CHAPTER 2

MIXED BOUNDARY VALUE PROBLEMS IN ELASTICITY

Elastic half-space has been proven to be a useful mathematical model for
consideration of various contact and crack problems in finite bodies, provided that
the domain of contact or the crack size is much smaller than the characteristic
dimension of the body. A general solution in terms of three harmonic functions
is presented for the case of transverse isotropy. Exact closed form solutions are
given to the mixed problems of the first and second type, with various
applications considered. The material in this Chapter is based on the papers
(Fabrikant, 1970, 1971b, 1971c, 1985b, 1986Q).

2.1 Genera solution

Consider a transversely isotropic elastic body which is characterized by five
elastic constants A, defining the following stress-strain relationships:
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The equilibrium equations are:

do, Ot 0T, or,, do, 01,
6x+6y azzo’ 6x+6_y+az_
o, 0t, 0o,

%ty T 70

Substitution of (2.1.1) in (2.1.2) yields:

o°u, o°u, o°u, 0°u 92w
AllW + Aeea_yz + AM? + (A11 - Aee)m + (A13 + A44) X0z

ou, 0°u 0°u o°u, 92w
AGGW + Alla_yz + AM? + (All - Aee)m + (A13 + A44) V@Z
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Introduce complex tangential displacements u=u,+iu, and G:ux—iuy.

MIXED BOUNDARY VALUE PROBLEMS IN ELASTICITY

(2.1.1)

(2.1.2)

(2.1.3)
This will

alow us to reduce the number of equations in (2.1.3) by one, and to rewrite

these equations in a more compact manner, namely,

1 d°u
E(All + A66)Au + A44 E

9°w 1 0~ -
A44AW + A33 E + E(Al3+ A44) a—z(/\u + /\U) = 0.

Here the following differential operators were used:
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and the overbar everywhere indicates the complex conjugate value.

1 ow
+ 3Ry~ AQNU + (A + AYAZZ = 0,

(2.1.4)

(2.1.5)

Note also



2.1 General solution

that A=AA. One can verify that equations (2.1.4) can be satisfied by

oF, oF,
u = /\(F1+ F2 + iF3), W = mlﬁ + mzﬁ (216)

where al three functions F, satisfy the equation (Elliott, 1948):

0°F,
AF, + Y -z =0 for k = 1,2,3, (2.1.7)

and the values of m, and y, are related by the following expressions (Elliott,
1948):

A44 + mk(A13+A44) mkA33 y2 f k 2
A11 - mkA44 + A13 + A44 - ’ o _11 ’
v, = %M/A%%’Z. (2.1.8)

Introducing the notation z=zly,, for k=1,2,3, we may call function F =F(X\y,z)
harmonic. Note the property m m,=1, which seems to have escaped the attention

of previous researchers, and which will help us to simplify various expressions to
follow. The other elastic constants which will be used throughout the book are:

Gl = B + ylyzH ) Gz = B - ylyzH )
y (Vi + V)AL (A11A33)1/2 — A 8 Ys
= , a = , = .
2M(A Ay — Aig) Aulyr + Vo) 2TA,
(2.1.9
Introduce the following inplane stress components:
o, =0, + 0, , 0, = 0, - 0, + 2it, , T, = T, +IiT,
(2.1.10)
This will simplify expressions (2.1.1), namely
_ ~ = ow _
0, = (A — Ag)(Au + Au) + 2A13E : 0, = 2Az\U
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1

_1 ow D6u+AWD
z 2

AL(AU + Au) + A, L = Augg, =

° 39z

(2.1.12)
We have now only four components of stress, instead of six, as it was in
(21.1). The substitution of (2.1.6) in (2.1.11) yields:

2
2y (1~ (L + MR, + I~ (L + m)IF)

0'1 =
o, = 2AN(F, + F, + iF) ,
62
o, = A, 6_22 [(1 + ml)yiF1 + (1 + mz)yng]

= -A, AL + m)F, + 1 + m)F,] ,

= AN a% (L + m)F, + (L + m)F, + iFy] . 2.1.12)

N

Here we used the fact that each F, satisfies equation (2.1.7), and the relation:
ALYo-Am=A,(1+m), (for k=1,2) which is an immediate consequence of (2.1.8).

Expressions (2.1.6) and (2.1.12) give a general solution, expressed in terms of
three harmonic functions F,. It is very attractive to express each function F,

through just one harmonic function as follows:
F.(xy2 = ¢ F(xy.z) , (2.1.13)

where z=27ly,, and ¢, is an as yet unknown complex constant. As we shall see

further, this is possible indeed. All the results obtained in the book are valid
for isotropic solids, provided that we take

=y, =y, = _ 1oV - 1- v
=Y =¥ =L H=mEm = sy
B:1+V, Glz(z—v)(1+v)’ G2=V£1+VZ,

TE TE TE

(2.1.14)
where E is the elastic modulus, and v is Poisson coefficient.



2.2 Point force solutions

Exercise 2.1
1. Establish the equivalence of (2.1.3) and (2.1.4)

2. Prove that the solution (2.1.6) satisfies (2.1.3), provided that the condition
(2.1.7) is met.

3. Prove the identity mm,=1.

4. Prove the identity A yo—A.m=A,(1+m,).

2.2 Point force solutions

The field of stresses and displacements due to a concentrated load is
important for the integral equation formulation of various mixed boundary vaue
problems. Two cases are considered heree an arbitrary point load in a
transversely isotropic elastic space, and the action of an arbitrary concentrated
force on the boundary of a similar half-space. Though these problems have been
solved by many authors, we follow here the results given in (Fabrikant, 1970).
The main reason for this is the simplification of the elastic coefficients, which
seems to have escaped the attention of other authors. Here is an example: one
of the coefficients in (Chen, 1966) reads

Ap + Ay ﬁssml A 0
A11A44(Vi - Vg) O Vi =0

This expression, after simplification, reduces to 1/(1-m,).

Let a point force, with components T,, T,, and P in Cartesian coordinates
be applied at the point N, inside a transversely isotropic elastic space. We may
assume, without loss of generality, that the polar cylindrical coordinates of N, are
(P:®,0). We need to find the field of stresses and displacements at the point
M(p,9.2). Introduce the complex tangential force T=T,+iT,. The general solution
can be expressed through the three potential functions:

_ 1 1 — — 0
" T 4mA,(m, = my) [2 Yim(AXy + AXy) + P In(R, + Zl)D

- _ 1 1 — _ 0
Fo =~ g, =y 3 %M ¥ )+ PR, + 2)p



78 CHAPTER 2. MIXED BOUNDARY VALUE PROBLEMS IN ELASTICITY

Y3 -
F, =i 8T[A (/\x3 NX3)-
(2.2.1)
Here the notation was introduced
— _ 2 2 211/2 _ .
X2 = X(z), R =[P + Py — 2pp,cos(¢-@) + z]™*, for k=1,2,3;
X(2 = TlaAn(R, + 20 - Ry. (2.2.2)
The displacements are defined by (2.1.6) as follows:
U = 1 v:m 0 T g 0
amA,(my - m) 220 Ry T Ry(R, + z,)°0]
y 1T, ¢t o_pf_2
20 R,  R(R, + Y0 gR, R,
Y3
s @T O
+ 8T[A44D R3 3(R + 23)2D (223)
" 1 DEF EDD_E,LED DE_E
4TA (M 2)D 2l  gO00 R Bh 2R,
(2.2.4)
Here
q = pe? - poe'%. (2.2.5)

The stress field is defined by (2.1.12). We shall need only the expressions for
o, and 1, Here they are

- - Lomg+ T . _* 1D
o, = = 3T+ TG *

0 M4 myz,
+ P 5 + 3
[fm, - DR} (m, - HR;




2.2 Point force solutions

(2.2.6)
S o O S n
2o 8n m, - YDRZ (m, - YRZ RO
= 2R, + z 2R, + 2R, +
Tﬁ_ 0 1 3 1 - 2 3 Z, I 3 T 4 2D
8 [fm, - DRY(R, + 2) (m, = DRYR, + z) Ry(R; + 291
m m
I : O 2.2.7)

+
4t Eyl(ml - 1)Ri Vz(mz - 1)R§D

Consider a transversely isotropic elastic half-space z=0. Let a concentrated
force, with components T,, T,, and P, be applied at the point Ny(p,®,0). We

need to find the field of stresses and displacements in the half-space. The
potential functions are defined by

Hy,

AT 0
Fo= g 2 (% + M) + P IR, + )5
Hy,
e AT 0
F = 1 2 (%, + XD + P InR, + 2)5
Y -
Fy, =i A, (AXz = NXsy)- (2.2.8)

Substitution of (2.2.8) in (2.1.6) yields

Y3 g 0

" T ImA, m3 Ry(R; + z,)°0]

Hy, D
. 19T 0,
m, — 1 ] R2 2(R + 22) [ Rz(R + Zz)D

+ i O T 9 D D
m, -1 y2D R1 R(R, + 21)2D Rl(R + Zl)D

(2.2.9)
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~ - = YoMy Yim, 0
w = H[F(Tq + Tq) A, ~ DR(R, + 2) + = DRR, F )0

D ml m2
+ P + 2.2.10
[m, - DR, (m, - DR, ( )

We shall need expressions for the following stress components:

B 1 _ _ m 1 1
= —_— = T + T + P - — 4+ =
% = 2y, - v, %ylyz( q+ Ta) ‘M R R§%

1

Y, Ja Tq’(2R, +2) - A Jz Tq’(2R,+2,) -

Ty, - v) (R RR, + 20 4y, - V) [R R(R, + )70

T2
_ids, TR Hn . pg g1, Al (2.2.11)
MR R(R, +2)0 20y, -v) OR RO
Expressions (2.2.9) and (2.2.10) smplify for the case when z=0
16 Tl I _ e P
u = 261 r 262 P Ha g (2.2.12)
— [T0 P
w = HaDmD+ HR' (2.2.13)
Here H, a, G,, and G, are defined by (2.1.9), and
R = [p® + p; — 2ppycos(o-@)] ™~ (2.2.14)

Expressions (2.2.12) and (2.2.13) will be wused for the integral equation
formulation of various mixed boundary value problems in an elastic half-space.

The following classification of mixed boundary value problems may be
suggested. The problem is caled internal mixed when the normal/tangentia
displacements are prescribed inside a finite domain, while the relevant tractions
are prescribed on the rest of the haf-space boundary. In the case when the
displacements are given outside a finite domain, the problem is called external.



2.3 Interna mixed problem of type |

We can specify two types of internal problems. The internal problem of type I:
the normal displacements are prescribed inside a finite doman S, the norma
traction is given outside the domain S, while the tangential tractions are known
al over the plane z=0. The internal problem of type Il: the tangential
displacements are prescribed inside S, and the shear tractions are given outside,
while the norma traction is known al over the plane z=0. The externa
problems of types | and Il are defined in the same way as the internal ones
above, with an interchange of the terms traction and displacement. These are
the four types of problems which will be considered in this chapter. We shal
cal a problem mixed-mixed when the boundary conditions are mixed with respect
to both normal and tangential components. These problems will be considered in
the next chapter.

Exercise 2.2
1. Establish (2.2.3) and (2.2.4).

2. Veify (22.6) and (2.2.7).

3. Derive expressions for o, and o, in both cases of concentrated load,
considered in section 2.2.

4. Derive the equivalent solutions for an isotropic body.

5. Consider the case of arbitrary point loading applied inside an elastic
half-space.

2.3 Internal mixed problem of type |I.

Consider a transversely isotropic elastic half-space z=0. Introduce a set of
polar cylindrical coordinates (p,g,z). Let the following boundary conditions be
prescribed on the plane z=0:

w = w(p,p), p<a, O<@<2m,
o = a(p,y), p>a, 0<@<2rm,

T = 1(p,9), 0<p<co, 0<@<2T,
(2.3.1)
Here o stands for the norma loading, and 1 is the complex shear loading,
namely, T1=T,+1, The governing integral equation can be written by using
(2.2.13), namely,
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82 CHAPTER 2. MIXED BOUNDARY VALUE PROBLEMS IN ELASTICITY

2n g

0(Po,®)  PedPd,
H 7 5 P
J J [P” + Py — 2PP,coS(P—®,)]

= f(p,9). (2.3.2)

We use the same notation o for the unknown normal loading inside the circle
p<a, as well as for the prescribed function o outside the circle.  This should
not create any confusion since the argument (p,,¢,) provides a clear distinction.

Function f is known from the conditions (2.3.1), and is

21'[00

0(Py: @) PodPde,
fm@=wm@—JJ

[p* + p5 - 2ppycos(@-@)] "

T2 PPy PodPod®,
- HO(DJ J (2.3.3)

pd® — pe

As soon as equation (2.3.2) is solved, and the value of o inside the circle
becomes known, the tangential displacements in the plane z=0 can be defined by
(2.2.12):

21'[00

1, T(Po®) PodPd®,
u==z
2 1J J (P> + P — 2ppcosie-gy)] ™

2n o« T o0

L [0e® - pe ™ 17(0p®) Podpyd, " 0(P %) PodPodd,
+ EGZJ J - CXJ J - .

2 2 32 . r
[p° + Pg — 2pP,COS(@-@y)] 0c'® — pe®

(2.3.4)

Integral equation (2.3.2) was solved in section 1.4. It seems useful to consider
here a more general case:

2n g

’ 0(Po:®) PP,
J J [P + P~ 2ppcos(e-gp)] "

= f(p,p), (2.3.5)

where —1<k<1. This type of equation arises in the problems of nonhomogeneous
elastic half-space, with the modulus of elasticity E being a power function of z,
namely, E=E,z. Of course, in the nonhomogeneous case H is no longer defined



2.3 Interna mixed problem of type |

by (2.1.9). The reader is referred to the paper by Rostovisev (1964) for details.
Rostovtsev (1964) obtained an exact solution of (2.3.5) in Fourier series. Here
we present a closed form solution.

By using the integral representation (1.1.4), integral equation (2.3.5) can be
rewritten as

oo | X TP o (0p® = f(0.0) (2:36)
cos— - —5 L —S} P..® = f(p.). 3.
2 J 0 - X2)(1 2 J (pg . X2)(1 7 o, o

Integral equation (2.3.6) represents a sequence of two Abel operators and one
L-operator. The solution procedure is similar to that of (1.4.5). The first
operator to be applied to both sides of (2.3.6) is

t

d d
L%—Ba J(tz_—&p;)(%”/z L(p) (237)

The result of application of (2.3.7) to both sides of (2.3.6) is

t

T pgdpo
[t O aod J(tz_—p_?)%(l_@/z L(p)f(p.9). (2.3.8)

) _
2mHt J O B0 Pe® = ng

The second operator to be applied to both sides of (2.3.8) is

a

J trdt 0

d
£0y) gy @ - A2 “ap

y

with the result

a

_ _ cos(TK/2) d " dt
a(y,9) leHy L(y) dyJ (t2 _ y2)(1-K)/2
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d
XLWS& J (t—_P—;)(—), L(P)f(P.9)-

(2.3.9)
The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (2.3.9) in the form

a

/2 d(a,y, dt d
o(y,Q) = COST% ) %az Ea 33//2;[3«)/2 _ J (tz——yz)(l)’z aq:(t,y,cp)g (2.3.10)
Here
t
_ 1 (__pdp_ dlln (YO o0
oty = e J(tz — pz)(l.K)/z dp%’ LDZZ %(p,(P)D (2.3.11)

Yet another form of solution can be found in (Fabrikant, 1971€). The problem
solved above has two major applications: contact problems of a smooth punch
pressed against an elastic half-space, and that of an external circular crack in an
infinite elastic body. Let us consider both cases in more detail.

Example 1. The smooth punch problem. In elastic contact problems, we
have 0=0, for p>a, and 1=0 al over the plane z=0, so that function f=w (see
23.9). It becomes possible to compute the resultant force P and the tilting
moments M, and M, directly in terms of the prescribed displacement w. Since

2n g

P = J J o(p,9) pdpde, (2.3.12)

substitution of (2.3.9) in (2.3.12) yields directly the resultant force

2n

o _ o) J J w(p.9) pdpde

T || @- 239

For computation of the tilting moments M, and M,, it is convenient to introduce
the complex parameter



2.3 Internal mixed problem of type | 85

2n g

M =M, +iM, = - J J a(p,q) €® pdpde. (2.3.14)

By using (2.3.9), the final expression for the tilting moment is found to be

M= —0———— & A (2.3.15)

2c0S(TK/2) e w(p,9) €p’dpde
TPH(L + K) J J

Expressions (2.3.14) and (2.3.15) are in agreement with similar results of
Rostovtsev (1964).

By reviewing the derivation of expression (2.3.6), one may find that it is
valid for evaluating the normal displacements outside the contact region, if the
upper limit of integration p is replaced by a. Substitution of (2.3.9) into the
modified form of (2.3.6) results in

a X
Wp.q) = 2C0S(TK/2) J dx d PoAP, Lﬂ—O%v(p 9
! T (p2 _ X2)(l+K)/2 dX J (X2 _ pg)(l-K)/z Ij) oY/
for p>a. (2.3.16)

Performing differentiation of the integrand, and then integrating by parts, we
obtain

2n a

W(Py %) Pdpyd
w(p,p) = T_llzcos(%)(pz_az)(l-@/zj J 0 %) PodP0P,

@-p))"p* + p5 — 2pp,cos(@-@y)]

for p>a. (2.3.17)
Here the following identities were employed (Bateman and Erdéyi, 1955)

d %(HK)/Z L 1+k  1+K, 34K, [ _ 14K ,-@-r -(1+)/2
F 1 - ’

02’ 2" 2° 2
d fO)t dt K df(t
4 J(XJZ:W = fO)x* + XJ (X%-_tz)(%,z (2.3.18)

All the quantities of interest, namely, the pressure exerted by the punch o, the
resultant force P, the tilting moment M, and the normal displacement outside the



86 CHAPTER 2. MIXED BOUNDARY VALUE PROBLEMS IN ELASTICITY

punch, can be expressed directly through the prescribed normal displacement w by
formulae (2.3.9), (2.3.13), (2.3.15), and (2.3.17) respectively.

Example 2. External crack in non-homogeneous elasticity. Consider a
non-homogeneous elastic space with modulus of elasticity E:E0|z|K, E,=const,

[K|<1. This space is weakened by a circular external crack p=a. An arbitrary
pressure o(p,) is applied to both faces of the crack in opposite directions. The
problem is to find the normal stress in the crack neck, the normal displacements
of the crack faces, the stress intensity factor, and the work required to open up
the crack.

Due to the symmetry of the problem, it may be reduced to the mixed
boundary value problem of a half-space, subject to the boundary conditions at
z=0:

w = 0, T =0, for O<p<a, O<@<2rT,
o = o(p,y), T =0, for a<p<oo, O<@<2r (2.3.19)
The governing integral equation takes the form (2.3.5), with the known function

21'[00

(00 = -t 0(Py @) PydP.de,
e J J [p* + 5 — 2ppyoos(e-@)] ™™

(2.3.20)

Its solution can be found in exactly the same manner as that of (1.5.21), and is

21'[00

) cos(T/2) (05 = a)%0(p, @) PydPe,
R o J J P° + Po ~ 2PPCOS@-G)

(2.3.21)

Expression (2.3.21) gives the normal stress in the crack neck through the pressure
applied to the crack faces. Note that (1.5.24) may be considered as a particular
case of (2.3.21), when k=0.

The norma displacement of the crack faces can be evaluated as a
superposition of the displacement caused by the applied pressure, and the
displacement due to the norma stress in the crack neck. By using a procedure
analogous to the one described in section 1.5, we can obtain the expression

0

[ XKdX X podpo po
w(e.g) = 4Hcos%g J J L§7§<po,<p>

2 _ 212 2 _ 212
x* = p9) (X" = Py



2.3 Interna mixed problem of type |

a a

XKdX pOde DXZ ]
+ J (p2 _ Xz)(1+K)/2 J (p2 _ Xz)(1+K)/2 L@_po S’(poaq’)g for p>a. (2.3.22)
0

Substitution of (2.3.21) in (2.3.22) leads, after smplification, to

00

p K d
TK X dx po po DXZ

w(p,) = 4Hcos— — 5 L —S’(p ),

2 J (p2 _ X2)(l )2 J (pg _ X2)(l )2 Ij)po 0

for p>a. (2.3.23)
The norma displacements of the crack faces are now defined in terms of the
applied pressure.

Introduce the stress intensity factor as
k(@ = lim(a - p)"o(p.0)]. (2.3.24)
p-a

Substitution of (2.3.21) in (2.3.24) gives

0

2c08(TK/2) PodP,
J (05

_ :)
k(@) = T(2a)* 2 EEPNEDE L@TO S’(po’q’)-

Introduce the stress intensity function:

0

2cos(TK/2) Podp
Kip.® = T[(Zp)(l-K)/z J (02 _O pz;)(m)/z L%S’(po’@' (2.3.29)
0
p

It is obvious that the limiting case of the stress intensity function, when p-a, is
the stress intensity factor. By using the property of the r-operators (1.2.3) we
may rewrite (2.3.23) as

0

p K d
3 TK X dx X[] pO pO [k
w(p.Q) = 4HC097 J (02 - XHTI2 L@DJ (pg — )@ L@To S’(po’q’)
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(312 i X2y X
=2 T[HJ PR Lj)%(l(x,m). (2.3.26)

The energy W may be defined by the integral

21'[00

W = J J o(p@w(p.9)p dpde (23.27)
Substitution of (2.3.26) in (2.3.27) gives
z % (1+0)/2
NI X dx X
W =2 HHJ dp J o(p.9)p dp J Eami L@%l(x,cp)
2n 0 )
-K +k y d
=26 )/ZT[HJ do J X 2qlx J (pcz(p_(p)xg)(ue)/z L%%l(xﬂp)
2n 0 )
_ (32 (1+)/2 p dp X
=2 nHJ do J K, (@) xE2dlx J R L@S}(p,(p).
Here the interchange of the order of integration was used twice.  Now
comparison of the last expression with (2.3.25) yields the final result
L le 2n o«
27“1rH
= 2 J J [Ky(p.91%0 dp do (2328)

Expression (2.3.28) interprets the stress intensity function squared as being
proportional to the energy per unit area required to open up the crack. In the
case of axia symmetry, formula (2.3.28) simplifies to

0

2-K
w= ZIH, J KPP dp.
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with

2co8(Tk/2) | O(Py@)Py dpg
Ky(p) = J

m2p):% | (p2 - pH*E
p

All the results obtained become valid for a transversely isotropic space provided
that k=0, and H is defined by (2.1.9). When H is defined by (2.1.14), we
have the results for isotropic body, namely,

2n
2
w=on iV J J [K (.01 dp do, (2.3.29)
with
_ V2 T dx 0
o) = 22 J T R L) (2.330)
p

The case of axial symmetry simplifies (2.3.29) and (2.3.30) as follows:

0

w=a 22V [ o d 2331
= = J (P)T%p dp, (2:331)
with

V2 i o(x)x dx
K.(p) = Y2 (2.3.32)

1 T[\/p [ (X2 p2)1/2

p
Exercise 2.3.

1. The normal displacements under a flat circular punch are given by
w(p,p)=w,+6pcosp, with w,=const, and 6=const. Find the traction distribution o

exerted by the punch.
cos(rk/2) Wo + (28pcosp)/(1 + K)
leH (az _ pz)(l-K)/z

Answer: o(p,p) =

2. In the problem above find the relationships between the applied force P, the
tilting moment M, and the punch settlement w, and the inclination angle 6.
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2w,a" *cos(TK/2)

Answer: P = I+ K , M =

402" cos(TK/2)
mH(1 + K)(3 + K)

3. The norma displacements under a paraboloidal punch are w(p,cp):wo—cpz,
with wy=const, and c=const. Find the traction distribution ¢ and the radius of
contact a.

Solution: utilization of (2.3.9) yields
0 2 2]
_ COS(TK/2) 2cf[a’(l - K) — 2p7]
o = +
(P) 2H(a - p)TIR EWO 1+ K S
The radius of contact a is found from the condition o(a)=0. The result is
a=[(1 + K)wy/(2c)]"?, and the find expression for the traction is

2W,CoS(TK/2)

_ 2 212
a(p) = T[2a2H(1 K (a P9 -

4. In the problem above find the relationship between the punch settlement w,
and the applied force P.
4w, co(TK/2)

Answer: P = I+ G + K

5. Consider an external circular crack p>a. Find the traction distribution o in
the crack neck due to the action of a par of equal concentrated forces P,
applied normally to the crack faces in opposite directions at the point (b,y).

2 2 -«
Answer: O'(p,(p) = - T_F:Z COS@D m - a ml )2 1

R OME* - p’d p? + b®> - 2bpcos(@-y)

6. Consider an external circular crack p>a. Let a uniform pressure o, be

applied in opposite directions to the annulus b<p<c, (b>a), the rest of the crack
faces being traction free. Find the stress distribution o in the crack neck and
the stress intensity factor k.

2o,co8(tk/2)  .© (pF - a?)*%p, dp, f
— , for p<a.
@ - p)EI? J pg s

In general, the last integral can be computed in terms of hypergeometric
functions. In the particular case of an isotropic body (k=0), the integral is
computable in elementary functions:

Answer: o(p) = -




2.3 Internad mixed problem of type | 91

op) = - Tt OOD (@ - P2
i - & ZBVZ 1B - 120
BlZ + tan BlZ _ pZD D

The stress intensity factor is
20,cos(m/2)[(c? - a2 - (b? - a?)*7

k, = -

7. In the preceding problem find the crack opening displacement w.

min(p,c)

[l 2 2\ (12
Answer: w(p) = w o, U (c2 X)(1+K)/z X dx
1-x - - %)

min(p,b)

) J (0% - x)02 ]

—aampe X dx O for p>a.
(P X%) =

8. By using formula (2.3.9), prove the identity

2n g

J J o(p.@p™™ €™ dp do

2n

a .
(L + Kr@ +n)  Jw J J f(e.90™™ €™ dp do

T2 + (1 + k)2 2 @ — P2

Note: in the particular cases n=0 and n=-1, the last identity transforms into
(2.3.13) and (2.3.15) respectively.

9. Define the stress intensity function K (p,@) in terms of the displacement w.

AnSNer Kl(p’(p) = 2(1_K)/2T[2Hp(1+K)/2 Ij)lj dp )(1 K)/2 L(X)W(X (p)

Hint: perform the inversion of (2.3.26).

P
COS(TK/2) [1D d J X dx
(p°

10. Prove the identity
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M q D(Xz _ az)(l-K)/z 0]

_ d _ 1l - kf(a)
I;[E E dp J 0% - )T f() dxg 2cos(TK/2)

Hint: use the substitution t=(p?~x?)/(x*-a?).

11. Use the identity above to express the stress intensity factor in terms of the
displacement w.

. _1 -« O wp, [
Answer : k]_((p) - 22-KT[H Iplf?ljp _(pa;[z)l-K)/ZD

Hint: compute the limit p—~a of the result in Exercise 9.

2.4 External mixed problem of type |I.
The problem is characterized by the following mixed boundary conditions on the
plane z=0:

w = w(p,), p>a, O0<@<2m,
o = a(p,y), p<a, O=s@<2rm,

T = 1(p,9), 0<p<co, O<@<2T,
(2.4.0)
Here the same notation is used as in the previous section. The governing
integral equation can be written by using (2.2.13), namely,

21'[00

0(Po:®)  PodPyde,

HJ J [+ 0 - 2opooslogl P (242)

We use again the same notation o for the unknown normal loading inside the
circle p<a, as well as for the prescribed function o outside the circle.  Function
f is known from the second condition (2.4.1), and is

2n a

0(Py: @) PP,
fm@=wm@—JJ

[p* + p5 - 2ppycos(@-@)] "

21'[00

T(Pg:P) PodPde,
- HO(DJ J . (2.4.3)

pd® — pe
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As soon as equation (2.4.2) is solved, and the value of o inside the circle
becomes known, the tangentia displacements in the plane z=0 can be defined by
(2.34). Integral equation (2.4.2) was solved in section 1.5. We consider again
a more general case:

21'[00

’ 0(Po:®)  PodPod®,
J J [0* + Po — 20PyCOS(@-Gy)]

@ - f(P.0), (24.4)

where —-1<k<l. The new method allows us to present a closed form solution.
By using the integral representation (1.1.21), for z=0, the integral equation
(24.4) can be rewritten as

0

H TK x"dx | 0-+0 Iﬁ 0 — 245
| COSZ +K +K L (p !(p) f(p!(p) ( A )
[ (X2 - p2)(l V2 (X2 - [)g)(l /2 IjX2 S’ 0

Y

Integral equation (2.4.5) represents a sequence of two Abel operators and one
L-operator.  The solution procedure is similar to that of (1.5.2). The first
operator to be applied to both sides of (2.4.5) is

0

d d
L(t) a J @T—&'[;)(%K)/z L%g (2.4.6)

The result of application of (2.4.6) to both sides of (2.4.5) is

t

PodP, o
—2T[HtKJ 7= oD 5(Py.9)

0

= o) 2 J F_&dt@)(l—w L%Bf(p,cp). 2.4.7)

The second operator to be applied to both sides of (2.4.7) is

93
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y
a0 d " dt
J (y

‘Bow| 7 - oee O

with the result

y
_ _cos(rk/2) [A0d " dt
a(y,9) T[2Hy L@’D dyJ '(yz _ tz)(l-K)/z'

0

d d
x £(t%) 5 J (pT—p_t;)(%K)’z L%%(p,(p)_ (2.4.8)

The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (2.4.8) in the form

y

/12 d(a,y, dt d
oy = - COT_({ZTL( ) %yz Ea;/Z)q()Z-K)/Z B J (2 - a2 aCD(t,y,(p)B (24.9)
Here
_ . d d0o0 0
O(ty,¢) = t J —P—(p2 e R el (2.4.10)

We can consider again two major applications. contact problems of a smooth
punch pressed against an elastic half-space, and that of a penny-shaped crack in
an infinite elastic body. Let us consider both cases in more detail.

Example 1. The smooth punch problem. In elastic contact problems we
have 0=0, for p<a, and 1=0 al over the plane z=0, so that function f=w. It
becomes possible to compute the resulting force P and the tilting moments M,

and M, directly in terms of the prescribed displacement w. Since

21'[00

P = J J o(p.9) pdpdo, (24.11)

substitution of (2.4.8) in (2.4.11) yields directly the resultant force
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O oesmw?  ew g d [ ]
= UTS_ 2n J (y tz)(l.K)/z J © ‘,[)2)(1«)/2 a) J w(p,9) d(PS
(2.4.12)

The tilting moment can be found in a similar manner. We can also express the
normal displacement inside the circle p<a directly in terms of the prescribed
displacement w outside the circle. We substitute (2.4.8) in (2.4.5) keeping in
mind that, for p<a, the lower limit of integration of the first integral will be a
instead of p. By using the properties of Abel operators and the r-operators, the
following expression can be obtained

0 0

Pudp
2 dx d 0-ro
wp.Q) = - ﬁCOS— J o = PP dx J _(pg EENCRT LE%%V(PO’(P)-

(2.4.13)
Carrying out the differentiation of the integrand, interchanging the order of
integration, and then integrating with respect to x yields

Wp.g) = — 2c0(mi2) J B0 = &g

ml + K) R’o - p2D
p2 2
1 +k 1+ kK 3+KkK "0
02 T2 2 g0 dpo%wo W(Po D7

Integration by parts and the differential properties of the Gauss hypergeometric
functions (2.3.18) alow us to simplify the last expression, namely,

0

Pudp
_ 2 TK 2 20102 0-10
w(p,p) = - F[COSZ (a P9 J (pg ~ az)(l.K)/z 7 _ pz) LE%%V([)O,(P)

(Po

2n 00

_ 1 @m% 0?2 W(Po 9P, dp, da,
® J J =D + 0L — 2opcos ol

(2.4.14)
Expression (2.4.14) gives the norma displacements inside a circle p<a directly in
terms of the prescribed displacement outside the circle.  We note a certain
similarity between (2.3.17) and (2.4.14).
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Example 2. Penny-shaped crack in non-homogeneous elasticity. Consider
a non-homogeneous elastic space with modulus of elasticity E:E0|z|K, E,=const,

[K|[<1. This space is weakened by a penny-shaped crack p<a. The crack is
opened by arbitrary pressure o(p,g). The problem is to find the normal stress
on the plane z=0 outside the crack, the crack opening displacement, the stress
intensity factor, and the work required to open up the crack.

Due to the symmetry of the problem, it may be reduced to the mixed
boundary value problem of a half-space, subject to the boundary conditions at
z=0:

w = 0, T =0, for a<p<co, 0<@<2ry
o = o(p,y), T =0, for Osp<a, O<@<2mt (2.4.15)
The governing integral equation takes the form (2.4.2), with the known function

2n g

(00 = -t 0(Py @) PydP.de,
e J J [p* + 5 — 2ppyoos(e-@)] ™™

(2.4.16)

Its solution can be found in exactly the same manner as that of (1.4.25), and is

3@ - pAM (0, @) PydPdD,

o(p,p = - costr/2) (2.4.17)
p.Q = le(pz _ az)(l-x)/z J J p2 N pg = 2pp,cos(o-y) - “

Again, one should notice the similarity between (2.3.21) and (2.4.17). Expression
(24.17) gives the normal stress in the plane z=0 outside the crack in terms of
the pressure applied to the crack faces. Note that (1.4.27) may be considered as
a particular case of (2.4.17), when k=0.

The crack opening displacement can be evaluated as a superposition of the
displacement caused by the applied pressure, and the displacement due to the
normal stress (2.4.17) outside the crack. By using a procedure analogous to the
one described in section 1.4, we obtain the expression

0" xfdx Podi Po

TK

w(p,9) = 4Hcos7[] " oz Lo 9(Pe®)
2 D J (X2 _ p2)(l )2 J (X2 _ pg)(l )2 DXZ S’ 0
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a

> x“dx PodP, B ]
* J (p2 _ XZ)(1+K)/2 J (p2 _ Xz)(1+K)/2 Lm)_po S’(po,cp)D for p<a. (2.4.18)
0

[

Substitution of (2.4.17) in (2.4.18) leads, after smplification, to

a

( ) TK XKdX pOde Epo ( )
w(p,9) = 4Hcos—= - | 5 L —SF Po: D),
2 J) (Xz p2)(1 )2 (Xz pg)(l 2 T2 0

for p<a. (2.4.19)
The crack opening displacements are now defined in terms of the applied
pressure.

Introduce the stress intensity factor as
k(@ = lim[(p - a)*%0(p,@)]. (2.4.20)
p-a

Substitution of (2.4.17) in (2.4.20) gives

a

2c08(TK/2) PodP, 0
(@ = Toom J T L%%(po,(p). (2.4.21)

Introduce the stress intensity function:

ocos(rk/2) ° Pudp
K.(p.®) = o J = _0p2;(1+K)/2 Lg%’%(po,(p)_ (2.4.22)
0

One can see that the limiting case of the stress intensity function, when p-a, is
the stress intensity factor. By using the property of the r-operators (1.2.3) we
may rewrite (2.4.19) as

a X

K dp
X dx o0 Po%Po o
, = 4Hcos— + + ’
w(p.9) %2 i & - PE? X0 J ¢ - T Sr(po ?
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a

NE Y (1+K)/2dx
=2 nHJ R 12K (x0). (24.23)

Y

The energy W may be defined by the integral

2n g

W = J J S(Pp.OW(p.@p dpdep (2.4.24)

Substitution of (2.4.23) in (2.4.24) gives

2n a

W = 269%m J dp J o(p.pp dp

a
X2 gy O
[ G — p)FR L%D Ki(X.9)

P
2n a X
-K +K y d
= 2%9%mH | do 2 dy 02(p (p)[32 (1+e)/2 L@D Ki(x.9)
x* - p9)

2n a X
_ -K +K d D
- 2(3 )/ZT[H J d(p J K1(X1(P) X(l V2 dX J (X2 _p pzp)(l+l<)/2 L%m O(pa(p)

Here the interchange of the order of integration was used twice.  Now
comparison of the last expression with (2.4.22) yields the final result

2n a

1-k
- 2 J J [K,(p.0)p dp do (24.25

Expression (2.4.25) interprets the stress intensity function squared as being
proportional to the energy per unit area required to open up the crack. In the
case of axia symmetry, formula (2.4.25) simplifies to
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_ 2*1’H )
) J [K.(P)]%p dp,

with

Ki(p)

2cos(r/2) * O(Pe®)P, AP,
" T2p) 2 J (P - P2

All the results obtained are valid for a transversely isotropic space provided that
k=0, and H is defined by (2.1.9).

Exercise 2.4
1. Find the equivalent of (2.4.25) for an isotropic body.

2n g

1 - 2
Answer: W = 21 =— v J J [Ky(p.9)]°% dp do,

with

— p
V2 x_dx X0
K = == 2 :
1(P.@) = — o J o - 7 L0 a(X.9)

2. Solve the problem above for the case of axia symmetry.
a

Answer: W = 4@ + _EVZ J [K.(p)]I% dp,

with
K.(0) = \/E_ o(x)x_dx .
1 p J (p2 — X2)1/2

Note: these results were obtained by Sneddon (1965).

3. A penny-shaped crack in a non-homogeneous elastic space is opened by the
pressure o(p,)=0,+0,pcosp, with o =const and o,=const. Find the normal stress

in the plane z=0 outside the crack.

0
, _ _ 2coyK/2) [&[3* 3k 3-K. 5K. ,a:2[]
Answer: o(p,¢) TG - o0 EUOFD—Z, = (p) 0
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[
2 [a3 B_ 5K. 7-K. ,a,2[]
Y5okp0 2 2 2 = Df’lpcoapg for p>a.

The result can be expressed in elementary functions for a homogeneous body:
2 a . 1,8
o9 = - F[%pz_—az)yz - Sml([—a)%’o

22 ]
- 32 ") o,pcosy
]

D 3p
Eﬂp(p - a)

4. In the problem above find the crack opening displacements w.

4H 2 -« 2
Answer: w = %:K)—z) (a2 - pz)(1 /2 Sﬁo + T olpcoscpg

5. Consider a penny-shaped crack p<a. Find the stress distribution o in the
plane z=0 outside the crack due to the action of a pair of equal concentrated
forces P, applied normally to the crack faces in opposite directions at the point

(b,y), b<a.
| __ P [GxO@ - bzmm’z L
Answer: o(p,) = 2 S0 [p? - p? + b? — 2bpcos(p-y)’

6. Prove the identity for a penny-shaped crack:

2n a 2T[oo

J J a(p,9p™* " dp dp = - J J a(p.9p"™* " dp do.

Note: the identity states that the normal stress in the plane z=0 is in equilibrium,
which is not the case for an external crack.

7. Express the stress intensity function K, (p,@) in terms of the displacement w.

a

: _ COS(TK/2 d X_dx 1
Answer: K(p,Q) = - 2(1-K)/215_([2H p(zﬂ)/zL(p)a3 [ . pz)(l-K)/zLD‘kﬁv(Xa(P)-
p

Hint: perform the inversion of (2.4.23).

8. Prove the identity
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lim a d [ (@ - xA)H? (%) dxg __ml - Kmal_
o 0P | (¢ - pA)T)2 i 2c03(TK/2)

Hint: use the substitution t=(x*-p?)/(a®*~x?).

9. Use the identity above to express the stress intensity factor in terms of the
displacement w.

1 -k “mD W(p,(p) [

22-KT[H pqalja _ p)(l-K)/ZD

Hint: compute the limit p—~a of the result in Exercise 7.

Answer: k(@) =

10. Consider a transversely isotropic elastic space weakened by a penny-shaped
crack p<a in the plane z=0, subjected to arbitrary pressure o(p,). Find the
complex tangential displacements u in the plane z=0.

R . T @ - )Y o(pe®) Podpde, o
nswer: u = —-Ha - _ , for p<a;
i( . S
J J (a2 - Ppe Wo))uz 0e'® - pye %
. . 2n a (a2 _ pg)uz
Uu = - = Ha _
i
Tt J J (a2 _ ppoe q"q’o))ll2
-i(
lﬁaz - PPy WO))UZD 0(Po,®)  PedPd, f
xtan’ _ , for p>a.
(] 2 _ a\12 [ | |
(p° - &) pe'® - pe o

Hint: see (Fabrikant, 1987a) for details.

2.5 Integral representation for q2/R3

While it was sufficient to know the integral representation for 1/R in order
to solve the mixed boundary value problems of type |, this is no longer the
case for the problems of type Il. The need to know the integra representation
for q°/R® is quite obvious from (2.2.12). We recal that q is defined by (2.2.5),
and R is given by (2.2.14). The originad derivation was made by the author
many years ago. It was very long and cumbersome. Here we present only the
idea used, and the fina result.
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Since
q7/R°=a/(aR), (2.5.1)

we may use the following expansion:

10) )
pe? - pe . 0
. 0 _ - 2 % %B %B N p<py:
)

o _
pe poe_i - 2i(p% @"Bgﬁom iklea) Po (@-@o)g for p>py
pe-ltp _ poe P p 0]

(25.2)
Now we have to substitute (2.5.2) and (1.1.27) in (2.5.1). This procedure yields,

for p<p,,

i:e _ p3 @B -ik(o-p) Re“*“%)g
[BoLIF =P, L] Po

P (x°Ippy)"dx
(p2 _ X2)1/2(pg _ X2)1/2 '

XZ%[ ein(@-«oo)J

(2.5.3)
A very tedious procedure follows. grouping together the terms belonging to each
harmonic. The derivation does not end there: we shal also need to use the
identities:

2 2 Z 2(n-k) 2k 2n_2
- X X - X
Min(o,o) (P )k P P
=0

J (p2 _ Xz)l/z(pg _ X2)1/2

dx

min(eg.p)

X[@2n + )p; - (2n + 2)X]

= dx,
J (p2 _ X2)1/2(pg _ X2)1/2

(2.5.4)
and
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min(eg.p)
2n - 1 2nx? n-
ng GE xz)jzzp(p =
0

min(eg.p)

- J (pzznfi x_)lg_(r[; * 1)X)ﬂ2 2'dx, for n=1,2,3, .. (25.5)
0

The first identity may be proven by the mathematical induction method, the
second one may be established by using the property

min(eg.p)

J Ao - Xz)uz(pg _ X2)1/2] _

A similar procedure is required for the case p>p, The fina result is

min(eg.p)

gf _ _% 2|(p|}n(¢'¢o) (2n + 1)p2 _ (2[’] + 2)X2 X2ndXD
R® ~ p* Lppy)" J (p* = X)"™(pg - X)) i

© 2w " on + 1)p2 - @2n + 2K .
+ Z J X" de

= g Rppo) ©° - X)P; - X))

min(py,p)
ei(¢+«00) 0 H

X° dx 0
ppo J (p2 _ X2)1/2(p§ _ X2)1/2D

(2.5.6)

Expression (2.5.6), though looking cumbersome, will prove very useful for solving
internal mixed boundary value problem of the type Il. We need yet another
integral representation which is useful in external problems. The procedure is as
tedious as the one described above, with the fina result

2 . ? @n + 1)x - (2n + 2)p?
% = E& 40 e(WO)ppo) 22 7 - dXD
T o - )¢ - ) 0

3
R DnO
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_ 2iQq[ ] -i(e-ay) (2n + 1)X - (2n + 2)92 H
+ De e pp) = dx
Z % i m[ XME — AP - p)”2 0

(pgs p)

0

]
i(otay) d
- e¢+¢ ppoma[ X2(X2 _ 2 X 1/2D (2.5.7)
(N

P)0¢ - P

Here the following identities were used:
- p )ZXZk 2nk) 2n

2n+2,.,2 A12,. 2 2 1/2
Wi XX = P = pp)
(pg:P)

1 @n+ D¢ - @n+ 20
= Po Ty 5 dx,
(x
(pgiP

XM = 0 - )"

and
2np; - (2n - ¥

"—Hl; X2n(X2 _ p2)1/2(X2 _ pg)llz
(pg:P)

0

. 2n + 1)p; - 2nx°
=P mL )X2n+2(X2 — AT - pg)uz
PP

These identities can be derived from (2.5.4) and (2.5.5) by a forma substitution
of x by ppy/x. As usua, when the fina result is achieved, one can find an

easier way to do it. We shall discuss further some generalizations of the
integral representations derived here (see section 2.7).

Exercise 2.5
1. Prove the identities (2.5.4) and (2.5.5).
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2. Establish the representation (2.5.6).

3. Establish the representation (2.5.7).

2.6 Internal mixed problem of type Il

The material in this section follows essentially the paper (Fabrikant, 1971c).
Consider a transversely isotropic elastic half-space z=0. Let the normal traction
o be prescribed al over the plane z=0. An arbitrary tangentia displacement
u=u,+iu, is specified inside a circle p=a, while the complex shear loading T is
known outside the circle. The problem is to find the shear traction inside the
circle. The mathematical formulation of the boundary conditions is

o = a(p,y), for O<p<oo, O<@<2rT,
T = 1(p,9), for a<p<oo, O<@<2rT,
u = up,9), for O<p<a, O<@<2r, (2.6.2)

The governing integral equation can be written due to (2.2.12):

m a 2n a

L0 Weo%) podogdey 4 AT(Po®) PodPod®,
=G, + 3G, =
J J R 2 J J grR

; = X0 (262)

Function x is known from the boundary conditions (2.6.1):

2 0(Pe @) PdPd®,
XP@) = u + HGH %

pe'? - pe

2n o 2n o«

1 T(Po:P) PodPdy AT(Po®) PodPady
_ EGlj J - - GZJ J = .
(26.3)

Though a closed form exact solution of (2.6.2) is possible, we present first its
exact solution in Fourier series. Assume validity of the expansions:

NI

0o.® = D1(p) €™ XP® = 2x () €™ (2.6.4)

n=-c0 n=-c0
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Substitution of (2.5.6) and (2.6.4) in (26.2) leads to an infinite set of integra
equations

261 P X2n+2dX 2 Tn+1(p0) dpo
p””J (p* - x)* J P — XY

2G, P X2y “@n - 1p® - 2n¥® _

+ = ™ T (P dpy = X _.(P)
o 1J (p2 — X2)1/2 J poz(pg _ X2)1/2 _n+1\FF0 0 n+l

(2.6.5)
261 P in-de 2 T-n+1(p0) de
pn-1J (p2 _ X2)1/2 pg-Z(pS _ X2)1/2
2G, P 2y 2 (2n - 1p2 - 2nx* _
T " T (P dpy = X_,(P),
D 1J (p2 _ X2)1/2 J po(pg _ X2)1/2 n+1\Fo 0 n+1
(2.6.6)
Equations (2.6.5) and (2.6.6) are vaid for n=1,23, .. . In the case of axia
symmetry, n=0, and the integral equation takes the form
2 P X“dx aGlTl(po) - Gz¥1(po)
P J AR | T @A e 260

Its solution is elementary, namely,

a

©) 2 d dx d * GXy(P) + GoXy(Py) g §
wp) = - 59— = | —2 - 2 o
' (G - Gy dp i (* - p?)"* dx J ¢~ Py o0

(2.6.8)
The genera solution of the system (2.6.5) and (2.6.6) can be presented in the
form

a f-n+1(t) dt é;z _ . 1
T M =p" ——=mpm+ = C +Do—L 0
(t° - p) [G, n "(a® - p9)

-n+1
P
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a £ (1) dt a a f (1) dt
o1l n+l 2n 2n-1 n+l
t..P=0p [ @ -~ A~ + pm[ y"dy J @ - "
P P
D pn-l 2n a y2n-1 dy D
+ CnQaZ _ p2)1/2 + pn+1 [ (a2 _ y2)1/2|]
P

(2.6.9)
Here fk are the as yet unknown complex functions, and Cn and Dn are the as

yet unknown constants. By substitution of (2.6.9) in (26.5) and (2.6.6), we
obtain, after interchanging the order of integration and integration with respect to

G, a P .
o %) J ™ (t) dt + C pa®™t - J (° - O 1 (O dig
nG, P i
+ = J e - A (1) dt = x_ (), (2.6.10)
p -n+l n+1
1 1
G, P ey a r(é) r(n E) ol

0
o™ DJ © - " J Lo € B0 T P

nG, Py P
_ J . J o dt=x_ @) (2.6.11)

Expression (2.6.10) can be smplified if we define C, as

a

C = —a'2”+1J £ (1) dt. (2.6.12)

Application of the operator
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r

(22 d p"dp
dr J(rz _ p2)1/2

to both sides of (2.6.11) yields

a a r ”dp
2 _ 0 oo d X,..(P)P
E%lj f-n+l(t) dt - GZJ fn+1(t) dt + GanD =T a J (rz——pz)llz

(2.6.13)
Since expression (2.6.13) should stay valid in the limiting case of r-a, this
defines D, as follows:

ay _ (p)p"dp

p =2 _d 5™ 26.14
n—mﬁjm- (2.6.14)

Both constants are now defined. Inversion of (2.6.10) and differentiation of
(2.6.13) lead to the system

“Gyf () + Gf () = (),

n+l

—G,f (N + Gf (1) =uw_ ()

-n+1

(2.6.15)
Here the notations were introduced

, g dPTX, 0
Yol = 2 J -7

ro" d
2 d[Jon2 d P X'n+l(p) pD

Vel TR w0 o | - A0

(2.6.16)
Solution of the system (2.6.15) yields

Gll'IJ-n+1(r) + szml(r)

ry = - ,
" G- &

-n+1
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Gll'IJn+1(r) + sz-ml(r)

£ =- T . (2.6.17)

The general solution is now completed. It is given by formulae (2.6.9), with
the constants C and D defined by (2.6.12) and (2.6.14), and functions f defined
by (2.6.17) and (2.6.16).

Example. Consider a transversely isotropic elastic space weakened by an
external circular crack p=a in the plane z=0. Two identically oriented equal
concentrated forces P are applied normaly to the crack faces a the points

(po,cpo,oi), p>a. Let us find the tangential stress in the crack neck. Due to

the antisymmetry of the applied load, the problem can be reduced to the one of
a half-space, with the tangential displacements and the normal stress vanishing in
the crack neck. The mathematical formulation of the boundary conditions is

o = P3(p—py)d(e-¢y)/p for O<gp<oo, O<@<2rT,
T =0, for a<p<oo, O<@<2rT,
u =0, for O<p<a, O<@<2rT, (2.6.18)

Here O([) is the Dirac delta-function. The governing integral equation corresponds
to (2.6.2), with the right hand side x, defined by (2.6.3), i.e

_ PHa _ PHa c Ai(e9)  Pin

) = - = - — e .

Xew = ————g o, 2 >)
pe Pe P h=0

The general solution, presented above, yields the following results

i(p0 .
_ _ PHoe P pn1 -
= - —- (e : = 0,
X_..,(0) o~ ©p) X_.(P)
fn+1 = fn+1 = Cn :0’ Dn - szar(n)

2G,r(n - Hpge "

(2.6.19)
Substitution of (2.6.19) in (2.6.17) and (2.6.9) leads to the solution
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_ 2PHas rn + 1) p'e"®
PO = - =5 ¥ 5 PN
T[B/ Gl o (poe (pO)n+1r(n + %) (a. - p )

The summation can be performed, according to the scheme

f(n + 1) V2 1, _ i 0 ¢ ¥ . 150
Z 2)Z TR L 1-Z%+E1—ZD SnVe

Here we have used the well known property of the hypergeometric functions
(Bateman and Erdélyi, 1955). Now the final result will take the form

2PHa A2 o gzl
pe = - y; = — sn'vb
°G,pe (a° Y2 1 b% bD -

where b=(p/p)e ™. In the case of isotropy, the last formula coincides with

the result of Ufliand (1967).

Exercise 2.6
1. Consider a transversely isotropic elastic half-space z=0. The tangentia
displacement u=u,=const is prescribed inside a circle p=a. The shear traction

outside the circle is equal to zero, and the normal pressure vanishes all over the
plane z=0. Find the shear traction inside the circle.
2u,

leGl(az _ p2)1/2-

Answer: t(p) =

2. In the problem above find the normal displacement w in the plane z=0.
40(ue'YHaa
G, p

Answer: w = : for p>a;

40(ue'YHala - (a° - p)™
w = , for p<a;
nG,p P

3. Subject to the conditions of the first problem, find the tangential
displacement outside the circle p=a.

-G 2 _ 212
Answer: u = ggjog n'l(g') + U0—2 ﬂ.%Lez'(PD
L1 p G, 0 []
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2.7 External mixed problem of type Il

Consider a transversely isotropic elastic half-space z=0. Let the normal
tracion o be prescribed all over the plane z=0. An arbitrary tangential
displacement u=u,+iu, is specified outside a circle p=a, while the complex shear
loading T is known inside the circle. The problem is to find the shear traction
outside the circle, the tangential displacement inside, and the normal displacement
a the plane z=0. The mathematical statement of the boundary conditions is

o = a(p,y), for 0Ogp<oo, O<@<2rT,
T = 1(p,9), for O<p<a, O<@<2rT,
u = up,9), for asp<oo, O<@<2m (2.7.1)

The governing integral equation can be written due to (2.2.12):

2n o 2N o«

1 Py ®) PodPd®, 4 AT(Po@) PodPGdR,
> Glj J - + 2 GZJ J = = X(E.0. (27.2)
Function x is known due to the boundary conditions (2.7.1):
"7 0(Po ) PodPiey
XP@) = u + HGJ J ; %
pe'® - pee
L Pe®) popde, (L aT(P%) Podeoda,
_EGljj - —EGZJJ = .
(2.7.3)

Once equation (2.7.2) has been solved, the normal displacement is found from

21'[ 00

O &% 1pp®) Pedpyd,C] (P @) PedPyde,
J J 0+ HJ J .

w(p,9 = Ha 0O - :
0 pe?® - poe(po 0 R
(2.7.4)
We present the exact solution of (2.7.2) in Fourier series. Assume validity of

the expansions.
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0o.® = D1(p) €™ XP® = 2x () €™ (2.7.5)

n=-co n=-co

Substitution of the integral representation (2.5.7) and (2.7.5) in (2.7.2) leads to an
infinite set of coupled integral equations

. © dx X Tn+1(po)p8+2 dpo 1 ® dx
2G pn+ vy + 2G pn+ n+
1 J 2 2(X2 _ p2)1/2 J (X2 _ pg)uz 2 J 2 2(X2 _ p2)1/2
p p
*2nx* - (2n + 1)pi _
X > T T_n+l(p0)p8 dp, = X_,,(p), for n=0,12, .. (2.7.6)
(X - po)
i dx T,.1(PoP dpy “@n-1)x% - 2np?
ZGlpn-l[ n-2,.,2 12 2 A1/2 + ZGan-l[ 2ns.,2 A\1/2
X7 (X" - pY) (X* = po) XT(x" - p)
p p
T (PYPy dpg
X| ———=5 = X _.(p), for n=1,23, .. (2.7.7)
J (¢ - pp” T
Here
P a

X

n+l

N - 2 x*"dx
(P) = u, (P + 2nHap™ J %(Po) PPy ~ J (P* - "

a Glszn,,l(po) + G,[2np® - (2n + 1)x2]?_n+l(p0)

% n dpy, (2.7.8)
po(pg —- X2)1/2 0

and

KplP) = U )+ 200" | 0,00 5y = e

I S RCEES
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a GlpgT_n+l(po) + GZ[(ZI’] - 1)93 - 2nX2]¥n+1(po)

X

n dpy, (2.7.9)
Po(Ps — X0 °

The case of axial symmetry corresponds to n=0, and we have only one equation
(2.7.6) to solve. The genera solution of the system (2.7.6) and (2.7.7) may be
presented in the form

R X A
= — f =12, ...
n+1(p) pn+1 D (p2 _ t2)1/2 + (p2 _ a2)1/2|j or n L
p i)
n+l pn+1 (pz _ y2)1/2 dy t2n+1 0]
+ C i 1 + 2n p y"dy [ for n=1,2,3
n@nﬂ(pz _ a2)1/2 pn+1a2n+1 J (p2 _ y2)1/2|j 1=

(2.7.10)
Here functions f are to be determined, and C and D are the as yet unknown
complex constants. We used the same notation as in the previous section hoping
that this would not produce any confusion, and that the reader would understand
clearly that, for example, C, of this section is not equal to C_, from the
previous one.  Substitution of (2.7.10) in equations (2.7.6) vyields, after
simplification,

© X

n+ dX D D
o 1[ C20E — D)2 1DJ fn+1(t) dt + DnD
p

X

- GZBJ P dt o+ En%z X0 2.7.11)



114 CHAPTER 2. MIXED BOUNDARY VALUE PROBLEMS IN ELASTICITY

B xdx D X f-n+1(t) dt Cn D

(X2 _ p2)1/2D t2n+1 + a2n+1D

® (X2 _ p2)1/2
+ "G, i f 00 dx =X, () (2.7.12)

The following identity was used during the procedure of integration by parts

_dOeé - pA™0_ (2n - 1)%¢ - 2np?
dx[] %2 N X2n+1(X2 _ p2)1/2 .

Looking at the first integra in (2.7.12), one may conclude that it converges only
if the term in sguare brackets tends to zero when x-co. This condition defines
C, as follows:

0

C, = —a2”+1J f () t2dt. (2.7.13)

By dividing both sides of (2.7.11) by p"(p*-r)Y? integrating with respect to p
from r to o, differentiating with respect to r, and multiplying the result by
r®™2/m, we obtain

r r

Gng f() dt+ Dng— GZBJ fLa0 d + To

© d
onv2 d Xpa(P) P

2 n+l

Proceeding to the limit as r—a in (2.7.14) gives us the formula for evaluating
D_, namely,

n?
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" Xq(P) dp

_ 1 = _ 2 a2 d n+l [
D, = %azcn Za J R (2.7.15)

Inversion of (2.7.12) and differentiation of (2.7.14) lead to the system of
equations

G,f (1) = Gf (N =w_ ()
G,f () - GJf (N =u () (2.7.16)
Here
a1 d ) d d('”"l(p)D

__2 dp a
qJ_n+1(r) = 2 r dr J (pz _ r2)1/2 dp] pn-l [

® X, (P) dp

G (r) = - T—le dlfon2 d J - U (2.7.17)

n+l

a dr pn(p2 _ r2)1/2D

The following rule of differentiation was used during the above transformations:

0 0

d fx) dx  _ d[f(x)/x] (2.7.18)
dp (X2 _ p2)1/2 p (X2 _ p2)1/2' U
p p
Solution of the system (2.7.16) is
Gll'IJn+1(r) + sz-ml(r)
() = ,
. Gl - &
Gll'IJ-n+1(r) + szml(r)
f () = . (2.7.19)

Gl - ¢
The set of expressions (2.7.10), (2.7.13), (2.7.15), (2.7.17), and (2.7.19) gives a

complete solution to the problem. Since the shear traction is now known
throughout the plane z=0, the tangential displacements inside the circle can be
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defined by (2.7.2), and the norma displacement is defined by (2.7.4). We
consider further the case of a penny-shaped crack in more detail, including the
derivation of closed form solutions.

Example: Penny-shaped crack. Let the crack of radius a be located in the
plane z=0. Both crack faces are loaded by arbitrary shear tractions acting in
opposite directions. The boundary conditions are antisymmetric, so the problem
can be reduced to a mixed one for a half-space, with the boundary conditions:

o =0, for O<p<oo, O<@<2rT,

T = 1(p,9), for O<p<a, O<@<2rT,

u = 0, for asp<eo, O<@<2m (2.7.20)
The shear tractions outside the crack, the tangential displacement inside, and the
normal displacement in the plane z=0 are to be determined. The crack problem
can be considered as a particular case of a more genera one solved above.
However, we can show that the crack problem has a simpler solution. Indeed,

the integral equations (2.7.6) and (2.7.7) remain unchanged, but instead of (2.7.8)
and (2.7.9) we have

a61X2Tn+1(po)+GZ[anZ—(2n+1)xz]?_ml(po)

2n
Xn+1(p) =~ pn2+1J (pzx_d))((z)uzj pg(pg 7 dpy,
(2.7.22)
and
ot g, “CiPol,,(POFGIN=Dpg-2nxXTT, (P
Xpa(P) = = ple 0 - X2)1/2J o2 — D" dp,.
(2.7.22)

The structure of integra equations indicates the possibility of expression the yet
unknown T outside the crack through the prescribed T inside. Such a
representation takes the form

2 a (a2 _ t2)1/2_[n+1(t)tn+2dt An
Tn+1(p) = - (2 - a)2 02 - 1 + 02 - a)T?
for n=0,1,2, ...
5 a (a® - )% (Ht"dt
T-n+1(p) -~ T[pn-l(pZ _ a2)1/2 p2 _ t2 ’ for n:112!31

(2.7.23)
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Here A, is the as yet unknown complex constant. Substitution of (2.7.23) in
(2.7.6) yields, after intermediate integration,

00 n+2
dx ] : Tn+1(t)t dt

X2n+2(X2 _ p2)1/2D_ ()(2_—,[2)1/2

ZGlpn+l [
P

m , [
+§A”D

0

+ 2G,p™ J 20E — p2)1/2D_ T (D" dt

dx O 20 - (2n + DE
J (X2 _ t2)1/2 -+l
P

a

+@2n + 1)J @ - B2 T o dtgz X_.(0): (2.7.24)

The following identity can be verified by a forma substitution of x by pt/x:

o t

dx 1 x2"20x
o = — . (2.7.25)
J E2E — ATE — )2~ (pn) J(pz Qe - )

Y

Interchanging the order of integration in (2.7.24), substituting (2.7.25), and yet
another interchange lead to the expression

2G, * 22y a Tn+l(t) dt
- pn+1 J (p2 _ X2)1/2 J tn(t2 _ X2)1/2

2G, Fonp® - 2n + D, 0 Taa
p™ J (> - x)* o J

0

+ dx
+ p' l[ C20E — D)2 %‘GlAn
P

117
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a

+ 2G,(2n + 1)J @2 - )2 ?_nﬂ(t)t”dtgz X_.,(0): (2.7.26)

Comparison of (2.7.26) and (2.7.21) shows that the equation is satisfied if A, is
defined by

a

Ao = T %(2” + D(GJG) J T ,ep"@ - p)"dp. (2.7.27)

n

Since T is defined for n=1 only, we may conclude that A;=0. A similar
procedure of substitution of (2.7.23) in (2.7.7) leads to

L dx o T O dtD
2G,p ! J XE2Z — pA) il WD
p

p@n - 1 - 2np? ar T O
+ 2G,p™ [ P0E = A2 dXD_J o - 7 dt
p

a

101 2 312 = n+2 Tt [ _
¥ a_xDJ @ - )" T O7d + 5 A X_.(P)- (2.7.28)

-n+1

2 "M

It may be noted that the integral

0

2n -1 )x* - 2np° i 0 68 - pAY]
[ ( X2n+1(X2) _ p2)1/2p dx = [ dD_ 2 D: 0, for n=1.
p p

(2.7.29)
By using (2.7.25) and (2.7.29), equation (2.7.28) can be transformed into

2G, . 24x a T_n+l(t) dt
- pn-1 J (p2 _ X2)1/2 tn-z(tz _ X2)1/2
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(P).

n+l -n+1

2G, * xgx % @2n - D - 20X _ © d
- — _ T (1) dt = x
o 1 J (p2 _ X2)1/2 J t(t2 _ X2)1/2

Comparison of the last expresson with (2.7.22) proves that equation (2.7.7) is
satisfied, and that (2.7.23) is indeed the solution to the crack problem. A closed
form solution can be obtained by summation of (2.7.23) and (2.7.27), with the
result

2n g

) 1 @ - P (@) PPy,
0 = - g | | T westow

2n i(e-0p)

GZeZi(P J Ja 3 - (polp)e

e @ - D% 1 - (o) J o)]2(a2 - pé)”%(po,%)podpod%.
1 -

(2.7.30)
One can notice that the first integral in (2.7.30) corresponds to the solution for
the case of norma loading of a penny-shaped crack. Define the complex stress
intensity factor as

k(@ = Timi(p - 2)"1(p. ). (2.7.31)

Substitution of (2.7.30) in (2.7.31) yields

2n g

1 @ - P (@) PPy,
J J a’ + pg — 2ap,cos((-@,)

(2.7.32)
i(e-0p)

G T 2 3 - (pja)e
- leGlaZ\/Z_a J J [1 _ (pola)ei(q"q’o)]z

@ - P (P ®) PoIPLI®,.

Since our definition of T contans both x- and y-components, so will the
expression for the stress intensity factor k:kX+iky. If we require the expression

for the radial and tangential components, we have to use the relationship
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T +it =@ + it )e?
( a)

zX yz Zp

This alows us to rewrite (2.7.32) in terms of the second and third mode stress
intensity factors as follows:

k, + iky =

Ge? T 2@ 3 - (pjae
- —nzelaz\/z‘ J J [1 - (pola)ei(wo)]z

2n g

&i® J J @ - P (@) PPy,

- ™®2a a® + pb - 2ap,cos@-@,)

i(oy)
@ - P Py PodPLI®,.

(2.7.33)

While using (2.7.33), one should remember that T is still defined in terms of the
cartesan coordinate components.

In order to define the tangential displacements inside the crack directly in

terms of the prescribed shear loading, equations (2.7.6) and (2.7.7) have to be
rewritten for p<a. They will have a smilar form, with a difference only in the
limits of integration, namely,

1 ” dx g Tn+1(p0)p8+2dp0
u_(p) = 2G,p™ =
1 1 J 2 2(X2 _ p2)1/2 J (X2 _ pg)uz

® dx *2nx* - (2n + 1)pi _
2n+2(X2 _ p2)1/2 J (X2 _ pg)llz T-n+l(p0)p0 de

+ ZGzpn+1J
X

261 P X2n+2dX 2 Tn+1(p0) dpo
+ — .
pn 1 J (p2 _ X2)1/2 J po(pg _ X2)1/2

2G, P dx “onp? - @n + D)X _ ©) d
L - T (p)) dpy,
o™ J 02 - D" J o2 — D" 1\Po) AP
for n=0,1,2, ... (2.7.34)

1 B dx § T-n+1(p0)p8dp0
u_n+l(p) = 2G,p J X2 — p2)1/2 J

(< - P
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0

) dx “(2n - DX - 2np? _ ]
+ 2G,p J 20C — D J - )~ T ..(P)Py dpy
0

261 P in-de 2 T-n+1(p0) de
+
pn-l J (p2 _ X2)1/2 J pg-Z(pS _ X2)1/2

2G, P 2 g 2 (@2n - DpE - 2nX®
+ = D T (po) dpy,
D 1 J (p2 _ X2)1/2 J po(pg _ X2)1/2 n+1\F0 0

for n=1,2,3, .. (2.7.35)
The first two terms in (2.7.34) and (2.7.35) represent the displacement inside the
crack due to the shear traction outside, while the remaning terms give the
displacement caused by the shear tractions inside.  Substitution of (2.7.23) in
(2.7.34) yields, after integration with respect to p,,

(P) 2G.o"t i dx : Tn+1(t)tn+2dt
u.p)=-5p e
1 J P22 — p2)1/2 J oC - t2)1/2

n+l

0

- ZGzpn+1J

G T_n+l(t)t”dt

dx “onx® - @2n + DE? _
X p2)1/2 J

2n+2 (Xz _

2G, P2y a 1 (py) dp,

n+l

+ — ~
pn 1 J (p2 _ X2)1/2 J po(pg _ X2)1/2

2G, P x®dx “onp? - @n + DX _ 0 d
L - T (p) dp,
o™ J 02 - D" J o2 — D" 1\Po) AP

(2.7.36)
Transform the third term in (2.7.36) by using (2.7.25). The procedure is as
follows:
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261 P X2n+2dX 2 Tn+1(p0) dpo
p™ J (p* - x)¥ J poo; — XY

28 P e P ey,
™ DJ P ©° - X"(p5 - A"
a Tn+l(p0) dp, P W22y 0
+ ———————————
[ pg J (p2 _ X2)1/2(pg _ X2)1/2D
p
2G, Pt (P dpy (ppy) ™™ 2dx
= pn+1 DJ pg J) X2n+2(X2 _ p2)1/2(X2 _ pg 172
a -l-n+1(p0) dpo Y (pp0)2n+2dx D
+ - +.
[ pg [ X2n 2(X2 _ p2)1/2(X2 _ pg)UZD
p Po

1] i dx : -[n+1(p0)p8-'-2dp0
2Glp DJ X2n+2(X2 _ p2)1/2 J (X2 _ p2)1/2
©

n+2

a ax 1 (po)po dpoD
(2.7.37)

n+l
+ +
[ X2n 2(X2 _ p2)1/2 J (X2 _ pg)llz D
p

An analogous transformation of the last term in (2.7.36) leads to the identity

-n+1

2G, P x®dx “onp? - @n + DX _ ©) d
o n T ..(P p
o™ J 02 - D" J o2 — D" o) GPo
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0 ® dx 3 2nx® - (2n + 1)p0 _
= 2G,p DJ EZ(E — p2)1/2 J oC - po) n+l(po)po dp,
a dx X onx? - (2n + 1)p0 _ 067 d 0 2739
+ nr P p P -
[ X2 2(X2 _ p2)1/2 J (X _ po) n+l 0/~0 OD

Back substitution of (2.7.37) and (2.7.38) in (2.7.36) results in

n+1 ) dx n+1(p0)p0+2dp0
u_ (P = 2Gp J 202 — pd)2 J ¢ - 0 72
p
” 2 dx *2nx* - (2n + 1)pi _
+ 2G,p [ 202 — p2)1/2 J oC - po) n+l(po)po dpy,
i for n=0,1,2, ..., and p<a. (2.7.39)

A similar procedure can be applied to (2.7.35). Substitution of (2.7.23) in
(2.7.35) yields, after an integration with respect to p,,

” dx 2 -[-n+1(t)tn
= -2G
n+l(p) lp J X2n-2(X2 _ p2)1/2 J (X2 _ t2)1/2

a (t) dt

X2n (X2

°°2n—1x—2n
+zezpn-1j( Gl J

a

10 2 _ 2\V2= n+2 n (1]
+ axDJ (@ - O O dt + 5 A

261 P in-de a (po) dpo

n-1

n+l
+
p" e - X" J prAPE - X))
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2G, P gy 2 (2n - 1p2 - 2nx* _
t n (Py) dp
D 1 J (p2 _ X2)1/2 J po(pg _ X2)1/2 T .1\Po 0

(2.7.40)
The following identities may be established by using the procedures identical to
those used for deriving (2.7.37) and (2.7.38)

2G, Y 22l n+1(p0) dp,
™ | (0" - ) J po (o = X"
= 2G n1[] . dx : n+1(p0)p0 4
= 1p DJ X2n-2(X2 _ p2)1/2 J (X _ po) p0
) dx C TPy
2.7.41
+ J in-z(xz _ p2)1/2 J —(X po)llz dpOD ( )
p
2G, p 22y & @2n - 1)p§ - 2nx? _
ot 7 (0o dp
p 1 J (p2 _ X2)1/2 po(pg _ X2)1/2 n+1 0. 0

n1[] (2n - 1)X2 - 2np2 n+1(po)po
p n X ——
2 DJ X2 (Xz _ p2)1/2 J (X — po)

R j Gl el —””(pc’)po g (2.7.42)
! X2n(X2 _ p2)1/2 (X _ p0)1/2 D

The back substitution of (2.7.41) and (2.7.42) in (2.7.40) yields

? x (PP,

( ) 2G dx n+l

p) = p" -

u .. 1 J P2 — p2)1/2 J oC - po)
Y

5 dpg
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®(@2n - 1% - 2np? X Em (Po)Py dpg
+ ZGszD ( 2 2) 21/2p 12—21/2 + Bn(a2 - pZ)UZD
Dp x(x* - p?) ¢ - pg) O
(2.7.43)
Here
B, = a'2”'1J t"(a® - YT (1) - @n + D(GJG)r_ (1] dt. (2.7.44)

Formulae (2.7.39), (2.7.43), and (2.7.44) give the tangentia displacement of the
crack faces in terms of the prescribed shear tractions. Note that the displacement
vanishes outside the crack. The complex tangential displacement u can be
represented in terms of its harmonics as

0

up.® = 2u ™+ Ju  (p)e ™, (2.7.45)

n=0 n=1

where u. and u . ae defined by (2.7.39) and (2.7.44). The summation will

be performed for the terms containing G, and G, separately. Substitution of
(2.7.39) in (2.7.45) and summation of the terms with G, gives

G, an * MopdX @) dx X T(Pe@y) Pedny A
p
Here we should change the order of integration according to the scheme
a X a a p a
[ de dp, = [ deJ dx + J deJ dx. (2.7.47)
p p Po p

Integration with respect to x in (2.7.46) can be performed as in (1.1.23), and
yields

2n g

31
01 . amO0
J J OR tan RO DT(po,cpo) PP AW, (2.7.48)
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where R and n(x) are defined by (2.2.14) and (1.1.6) respectively. We recal
that, according to our convention, the abbreviation n stands for n(a). Summation
of the terms with G, in (2.7.39) and (2.7.43) is dlightly more complicated, but

generaly it reduces to the series

> nd = Z_
- 1-2

The result of summation is

G, (Mag - ANEpYX g dx
T J e d(poJ (X2 _ p2)1/2

Y

%

“0  digpe ° sin@ — @) O T(po®) podog
J ST - 0a -0 5 -
(2.7.49)
Here Z:(ppolxz)ei(w&, and C is a complex conjugate of . The integral in

(2.7.49), though looking formidable, is a perfect differential and can be computed
as indefinite

7w U1+ [

Moo, o) dx O digpe ® sin(@ - @) O
J ¢ - % (€ - D" ¢ X1 -0 -9

. -igy
) 2 -
L™ 4 den, AP S0~ @) o
aR ORO xg@-09@1-29

(2.7.50)
It is noteworthy, that (2.7.50) can be considered as a generaization of the

integral representation for g%R% given by (2.5.7). Indeed, such a representation
can be obtained from (2.7.50) by taking a definite integral, namely,

0

2i o _
) & PA(ppx, -q) dx [ digpe ® sin(p - @) O
WH[(DO,D)(

5 01+ 0=-L

m X = )" ¢ - p)" g X¥L-9L -9 g oR

By changing the order of integration in (2.7.49) and integrating with respect to
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X, according to (2.7.50), we obtain

21'[ -
= H 09 g0, 2'pe Sn - “’0)” ak

where t is defined by (1.4.41). The remaning step is the summation of B,
(2.7.44), with the result

G, g € G @ -D W 5
T[_aZJJD 1 -0 _51 1 - 17 Drlpopo(po

(2.7.52)
Finaly, the summation of (2.7.48), (2.7.51) and (2.7.52) leads to
G gy G, 3-1n
_ 1 1 1@[D 2 =
u(p.9) = — JJ R ¥R & 21 - 1 Dr(po,%) PodPad,
G, [ 09 ,,+M0, niaq) te' ] [
— 1 — T
M J J OR " ROY 20 - na - 5 O Po®) Podeede
(2.7.53)

Since the normal tractions vanish in the plane z=0, the normal displacement
w will be defined by (2.7.4) as

T2 PPy PodPod®,

w(p,® = Ha DJ - :
pd® — pe

which is equivalent to the following series representation

Y

D0 ”
J T (py) Py dp,

w(p,p) = 2mHa DZD
no L]
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in® D n+1(p0) n+1(po)
- ™" —— dp, + dp , for p<a;
D J po 0 J pO 0
p
(2.7.54)
()9 .
w(p,¢) = 2mHa DZD Ut (o) p2dp,
oo e o
’ 1 ] - n+1(p0) []
+ T_(Py) P dpg 0~ e"%p" J dp, O for p=a.
p P -
(2.7.55)

By substituting formulae (2.7.23) and (2.7.27) in (2754) and (2.7.55), and

performing the summation and integration, we obtain

. DD 2n g (a2 _ pg)l/z (00 @) L
w = Ha BJJ a(l—t)llz q PaP,d®P,
GZ 2n a D 1 D ) o~ i(po D
" Ga J J - o2 @ TR tleede T dp d%g for p<a;
and
D 2n g (a2 _ p ) 1 _ ¢ '[(p ,(po)
2 0 1EP'( ) 0
=g Ha b dp,d
Tt a g J a(l _ ij — a)1/2D q po po (Po
2n g
iz D; 1Da(1 _ t) _1 gnt 2@
G, J J Oa1 - Ep - a)”ZD a p
poe-i © a)1/2 i " .
p (az - 92)1/2 1(Py®,) € = dp,de,[] for p>a.
2 o 0 0
ga’(1 - t) U =
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Exercise 2.7
1. Uniform shear tractions 1=1,, where 1, is a complex constant, are applied

antisymmetrically inside a penny-shaped crack of radius a. Find the tangential
displacements of the crack faces.

Answer: u = 21[(G? - GY)IG](a> - p)"2

2. In the example above find the shear tractions in the plane z=0 outside the
crack.

O a4 . G,a%™? O
Answer: T(p.g) = S[Fsin ([_3) T - T G - D TOS

3. Subject to the conditions of the first example, find the normal displacement
w in the plane z=0.

Answer: w(p,q) = T[HO(pDSOe'“p + (GzlGl)?oei‘pS for p<a;
w(p,q) = 2H0(Daoe'“p + (GzlGl)?Oé‘p%sin'l(%) - %(p2 - az)ﬂzg for p=a.

2.8 Inverse crack problem in elasticity

The wusually considered elastic crack problems assume that the stress
distribution on the crack faces is known, and the crack opening displacements are
to be determined. Investigation of materials with rigid inclusions leads to another
formulation of the crack problem, namely, the displacements are prescribed on the
crack faces, and the stress distribution is to be determined. The problem so
formulated is called the inverse crack problem. We shall consider two types of
problem: the case of a smooth rigid incluson (norma displacements are
prescribed, tangential stresses vanish) is called the inverse crack problem of type
.  The second type corresponds to the case when the normal stress is equa to
zero over the plane z=0, and the antisymmetric tangentia displacements are
prescribed inside the crack. The stress distribution is to be determined in each
case. Strictly speaking, the inverse crack problem does not belong to the class
of the mixed problems, and its exact solution is known for a general crack.
We show below how some specific results can be obtained by the new method.

Smooth rigid inclusion problem. Consider a penny-shaped crack of radius
a in a transversely isotropic space. Let the crack be opened by a rigid smooth
inclusion. The crack opening displacements are prescribed as
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=
I

w(p,9), for z = 07, O<p<a;

w = -w(p,p), for z =0, O<p<a;
Due to symmetry, the problem can be reduced to the one of a half-space, with

the boundary conditions at the plane z=0

w = w(p,p), for p<a, 0<@<2rt,
w = 0, for p>a, O<@<2r,
T =0, for O<p<oo, O<@<2m (2.8.1)

The general relationship between the crack opening displacement w and the
applied pressure o was established in (2.4.19), and in this case may be written
as

a X

dx PodP  HR
w(p.@) = 4H[ C - )~ J oZ - P LDXZ S’(po’q’)-
0
p

(2.8.2
Since in our case the displacement w is known, and o is unknown, we can
interpret (2.8.2) as an integral equation. It can be solved exactly. The first
operator to be applied is

d [ _pd a0
oy = J - 57 o0

with the result

t a

PodP
2T[HJ (,[2_0—[302)1/2 LETO%(IDO,CP) = _L(t)% J F%d%m L%%V(p,([’)
©

(2.8.3)
The next operator to be applied is

The fina result reads
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y a
- 1 [ t dt
o) = - = wyj(y—t)m ()dtJ = e,

(2.8.4)
Formula (2.8.4) is valid inside the crack only. The normal traction outside the
crack can be expressed directly in terms of the prescribed crack opening
displacement due to the relationship between the normal stresses inside and
outside the crack (2.4.17), which in this case takes the form

a

2 _ 22
o(p,p) = - 7 _Zaz)ﬂz J (a . —yy)2 L%S}(y,(p)y dy, for p>a.

p
(2.8.5)
Substitution of (2.8.4) in (2.8.5) yields, after integration with respect to v,
_ L(l/p) ZB/Z .
a(p.9) PR - D7 J %‘ qu gj
a
Pdp
di,;yd [ 222 N
xdt%L(t ot J (p5 - t)? me,%v(po’(p)m
Integration by parts in the last expression leads to
a a
Podp
_ L(Up) xdx P N |
olp.g) = A3t J P G J T e
(2.8.6)
Expression (2.8.6) can aso be represented in the form
£(1Up) d ) xdx 2 d " Podpo (1
oP.Y = - PHp dp J o - D7 LX) J P LETO%/(PO,CP)-
(2.8.7)

Comparison of (2.8.7) and (2.8.4) indicates that the stress outside the crack can
be represented in amost the same form as the stress inside, with the only
difference in the upper limit of the first integral. By using the rule (1.3.9) and
the condition w(a,@)=0, expression (2.8.6) can be rewritten as
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a a

_ 1 dx PodPg
o(p.9) = 2n J 0 - P J o - D" dp Dpo m)pcBV(po’(p)D

(2.8.8)
Interchange of the order of integration and integration by parts yields
00 LopY Wee®) Podpda,
opP = - —
ATPH J J [p* + p5 — 2ppcos(o-@y)] ¥
(2.8.9)
The last expression can aso be rewritten as
00 1 (1 Meo®) ek,
opP = - —-
4TCH J J [0® + p; — 2ppcos(@-@y)] "
(2.8.10)

Here A is the two-dimensiona Laplace operator. It will be shown later that
formula (2.8.10) is of general nature: it is vaid for an arbitrarily shaped flat
crack al over the plane z=0.

We can also express some integral characteristics in terms of the crack
opening displacement. The resultant force P is defined by

2n g

P = J J o(p,9) pdpde. (2.8.11)

Substitution of (2.8.4) in (2.8.11) leads to

2n a a

- __1 xdx d w(p,@)p dp
"= H J de J (a2 - x2)1/2 dx J (p2 _ X2)1/2' (2.8.12)

Integration by parts in (2.8.12) yields yet another representation

) 2n a a
=42 dx w(p.@)p dp

P=—7|d . 2813
T[ZH J (p J (a2 _ X2)3/2 J (p2 _ X2)1/2 ( )

Several additional forms can be obtained by integration in (2.8.13) with respect
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to X, and a consequent use of various integral representations for the complete
eliptic integrals (see Exercise 2.8.2).

One can aso evaluate the resultant moment of the traction exerted by the
rigid inclusion. Introducing the complex moment M:MX+iMy, we can deduce

2n g

M = —iJ J a(p,9)e®? dpdo. (2.8.14)

Substitution of (2.8.4) in (2.8.14) yields

2n a a
: 3
_ iQ X“dx d w(p,p) dp
M= o J é% dg J ToOT i J T (2.8.15)
Yet another representation can be obtained from (2.8.15) (see Exercise 2.8.3).

Example. It is of interest to consider a general case where the
displacements can be presented as an expansion

wip,) = (@ - p)"2D w,p"e"™ (2.8.16)

n=-co

Substitution of (2.8.16) in (2.8.4) and (2.8.7) yields

0

1 F(n| + 3/2)

- I @
o(p.Q) = 2% T+ D wp"e™  for p<a.
® 2|n|+3 in@
a3 ¢ )
=1 ) 3 3nr 2 &Y
oP.) = - 5 a9 Fp 5k SHnk 0 for p>a.

(2.8.17)
The Gauss hypergeometric function can be expressed in terms of elementary
functions (Bateman and Erdélyi, 1955)

@ 3.5 .,0_(D'@+2n dA1-0" 0 _ AL, 17
FQ’ St S+, ZD (1 - )% dZnD 7 % 0z 0 sin \/Z%

(2.8.18)
The traction in (2.8.17) becomes singular when p-a’. Using integration by
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parts in (2.8.6), the singular and nonsingular parts can be separated as follows:

1 i 220+ |
0(p,(p) = - 2T[Hn=_°° |n|+1 ij p 1/2 - F _+|n| +|n| _%\/ n(P
(2.8.19)
which yields the stress intensity factor as
_ |n| m(p
w, a 2.8.20
“ 2\/2T[HZ ( )

The hypergeometric function in (2.8.19) can be expressed in elementary functions:

a1, 3. n2n+1fd”mgl—z)””2 1 5]
FEZ’ 2+|n|, 2+|n|, = (-1 Vi - ¢( o' 7 sin \/ZD

(2.8.22)
The total force P and the tilting moment M can be determined from (2.8.12)
and (2.8.15) respectively

Tia’

P =20 Yo
_ . 3m’
M= Tem s
Inverse crack problem of type Il. Let the tangential displacements be

prescribed on the crack faces

u = u(p,), for p<a z =0

-u(p,), for p<a z=0. (2.8.22)

u

It is required to find the shear stress distribution in the plane z=0. Due to
antisymmetry, the problem can be reduced to that of a half-space, subjected to
the boundary conditions:

u = u(p9), for p<a, O<@<2rT,
u =0, for p=a, O<@<2rT,
o = 0, for O<p<oo, O<@<2m (2.8.23)

The relationship between the tangential displacement u and the shear traction T
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was established in (2.7.39) and (2.7.43). Since in the inverse problems u is
known, and T is to be determined, we should treat these expressions as a set of

integral equations to be solved for the two unknowns T, and T ., Assume

the solution in the form

p
n+1(p) G fn+1(p) +G E n+1(p) n+1J ?_n_,_l(X)XndXS for n= 01 1, 2.

fra(X) ( )
Ta(P) = G, e (P) + G, Enﬂ(p) +2np"™ J 1 D +C.p"t, for n=1,2,3...

(2.8.24)
Here f is an as yet unknown complex function and C, is an as yet unknown
complex constant.  Substitution of (2.8.24) in equation (2.7.39) and subsequent
integration results in

a n+2

N g a(P)PT 7
Upen(p) = 2(G2-G)p J S J e (28.25)
0
P

from which the value of f,; can be found as

2 df dx d [ Una(Po) doy
)= TGO )| 2 (2529
Substitution of (2.8.24) in equation (2.7.43) gives, after simplification
a x
TRCRE R T e e J “(”(p")p‘j)‘)’ 0. 20,0 (a )
° (2.8.27)

Here D, is a complex constant defined by

i d
Dn:Gz%nGJd_ZJ n+1(p)p P
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a

¥ 2nGZJ t () ;p? cosh'l(%) dp+B thg,c YT (2.8.28)

0 1 2r(n+1/2)

Now the purpose of introducing the constant C_  in (2.8.24) becomes clear: we
can choose C, so that D, vanish. In this case expresson (2.8.27) can be
inverted, with the result

P a

2 d in_ldX d u-n+1(po) dpo

foniP) === =| = (2.8.29)
! T0(G2 - Go)p dpJ (pz—xz)“ZdXJ P (pi-x)"?

We can substitute (2.8.26) and (2.8.29) in (2.8.28) in order to find the value of
the as yet unknown constant C_, from the condition D ,=0. The mathematical

transformations involved are cumbersome though elementary. Some of the
integrals are presented below.

a

J Ups2(P) p”'ldpg

Xfm(p)p .1 [2n+ifUmld_ Jr()
J J - n(G’i—G%)DZnJ T 227 T(n+172)

(2.8.30)
a = a
f(0)p"cosh™@) dp = nr(n) . (0) p™do. 2831
J ()P0’ Q) dp = B U ()67 (2:831)
Substitution of (2.8.24) in (2.7.44) gives the following expression for B,
a D GZ
1 2
- J 020G, (@) + 51~ (20 + D52 (P)
a ] 1
P -
2nG G2
—p—J ) X =20(20+ ) 2 J F )dxt(a - 0% “2pdp
(2.8.32)

The following integrals need to be computed
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J fea(P)P"(@° - p°)dp = - Gzl_ & vn rér(]n”; ﬂZ)J U, (P)p"dp (2.8.33)
1 2

J G ) o Eunljzl))J Una(P)P™dp (28.34)
1 2

Q

p a

J (- pz)”z%gj Fan (OXdx= G'i‘l_ G) Era(vnn—r_wf/nz))J Upa(P)P™dp

a

YOIy ()"l (2.8.35)
r(n) O
; 1,2 212 ; frea(X) 1 @Znﬂa Un1(P)
J P~ (@ -p) dpJ N dx‘n(e’;‘—eg) [J2n J o dp -
_ a\/T_'[r n nly ]
J—Lzr(nﬂ,z)J Una(PIP™ P (2:8.36)

Substitution of (2.8.33-2.8.36) in (2.8.32) yields

a

VIir(n+1

1 mr(n+1 + = -
] MJ Ua(P) 1dp+61ﬁ+1,—2)2J Gres()0™ D

B =—s—— =2
" ma®(Gi-G3) 0" 2 T(n-112)

GZf Upa(P) . [ ~ Gy vAT(n)
_ 2n 22 Yn+l N 2_vmlh(n
(2n+1)a _61J e 9 Cog 3 (ne 1 (2.8.37)

Substitution of (2.8.30), (2.8.31) and (2.8.37) in (2.8.28) gives a fairly simple
formula for C_, namely,
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(2.8.38)

PAG-G)T(n) =

4G, (n+3/2) j‘ﬁm(p) dp
p

The problem, in principle, is now solved but a certain simplification is possible
due to the following integral:

Jp n+1(X) 2 D ’

1 dx
T (G -G EPZ”J (p*—x)"*

2n+1jl Un1(Po) APy ] vl (n + 3/2)J n+1(p) dpD

el (2.8.39)
Po (P5 - X)ﬂZD M(n+1) p™ ]

Note that the last term in (2.8.39) will cancel C, when substituted in (2.8.24).
Finaly, formulae (2.8.26), (2.8.29) and (2.8.38) lead to

Tn+1(p) ==

p
2 _H6yar ™ax df (e doy
T(G1-G) ™ dpJ (p*-x)" dXJ pg' (P =)™

a —
G,pn-d L XMdx_ d [ Unea(Po)dRg
2 dp @ZHJ (p X2)1/2 dXJ pFCIJ-Z(pS _ X2)1/2

for p<a, n=0,1,2,... (2.8.40)

P a
o (p) =2 [B1d [ X*tdx_ d [ Unn(Po) dpg
" rE-G) dpJ (p°=x)" de Po (P =)™

Y a —
+GZ d dx d[Jant1 Un.1(Po)dP, N
i dPJ (p* =X dx J pg (P~

for p<a, n=1,23,... (2.8.41)

Expressions (2.8.40) and (2.8.41) are valid inside the crack only. In order to
express the shear traction outside the crack, we recall formulae (2.7.23) and
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(2.7.27) which relate one to the other. Substitution of (2.8.41) in (2.7.27) alows
us to compute

_4G,I(n+312)
4G -G5) I'(n)

J wa(P) p'dp (2.8.42)

Finally, substitution of (2.8.40-2.8.42) in (2.7.23) yields

a a
1 (p) —_ 2 [ﬁl E X2n+3 dx E Un+1(po) dpo
" m(GI-G) [ dpJ (=) dXJ po (P5=x)"*

X2)1/2 dx prgz( pg _ X2)1/2D

for p>a, n=0,1,2,.. (2.8.43)

a —
EE 2n-1dX d u-n+1(po)dpo []

a a
o (p) =2 [B1d [ xX*tdx_ d [ UYnn(Po) dpg
™ e dpJ (p°=x)" de Po (P =)™

a a —
+GZ d dx d[Jont1 Un.1(Po)dP, N
" dPJ (p®—x) 2 dx J pd' (pp—x) Y2

for p>a, n=1,23, .. (2.8.44)

Formulae (2.8.43) and (2.8.44) can be used to define the stress intensity factor
directly in terms of the tangential displacements prescribed inside the crack. We
recall that the stress intensity factor was given by (2.7.31). By using the
properties

P
d f(x)dx [L_ f(&@)
"m%p i J(p R0 V2a

a

d J (ﬂ&:_ﬂnmJﬂ)_ (2.8.45)

lim— )
P2 2, L (@%-pH)"*

p-adP
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the appropriate harmonics of the stress intensity factor can be written as

K .=— a lim @1un+1(p) + Gza-n+1(p) H
n+1 T[(Gi—Gg)\/z_ap_'aD (a2_p2)1/2 D

k —_ a | @1u-n+1(p) + Gzan+1(p) []
-n+1 T[(Gi—Gg)\/z_ap_'aD (a2_p2)1/2 D

Their summation can be performed in an elementary manner, to give finaly

a . B9+ G %(p, 9]
nG;-GyV2a, U (a®-pH)"” O

k(@) = - (2.8.46)

The simple expression (2.8.46) for the stress intensity factor will be very useful
in the investigation of crack interaction since it is much easier to solve the
integral equation involved in terms of the displacements than in terms of the
stresses which are singular at the crack boundary. Expression (2.8.46) can be
made more symmetric by introduction of the polar displacements

uP=u +iu,=e¢'?u, and smilar shear taction T®=1,+it,=e'%.  The
corresponding stress intensity factor K® will take the form

kP = _ a im @1u(p)(p’ @)+ Gzﬁ(”)(p, (p)D

— | 2.8.47
NG-Gvzap W0 (@-p)% L (2847

Note that k® is proportiona to the combination k,+ik; of the second and the
third mode stress intensity factors.

Summation of (2.8.40-2.8.41) and (2.8.43-2.8.44) leads to another simple
result

__ 1 u o[ [ U4
oy nZ(G’;‘—Gg)%;lAJ J L ds+GA J J hdsH (2.8.48)
S S

It will be shown further, that the last expression is vaid not just for a
penny-shaped crack, but for a general flat crack al over the plane z=0.

Exercise 2.8

1. The crack opening displacement w is prescribed by expression
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w=w,(a® - p?)", with w,=const. Find the norma stress distribution ¢ in the
plane z=0.

Answer:  a=wy/(4H), for p<a;

Wo [ a

=" {a2- )™

-5 n'l(%)g for p>a

2. Prove that the total force P exerted by an inclusion can be defined by

2t a a

_ 1 2 2\ w(p,Ppdp
P_TIZHJ d(PJ (a”-x) dXJ @-p) (=2

Hint: use (2.8.13)
3. Prove that the tilting moment M can be defined by
21t a a

: . 20ma2 o2
M :_#J é(pd(PJ X(;s;aixz)zs)/(z)dxj Eggp_’()?g;jﬁz

Hint: integrate (2.8.15) by parts.



