CHAPTER 3

MIXED-MIXED BOUNDARY VALUE PROBLEMS

The mixed-mixed problems in elasticity theory are among the most
complicated due to the coupling between the normal and tangentia parameters.
We should mention the works of Mossakovskii (1954) and Ufliand (1956) among
the first published exact solutions for the isotropic half-space, obtained by using
various integral transforms. A more compact solution has been reported by
Kapshivyi and Madliuk (1967), who used a specia apparatus of p-anaytical
functions. The first elementary exact solution for a transversely isotropic elastic
half-space was published in (Fabrikant, 1971a). We present here a generd
formulation of the internal and external mixed-mixed problems in terms of
two-dimensional integral equations. Four kinds of exact solution to the interna
axisymmetric problem are given, and yet another kind of solution is presented for
the external axisymmetric problem. The action of a genera loading on a flat
circular bonded punch is considered in detal. A general solution to the
non-axisymmetric internal and external problems is presented as a Fourier series
expansion. The material in this chapter follows the results published in the
papers (Fabrikant, 1971d, 1972, 1974b, 1975, 1976, 1986j).

3.1 General formulation of the problem

Consider a transversely isotropic elastic half-space z=0. Let the following
boundary conditions be prescribed on the plane z=0:

u = u(p,9), for 0O<p<a, O<@<2r,
w = w(p,p), for 0O<p<a, 0<@<2rt,
o = o(p,y), for asp<eo, O<@<2r,
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3.1 General formulation of the problem

T = 1(p,9), for asp<eo, O<@<21 (3.1.1)

The problem, so defined, will be called internal mixed-mixed. The system of
governing integral equations is formulated due to (2.2.12) and (2.2.13), and is

2 1(p,9) P, de, 2 a(p,e) pdede
HO(DJ J — HJ J - = (P9, (312)
o _ 0
pe” - pe

L Upy®) pdpde, 2T 2 at(p ) pdpde,
o[ 2 e[

2t 2 a(p,e) pdede
- HO(J J - = wz(p,cp). (3.1.3

. iQ
pe'? - pe

0

It is reminded that the notations q and R are defined by (2.25) and (2.2.14)
respectively.  Functions 0, and w, are known from the boundary conditions

(3.1.2):

= 1(p,®) P dp de,
w (PO = WP - HGDJ J

. iQ
pe® - pe”

2 = o(p,e) P de,
“H J - , (3.1.4)

2 = o(p,@) P de,
w(P.® = up.g + HGJ J

. -iQ
pe? - pe °

1 TPg®) PR U, . 2 eqi(p,9) P,dP.de,
R e[
(3.15)

The external mixed-mixed boundary value problem for a transversely isotropic
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144 CHAPTER 3 MIXED-MIXED BOUNDARY VALUE PROBLEMS

elastic half-space can be formulated in a similar manner. The
conditions are:

u = u(p,9), for asp<o, O<@<2rT,
w = w(p,p), for asp<oo, 0<@<2rt,
o = a(p,y), for O<p=<a, O<@<2rT,
T = 1(p,9), for 0O<p=<a, O<@<2r

The system of governing integral equations in this case takes the form
e 1(p,®) P dp de, 2 = o(p,@) P de,
Hall _ + H = w(p,9),
J J 0 |(p0 J J R 1
pe’ - pe

L Weg®) pdede, T e dT(p@) pode de,
G + G _

2 = o(p,@) P de,
- HO(J J o W, (P,@).

pe® - pe °

Functions 0, and w, are known from the boundary conditions, and are

2 (p,9) P, de,
@ (PO = WP - HGDJ J

. iQ
pe® - pe”

2t 2 a(p,e) pdede

_HJJ = ,

2t 2 a(p,e) pdede
W (PO = up.g + HGJ J

. T
pe? - pe °

boundary

(3.1.6)

(3.1.7)

(3.1.8)

(3.1.9)
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1 TPy PIPR, . 2 aq(p,,@) Pdp,d9,
PR g
(3.1.10)

The exact closed form solution of these equations is not known at the moment,
though we strongly believe that the new method is capable of furnishing such a
solution. In the sections to follow we consider separately the axisymmetric case
and the general one. The exact solution to both internal and external problems
is obtained for the n-th harmonic, with the assumption that al the functions
involved can be represented as Fourier expansions.

Exercise 3.1
1. Verify the derivation of (3.1.2-3.1.5)
2. Veify the derivation of (3.1.7-3.1.10)

3. Derive the governing integral equations for the internal mixed-mixed problem
in the case of an isotropic half-space.

3.2 Internal axisymmetric mixed-mixed problem

In order to demonstrate versatility of our method, we present here four
kinds of exact solution. The first kind is more convenient for the stress
evaluation, while the second one has certain advantages for calculating the
displacements outside the circle p=a. Since it is important to have one kind of
solution easily transformed into another, the necessary relationships are established.
Application of this techniqgue to a bonded flat-ended circular punch under the
action of a normal force and expanding in the radia direction is considered.
The influence of an arbitrary axisymmetric normal and tangential tractions field,
applied outside the punch, is investigated.

The boundary conditions in the case of axial symmetry are

u = u(p), for 0O<p=<a, O<@<2rT,
w = w(p), for 0O<p<a, 0<@<2rt,
o = o(p), for asp<eo, O<@<2r,

T = 1(p), for asp<eo, O<@<21 (3.2.1)
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The set of governing integral equations will take the form

[ : P dx 2 o(p)ede, O
2HFm | 1(p)dp. + 2 0= wl(p),
D J; 0 0 J (p2 _ X2)1/2 J (pg _ X2)1/2D 1
(3.2.2)
ZHD P x%dx 2 T(po) dpo P [
?EQVNZJ (P - X)) J (P2 - X" - J O(po)podpog = 0,P).
(3.2.3)

The functions 0, and w, are known from the boundary conditions, and are
defined by

o ° =t oe)ede, O
() = w(p) + 2HOu | t(p)dp. — 2 O]
(P) = @) + 2HD J e, J -7 | e
(3.2.4)
° dx * 1(p,) Pydp,
w,(p) = u(p) - 4Hvlv2pJ p——— J o (325)

Multiply both sides of equation (3.2.2) by p(r?-p®)Y2dp, integrate with respect to
p from zero to r and differentiate with respect to r. The result is

_— Ctp)dp,  *olp)egdp,
== — ———_ = . 3.2.6
Here

" w(P)p dp

A similar transformation can be applied to equation (3.2.3), with the result

20— : T(po)dpo a ' O(po)podpo 0 308
P r - = = x.(n), 2.




3.2 Interna axisymmetric mixed-mixed problem
where
L 1g  @Pp
ry = —.—mm—m— — — — - 3.29

The set of modified integral equations (3.2.6) and (3.2.8) is solved below by
four different methods. It is shown that al the solutions are consistent with
each other, and give effectively the same solution.

Solution of the first kind. Assume the solution to the set of equations
(322) and (3.2.3) to be defined by

P (Dt dt Pf(1) dt

d 2.d
b | Z-o" p) = (vy) "+

1
alp) = = S
P) o dp © dp 0 - D

(3.2.10)
Here f1 and f2 are the as yet unknown stress functions. Substitution of (3.2.10)

in (3.2.6) yields, after integration,

o ) a fl(t)t dt
= f(r) + £@ - rj*? = x(r) + b.

WY, A0 R U o T R

(3.2112)
Here the notation was introduced
20 a fz(t) dt
b = — . (3.212)
T \/ylyz ( a2 _ t2)1/2

It will be shown later that we may assume b=0, without loss of generality.
Hereafter the following identities are used

r a a
x d f( dt_ _ [ _f(t) dt
J (r2 _ X2)1/2 dX J (t2 _ X2)1/2 J t(t2 _ r2)’

a X a

dx d () dt 2 _ o2 f(t) dt
o | | i

_ r2)1/2 dx (X2 _ t2)1/2 - 2 — pz)(az _ t2)1/2’
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a a

dx d f(t) dt  _ _ mf(r
J (X2 _ r2)1/2 dX J (t2 X2)1/2 - 2 r ’
dx d ' f(t) dt  _ milf(r) - f(O)[J 5
J (rz _ X2)1/2 dx J (X2 _ t2)1/2 - ED r [] (3.2.13)

The identities (3.213) can be verified by usng (1.32) and (1.39). Now
substitution of (3.2.10) in (3.2.8) gives, after simplification,

a 2 a f(t) dt
_ \/Tyz () + = r@@ - r2)1/2J T T = %,(r).
(3.2.14)
Let
RO =00 Lo =50, (3.2.15)

These assumptions alow us to rewrite equations (3.2.11) and (3.2.14) in the form

a f(t) dt
t - @ - t)

\/yy 1/2 = Xl(r) + b!

a 1 o 2\12
—-un+#a—r)j
172

a f(t) dt
(t - @ - t)

- = fl(r) + %[(a2 - r2)1/2 J - Xz(r)'

\/y1y2
-a

(3.2.16)
By introducing the complex functions f:f1+if2 and x:x1+ix2, the system depicted

in (3.2.16) can be reduced to one singular integral equation, namely,

f(t) dt
t - @ - t)

4fLK0+#¥-VWJ 7 = X(r).

1°2
-a

(3.2.17)
Multiply both sides of equation (3.217) by (a+r)"®a-r)®(r-y)™dr, where 8 is an
as yet unknown constant, and integrate with respect to r from -a to a. The
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result is
\/ylyz_al d —rJ r -y (& — yUI
2 oaaela + y[® f(t) dt
i@ - ¥ g hee) J TNE O
. @ + P f(t) dt _ @ + r[% x(r) dr
+|tanh(T[9)J@_tDt_y [@—rm el
_ ' (3.2.18)
Defining
tanh(®) = aiyy,, (3.2.19)
equation (3.2.18) may be simplified as follows:
_[a + y[° i N f(t) dt 0
eI HO) + § ne)E - v | T -0
_ @ + r[% x(r) dr
[ @ -rd r -y’
_ (3.2.20)

The singular integra may be eliminated from (3.2.20) by using (3.2.17), and the
exact solution becomes available in the form

@ + r° x(r) dr
G -rd r -yQ

- _ 2 h l—@ + IIP
f(y) = ~cosP (M) (o) + AT
-a
(3.2.21)
The following rule of interchanging the order of integration in singular integrals
was employed (Muskhelishvili, 1946)
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dr f(r,t)dt _ f(r,t)dr
J v J o = Tef(yy) + Jdt J TR (32.22)

a -a -a

-a

The other integrals used here can be found in Appendix A3.1. Strictly speaking,
the complete solution of (3.217) is given by (3.221) plus the term

c(a+y)'e(a—y)"e, which represents the homogeneous solution of (3.2.17), with ¢
being an arbitrary constant. The value of c is to be chosen to satisfy the
condition b=0, where b is defined by (3.2.12). The appropriate integration of
expression (3.2.21) shows that the condition b=0 is satisfied when c=0, and this
is the reason why the final solution is written in the form (3.2.21).

The general solution is now completed, and we can consider in more detail
the case of a bonded axisymmetric punch, with no tractions applied outside the
punch. The total force P may be obtained by integration

a 2 f (Otde

We recall that f1 is an odd function, and that f1:Df. Taking this into
consideration, we obtain, after substitution of (3.2.21) in (3.2.23)

_ @ + r[°
P = trosh(r9)0] [ s o Xor. (3.2.24)

-a

The field of displacements outside the punch can be obtained by repeating the
derivation of (3.2.2) and (3.2.3) for p>a, which results in

a a

_ dy o(x)dx :
w(p) = 4H ,  for p>a;
J ( p2 _ y2) 12 J (X2 _ y2) 12
_2H ’ y°dy ’ T(Qdx _ _ a0
u(p) D %VIVZJ © - V7" J o -y~ 2 [ or p>a.

(3.2.25)
Substitution of (3.2.10) in (3.2.25) and integration with respect to x leads to
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a a f (Ot

2 _ 22

_ a
w(p) = 4H J © - Y& dy J @ - V@ - O°

a a f(t)dt
_2HO o (@ = y)%ydy 2 _ apd
u(p) o %\/Vlyzj J @ - (@ - D~ ZPD

(p2 _ y2)1/2
(3.2.26)

The singular integrals in (3.2.26) can be evaluated from (3.2.17) and (3.2.21),
and the final result may be written as

a

w(p) = 2H J ek ay
u(p) = %\/@%J (—g’zﬂ{_ﬁg%}ﬂ—z dy - Ptanh(ne)g for p>a.
(3.2.27)
Here
. . a e
Z(y) = T[coshz(Tle)%(y) - T'—Ttanh(ne)%—yt y%p J % * :g z<(r_)d3r/g
: (3.2.28)

Formulae (3.2.10) and (3.2.21) are the main results of this section.
Solution of the second kind. Assume solution to the problem in the form

;R Loy Rt
4 — = )z =2 | —— (3.2.29)
dp ! (t2 _ p2)1/2 \/ylyz dp (t2 _ p2)1/2

p

Dl

o(p) =

Again, F, and F, are the as yet unknown stress functions.  Substitution of
(3.2.29) in (3.2.6) and (3.2.8) results in

a F_(t)dt a F_(t)dt
- et R

NIV NIV 2 2
Ty y, t Wy, | T - )

- IF 05 = X0
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200 m ar R

i 2 A0 T Wy, | - 20" X1 (3.2.30)
Assuming that

F.() = F (-0, F (1) = -F (-0, (3.2.31)

equations (3.2.30) can be rewritten as

@ F ()t
-F (r) + — — = x.(n),
L T[\/yly2 t—r 1
-a
a F_(t)dt
-F(r) - —— - = x,(n). (3.2.32)
2 T[\/yly2 t—r 2
-a
Introducing the complex functions
F(r) = F(r) +iF(r),  Xx(r) = x,(r) + ix, ("), (3.2.33)

the system (3.2.32) can be reduced to a single equation, namely,

* F(tydt

i _
F(r) + o J —— = - X(n). (3.2.34)

a

Multiplication of (3.2.34) by (a+r)"a-r)®r-y)* and integration with respect to
r from —a to a leads to

@ + r[9 F(r)dr o [ o@& + yr° @ + y[°n
J G-r10 r-y " WWZDT‘ZE —y0 FO * =y 7o®)

-a
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a

y j F(E)d; _ iI[coth(Tle) j @ + t0° F(dtO _ _J @ + r[3% x(r)dr

t @ -t0 t-yO a-r0d r -y
a -a -a
(3.2.35)
Here formula (3.2.22) and the integrals from Appendix 3.1 were used. Taking,

as before, tanh(r@)=a/Vyy,, equation (32.35) can be simplified significantly,

namely,
a

. . . a 5
F(y) + —coth(re) j FQ)dt _ _ 'F[coth(ne)Ei—J_’YEp j @ + [ x(r)dr

t -y yO (@ -r0 r -y
-a -a
(3.2.36)
The singular integral can be eiminated from (3.2.36) by using (3.2.34), and the
final result is

y[] @ - rd r -y

-a

F(y) = coshz(ne)g—x(y) + j—Tta]qh(T[e) Ei_t)ﬂp J @ + r{% x(ndrO

(3.2.37)
The general solution may be considered completed. Some additional results are
presented for the case of a bonded punch. The total force, exerted by the
punch is obtained by integration of o:

—2nJ F (Dt = —n[ F (t)dt. (3.2.39)

-a

-
I

Substitution of (3.2.37) in (3.2.38) yields

-
I

a e
Tlcosh(nG)DJ g}%:g x(rdr.

-a
As expected, this result is identica to (3.2.24). The displacements outside the

punch can be found by substitution of (3.2.37) and (3.2.29) in (3.2.25), with the
result
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a
L{F
2

= —omH dy,
e "pr—y%zy

a

u@) = - H\/Tyz%nj (—szD{_ﬂB%}FZ dy + Ptanh(ne)g for p>a.

P

(3.2.39)
Comparison of (3.2.28) and (3.2.37) shows that Z(y)=-TiF(y), and this means that
formulae (3.2.39) actualy repeat (3.2.27).

Solution of the third kind. Let the stresses in question be expressed
through two new and as yet unknown functions a, and q, as follows

p t)tdt a t)dt
o = ta MO o T
pdo | (-t Wy, & | - p)"
P
(3.2.40)
Substitution of (3.2.40) in (3.2.6) and (3.2.8) leads to the system
a q(t)tdt a q (t)tdt
a_ v (a2 - )L2 =0y,
\/ylyz t2 _ r2 ( ) J (t2 _ r2)(a2 _ t2)1/2 2 Xl()
a
-q.(r) - — ry = r). 3.241
a,(r) o a,(r) = x,(r) (3.2.41)
Function q, can be expressed from the second equation (3.2.41) as
a
N = - — ry - r). 3.242
a,(r) o a,(r) - x,(n) (3.2.42)
Substitution of (3.2.42) into the first equation (3.2.41) gives
a q,(ttdt , 2 g (ttdt
d (3.2.43)

2 _ 212 - =
@ @97 vy, | o YO
172

Here
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a X, (btdt
.. (3.2.44)

_ I
b0 =5 %0 o |

An exact solution of the integral equation (3.243) can be obtaned in the
following manner. Introduce the notation

Y(r) = s‘n%mg—fﬂg Y (1) = cos%mg—fﬂg (3.2.45)

Multiply both sides of (3.2.43) by Yc(r)/(rz—xz) and integrate with respect to r
from O to a. The result is

aY(t) Y (X)_ g (t)dt
[} o’ T Os @ -xX@2s’'gn
> ylyﬂl(x)vc(x) + ;‘tanhme)J T o0 X G

) @ g _Y®  YX

_ m 0= _ _
A coth(T[E))J 0 : git XW(x).
(3.2.46)
Hereafter the following integral operators are introduced
a Yc(r)qJ(r)dr a Ys(r)qJ(r)rdr
Xcl.IJ(X) = ﬁ, Xsl.IJ(X) = ﬁ (3247)
Again, assuming tanh(r@)=a/Vyy, equation (3.2.46) can be simplified as
e, ()Y (%) n a o2 - ey O
" aooim® §anh<ne)vs(x)J e el R S TG
(3.2.48)

A similar procedure of multiplication of (3.2.43) by rYs(r)/(r2 - %) leads, after
simplification, to

155



156 CHAPTER 3 MIXED-MIXED BOUNDARY VALUE PROBLEMS

e, (X)Y (%) a > oGy (Ddt
N | _E -t _
IxcosT(16) g[a”h(“e)YC(X)J W -0 - W
(3.2.49)
Equations (3.2.48) and (3.2.49) finally give the solution
4 - - Y (%)
q,(0 = - = coshz(Tle)Dch(x)xclp(x) + Y 0X W) 5+ b——
(3.2.50)

The last term in (3.2.50) represents the homogeneous solution, and b0 is an

arbitrary constant. If the stresses defined by (3.2.40) are to be nonsingular at
p=0, then b0 should be equal to zero.

Substitution of (3.2.44) in (3.250) allows us to express the solution in
terms of X, and X,
_ 2, 12 2
q,(x) = —cos’(TB) 5 £ XY (XxX,(x) + £ Y (xx,(9 - tah(@)x,(x)
£ 2 Y (X000 = 2 Y (X D (0 2 (3.2551)
T c st /\2 T s c 2 [] o

Here a modified version of formula (3.2.22) was employed:

Tt ) fitdr _ _ X ad : ) f(t,r)dt |
t? — X2 r2 — t? 4x° t* - XA)(r? - )
(3.2.52)

The second stress function q, may be obtained from (3.2.42) and (3.2.51) in the
form

[

a0 = coshz(ne)g% tanh(TO)[XY ()X X, () + Y (XX, (X)
N
R = YOO = 30

(3.2.53)
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The general solution is completed, and we can derive some additional results for
the case of a bonded punch. The total force P may be obtained by integration
of the first expression in (3.2.40):

2 q(Otdt

Substitution of (3.2.51) in (3.2.54) gives, after integration,

a

2TICOSh(T[9)J [xl(r)YC(r) + xz(r)Ys(r)]dr. (3.2.55)

-
I

The result (3.2.55) coincides with (3.2.24) when X, is an even function and X,

is odd. The displacements outside the punch may be found by substitution of
(3.2.40) in (3.2.25), and are

a q,(btdt

_ a @2 _ 2@/2
w(p) = 4H J [p% — 20 dy J @ - V@ - O°

4 2 q(y)ydy 0
ulp) = —H\/yly2 o %T[ (pz——yz)llz + Ptanh(Tle)D for p>a.

(3.2.56)
One can prove that expressions (3.2.56) are in agreement with (3.2.28).

Solution of the fourth kind. Let the solution be

a = Q(Htdt P Q)

1
o(p) = = . WP = — ——
p dp ! (t2 _ p2)1/2 \/ylyz dp J (p2 _ t2)1/2

(3.2.57)
By using the same methods as before, the following set of equations can be
obtained

ﬁ QN - Q) = x(n + b,

172
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a Q,(tdt a Q (t)dt

(@ - 1) - . ()

J € - (@ - O~ \/ylyz 2 -2 2r X\
(3.2.58)

where
a  Q(tdt
2a 2

b = <24 . 3.2.59
.y, (@® - t)Y? ( )

It will be shown later, that Q2 can aways be chosen in such a way that b=0.
Now Ql can be expressed from the first equation (3.2.58) and substituted in the
second one, with the result

o - a Q,(hdt @ a Q(t)dt .
J -r)@ -9 vy, | -1 '
(3.2.60)
Here
. o ax(r)+b
Y(r) = >r xz(r) - \/TVZ PR dt. (3.2.61)

Equation (3.2.60) is similar to (3.2.43), so its solution can be written down as

QM) = - Tilz coshz(ne)E%YC(x)xch(x) + st(x)xqu(x)E+ b,Y (x).

(3.2.62)
The last term in (3.2.62) represents the homogeneous solution, and b2 is an

arbitrary constant to be chosen from the condition b=0. Appropriate integration
of (3.262), using the integrals from Appendix 3.1, alows us to define b2 as

follows

a

b, = - icoshz(ne)J W)Y (x)dx. (3.2.63)

2 g

Substitution of (3.2.63) in (3.2.62) yields
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QM) = - Ti['zcoshz(ne)%c(x)xc{ XP(X)} + st(x)xqu(x)g (3.2.64)

Function Q2 can be expressed in terms of X, and X, by using (3.2.61) and
(3.2.59) as follows:

Q4 = — cosh’(rB){tanh(TE)X () + Z[XY (X)xX,(X

= Y (XX, (0 + YX00(0) + XY (XXX}

(3.2.65)
Consequently, from the first expression of (3.2.58), we have
Q,(4 = —cos(Te){x,() + 2 tanh(TB)[ XY (XX,(X)
= Y (9,0 + Y (X (xx,00) + XY (XXX}
(3.2.66)

The total force exerted by a bonded punch is defined by

a

P = —2nJ Q,(t)ct.

One can show that this result coincides with (3.2.55). The displacements outside
the punch are

2 Q/(ydy
w(p) = —2rH J W,
a a Q. (t)dt
_2HO o~ [ B2 -y ? _a 0
u(p) = 0 %\/\/1\/2 J % - 0 y“dy J @ - V@@ - D2 2 PD

(3.2.67)
Expressions (3.2.67) are in agreement with (3.2.27).

Example 1. Consider a circular flat-ended punch of radius a, bonded to a
transversely isotropic half-space, and acted upon by an axia force P. The
boundary conditions (3.2.1) in this particular case will take the form
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u(p) 0, w(p) = w, = const, for p<a;

o(p) = 0, 1(p) = 0, for p>a.

The stress functions are

o @ + y[P0
fy) = i —— coth(ne)% ~ cosh(rg) 2+

°H @ -yoQo
Wo @ + y[P Wo
F(Y) = = o cosh(i®) g0, Q) = = —= cosme)Y,(y),
w

Q) = = cot(T)[1- cosh(TB)Y, ()]

Wocoshz(ne) W
q(y) = HSn(®) YO, ay) = - a5 cosnmO)Y(y),

One can notice that q1:Df, qZ:DF, Ql:DF, and QZ:Df, and this is why we
have only two different representations for the surface tractions, namely,

w cosh’(T) . P Y (tdt
" @Hsnh(m@) P do | (P2 - O

W a Y (Dtdt
0 c
dp (t2 _ p2)1/2 !

w_cosh(T) Y (t)dt wicosh(r®) Y (Dt

T - - —— —_— - - —— —_—

®) THa  do | (p* - ) eHYyy, do | (t* - p)"?
p

The equivalence of these representations can be verified by using the identities
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P Y (Dt =Y (tdt
(pz_—tz)llz = tanh(T[O)[ (t2 _ p2)1/2 + 2COSh(T[9)’ (3-2-68)
p
P Y (Dtdt a Y (t)tdt
- T o tanh(Tle)J 2C—21/2 (3.2.69)
(p* - )" cosh(T®) | -0

These and other similar identities can be established by using the genera
relationship:

a P a

fogdx  _ 2 dx f(t)tdt L
J o - ) m J 02 - D" J 2 - 2 + 20 [Lrg[tf(t)]-
p

(3.2.70)
The relationship between the total force P and the punch settlement A is

2m%a9
The surface displacements outside the punch are given by

) a Yc(x)dx
W(p) = E WOCOSh(Tle) (pz——xz)l/z’

a Ys(x)xdx 0 01
TG

_ 2 VIV _ =
ulp) = T WO\/Vly2 cosh(mB) 0 - X2)1/2 cosh(tB)[] p’

(3.2.72)
The integrals in (3.2.72) can be evaluated (Gradshtein and Ryzhik, 1963)

TY M (1) - —
Ic(p) = 02 - D" = Snh(®) Z 2k + 1K) Im_ll(e + md),

k=0 =

1)-k-1/2

(3.2.73)
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a Ys(x)xdx k

B e (1) (p%as — 1)V
|s(p) - (pz _ X2)1/2 = Sigh(T[e) Z(Zk + DKI(k + 1) I__I(G2 + mz).

(3.2.74)
For real materials, the physical constant 6<1. For example, for an isotropic
material

N S
6 = 5In@ - 4v). (3.2.75)

Since the Poisson coefficient v<0.5, this means that 0<6<0.2 for isotropic
materials. By using the approximation

k) T1e + m) = 1+ 0@,

m=1

the summation in (3.2.73) and (3.2.74) can be performed, and the results are

| (p) = Sin;‘? 5 sin'l(%), (3.2.76)
2
1 (P) = smh(ne)%p - 1’Zln% - Z—ZB+ 2asin'1(%)g

(3.2.77)
Direct numerical computations show that the relative error of (3.2.76) is less than
6% when (p/a)>1.01, and 6<0.2; the relative error of (3.2.77) is less than 4%.
The same accuracy can be obtained for (p/a)>1.1, and 6<0.3. The relative error
of both (3.2.76) and (3.2.77) rapidly decreases when p increases, for example, the
relative error is less than 4% and 2% respectively, for 6<0.9 and (p/a)>3.

Example 2. Consider the case where no forces act upon the punch bonded
to a half-space, but the punch itself expands, so that the radial displacement is
proportional to the radius, with k as the coefficient, namely, inside the circle
p=a the boundary conditions are

W) = w, u(p) =

Here w, is the as yet unknown punch settlement. The stress functions are
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0
fy) = Q)5 _ 2Ky _ mosh(ne)El * VEPD&fzae fiy) +w
H 0° Wy, yt Gy y 0

Fly) = 4—2D + —(2a9 + |y)D @—YEp

PH O WY, -yl
0
q(y) = M—ZEW ,cosh(Td)Y (y) + 2K cosh(16)(2a8Y (y)+yY.(¥)) - YIOI
0 \/ylyz ° ‘ 0
0 0
0,00 = - CREO0 wy(y) + ZEp2asy(y) + yY W0
0 VY, 0
0 0
cosh(t k
= - Y X 12a0Y (y) - yY
Q.(Y) 2 BWO )+ ‘/Vlyz[ ady (y) -y s(y)]g
0
%M=£%Hmumﬂﬂwm-wﬂﬂv[MWM-WME
0 VY, 0

The stresses can be defined two ways

q P ql(x)xdx ) q a Ql(x)xdx
% (p2 _ X2)1/2 - % (X2 _ p2)1/2’
p

Dl

_1
o(p) = 3

1 d P Qz(x)dx _1d [a qz(x)dx
Wy, de J * - )% Vyy, dp | ¢ - p)"

wp) =

The total force P is defined by

_ 2ab

p = 220 coth(ne)D + 2kabl]

£xa0 (3.2.78)
\/yly2|]

H

When no force acts upon the punch, its norma displacement is equal to
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w, = —2ka9/\/y1y2.
The force, needed to provide a zero normal displacement is

4ka’0?

P = =5

The displacements outside the punch are

a Ql(x)dx

W) = 2 | e

a qz(x)xdx

u(p) = —H\/fyz%nj Fa Ptanh(ne)g

1
>

One can caculate the stress at the point p=0 in elementary functions

0
o(0) = %@%Wocosh(ne) ¥ \/;<_y[(1+492)cosh(n9) - 10 10 = o
12 ]

Discussion. One could notice that the four kinds of solution considered
represent all combinations of the Abel type integrals with limits from O to p and
from p to a. Solutions of the first and the second kind are more compact than
the others, but they are only convenient to use when w(p) is an even function
and u(p) is an odd one. The solution of the second kind is preferable when
one is interested mainly in the displacements outside the punch, while the
solution of the first kind has definite advantages when one is interested in the
stress  distributions. Formulae (3.210) ae more convenient for numerical
integration than (3.2.29), especidly in the domain close to either p=0 or p=a: (i)
the differentiation of the integrand can be performed in (3.2.10), thus avoiding
numerical differentiation, which is less accurate; the differentiation in (3.2.29) is
rather difficult because F(a) usualy is not defined; (ii) formulae (3.2.10) alow
us to determine easily the stress at p=0, directly through the stress function,
namely,

o0 =3 f/0, 10 =1, ONY,

while the result of (3.2.29) is rather difficult to use, for example,
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_ q @ F (xdx ] a F(¥) - F(0 F.(0)
o(0) = L'I‘;% do J (XZ_—pZ)l/ZB: 2 dx - ——

P
(3.2.79)

The solutions of the third and the fourth kind are more general because they do
not require either w(p) to be an even function or u(p) to be an odd one. The
same logic of preference is applicable here: the integral representations with limits
from O to p ae more convenient for evaluation of the stresses while the
representations with limits from p to a are preferable for the displacement
evaluation.

It is of interest to establish relationships between the various kinds of
solution. Some are obvious, due to the uniqueness of the solution, namely,

f1 = ql’ fz = Qz’ F1 = Ql’ Fz = qz'
(3.2.80)
The other relationships may be found from (3.2.70) and the following identity

T o2 (@ - y) iy
J (p2 _ X2)1/2 T [ (X2 _ p2)1/2 J (a2 _ X2)1/2(y2 _ XZ)'
i (3.2.81)
Comparison of (3.2.57) and (3.2.40) with (3.2.70) and (3.2.81) yields
, & @ =y
QM = - T J @ - D - D dy,
, & @ =N
qz(t) = - F[ t (a2 — t2)1/2(y2 — t2) dy,
(3.2.82)
, &YW , -t Y9
q,(t) = J -0 dy, Q) = = J -0 dy.
(3.2.83)

Comparison of (3.2.56) and (3.2.67) leads to dightly different expressions:
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a (a® - t)"yq (y)dy

__2
Ql(t) I (az _ y2)1/2(y2 _ tz)’
, & @ = PQdy
q,t) = - 4 t @ - VP - )

(3.2.84)
Expressions (3.2.84) differ from (3.2.82) by the term const/(a®>~t)"* and

tdonst/(a®~t%)Y? respectively. One may notice from (3.257) and (3.240) that
addition of these terms to Q1 and a, respectively does not affect the stresses and

therefore, expressions (3.2.82) and (3.2.84) are equivalent. The same argument is
applicable to q,- Since the addition to a, of a term const/t does not affect the

solution, an alternative to the first expression of (3.2.83) may be suggested

2 Q, (y)dy
ca— (3.2.85)

%m=%jy

Comparison of (3.2.39) and (3.2.26) alows us to construct the relationship
between the complex stress functions

a

1 2 — t)%f(y)d
Fiy = -3 A =Dy (3.2.86)
@ -y)<y -
-a
The inverse relationship takes the form
a
_1 F(y)dy
ft) = = J S (3.2.87)

-a

One can also deduce from (3.2.82) the following expression which is equivaent
to (3.2.86):

__1 a@—fﬁwm
F(t) = nj P

(3.2.88)

-a
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Considerable simplifications occur when 6=0.

167

In the case of an isotropic body

this condition corresponds to the Poisson coefficient v=1/2. The stress functions

will be defined by

) = -1 J xod,

-a

F(y) = =x(¥),

q(y) = - % Y Ty ay) = X,
5 a xz(r)rdr
QW = -3 | =z ¥ Q) = XY

The stress distributions are

q a xl(x)xdx

w | @
p

op) = -

Dl

X, (dx

_ 1 E[ _z
Wy, de | (¢ - p)”?

Y

The displacements outside the punch simplify as follows:

a xz(x)xdx
2 p

2 x,(0dx

R e

(3.2.89)
Notice that here the norma parameters are decoupled from the tangentia ones,
namely, the normal displacements affect the normal pressure, and the tangentia
displacements produce the shear tractions only. Substitution of (3.2.7) and (3.2.9)
in (3.2.89) furnishes a direct relationship between the displacements inside and
outside the circle p=a

a

ggz - azzllz J u(x)x’dx
(a®

u(p) =

31N

o (2 — D) for p>a;
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w(p) = % * - aZ)UZJ @ Wl xde

_ X2)1/2(p2 _ Xz)

: for p>a.

The last expressions demonstrate a certain mathematical similarity between the
normal and tangential displacements.

Exercise 3.2

1. Prove that the settlement of a smooth flat circular punch is greater then or
equal to that of a bonded punch.

Hint: prove that (10)=tanh(m®0).

Note: a more general statement can be proven from the energy consideration.

2. An axisymmetric pressure o=0(p) is applied to the annulus b<p<c outside a
flat bonded punch of radius a. Investigate its influence on the punch settlement
w, and the traction distributions under the punch.

Solution: The right hand side in the integral equations (3.2.2) and (3.2.3) will
take the form

) [ i 0
w =W - — 7 575 w = L.
1 0 J (p2 _ X2)1/2 J (pg _ X2)1/2 2

Now, from (3.2.7) and (3.2.9)

© o(p,)p,dp,

@-ar %0

_2
T (P

X = =5

Substitution of the last expressions in the chosen kind of solution gives the
stresses and the displacements. The total force can be defined as

w ab ¢
0
P = 2008N(T®) gy - 2J JOROI

where I is defined by (3.2.73). When the punch is not subjected to a direct
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loading, its settlement will be

Cc

w, = 28 s‘nh(ne)J | (Po(epdp.

If no displacements are allowed for the punch, then the total force should be

Cc

p = -4cosh(ne)J () o(p)pdp.

By using the approximation (3.2.76), the results can in many cases be expressed
in elementary functions. For example, in the case when 0=0 =const,

: T[90 i b2 1.8
J | (Po(p)pdp = Zth(ne)B: s'@) - p’sn'@)

v oal(c - a2 - (b - aAYY]
[

3. Investigate the influence of radial tangential tractions t=t1(p), applied at the
surface of an annulus b<p<c, outside a bonded punch of radius a.
Solution: We have from (3.2.2) and (3.2.3)

Cc

w, + 2T[HCXJ T(p)dp,

@,(p)

Py S Tpd,

w(p) = —4Hyy, pJ 02 - XD J (pg — A"

Substitution in (3.2.7) and (3.2.9) yields

C C
T(X)dx

w
X0 ==+ 2 aJ e, X0 = - 2y, rJ (XJ;%)U
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Since X, is an even function, and X, is an odd one, we can use any of the
four kinds of solution considered above. The total force is given by (3.2.55):

0 g N R 0
_ Zcosh(ne)am %vo + 2T[H0(J t(P)dpg - 2\/y1yzj Is(p)T(p)dpS

Here Is is defined by (3.2.74). When the punch is not loaded, its settlement
will be

C C

W, = ZH%mJ w(odp + ATELyy J | (PNT(P)dT

The value of the axia force to provide a zero punch displacement is

0 ° — -
P = dcosh(®) Eﬁ?r?e) J w(p)dp - ‘/Vlsz RQUCLS

4. A norma concentrated load P is applied a the point (0,0,z2) underneath a
circular punch of radius a, bonded to a transversely isotropic elastic half-space.
Find the traction distribution at the punch base and its settlement w.

Answer: as an illustration, the solution is given according to (Fabrikant, 1971a).
The stresses are defined by

o L QD f(t)tdt ) (Ot E
o d A ~ [ @ - )7 pz)uzD
P
s (ot L Pfod O
(p) = dPEr yly[ @ - " + = (pz——tz)llzg
Here

m Y (OsinhE, -+ 7Y (tjcoshE, _

_ cosh’r® : k
Lo == Z(mk = Dsnhél] Z + Ol

k=1
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o o 2y, DzkYC(t)sinhEk + tYs(t)coshEk . zetan'l(a)
A = levfyzk:lmk - 10 Z + t 0™ z

The resultant of the stresses is

imksinhﬁk yk(coshEk - 1)D
N = —Pcothmd + —
n -1 VYyy(m - 10

k=1 k

When no force is applied to the punch directly, its settlement due to the load P
is

Chp 2 DmksinhEk yk(coshEk -1
W= 288 &

k=1 k

L e O
-1 Wy(m -0

Note: verify that in the case z—~0 N=-P.

3.3 External axisymmetric mixed-mixed problem

We choose this problem to demonstrate yet another kind of solution, which
features two stress functions, introduced in such a way that they decouple the
integral equations, so that each equation can be solved independently.

The boundary conditions in the case of axial symmetry are

u = u(p), for asp<eo, O<@<2rT,
w = w(p), for asp<eo, O0<@<2rt,
o = o(p), for 0O<p=<a, O<@<2rT,
T = 1(p), for O<p=<a, O<@<21 (3.3.1)

The set of governing integral equations will take the form

O " " x o(p)p,de, O

dx
2HFO | t(p)dp. + 2| ——=53 | =30 = w.(p),
. J 9P, J oZ - P oC - pg)uzm |

p p
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(3.3.2)
2HD 2 i dx ” T(po)pgdpo P 0
2H ol o
P Eleyzp[ -7 | -7 " J oPy)P, pog w,(p)
p
(3.3.3)

The functions 0, and w, are known from the boundary conditions, and are
defined by

= ® ole)ede,
W p) = w(p) - 4HJ 7" | mo
(3.3.4)
H ' Xedx : T(po)dpo Ha :
op) = u(p) - 4yyo J s J " Z"FJ o(p,)p, 0P
(3.3.5)
We shall seek the solution of the system (3.3.2) and (3.3.3) in the form
o = 1 40 f f (Dt ) P f (ttdt
p dp[] (t2 _ p2)1/2 (p2 _ t2)1/2D
p
i P fod Rl C,Da
W -Gt Foan %) e A
i (3.3.6)

Here f1 and f2 are the as yet unknown functions, and Cl, C2, and D are the

constants to be determined. Substitution of (3.3.6) in (3.3.2) and (3.3.3) leads to
two uncoupled eguations which can be solved independently, provided that the
constants are defined by

C = O‘/V1V2’ C. = -la. (3.3.7)

1 2

The equations in question are

NG
ZHD‘ —%DS'” = ) - J t)llZD
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o e f (Ot :
+ ZJ G — P dx J @ - D - XZ)E = w(p).
p
orHo oY dx "2a%( - XD - XA - &) ( (ot
0 DT[O(ZJ -~ DAL - D" J X~ A - X)) 2
p
o P f (t)tdt
+ Dzﬁ - 1% fl(t)dt + aD - ;ng = (Uz(p)
" - &) (" - g

(3.3.8)
Let us solve the first equation (3.3.8). Divide both sides by p(p>-r?)'? integrate
with respect to p from r to o, multiply the result by r, and differentiate with
respect to r. The result is

, = f(t)dt © (r> - a®)Y? (t)tdt
L 7= - —% = W0
Y)Y, t? - r? J rt> - ad'4(t* - rd LA
(3.3.9)
Here
©  w/(p)dp 2
__1 d ! O_ o D O+ af]
qu(r) - 21H dl’ J p(pz _ I‘2)1/2D V1V2 2r Inm _ aD (3310)

Equation (3.3.9) can be solved in a manner similar to that of (3.2.43). Multiply
both sides of (3.3.9) by Yc(r)/(rz—xz) and integrate with respect to r from a to

. We use in this section the notation YC and Ys, as it was defined in
(3.245). The result of integration is

© a? DY( (9 ma = f(Ddt
4x° yy,0 ¢ 2x°cosh(T9) | t(t> - a?)Y?
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© (X - aZ)”ZYs(x) Ys(t)D f,(Hdt

_ tanh(Tle)J 0@ - )7 Tt O - 2
me e O R X OMO

(3.311)
Again, expresson (3.311) can be smplified significantly, assuming
tanh(r@)=a/Vy,y,,

Y (X) Y(X) ) o T (D)t
e T s _tx* - )t
ey e J Er X - DP0F - %
. o fl(t)dt ) ooqu(r)YC(r)dr
 2%cosh(re) | (- A r* - x° 3349

Multiplication of (3.39) by rY(n/(r*x° and transformations similar to those
above lead to

TEY (X) @ ) o T (D)t
- _n _txE - a)rm ot
axcosiae) 1) T 3 ()Y () J Er X - DP0C - %
ooqu(r)Ys(r)rdr
_ . (3.3.13)

Equations (3.3.12) and (3.3.13) give the fina solution

=g, ()Y (r)dr “wl(r)Ys(r)rer

_ 4 2 0
fl(X) = T—[2COSh (T[e)XD XYC(X) ﬁ + Ys(X) ﬁD

(3.3.14)
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Strictly speaking, we should have added a term BYC(x), representing the

homogeneous solution, where B is an arbitrary constant. It will be shown
further, that we may assume B=0, since the constant D, introduced earlier,
actually plays the same role.

The second equation in (3.3.8) can be solved in a similar manner. At the
first stage, it is reduced to

V1V2D ©r(r? - az)uzfz(t)dt = f(t)dt . ~f (t)tdt

GZDJ (t2 _ a2)1/2(t2 _ r2) + —(t2 — az)llzlj— t2 ~ r2 = l‘IJz(r)’
(3.3.15)

with

® w(p)dp
_ 1 d 2 ]
Y = o dr J % - D20 (3.3.16)
Its solution is
= ()Y (r)dr = Y)Y (r)rdr
A Ti['zsinhz(ne)%Yc(x o2t YWY 2~ 2 B

(3.3.17)

One could notice that terms of the form const./p were lost during transformation
of the second equation (3.3.8), due to differentiation. This means that the
solution (3.3.17) satisfies the second equation (3.3.8), except for the
abovementioned terms. And here the role of the constant D becomes clear: it
has to be chosen so that the equation be satisfied. We show below how this is
done.

Example. Let the exterior of a circle p=a be clamped, so that w=u=0, for
p>a. A uniform pressure g, is applied inside the circle. The stress distribution

outside the circle and the displacements inside are to be determined. The
general solution described above yields for this particular case

a

a2 _ X2 1/2dX a2
ool(p) = —4H00J ( > ) ooz(p) = T[H(XOOE;

(p _ X2)1/2 !

_ ~ (rz _ a2)1/2D_ a2 D, [1 + a N
W) 2T[H00% 0y w e W0 =0
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f(t) = %{coth(ne)oo[tYs(t) - 2a0Y (1] - D[1 - Y(B)], f(t) = 0.

(3.3.18)
Substitution of (3.3.18) in the second equation (3.3.8) defines the constant D:

D = %{aeoocoth(ne). (3.3.19)

Formulae (3.3.6), (3.3.18) and (3.3.19) give the complete solution for the traction
distribution. The displacements inside the circle are given by

= 1Y (1) - a8l + Y (1]

h
ulp) = 2T[HGOO% %@BJ @<~ AT tdt
[
_ 2 _ 2uarll_p
0 - 99" 50

0 = (- a)” - tY (t) - abY(t)

w(p) = 4HOOEJ @ - )2 dt
P 2 — 32 - [
o[ B0 g - T agtann(re)]
(p° - 1) 2 o

The integrals above may be computed in elementary functions at the centre p=0,
namely,

1 + cosh(m®
u0 = 0, W) = 4nHaeoom)—2.

The reader who is interested in numerical results is referred to (Fabrikant, 1972),
where the field of tractions and displacements was computed for steel, concrete
and sandstone.

The method of solution presented in this section is neither the only method
available, nor the simplest one. The reader is encouraged to try various
modifications of the approach presented in section 3.2.
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Exercise 3.3
1. Consider a transversely isotropic elastic half-space z=0. Let the exterior of a
circle p=a be clamped, so that u=w=0, for p>a. An axisymmetric pressure o(p)
is applied in the annulus b<p<c, with c<a. Find the traction distribution outside
the circle and the displacements inside.
Hint: use solutions presented in Exercise 3.2 as an example.

2. Subject to the conditions of the exercise above, prove that the stresses in the
plane z=0 are in equilibrium.
Note: this is generally not true in internal problems.

3. Consider a transversely isotropic elastic half-space z=0. Let the exterior of a
circle p=a be clamped, so that u=w=0, for p>a. An axisymmetric tangential
traction T(p) is applied in the annulus b<p<c, with c<a. Find the traction
distribution outside the circle and the displacements inside.

4. Consider a transversely isotropic elastic half-space z=0. Let the exterior of a
circle p=a be clamped, so that u=w=0, for p>a. Find the traction distribution
outside the circle and the displacements inside due to a concentrated force P
applied in the positive Oz direction a the point with cartesian coordinates x=0,
y=0, z=b.

3.4 Generdlization for a non-homogeneous half-space

Popov (1973) has considered an internal mixed-mixed problem for the case
of a non-homogeneous isotropic half-space, with elastic modulus EK:EozK,
EO:const, and Osk<l. He reduced the problem to a generalized Abel integra

equation, which he solved in terms of Jacobi polynomial expansion. The
interested reader is referred to the original paper for details. We present here
only the closed form solution of the generalized Abel integra equation, as it was
given in (Fabrikant, 1976).

Consider the integral equation

X a
_F@dt A [ E@dU gy for O<k<1, bsx<a.
(x - B (t - x"

(34.1)
Here A is a known constant, f is a known function, and function F is to be
determined. Make use of the following integral representations (Gradshtein and
Ryzhik, 1963)
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t
Y Sl i Rl R V2l i Sl Y
(X _ t)K B(K’a) (X _ y)5+|< ’
(3.4.2)
Y Sl ) i el il N Tl M il
(t - %~ B(k,1-3K) (x = )™
(3.4.3)
Let us define the value of & from the condition
B(K,10K) _ A (34.4)

B(k,0)

By using the properties of Beta-functions, expression (3.4.4) can be simplified

sn(m)  _ A
sin[T(3+K)] '

The value of & can be found from the last expression as

1. 4[] Asn(k) [
o = tan 1 = Acos(TK)[] (34.5)

Substitute (3.4.2) and (3.4.3) in (3.4.1) and interchange the order of integration.
The result is

a

_ 6 " - k1
(x - b) J (y = b) dyJ ; F(tat = f(x).

B(k.9) (x =9 - )" - y)”

(3.4.6)
The generalized Abel integral equation is now represented as a sequence of two
Abel type operators, and each can be inverted. The solution is

a

- g SN®) snlntk + ] d [ (= b)™dr
F) = -B(cg) SRS J p—

XQ r f(X)dx
dl‘ J (X _ b)a(l‘ _ X)l-é-K )




3.4 Generalization for a non-homogeneous half-space

(3.4.7)

The form of solution given by (3.4.7) is not the only one which can be derived.

Indeed, one can use the integral representations:

1 _@-0fa - @yl -0t
x - Bf B(EX) J v - O |
(3.4.8)
1 _@-vfa - -yl -0t
(3.4.9)
Substitution of (3.4.8) and (3.4.9) in (3.4.1) leads to
(a-x™ [ @ -yl [ @ - 9%l _
B(5.K) J (y - ™ J (y - 9™ '
(3.4.10)
The solution will now take the form
_ sin(md) sin[r(d+k)] d t (a = r)*dr
() = Bkd) S-S G J e
9 d ) f(X)dx
dr J (a _ X)l—é—K(X _ r)é '
(3.4.11)

We leave it to the reader to establish the equivalence of the solutions (3.4.7)
and (3.4.11).

If one compares integral equations (3.2.30) and (3.4.1), the first impression
is that they are so different that there is no way to relate them. This is not
so. Consider a set of eguations

[ 1 + Sgn(r = Yl e (Mdt + cot(X) 2= 0 1
JQHOK r-ge Ut Zvylyzqur—th
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r d
1 F (t)dt _ 2co(Tk/2) (1 - K) (o(p)p P
S+ pf0 T'H J( - )
(3.4.12)
1 1 2]
- cot(—) + - == F (t)at
\/vv J B -t @+ ¢ U
+ [0_1 _sign(r -ty 1 _ signgt}DF (t)dt
Lr + t)X r - tff " ¢ O 2
r d
_ 2COS(TIK/2)F£— K) ; (oz(p) P
TCHVYY, J(r p?)
(3.4.13)
In the limiting case of k-0, equations (3.4.12) and (3.4.13) transform into
' a " w (p)pdp
a r +t 1
—| F -~ F | =
[Fiom + i [ P e = g [
(3.4.14)
L - r . " w(p)dp
- —— | F(t) In5=——= dt - | F (t)dt = —
Y, J N J 2 TCHVY,Y, J (r* - p*)"
(3.4.15)

One can easily verify that differentiation of (3.4.14) and (3.4.15) with respect to
r leads to (3.230). Thus, the connection is established. Introducing the
complex function F:F1+iF2, equations (3.4.12) and (3.4.13) may be unified as

follows:

Ftdt

—% Lcot(za M % o




3.4 Generdlization for a non-homogeneous half-space

T YPw (P) + irw(p)

_ 2coy(TK/2) r_(1 - K) _ do
TCHVY Y, (r* - p*)"
a F_(t)dt a F (t)dt
E 2 a TK 0
2 - — cot(—+ 3.4.16
o X WYY, cotZ) i« 0 ( )

We obtained the generalized Abel integral equation of the type (3.4.1), with
b=-—a, the solution of which is available in the forms (3.4.7) and (3.4.11), with
the parameter o, defined as

5= - g + 0, (3.4.17)

and O given by (3.2.19). The stress function for a flat circular bonded punch is

sin(Tk) cosh(mB) M1 - k)
TeKH

wol@ + t[P

F(t) = - & =t

2 _ .2
Wo(a t9)

The last result is in agreement with those of paragraph 3.2. The reader can
derive severa new modifications of the governing integral equations by using the
integral representations

min(p,,P)
X dx
J [(0* = X)(pg — X"
T2 T - Y20 1 10O
a/n B - pf¢ (0 + p) U
min(p_,p)
° X Ldx
J [(p° - X5 - X2

- Mk/2) M@ - «i2][] 1 + 1 0
ampp, o -p¢ (o + p)U
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Some additional representations can be obtained by simple addition, subtraction,
integration or differentiation of those above.

Exercise 3.4
1. Find a solution of the generalized Abel equation (3.4.1), with f(x)=C=const.

Answer: F(t) = CSin[lT[(6+K)] 3

Wt - b)(a - 1)

2. Find a solution of the generalized Abel equation (3.4.1), with f(x)=Cx, with
C=const.

Answer: F(t) =

Csn[r(3+K)][t — b — 3a - b) + kb]
w®(t - b*@a - t°

3. Find a solution of the generalized Abel equation (3.4.1), with f(x)=Cx?, with
C=const.

Csin[r(d+K)][2(t - b)(t + D) + D? - §@° - b% + kb7 |
w1 + K - b) @ - t)°

Answer: F(t) =

Here D=kb-d(a-b).

3.5 Effect of a shearing force and a tilting moment
on a bonded circular punch.

Consider a circular flat punch of radius a, bonded to a transversely
isotropic elastic half-space z=0. The punch is subjected to a shearing force T,
acting in the Ox direction, and a tilting moment M. We may assume, without
loss of generality, that the moment is oriented along the Oy axis. We need to
find the traction distribution under the punch, and to relate the trandlational (uo)

and angular (&) displacements of the punch to the applied loading parameters.
The problem is considered in a separate section due to its practical importance.

The problem is characterized by the following boundary conditions on the
plane z=0:

u=u, for O<p<a, O<@<2rT,
W = —OpCosy, for O<p<a, O<@<2r,
o=r1=0, for asp<co O<@<2m (35.1)

The governing integral equations, due to (2.5.6), (3.1.2) and (3.1.3), take the
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form

The structure of equations (3.5.2) is such that we may assume that o,

261 P x*dx 2 T2(po)dpo 21Ha
p2J (p2 _ X2)1/2 po(pg _ X2)1/2 p2

2G, P 02 - 2% ] a ?O(po)podp0
+ X ———5 =
p2J 0 - AP (pg — A

P 2 (pp — 2X) 1(pdp,
2G| ———m 2 2\12
2| ("~ X) pPo = X)

+ 2G i dx : To(po)podpo
= u,
1J (p2 _ X2)1/2 J (pg _ X2)1/2 0

ip P ® dp,
% ~ pd® —
2nHa U0 J (PP, dp, — PE J LR 5

4H P x“dx 2 cy1(po)ei(p + 0_1(p0)e‘i‘p
+ —
pJ (p2 ~ X2)1/2 J (pg ~ X2)1/2

The solution may be represented in the form

dp (p2 _ t2)1/2’

P
0,(p) = 3,(p) = EJ S

a

__Ccd f(t)tdt D
To(p)—‘B—J(() +

dp
p

t2 _ p2)1/2 (a2 _ p2)1/2’

Y
J o, (p,)PEdp,

dp0

Y

a

+ 2nH0([ 0_1(p0)dp0

—OPCOSy.

183



184 CHAPTER 3 MIXED-MIXED BOUNDARY VALUE PROBLEMS

0, % - L] 2 2
1 f 2a° -
T(p) = ~Cp ddBZ (Otdt _ a p
Prp”) (

t2 _ p2)1/2|j p2(a2 _ p2)1/2'

(3.5.3)
Here f is the as yet unknown stress function, and C and D are the constants to
be determined. Substitution of (3.5.3) in the first two equations of (3.5.2) make
them identities, provided that the following conditions are satisfied

a

a C
c=" bp=& fou 354
o aJ (1 (354)
a
D f(hdt
L2, + 6) + 2T[H0(J rame il (35.5)

Expressions (3.5.4) and (3.5.5) look contradictory: we have only two constants to
satisfy three equations. This will be clarified further. An additional constant,
representing the homogeneous solution, will appear in the expression for f.

Substitution of (3.5.3) in the third equation (3.5.2) leads to

o ,° a 0

2rtHa Erzc[ O, of fydt + aDO

P 0 (" - p9) o
P

P a
L 8H[ X(@® - x)"dx f(t)dt = %
p J (p2 _ X2)1/2 J (t2 _ XZ)(aZ _ t2)1/2 )

Multiply the last expression by p?(r>-p?)™? and integrate with respect to p from
0 to r. The result is

a a
2

(@ - r2)1/2J f(t)dt _a J f(dt _ _ &
(

a2 _ t2)1/2(t2 _ r2) yly2 t2 _ r2 T[H

(3.5.6)
Equation (3.5.6) is smilar to (3.2.60), with the general solution given by
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(3.2.62). The solution in this particular case is

_ _ _cosh’(1® _ 0
(1) 4—lnzHS‘_nh(ne)g\(s(t) BaY (0 + AY (1) (35.7)

The last term in (3.5.7) represents the homogeneous solution, with A being an
arbitrary constant.  Substitution of (3.5.7) in (354) and (3.55) alows us to
define all the constants, namely,

OO
D =— A,
y,Y,sinh(T6)
G G
A:%+6a9amﬁHu N oG, Z)DEl
o tanh(r8)Teosh(rB)[T ~ tanh(®)(G, - G

(3.5.8)
Formulae (3.5.7), (3.5.8) and (3.5.3) determine completely the traction distribution
under the punch. Now we need to relate the applied loading to the punch
displacements. Make use of the equilibrium conditions:

a 2 a

T = 2nJ T(Ppdp, M = —J J [0,(ME® + o (Pe"p’cosp dpdo.

After carrying out the calculations, we aobtain

3 2 2n2
ad a M_46a9(1+9)+4n2a9 A

T = 4TA SeE) Y.y, = “3Htanh(®) | cosh(mg)

(3.5.9)
Expressions (3.5.8) and (3.5.9) enable us to determine the displacements of the
punch

_ 1 (1 + 46)tanh(m@), ~ _ E(_ 3Ha
%~ 8a%[(Gl YO T Ty (T @) P

3Ha [ M [
0 = ——— ——-T + —
4a%(1 + #9)0 abvy y,l

(3.5.10)
In the case of isotropy, formulae (3.5.10) are in agreement (except for some
signs) with the results of Ufliand (1967), who seems to have used a different
sign convention. It is noteworthy that the tilting moment produces transational
displacement of the punch, even in the absence of the shearing force. The
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shearing force, in turn, tilts the punch, even when no tilting moment is applied.
We shall see further (section 5.11) that a similar situation takes place in the case
of a finite friction between the punch and the elastic half-space.

Exercise 3.5
1. A flat circular punch of radius a is bonded to a transversely isotropic elastic
half-space z=z0. A shearing force T is applied in the Oy direction. Find the
tilting angle o.

T, with tilting about Ox axis. Note that the angle is

positive.

2. Subject to the conditions above, find the tilting moment needed to prevent
tilting.
Answer: M = -aBvyy,T.

3. A tilting moment M about the axis Ox is applied to a flat circular punch,
bonded to a transversely isotropic elastic half-space.  Find the trandational
displacement u and its direction.

3Ha

Answer: U = ————-
4a(1 + 69

M, in the Oy direction.

4. A flat circular bonded punch is subjected to a shearing force T, acting in
the Ox direction, and a tilting moment M about the Oy axis. Find the norma
displacements outside the punch.

0 a XZYC(X) + 8axY (x)

, _ 4dcosh(10)
Answer: w(p,p) = [T dx
= ™ J (p2 _ X2)1/2
11 0a a st(x)dx
+ 4T[HAtanh(T[9)[—3mW(n9) - w_—)(z)m%ow

5. Express the answer above in terms of the shearing force T and tilting
moment M.

L] aXZYC(X) + east(X)
Answer: w(p,¢) = [F SHacosh(m®) [1 M__ [

— dx
O ™a(l + e)Bavyy O (p

2 _ X2)1/2
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Ha cosh(T® ) XYS(X)dX
- oTe - Sea | ﬁ%‘m

6. Express the normal displacement w outside the punch in terms of the stress
function f.
a a

. =T x2dx (@° - X" (t)dt
Answer: w(p,p) = ;}% J (p2 — X2)1/2 J (az ~ t2)1/2(t2 _ Xz)

aD
+ 4nHa D=[tosy.
PO

7. Express the tangential displacement u outside the punch in terms of the
stress function f.

Answer: u(p,@) = u(p) + u(p)e”®

where

u(p) = NG, - G)=2 g, nG. + G)bsn'®

0 1 21y1y2 J (p2 _ X2)1/2 1 2 p y
1 N ) 2 N1/2 2 2\ 1/2

u(p) = ?EQHHGJ fd{x[(@ - A" - (p* - XA

H
+ (G, + G)Da(p’ - a)"“[]
O

8. Investigate the interaction of an arbitrary concentrated force, applied at some
point inside the transversely isotropic half-space, and a flat bonded circular punch.
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3.6 Non-axisymmetric internal mixed-mixed problem

The general formulation of this problem is given in section 3.1, with the
boundary conditions (3.1.1), and the governing integral equations (3.1.2-3.1.5).
The closed form exact solution is not known at the moment. We assume that
al the parameters involved can be expanded in a Fourier series. An exact
solution for the n-th harmonic is presented below. The governing integra
equations for the n-th harmonic are

. 2dx a G X (p) + G2np* = n+1)XIT_ (p)
d
p™ J (p* - x)* poo; — XY %o

p
2rH N
- S J o (p)Pydp, = F_(p), for n20.

R G,pt,.,(p) + Gl(2n-1)pg - 20Xt (p) ;
i n P
p™ J (p* - x)¥ P — XY 0
® o _(p)dp,
+ 2T[H0(p”'1J — = (p), for n=1;
pO -n+1
p
-in@ P : : Tn+1(p0)deD
2rHa O T (p)podp, - p”e'”‘p[ —
P Po M
+ 4H P X“dx : cy-n(po)e-in(p + cyn(po)(:"m(p d 4 in(pq)( )}
- PRI N T ™ Py = L€ P)s
p J (p2 _ X2)1/2 J po 1(pg _ X2)1/2 0 n

for n=0. (3.6.1)
Here the right hand sides are known from the boundary conditions, and are

0

n+ d
Fa® = U0 - 2 J TR

n+l n+l
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* Gpot  (p) *+ G2nX* - n+D)pglt  (p)

’ o - D7 PR
o)
F () =u_ (0 - 2mHap" J —
- = N * GXT_ (p) + Gln-1)x*-2npT_ (p) y
Al o PoaP,,
J 2 (X2 _ p2)1/2 J (X2 _ p§)1/2 0y

. . _ O = 1 ,(p)de,O
0{® (P)E"} = w(pE™ + w (pe"? + 2rmHa OE™"| ———0
n n -n D po D

) dx " On(po)em(p + c’-n(po)(:"-m(p 1
- 4Hp" — oo dp .
J XPOE - p2)1/2 J oC - p§)1/2 o YP,

(3.6.2
The case of axia symmetry (n=0) was considered in detail in paragraph 3.2, and
is not discussed here. The solution is sought for n=1. We may assume,
without loss of generdity, that the first two equations (3.6.1) are homogeneous.
This can be achieved by addition of some specia solutions to the parameters
T and LI These special solutions, satisfying the right hand sides of the first

-n+1

two equations (3.6.1), can be obtained from the results of section 2.6. Of
course, this procedure will make the right hand side of the third equation (3.6.1)
more complicated.

Assume the solution of the set (3.6.1), with the first two equations
transformed into homogeneous, in the form

P t™™idf (1)
ORI T [ —"
n " p" (p° - t9)
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P
2n-2 _ 2 _ 2
_ 1 dJ t“[(2n 1p 2nt7] fn(t)dt;

T pmlidp ©* - OF
g = f (Otdt Bnp”'l
() = -Cp™* o j * ;
n+1 dp (t2 _ p2)1/2 (a2 _ p2)1/2
P
a a  f(thtdt [
n d 1 2n-2 d n
T = cp" 20 = dy < [ —0——
) = O gl pZnJ) "y g | Tl
0 2 2n1 0
n d 1 t7dt
+Dp" =03 | ——>
P dpg o J @& - tz)llzg
q0 o a dy 2 0
= Cp" =0 | ———5 + (@2n - 1)[ . f ()t*"2dt
dpD p t(t2 _ p2)1/2 p y2 (y2 _ p2)1/2 n D

a
D D pn-l N 2n t2n-1dt D
nljaz _ p2)1/2 pn+1 (a2 _ t2)1/2|]

p
(3.6.3)

Here fn is the as yet unknown complex stress function, and C, Dn are the

constants to be determined. In the following derivations we give in some cases
two equivalent expressions of the same parameter, for the sake of convenience in
the procedure of substitution into the governing equations (3.6.1). We present
first some intermediate results related to the substitution of (3.6.3) in the first
equation (3.6.1):

© T el f00 e Tt

-n+1

(3.6.4)
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a1 (p)dp, f (9 g

MY 0 _mnchr 2n - 1 2 [ ma”
J - A% 20X J LT T S Oy
(3.6.5)
Substitution of (3.6.4) and (3.6.5) in the first equation (3.6.1) yields
nC i X" [2nx* - (2n-1)p7 2mHa P el
(Gl_ 2) n+l 2 _ 212 fn(X)dX T T On(po)po dpo = 0,
P (p” - X)
(3.6.6)
provided that the following condition holds
a
D = ﬁ%& J f (OF"2dt. (3.6.7)

It is now easy to verify that substitution of the first expression (3.6.3) in (3.6.6)
makes it an identity if

c=2 (3.6.8)

Here are some intermediary results related to the procedure of substitution of
(3.6.3) in the second equation (3.6.1):

S
o = ES:fn(x) + D5 (3.69)

P2 -

2 (2n - 1p2 - 2nx* _ _ _
J 002 - XD T ..(p)dp, = g%Cfn(X) + Dng (3.6.10)
O\Mo

n+l

We wused in transformations some general formulae from Appendix A3.3.
Substitution of (3.6.9) and (3.6.10) in the second equation (3.6.1) reduces it to

P [C(G,~G)f () + (G+G)D IxX*"dx @ o (p)dp,
+ 2nH0(p”'1[ — =0
Po

L
n-1

p (p

2 _ X2)1/2
p
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(3.6.11)
Substitution of the first expression (3.6.3) in (3.6.11) makes it an identity, subject
to (3.6.8), and an additional condition

Wir(n - 1/2) o + 2Ha x*"2dx
n

(G, + G) 2r () t J f (X) @ -7 = 0. (3.6.12)

The conditions (3.6.7) and (3.6.12) might look contradictory. It will be shown
further (see 3.6.14) that this is not so, because an additional constant will appear
in the expression for fn, corresponding to a homogeneous solution of the singular

integral equation (3.6.14).

By now we have satisfied the first two equations (3.6.1). Substitution of
(3.6.3) in the third equation (3.6.1) requires the following transformation:

a d Po  t™1df (t a
o1 2p0 N7 0 2—ni)1/2 = %az - A& - tH)%2Q (x,t)
po (po_X) (po_t) n

alt? - x3*2 0
|t(8.2 _ X2)1/2 _ X(a2 _ t2)1/2| D

+ P (x1) In t2”'1dfn(t).

(3.6.13)
Here Qn(x,t) is a polynomia in even negative powers of x and t. Although we
cannot write the explicit expression for Qn(x,t), it can be computed in elementary
manner for any particular n. The explicit expression for W is

_ 1 [(n-k-1/2) T(k+1/2) X%
W0 = o 2 r(n-K rk+l) 00

k=0

Multiply both sides of the third equation (3.6.1) by p", differentiate with respect

to p, divide the result by p**(r’>-p?Y? and integrate with respect to p from 0
to r. This procedure alows us to split the kernel of the integral equation into
two parts. a singular one and a degenerate one. The result takes the form

o f (Ddt ot o
R ey ey Ll e

(3.6.14)
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Here

r

1 d d, n
X = 77 Jpzn.z(rzp_ 7 gl (0)

p)

r

a
2 d d N2 2 1/2d o
—_ EJ p2n-2(r 2 p_ p2)1/2 %J X (a ~ ))((2))1/2 XJ (az_tz)llen(X, t)t2 1dfn(t)

(p?

r P a
dp dx

ﬁ J 0P2(Z — T2 J 0% - XDOTE - D J qn(p,x,t)(a2 -

t2)1/2t2n-2dfn(t)’

- (3.6.15)
wit
n-2 L ‘ 2
q.(ox1) = Zﬂ%l%g F-n+k, 2 S-ntk; X, (3.6.16)

Note that the hypergeometric function in (3.6.16) is, in fact, a polynomial, and
that all the integrals with respect to x and p in the degenerate part of the
kernel (3.6.15) are computable in elementary function for any n. The integrd
equation (3.6.14) was solved in paragraph 3.2, and the solution is

2 X (Y (r)dr

@ =- Ti['zcoshz(ne)thc(t) ——
a xn(r)Ys(r)rdr
+ YO ———0+ AYO. (3.6.17)

The last term in (3.6.17) represents the homogeneous solution, with A being an
arbitrary constant. Its value, along with the constant Dn and others which appear

due to the degenerate part of the kernel, can be found from the appropriate
system of linear algebraic equations and the conditions (3.6.7) and (3.6.12). The
general solution may be considered completed. The man handicap of the
solution is the necessity for solving a set of linear algebraic equations whose
order increases with n, thus making the exact solution for higher harmonics very
cumbersome. We ae not aware of any other solution for a transversely
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isotropic solid. The corresponding problem for an isotropic body was solved by
Ufliand (1967) who used the method of Mehler-Fok integral transform. It has
the same hindrance: one needs to solve a set of linear algebraic equations, whose
order increases with n.

Example. Consider the action of a normal concentrated load P applied
outside a flat circular punch of radius a, bonded to a transversely isotropic
elastic half-space z=z0. We may assume, without loss of generality, that the force
is applied at the point p=b, =0 (b>a). Thus, the boundary conditions are

u=w =0, for p=<a;

o = P3(p-b)3(@-0)/p, T = O, for p>a.

The boundary conditions yield

n-1

F _(p) = 0, for n=0; F = —PHa B—

, for n=1;
n+1 -n+1 b”

apr (- d
® (p) = - J = X

m(pb)" _ X2)1/2(b2 _ X2)1/2 :

(3.6.18)
We present now the explicit solutions for some specific values of n. In the
axisymmetric case n=0, the following results may be obtained:

IR ROIC = f (Dt

b | @ -" L) = - Y. % | @ - A"
p

o (p) =

Dl

a Yc(r)dr

_ 2 2
f,(0) = 2 Peosn (ne)gvc(t)J e e

a Ys(r)rdr s
+ Ys(t)J Ay (3.6.19)

The results for n=1 are
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b f (D)t
_d [
Ol(p) - dp - O
a £ ()tdt D
T(p) = - X 1d ! + !
0 yly2 p dp (t2 _ p2)1/2 (a2 _ p2)1/2’
p
a f (t)tdt
T =-2%pd01 LD_D 28 - p°
2 vy, ~delp? | (* - p)"0 %@ - pH)"
p

t
L0 = O + AY O,

G, + )

D, = nb\/yy% = '(b)% n(e)(G, - G
Pcosh’(T® sh(m® —

A = - %[Is(b) - 2a01 (b)) + 20O p Gy

(3.6.20)
We recall that the notations | ae defined by (3.2.73) and (3.2.74) respectively.

The case of n=2 is more cumbersome:

p
_ 1 d 4> - 3p° o
0P = % o J (pz—_tz%z & (1)),
I O D
= == - D 1/2
T_l(p) dpD ylyJ (t2 _ p2)1/2 ( p)
p

0 o o 2 2
o) = pzﬂEPl—Fi J A o + DE St pz)”%
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a X, (Y (rdr a xz(r)Ys(r)rer

(o = - Ti[z cosh¥(T) t%YC(t)J — Ys(t)J ———1

2coth(TB) (26 _1 [
+AY (M) + S EE V(D) - § Y (0B

The constant 82 corresponds to the degenerate part of the kernel:

a

2
B, = J ézt_—t)m f (t)dt.

All the constants are determined as follows:

D - 30 % N ma’® 1 - 26° _ g 2a6%(l + 46%)cosh(t®)]
2~ yyal 2 snh(m®) 3 2 3sinh*(T0) [
A = cosh(8) g 461 + 26°0
2 2ma’e? B, sinh(B) [
] 3T[(G + G)
— 2[Pa LB _ g2
52—529@ L+L14a(G—G)D Lz~ ®

(G, m(l + 6)(G, + G) [,
2
* a6 - )(1 - 20) %nh(n@)% @h(e)(G, - G) %
_ 2cosh’(18) 292
L, = TSNh(T0) J %aeg + a %C(r)

2n2 2 0
+ r(2a9° - r )Ys(r)sz(r)dr,



3.6 Non-axisymmetric internal mixed-mixed problem

a 2 D
L, =1 cosh(nG)J %‘2% - g+ S+ SarY (DK

a

L = % cosh(T) J [(r? - 2a%69)Y () + 20arY (r)]x,(r)dr,

PO 1 1 0
2T[b2|jb2 _ r2)1/2 b + (b2 _ r2)1/2|]

X,(1) = -

In order to provide zero displacements, the punch should be loaded by a normal
force N, a shearing force T, directed in the negative Ox direction, and a tilting
moment M about the Oy axis. Ther relationship with the force P can be
established by the statics equations, namely,

a a

_ _ o lJa [
T = 2nJ T (p)pdp = 211%/2 J f(hdt + Dag
a a  f (Dtdt
N = 2T[J oo(p)pdp = 21 W,
21 a &, o2
M = —J J [0,(P)e? + o (p)e"Ip’cosudpde = 2nJ T Lo
Performing the integrations, we get
a Y (r)dr
T = 4maD , N=- 22 cosh(r8) | ———
1 T (b2 _ r2)1/2

a rZYC(r) + BarY((r)
M = —- cosh(1B)

S
B = 7 dr + 4ma’evyyD..

(3.6.21)

197
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If the punch is not loaded then it will undergo the trandational, normal, and
angular displacements. Their values can be determined from (3.2.71), (3.5.10)
and (3.6.21).

Exercise 3.6
1. Subject to the conditions in the example above (page 200), find the normal
traction at the punch centre.

Peos(16) a [aYC(x) + 29st(x)]dx ® 0

1eab b + (=A% (b2 - AR snh(m®)[]

Answer: o(0) =

2. Subject to the conditions in the example above, find the shear traction at the
punch centre.
a Y(x)dx D TOA

%— bcoth(r®) O, 14 2
[T 70" =

Answer: 1(0) = 2T[b2y

3. Subject to the conditions in the example above, find the traction distribution
under the punch in the limiting case a=0.

2 _ 22
Answer: o (p) = - T_F:z @ _(b pz)m?bg ~ ) %g ) =

4. No loading is applied to a flat circular punch of radius a bonded to a
transversely isotropic half-space. A normal concentrated force P is applied at the
point p=b, @=12. Find the norma component w of the punch displacement.

. a Y (r)dr
PHsinh(10) c

TOa J (b2 _ r2)1/2-

Hint: use (3.2.71) and (3.6.21)

Answer: w =

5. Subject to the conditions of Exercise 4, find the tangential component u of
the punch displacement and its direction.
a XZYC(X) + 8axY (x)

Answer: U = 3PHacosh(1B) J

dx + PHa —%

in the Oy direction.
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6. Subject to the conditions of Exercise 4, find the tilting angle & of the
punch and its direction.

a Yc(x)xz + BaxY (x)

dx, in the positive

Answer: o =

(b2 _ X2)1/2

3PHsinh(T)
na’bo(l + 69 J

direction about the Ox axis.

7. No loading is applied to a flat circular punch of radius a bonded to a
transversely isotropic half-space. A tangential concentrated force T is applied at
the point p=b, ¢=0 in the positive Ox direction. Find the norma component w
of the punch displacement.

_ THsnh _ _mea [ . :
Answer: w —(—Zx/y1 2%( D) - sosag With |, defined by (3274).

Hint: use (3.2.72) and the reciprocal theorem.

8. Subject to the general boundary conditions (3.1.1), find the tangential
displacements for p>a, expressed in terms of the stress function fn.

2 (alyy)(G, - G)f () + (G, + G)D.

. _ _In 2n-2
Answer: u_ (P) = 3 o = D x*"2dx,

a

(@=%¥Jumwﬂ@—ﬁ”—6—%ﬁ}

n+l

2 2212
+ MG, + G)D ;f”-luL
1 2 "n p”+1

9. Subject to the general boundary conditions (3.1.1), find the normal
displacements for p>a, expressed in terms of the stress function fn.

2n-1 .
Answer D{w(p)e”‘p + W (p)e "% = 2r¥?Ha JﬂLﬂ 0{D €"%
Nn + 12)p n
a n a p 2n-1 f
) 81 DEE 204 dp0 o t°d (t) g
pn D J (p2 _ X2)1/2 J pgn 1(p0 )1/2 J (po t)1/2

10. Investigate the interaction of an arbitrary tangential force with a bonded
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axisymmetric punch.

3.7 Non-axisymmetric external mixed-mixed problem

The general formulation of the problem is given in section 3.1, with the
boundary conditions (3.1.6), and the governing integral equations (3.1.7-3.1.10).
We assume that al the parameters involved can be expanded in a Fourier series.
An exact solution for the n-th harmonic is presented below. The governing
integral equations for the n-th harmonic are

2 n+l ) dx XGlpngﬂ(pO) * GZ[ZnXZ - (2n+1)pg]¥-n+1(p0) ”d
S pidp
[ X2 2(X2 _ p2)1/2 (X2 _ pg)llz 0) 0
p
21H P
- :Tua J 0 (p)po dp, = F__(p), for n=0.
2 n-1 ) dx XGlxzr-nﬂ(po) + GZ[(Zn—l)XZ - 2np2]¥n+l(po) |
Pl pydp
[ X2 (X2 _ p2)1/2 (X2 _ pg)llz o) 0
p
" (p,)dp,
+ Z"Ho‘pn'l[ — 1 - (p),  for n=1;
po -n+l
p
ing P n o ® 1 (p)dp
2rmiHa O+ T_ml(po)podp0 - pe J —0
0P P O
T dx 0 (p)e"™ + o (pe"™ o
+ 4Hp” . pn+ dp - D{eln b (p)}’
i X2 (X2 _ p2)1/2 (X2 _ pg)llz 0 0 n

for n=0. (3.7.1)
The right hand sides in (3.7.1) are known from the boundary conditions, and are

a

21H n+
F . =u_(p)+ ;—“J o (p)P5dp,

n+l n+l
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o g a G X (p) + G2np® = n+1)XIT_ (p) ]
- n+ n p '
p 1J (p* - x)¥ J poo; — x)Y 0
a 2n-2
2 X" dx
F.P=u_.0P - === ——2m
-n+1 -n+1 p 1J (p2 _ X2)1/2

a Gt (p) *+ Gln-pg2nXIt_ (p)

X - dp ,

PPy — X" 0
. a D

in in@ -in@ ¢ n
O{® (P} = w (p)e™ + w (p)e"™? + 2mHa D%Ln T_,.(p)pode ]
0P O
in@ -in@
B ﬁ a indX a On(po)e + O_n(po)e dp
an (p2 _ X2)1/2 J pg-l(pg _ X2)1/2 0

(3.7.2)
The case of axial symmetry (n=0) was considered in detail in section 3.3, and is
not discussed here. The solution is sought for n=1. We may assume, without
loss of generality, that the first two equations (3.7.1) are homogeneous. This
can be achieved by the addition of some specia solutions to the parameters L

and LI These specia solutions, satisfying the right hand sides of the first two

equations (3.7.1), can be obtained from the results of section 2.7. Of course,
this procedure will make the right hand side of the third equation (3.7.1) more
complicated.

Assume the solution of (3.7.1), with the first two equations transformed into
homogeneous ones, in the form

= df ()

o0 = 5,0 = ¥ | ZE
p
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P f (Bt D
P = cd 7~ i, 2 - N2
Tt p" do | (p* - 1) p"Hp® - &)
p y f (t)dt
P) = Q EED QX d ;ng
R p"de |y dy | (v - )
D P
. n de dt o
pn d D J 2n+1(t2 _ a2)1/2D
(3.7.3)
Here f i i

s the as yet unknown complex stress function, and C, D are the

constants to be determined. Substitution of (3.7.3) in the first two equations
(3.7.1) satisfies them identically, provided that the following conditions hold

= f(1)
c=9 D = -2nCa™!| —— dt. (3.7.4)
Yy, n t

r?’zrgn + 1) 2n+2 %
(G, * Cortn + a;p) Do + 2Haa J .00

X

J f(t)dt&m( et 7 = O (3.7.5)

Some general formulae from Appendix A3.3 were used in transformations. The
conditions (3.7.4) and (3.7.5) might appear contradictory. It will be shown below
(see 3.7.11) that this is not so, because an additional constant will appear in the
expression for fn, due to a homogeneous solution of the integral equation (3.7.8).

So far, we have satisfied the first two equations (3.7.1). Substitution of
(3.7.3) in the third of equations (3.7.1) requires the following transformation:
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' pgmldpo ’ a0 i 2 21242 2112
———an i~ —a)(tt - a)rQ (x.t)
2 _ o2 J 22 — )02 %X n
( Po) b ( Po)

df ()
T T Sl i (G- |8 ML
n\ "’ |t2 _ X2|1/2 D t2n

(3.7.6)
Here Qn(x,t) is a polynomial in even powers of x and t. Although we cannot

write the explicit expression for Qn(x,t), it can be computed in eementary
manner for any particular n. The explicit expression for U is

X T (n-k+1/2) T(k+1/2) [0
W0 = T Z F(n—k+1) T(k+1) X0O° (38.7.7)

Divide both sides of the third of equations (3.7.1) by p", differentiate with
respect to p, multiply the result by p®(p>-r®)*? and integrate with respect to p
from r to c. This procedure alows us to split the kernel of the integral
equation into two parts. a singular one and a degenerate one. The result takes
the form

(- a2)1/2 o fn(t)tdt o2 o fn(t)dt
- 2 o2 P17 2 5 = X ().
r (t° = )t - a) Y)Y, t°-p n
(3.7.8)
Here
o )
X (1) = o= oy arfnPn
n 4mH J (p2 — r2)1/2 dpld p" [
o °° o df (t
B g ;an; E (X2 _ a2)1/2dx (t2 _ a2)1/2Q (X t) n()
Tt J (p2 _ r2)1/2 dp XZH(XZ _ p2)1/2 J n ' t2n
p
o _ o °° df (t)
2 g dx n
" J ra— [ ¢ = P - )" J X =
p
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N (3.7.9)
wit
ST+ F o, L1 P
q,(P.x,t) > F(n—k+D) (o0 F(I-n+k, 3, Z-n+k; Xz).
(3.7.10)

Note that the hypergeometric function in (3.7.10) is, in fact, a polynomial, and
that al the integrals with respect to x and p in the degenerate part of the
kernel (3.7.9) are computable in elementary function for any n. The integra
equation (3.7.8) was solved in paragraph 3.3, and the solution is

4 = X, (NYr)dr = X (NYr)rdr
(0 = SoosfrOdr 0 ———— + YO 7D+ AV

(3.7.11)
The last term in (3.7.11) represents the homogeneous solution, with A being an

arbitrary constant. Its value, along with the constant Dn and others which appear

due to the degenerate part of the kernel, can be found from the appropriate
system of linear algebraic equations and the conditions (3.7.4) and (3.7.5). The
general solution may be considered completed.

Example. Consider the action of a norma concentrated load P applied at
some point inside the circle p=a, with the rest of the plane z=0 being clamped.
We may assume, without loss of generality, that the force is applied at the point
p=b, @=0 (b<a). Thus, the boundary conditions are

u=w =0, for p>a;

P(p—b)d(¢@-0)/p, T =0, for p<a.

0)

We determine in this case

- : - b" :
F_ .. =0 for nz1; F _, = PHa —, for n=0;
-_4 n dx
00 = = TPHED | o

P
(3.7.12)

We present now the explicit solutions for some specific values of n. In the
axisymmetric case n=0, the following results may be obtained:
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R Ol
W= | T |
P P
L P f (Bt ) D,
T(p) = Tyz dp 0 - O o - DF
o = Y (O (1) + Y)Y (1)
_ 2P 2
fo(t) —: cosh’(T9) (2 — D)% - )2
yly2

- Dy —I1 - Y1),

°° Ys(r)dr

D = - Pasnhm)) _ 2 . [
. arfoyy, % — coth(r®) 2 - )70

The results for the first harmonic (n=1) are

= df ()

o) =0, =p AZ = A

P (Dt D,

1
yly2 p dp (p2 _ t2)1/2 p2(p2 _ a2)1/2’

e

¢ 49,00 P g f (t)dt _r g
To(p):—d—[pz— 2 Qv > T D) 32 - 12
pdry DY, | YA | (v -1) y(y - a)

“X,(NY (r)dr =X (N)Yr)rdr
cos’(0) 4Y,(0) | ———— + Y0 — 0+ AV,

o =
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_ PbO 1 1 L, 2 (r’ 2)”2
X,(r) = 22 - b)) + r+ (12 - b)) 1/2D % %

The constants Dl, Al, and B1 ae to be determined from the set of linear
algebraic equations

e MRAULL . " P ;
- - 3 ’ - 2 (t)1
1 V.Y, t 1 J t 1
26, + G)D, + 2m %f(x)— fOdE X - Pb = 0
3H0( X - a?)Y? '

It should be noted that the system of tractions in the clamped part is such that
its resultant vector is exactly equa to P. This can be shown by a direct
integration.

Exercise 3.7
1. Find the solution of the example above (page 211) in the limiting case b=0.
Answer: the only non-zero stress function is

gzcoshz(ne)vs(t) snh2me)[1 - Y (][]
TEnhie)t | 2m0[L + cosh(ne)]ag

fo(t) = E_[D

2. Find the solution of the example above in the limiting case a=0.
P(a2 _ b2)1/2 Ili)m _ 0

— D% - b) O T

Answer on(p) = - s

3. Prove that the tractions in the plane z=0 are in equilibrium when the
exterior is clamped.
Note: this is not the case in internal problems.

4. Try to find an exact closed form solution to the mixed-mixed boundary
value problem.
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Appendix A3.1

Some integrals, related to solving internal mixed-mixed problem, are
presented here.  The notations Y ae defined by (3.245). It is assumed that

O<r<a.
Integrals, containing Y

a Yc(x)dx
= _ I
vem— 2rcoth(T[E))Ys(r),
a Y (x)dx
@2 — rZB/Z c _ TT
J 22 -0 2 -2 Etanh(T[e)Ys(r),
a Yc(x)xzdx Ba
= _I
Z -2 _ sh®) 2 rcoth(ne)Ys(r),

v

a Yc(x)x4dx

_ _Tis ma [J2 , .21 — 26°]
22 " i coth(ne)Ys(r) + Snh(®) + A= -
(v
a (a® - xz)”zYc(x)dx
TU TU
v = - E(az - rz)”ztanh(ne)Ys(r) ~ S
a x(a® - xA)Y2y (x)dx
( ) c( ) _ T[a2 /l- N 92)
X2 — r2 cosh(18) ‘4
2
] 2 2anp r- 0
2S(a DM AEO)Y(1) + e

a szc(x)dx

_ Tt r
J (8.2 _ X2)1/2(X2 _ r2) - 2cosh(Ti0) - %mh(m)m Ys(l') '
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a a

. ®a _ 1Ol - 26%a°
J YIN= Sy J 0= o)

a 2 a Yc(x)dx
J (@ - XZ)”ZYC(X)dX = CO;?T[O)(Z + 69,

a  x%Y (x)dx )
J (@ - x)¥? ~ cosh(m)'4 !

a1l - Y(x
C() dx = TOcoth(Tf) — 1
——— dx = :

X a

Integrals, containing Y

2 st(x)dx
- I S | S
22 2coth(T[E))YC(r) 237h(T8)’
0
2 Ys(x)dx Yc(r) -1
T
———- = 5 coth(Tf) ———,
x(x* - r3) 2 () r?
0
a X3Ys(x)dx a2 )

— a m
J Z =2 = Soh(®) * 2snhe) OO - 1)

a Ys(x)dx - : Yc(r) 1
J @ - DE = - o2 PO T g

@ - )2 2cos(re)’
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a X3Ys(x)dx - )
a T
a XY (x)dx
@2 — rZB/Z S _ "_'[
J -0 2 -2 2 tanh(T®)Y (1),
a x(a® - xz)lles(x)dx .
_ It 2 _ 212 _ a
a 2.2 a 2 2\ A4
[ _ TO%a 3 _ TO°(2 - B)a
st(x)dx = —sinh( =% J X Ys(x)dx = T 3sm®)
0
a XY (x)dx a %Y (x)dx
[ ) _ _THa ) _ mo(5 - 46%)a’
(@ - x)¥*  cosh(r®)’ (@ - x3)% 6cosh(TB)
0

a (a® - xz)lles(x)dx

_It _ _TBa
J X = 2 () - ey
2 Y XX ) ol + 409)a°
R | § 2 _ 212 -
x@ - x)%”  2a tenn(re. J S 6cosh(T6)
0
a Y (x)dx _ 1
( c _ Tsinh[26tan™(a/r)]
X° + r? 2rsinh(mg)
0
a Ys(x)xdx

_ 1{cosh[26tan’ (a/r)] - 1}
J X o+ r2 2sinh(T®) ’

209
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Integrals, containing combination YC+iYs:

a

B+ x(P _dx _ _m [ @ + [P0
J@—xm x—r_isinh(ne)% () m—0 0
& + x[P dx _ micoth(m®) @& + r[P
J@—XD (a+ x)(x —r) a+r @& -rQ0’

& + x[P dx _ mitanh(m®) [& + r[f
[ @ —_ XD (X _ r)(a2 _ X2)1/2 (a2 _ r2)1/2 @ — rD’

@ + xP (@ - x)%dx _ . 2 aupl@d + [P m2iad + 1)
J [@ - xO X — T = Tutanh(rd)(a ") @ - r{J cosh(T®)

Ea+xE'PdX:2T[9a @ + x[P
J @ - xO Snh(rd)’ J

-a -a

_ 2imP%a’
@ - x0 ¥ = Snheey

a

[ @ + x[P 24y = 2MB(L = 26%)a°

@ - x0d %7 T 3snn(i®)

x(® _dx _ _ _im
- xd x + a sinh(TB)’

ey
+

x[P _xdx _ ma(i + 28)
x(J x + a sinh(mo) ’

o] ]
L+
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@ + x[P xdx _  ma20 + i(1 - 267
J@—xDx+a_ sinh(0) '
Appendix A3.2

Some integrals, used in solving the externa mixed-mixed problem, are
presented here. It is assumed that a<r<co.
Integrals containing Y

o Yc(x)dx
5 = 5 coth(e)Y(),
© Y (x)dx B
c T
208 =13 20 OO T )
.m XY (x)dx Y (r)
Cc TT S
oC - ATE - 1 =5 tanh(TIO)(r2 — )
o Y (x)dx Y (r)
c _no 1 RGN
X0 - )¢ - 1)  2r’[] acosh(i) + tanh(TIO)(r2 Tl

© Y (x)d
()dx no 1

X0E - a2 - 1) 2r'0 acosh(i)

Y (r) 2

s 0_ m{(14) - 6]
WO _

+ tan (Tle)(rz — a2)1/2D a3l‘2COSh(T[9)’
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® (X - az)lleC(x)dx

= L2 o tanh(me)(r? - ) 2y (1)

X(x* = r? ~ 2r%[¢osh(T®) [l
°°Yc(x)dx ) 0 ® Yc(x)dx ) -
x> asinh(md)’ x(¢ — a)¥?  2acosh(mB)’
o Yc(x)dx _ w4 - 92]
3¢ - ad)¥? a’cosh(m)

0

[ [1 - Y(x]dx = a[mBeoth(t®) - 1],

0

[[1 - Y ()] dX__ - mBatanh(t®),

X
(x* - a’)

o xYC(x)
J % - (xz——az)”zg dx = a[mBtanh(t®) - 1],

o0

[ (¢ - a)™d[Y (x)] = m®atanh(re),

0

210a
sinh(2r®)’

m% - azzﬂzDY(X)dX M 2mPa
J x 0 2cosh(T0) _ Snh(2rd)’
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Integrals containing Y

0

J

st(x)dx

——— = 5 coth(me)[1 - Y ()],

Ys(x)dx 0 1 .
e 2—’:2@.nh( 5 - Cohme)Y, ()
Y (x)dx
S _ _ _ Ttanh(1) Y (1)
(X2 _ a2)1/2(X2 _ rz) 2r(r2 _ a2)1/2 AL
szs(x)dx - ; 0
Z - DAE - 1) =5 tanh(ne)% - (rz——az)lleC(r)D

Y (X)d
(X)dx - _ IO tah(me) oy 6 0O
(¢ - ad)Y (@ - r? ri2r(r> - ad)¥? ¢ acosh(t9)[]

¢ - az)lles(x)dx

. (2 - )~ 0
=7 tanh(ne)% ﬁ—)—r Y5

X - r?
) dx _ T ™ ) dx _  To?
[ Y00 5= 3 e | Y0955 Ty
o dx _ 82 - 8) ToYax
Y(X) 5 = 2 , 2 >3 = 5 tanh(TH),
s7X 3a*sinh(1®) (x* - a) 2

0

Ys(x)dx 0

(¢ - a)¥?  a’cosh()
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(x2 - a)”zd[Y(x)] = ma’tanh(TB)(6* - 1/4),

@ - @y, (9 5 = SAEh(®) - 2

3a’cosh(TH)

80° [

sinh(210)[]

J (¢ - a?yy, 09 & dx 2r9(6° + 1/4)
J 1% Y (xdx = T[Tgtanh(ne) ¥

Integrals containing both YC and Ys:

0

[ [xY(%) - 2a8Y(x)] dx = Ta’6coth(rs),

' [XY(x) - 2a8Y (X)] %})m = "Taz tanh(md)(1 + 469),

J % ﬁ—xzﬁzm [XY(x) ~ 2a8Y ()] dx

mHa’

2no°a’ N na’
cosh(T0)’
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Appendix A3.3

Some formulae, related to transformation and computation of integrals, are
presented here.
Transformations of the limits of integration:

a a

p
f(x)dx _ 2 0 dy f(x)dx
J (p2 _ X2)1/2 T J p2 _ y2 J (X2 _ y2)1/2

a a

fogdx  _ g(az N ydy y f(x)dx
j € - p)? T J v - p)@E -y J v - )"
p

p a

- 1_21 J = flyyz)m J ;<2f(>i)d;<2 + %m[xf(x)],

a a

fogdx  _ g(pz L ydy y f(x)dx
J (p2 _ X2)1/2 T J ( 1/2 J (y2 _ X2)1/2

p° - Y@ - y)

Simplification of two consecutive integrals:

a ) a a
[ (sz_—d:;z)uz g J (y%% = - I + j f(y)dy
p p

- T M0 - g

dx d [ _fdy _ il f@ , [ fodyO
[ X2(X2 _ p2)1/2 dX J (y2 [
p
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X a a 2 212 2 212
J % tdttz)llz J (yzf dtz)l/z = J f(Y)m(X blz(z —+y(2¥/2 o) dy,

2 ! a 2 2 2 22
J (2 fdtxz)llz J (tzf_ ?/2)1/2 = J f(Y)m(a X|Z(2 _+yg?/2 Y) dy,

f(r)rd
[ (X2 )(1+K)/2 dX J (r))I;Z)I;l-K)/Z =~ 2COS(T:I['IK/2) f(p)’
Y

i f(r)rd
[ r)rdr _

0 - X)(1+K)/2 ax J oZ - r2)(1-K)/2 = 2COS(TIK/2)%(p) Ilm[rf(r)]D
. t 1/2 d (y) Y _ (Xz _ b2)1/2 , f2(y)(:21y —
| o2 dt 7 =AY - B)

a e Tty
J (2 1/2 at J @ - J W - @ - Y~
d fdy - x (- 0)%dy
dx J J ) T (& - P2 J y2 ~ 2
d U C @ = Ay
dx J J @ - @ - D7 J V-

) dx d ’ f(y)d _ (p2 _ a2)1/2 ) f(y)dy ’
J (p* - )" dx J ¢ - )™ J * - Y@ - y)*
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xdx dit)  _ dx  d F()tdt
J (X2 _ p2)1/2 J (t2 _ X2)1/2 J (X2 _ p2)1/2 dX J (t2 _ X2)1/2
_ f(t)tdt
— (a2 _ p2)1/2 .
(t2 _ a2)1/2(t2 _ p2)

Computation and/or transformation of some integrals:

a

dp t2n-1dt _ T[(aZn _ X2n)
J p2n+1(p2 _ X2)1/2 (a2 _ t2)1/2 4nax2n+1 '
P
a a 2n-1 2n-1 2n-1
d t"dt a’™m - xT
i, 2 g N7 2 N7 L 2n-1)’
P (p" — X9) (a® - t9) 2(2n - 1)x
P
a a

dp _ 1 p2n-1dp
J p2n-1(a2 _ p2)1/2(p2 _ X2)1/2 (aX)Zn-l J (a2 _ p2)1/2(p2 _ X2)1/2

_ Vi (n 1 3 X2

I | S E - 12) 13 X
- 2aX2n_1 F(l n, 21 11 1 a2) - 2aX2n-1r(n) F(l na 21 2 na az)a
a 2 212 a 2 212 _2n-1 2 2:
@ - p)dp _ 1 P~ - xX)"p"dp _ ma® - x9)
p2n+1(pz _ X2)1/2 2 1y2n+l (az _ p2)1/2 Aax2™L
Lo L3 VT 1)@ - X)) fpq 11X
%an,ZZ,k?)— PP Fa”’zzn’g)

a

a
J (p2 _ X2)1/2dp _ 1 J (a2 _ p2)1/2p2n-1dp
p

2n+1(a2 _ p2)1/2 - a2n+1X2n-1 (p2 _ X2)1/2
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2 2 2
a~ - X 3. - X
= Mt Fun 3 2 1)
P on P
X~ dx _ a2n+1p2n dx
J (p2 _ X2)1/2 J X2n+1(X2 _ a2)1/2’
a ) a
x“"dx n+1_2n dx
J C - P =& 1PZJ 2 — )T
P P
a n-1
dp I G i t)”zz —x@
J p2n-1(p2 _ X2)1/2(p2 _ t2)1/2 a2X2n 2(X
r(n) dm muz SNVZO _ tH@® - ¥
1 - = th = - :
r(n — m(m)? dg" 9 7 oW ¢ 2(¢ - ©)

® p

dx _ 1 20X
J X2n+1(X2 _ a2)1/2(X2 _ p2) a2n+1p2n+2J (p2 _ X2)1/2(a2 _ X2)

_ 1 [0 ma™ B \/_T_'[ Z (k+1/2) 22 k)psz
a2n+1p2n+2D 2(a2 _ p2)1/2 r(k+1) D

Rules of interchanging the order of integration:

a r a a

JF(r)dr %J (r%f%z‘%%z = —J f(p)dp d—% J % +
p

a

Ilm[pf(p) [ %D . I|mEf(P) [ _Frdr
P-0[] (r= ) p-ar] (r'=p9)

O
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co ©o [ X

[ d f(x)xdx _ _ d F(p)pdp
F(p)dp — = —| f(X)dx — ,
| (p)dp do J) oZ - P J (x) dx J oZ - P
a a a a
o dt fitdr _ _ X dr f(t,r)dt
t? — X2 J r2 — t? 4%° J J > - XAr? - ¥
(v

a a a a

JdtJ fgt,r}dr2 _ TTf f0,0) + J dr J f(t,r)dt

r’ -t (r> - %



