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alsoNotevalue.conjugatecomplextheindicateseverywhereoverbartheand
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coefficient.Poissonisandmodulus,elastictheiswhere
(2.1.14)
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functions:potentialthreethethroughexpressedbecan

solutiongeneralThe.+i=forcetangentialcomplextheIntroduce).,,(
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whichcoefficients,elastictheofsimplificationtheisthisforreasonmainThe
1970).(Fabrikant,ingivenresultstheherefollowweauthors,manybysolved

beenhaveproblemstheseThoughhalf-space.similaraofboundarytheonforce
concentratedarbitraryanofactiontheandspace,elasticisotropictransversely
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valueboundarymixedvariousofformulationequationintegraltheforimportant
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(2.1.4)and(2.1.3)ofequivalencetheEstablish1.

solutionsforcePoint2.2

zRPm
mmA

F

zRPm
mmA

F

TTTzM

N

N

PTT

m

A
mA

AA

AA

mAmAA

mm

χΛχΛγ−π−

χΛχΛγ−π

φρ
φρ

−

−
γγ−γ

−γ

2.1Exercise

222212
2144

2

111121
2144

1

yx

00

0

0

yx

2

13
1
2

133

2
2

1
2

4411

4413

k44k13k
2

11

21



















solutionsforcePoint2.2



,
1)(

+
1)(

+

1)(
+

1)(
)+(

2
1

4
1=

are:theyHere.and
forexpressionstheonlyneedshallWe(2.1.12).bydefinedisfieldstressThe

(2.2.5).ee=

Here
(2.2.4)

.+++
2
1

)(4
1=

(2.2.3),
)+(

+
8

+

)+(
+

2
1

)+(
+

2
1

)(4
1=

follows:as(2.1.6)bydefinedaredisplacementsThe

(2.2.2)].)+ln([=)(

=1,2,3;for,]+)cos(2+[=),(=)(

introducedwasnotationtheHere
(2.2.1)

).(
8

i=

78

Rm

zm

Rm

zm
P

RmRm
qTqT

q

R

m

R

m
P

R

z

R

z

q
T

q
T

mmA
w

zRR
Tq

R
T

A

R

z

R

z

q
P

zRR
Tq

R
Tm

zRR
Tq

R
Tm

mmA
u

RzRzTz

kzRzz

A
F

ii

−−

−

γ

−

γ

π−σ

τσ

ρ−ρ

γ−γ−−π

π

γ

−−−γ−

−γ−π

−χ

φ−φρρ−ρρχχ

χΛ−χΛπ

γ

2
3

2

22

1
3

1

11

2
3

2

2

1
3

1

1

z

zz

0
0

22

2

11

1

2

2

1

1

2144

2
333

2

344

3

2

2

1

1

2
222

2

2
12

2
111

2

1
21

2144

00

1/2
k
2

000
22

kkk

33
44

3

3















































































ELASTICITYINPROBLEMSVALUEBOUNDARYMIXED2.CHAPTER

φφ



79

(2.2.9)

,
)+(

+
)+(

+
2
1

1
+

)+(
+

)+(
+

2
1

1
+

)+(
+

4
=

yields(2.1.6)in(2.2.8)ofSubstitution

(2.2.8)).(
4

i=

,)+ln(+)+(
2
1

1
=

,)+ln(+)+(
2
1

1
=

bydefinedarefunctionspotential
Thehalf-space.theindisplacementsandstressesoffieldthefindtoneed

We,0).,(pointtheatappliedbe,and,,componentswithforce,
concentratedaLet0.half-spaceelasticisotropictransverselyaConsider

(2.2.7).
1)(

+
1)(4

)+(

+2
+

)+(1)(

+2
+

)+(1)(

+2

8

1)(
+

1)(8
=

(2.2.6)

zRR
Pq

zRR
Tq

R
T

m

H

zRR
Pq

zRR
Tq

R
T

m

H

zRR
Tq

R
T

A
u

A
F

zRP
m

H
F

zRP
m

H
F

NPTT
z

Rm

m

Rm

m
Pq

zRR

zR

zRRm

zR

zRRm

zR
qT

R

z

Rm

z

Rm

z
T

−γ−

γ

−γ−

γ

π

γ

χΛ−χΛπ

γ

χΛχΛγ−

γ

χΛχΛγ−

γ

φρ
≥

−γ−γπ−

−−π−

−
−−πτ

111
2

111

2

1
2

1

1

222
2

222

2

2
1

2

2

2
333

2

344

3

33
44

3

3

22221
2

2

2

11112
1

1

1

000yx

2
3

22

2

1
3

11

1

2
333

3

33

2
222

3
2

22

2
111

3
1

112

3
3

3

2
3

2

2

1
3

1

1

z

































































solutionsforcePoint2.2



calledisproblemthedomain,finiteagivenaredisplacements
thewhencasetheInboundary.half-spacetheofresttheonprescribedare
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namely,(2.2.13),

usingbywrittenbecanequationintegralgoverningThe.+i=namely,
loading,shearcomplextheisandloading,normaltheforstandsHere
(2.3.1)
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=0:planetheonprescribed
beconditionsboundaryfollowingtheLet).,,(coordinatescylindricalpolar
ofsetaIntroduce0.half-spaceelasticisotropictransverselyaConsider

half-space.
elasticanappliedloadingpointarbitraryofcasetheConsider5.

body.isotropicanforsolutionsequivalenttheDerive4.

2.2.sectioninconsidered

load,concentratedofcasesbothinandforexpressionsDerive3.

(2.2.7).and(2.2.6)Verify2.

(2.2.4).and(2.2.3)Establish1.

chapter.nextthe
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respectwithmixedareconditionsboundarythewhenmixed-mixedproblemacall
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definedlongernoiscasenonhomogeneoustheincourse,Of.=namely,
,offunctionpowerabeingelasticityofmodulusthewithhalf-space,elastic
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tosimplifies(2.4.25)formulasymmetry,axialofcase
theIncrack.theupopentorequiredareaunitperenergythetoproportional

beingassquaredfunctionintensitystresstheinterprets(2.4.25)Expression
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functionshypergeometrictheofpropertyknownwelltheusedhaveweHere

.sin
1

+1
1

=;
2
11;1,=

)+(

1)+(

schemethetoaccordingperformed,becansummationThe

.
)(

e

)+(e

1)+(2=),(

110

aa
G

G
uauuAnswer

a

a
G

aaHu
w

a
G

aHu
wAnswer

zw

aG

u
Answer

z

auu
z

b

b
b

b
b

aG

PH

F
n

n

an

n
G

PH

i

-i

-i

)--i(

-i

-in

-i

ρ
−ρ)ρ(π

ρ

≤ρρπ

ρ−−αℜ

ρρπ
αℜ

ρ−π
ρτ

ρ
≥

ρρ

√−−ρ−ρπ

α−φρτ

ζ√ζ−
ζ

ζ−
π)ζ(πζ

Γ
Γ

ρ−
ρ

Γ)ρ(

Γ
π

α−φρτ

2.6Exercise

2
2

1/222

1

2
0

-1
0

1

1/222
0

1

0

1/222
1

2
0

0

0

-11/2

1/2220
01

2

-11/2-1/2
-1/2n

1/222

n

n+10
0

1
3/2































2
1

2
1

ELASTICITYINPROBLEMSVALUEBOUNDARYMIXED2.CHAPTER

φ

φ

φ

φ

φ

φ

φφ

∞

∞

0

n=0

n=0

Σ

Σ



111

expansions:the
ofvalidityAssumeseries.Fourierin(2.7.2)ofsolutionexactthepresentWe
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namely,,
evaluatingforformulatheusgives(2.7.14)inaslimitthetoProceeding
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becancircletheinsidedisplacementstangentialthe=0,planethethroughout
knownnowistractionsheartheSinceproblem.thetosolutioncomplete
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(2.7.23)
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formthetakesrepresentation
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relationshiptheusetohavewecomponents,tangentialandradialthefor

expressiontherequireweIf.+i=factorintensitystresstheforexpression
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asprescribedaredisplacementsopeningcrackTheinclusion.
smoothrigidabyopenedbecracktheLetspace.isotropictransverselyain
radiusofcrackpenny-shapedaConsider.

method.newthebyobtainedbecanresultsspecificsomehowbelowshowWe
crack.generalaforknownissolutionexactitsandproblems,mixedtheof
classthetobelongnotdoesproblemcrackinversethespeaking,Strictlycase.
eachindeterminedbetoisdistributionstressThecrack.theinsideprescribed

aredisplacementstangentialantisymmetrictheand=0,planetheoverzero
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readsresultfinalThe
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respectwith(2.8.13)inintegrationbyobtainedbecanformsadditionalSeveral
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byintegrationUsing.whensingularbecomes(2.8.17)intractionThe
(2.8.18)
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(2.8.27)

)(2+
)(

d)(

)(
d)2(=)(

simplificationaftergives,(2.7.43)equationin(2.8.24)ofSubstitution

(2.8.26)
)(

d)(

d
d

)(
d

d
d

)(
2=)(

asfoundbecanofvaluethewhichfrom

(2.8.25)
)(

d)(

)(
d)2(=)(

inresultsintegration
subsequentand(2.7.39)equationin(2.8.24)ofSubstitutionconstant.complex

unknownyetasanisandfunctioncomplexunknownyetasanisHere
(2.8.24)

...32,1,=for,+d
)(

2+)(+)(=)(

...21,0,=for,d)(2)(+)(=)(

formtheinsolutionthe

Assume.andunknownstwotheforsolvedbetoequationsintegral
ofsetaasexpressionsthesetreatshouldwedetermined,betoisandknown,
isproblemsinversetheinSince(2.7.43).and(2.7.39)inestablishedwas

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

x

f

x
xnGGD

D

aD
x

f

xx
xGGu

x

u

xx
xx

GG
f

f

x

f

xx
xGGu

Cf

nCx
x

xf
nfGfG

nxxxfnfGfG

u

xa

xa

x

a

xa

ρ−
ρρρ

ρ−ρ
ρ−

ρρρ
ρ−

ρ−ρ

−ρρ
ρρ

−ρρρ−π
−ρ

ρ−
ρρρ

ρ−
ρ−ρ

ρρρρρτ

ρ
−ρρρτ

ττ
τ

1/222

n
n+1

0

2n

0

12n

n

1/222n-1
n1/2

0
22

00
n

0-n+1

0

1/2222n-2
n-1

2
2

1
2

-n+1

1/22
0
2

0
n

00n+1
1/222

2n+3

0

n+2
2
2

1
22n+1

n+1

1/2
0
22

00
n+2

0n+1

0

1/2222n+2
n+1

2
2

1
2

n+1

n

n-1
nn

n+1

0

n-1
n+12-n+11-n+1

n
-n+1

0

n+1-n+12n+11n+1

-n+1n+1
















elasticityinproblemcrackInverse2.8

ρ

ρ

ρ

ρ

ρ



computedbetoneedintegralsfollowingThe
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