vanish in the case of an elipse. If we
assume that p=o, then the remaining harmonics may be called the solution error.

This implies the establishment of the following relationship between the applied
traction p and the maximum displacement of the crack face

oB
p = e (4.8.8)
One can verify that in the case of an ellipse, the solution given by (4.8.3) and
(4.8.8) is exact. We expect it to be reasonably accurate for a crack of genera
shape. This assumption will be justified in the next Section where severa
particular crack configurations are considered. We also expect (4.8.3) to be
sufficiently accurate in the neighbourhood of the crack center, though the relative
error might be quite significant close to the boundary.

The crack energy can be defined as
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W = [ [ owdS. (4.8.9

S

Feeding (4.8.3) and (4.8.8) in (4.8.9) yields

w = 16mHp’A

3B (4.8.10)
where A is the crack area. Introduce the average displacement o, as
1
6av = KJ [ wdS.
S
Substitution of (4.8.3) in the last expression gives
2
6av = § 0.
Define the dimensionless parameter Tt in the form
0
il W (4.8.11)

T = — = .
2mHp /A 2rHp*AY?

The physical meaning of T can be defined either as a ratio of the average
displacement to a certain fixed displacement, or as a ratio of the crack energy to
a certain fixed one. Both forms (4.8.11) lead to the following expression for T:

One can deduce that the value of 1 does not depend on the size of the domain
S, and is determined by its shape only. It attains its maximum in the case of
a circle, so that 0STS4/(3T[3/2):0.2394. Tabulation of the coefficient T for various
crack shapes might prove very useful since its knowledge allows us to find the
maximum (or average) crack face displacement and the crack energy by using
(4.8.11). It might seem more logica to define t as the ratio of the given crack
energy to the energy of a circular crack having the same area. In this case the
vaue of T would vary between zero and unity. The man reason for the
definition (4.8.12) was the desire to preserve the bridge between the crack
problems in mechanics and the mathematically equivadent problems in
electrostatics. The value of 1 defined by (4.8.11) corresponds exactly to the



262 CHAPTER 4 APPLICATIONS IN FRACTURE MECHANICS

coefficient of electrica polarizability in the theory of wave propagation through
small apertures (Bethe 1944). We did not find in the mechanics literature any
report containing numerical data for nonelliptic cracks which could be compared
with the theory of this paper. The situation is dlightly better in electrical
sciences. Cohn (1952) has measured the coefficient of electrical polarizability of
several aperture configurations experimentally.  Numerical solution to the same
problem was given by De Meulenaere and Van Bladel (1977), and by Okon and
Harrington (1981). These numerical and experimental data will be used to
estimate the accuracy of the proposed theory. An empirica formula for the
coefficient of electrica polarizability was proposed by Fikhmanas and Fridberg
(1973). This formula in our notation reads

8,/A
Vi

e (4.8.13)

where L stands for the perimeter of the domain S. Formula (4.8.13) is aso
exact for an dlipse. It is of interest to compare its performance with our
(4.8.12). Several crack shapes are considered for this purpose. A high degree
of accuracy of formula (4.8.12) is confirmed by comparison with available
numerical solutions.

Example 1. Polygon. Consider a flat crack in the shape of a polygon
with n sides, with the only limitation that the function a(¢) describing its
boundary be continuous and single-valued. The origin of the coordinate system
is located at the crack center as it was defined earlier. Let us number the
polygon sides in a counter-clockwise direction from 1 to n, a, being the length

of the kth side. The apex, a which the sides a, and a,,, intersect, is

numbered k+1. It is clear that the value of the index n+l is to be understood
as 1. Denote the distance from the crack center to the kth apex as b,. Let

A, be the area of the triangle formed by a,, b, and b,,,, the total area A of
the polygon being equa to the sum of A,. Then formulae (4.8.6) and (4.8.12)
yield the following expression for the coefficient T:

8 _ ] aﬁ 1 (2 0 aﬁ 1 Blzgl (4.8.14)
T = —— s - + - - 5 . .O.
3yACO4A;  bp O DO4aar b, O g

In the case of a regular polygon formula (4.8.14) simplifies to

Aept( 17n)

T= —0— . 4.8.15
3n¥%sin(1n) ( )

Formula (4.8.13) gives for a regular polygon
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_ 4 Ocot(rin) [#?
T =30 0 n 0 (4.8.16)

It is of interest to compare the numerical results due to (4.8.15) and (4.8.16).
Here the relevant computations are presented

n= 3 4 5 6 7 8 0
formula (4.8.15) 1= 02251 02357 0.2380 02388 02391 0.2392 0.23%4
formula (4.8.16) 1= 0.1862 02122 0.2227 02280 0.2312 0.2331 0.23%4

discrepancy (%) 17.3 10.0 6.5 45 3.3 2.6 0.0

While both formulae in the limiting case n—o give the same exact result for a
circle, their discrepancy for smal n is quite significant, so it is important to
establish which one is more accurate. We have not found any data for an
equilateral triangle. If one takes the experimental result by Cohn for a square
1=0.2274 as exact, then our formula (4.8.15) is in error by 3.6% while formula
(4.8.16) due to Fikhmanas and Fridberg is in error by 6.7%. The numerical
result due to Okon and Harrington for a sgquare is 0.2258 which also favours our
formula. In the case of a regular hexagon, the result by Okon and Harrington
is 0.2375, so that our result differs by 0.5% only, while the error of (4.8.16) is
4%. It is noteworthy that the value of T does not change significantly in the
whole range 3<n<co,

We can also compare the normal displacements along a central line of a
hexagon perpendicular to its side, given by (4.8.3) with numerical data due to

Okon and Harrington (1981). Here are the results (wl stands for w/2T[Hp\/K)

p/a= 0. 0.1667 0.3333 05000 0.6667 0.8333

Okon et al wlE 0.351 0.346 0.331 0.305 0.263 0.210

formula (4.8.3) wik  0.357 0352 0.3366 0.3092 0266  0.1973
discrepancy (%) -1.7 -1.7 -14 -14 -1.2 6.0

As we expected, the agreement is good, except for the points very close to the
boundary.

Example 2: Rectangle. Consider a rectangular crack, a and b being its
semiaxes along the axes Ox and Oy respectively. Introduce the aspect ratio
e=b/a<l. Formula (4.8.14) in this case reduces to

€
T = 3(1+€2)U2 . (4.8.17)

Formula (48 13) in this case qadives

263
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4\[e
T = m . (4.8.18)

We present below the results of computations due to (4.8.17) and (4.8.18)
compared with the experimental results of Cohn If one assumes the results of

€= 0.1000 0.1500 0.2000 0.3000 0.5000 0.7500 1.0000
experiment 1= 0.1202 01411 01565 0.1789 0.2093 0.2251 0.2274
formula (4.8.17) = 01049 01277 01462 01749 0.2108 0.2309 0.2357
discrepancy (%) 12.7 95 6.6 23 -0.7 -2.6 -3.7
formula (4.8.18) = 01220 01429 01582 0.1788 0.2001 02100 0.2122
discrepancy (%) -15 -1.3 -1.1 0.1 44 6.7 6.7

Cohn to be exact then our formula performs better for €>0.5 while the formula
by Fikhmanas and Fridberg is more accurate for €<0.5. If instead we take the
numerical results received in a personal communication from De Smedt as correct
then the conclusion might be different. For example, his value of 1 for €=0.1
is 0.1142; now our result is in error by 8% while the result by Fikhmanas and
Fridberg is in error by -7%. At this moment nobody seems to know which
estimate is correct. We can aso compare the dimensionless displacements w(J
due to (4.8.3) with the numerical results received in a personal communication
from De Smedt for a rectangle with aspect ratio €=0.5 (as before, wll stands for

w/2T[Hp\/K). Here are the data computed aong the axis Ox for y/b=0.025.

xla= 0.0250 0.2250 0.4250 0.6250 0.8250 0.9750

De Smedt w*= 0.3161 0.3118 0.2989 0.2713 0.2107 0.0852
formula (4.8..3) w*= 0.3158 0.3081 0.2862 0.2469 0.1787 0.0703
Discrepancy (%) 0.1 12 4.2 9.0 15.2 175

The agreement is not bad except for the zone x/a>0.625. Here are the data
computed along the axis Oy for x/a=0.025. We observe here a good agreement

y/b= 0.0250 0.1250 0.2250 0.3250 0.4250 0.4750

De Smedt w*= 0.3161 0.3067 0.2836 0.2424 0.1690 0.0976
formula (4.8.3) w*= 0.3158 0.3062 0.2824 0.2403 0.1666 0.0987
Discrepancy (%) 0.1 0.2 04 0.8 14 -1.2

even close to the boundary which may be attributed to the fact that the crack
shape in the Ov direction is verv close to the two-dimensional case.
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2¢
T = ﬁ . (4.8.19)

The result due to Fikhmanas and Fridberg is

T = % . (4.8.20)
3l + €9

We did not find in the mechanics literature any result related to a crack with a
rhombus planform. The coefficient of electrical polarizability for a diamond with
the aspect ratio €=0.5 was found numerically by Okon and Harrington as
1=0.2082. Our result is 0.2222 (discrepancy 6.7%) while formula (4.8.20) gives
0.1898 (discrepancy 8.9%). We have received two sets of data in personal
communications from De Smedt and Lee. Here are the data recelved as
compared to formulae (4.8.19) and (4.8.20) The data received from Lee is given

&= 0.100 0.200 0.333 0.500 0.800 1.000

De Smedt t= 0.111 0.151 0.182 0.204 0.219 0.221
formula (4.8.19) 1= 0.136 0.176 0.204 0.222 0.234 0.236
Discrepancy (%) -21.9 -16.4 -12.0 -9.0 -6.8 -6.6
formula (4.8.20) 1=  0.094 0.132 0.164 0.190 0.210 0.212
Discrepancy (%) 151 12.8 9.8 6.9 4.4 4.1

as a function of the angle a=tan’e We have presented both sets of data in

o(deg.)= 10. 15. 20. 25. 30. 40. 45,

Lee 1= 0.147 0.174 0.193 0.207 0.216 0.226 0.228
formula (4.8.19) 1=  0.168 0.192 0.209 0.220 0.227 0.235 0.236
Discrepancy (%) -14.2 -10.6 -8.1 -6.3 -5.2 -3.8 -3.6
formula (4.8.20) 1= 0.124 0.150 0.170 0.186 0.197 0.211 0.212
Discrepancy (%) 15.8 137 11.8 10.1 8.5 6.9 6.7

order to underline the fact that there is no realy reliable data as yet. The first
set of data suggests that the formula by Fikhmanas and Fridberg is the more
accurate, while the second set favours ours. It is noteworthy that formula
(4.8.19) seems to give the upper bound, and formula (4.8.20) provides the lower
bound, their average being very close to the numerical data

We can aso compare the norma displacements due to our (4.8.3) with a
similar result due to Okon and Harrington (1981). Here are the data computed

aong a centra line paralel to its side (wl stands for w/2T[Hp\/K). The

agreement is worse if the comparison is made aong the maor axis. This is
manlvy diie to0 the acaaimntion of a <uniare root sanciillarity in (A2 2 which doec
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p/a= 0. 0.3333 0.6667

Okon et al. wlk 0.335 0.304 0.257

formula (4.8.3) w(k 0.3333 0.3142 0.2484
discrepancy (%) 0.5 -3.4 33

Example 4: Circular segment. Let the radius r and the angle 2a be the
segment parameters.  Direct numerical computations show that the crack center
can be identified with the center of gravity, with an error comparable with the
accuracy of the theory presented. The location of the center of gravity is
defined by x, = kr, where

2 sinfa
1

3(a - 5Sin 2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@ = r[-kcosp + (1 - Ksin’@)*?], for O<gsm—y Or TEHY<Q<2m
and
k —_
a(Q = WCSSZ,) , for TEy<Q<TEty, (4.8.21)

where y = tan’(sina/(k - cosn)). Feeding of (4.821) in (4.86) and (4.8.12)
gives

4 [(1ksiny + E(1y,K) siny gt
T = > + : (4.8.22)

where E(LD)] stands for the incomplete elliptic integral of the second kind. The
formula due to Fikhmanas and Fridberg gives

Ha - %SH’IZCX)UZ

R TR (4.8.23)

The coefficient of electrica polarizability for a semi-circle was computed by
Okon and Harrington as 1=0.2161. Our result due to (4.8.22) is 1=0.2163 which
is practically identical to the previousy mentioned one. The result due to
(4.8.23) is 1=0.2069 (discrepancy 4.3%). An additional confirmation of
correctness of the new method can be obtained by observing the plot of the
electrical polarizability density distribution for a semi-circle presented by Okon
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and Harrington (1981). Its maximum is located at a distance =0.47r from the
circle's center. Our definition of the crack center requiring the minimization of
the integral (4.8.6) gives its coordinate at 0.48r which is very close. The center
of gravity of the semi-circle is located at 0.42r.

Example 5: Circular sector. Let r and 20 be its radius and the polar
angle. The crack center is assumed to be located on the axis of symmetry at a
distance kr from the circle's center. Numerical computations show that the crack
center may be located at the center of gravity for 0.1t<a<0.6rt  In this case
the value of k is defined by k = 2sna/(3a). In the range a<0.1m or a>0.6T,
the value of k should be found from the minimum condition for the integra
(4.8.6). Repetition of the procedure described in the previous paragraph leads to
the following result

R Oksiny + E(v.k) , cosa + cos(a — y) [F
3o O 1-#k ksiny O

(4.8.24)

Here, y = tan’(sina/(cosa — k)). The formula due to Fikhmanas and Fridberg
reads

_ 4\/0(
T = m . (4.8.25)

Note that neither (4.8.24) nor (4.8.25) reduce to the exact value for a circle
when a=1t  This is due to the fact that we do not really have the case of a
penny-shaped crack when a approaches 1t we have a circular crack which has
its faces bonded aong the radius @=rt This case has not been considered by
other authors so we cannot say which formula is more accurate. Okon and
Harrington obtained in the case of a quadrant 1=0.2269, formula (4.8.24) gives
1=0.2308 (discrepancy 1.7%), and formula (4.8.25) gives 1=0.2107 (discrepancy
7%). It is noteworthy that the value of T for a quadrant is greater than that
for a semi-circle. The general impression is that our theory in the particular
cases of a circular sector and segment provides the upper bound for t while the
formula due Fikhmanas and Fridberg gives the lower bound.

Example 6: Cross. Consider a crack configuration obtained by an
orthogona intersection of two equa rectangles with sides 2a and 2b. Introduce
the aspect ratio as e=b/a<l. The area can be expressed as

A = 4a%(2 - ¢) ,

The following expression can be obtained for T:



268 CHAPTER 4 APPLICATIONS IN FRACTURE MECHANICS

= V2 4.8.26
v 6 - g{[21 + Y - 1} (4829

The formula due to Fikhmanas and Fridberg is

2,\[e(2 - ¥)
e (4.8.27)
Here, we present the results given by formulae (4.8.26) and (4.8.27) compared to
the experimental results of Cohn and the numerical results by De Meulenaere and
Van Bladel (1977), and those received in personal communication from De Smedt

€= 0.1000 0.2000 0.3000 0.4000 0.6000 0.8000 1.0000
experimental 1= 0.0942 0.1333 0.1609 - - - 0.2274
De Meulenaere 1= - 0.19 0.22 0.23 0.238

De Smedt t= 0.0835 0.1183 - 0.1767 0.2084 02193 0.2212
formula (4.8.26) 1= 01284 0.1777 02078 02252 0.2376 0.2372 0.2357
formula (4.8.27) 1= 0.0925 01273 0.1515 01698 01944 02079 0.2122

We did not compute the discrepancy since the data disagreement is too large
thus making al the data not very reliable. The general impression is that our
(4.8.26) gives the upper bound for 1 while the formula due to Fikhmanas and
Fridberg provides the lower bound. This concluson might be wrong if the
numerical results received in the personal communication from De Smedt are
correct. For example, his result for €=0.1 is 1=0.08347 which differs from the
experimental result by 11%. All this proves one point: the existing numerical
methods are too crude and there is a need to develop some new and more
reliable numerical methods.

It should be noted that the function defined by (4.8.26) is not monotonic: a
relatively flat maximum is observed for €=0.7. The remaining data are
monotonic. We have no rigorous proof to clam that the quantitative behavior of
(4.8.26) is correct while the other data behavior is not, but we can indicate that
the value of Tt for a quadrant is also greater than that for a semi-circle, and this
is mainly due to the fact that the shape of a quadrant is more close to the
shape of a circle than that of a semi-circle. A similar statement can be made
about a cross with the aspect ratio €=0.7 as compared to a sguare.

Discussion. The majority of the examples considered indicate that the exact
result is sandwiched between the results given by our (4.8.12) and by the
formula due to Fikhmanas and Fridberg (4.8.13). In this sense the formulae act
as upper and lower bounds respectively, which leads to a conjecture: for an
arbitrary contour one of the inequalities holds, namely, either T,,<T,.4<T;3 OF

T2To2T13.  We can indicate one way to disprove the conjecture. A look at
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the table related to a rectangle in the previous Section indicates that our formula
(4.8.17) should give the lower bound for small aspect ratio €, and it should give
the upper bound for € close to unity, and vice-versa for the formula (4.8.18).
This means that there should be a value of € for which both formulae (4.8.17)
and (4.8.18) are exact, and give the same result. By equating (4.8.17) and
(4.8.18), one gets the value of the aspect ratio

T + 4( 21 - 16 )2

€ = )
12 16 - T¢

which yields €,=0.3482 and €,=2.8716, with an obvious property €,&,=1. The

corresponding value of 1 is 0.18576. From the table of the previous Section,
one can see that for €=0.3 the exact value of 1 should be between 0.1749 and
0.1788. If we could be sure that the experimental value 0.1789 is exact then
this would disprove the conjecture, but a the moment none of the existing
experimental or numerical techniques can offer such an accuracy. This can be
achieved on the basis of the method for accurate evaluation of singular
two-dimensional integrals presented in (Fabrikant, 1986e). A significant effort is
required to prove or to disprove the conjecture, and is left to the interested
reader.

The accuracy of formula (4.8.12) can be improved by taking into
consideration the fourth harmonic (4.8.7) in combination with the variationa
approach (Noble, 1960). The following functional is stationary at the exact
solution of (4.1.9)

_ 1 w(N)
I(w) = 2[ J o(M)w(M)dS,, + 4T[2H[ J w(M)ng J R(M’N)ds@isﬂ. (4.8.28)

S S S

Taking

where o, and o, are defined by (4.85) and (4.8.7) respectively, and substituting

them in (4.8.28), we obtain a functional which can be considered as a function
of 8. From the extremum condition

ol _
6_6_0

one finally gets
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_ 8
T = B9 (4.8.29)

where
3(F.E. + F.E)

5AB ’

and the following geometrical characteristics were introduced

2 2

E = nco%g do E o= nsi ndp do

‘ J ag) : J a’(g)
21 21

E, = J a%(@)cosdo do, E, = J a(@sinde do.

The results of computations due to (4.8.29) for a rectangle are presented below
against the experimental results of Cohn Comparison of this table with a

€= 0.1000 0.1500 0.2000 0.3000 0.5000 0.7500 1.0000

Cohn t= 0.1202 01411 01565 0.1789 0.2093 0.2251 0.2274
formula (4.8.29) = 01054 01290 0.1484 01785 0.2125 0.2257 0.2278
discrepancy (%) 12.3 8.6 52 0.2 -15 -0.3 -0.2

corresponding one presented earlier indicates that the variational approach does
improve the accuracy, though the improvement is still not sufficient for small e.
There is no proof that the variational approach will aways improve the accuracy.
On the contrary, one can find quite a few examples when the accuracy
deteriorates. This can usually be observed for domains with a very small aspect
ratio € It is up to the user to decide whether the more cumbersome
computations are worth somewhat better accuracy.

In this section we have considered in detail only the case of a uniform
crack pressure. Some considerations can be presented for a general case. It is
known (see, for example, 4.1.13) that in the case of a penny-shaped crack the
following relationship can be established between the displacements w and the
internal pressure o

2T a

@ - p@ - P o(Py@y)
W(p,(p) = %{ HJ J tan-lg 0 [] 0P

aR D R pOded(pO !
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where R*=p> + pi - 2pp,cos(@-@). The following generdization of the last
formula seems to be natural

21t alw)

2 L@@ - )@@ — " oleow)
wip.®) = _HJ J ten [l a(pR 0 R PodP Ay

(4.8.30)
Though a complete investigation of (4.8.30) is beyond the scope of this book,
there is reason to believe that it will be sufficiently accurate for a genera
loading of cracks whose aspect ratio is not far away from unity. Here is an
example. Let us compute the displacement w, a the centre of an elliptical
crack (a and b are the semiaxes of the ellipse, a>b) under a uniform pressure
p. The result due to (4.8.30) is wy,=(8/mMHpbK(k), where K(k) is the complete

eliptic integral of the first kind and k=(1-b%¥a®Y2  The exact result is
wy=2mHpb/E(K). Both results are close to each other for small k, coinciding in
the case of a circle (k=0). Direct computation shows that the error of the
approximate expression does not exceed 7% for an ellipse with aspect ratio
b/a=0.5. In the case of a square the dimensionless displacement w* at its centre
can be computed from (4.8.30) as (4/T0)In(1+g/ )=0.3572, while a similar result

due to the experimental value of Cohn is (3/2)1=0.3411, and the discrepancy does
not exceed 5%. Of course, these examples do not prove anything conclusively,
but they make it quite clear that expression (4.8.30) is worth to investigate
further. A similar statement can be made about the following expression

21T (%)

1 [32(%) - p(21] 1lzc(po’(po)podpodq’o
[p*- az(cp)]”J J P’ + P — 2PPoCos(@-@)

0'(p,(P) = - le

which gives the normal stress distribution outside a circular crack directly through
its values inside the crack. The future research will show whether the last
expression is useful for a general crack.

Investigation of the stress intensity factors was beyond the main scope of
this section, but we can show that some simple formulae may be derived to give
results which are close to (Weaver, 1977). Make use of the asymptotic
relationship between the limiting values of the crack opening displacements and
the stress intensity factor, namely,

w = 2H(2mr)"k,.

Consider a rectangular crack of dimensons 2a and 2b (a>b), subjected to a
uniform pressure p. By substituting (4.8.3) in the last expression, the following
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formulae are obtained for the dimensionless stress intensity factor K=k1/[p(T[b)1/2]Z
aong the shorter side k=3t; aong the longer side K:3T(a/b)1/2. In the case of
a square our formulae give k=3x0.2357=0.7071. The result due to Weaver is
about 0.73, with the discrepancy of about 3%. In the case of b/a=0.3, our
result at the middle of the longer side is k=0.98 which is very close to the
result of Weaver. Expression (4.8.17) indicates that the limiting value of the
stress intensity factor as (b/a)-~0 is K-1, as it should be in the case of an
infinite strip dlit. The only discrepancy with the results of Weaver (1977) is the
value of the dimensionless stress intensity factor along the shorter side: according
to our formula it should decrease with b/a, tending to zero as (b/a)’% in the
paper by Weaver (1977) its value increases. The reader is referred also to the
paper (Fabrikant, 1987f) where some inconsistencies of (Kassir and Sih, 1975) in
defining the stress intensity factor for elliptical cracks are pointed out.

The mathematically equivalent problem of sound penetration through an
aperture of general shape in a soft screen is solved in (Fabrikant, 1988d). The
same apparatus is used in the investigation of electrica polarizability of small
apertures of general shape (Fabrikant, 1987c).

Exercise 4.8
1. Derive (4.8.5).

2. Establish (4.8.14),

3. Try to prove or disprove the conjecture, expressed in the section 'Discussion’
above.

4. Find the domain of validity of formula (4.8.30) for an elliptical crack.
(Find the ratio of ellipse semiaxes, for which the error does not exceed 5%.)

5. Solve the problem of a general flat crack subjected to normal loading, with
its magnitude proportional to the x-coordinate. (Bending of an elastic space, with
a flat crack of genera shape).

4.9 General crack under uniform shear

Let the crack boundary be described in polar coordinates by the equation
p=a(p), where a(gp) is a singlevalued continuous function. We can aways
choose the coordinate axis orientation so that the first harmonic will vanish from
the Fourier expansion of a(g). An approximate analytical solution of (4.4.14) for
a general crack can be obtained by the method used in previous section. The
method uses the following representation
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2

X
ALl a(e) )\(P_Po’ @)

p
u(NZ _ dx
J J R(N,N,) dS = J 0 - AP J dgy J -9 U(Po: Po)PodPy-

0
S

(4.9.2)
Consider the case of a uniform shear loading. Let the tangential displacements
have the form

uip® = ulae - p1"7a( , (4.9.2)

where u, is an as yet unknown complex constant. Substitution of (4.9.2) in
(4.9.1) yields, after integration and retaining the first two harmonics only,

21T,
(N) [
u(N - U
J J R(NNg O 16M(G: - GJ) J Eﬂa(%)

S

__pt
e adN 3C052(@‘%)%%-

(4.9.3)
By substituting (4.9.3) in (4.4.14) and performing necessary differentiation, we
obtain the relationship between the shear loading and the amplitude of the
tangential displacements, namely,

T = m EqulBl ¥ 36062525, (4.9.4)
where
Znﬂ ZHi(pd(P
B, = J R B, = J . (4.9.5)
Equation (4.9.4) can be solved, to give
4an(G] - G)) _
Ug 5 [G1B;T — 3G,B,1]. (4.9.6)

~ G’B? - 9G%B?
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The integrals in (4.9.5) can be computed easily for various crack shapes. For
example, a rectangular crack with sides 2a, and 2a, is characterized by the

values

al + a)'? 4(a; - ay)

B = —— , B
1 a1a2 2

= | (4.9.7)
3a1a2(ai + ag) 12

It is noteworthy that despite the fact that the integral representation (4.9.1) is
valid insde a circle p<min{a(@p)} only, and despite the approximate nature of
(4.9.3), the solution given by (4.9.4-4.9.5) is exact for an elipse. We did not
find in the literature any reliable data related to a non-éeliptical crack under
shear loading, therefore it is difficult to say how accurate the solution is for
various crack shapes.

Exercise 4.9
1. Derive (4.9.3).

2. Establish (4.9.6).
3. Consider the case of semicircular crack.
4. Solve the problem for a cross-shaped crack

5. Solve the problem of a general flat crack subjected to torsion.

4.10 Close interaction of pressurized coplanar circular cracks

The general method is applied here for the stress anaysis of an elastic
space weakened by severa arbitrarily located coplanar circular cracks under the
action of an arbitrary normal pressure. The governing integral equations are
derived, which have definite advantages over other methods. the equations are
non-singular, the iteration procedure is rapidly convergent even for very close
interactions; there is no need to solve the integra equations if one is interested
only in obtaining the upper and the lower bounds for the quantities of interest.
In the case of the cracks which are far apart, these bounds are so close that
they provide, in fact, a sufficiently accurate solution to the problem. The
method allows us aso to obtain a practicaly exact numerica solution to the
problem of very close interactions. Severa illustrative examples are considered.

Theory. Consider an elastic space weakened in the plane z=0 by n
arbitrarily located circular cracks. The cracks do not intersect. Let the centre
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of the kth crack be located at the point with Cartesian coordinates x, and vy,, its
radius be denoted by a,. Let an arbitrary pressure o, be applied normally to

the crack faces in opposite directions. The set of governing integral equations
can be written, due to (4.1.9), in the form

1 ’ w (M,) o
O'i(Mi) = m'[z_HAkEﬂ[SJW dSK , for i = 12, .. ,n,
(4.10.1)

where A is the two-dimensional Laplace operator, S, is the kth crack domain,
R(Mi,Mk) stands for the distance between the points M and M, (MiDSi and

M, 0S); w, denotes the norma displacements of the crack face (an unknown
function), o stands for the norma traction acting inside the ith crack (a known

function). We can single out, without loss of generaity, the crack number 1,
and consider the set of cracks in the local polar system of coordinates with the
origin coinciding with the centre of the first crack. By using the integra
representation (4.1.11), the first eguation from the set (4.10.1) can be rewritten as

p
S S N I R S
0P = ﬁwda®J(&_ﬁmdﬂ

a;

d PodP, 1 1 iﬂ W (My) g
X—| ———75 LU=)W(Pe®) — —— —_— :
dXJ o2 - X372 (po) 1(Po, ) 22H - LJ R(M_,M,) S

(4.10.2)
Since the integrals under the summation sign in (4.10.2) are non-singular, the
differentiation can be performed under the integral sign, with the result

p
S S N I R S
0P = ﬁwda®J(&_ﬁmdﬂ

a;

d Po dpy 1 1 n il
Xd_xJ o L(p_O)Wl(pO’(p) = ZLJ RI(M,,M,) o

(4.10.3)
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Formula (4.1.12) alows us to express w; from (4.10.3) by constructing an
inverse operator, namely,

al X

1 [ (X2 p2)1/2 (X2 p2)1/2 X2 1 0

Y

(a2 _ p2)1/2 n
+ 1T S

k=2

W, (Po:P)  PodPd,
J J 5 - a)™Ip® + p5 — 2ppecos(e-@)]

(4.10.4)
Here we used the following integral representation for /R
X 2
o NG omgXax
(P® + p; — 2ppicos(e-@)*? TP dPJ ©* - X)"p5 - )"
for py>p. (4.10.5)

The representation (4.10.5) alows us to compute various integrals involving the
Abel and the cr-operators. For example, the following integral is an immediate
consequence of (4.10.5)

X

Jy‘i—d‘%m LP)P* + P~ 2PPocoS(@-y)]

-3/2

2
X X

= ————=5 A=, :

o2 - X032 (po Q)

A sSmilar procedure can be applied to the remaining n-1 cracks, and the
additional n-1 equations of the type (4.10.4) can be obtained. Note that each
such equation is vaid in a local system of polar coordinates related to a certain
crack. The set of equations (4.10.4) can be solved numerically by iteration.

Here we show that one can obtain the upper bound, the lower bound and
a reasonably accurate central estimation for al the quantities of interest without
solving the integral equations (4.10.4). Since w, does not change sign in S, we

can apply the mean value theorem to the second integral in (4.10.4), with the
result
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aq X
dp Y
_ dx PoBPy @ o]
w,(p.¢) = 4H[ C - )~ J oC - pg)ll sz Ol(po’(P)
P
(aF - Uzi Vi
+ :
S - a)™ [p° + ri - 2prycos(-gy)]
(4.10.6)
Here V, denotes half of the volume of the opened kth crack
Vi = [ [ w ds,,
Sk

and though the exact location of the point R, with the polar coordinates
(r40@y) is unknown, the fact of belonging to the domain S, limits the possible

variation of the quantities of interest and allows us to obtain the upper and the
lower bounds as well as a sufficiently accurate central estimation which will be
discussed further. The symmetry considerations can also be used to sharpen the
estimations. It will be shown further that these bounds can be so close in the
case of cracks remote from each other, that they provide, in fact, a sufficiently
accurate solution to the problem.

The crack volume 2V, can be estimated by integration of (4.10.4) over the
domain S;. The result is

21 al

Vv, = 4HJ J o(p.@(@ - p°)*pdpde

" a a
2 [] 1 . ]
+ = =————— — Sin- — ,0)pdpdao.
T[Z[ [ sz N7 pDWk(p @) pdpde.

— al)
(4.10.7)
We can use again the mean value theorem, with the result
2Tt al
2 _ o¥2ndodg + Z sin't al%/
V, = 4H o,(p.9) (& - < - —V,.
) J J (P (3 - p°)Ypdp Eplk - al) oY

(4.10.8)
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Again, the point with the polar coordinate p, belongs to S, thus limiting the

possible variation. Integration of the remaining n-1 equations over the area of
each crack provides finally a system of n linear algebraic equations which can be
solved with respect to the unknowns V,. Their feeding back into (4.10.6) gives

the complete solution to the problem.  Although the exact values of the
coordinates ro @ and p, are not known, we can aways use their maximum

and minimum values in order to obtain the upper and the lower bounds for all
the quantities of interest.

Defining the stress intensity factor as

k(® = lim{(p - a)" o (p.0)} ,

P—ay
one can get an equivalent expression through the crack face displacements

k(@) = —— i e (4.10.9)
(@ = — lim ——— . 10.
4Tt P — ay (ak - p)

Substitution of (4.10.4) in (4.10.9) gives

21 al

K - 1 (ai B pz)l/zol(p’%) pdpda,
(@) = T@\/2_3L1 J J p2 + a’i ~ 2pa,cos(® — @)

N Z W (P, @) pdpdg,
" R j SJ (p® - a)™p® + aj - 2pa,cos(e-@)]

k=2

By using again the mean value theorem, the following expression for the stress
intensity factor can be obtained

21 al

K - 1 (ai B pz)l/zol(p’%) pdpda,
1((p) - T[Z_\/Z_al J J p2 + ai - 2palcos((p_(po)

V2 Z Vi
+ — .
22/ T°H (rf - ai)llz [rf + & - 2ryacos(@ — @)

k=2

(4.10.120)
Similar expressions can be derived for the remaining n—-1 cracks. The first term
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in (4.10.10) presents the stress intensity factor of a solitary crack opened up by
an arbitrary normal pressure o,, the remaining terms display the influence of
interacting cracks. It is clear from (4.10.10) that the stress intensity factor of
interacting coplanar cracks is always greater than the stress intensity factor of a
solitary crack under similar pressure. This proves the results of Mastrojannis and
Mura (1983) to be incorrect, since they report a decrease in the stress intensity
factor along part of the boundary.

Example 1. Two cracks. Consider the case of two coplanar circular
cracks with the radii a, and a, under the action of a uniform normal pressure

0,=p, and o,=p, respectively. Let | be the distance between their centres.
Equations (4.10.8) in this case will take the form

a a
8__3 2., [ 1 .1 i[]

V, = SmHp, + SV, —— - snt —
1 3 P1 Zapiz ~ a'i‘)uz N

a. a.
8__3 2., [ 2 .1 2]

V, = SmaHp, + V= - §nt —
2 3 %2 P2 1mp§1 _ ag)llz leD

The solution is

3 3 3 3
a;p; *+ Cpayp; Cxnapy + AP,

_8 _8
V, = gmH —— o V, = gH —— o (4.10.11)
where
co-z20 M _Lafp 20 %2 a0
12 Tﬂpiz - ar'f)ll2 Prol] 2 Tﬂpgl - a§)”2 P[]
(4.10.12)

Here p,, varies between |-a, and l+a, and |-a;<p,,<lI+a,. The upper bound
for V, corresponds to p,,=I-a, and p,=l-a,; the lower bound is achieved at
p,=l+a, and p,=I+a,. The estimations can be sharpened by using the
reciprocal theorem which implies the identity cj,ai=c,a,. This identity narrows
the range of admissible variation for p (in the case of unequa cracks only) thus
making the estimations sharper. In this vein the case of two equal cracks

should be considered as the least accurate. We shall also consider the central
estimation which corresponds to p,,=p,=l. It will be shown that the central

estimation gives a sufficiently accurate solution even for relatively close crack
interactions.
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Formulae (4.10.11-4.9.12) simplify in the case of equal cracks as a,=a,=a,
and if p,=p,=p, then

a -1 all

———>5 — Shn

0
sz _ a2)1/2 o]

V, =V, =V = c =

31N

(4.10.13)

Here VO:(8/3)T[Ha3p stands for a haf of the volume of a solitary crack, and p

varies between |-a and |+a. Note that in the case of a uniform pressure, the
crack energy W is proportional to its volume, namely, W=pV. It is clear from
(4.10.13) that the crack interaction increases their energy.  Substitution of
(4.10.13) in (4.10.10) and use of the mean vaue theorem yield the following
expression for the stress intensity factor

O 2¢3 =
K = K
@ °§'+{3M1— ) - 6 - (1 —s%”sn%nmffﬂk“ﬂﬂg
(4.10.14)

where Kozp\/ﬁln corresponds to the stress intensity factor for an isolated crack
under the action of a uniform normal pressure p. Here the upper bound for the
stress intensity factor is given by e=a/(l-a), the lower bound corresponds to
e=al(l+a), and the central estimation is defined by e=a/l. Now we need an
accurate numerical solution in order to estimate the accuracy of the approximate
formulae derived. Assume the crack face displacements in the form

w(p.@) = 4Hp(@ - p*)"f(p.9), (4.10.15)

where f is as yet unknown function. It may be caled the interaction function
since it is equa to the ratio of the crack opening displacements to those of a
solitary crack. The values of f(a,p) are equal to the ratio of the stress intensity
factor of interacting cracks to the stress intensity factor of a solitary crack. We
shall call f(a, @) the interaction factor. Substitution of (4.10.15) in (4.10.4)
gives a convenient expression for the procedure of iteration

0
w(p, ¢) = 4Hp(a® - p)"*0 1
0
L1 om 2 @ - ré)ﬂz f(ro, Wo) rodrody g
TIZJ J (17 + r2 + 2rcosy, — a)r* + r2 + 2rrcos(WHl

(4.10.16)
Here we have introduced the new variables r=(p®+%>-2lpcosp)’?, p=sin[(p/r)sing)].
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The integral in (4.10.16) has a logarithmic singularity for r=l-a, Q=0, as |- 2a,
therefore the procedure of iteration might not be convergent for | very close to
2a. The limiting value of | can be found by analyzing the integral operator

2T a

1 (@ = rd)"2 f(ry, Wo) rodrody,

0 = TIZJ J (I + r2 + 2rgcosy, — a1 - a)> + r5 +2(1 — ayrqcosiy]’
(4.10.17)

According to the Banach’'s theorem, it is sufficient to prove that the integral

operator (4.10.17) is a contraction operator. We define the distance in the class
of continuous functions by

o(f.f) = max[f(p.9) — f.(p.@)I-
We assess the value of
12(f) = Z(fl
g (@ = )" If(r, @) - fy(r, )| rdrdy
- T—IZJ J (17 + r® + 2lrcosp - )Yl - a)® + r* + 2(I - a)rcosy]

a(ffy) 7 2 (@2 - r3)¥ rdrdy

<

T J J (17 + 1% + 2lrcosp - a)Y(l - a)® + r* + 2(I - a)rcosy]
25(ff) .° (@2 - )% rdr 2a o(f.fy)

<

"J.W-W-ﬁﬁﬂ-ﬁ-ﬂ<mﬂ-ﬁ-ﬁ”'

The integral operator (4.10.17) will be a contraction operator if

2a
(- a)° - a7"

indicating that the iteration procedure will be convergent for [>2.18a which
corresponds to a fairly close interaction. The estimation given above is crude.
Direct computations show that the iteration procedure converges even for
[=2.0005a (which corresponds to the case when the shortest distance between the
cracks is equal to 0.0005 of its radius), and converges rapidly: the first iteration
with f=1 has the maximum relative error less than 2%, and the sixth iteration

<1,
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may be considered practically as an exact solution since the maximum relative

error becomes less than 107. The accuracy of the first iteration improves as the
distance between cracks increases. For example, the first iteration for =10 is
practically exact with maximum relative error less than 10°. We could not go
closer than 1=2.0005a, not because of non-convergence, but because the standard
subroutine DBLIN from IMSL library, which was used to compute the integrals,
failed giving termina errors. Though we do not have a rigorous proof, it seems
probable that the iteration procedure is theoretically convergent for an arbitrarily
small distance between cracks.

The values of the interaction function f(p,p) are presented in (Fabrikant,
1987q) for various ratio of l/a. We limit ourselves here to just one abbreviated
table, related to the closest interaction considered, with [=2.0005a. The reader is
referred to the original paper for additional data. The first line in Table 4.10.1

Table 4.10.1. The interaction function for [=2.0005a

p () 0. 30. 60. 90. 120. 150. 180.

1.00000 | 2.77577 118634 106686  1.03605 1.02471  1.02009  1.01881
091667 | 142135 116479 106729 103761 1.02614 1.02137 1.02003
0.83333 | 127366 114560 1.06728 1.03916 1.02766  1.02277  1.02139
0.75000 | 1.20176 112870 1.06682  1.04067 1.02928  1.02431  1.02289
0.66667 | 1.15812  1.11396 1.06593 1.04214 1.03102 1.02601  1.02455
058333 | 1.12865 110117 1.06464 1.04353 1.03287 1.02788  1.02642
0.50000 | 1.10743 1.09012 1.06299  1.04482 1.03483 1.02996 1.02850
0.41667 | 1.09146  1.08058 1.06103  1.04597 1.03692 1.03228  1.03086
0.33333 | 1.07903 107234 105883 104696 1.03911 1.03486  1.03353
0.25000 | 1.06913 1.06519 1.05646  1.04777 1.04142 1.03775  1.03657
0.16667 | 1.06108 1.05899 1.05396 1.04836  1.04382 1.04101  1.04007
0.08333 | 1.05442 105358 1.05141 1.04872 1.04630 1.04468 1.04411
0.00000 | 1.04884  1.04884  1.04884 1.04884 1.04884 104884  1.04884

gives the ratio of the stress intensity factor of the interacting cracks to the stress
intensity factor of a solitary crack under the same uniform load. All the
computations were made with the relative error not exceeding 10° It was
established that Collins (1963) formulae are accurate within 1% for [>2.5a. The
relative error of the central estimation corresponding to (4.10.14) does not exceed
2% for 1>25a. One can aso notice that the central estimation is aways
dightly below the exact value, thus giving in the case of two cracks a very
close lower bound for the quantities of interest. The same can be said about
the formulae by Collins (1963). The accuracy of the central estimation
deteriorates rapidly as | decreases, for example, the maximum error in the stress
intensity factor for |=2.2 (the distance between cracks is 0.2 of its radius) is
about 10%. The accuracy of the centra estimation of the crack energy,
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corresponding to (4.10.13) is much better, and is discussed in more detail in the
next section. In the examples to follow we shall consider only the centra
estimation for al the quantities.

Example 2: Infinite row of equal cracks. Let the crack radius be a, and
the distance between the adjacent crack centres be |I. The cracks are opened by
a uniform pressure p. The centra estimation for the crack opening volume 2V
can be defined, according to (4.10.8), by a single equation

_8 4 a _ant a [
V—3T[Hap+ VZD—(kZIZ— ) sin K O]
with the result
VO
V = , (4.10.18)

.1 a [
ZD(|<2|2— 27 9" 4O

where V,=(8/3)Hp is the corresponding result for the case of a solitary crack.
The crack opening displacement will take the form, according to (4.10.6)

wp.g = (a° - pz)”%pH

s g :
(K12 = @)™ [p" + (k)" - 2(pK)’cos2q] ]

and, as an immediate consequence of the previous expression, the stress intensity
factor will be defined by

0

_ a’ + (K)? O
K@ = K% 2Tl2pH ~(i¢17 —a)"a’ + (K)* - 2(ak)cos2q])

where K, stands, as before, for the stress intensity factor of a solitary crack.

Example 3: Polygonal configuration. Consider a circular crack of radius
b, its centre coinciding with the centre of a regular polygon, surrounded by n
cracks of radius a, with their centres located at the apices of the polygon. Let
| be the distance from the polygon centre to its apex. Let a uniform pressure
p. open up the central crack, and a uniform pressure p act inside the cracks
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located at the polygon apices. Due to the system symmetry, the crack opening
volume can be defined by just two equations

_ 8 3 2 [ b _ gt b O
VC—3T[prC+ nv 0% - A2 SN T A
_ 8 3 2 [ a .1 a [
V—3T[Hap+ V. 00z = D7 sn” 0
2 0 a 0
T ZD(|§ 27 LD

where V. and V denote half of the volume of the central crack and the apex
crack respectively, and |, =2lsin(tk/n). The solution is

8 b3pCC22 + a3pC12 8 b3pCC21 + a3p011
Vc = = 1H , V == 1mH )
3 C11C — CyoCxy 3 C11C = CyoCxy
(4.10.19)
where
— — _ gl all
Cn = 1 ZQF - SN [
_2 [ a _ et a ~ 20 b g hbO
Czl—T[D(Iz_az)l/z ST T o Clz—T[Q BN SN T

The central crack opening displacements are, according to (4.10.6),

wy(p, @ = 4Hp(b* - pA)*?

\VJ 1 [
4.10.20
¥ ATCHp(I? - b%)Y? Z p® + 12 - 2plcos(ep - @) O ( )

Assuming @=21k/n, the summation in (4.10.20) can be performed, with the result

wy(p,@) = 4Hp(b® - pA)?
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+ nv |2n _ p2n D
4PHP(1° - b2 (17 - p) (P + 1™ - 2p""cosng)]

The stress intensity factor for the central crack takes the form

Dl N nV |2n _ b2n D

0 4rtHp, (17 - bH¥ (6™ + 1” - 2b""cosng) [

K. = K,

Cc

Due to symmetry of the system, al the apex located cracks will have the same
characteristics. The following expressons are valid in a loca system of polar
coordinates, with its origin at the crack centre and the polar axis coinciding with
the line connecting the polygon centre with its apex. The crack opening
displacements are

V

[
= 4H 2 _ 12 1 D ¢
wo® = ARt e 5 " #RplT - @7 (07 + 2 + 2ipoosy

\%
+
Z (If - @)™ [p® + If + 2l,pcos(@ + wm%
where V and V. are defined by (4.10.19); | =2lsin[r(k-1)/n], and Y, =2m(k-1)/n.
The stress intensity factor can be written as

1 0 Ve

artHp 012 - a)Y¥2 (@ + 1 + 2lacosy)

[
K=K, 01+
[

n V
"2 (If - @)™ [a® + I + 2al,cos(@ + Yy)] %

k=2

Discussion. It is of interest to compare our results to those avalable in the
literature. The paper by Collins (1963), though published 23 years ago, seems to
be still the most reliable source. He did not give the stress intensity factor
explicitly but it could be derived easily for the case of two equa cracks, and it
reads in our notation
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0 8
_ 26% & 30e” | 12¢°
K_Kogl+3n+5n+9n2 7T[+5n2
+4—84%+382+2—83+98%0$p+4—8 D1+@+2—83%052cp
31 31 3t [J 5 31
4¢° 21¢° 4¢’ 4¢° i
+ —% 0S3Q + —— COs4Qp + —— Cos5@[] (4.10.21)
31 5 31 31 0
Our result (4.10.14), if expanded in series, reads
i 3
= K% + —(1 + 2D ecoskq)(1 + l;’ e + é—i + 271 et + . )E (4.10.22)

k=1

Comparison of (4.10.21) with (4.10.22) reveals quite a few common terms,
Though Collins himself assumed that his results are valid only for the cracks
whose radius is much smaller than the distance between their centres, the
numerical results indicate that (4.10.21) is accurate within 1% for |=2.5a which
corresponds to the shortest distance reported in the literature. Direct computations
show that the central estimation corresponding to (4.10.14) does not differ from
Collins' (4.10.21) by more than 3% in the whole range 2a<l<ec, and differs by
less than 0.9% for 1>25a. The stress intensity factor, due to Andreikiv and
Panasiuk (1971), is

_ 2 2!
K = Kyl + 3 3 COSY).

One should notice that a factor 2 is missing in the third term of their result.

Collins (1963) gave the following expresson for the crack energy of two
equal cracks

] 26 | 6 | 4¢° 188 32¢8 O
W = W 1+ = + + + — + ..
°0 3m  5m 9n2 n 1512 []

where W,=(8/3)Ha’p’ is the energy of a solitary crack. Our expression for the
crack energy is
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Wo

W= — (4.10.23)

where ¢ is defined according to (4.10.13) as

_ 20U 3 _ gple O

S Oa - )~ Ol
Series expansion of (4.10.23) results in
2¢% | 3¢ | 4® | 15¢’

~wlq 42, 3 4 15 U
WeWorl v p v Se v o2 " 28 ¥ O

which is very close to Collins result, ours being dlightly lower. Table 4.10.2

Table 4.10.2. Crack energy increase (two equa cracks).

I/a upper lower central result of exact error
bound bound estimation Collins result (%)
2.001 - 1.008800 1.035366  1.046308  1.062976 26
2.005 - 1.008762  1.035105  1.045921  1.061694 25
2.010 - 1.008714  1.034783  1.045444  1.060378 24
2.020 - 1008621  1.034152  1.044510  1.058066 23
2.050 1008349  1.032352  1.041861  1.052411 19

2.100 | 2.965366 1.007921 1.029637 1.037908 1.045276 15
2.200 | 1.498350 1.007150 1.025091 1.031413 1.035399 1.0
2500 | 1.117132 1.005370 1.016120 1.019160 1.020067 0.4
3.000 | 1.035432 1.003526 1.008809 1.009900 1.010035 0.1
5.000 | 1.003526 1.001009 1.001764 1.001834 1.001835 0.0
10.000 | 1.000294 1.000161 1.000214 1.000216 1.000216 0.0

displays the values of W/W,. It confirms that the error of the central estimation

(4.10.23) is under 3% even for a close interaction when the shortest distance
between the cracks is equal to 0.001 of their radius. Collins results are
presented in order to emphasize the accuracy of our numerica solution. The
energy increase due to the crack interaction is relatively small even for very
close interactions, this is mainly due to the sharp localization of interaction
effects (see, for example, Table 4.10.1)

It is adso of interest to compare the upper bound for the stress intensity
factor defined by (4.10.14) with the upper bound derived by loakimidis (1982).
His result for two equal cracks reads in our notation

287
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K0
K = (4.10.24)
- 22
3r(l - 2a)

If we expand (4.10.13) in power series, retaining the first term only, the result
is

VO
V = (4.10.25)
- 2
3 - a)

Comparison of (4.10.24) with (4.10.25) explains why our estimation is sharper:
we have in the denominator I|-a while loakimidis has |-2a. Here is a
numerical example. For [=3a the exact result reads K=1.0234K,  Our upper

bound gives K=1.127K, with an error of 10%, while the result of (4.10.24) is
K=1.269K,, with an error of about 25%.

Collins (1963) gave the following expression for the crack energy in the
case of an infinite row of equal cracks

W = Wy(1 + 05102¢° + 0.7921e° + 0.2603¢® + 1.6507¢’ + 0.8083¢° + ..)

(4.10.26)
Our expression due to (4.10.18) is
WO
W = (4.10.27)
_4y0 e gneD

The value of W/W,, computed on the basis of (4.10.26) and (4.10.27), can be

found in (Fabrikant, 1987g). Our (4.10.27) does not differ from (4.10.26) by
more than 2% in the whole range of 2.00la<l<ec. Of course, this does not
mean that the central estimation is so accurate; it means only that our simple
approximate solution is almost as accurate as a very complicated one by Collins.
We are not aware of any result in the mechanics literature to compare with our
results for the polygonal configuration.

Some well known results can be simplified significantly by using the
method of computation of various integrals involving distances between several
points. For example, here is the set of governing integral equations derived by
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Panasiuk et a (1986, p. 83) for the problem of interaction of N coplanar thin
spheroidal inclusions:

2

Wn(Xn!yn) + HrWn(Xn!yn) - ﬁ[zz [ [ Wk(Xk!yk)r[(Xn - Xk)
k=1 Sy
k#n

+ (v, = y)1¥ dxdy, = f(x,y), forn =12 .. N
(4.10.28)
Here f, is a known function, w, is the normal displacement at the boundary of

the nth inclusion, S, is its median crossection, (X,Yy,)0S, and the integra
operator I is defined by

®(E,n) dedn
(% — &) + (v — n)**

Fo(Xey = J J
S

dédn
J{[zz +n? - all( - &° + (v - N~

S

!

de, dn,. (4.10.29)

J J dELN)@EE - & - n)Y?

o € - El)z + (N - rl1)2

Here a, is the radius of median crossection of the kth inclusion, and S, denotes
the area outside S,. The double and quadruple integrals in (4.10.29), which is a
kernel of the integral equation (4.10.28), make any numerical solution next to
impossible.  Panasiuk et a. (1986) have managed to give an approximate
solution for the case when the inclusions are far apart, which is of little
practical value, since there is amost no interaction at such distances between the
inclusions. Let us show that (4.10.28) can be simplified so that its kernel be
presented in elementary functions. Making use of the integral

TR - ™ 1 rdray
J J (= 2™ pg + r* = 2pyrcos(@yw) [p° + r* — 2preos(e-y)]™

2 _ U202 212
_ ﬁa p) (a Po) ]
R 02 0 aR "’
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one can change the order of integration in the second integra of (4.10.29),
perform the integration in §k, and the integral operator ' simplifies in polar
coordinates significantly, namely,
ro(ee =2 | | & ') o) podpede,
’ T R R (oLl 0 0 1
S

which is much simpler than (4.10.29). It is reminded that R and n are defined
by (4.1.14). We can aso compute T[(x, — x)* + (v, - YOI ¥ in eementary
functions. Indeed, one may obtain from (1.6.19)

2T a

1 . PodPodey
2 tan'(@)
R ™R [pg + r® - 2rpgcos(@-w)]**

2 212
=7 2 1/22T;(a 2 o) , for r>a.
(r° = a) ™ Ir" + p° — 2rpcos(ep-y)]

The above results simplify (4.10.28) so significantly that now it can be easly
solved by iteration numerically or anaytically.

Exercise 4.10
1. Derive (4.10.4).

2. Rederive (4.10.4) by using an alternative approach: the results of section 4.2
combined with the reciprocity theorem.

3. Investigate the convergence of an iterative process, applied to the integra
equation (4.10.16).

4. Consider the interaction of a crack with a microcrack.
5. Consider the interaction of two cracks due to the bending of an elastic

space. Assume the space dtretched so that cracks do not close due to the
bending.

4.11 Close interaction of coplanar circular cracks
under shear loading
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In this section, the general method is applied to the stress analysis of an
elastic space weakened by several arbitrarily located coplanar circular cracks
subjected to an arbitrary shear loading. The problem is reduced to a set of
Fredholm integral equations. The number of equations is equal to the number of
cracks, and can be reduced in the case of a symmetrica configuration. The
equations are non-singular. It is shown that the iteration procedure is convergent,
and the convergence is so rapid that a practically exact numerical solution can be
obtained even for very closely located cracks. One can get an approximate
analytical solution without having solved the integral equations. It provides
sufficiently accurate estimations for the quantities of interest, like the stress
intensity factor, the crack energy, the crack face displacement, etc. The cases of
two cracks and an infinite row of equal cracks are considered as illustrative
examples.

Theory. Consider an elastic space weakened in the plane z=0 by n
arbitrarily located circular cracks. The cracks do not intersect. Let the centre
of the kth crack be located at the point with Cartesian coordinates x, and vy,

and its radius be denoted by a,. We introduce the complex tangential
displacement u=u,+iu,, and the complex shear stress 1=T,+i1,. Let an arbitrary
skew-symmetric shear traction t, be applied to the k-th crack faces. We can

single out, without loss of generality, the crack number 1, and consider the set
of cracks in the loca polar system of coordinates with the origin coinciding with
the centre of the first crack. In order to be able to use the reciprocal theorem,
we need to consider the second set of tractions applied to the same crack
configuration. We apply two unit concentrated forces T, to both faces of the

first crack in opposite directions at the point with polar coordinates (p,¢), and
parallel to the axis Ox. We aso apply shear tractions q,, and g, to the

remaining cracks. These tractions are chosen so as to provide zero displacement
discontinuity at the crack faces, so that the whole system would behave as a
single crack (number one) in an infinite body. This choice will alow us to use
the Green's functions for an isolated circular crack derived in section 4.4. The
following integral equation can be obtained by using the reciprocal theorem:

u1x + Z [ [ quukde( + Z [ [ qkyukde( = [ [ (TlxuxTX + leuy-l-x)dsl'
k=2 Sk k=2 Sk Sl

(4.11.1)

Here q,, and q,, stand for the shear tractions in the kth crack domain due to a

pair of unit concentrated forces applied at an arbitrary point of the first crack in

the direction paradlel to the Ox axis; u_ and u, ae the tangential

X X

displacements of the first crack face due to the same unit forces, and u,, U,
and u,, are the as yet unknown tangentia displacements of the first and the kth
crack faces respectively. Similar considerations, with the unit concentrated forces
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T, applied paralel to the Oy direction, yield the second integral equation

u1y + Z [ [ SkxukdeK + Z [ [ SkyukdeK = [ [ (Tlxux-r + leuy-l- )dsl
k=2 Sy k=2 Sk S) Y Y

(4.11.2)

The meaning of the notation in (4.11.2) is smilar to that in (4.11.1). All the

integrals in (4.11.1) and (4.11.2) are evaluated on one side of the relevant crack.

Now we need the explicit expressions for the quantities ¢y, Oy, S Sg» U

xTX

u_,u_,u.. These expressions were derived in section 4.4, and are

yTX xTy y y

Ow= —¢C - 0OZ, O = ~HZ = 54 Sy = ¢ + 0Z, (4.11.3)
uXTX =¢ -0z + + 0Z, uyTX = -0z, + 0z, ,

y y

where [0 and [0 stand for the real and the imaginary part, and
CHEN i G, (@ - p)"? eP3pe " - pe'?

¢ = 2 oy LT & 2 NI ) r
T — )R Gy (e - &) PoPe'? — pee %)2

G n@ _ G 3-t) n(a

Zl - T[_R tan R ) Zl - T[Gl a'f(l _ t1)2 ;
2i

SR @) G @)@ - ke ) e
ZZ_T[Ran R Z_T[ai(l_tl)(l_fl). (@119
Here
R=[p® + p; — 2ppcos(@-@)]*%,  n(x) = (& - p)YAX - p))YIx,

(4.11.6)

_ 2y i(e-00) _ Qo _ i% Qi 1 G
t,=(ppy/aye : § = (pe P )l(pe P€ ) (4.11.7)

We multiply equation (4.11.2) by the imaginary unit i, add the result to (4.11.1)
and, after substitution of (4.11.3), (4.11.4) and (4.11.5), obtain
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Gy @) G B -1 n@
u(p.@) = ?J J R tan R E’i 21 - 1) al(po’%)podpod%

G, M @)y n@) E - te
3 -1@ v 1 L 0=
¥ _"J J ®EOR O 2o a0 HPo®Pen

(a%—pA)12 "
H a2

J J HPo®) G, UPo) (Bce ” — pe'De ™ podogdy
[ B —
[ 2 G i | 2_ Uz
S t polpe™® - pe 2 Mo
(4.11.8)
The first two integrals in (4.11.8), though looking formidable, can be computed
exactly and expressed in elementary functions for any polynomia loading. They

give the tangential displacements of the first crack, as if it were an isolated
crack, under the prescribed loading t,. The remaining integrals represent the

influence of the other cracks. A similar procedure can be applied to the
remaining n-1 cracks, and the additiona n-1 equations of the type (4.11.8) can
be obtained. Note that each such equation is valid in a local system of polar
coordinates related to a certain crack. The equations are non-singular. They can
be solved numericaly by iteration. As will be shown further, the convergence is
so rapid, that the first iteration has an eror less than 2.5% even for a very
close interaction when two cracks are separated only by 0.01 of their radius.

In the case of a uniform shear loading t=ty=const, the set of equations
(4.11.8) simplifies as follows
Gl -G . @-p) 2 tee®)
U1:2T0T1(al—p) +TZ[[IJT

k=2 Sk

G, UPo®) (Boce ” — e e’ pclpyday
+ = : i S (4.11.9)
! PoPe'? ~ pee ) Po L

In some cases we can obtain a sufficiently accurate analytical solution of the set
(4.11.8) by applying the mean value theorem. The result is:

293
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G, ™ (ay) > 3 - 1) na)
u(p.@) = ?l J J % tan-lg] Rl B_ _g (1L 1_ El)zl al(po’%)podpod%
G, [ L@ n@) € -t o

= &
T J J OR R - tl)(l —ty O Pe®) Pkl®

Z (@ - p)*? U, 62 Ul((Spl(e"(n< - pe'i‘p)e'%D
1212 . i
le(pk - al) Ij) + pk - 2pkaOS((p (pk) Gl pk(pe"(p — pke %)2 D
(4.11.10)
Here
U, = J J uds, ,
SH

and p, and @, are the polar coordinates of a point inside S,. Though the exact
location of the point is unknown, the fact of belonging to the doman S limits
the possible variation of the quantities of interest and allows the construction of
upper and lower bounds as well as a sufficiently accurate central estimation
which corresponds to the assumption of p, and @ being located at the centre of
the kth crack. The symmetry considerations can aso be used to sharpen the
estimates. It will be shown further that the central estimation provides in some
cases a sufficiently accurate solution to the problem.

The value of U, can be estimated by integration of (4.11.8) over the
domain S;. The result is

2 2 2Tt a
G: - G 1

a,
U, = ZTZJ J (p.0)(& ~ p?)pdpde + ‘ZJ J %—_ )72
1

Gz Uk(p pe 2% 0

3 m[p dpdq. (4.11.11)

a
1] o
Y (p - al)

- snt = u
o0 P @) +

We can use again the mean value theorem, with the result for the centra
estimation
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Gl GZ

Uy =2 —5— J J p.9)(a; - p°)"*pdpdg

— 2
n a, o T

. a, 2G, 3i U,
s _%, +— a |
2 212 k 1 2 2 A21/2

(12, - &) L L A (A5

(4.11.12)
Here (l,.9,) are the polar coordinates of the kth crack centre, with respect to
the system of coordinates having its origin at the centre of the first crack.
Integration of the remaining n-1 equations over the area of each crack provides
finally a system of n linear agebraic equations which can be solved with respect
to the unknowns U,. Their feeding back into (4.11.10) gives the complete

solution to the problem.
Define the stress intensity factor at the edge of the first crack as

Ki@ = lim{(p - a)”"1,(p.9)}.

p—a;

An important feature of the present method is the possbility to compute the
stress intensity factor directly through the displacements (see the derivation of
(2.8.46) for details):

a _ ﬂ;lul(p,q’) + G Gl(p!(p)D

K@ = - — |im
' nG: - G a ,., 0 @ - )" 0

(4.11.13)

The stress intensity factor for the remaining cracks can be defined in a similar
manner.  Substitution of (4.11.8) in (4.11.13) vyields, after simplification,

<o . B T (@l - )" (po®) PodPde,
(p = = —
! le\/Zal DJ J ai + pé — 2a,p,Cos(@ — @)

G, ¢ o 3a1e-icp - poe'i‘Po 2 212 = a
+ o — J _ o (@ = )™ o) podpoday]
1 & [a,6'® - 0ee (po] 0
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a " ., G ,
_ I, ipL]
e v 2 ) é'?% "5, 0w

k=2 Sk

G D ez'(P %] [] podpod(po

+ KPo W ———15 - (4.11.14)
H ( Po ~ 1)
Here
3pe P - ae? o, y
0, = —; - , Ry = [a] + py — 2pya,cos(@ — @)

Pe€ | %(ale-i ?- poe-I %)2

The first two integrals in (4.11.14) give the stress intensity factor for an isolated
crack, while the remaining integrals represent the influence of the other cracks.
We shall see next how these general expressions can be applied to some specific
problems.

Example. Two cracks. Consider the case of two coplanar circular cracks
with radii a, and a, under the action of a uniform shear loading t; and T,
respectively. Let | be the distance between their centres. As was established in
the previous Section, the problem is reduced to evauating the integra
characteristics U, and U,. We consider the central estimation only. Equations

(4.11.12) in this case will take the form

2 2 3
= STAT,——=—— + U,/ — sn’ ——+ ,
1 3 11 Gl TT ZQI _ ai)llz I D T[Gl |2(|2 _ ai)llz
2 3
2 = §T[azT2_Gl T[ - 1/2 sin™ To' TG, |2(|2 — )

(4.11.15)
Strictly speaking, the mean value theorem is not applicable in this case, since the
imaginary part of u does change sign inside the crack. A numerical evidence
will be presented later which justifies neglect of the imaginary part. Under this
assumption, the solution is

2 2 _3 3
Gl - Gyaj 1y +Cpay, Ty

mn ,

-4
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2 2 3 3
Gl - Gycya; Ty +a, T,

-4
U =3 —5 eyl (4.11.16)
where
3
o = 2 a sl a .\ G, a 0
12 = TT Ijlz _ al) I G I (|2 _ ai)l/ZD’
a a, G a
2 2 .1 2 2 2 D
Cy = = - 89N = + = =5 411.17
21 TT Ijlz _ az) I G I (|2 _ ag)]./ZD ( )

It will be shown that the central estimation gives a sufficiently accurate solution
even for relatively close crack interactions.

Formulae (4.11.16-4.11.17) simplify in the case of equal cracks as a,=a,=a,
and if 1,=1,=1, then

> il 0 4.11.18
+§1|2(|Ta2)”25 (4.11.18)

__a
(07 - 2™
Here U =(413)ma’t,(Gi-G2)/G,. Note that in the case of a uniform loading, the
crack energy W is proportional to U, namely, W=t,U. It is clear from

(4.11.18) that the crack interaction increases their energy when the applied
loadings act in the same direction, otherwise, their energy decreases. The crack
face displacements will take the form, according to (4.11.9) and (4.11.10),

2 _ 2
_ a2 22 i G- &
(e = (a; - p) 0O2r -G
D 1
U, 0 1 Gz 3l - pe
+ +
(17 — &) Ip° + 17~ 2plcosp G111 - pe'®?
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Gl - G
1 2
P = (@ - P 021, —5
D 1
u, 0 1 G 3l + pe? 4.11.19
) L, 2 tpe” 11
(% - &P F + 12 + 2plcosp G (1 + pe'®)’ D

We recall that each expression in (4.11.19) is vaid in a local system of polar
coordinates, with the coordinate origin located at the centre of the respective
crack. Substitution of (4.11.19) into (4.11.13) yields the expression for the stress
intensity factor.

Now we need an accurate numerical solution in order to estimate the
accuracy of the approximate formulae derived. For the sake of simplicity,
consider the case of two equal cracks. Assume the crack face displacements in
the form

G’ - G2
1 2 2 21/2
up.) = 21, —G, @ - p)" f(p.9), (4.11.20)

where f is an as yet unknown complex function. It may be caled the
interaction function since it is equal to the ratio of the interacting crack face
displacements to those of an isolated crack. The values of f(a, ¢) are related to
the stress intensity factor of interacting cracks through

2a _ |
K@) = - \/Eil [Gitsf(a@) + G,Tf(age™?. (4.11.21)

In the case when 1, is a real constant, we can neglect the imaginary part of f,
and the stress intensity factor can be expressed as follows:

K@) = Ko(® f(a.9), (4.11.22)
where
Ra .
Ko@) = - -\/ﬁl 1[G, + G,

is the stress intensity factor for an isolated crack. We shall cal f(a,g) the
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interaction factor, since its value is approximately equal to the ratio of the stress
intensity factor of an interacting crack to that of an isolated crack. Substitution
of (4.11.20) into (4.11.9) gives a convenient expression for the procedure of
iteration

2 2
G - G 2 2 1/2D
uey) = 2, —=— (@ - p)" 01
G,
O
o e (@ - fé)ﬂz rodrody [ f(ro. Wo)

1
¥ nZJ J (I + r2 + 2rycosy, - a)™ %2 + 12 +2rracos(P — Yo

G, f(roWy) (21 + roe-iLIJO - re'(l + roeiLIJo) 1] 4.11.23
G, 2 2 W S\ 2 = (411.23)
(ro + 17+ 2rgcosyy) (ree = - re'™)” [

Here we have introduced the new  varisbles  r=(p*+I?~2lpcosp)’?,
P=resin[(p/r)sing]. The integral in (4.11.23) has a logarithmic singularity for
r=l-a, =0, as |-2a, therefore the procedure of iteration might not be
convergent for | very close to 2a. Direct computations show that the iteration
procedure converges for [=2.0la ( which corresponds to the case when the
shortest distance between the cracks is equal to 0.01 of its radius), and converges
rapidly: the first iteration with f=1 has the maximum relative error less than
25%, and the sixth iteration may be considered practically as an exact solution,

since the error becomes less than 107. The accuracy of the first iteration
improves as the distance between cracks increases. For example, the first

iteration for 1=10 is practically exact with maximum relative error less than 107,
We could not go closer than 1=2.0la, not because of non-convergence, but
because the standard subroutine DBLIN from the IMSL library, which was used
to compute the integrals, failed, giving termina errors. Though we do not have
a rigorous proof, it seems probable that the iteration procedure is theoretically
convergent for arbitrarily small distance between cracks.

In the case when G,=0 (for an isotropic body this condition is equivalent

to the Poisson ratio v=0), the crack interaction due to a shear loading is the
same as the crack interaction due to a norma loading (compare (4.1.9) with
(4.4.14)). The maximum value of the ratio G,/G; for an isotropic body is 1/3,

and this value was taken in all the numerica computations, in order to expose
the maximum possible difference between the crack interaction due to a norma
loading, and the crack interaction due to a shear loading. Some values of the
interaction function f(p,p) are presented in Tables 4111 and 4.11.2, for the
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closest interaction considered, corresponding to 1/a=2.01. The reader is referred
to the origina paper (Fabrikant, 1989) for the complete data.

Table 4.11.1. The interaction function (rea part) for 1=2.0la

) 0 15 30 45 90 135 180

1.00 214189 152935 124944 114303 1.06042 1.04512  1.04195
0.75 132715 128240 120537 114660 1.07271  1.05393  1.04976
0.50 119220 118283 116050 1.13539 1.08451  1.06514  1.06027
0.25 113108 112916 112389 111649 1.09335 1.07930 1.07499
0.00 109668 1.09668  1.09668  1.09668  1.09668  1.09668  1.09668

Table 4.11.2. The interaction function (imaginary part) for 1=2.01a]

) 0 15 30 45 90 135 180

1.00 0.00000 -0.11448 -0.09508 -0.06835 -0.02738 -0.01092  0.00000
0.75 0.00000 -0.04250 -0.05420 -0.04922 -0.02518 -0.01053  0.00000
0.50 0.00000 -0.01526 -0.02474 -0.02774 -0.01983 -0.00918  0.00000
0.25 0.00000 -0.00458 -0.00834 -0.01082 -0.01107 -0.00609  0.00000
0.00 0.00000 0.00000 0.00000 0.00000 0.00000 0.00000  0.00000

All the computations were made with a relative error not exceeding 10°°,
The first line in Table 4.11.1 is approximately equal to the ratio of the stress
intensity factor of interacting cracks to the stress intensity factor of an isolated
crack under the same uniform load. The data in Table 4.11.2 justify our neglect
of the imaginary part in the interaction function when deriving the approximate
analytical solutions: the maximum value of the imaginary part is less than 8% of
the corresponding real part, and it reduces significantly, when the distance
between the cracks increases. The data in the tables are presented for O<@<TU
The following rules should be applied if one is interested in the value of the
interaction function for @1t Of(p,@)=0Cf(p,2r—¢@) and Of(p,)=—0F(p,210).
Comparison with the results given in section 4.10 shows that the crack interaction
due to a shear loading (when acting on both cracks in the same direction) is
stronger than the interaction due to a normal loading. For example, the
maximum value of the interaction factor for the case |=2.0la and G,/G,=1/3 is

21419 (Table 4.11.1) while the corresponding value in the case of a norma
loading is 1.8613.
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using the computed data and compare it with the approximate values due to

(4.11.18). The ratio WIW, (W, is the energy of an isolated crack) is given in
Table 4.11.3. The approximate value was computed as W/W,=1/(1-c), where c
Table 4.11.3. The ratio W/W0 due to exact and approximate solutions.
l/a 10.0 3.0 25 2.1 2.05 2.02 2.01
exact 1.00043  1.01940 1.03817 108367 1.09621 1.10603  1.11000
approx. | 1.00043 101736  1.03165 1.05802 106333 1.06684  1.06808
error (%) 0.0 0.2 0.6 24 3.0 35 3.8

is defined by (4.11.18). The agreement is very good for l/a==22.5. Even for a
very close interaction (I/a=2.01) the relative error does not exceed 4%; of course,
this is mainly due to the fact that the increase in the crack interaction energy is
rather small. This should be attributed to a sharp localization of the interaction
effects (see Table 4.11.1).

The analytical expression for the interaction function can be written,
according to (4.11.19), in the form
G, U [ 1

flp,9) = 1 +
(P.0) 21,(G? - GY) 1P(1° - a)"”? %2 + 12 - 2plcosp

G, 31 - pe'? O

—— [

+ = - .
G - pe"?

We have computed only the interaction factor f(a,q) due to the last formula and
compared it with the exact values in Table 4.11.4. The relative error of the
central estimation of the real part of the interaction factor does not exceed 3%
for 1>2.5a. Though the relative error of the imaginary part is large, this is due
to the fact that the imaginary part constitutes a small percentage of the rea part;
the absolute error is very small, and we can consider the anaytical solution
(4.11.18-4.11.19) sufficiently accurate when the distance between interacting cracks
is not less than haf of their radius. The accuracy of the central estimation
deteriorates rapidly as | decreases. One can aso notice that the centrd
estimation is aways dlightly below the exact value thus giving a very close
lower bound for the quantities of interest in the case of two interacting cracks.

Infinite row of equal cracks. Let the crack radius be a, and the distance
between the adjacent crack centres be |. The cracks are subjected to a uniform
shear loading 1. The central estimation for the integral characteristic U can be
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Table 4.11.4. Comparison of exact and approximate solutions
for the interaction factor.
lla | ¢(deg.)= 0 30 60 90 120 150 180
Real exact 1.11020 1.07479 1.04136 1.02764 1.02198 1.01959 1.01892
approximate 1.07927  1.05793 1.03465 1.02393 1.01925 1.01722 1.01664
250| eror (%) 2.8 16 0.6 04 0.3 0.2 0.2
Imag. exact 0.00000 -0.01875 -0.01485 -0.00936 -0.00547 -0.00254  0.00000
approximate 0.00000 -0.01439 -0.01210 -0.00782 -0.00461 -0.00215 0.00000
error (%) 0.0 23.3 185 16.5 15.7 154 0.0
Rea exact 1.63484 121826  1.08826  1.05542  1.04397 1.03945 1.03821
approximate 1.21014  1.12652 1.06405 1.04226 1.03379 1.03029 1.02931
2.05| eror (%) 26.0 7.5 2.2 1.2 10 0.9 0.9
Imag. exact 0.00000 -0.07834 -0.04299 -0.02416 -0.01359 -0.00622  0.00000
approximate 0.00000 -0.04268 -0.02834 -0.01667 -0.00951 -0.00437  0.00000
error (%) 0.0 455 34.1 31.0 30.0 29.7 0.0
defined, from (4.11.12), by a single equation
G? - &2
4 3 1 2 4 a .1 a [
U=-ma1T ———— + = 55 — SN — U
3 G, n 2 G K O
k=1
Gz a’u 0
= [
"G, ier (K12 - )“2D
If we neglect the imaginary part of U then the solution is
Uy
U = :
1-= 2 1/2 2 il
k2I BID G, IAA(KR? - &) 0
(4.11.24)

where U =(4/3)ma’t(G>-GJ3)/G, corresponds to the case of an isolated crack. The
crack face displacement will take the form, according to (4.11.9) and (4.11.10),

upy) = (@ - p
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N 2 2 G, 314? - p%®? N

P50 e ) s Dt O

lequp + KI* - 20%K0%co29 Gy (k412 - p%e?9? O (K17 - @)™
(4.11.25)

and substitution of (4.11.25) in (4.11.13) will give the expression for the stress
intensity factor.

Discussion. It is of interest to compare our results with those available in
the literature. We have found only one paper (Fu and Keer, 1969) where the
problem of two interacting coplanar circular cracks was considered by a method
similar to that of Collins (1963). Only the case when the distance between the
crack centres | is much greater than the crack radius a (e=a/l<1l) was
considered. Fu and Keer considered in detail two equal cracks subjected to a
uniform shear loading, acting on both cracks in the same direction horizontally
(Case a), and acting in opposite directions (Case b). There are severa points in
their solution which seem to be incorrect. One of the results (Fu and Keer,
1969, p. 371) states that the absolute value of the mth harmonic (m=1,2,3, ...)
of the vertical displacement u, is equal to the corresponding harmonic of the

horizontal displacements u,. This cannot be true, since the vertical displacements
depend on the ratio G,/G, (in the isotropic case this ratio is equa to v/(2-v),
where v is the Poisson coefficient), and the vertical displacements vanish when
G,=0 (v=0)).

It is aso possible to compare the expressions for the increase in the strain
energy of deformation W per crack. The expression, given by Fu and Keer
(1969), reads in our notation:

_ w4 4 3 3,2, 5, 16 _el]
W—WOD1¢3T[8¢(5+5T[)£ +9T[2:aD (4.11.26)

where e=al/l; the = sign corresponds to the cases (@) and (b) respectively, and

W,=(4/3)ma’t*(G7-G5)/G, stands for the energy of an isolated crack. Note an

obvious misprint in (4.11.26): the plus sign should correspond to the case (a)
and minus to the case (b). Our expression for the crack energy is

Wo

Wzl—c’

(4.11.27)

where ¢ is defined according to (4.11.18) as
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G, a’
0 (4.11.28)

—snt S —
G]_ |2(|2 _ a2)1/2|]

,:||r\>

o _a .1 a
Q I

Series expansion of (4.11.27) results in

G 5 G
0, ,2 1,23 ,8 3,22
W = WD1+ ( Gl)+T[(5 G)
G, G
4 1, 77, 3 5 2 0
- (3+G) +4T[(7+Gl)+... 0 (4.11.29)

There is a definite disagreement between (4.11.26) and (4.11.29): each term in
(4.11.29) depends on the ratio G,/G, while each term in (4.11.26) is not

dependent of the elastic constants. In the case of an isotropic body
G,/G,=v/(2-v) (as it should), and we can observe an agreement between (4.11.26)
and (4.11.29) only for v=1/2 which is just a coincidence. Collins (1963) gave
the following expression for the case of two cracks subjected to a normal
loading:

] 2% 6 | 4¢° 183 32¢8 ]
W= W,—1 + + = 4 + 2 4
°0 3m 5m 9n2 T 1517 O

(4.11.30)
As was noticed before, in the case when G,=0 (v=0) the interaction of cracks

subjected to a shear loading is mathematically equivalent to the interaction under
a norma loading, which means that both (4.11.26) and (4.11.29) should be in
agreement with (4.11.30) for v=0. One can see that this is not the case for
expression (4.11.26).

Exercise 4.11
1. Derive (4.11.8).

2. Establish (4.11.11).
3. Investigate convergence of the procedure of iteration, applied to (4.11.8).

4. Consider the case of a polygona configuration of identical cracks.

Appendix A4.1
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Here the main potential function is given, together with selected partial
derivatives. We define the potential function by

2T a

W = J J (@ - pg)ll2 In(Ry, + 2) podpydey, ,

where R=[p° + p> - 2pp,cos(@-@) + Z]Y°. The integral can be computed in
elementary functions:

_ 0 2 _ 2 4 22612 1 2> 222 10 2
v = Tea o+ ZDEN'E) + @ - 1)V - 7 a

- 22 - 20

4

2 afinfl, + (1% - pz)ﬂz]g (A4.1.1)

The following derivatives may be computed:

ow N _. 1 a ) o1/ |i + 2a° 2a%]
x - ™™g T&@n T + (@ - 1)1 - N ) + 3070 (A4.1.2)
%—l:; = ﬂyg -zsint I—i + (@ - H)¥H1 - i ;pzzaz ) + %B (A4.1.3)
%_qu - g E(Zaz +22 - p’) sn’ ra2 - g (15 - a)* E (A4.1.4)
Y = "pei(pg ~zsin'” Taz + (@ - 1L - b ;—p22a2 ) + é—zzg (A4.15)
% = Trg—zsjn'1 I—i + (a® - 19)P?

+ (1 - %(22) il G ;Z:) @ 7 E (A4.1.6)

— in 2 2172
— = Tn=z8n = + (@ - 1)
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, 2a° - (12 + 289 (a2 - 132
v a -2 — uilg (A4.17)
P 3p N
2w 2a° - (12 + 2a%) (a® - 15)"?
X3y = 21Xy 307 (A4.1.8)
. N 2a° - (12 + 2a%) (a® - 15)"?
NY = -2me”'? > (A4.1.9)
3p
AY = 21 B—zsjn‘1 Iﬂ + (a% - 1312 B (A4.1.10)
2
°Y .1 a
= on stm1 HRCENhk B (A4.1.11)
a(|2 a.2)1/2
) io _o .1 @ 2 0
2 Ay = st @ v — 1
3 Tpe 0 sin I |§ 0 (A4.1.12)
fe O, ali-a)”® 207
O mg-snt 2 , % _ (A4.1.13)
Xz g 2 12 1202 - 19
. 0 a(I2 a2)1/2 a2
0N - g -sin’ Iﬂ —_ % — Y . (A4.1.14)
ooz 2 12 1202 - 19
. 0 a(lg _ a2)1/2 §
%—q; = o sin® £ - ——— O (A4.1.15)
z O 2 2~ 1O
oy, axy(l; - a)” (A4.1.16)
= ZIT 1.
0x0y9z 505 = 1)
2 2 212
3 ax(a - 1y)
oY 1 (A4.1.17)

— = 2n
ox0Z 1202 - 1)
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a2y(a2 _ |i)1/2

— = 2T
oyoz 15013 = 19)

a3(| g _ a2)1/2

0 A2y — 2,2
= Ay = 2mpie”? ——————
Z (T
a(I2 _ a2)1/2
0 ] . 2 []
—~ AY = 21 = -sin® & + ———
0z O l, 1Z-12 0O
2 212
2 (@ - 1)
a—z AY = 2ma’pe® ———r0
0z 12012 - 19)
o @ 17
NAY = - 2na2pe'(p P R
|2(|2 - |1)
042 + 2a%(@® - 1) -
Ny = —2me® - —
0 3p (13 = 19
W , zall] + a’(2a® + 27 - 3pY)]
— = =TT
oz" (15 - 19%15 - a)*?
o'W 12 2, 14 2 4
= =2M ————= [a°(4l;, - 5p°) + I]]
0poZ’ (13 = 19 ? '
2 2 2 2 4
6l; — 217 + p°) - 5l
? 2 2 2193 a'(6l; 1 2
— AW = 2mpe faz
07 s 15312 - 13°%12 - a®)™

The following identities were used in the derivation of (A4.1.1-A4.1.26):

2
|

[,I, = ap, 1

(I3 - 0)5; - a)* =2, (@ - D%" - 1)”

2 _ 2 2 2
+15=a +p° + 7,

(A4.1.18)

(A4.1.19)

(A4.1.20)

(A4.1.21)

(A4.1.22)

(A4.1.23)

(A4.1.24)

(A4.1.25)

(A4.1.26)

(A4.1.27)
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(a2 _ |i)1/2(|§ _ a2)1/2 - Za, (Ig — p2)1/2(p2 _ Ii)llz = Zp
(A4.1.28)
ol, zl al, zl,
2z - FrARN T
ol, al, = pl p(a* - Ii) al, pl, - al; p('ﬁ - a)
% E-E G -n % - -
(A4.1.29)
Appendix A4.2

Here we present some indefinite integrals of expressions containing |, and

|2-

2 2
. - 2a 2
(15 - &%z = (a® - 15" —— * % In[l, + (12 - p?"3, (A4.2.1)
, 12 + 2a°
(15 - a)" 12dz = -a(a® - 19)"? 3 + a%pin[l, + (12 - p»'?,
(A4.2.2)
2 _ 2
[ 2 2ae _2a 1 2 2a2 , P° a1
(a |1) dz = 2—3. (|2 a’) + > sn (I—), (A4.2.3)
2
\ 12212 + 3p?)
(a2 - Ifi)l/z |idz _ 1 (|§ _ a2)1/2 + p2(§p2 - & S-n-l(g)’
8a 8 I,
(A4.2.4)
) 2 2 42 + 3|2
1 8a a 1
12 - a2 = d :aaz—lzma— - 0 A4.2.5
(15 ) |§ z ( 2 15p2 15@ O] ( )
(az _ I'i)llz Ca
—z -z 4z =-sn (|—2), (A4.2.6)
2 1
(az _ I'i)llz a(I2 _ a2)1/2
1 [O7°2 . 1.8y [
5 dz = — = ————— - sn'(E A4.2.7
1205 - 13) 2a° O 12 (lz) [l ( )
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gn-l(l_az) dz = zsn'l(l—az) - (@ - 1) + anl, + (12 - p"7, (A4.2.8)
1, 1 2 2 2 1, 2 212 2a° + Ii
zsm(l—z) dz:Z(Za + 27 +p)sm(|—2)+(I2—a) "
(A4.2.9)
Zsn’(2) dz = % Fin’(@) + %3 @ - 19312 + 6p? + 8a2 — 219
2 2
- % a (32 + 2a) Infl, + (12 - pA¥Y. (A4.2.10)

The integration in (A4.2.1-A4.210) was performed by parts, with a consequent
change of variables: z=(a® - 15)"(p* - 19", or z=(12 - a9 (15 - )™,

. a 2 . a 2(2a* - 13)
pS(E) dp = 5 S’ + S (A4.2.1)
1
- 3 zp(2a® - 19
2 1A _ P o418
= d = =) + —
. psin (|2) p=73sn (|2) 8@ — 7
I I
1 2 a2 1 2 _1 2 vl 1
* s a(a”™— 3z°) cosh —(a2 T A" 6 z(3a Z°)sin —(a2 T A"
(A4.2.12)
J asin’(®) da = lEZa2 + 22 - p)sn’@)
I, 4 I
+ L(p* - 1Y - 27a® - I’i)”% (A4.2.13)

The integration in (A4.2.11-A4.2.12) was peformed by parts, with a consequent

change of variables; p=y[1+Z/(a*-y*)]¥?, which corresponds to the substitution
l,=y. A similar remark is valid for formula (A4.2.13).

Appendix A4.3
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Two important integrals are computed here. The first integral is

t (@ - )@ - p)™* 5 rdrdy
an

R (M,N) O aR(N,No) [ R(N,Ng)

1 d? - rg¥
J J PP =% il (A4.3.1)

The integral (A4.3.1) can be computed indirectly by using (40), which leads to
an equivalent expression:

z

J AD_ 1 qid_h [y, (A432)

[ R(M,Ny) [0 R(M,Ny) [

Let us make use of the following identities:

Ah = - JP€ (A4.33)
|2 - |1
O] 1 1] h (]
AORMNg P ORMNY
pe? - poe'(po o h pe? pe? - poel%D
= - —_— = +
R RO R+ wOZ-r RO
(A4.3.4)

The notation R, in this Appendix is used as a contraction for R(M,Ny). The
substitution of (A4.3.4) in (A4.3.2) yields, after integration by parts:

‘ O] 1 1] h (]
J NorvNg @ ORMNg %

(A4.3.5)
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The following identities are to be used now:

oh  h(e® - 1) aae
A 0
o hp. MR -l 2
— ' EE S E 5~ =5 - (A4.3.7)
0z Rl z(RS + h*) 015 - 13 5 U
The substitution of (A4.3.7) in (A4.3.5) alows us to proceed:
1 0 2 -1EhD ‘ h DpZ - Ii v ] [
i ; Dﬁtanﬁm_ 2 2 072 2__2DdZD
pe'® - Poe% 0 Mo 0 Ry + h 15 =17 R 0
z i i _ iy
_ M pe‘p N pe Po€ N hdz _ z tan'lEﬂD
2 2 2 2 2 . r
J iz — 1y R HR+ (o - pe'®R, ol
z 2 2
h dz p” — | .
+ 2 212 2 a . l- - peucp a
(RS + h)(13 = 1) Do _ o g% [
’ hdz u v . i [
- — + pe? - pe
J RA(RE + M) Dpe'i(p _ poe..(po p Po 5
1 0z . -1EhD ‘ Dppoei(q"@o) - Ii ] hdz U
= -—— + —
pe'® — pe® Er 0 RO J O 12-1 OR: + hZB
1 E}_ VA ¢ -1EhD ‘ Dppoei(ﬁl"@o) |§ 0] hdz B
= - — tan = — +
6@ — pe® O Fo RO l O 13 -17 OR + b
(A4.3.8)

Taking into consideration the identity

i(¢-¢0)

RE+ h? = (12 - ppe®™) (12 - ppe’ )12 (A4.3.9)
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the integral in (A4.3.8) can be transformed as follows:

hi; dz @ - (@ - 1T
j (13 - 1903 - poe™) 2 j 215 ~ ppoe ™)
(a® 2>”2[ L (& - " ¢ L1 - @y
=@ - p - — _ ant—
“ 102 - Y2 - ppe™™) 3 =
(A4.3.10)

where s=(a® - pp,e “™)Y2.  Findly, formulae (A4.3.8) and (A4.3.10) alow us
to compute the original integral (A4.3.1):

1 pd? - rd¥ 40 (@ - )@ - p)*  rdrdy
ETJ J RN o O aR(N.No) [ R(N,N)
) 1 D(az—pé)”t_l s 2, h o[
T pe® 0 5 (- RMN) T RMNGO
(A4.3.11)

It is reminded that h is defined by (4.118), and R(M\Ny=[p* + pi -
20p,c08(-@,) + Z]Y2. The right-hand side in (A4.3.11) simplifies in the
limiting case of p,—p and @ —@, namely,

pe? o 1 (a8 =g (5 - A"

2(a2 _ p2)1/2 D(az _ p2)1/2 tan (|§ _ a2)1/2 Ig _ p2 D
(A4.3.12)

The second integral to be computed is:

_ z d?o L
l, = j s R dz . (A4.3.13)

We proceed with integration by parts. The result is

, = [ zdz 1 ath O, [ dz dZ -1[hD. (A4.3.14)
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We modify (A4.3.7) as follows:

2 _ 2
9 a0 R ghte’ 7 W +
dz 7 RO R+ h” Oz15-1) hO hR,

ZD VA

Ro(l5 — a)™(15 - p%p) z
- - . A4.3.15
(@ - p)YX15 - PIYRS + h)  hRy ( )

By substituting (A4.3.15) in (A4.3.14), and taking into consideration (A4.3.9) and
(A4.1.29), we obtain

1. a[h[
o = - gt

(I = p°p) di;

1
+ . -
@—%Wh@—ﬁ%@—mwﬂﬁ—mﬁwb
(A4.3.16)
The integral in (A4.3.16) is elementary, i.e.
= - L g0, 1 Bmu + (12 - PO
2 RO mOD (8.2 _ pg)llz D 2 2

1/2 v 1/2
I - Yp b D e pgew

(A4.3.17)
Since the integration was indefinite, we might have lost a function of the
variables, other than z.  This function can be found from the condition that the
result of integration should not have a logarithmic singularity at p=0 or at q=0.
The functions eliminating such a singularity are tan[(Z - 1)¥4 and tan[(T -

1)¥4. The fina result can now be represented in the form

z d?o S m
[ - EF + tan mTODDCIZ

[
__ 41 . alh0 1 2 _ 22
TR, an moD+ (a® - pp)”” Bln[lz LR
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0 L€ - g 1 2 _ P ilew
_ZD%:—QW%“E@Z-@W{th(Z‘1) SN

The last expression proves the correctness of formula (5.1.13).

Appendix A4.4
Some integrals related to the problem of a penny-shaped crack under shear
loading are presented here, without derivation. The first integral, which can be
computed directly, is:

2 a (3a2 _ rpoei(w-«oo)) (az _ r2)1/2(612 _ pg)uz

|| ey
-n 3 - H o sn'@) + 2 : 7
a i P a(l - t)

1 0 37 20 _ Pt 0,1 - b2
ST e A S R S N T

(A4.4.1)
Here t is defined by (4.4.16). Application of the operator A to both sides of
(A4.4.1) yields

2 a (3a2 _ rpoei(w-«oo)) (az _ r2)1/2(612 _ pg)uz

_ (0d® - ré¥y rdrd
. (aZ pg)ll2 D 1 a(|§ _ a2)1/2
= —2mpe? 0= sn'@) + .
® a> gt X (1 = 05 - ppe™)
1 A - 9?20 d
- t(l——t)?’/z tan m|2 — az)llzlj []. (A442)
2

Another application of A to both sides of (A4.4.2) gives



Appendix A4.4 315

2 a (3a2 _ rpoel(w«oo)) (az _ r2)1/2(612 _ pg)uz

3 o _ iy2 drd
J J (@ - rpe® ™) aR’(M,N) (pe re’)” rdrdy

pzezicp(az _ pg)uz(lg _ a2)1/2(3|2 ppoe"(WO))

1202 = 19)(12 - ppe™)?

= 2m (A4.4.3)

Differentiation with respect to z of both sides of (A4.4.1) results in

2T a (3a2 _ rpoe(w«oo)) z(a2 _ r2)1/2(612 _ pg)uz

J J (@ - rpe®™)? aR}(M,N)

rdrdy

3 t 3(5 - az)”z s
2 12 2. 3 2 1/2DD (Ad4.4.4)
15 - a’t S EI - ad" M

ha?
= 21 —ZE

Here h is defined by (4.1.18). Another differentiation of both sides of (A4.4.4)
with respect to z yields

21T a i(v-¢0) 2 _ o 2b2,.2 _ 212
(3a - rpge ) (a ro)y"“(a o) % ) 37 Drdrqu
J J (@ - rpe®™)? aR*(M,N) R*(M,N)]
(@ - pd)"* O a(l2 - a%)" Ds(l’;‘ - 1%)

S -0 UG- 0 - e O L

i(o-00) 15 2 2, _ 2
L L W) e 005
15 - ppge ™ 07 @-o® " - HP0g

(A4.4.5)
Application of the operator A to both sides of (A4.4.4) yields

2T a (3a2 _ rpoe(w«oo)) z(a2 _ r2)1/2(612 _ pg)uz

o _ Q¥
J J & - rpoe'(W")) AR (MN) 3(pe? - ré%) rdrdy
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hpe®312 - a’)
=2 . A4.4.6
" A - (A449)

A different result is obtained if A is applied to a complex conjugate of
expression (A4.4.4), namely,

2 a (3a2 _ rpoe i(y- «oo)) z(a2 _ r2)1/2(612 _ pg)uz

J J (8.2 _ rpel(w%)) aRS(M N) 3(pe"p — re'LIJ) rdrqu
0 i)
5(15 - s 15
_ o I I
= 2mh % Pf 55 mlz _ a)1/2D &
5 x5 ee%E; - A

0
+ = + + 0. (A4.4.7)
(13 - &%) (15 - a0 (13 - 1) - 8’y

Integration of both sides of (A4.4.1) with respect to z gives

21 a (3a _ rpoe'(w%)) (az _ r2)1/2(a2 _ pg)l/z . | rard
n , + 7] rdr
J J (az _ rpoe'(w%)) a W

(a2 _ 1)1/2D 22

a1 -0 1-t

L]
= @ - py) ’Rinfl, + (15 - pHY -
L]

z 0 72 _ _ 5 U
@ - 0T -1 8T 20

_ Ll a0, 2 418
3(I1+2a)D+ asm (|2)+

-1 )1/2
B0 = 970, H7 gl L0 N
xtan mlz _ 1/2D+ 2(Z 1) mz _ 1)1/2D tan @(Z 1)1/2 )

(A4.4.8)
Here ( is defined by (A4.3.17), and the bar, as usual, indicates the complex
conjugate value. A similar integration with respect to z of (A4.4.3) yields
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21 a(3a2 _ rpoel(tu ¢o)) (az _ r2)1/2(612 _ pg)uz

J J @ - rpe"™)? a ANH{IN[RM,N) + Z]} rdrdy
0
7 2 212
_ 21 2 212 _ (S 1)1/2 a0 1 0 _1ﬁa - 19 N
= = ( Po) E a %an mz _ 1_)1/2D tan @—(Z — 1)1/2DD

. 2
en¥ Y O p 0.
+ p [] a H 1+ |2 _ ppoei(q)-%) o 1 % . (A449)

It is reminded that g is defined by (4.1.28), and

2R(MN) + z

2 — _(Ad® _ dUN2
NINRIMN) -+ 2] = =(pe™ = 1€ 5N) [RIVIN) + 27

(A4.4.10)
Yet another application of the operator A to (A4.4.9) gives
2 a (3a2 _ rpoei(w-«oo)) (az _ r2)1/2(612 _ pg)uz .
A{IN[R(M,N) + Z]} rdrd
J J R - {INR(MN) + 7]} rdrdy
[ 27 — 1\12 az - )1/2

= 2—T[ (a2 - p2)1/2 0] u %an‘llj;lj Iﬁ L

g g o @ - "0 7 G@ - 1)“2DD

ezicp(az _ I'i)llz Ig + p2 2p2(|§ _ az)

a(|§ _ |i) DIZ ppoel(qwo) (|2 ppoe‘l(v%)) 0]

2 _ I'i‘)llzm Ig + 2p2

e“PDs 2d®  (a

+ —==+ - = + 2; + ép) :
pOg a  0q(2 - ppe®™) ~a P
(A4.4.11)
Here
. - 8RAM,N) + 9R(M\N)z + 37
A3IN[R(M,N = (pe? - rd¥)?3
NRIMN) + 2] = (pe re’) R°(M,N) [R(M,\N) + 7]°
(A4.4.12)

Formula (4.1.27) can be used to obtain some additional results. Integration of
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(4.1.27) with respect to z gives

o e pd?® — re¥ _lﬁaz - )%@* - pg)ﬂZD rdrdy
J J RIMNIRMN) + 7 2 0 ar(NNy 0 R(NNy)
_ 2 rien’d) (& )sz il 8 O
= aD 0 R, ~ Po = mz — 1/2D
) 1 (@ - 19)¥2
- @ - 1)1/2 %anl(z_—l)ﬂz - tm‘1W% . (A4.4.13)

The following indefinite integrals were used here

s Oy, _ s [
J mlz_ UZDdZ_Ztan m|2—a)1/2D

) 2
L G R et
1

z alhid o _ ahO_ 2 _ 2uel] 2 _ 212
J ' P dz = Ryan' B0 - (@ - o, + (3 - 69"

1ﬁ I)D

)1/2
B - oot yrad 2

+ (T - )V
Coue 3¢ 07T
(A4.4.14)
By applying the operator A to both sides of (A4.4.13), one gets

21

J Ja Pe?® - rd¥V)2RM,N) + 7] _ﬁaz - r)a® - pg)ﬂZD rdrdy

R3(M,N) [R(M,N) + Z]* g aR(N,No) 1 R(N,No)

DR + 7 e 2 =
_ 2n h 21200 2 @o 1 s []
- ag tan( )+(a - P9 Os 0 %anmz—a)ﬂzﬂ

oq
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- _2\L2 _
C —_1)“2 .1 - (a_ 1) 0, €%0_ e g
q C - p** al - 1)“2D PO ps"
(A4.4.15)
and yet another application of A to (A4.4.15) yields
T2 (0d® - ré"ABRAMN) + 9RM,N)z + 37
J J R°(M,N) [R(M,N) + 7]°
L7~ Y@ - 00" rdrdy
x tan g aR(N,N,) 0 R(N:Ng)
4 2_2 4 | {
_ 27_’_[% 3RO + GROZ - Z tan-l(ﬂ) . (a p)1/2 (Péetp . ED
an Rod’ R, o p0p g0
i |(p0
Len? B e e O, 30
( po) DS mz gza 54 mlz _ a)1/2D
- 2 _ 212
~ 3(C : 1)1/2 1 1 _ tan'l(a_ 1) N
o € -n* a( - n*M
) haie“p szfe'(po 2 2 ﬁofl% 5 ﬁ@ - a)t
ps O ¢ p g O qDIZ—atD
h aee® €Nz -0) Zq
T B2 2 MR  * = - ==t 2 ?
RS + h” [ - I pQ RYq

(A4.4.16)



