INTRODUCTION

A short survey of methods for solving mixed boundary value problems of
potential theory is given, and some of their limitations are pointed out. The
necessity for developing a new method is justified. A concise description of
each chapter is given for the reader’s convenience.

Various applications of potential theory in electrostatics, heat transfer,
elasticity, diffusion, and other branches of engineering science are well known,
and have attracted significant attention of scientists like Laplace, Poisson, Green,
Beltrami, Kirchhoff, Lord Kelvin, Hobson, and others who made a significant
contribution to the field during past centuries. The boundary value problems
with mixed conditions are the most difficult to solve, and, a the same time,
they are among the most important in various engineering applications. Recall
the celebrated problem of an electrified circular disc. It is next to impossible
even to name every scientist who solved the problem by one method or another.
We can specify two categories of methods. The first one requires construction
of the Green's function, after which each particular solution can be presented in
guadratures. The second category encompasses various integral transform methods.
Let us briefly discuss both categories.

Hobson (1899) has constructed the Green’'s function for a circular disc and
a spherical bowl using a method due to Sommerfeld. He has used toroida
coordinates 1, g, @ (in our notation), which are related to the cartesian x, y, and
z as follows:

_ _asinht_cosp y = asinht_sing ;= asino
cosht - coso '’ cosht - coso '’ cosht — coso

Here a is the disc radius. The potential function V a the point (To,oo,cpo)
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external to the disc, which on the disc takes the values v(t,¢), can be expressed

. 0 (1 + cosht) cos(o,/2)
V(T,0,@) = p~ L[ E?aR[coshz(O(IZ) - sin2(00/2)]1/2

, 1 - coszoo)”2 0

+ — tan? @ dS, 0.1
= (cosha + cosoo)ﬂzg v(t.®) 0.1

where R is the distance between the points (To,oo,cpo) and (t,0,9), and a is
defined by cosha = COShTOCOShT - sinhtosinht cos(cp—cpo). The practical value of

expression (0.1) is quite limited, since there seems to be no way to evaluate the
integral involved, even in the simplest case when v(t,p) is constant. Hobson had
to use a very ingenious method in order to find the potential function for
v=const and v=px, p=const. On the other hand, it turns out that the integral in
(0.2) is computable in elementary functions for any polynomia v (in Cartesian
coordinates). This was one of the reasons that prompted the author to look for
an aternative approach, which would be as general as (0.1), and, on the other
hand, would allow elementary and straightforward computation of the integrals
involved.

Consideration of the mathematically equivalent problem of a circular punch
pressed against an elastic half-space leads to the integral equation (Galin, 1953)

& o(p,9)
o) = HJ J o pdo 00, 02)

Here a is the punch radius, H is an elastic constant, w is the normal
displacement under the punch (a known function), o stands for the pressure
exerted by the punch (an unknown function), and R is the distance between the
points (p,) and (po,cpo). Leonov (1953) has obtained a closed form exact

solution of integral equation (0.2) by a very ingenious method. His result reads
in our notation

O 2 w(p,®)
oW = - D&H =— pdode,
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2n

a (P, P ) 0
2 [ (R _ guROo%
+2 J J = - ' (Q)g— podpod(pog (0.3)

Here n=[(a™p*)(a®p2)]"/a and A is the two-dimensional Laplace operator. One

can oObserve the same handicap in (0.3): difficulty to evauate the integrals
directly, even in the simplest case when w is constant. Again, it is clear that
the integrals are computable in elementary functions for any prescribed polynomial
displacement. This indicates a gap in our knowledge which needs to be filled.

The integra transform method, involving dua integral equations, was
originated, probably by Weber (1873) and Beltrami (1881), and continued by
Busbridge (1938) and others. Significant achievements in the systematic
application of the method to various problems belong to Sneddon. The reader is
referred to the books by Sneddon (1951, 1966) and Ufliand (1967) for additional
references. Some quite remarkable results were obtained by Ufliand (1977).
Despite this success, it has aways been the author’'s conviction that our use of
integral transforms generaly indicates our inability to solve problems directly. To
this end, two illustrative examples are presented.

Here is how the problem of a circular disc, charged to a potentia
v, =const, is solved by the dua integral equation method. It is necessary to find

a harmonic function V, vanishing at infinity, and subjected to the mixed
boundary conditions on the plane z=0:

- : ov _
V = Vo for p<a; 5 - 0, for p>a. (0.9)

The solution is presented in the form

0

V(p.2) = J ADE®I (tp) % | (0.5)

Here J_ is the Bessdl function of zero order, and A(t) is the as yet unknown

function which should be chosen to satisfy (0.4). Substitution of the boundary
conditions (0.4) in (0.5) leads to the dua integral equations
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0

J A(t)JO(tp) % =V, for O<p<a;

0

J A(I(tp)dt = 0, for p>a. (0.6)

By using the discontinuous Weber-Schafheitlin integrals, one can deduce that
A(t) = 2 vsin(at). 0.7)
T O

The solution (0.5) can now be rewritten as

0

V(p.2) = % VOJ g“sin(at) J (tp) % . for 20, 0.8)

and the charge density o over the disc is given by

0

o(p) = T—[cz’ J 3(tp) sin(at) dt. (0.9)

<

Both integrals (0.8) and (0.9) are computable in elementary functions. For
example, the last integral yields

\

o0 =

(0.10)

There seems to be a discrepancy between the simplicity of the final result and
the apparatus used to obtain it. The general idea, that an elementary result
should be obtained by elementary means, calls for a search for a new and
elementary approach.

The second example comes from consideration of the simplest case of a
penny-shaped crack of radius a, subjected to axisymmetric pressure p(p). The
corresponding potential function f can be found in (Kassir and Sih, 1975) as
follows:
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0

f(p.2) = J AS) Ips) exp(-2) £, (0.12)
where
A9 = - % J sinst dt J(TZ% | (0.12)

The user has to substitute the explicit expression for p in (0.12), and to evauate
two consecutive integrals. The result is to be substituted in (0.11), and an
infinite integral with Bessel function is to be evaluated. It seems natura to try
to spare one integration by substituting (0.12) in (0.11), changing the order of
integration and evaluating the integral (Gradshtein and Ryzhik, 1963, formula
6.752.1):

0

J sinst J (ps) exp(-s2) df = sint Iz% , (0.13)

where the notation
1
L) = Sl + H* + 217 + [ - H* + 21 (0.14)
was introduced. Formulae (0.11) and (0.12) can be combined to give

og) = - L [ st dt i 0.15
(0D = - J o J(tz — (0.15)

Note that expression (0.15) contains no trace of the integral transform, and thus
gives us a hint that a direct and elementary solution is indeed possible. For
example, in the case of a uniform loading, p=const.,, and the potentia function
(0.15) will take the form:

a

Hp2) = - % J t s‘n‘llz% dt. (0.16)
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The integra in (0.16), though looking formidable due to (0.14), can be evaluated
in elementary functions, namely,

_ 2 2. 1,8 2 212 2 22 ]
Hp.2) = - Zp_%zaz + 22 - pAsin ('_2) +1,0° - 1) - 22 - 1)
(0.17)

Here the abbreviations I1 and I2 stand for Il(a) and I2(a) respectively, with I2
defined by (0.14), and

L0 = e + 07 + A - [(p - ? + A3, (0.18)

One can show that arbitrary polynomial loading in (0.15) will lead to an
elementary expression for the potential function, and thus to an elementary
complete solution.

The situation can now be summarized. The Green's function approach is
the most general, the main impediment being the inability of direct derivation of
results which were usually constructed due to some ingenious considerations. By
contrast, the integral transform method allows a straightforward derivation of the
results, but it is the least general, since each particular problem has to be solved
from beginning to the end. The method is best suited to axisymmetric problems.
In the general case, separate solutions have to be obtained for each harmonic.
Non-axisymmetric problems involving various interactions (several arbitrarily
located charged discs, interaction of punches and cracks, etc) are extremely
difficult to solve by the integra transform method. A new method has to be
found which would be as general as the Green’s function method, and, at the
same time, it has to be elementary and straightforward, with no integra
transforms or special function expansions involved.

When one problem has been solved by a complicated method, it is often
possible to find another method to solve the same problem more simply. The
new method would have been of little value if al it could do were to solve
more easily the aready solved problems. The main advantage of the new
method presented here is its ability to solve non-axisymmetric problems as easily
as axisymmetric ones, which in turn opens up new horizons, and allows us to
solve some problems which were not even considered before, namely, the
analytical treatment of nonclassical domains, and the solution to various interaction
problems.

The general description of the method is given in Chapter 1. It starts
with a derivation of the basic integral representation for the reciprocal of the
distance between two points, followed by severa generaizations. A closed form
exact solution is given to the non-axisymmetric mixed problem of potential theory
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for a half-space, with Dirichlet conditions prescribed inside a circle, and Neumann
conditions given on the outside, and vice-versa. Some integrals, which are of
fundamental value to the method, are evaluated in elementary functions.

Chapter 2 is devoted to the mixed boundary value problems of an elastic
half-space.  The general solution is expressed in terms of three harmonic
functions. A classification of interna and external mixed problems of type | and
type Il is introduced. The problems of the first type are characterized by mixed
conditions with respect to norma parameters (the pressure and normal
displacement), with the shear stress prescribed all over the boundary. These
problems are solved for a non-homogeneous half-space, with the elasticity modulus
assumed to be a power function of the depth. The case when the boundary
conditions are mixed with respect to tangential displacements and stresses, with
the normal stress being prescribed all over the boundary, is classified as the type
Il problem. Each type is considered separately. Exact closed form solution and
various examples of punch and crack problems are presented.

The problem is called mixed-mixed when the boundary conditions are mixed
with respect to both norma and tangential parameters. This kind of problem is
the most difficult to solve due to the coupling of the governing integra
equations, which can no longer be solved separately. The axisymmetric and
non-axisymmetric internal and external problems are considered in Chapter 3.
The exact solution is given in terms of Fourier series expansions. A flat punch,
bonded to a transversely isotropic elastic half-space and subjected to general
loading is considered in detail. The interaction of exterior loading with the
punch is also investigated.

While the problems solved in Chapter 2 deal primarily with the stresses and
displacements in the plane z=0, the complete solution to various crack problems
is the subject of Chapter 4. The solution is called complete, when explicit
expressions for the field of stresses and displacements is defined in the whole
space. The cases of a penny-shaped crack under arbitrary norma and tangential
loadings are considered separately. Explicit expressions are derived for al the
Green's functions involved. All the results are given in terms of elementary
functions. These solutions enable us to solve more complicated problems of
interaction of a penny-shaped crack and an exterior load. A set of non-singular
governing integral equations is derived for the interaction between coplanar
circular cracks, subjected to normal pressure and shear loading. An approximate
analytical solution is presented for the case of a flat crack of genera shape,
subjected to a uniform pressure or a uniform shear. The solution is exact for
an dlipse, and is expected to be satisfactory for a wide variety of shapes. A
comparison is made with various numerical results, available in the literature, and
a very good accuracy is established in many cases. The method is less accurate
for domains with sharp angles and the aspect ratio far away from unity.

13



14 INTRODUCTION

A genera solution in terms of one harmonic function is given in Chapter 5
to the problem of a smooth punch, penetrating a transversely isotropic elastic
half-space.  The main potential function and al the Green's functions are
expressed in terms of elementary functions for a circular punch of arbitrary
profile. It is shown that the complete solution is also presentable in elementary
functions for a general polynomia profilee The knowledge of a complete
solution, combined with the reciprocal theorem, enables us to solve more
complicated problems of interaction of exterior loadings with punches, and the
interaction between punches. The general method is applied to the anaytical
treatment of nonclassical contact problems. Again, the solution is exact for an
eliptical punch, and is expected to be satisfactory for a punch of arbitrary
planform. The cases of a flat centraly and noncentrally loaded punch, and the
case of a curved punch are considered in detail. An extensive comparison is
made with the numerical results, available in the literature. As it was in the
case of crack problems, the agreement is quite satisfactory, except for the
domains with sharp angles and the aspect ratio far away from unity. An
analytical solution is given to the problem of a non-smooth punch, subjected to
normal and shear loading, with the Coulomb friction law assumed between the
punch base and the elastic half-space.

The best way to master a new method is through the exercises. Each
chapter contains a certain number of them, the majority of exercises are supplied
with an answer, a hint or a complete solution. The reader is encouraged to do
them al. The transformations involved are elementary, though sometimes very
non-trivial, and require some ingenuity.



CHAPTER 1

DESCRIPTION OF THE NEW METHOD

Some integra representations, which are of fundamental value to the
method, are derived. An exact closed form solution is given to the mixed
boundary value problem of potentia theory for a half-space, with a circular line
of division of boundary conditions.

1.1 Integra representation for the reciprocal
of the distance between two points

The author has decided to start with a derivation of a new integra
representation for the reciprocal of the distance between two points located in the
plane z=0 since this quantity is very important in potential theory. Here we
repeat the derivation leading to such a representation, as it was given in
(Fabrikant 1971€). Consider the expression

1 1
RM 2 2 a2 (1.13)
(P + p3 - 2pp,COSO ~ )

where u is a constant and -1<u<l. The standard expansion of (1.1.1) in Fourier
series will take the form

2n

1 ” ein(«o-«oo) J e—inLleqJ
R1+u 2T[ u
( p* + py — 2pp cosy)*)?
®  in(e-g) 2
_Se _ 2in + (1 + w/?] @EF(l U 1+ U el ).
“ompr TIL + Wil T(n + D0~ 2 2 o

(1.1.2)

15
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Here F stands for the Gauss hypergeometric function. By using another integral
representation

1+ u 1+ u

F(2,n+ 2,n+1;z)
1
_ 2r(n + 1) t2n+u(1 _ t2)-(1+u)/2 it
Mn + (1 + u/2] T[1 - (1 + u)/2 J (1 — 722 ’
expression (1.1.2) can be transformed into
o min(eg.p)
in(¢-9y) 2n+u
R}"“ = 1_21 cos % ?pp % J X dx (1.1.3)
e 0 2 22 2, (W2
40" - A% - X)
[
Summation in (1.1.3) finaly gives
1 _ 1
R™ +
( p* + p5 — 2ppcos(e — @)
X2 u
min(eg.p) )\(p_po’ (p_(po) X"ax
= 1_21 cos % J : (2.1.49)
+u)/
Ho? — A5 — A
[
Here the notation was introduced
1 - K
AkW) = (1.1.5)

1+ k* - 2k cosp

After one cumbersome derivation is finished, we can aways find a way to do it
much simpler. Indeed, if we introduce a new variable

nx) = [(p* - XA)E; - XINYx, (1.1.6)

expression (1.1.4) may be rewritten as
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1 _ 2 Tu n_dn
el cos 3 J o (1.1.7)

The integra in (1.1.7) can be evaluated by using formula (3.241.4) from
(Gradshtein and Ryzhik, 1963), thus proving the identity. Note that parameter n
will be used throughout the book aso for the case when x>max(p,p0), and

expression (1.1.6) in this case is interpreted as

N = (¢ - )¢ - pg) "

One can deduce from (1.1.7) that in the particular case when u=0, the
integral in (1.1.4) can be evaluated as indefinite, and we have a very important
representation

2

A dx
(oo %)

(p2 _ X2)1/2(p§ _ X2)1/2 - R

. _1ﬁp2 _ XZ)UZ(pS _ )(2)1/2D
tan 0

= 5 (1.1.8)

All the results above are related to the distance between two points in the
plane z=0. We need to generalize them to represent

1 1
+uU = +U . (119)
Re™  [p° + p5 — 2ppcosigq) + Z]4”

One can observe that representation (1.1.4) remains valid if we formaly substitute
p and P, by arbitrary quantities I1 and I2. We need to choose them so that

p° + p2 - 2pp cos(e-@) + Z =17 +1- 21 1 cos(¢—). (1.1.10)
This leads to two equations
|2

2+ 12=p"+ pb + 7 11, = pp, (1.1.11)

The solution will take the form

(0,02 = 3[(p + p)* + 21" — o - p)* + A3, (1.112)

17
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(0,02 = 3lp + p)* + 21" + [0 - p)* + A3, (1L113)
Hereafter the following abbreviations will be used:

L) =1 (xp2, LX) =1(xp2), (1.1.14)

|, = 1.(ap2), |, = 1 (ap2). (1.1.15)

Note the limiting properties

Iimll(x) = min(x,p), Iimlz(x) = max(X,p). (1.1.16)
z-0 z-0

In view of the properties above, the representation (1.1.4) can be generalized

1 _ 1
Ry™ [p° + pp — 2pp,Cos(¢—@) + Z]

(1+u)/2

2

ANE—, 0-) X'dx

l(py) pp0
2 Tiu
= = e : 1.1.17
ﬂmZJ{Mw—ﬂm@—ﬂWM (247
Formula (1.1.17) simplifies when u=0
R, [p® + p5 = 2ppcosi¢-g) + 217
X2
o Mag 0@) o
- (1.1.18)

2
HJ {I15p,) - XM5py) - ¥

Again, one can notice that the integral in (1.1.18) may be evaluated as indefinite

2
AC=, ¢-q) dx
PPy~ PR LU CAR S I ECA RS M
= - =— tan .

hmw—ﬂmW—ﬂW R, R,
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(1.1.19)
The last representation is very important and will be widely used throughout the
book.

Another series of useful formulae can be obtained from those above by a
simple change of variables, namely,

PP,
AN—, dx
z @) L D¢ = eI - e
= - tan- ’
[ (¢ = 15D - )" R, R,
(1.1.20)
1 _ 1
R [0° + p5 - 2opcosigg) + Z]W°
PP,
. Nz ¢@) x'dx
— 2 coSs E [ 5 > 2 2 (2+u)2 1 (1121)
T 20 ADE = TeIIDE = 1(p )l
2 o
1 L
R [p°+ ¢} - 2pp cos(¢-¢) + 21"
PP,
) - Az ¢-¢) dx
_ 2 | (1.1.22)
m .zio) (D¢ = 13RI~ (eI
PP,
M—. ¢-¢) dx
2 o . _1ﬁxz _ p2)1/2(X2 _ pg)UZD
J - A - @2 R IQ XR O (12
(0]

The representations above are useful for solving external mixed boundary value
problems.

Several modifications of (1.1.19) are available. For example, we can write
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2
M=, @-@) dx
o~ 7 TR AR S R AC e
= — — tan .

h&—%wm—gwwz R, xR

(1.1.24)
Here

g(x) = x[1 + Zp? - A" (1.1.25)

It is important to notice that the function g(x) is inverse to I1 for x°<p? and is
inverse to 1 for x*>p®Z. Introduction of a new variable x=l(y), y=g(X)
transforms (1.1.24) into

dy

[12y) - y1*° L) .
J 2 NU2p 2 2 A y O
©F - YOIy - o) Cpe, D)

L (o = Y - v

RO yR0

(1.1.26)

A particular case of (1.1.18), when z=0, reads

1 1

R [p® + p3 - 2ppcos(e-@)] ™

X2

min(py,p) )\(p_po’
2

- HJ (p2 _ Xz)l/z(pg _ X2)1/2-

9-g) dx
(1.1.27)

The same result takes another form due to (1.1.22)

pp,
0 ANz Q) dX
(1.1.28)

1._2
R Tt (X2 _ p2)1/2(X2 _ pg)llz

max(pq,p)
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The integral representations of this section can be generalized for a sphere (see
Fabrikant, 1987d), and yet another modification in toroidal coordinates is also
possible.  The book volume limitation does not alow us to go into detail.

Exercise 1.1

1. Prove the identity (n is defined by 1.1.6)
4
dn _

ppe — X

dx - X3I’]
2. Prove the identity (R is defined by the first line of 1.1.27)

x> _ XN dn
)\(ppoa (p_(po) - R2 T r]2 dX.
Hint: use the identity: x* + p°p/x° - 2pp cos(@-@) = R’ + n? and the result

above.

3. Prove the identity

A(% v9) = N O

4. Prove the identities
-0 -a)* =42,  @-D%°"-1)" =1,
(@ - 1" - a)* = (- )% - 1) =

Reminder: I1 and I2 are understood as Il(a,p,z) and Iz(a,p,z) respectively.  Hint:
use (1.1.11)

5. Prove that g(x) is inverse to both I1 and I2, namely, prove that g(ll):a, and
g(l)=a.

6. Prove the identities
ol zl ol Zl
1 _ 1 2 _ 2
0z ~ -2 oz 12 - 2

2
0z |2 2 1
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6I1 aI2 - pI1 p(aZ - |’i) 6I2 pI2 - aI1 p(|§ - aZ)

o -1 -1 o 13- L -1
Hint: use the properties above.

7. Evauate the integral

[15(x) - x"* I (X)x

dx
L%—x?zam—@w Dlwp’m‘wm

L, (g =TI - X
Answer: - EO tan XRO .
Hint: use (1.1.26)

8. Evauate the integral

J d (¢ - 100" Nai oo
¢ = P2 1150 = 13(%)] Eﬂé( x) o0

O = 1500 - py)™”
xR0

Answer: Eo tan
Hint: use (1.1.20)

9. Edtablish the integral representation

mn(po,D)COS[K(pZ _ X2)1/2(pg _ X2)1/2/X + (1‘[\)/2)] 2 R
2 )\DX_ - %(de = £ .
T [(0* = )P = N op, R

Note: try to use this integral representation for solving the Klein-Gordon equation.

1.2 Properties of the r-operators

Introduce the integral L-operator as follows:
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2n =Y

1 c n|.in i n in
L(Kf(Q) = ﬁz K ‘PJ e " f(g)dg = D K" ™ (12.1)

n=-c0 n=-co

Here fn is the n-th Fourier coefficient of the function f. In the case when k<1,
formula (1.2.1) can be rewritten as

2n

L(K)f(p) = = Ak, ¢-9) f(p) do, (1.2.2)
21 0 0 0

where A(LL) is defined by (1.1.5). The r-operator may also be called Poisson
operator, since it was introduced by Poisson for solving the two-dimensional
Dirichlet problem for a circle.
The following properties of the r-operators are valid
ok)ok) = fkk), limg(k)f = f. (1.2.3)
1 2 12 ko1
The proof is elementary, and left to the reader. These properties are widely

used in various transformations throughout this book, and are essentia to the new
method.

Exercise 1.2

1. Prove the identity 2(K)A(m,@)=A(km,@p), for k<l and m<Il.
Hint: use (1.2.3)

2. Evauate the integral

2n

2 7 do > > , for p>p_and r>r .
[p° + Py — 2pp cos(@-@)I[r" + ry — 2rr cos(@-y)] 0 0

2m(p°r* — poro)
(P® - P(r® — rlp°r® + pgro — 2pp,rr cos(@.~w)]

Answer:

3. Evaluate the integral

23
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2n

2 _ oicp 7 , for k<1 and k1<1.
[1 + K* - 2keos(g-@)]'T1 + ki — 2k cos(¢-y)]

2n 0 2Kk?
1+ KK - 2Kk cos((,-) %1 - K¥)?

Answer:

1 - K2 1 - K%
+ +
1+ KK - 2kk cos(p-y) [ - K 1 - k)
4. Evauate the integral

2n

o
2 _ ¥ zdcp 7 , for k<1 and k1<1.
[1 + K - 2keos(g-@)]'T1 + ki — 2k cos(¢-y)]

27T L] kie”'IJ
[1 + KK - 2kk1cos(cp0—qJ)]2 Sl - K

Answer:

i Si (- .

ke ° [21 + K& - ke (1 + K)e' ™) + ke - 3D

+ 213 U

- .
5. Evauate the integral
2n _

. e dp  for k<l and k <L.

[1 + k° = Zkeos(@-@)][1 + ki — 2k cos(¢-y)] !

21 Dkiezw
[1 + KK - 2kk1cos(cp0—qJ)]2 Sl - K

Answer:

okk -i(W-00) 2 K*—3K2 K2 2i(po] K2 219, K2 K23 3K2K2
e T[eTT(k=3k+1) - ke - ke (k" + k-3 - 20
+

- =




1.3 Some further integral representations

1.3 Some further integral representations

An integral representation for z/R; is presented here, for R=[p* + pj -
2pp cos(@-@) + Z]Y2.  Consider the integral:

Po 2 12012 1 (X)X
B i i i xdx [X 1(X)] [t [
'1_904%)W%J & - D7 T - T 0 TR0 (33

The integral (1.3.1) looks cumbersome, and the first impression is that one should
be lucky just to express it in éliptic integrals. It will be shown below that the
integral is quasi-elliptic, and is computable in elementary functions. By using the
rule of differentiation

p p
d 0 fog dx  _ .y Of(x D"'p 0 dx d X[
dp, J e - XY o O x [ OJ (P2 - XY dxOx [
(1.3.2)
the integral (1.3.1) can be rewritten as
Po 2 _ 12,112 | (X)X
dx d - [X° = 13(X)] ()
Il = 2—21/2 —D > ! 2 )\Dll ’ (p_(plj]] (133)
(P — X9) dx[] 1500 - 1500 U 2(X)p0 ot
Introduce a new variable:
('S el (K C IS
J = X )
o d [1500 = X172 [P0 — XP15(%)] (134
j == =- . 3.
dx XI5 = 13091 (5 = x)™?

Let us transform the expression for A:

.0 g_ 0 a 50 - p’pd1309

A Q= Qo= -
[1,(3)p, o0 Lhe, O 15 + 150 - 2pp cos(e-)
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- 150 + PP
1300 + P15 - 2ppcos(e-g) + pH+pgtZ — 150150 + x*-pg

X159 = pgl3(x) B [1509 = 1501 (p5 - X"

AR + [12(q) - x* R2 + j°

(1.3.5)

The substitution of (1.34) and (1.35) in (1.3.3) dlows us to continue the
transformations:

S0 ex d gbf o el -0 p g
1‘J O =T O - R+ P
P
_ 0 dx E sz(pg - X2)1/2 J ]
J (b - ) dx O I5x) - ¥ Ry +j* 0
Po 2 2\32:-
dx d o0 = X)7T 4
=~z TS P e M 22 . v
J (pg = X) dx O x*R5 + j9) O
Y .,
EDO (P5 = X)) o g O
= -7 —_—— —_—
0 0 4R + §?) J iR + i) g
0
° 0 (P = X)i 11 B n oz 139
= -z . =+t s tan = 0= 5 = 3.
0 gXR+i) Rj R Rg 2R
0
Finaly, (1.3.6) alows us to write the required representation:
p 2 _ 120 \112 | (X)X
z _ 2 L(i) d 0 xdx [X 12()] )\Dl( ) (p—(pD 137)
RS, T, P, deJ (5 - XY 150 - B 0,00 T Tl
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The second integral to consider is

a
XZ] 1/2

_ 1 d Xdx [|§(X) - Dp D
.= T, AR g i X - D% 0 - P B 0 (1:38)

0

Make use of the rule of differentiation

a a

d F(p) dp _ F(a)x + J , dp d[F(p)]
(p

dx J (p2 _ X2)1/2 - a(az _ X2)1/2

_ X2)1/2 dpD p D

a

- _ _F@®a | 1J __Pdp__ dpr. (1.3.9)

x(a2 _ X2)1/2 % (p2 _ X2)1/2 %F

Expression (1.3.8) will take the form

(15 - a)"? )ﬁpo -
== , ¢
Y202 - 13 "0 o[]

| =
2 (@ - pY)

dx a iz - X1 PR, .
) [ 0¢ - P dxO%(x) - 12(x) )\DJ';‘(X) % (1.3.10)

0

Introduce a new variable

¢ = p)YX - 121

X

P ES ) s ES VIR H )

T dx (E - pg)ﬂz[lg(x) = 2] (1.3.11)

The expression for A can be presented in the manner, similar to (1.3.5), namely,
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Nui 0 030 = 1eNE - e
mg( X) (P‘(P0D C - |i(X)]1/2 Rg N

(1.3.12)

Substitution of (1.3.11) and (1.3.12) in (1.3.10) yields

(Ig _ a2)1/2 Iﬁp D
| =
2 (@ - pd)"s - 1) D|2 S

) J T G
( po)? dX[Ix* — 15(x)](R: + h?)O

0

i
_ (|2 _ 2) 2 Iﬁp D
@ - G -0 e T

a

J dx d ﬁX po)3/2h
Z —
¢ - pp)

T R + 1) h)D (1.3.13)

0

Integration by parts in (1.3.13) yields

i[ xax  [1500 = XY L .
¢ - pA” 130 - 13(%) m’;‘() 8

(1.3.14)

Here h stands for h(a), as defined by the first expresson of (1.3.11). In the
limiting case, when a- o, expresson (1.3.14) gives yet another representation for
ZIR3, namely,
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z xdx [';(X) - X2]1/2

_ 2 da
Eg ST, ey dp, i (GG R 1 C T 1 6 I 6%

0

p
M= o 99

(1.3.15)
The last expression is useful in external problems, while its equivalent (1.3.6) is
needed in solving internal ones. Since the integra in (1.3.1) was evauated
earlier as indefinite, we may consider its generalization

Po 2 12012 1 (X)x
B i i i xdx [X 1(X)] [t 0]
=70, ) T, J R R N

Make use of the rule of differentiation

d ([ _F@ d _ _ F@x . dp _ d[F@EO
dX (X2 _ p2)1/2 a(X2 _ a2)1/2 (X2 p2)1/2 dpD p D
- __F@a 1 __pp _d
R + XJ TR 3F ) (1.3.17)
Expression (1.3.16) will take the form
2 _ 212 2
o @ RaLEN.
3 (e - @M - 13 tee, T T ol
p 2 _ 12,112 |
ol ) el e (13.18)

* J © - D X0 13x) - 13 DLep, * F o)

By introducing the notation

R .
_zogo, a0

0
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where j(y) is defined according to (1.3.4), expresson (1.3.18) can be rewritten as

2 _ 2 Y 2 _ L\ 2\32
PRI IS VI I B R ='C) RPN
3 a da J (o - y)”? dyd y dy [ -

Integration in (1.3.20) can be performed by parts, with a simple result F(a),
which means establishment of another integral representation

R .
i |j_0 tan'le_DD
RS O R,

Po xdx X - |i(X)]1/2 (X)X

~ []
n 8 J @ T - O e 132

Exercise 1.3
1. Prove that h in (1.3.14) can be defined by any of the expressions
(az _ pg)uz(az _ I'i)llz z(a2 _ pg)uz
h = hia) = a T - D7

[13 = e = 151 (@2 - pd)(2 - o)™
| I '

2 2

2. Prove that j in (1.3.4) can be defined in several equivalent ways:

o (pg _ a)1/2(|2 _ a2)1/2 (pg _ a2)1/2(p2 _ |i)1/2
=@ = 3 = |
1
202 - A (i) — 11™1%p) - 131"
(az _ I'i)llz - |1

3. Egablish (1.3.15)
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1.4 Internal mixed boundary value problem for a half-space

The material in this section follows the paper (Fabrikant, 1986h). Introduce
a set of cylindrica coordinates (p,p,z). Consider the problem of finding a
potential function V, harmonic in the half-space z=0, vanishing at infinity, and
subject to the boundary conditions on the plane z=0

V = v(p,0), for p<a, O<@<2mr

%—\Z/ = 0, for p>a, O<@<2m (1.4.2)
The problem (1.4.1) can be interpreted as an electrostatic one of a charged disc,
with a certain potential prescribed on its surface, or it can be interpreted as an
elastic contact problem of a circular punch pressed against an elastic half-space;
other interpretations are also possible.  We cal the problem internal because the
non-zero conditions are prescribed inside the disc. The potential function V can
be represented through the simple layer as follows:

o ao(po’(po) 2n o 0(p0!(p0)
V(p.92) = J J p,do,do, + J J pdp A0, (14.2)
Here
1 oV
= [p* + P - 2op008(¢-@) + 71, and o = - = >

Substitution of (1.1.18) and (1.1.22) in (1.4.2) yields, after changing the order of
integration

! dx 2 podpo 2
V(p,9,2) = 4J

(P> - x)Y? gJ o2 - g°(¥)]™” @p O(p &

R
o T | &w e “aenes 49

Here the r-operator is defined by (1.21), g is given by (1.1.25), the
abbreviations I1 and I2 are understood as Il(a,p,z) and Iz(a,p,z) respectively; and

the following rule is used for changing the order of integration:
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a 11(pg) I a 00 @ @ 9(¥)

Jdede:de do, Jdpo[dxz[dxjdpo.
o 6o |

2
(14.4)

The rule is illustrated by Fig. 1.4.1, where the domains of integration are shaded.

Fig. 1.4.1 Domains of integration.

Substitution of the boundary condition (1.4.1) in (1.4.3) leads to the
governing integral equation

4 o "% e 145
L= , = V(P,0). 4.
J 0 - D% J o2 - X572 op,[] a(p,®) (X0 (1.4.5)

Expression (1.4.5) is now presented as a sequence of two Abel-type operators and
one cL-operator. We recall that the general Abel integra equation

a

J (yf(y) dy = fx) (L4.6)

_ X2)(1+u)/2

has the solution
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a

F(r) = - 200§(TT[[u/22 % J f(x) xdx (14.7)

(X2 -r 2)(1-U)/2'

Since the variables in the Abel operators of (1.4.5) are interwoven with those of
the r-operator, we need to apply their combination, in order to invert (1.4.5).
The first operator to be applied to both sides of (1.4.5) is

t

%Bo?t J—p—p—(tz _dpz)m L%E (1.4.8)

Here we introduced a dummy parameter { in order to make the parameter of the
£-operator dimensionless, and aso in order to clam it being less that unity
amost everywhere in the interval of integration which is a precondition for usage
of the properties (1.2.3). We cal the parameter ( ’dummy’ because it was
introduced for formal reasons only; it will disappear in the final result, and has
no real bearing on the transformations to follow. Of course, the introduction of
dummy parameter does not rigorously validate our use of the properties (1.2.3).
Such a validation is beyond scope of this book: the author is satisfied by the
fact that the final result everywhere is proven to be correct. In order to make
the intermediate transformations rigorous, one has to prove the theorem stating
that one can use the properties (1.2.3) in the mathematical manipulations with an
expression of the type L(kl)MlL(kz)MzL(k?,)"" where 9 are certain linear

operators, if the product klkzks... is less than unity, thus alowing for any

particular k to be greater than unity. We hope that some readers might be
willing and able to prove the theorem.

The result of application of (1.4.8) to both sides of (1.4.5) is

2 pde, t
0 g _ aod EdE PO
ZT[J (P — )" @ 0%Pe® = L0 J © - P2 ‘0 v(P,®) (1.4.9)

The second operator to be applied to both sides of (1.4.9) is
a

,o0d tdt @0
MDdVJ (2 - yA¥” “‘ap
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with the result
__ 1 [;kmda tdlt ,JZ0d t ee .
oy, = le MD dyJ (t2 _ ) HZD dt J (t 2 E{(p Q).
(1.4.10)

The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (1.4.10)

a

_ L] ®(a,y, dt d (]
o(y.9) = TTZ QJZ_%(P)L - J T A d®en (14.12)
Here
d(tyQ = J(t_p_p_ﬂz dp%) 20 V(p cp)D (14.12)

Note that the dummy parameter ( has disappeared from the fina solution, and
the combined parameter of the r-operator is less than unity, as it should be. In
the future we shal no longer use the dummy parameter explicitly, assuming that
the use of the properties (1.2.3) is justified. Using integration by parts and the
fact that A(k,p) satisfies the two-dimensional Laplace equation in polar
coordinates, the following identity can be established

t

d - [py0]
aPye) = J(t_p_pT Lz g Ave.d), (1.4.13)

where A is the two-dimensional Laplace operator in polar coordinates.
Substitution of (1.4.13) in (1.4.12) leads to another form of solution, namely,

a t

o(y.Q) = - %J_% - J © _dty2)1/2 J(t pd[; )72 EQ{ZY Av(p, (P)D

(1.4.14)
Interchange of the order of integration in (1.4.14) and integration with respect to
t (see (1.1.23)) yields
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[
O(Ya(P) = T_][-Z ﬁ%

2n

CA[ [ @ @ ) g Aview) pdedy J
sz J [afp® + y* - 2pycos(e-y)] “Dl[p* + y* - 2pycos(o-w)] ™[]

(1.4.15)
The solution obtained here consists of two parts: the first part is singular at the
boundary while the second one vanishes at the boundary. In various applications
it is required that the solution be nonsingular at the boundary. The necessary
and sufficient condition then is ®(a,a,9)=0. In elastic contact problems this
condition defines the radius of the contact domain. Notice also that in the case
when v is a two-dimensional harmonic function, the non-trivial solution is
singular.

Now it is of interest to express the potentia V in the half-space directly
through its value v prescribed inside the disc p=a. Substitution of (1.4.10) in
(1.4.3) yields, after subsequent integration

ly a(x)
2 dx Ox* 0O _d rdr
V(P92 = = L Lr)v(r,).
HJ (0 - X" g0 dg(x)J [g°0) - r™
(1.4.16)
Here the following property of the Abel operators was used
a a
dr dr _tft) d  _ 1
J (%7 - %2 er @ - A2 2 f(y). (14.17)
Introduction of a new variable t=g(x), x:Il(t), transforms (1.4.16) into
V(0.0 = di(® Lﬂi(t)g d PR, LoV (1419
P.@2) = = —| =5 LP)V(p..9. 4.
M [p* - 130" EthDdtJ (t* - py OO

By changing the order of integration in (1.4.18), according to the rule
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J F(r)dr % J(Tgﬂg%% - _J f(p)dp d—% J %, (1.4.19)
p

the following expression can be obtained

a

. 0 ; tdl (1) -
V@ma:_ﬁj%Qgﬁiaz—%ﬂmz—@m”L@m$¥%©®d

0

(1.4.20)
The integral in curly brackets can be evaluated using (1.3.14), with the result
1 2n g I:r'
0 ) z
V(p,92) = Z J J EF + tanlﬂz%ag v(p,9) pdp,de.. (1.4.21)
Here
R = [p* + p5 - 2ppcosio-@) + 7%, h = (a® - 1)"(a® - p)*/a.

(1.4.22)
Formulae (1.4.18) and (1.4.21) define the potential function V in the half-space
z>0, expressed directly through its value v prescribed inside the disc p=a, z=0.
Expression (1.4.18) is useful when an explicit evauation of the integras is
possible, while expression (1.4.21) is more convenient for numerical integration.

Note that in the limiting case, when z=0, equation (1.4.21) transforms into
a known result, namely,

V(.0 = v(p,9), for p<a; and
2n
V(p,@0) = (pz_—aZ)ﬂZ a Py BP for p>a
PP e J J @) + 0 - 2opcosieg)l Lo

The solution of the first mixed boundary value problem is completed. The main
results are given by formulae (1.4.10) and (1.4.18).

Consider now another internal problem, characterized by the following mixed
conditions on the boundary z=0:



1.4 Internal mixed boundary value problem for a half-space

%—\Z/ = - 210(p,9), for p<a, and O<@<2rt
V = 0, for p>a, and O<@<2mt (1.4.23)

The problem (1.4.23) can be interpreted as an electrostatic one of a charged disc
p<a inside an infinite grounded diaphragm p>a. Mathematically similar problem
arises in the consideration of a penny-shaped crack subjected to an arbitrary
pressure o.

Substitution of (1.4.23) in (1.4.3) leads to the integra equation, for p>a,

a a p dp
dx e 2 = 00,9
J (p2 _ X2)1/2 J (pg _ X2)1/2 Ij)p

B dx § podpo d) P

+ [ (X2 _ p2)1/2 J (Xz _ pg)ll sz
p

o(p @ = 0. (1.4.24)

Notice that o in the first term of (1.4.24) is known from (1.4.23), while ¢ in
the second term is yet to be determined. By using the integral representations
(2.2.27) and (1.1.28), equation (1.4.24) can be rewritten as

’ dx " podpo d) P
[ 7 _ P2 7 _ P2 sz 0(9 1)
] x* - p9) (X* = po)
& B i 14.25
= _J) C - P J o - pg)ll sz 0(p ). (1.4.25)

Operation on both sides of (1.4.25) by

0

L(t)ij—p—p—(pz_) 50

leads to
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t podpo ﬁJ a pdp ﬁJ
o] 00 o]
P RN T op,® = ~| = 0(p ). (1.4.26)
J(t2 — )™ o7 J @ - ) "
The next operator to apply is
ElD d i tdt
Bow | - o O
and the fina result takes the form
a( - po) 0
o(p®) = - o 4 =50 90,9

2
np’ - a)* J p° - pé

1  a(a® - pg)o(p @) p,dp,de,
e’ - )" J J p° + p; ~ 2ppCOS(0-@)

(1.4.27)

Formula (1.4.27) defines the value of o outside the circle p=a directly through
its value inside. Now o is known al over the plane z=0, and substitution of
(2.4.27) in the second term of (1.4.3) alows us to express the potential function
V directly through the prescribed value of o. The first integration yields

odx * o pydp, DX ]
Vb9 = 4J o J %2 - g oe,0 "Po?
g(
i dx : PydP, d) pOD
i 4J - A" J [0 - pa= ‘T 0 %Pe?: (14.29)
|
2

Here the following integral was employed

Y

ydy - L1 for r<a.
J @ - VY - DY - D) AP - DL - 1)
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(2.4.29)
The first term in (1.4.28) can be transformed by using (1.1.22), in the following
manner:

I a
dx podpo DX 0 5(0.0)
J (p2 _ X2)1/2 gJ [pg _ gz(x)]llz @p 0 o

0

- [ b | X faiica J o(p,0
J P.aR, |(p)(X2 ~ pz)ﬂz[gz(x) ~ o] sz Py ®.
2 o
', 9
d p.dp, P
= 2—X21/2 7 d d)zOD o(p,®
L TP [0 - P30
T AL ﬂ)pOD 1430
+ J oZ - P J (0% - o] sz 0(p ®). (1.4.30)
2
Substitution of (1.4.30) in (1.4.28) yields
|
’ dx 0 podp djp
V(p.92) = 4I (L - J [0 — o1 sz o(p ). (1.4.31)
Introduction of a new variable t=g(x), x:IZ(t), transforms (1.4.31) into
a i) t
Vibe2) = 4J 120 - o1 J(t po)” mﬁ(t)g’(" 9 (142

An interchange of the order of integration in (1.4.32), and integration with
respect to t (see 1.1.20 and exercise 1.1.8), yields
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2n g

V(p,9,2) = 2 1 tan'1DlD o(p.,p) p.dp dp. (1.4.33)
L R mOD ot "o o "o

0

Formulae (1.4.31-33) give three equivalent representations of the potential function
V, the first two being more convenient for explicit evaluation of the integrals
involved, while the third one has some advantages for numerical integration.
Two examples are considered below.

Example 1. Let the potentia prescribed inside the disc be v(p,cp):vnp”cosncp,
Vv _=const. The solution due to (1.4.16) is

V(0.0 v, n + 1 b x®dx
P.92) = =07 cosng
VT p rn + ;) J (P> - xA)Y?
o + 1 (3 -a)” 12 - a°
= vnp”cosncp% - _( i : I F%—n, %; g; 2—2% (1.4.34)
Vi (n + E) 2 12

The hypergeometric function in (1.4.34) can be expressed in elementary functions
(Bateman and Erdelyi, 1955)

l‘ B l‘ § o a - Zn+]J2 d_n Dzn-ﬂz . 150
F(2 n % > Q = K_Lr(n D 4 =< sin \/ZD (1.4.35)

Example 2. Let the charge distribution be prescribed in the form
o(p,cp):onp”cosncp, o =const. The solution is given by (1.4.32)

b
2n+2
V(p,92) = VT I + 1) o pcosng J X~ “dx

r(n + g) (X2 + Z2)n+1
_ 2n+3 2
= yp 0+ 1 o p'cosng % F(n + 1, n + g’; n + 5; - %), (1.4.36)
rn+3 " z" 2 2z
2
where b=(a® - 19", and the hypergeometric function can be expressed in

elementary (Bateman and Erdelyi, 1955)
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3 5 ,n_2n+3 d 01  1+VT _
L M O T v ) @@ 2027 M- % 1%

(1.4.37)

Bibliographical note. The degree of effectiveness of the new approach can
be established by comparison with the results reported in the literature.
Formulae, similar to (1.4.21), can be found in the works of Lord Kelvin.
Heine, Hobson and others. As was mentioned before, their practica use was
quite limited. The equivalent expressions, like (1.4.18), allow us to evauate the
integrals involved in a dtraightforward and elementary manner.  This was
demonstrated by two examples above. The general solution has now become a
working tool, available to anyone with even an undergraduate background in
mathematics.

Copson (1947) was very close to the discovery of the new method. He
established the identity

2n
cosn(@ ~ ) do
[p° + P — 2pp cos(e-)] "

— min(eq,p)
) 4cosn(@, — W) o e

= (ppo)n J (p2 _ X2)1/2(pg _ X2)1/2.

(1.4.38)

Copson has obtained a solution, similar to (1.4.10), in the form of a Fourier
expansion. It remains unclear why he did not perform the summation in (1.4.38)
leading to (1.1.27) which, in a way, is the foundation of the new method.

Galin (1953) obtained the nonsingular part (corresponding to the second term
in (1.4.15) of the genera solution of equation (1.4.5). Leonov (1953) obtained
the closed form complete solution (0.3). Both solutions had the same limitation
as the previous classical solutions. difficulty in practical use.

Another type of solution of equation (1.4.5) can be expressed through the
z-derivative of (1.4.21) for z=0, due to the relationship

o1
o = o7t aZDZ=O' (1439)

The result is
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D 2n g
o(p.g) = %{s ErAJ J L '@ wlp,0) pde,de,
0

a a1l w(p,P,) [
B = d
(@ - p*)* J J C-0a -0 @ - 2 "% ‘PB
_ 1 E{-A a dx ’ pOdpo p
- ™® 0 [ (x2 - p2)1/2 J (X2 _ pg)ll sz Dm(p Q)
p
a ® pdp, PPy 0
a (3.2 _ p2)3/2 J (a2 _ p2)1/2 L(?D CO(pO’(pO)S (1440)
0
where
PP,
t= ?20 e, (1.4.41)

and the overbar everywhere indicates the complex conjugate value. Formula
(1.4.40) corresponds to the solution by Mossakovskii et al. (1985). The
developed apparatus can be used for solving the problem of several charged
coaxial (Fabrikant, 1987e) and arbitrarily located (Fabrikant, 1988a) circular discs.

Exercise 1.4
1. A circular conducting disc is kept at the potential V- Find the potential
function V.
Answer: V(p,2) = Z vsm x( /p) = vsm (—)

2
Hint: use formula (1.4.18)

2. Subject to the conditions of the previous problem, find the charge distribution
o by using formulae (1.4.10) and (1.4.39). Prove that in both cases the result
is the same.

\)
0

le(az _ p2)1/2-

Answer: o =
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3. Solve problems 1 and 2 for V=V pcosp, v = const.

2 . 1.8 a g el
Answer: V(p,9,2) = = v pcospsin () — = V1 - (a/l)
T 1L % I2 L 2 [
2v pcosp
o
(p (P) le( p2)1/2

4. A uniform charge density 0=0 =const is prescribed over a circular disc of

radius a and potential V=0 for p=a and z=0. Find the potential function.

Answer: V(p,2) = 400%a2 - 1) - zsin (I )D

5. Solve the previous problem for the case where o=0 ,PCOSp, 0 =const.
2

Answer: V(p,9,2) = § G, PCOSP % ”ZE‘B ;gg— l;’ zsin (—)D

6. The potential function is given by the expression

2
V(p92) = 3 opeosp e’ ~ 193 - 250~ 2 zn’@) g
2 2

Find the charge distribution on the plane z=0.
Answer: 0 = 0, pcosy, for p=<a;

— i 0 _a B a’0_3 Rl
0= 0,p cosp o7 = a)ﬂzg 2p2D 5 sin T for p>a.

Hint: use (1.4.39).
7. Solve the mixed boundary value problem of potential theory for a sphere.
Hint: see (Fabrikant, 1987i).

1.5 External mixed boundary value problem for a half-space

The materia in this section follows the paper (Fabrikant, 1986f). The
problem is caled external when non-zero boundary conditions are prescribed
outside the disc. As in the previous section, we consider two types of problem.
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Problem 1. It is necessary to find a function, harmonic in the half-space
z>0, vanishing at infinity, and subject to the mixed boundary conditions on the
plane z=0, namely,

%_\Z/DZ:O = 0, for p<a, O0<@<2rt

V=v(p,0), for p=a, O<@<2m (1.5.1)

The problem (1.5.1) can be interpreted as an electrostatic one of a charged
digphragm, or as an externa elastic contact problem. The potential V is
presented through a simple layer distribution (1.4.3). Substitution of the boundary
conditions (1.5.1) in (1.4.3) leads to the governing integra equation

’ dx " podpo dj P B 155
4[ C - )~ J 0C - pg)y sz 0(p @) = Vv(p.9). (1.5.2)

Its solution is obtained in exactly the same manner as that of (1.4.5), and is

P R A dp
0(p1(p) = - _'_[2i D-é% J (p2 )id);2)1/2 L(XZ) dEX J (p _ 1/2 I:ll%(p (p)
0

(1.5.3)
The rules of differentiation (1.3.2) and (1.3.9) alow us to rewrite (1.5.3) as
follows

_ D ( Q P ax 9 ]
oP.9) = - T—[zg 0 - D7 J > - D7 a—XX(X,P,CP)S (154)
where
"% 0 0
X(x.p.@) = XJ @ - A" ap .0 0 VPP (15.5)

The following transformation can now be performed:
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=) dp
Kl _ 2 0 0
aXX(X!p!(p) - OX%J (pg _ X2)1/2 (LV) D

w dp
= J ﬁ () + p V)’ = 2(£p )]
0

= pd
Jao B R F R e

0

Here, for the sake of brevity, the primes (") indicate the partia derivatives with
respect to p,, L stands for L(leppo), VEv(pO,cp), and the following identity was

used

Since

its addition to and subtraction from (1.5.6) yields

= pdp,

— %;Av - (AL)VS (L5.7)

0 -
3P = J & -7

where A is the two-dimensional Laplace operator in polar coordinates. Since A
is a harmonic function, Az=0, and (1.5.7) simplifies to

= pdp,

LAV. 15.8
(PG — ' (59

x(xp.0) = J o

Substitution of (1.5.8) in (1.5.4) yields
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P @ d
Da” P,aP,

o(p.@ = - T_llz 0 — a9)”2 + J 0 ijx 272 J 0 - X)1/2 ) g&V(p (P)D
0

(1.5.9
It should be noticed that the first term in (1.5.9) becomes singular when p-a,
while the second term vanishes at the edge of the disc. In the case of v being
a harmonic function, the second term in (1.5.9) vanishes, and the solution is
represented by the first term only. Further integration with respect to x becomes
possible in (1.5.9), after changing the order of integration and using (1.1.8). The
result is

1O
= - 10 x@p9
o(p.9) nzg( T

LT Avieye) pdede, L e - aes -y O

tan
ZWJ J [p° + P — 2ppcos(e-@)"®  alp® + py — 2pp cos(@-¢)]"

(1.5.10)
Solutions, like (1.5.3) and (1.5.9), are appropriate for use when an exact
evaluation of the integrals is possible, while the solution in the form (1.5.10) has
some advantages when numerical integration is to be employed.

Now we can express the potential function V directly through its boundary
value v. Since 0=0 inside the circle p=a, the potentia function (1.4.3) takes
the form

T oox % pde, dap
09 = 4] | @ - wEg e
2 (1.5.11)
Substitution of (1.5.3) in (1.5.11) yields, after the first integration,
V( _ 2 ) MD o P L
o) = - 3 G S e | G s e
2 (1.5.12)

Here the properties of the r-operators (1.2.3) were used, along with the following
identity, valid for the Abel-type operators
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p X
J ©F - D" ijxxz)uz d% J % = g f(p)- (15.13)

Introduction of a new variable y=g(x), x:IZ(y), in (1.5.12), dlows us to rewrite
(1.5.12)

Voo = - 2 - di00a (" P £ Y0y
p.¢z) = - = W~ | T =m L YR,
ﬂﬂm)—ﬂ” DPDWJ(%—WW Lo Lo
(1.5.14)
Interchange of the order of integration in (1.5.14) yields
) p 2
O 0 ydl _(y) (y)
2( 5o d 2 o
V(p,(p,Z) = - - Lem a3 L (p !(p)dp
ﬂ[ﬁMN%J(%—fﬁmM—pWZDp%%O 0
(1.5.15)
Here the general formula was used
i d xf(x)dx — _ _ i d ' pF(p) dp
J F(p)dp dpj oZ - P2 - J f(x) dx dx J oZ - p)2 - (1.5.16)
p

The integral in curly brackets of (1.5.15) can be evaluated, according to (1.3.21),
with the result

2n

[ R .
Zro
V(P92 = T—llz J J EggT + tm'l%% v(p, )P dp d@,. (1.5.17)

Here R is defined by (1.4.22), and

;- XAV - X7

() = . . (1.5.18)

The abbreviation j in (1.5.17) stands for j(a). In the particular case, when z=0,
expression (1.5.17) simplifies to
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2 e v(p,,9) pdp do
1,2 212 070" "0 7070
V(p,(p,O) = = (a - p) )
¢ J J (Po = a)"[p* + p5 — 2pp,CO(P-0)]
for p<a;
V(p.90) = v(p,p), for p=a. (1.5.19)

The general solution is completed. The charge density o is given by the two
equivalent expressions (1.5.3) and (1.5.10), while the potentiad is in the two
fooms (1.5.14) and (1.5.17), the first one being more convenient for exact
evaluation of the integrals involved, while the second is better suited for
numerical integration.

Problem 2. Consider the problem of finding a harmonic function, vanishing
at infinity, and subject to the mixed conditions on the plane z=0

V = 0, for p<a, O<@<2r,

%—\Z/ = - 2rmo(p,p), for p>a,  O=<s@<2m (1.5.20)

The problem may be interpreted as an electrostatic one of a charged infinite
diagphragm, with a grounded disc inside, or as an external crack problem in
elasticity.  Substitution of the boundary conditions (1.5.20) in (1.4.3) leads to the
governing integral equation

P dx : podpo DX 0
J - DO J o2 - X072 @P 0(p )
B dx " podpo dj P
= J C - P J C - P sz 0(p ). (1.5.21)
0

One should notice that o in the second term of (1.5.21) is known from the
boundary condition (1.5.20), while the value of o in the first term is yet to be
determined. The right hand side of (1.5.21) can be transformed, by using
(1.1.27) and (1.1.28):

P a d
= LALEs'du A
J (p2 _ X2)1/2 J (pg _ X2)1/2 Ij)p
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with an immediate result

@ p,dp, e = pde,

J iy =50, ® = - J T Do(p ). (15.22)

Application of the operator

a

d xdx D,D
(p) dp [ (X2 _ p2)1/ DkD
p

to both sides of (1.5.22) gives, after necessary transformations

2 ) (pg _ a2)1/2 R
o) = - J T Hp) oey® pgey for pea

0

(1.5.23)
or, interpreting the c-operator, we obtain

. > = (o — @)o(p,9) pdpde,
o(p.Y = - :
(@ - p°)" J J p* + Py — 2pp COS(¢-)

(1.5.24)

Now the value of o is known al over the plane z=0, and (1.4.3) can be used
in order to express the potential V directly through the prescribed o.
Substitution of (1.5.23) in (1.4.3) yields, after the first integration

| 00 d
! dx P9P, '
V(p,(p,Z) - - 4J (p2 _ X2)1/2 J [pg _ gZ(X)]llz m)p O(p (P)

49
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* 9k d
’ 4[ - ke d)p 0(p @)
1o -0 | g% - el B0
2

The second term in (1.5.25) is equivalent to the second term in (1.4.2), which,
in turn, can be represented by using (1.1.18), as

(1.5.25)

co Il(Po)
[ dx O3 |
4J SJ & — 70 - I e % A

The following scheme of changing the order of integration is enacted

o |1(po) | o ll(w) 0

1

JdeJ dx:deJdpo+[dx Jdpo,
|
1 g(

and the second term in (1.5.25) can be rewritten as

Lo 7 PR peq
4J e* - X% J [05 - 9] @>P 0 oPo?

I 1(°°)
° podpo O [

dx
' 4J (P> - X" gJ 2 - g @,p O(P @)- (1.5.26)

1

Substitution of (1.5.26) in (1.5.25) gives, by virtue of | (x)=p,

p P

_ dx podpo
Viee2) = 4J © - D" gJ [0z - g?(1™

1

DX ]
@p 0 (po,(p). (1.5.27)

Interchange of the order of integration in (1.5.27), and integration with respect to
X, according to (1.1.24), results in
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21'[00

Viewd) = 2| [ L tan’'d) o) pdpdo, (15.28)
TT R R0 o' fo 0 Fo Yo

0

where R0 is defined by (1.4.22), and j stands for j(a), as defined by (1.3.4).

The second problem is now solved. Expression (1.5.24) defines the charge
density o inside a circle directly in terms of its values outside. The potentia V
is given by two equivalent expressions (1.5.27) and (1.5.28), the first one to be
used for exact evaluation of the integrals, while the second has some advantages
in the case of numerical integration. Some specific examples are considered
below.

Example 1. Consider an externad mixed problem with the following
boundary conditions at z=0

V = volp”, for p=a, 0<@<2m

%—\Z/ = 0, for p<a, O<@<2m (1.5.29)
The conditions (1.5.29) correspond to those of Problem 1. The solution is given
by (1.5.14) and (1.5.3). Subdtitution of (1.5.29) in (1.5.14) vyields, after the
integration

0

~ o r(n + 1)/2] dx
Veed = 7 Fm— |

(1.5.30)

2

where g(x) is defined by (1.1.25), and the following integral was employed
(Gradshtein and Ryzhik, 1963)

0

J dp _ Vit T(n/2)

0(p? - DO = o[ + 12 X (1.5.31)

The integral in (1.5.30) can be evaluated in terms of elementary functions for
any integer n, but the procedure is dightly different for even and odd values of
n. For example, for even n=2k, the problem reduces to the evaluation of the
integral
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° 02 - pd)<V2dx
J X2k(X2 _ p2 _ 22)k !
2

which can be evaluated by introduction of a new variable t=x/(x* - p?)Y2 The
final result is

2V Fi(n + 1)/2] SZ A,

\% S— 1 - o2t
PO = F o7 =-2m - 1 [1 -]
* 2Bin Q + T %Q - QY - (@t - QZ”)% (15.32)
where
m-1 _ ki

Ak-m+1 = (m } 1)! d(:]m-l E‘{!z —1r)])kg for r]:O, and r2:1+p2/22;

- 1 d™ O - €' =
Bk-m+l - (m _ 1)| dtm—l |]2k(r2 + t)klj for t—\/1+p /Z,

(1 - 0" LIe® + )% + (5 - &)™
Qo = —|2 y Q = a[(p2 + Z2)1/2 + Z] y
Ql = Ii , Q2 = Ii ’

4> + DY + 4 4> + D - 4
Q, = 2 ., Q, = 7 : (1.5.33)

For the case of an odd n=2k+1, the integration can be performed by using the
substitution t=(x*-p>~z2)*?, and the final result is

Yo TIn + 1)72) o
VP92 = & T O-@em - H@ - 1)™"

k+l ]
+ ZDmEmD
et [

(1.5.34)
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where
1 dk-m D (t + 22)k D

m (k = m)! gt“"O ¢ + p? + )0 for =0,

_ 1 dk+1—m I]t + ZZ)kD
m (k + 1 - m)| dtk+1—m D tk D

for t=—(p°+7’);

™ d™'[ 1 Vt ]

B = - I o @ @ e O e
(1.5.35)
Substitution of (1.5.29) in (1.5.3) yields, after integration
o(p.9) = Vor[(n+l)/2]g - - e - aZ)UZFB_n+1 1 3 132%
' TIS/ZF(nIZ) Daln(pz _ a2)1/2 pn+2 2 11 p2
(1.5.36)

and the Gauss hypergeometric function can be expressed in elementary functions
(Bateman and Erdelyi, 1955), namely, for even n=2k, k=1,23 ..,

1.3 .0_ 1 d Okl + VIO
F% "2 07 W S D

and for odd n=2k+1, k=0,1,2, ...,

3 1 3 .00 VIt d Ot O
Fk+ 3, 35 5 tn= ———= = 7—

(1.5.37)
The charge density distribution, evaluated due to (1.5.36), is non-negative for
n=1, and changes sign when n>2, its negative maximum increases with n, while
the total charge stays at zero.

Example 2. Consider the boundary conditions at z=0
Vo= (v/p) " for p=a, O<q<2m

ov _

3 - 0, for p<a, O<@<2m, (1.5.38)

where v is constant. The solution is given by (1.53) and (1.5.14).
Substitution of (1.5.38) in (1.5.14) yields, after integration
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0

2r 2 n_in
Vpaz) = 2O g J o (15.39

2

The final integration gives

v, kel
Vieos) = 7o "2 4 iL))F(L)(P(n+ R g - %, (1.5.40)

k=1

where Q0 is defined by (1.5.33). Substituting (1.5.38) in (1.5.3), we get, after
integration,

v en?
Nn + 1/2) n
o(p.Q) = ) (e - a)PF

(15.41)

Evidently, expression (1.5.41) can aso be obtained by differentiation of (1.5.40)
with respect to z for z=0.

Example 3. Consider a case related to Problem 2, with the boundary
conditions

V = 0, for p<a, O=<@<2m

(e)
W= o — for p>a, O<@<2r (1.5.42)
p

The solution is given by (1.523) and (1.5.27). Substitution of (1.5.42) in
(1.5.27) yields, after integration using (1.5.31),

Y

V(p.92) = 2/mo, r[(r}(glzj)m] j 0 - xg;(”zg”'l(x)’ (15439

1

where g(x) is defined by (1.1.25). The technique used in the previous example
can be employed here for further integration. The final result depends on the
value of n being even or odd. For even n=2k, k=123, ..., the potentia is
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1)/2
V(p,9,2) = 2\/T[0' jmu DZBlInQ

- 172
k-1 _ I]_)

A ﬁa
™10
+ Z(Z _ 2m1 % a D D

k-1 Bm+1 D
+ 2—lQ - @ - (@ - Rl (15.44)

Here Q, Ql, QZ, Q3, and Q4 are defined by (1.5.33), and

1 dm—l D (t _ ZZ)k-l D

em = (m - DI ™ [p® + Z - )0 for 10,

A

B 1 dm—l D (t2 _ ZZ)k-l D

2 212
Bk.m+1 - (m - D! g™? EZk-z[(pz N Z2)1/2 _ t]kD for t=—(p" + 2)

(1.5.45)
For odd n=2k+1, the result is
_ofln - DAD 6, -G, O
V(p,(p,Z) - F(n/2) Zn-l =1E m - 1 D a D a HmLmD
(1.5.46)
Here
6 =L dU M+ 00 (g g=? + AR
emet— F(m) dt™ OE + 00 ’ !
_1 d™ oMo+ o€lg 2, N2
fema = Fm a2 0 ¢ oo TP
L = ™ d™ I 1BVt(|2 _ )1/2D]] for t=(p2+2)7
m ~ T(m) dt™? Bl/' [T '
(1.5.47)

Example 4. Consider the boundary conditions on the plane z=0:

V = 0, for p<a, O<@<2r,

55
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%_\z/ = - 2T[(on/p”)ei”‘p, for p>a,  O<@<2m (1.5.48)

Substitution of (1.5.48) in (1.5.27) yields, after integration,

or(n - 12 [

V(p.9,2) = 2Vm e ein(FEU’;‘ ST
- Zi (-1 (n) L - (1 - [2a2)3e [ e
) T - k ek - g o ¢ ]g (15.49)

and on the plane z=0

or(n - 12)
V(p,00) = 2vm ————— €"0(p® - a9
F(n)p

The symbol 0O indicates the real pat sign. The charge density is defined,
according to (1.5.23),

onr(n - 1/2) 0 R
- @@ in( _
o9 Vi F(n)p" € DEIL a2 - pz)_yz
+ i ()T (n) Lo (1 o2aa [] e
) T - k ek - g o ¢ e ]S (1.5.50)

A more general case of boundary conditions, namely,

V = 0, for p<a, O<@<2r,
ov _ RPRIAL)
9 - 2T[(ojn/p1)e : for p>a, O<@<2m (1.5.51)

can also be considered, by using the same technique as in the previous examples,
and the final result can aways be expressed in elementary functions. The form
of the result will be different for (j+n) even, and for (j+n) odd. As an
example, the following expression can be obtained by substituting (1.5.51) in
(1.5.23), for the case when j+n=2k
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(o) ] k
_ N g __a 0O _ r(m - 32) [pE™? 1552
o(p.9) J e DEIL @ - 27 a0 % (1.5.52)

and for odd j+n=2k+1

i\/ﬁfgm - 1) [pBE™2
—Ar(m + 1/2) [&[]

zcjn i ' P a
op9) = — €0EN'E) - ———pd -
T[pj D a (a2 _ p2)1/2
(1.5.53)
Expressions (1.5.52) and (1.5.53) represent general formulae which cover all the

particular cases considered in Examples 3 and 4.

The examples above have demonstrated the simplicity of the method. The
generation of the solution is reduced to a straightforward and elementary
procedure.

Exercise 1.5
1. The following boundary conditions are prescribed at z=0

V = volp, for p=a, O<@<2rt

%—\Z/ = 0, for p<a, O<@<2m
Find the potential function and the charge distribution.
2V, (02 + AY2[
A VvV = ———=5 Sn
nswer: V(p,9,2) o+ DT sin DEQP—LIZ O

VvV a
0

o(p.9) = :
Tl2p2(p2 _ a2)1/2
The total charge is equa V-

2. The following boundary conditions are prescribed at z=0
Vo= v0/p2, for p=a, O<@<2rt
v

0z
Find the potential function and the charge distribution.

0, for p<a, O<@<2m
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Vo % (|§ _ p2)1/2
B |

2

Answer: V(p,92) = P

IZ[(pZ + Z2)1/2 + (|§ _ 32)1/2]

VO [ 1 1 p + (p2 _ a2)1/2|j
o(p.g) = ompp? - ad)? b In a ]

3. The following boundary conditions are prescribed at z=0

V = v0/p3, for p=a, O0<@<2r

%—\Z/ = 0, for p<a, O<@<2rm
Find the potential function and the charge distribution.
pnswer: V(o.02) - 24V0 _ 0 2 ) 1%(a® - |i)1/2
v (p* + 2)° Ua® - 15" 2a’

. p2 - 2R Sin_lmpz + 22)1/2DD
2(p° + A)Y? o I,
Note that the potential a the coordinate origin is finite,

V(O,O,O):4v0/(3na3).

2v0(2a2 -
2ap’(0? - a)%%

o(p.g) =
4. The following boundary conditions are prescribed at z=0

Vo= v0/p4, for p=a, O<@<2rt

v _

0z
Find the potential function and the charge distribution.

0, for p<a, O<@<2rmt

namely,
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3v 2
0

_ 22 (|2 _ p2)1/2
Answer: V(p,g,2) = % N N

2(p2 + 22)2 IjDZ + 22 |2 D
2 _ 212 2
- l% - élz_p)BD.,. _ (12 - a?)¥? - /U
2 2 2 2
3 O 1, 00 2p° + 2)& l
227 - 37y LIO°+ D (5 - &)
- 2(p2 + 22)3/2 n a[(p2 + 22)1/2 + Z] ’
The last expression simplifies at z=0:
\") 2 212 20,2 212
0 (@ - p) p(@ - p)
V(p,9,0) = F % - 3 - o O for p=<a;
and V(p,p0) = v0/p4, for p>a. Note that the potential at the coordinate

origin is finite, namely, V(0,0,0)=3v /(8.

Vi 0 382 - o2 2 212
O-(p’(p) — 04 D > p2 T § |n|]) + (p - a )
gmp’ o a(p” - &) p O a

5. The following boundary conditions are prescribed at z=0

V = (v/p) é®  for p=a, O<q<2m

ov _

52 0, for p<a, O<@<2m
Find the potential function.

| ) V1 o (a2 _ Ii)ﬂZD
Answer: V(p,9,2) = ry e % S e—

6. The following boundary conditions are prescribed at z=0

Vo= (v/p) €% for pza, Osq<2rm
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oV
0z
Find the potential function.

v, (a—l)”2 a—l)”2
Answer: V(p,9,2) = 2_pz ezucp % _ 1 % ﬁ 1 D%

7. The following boundary conditions are prescribed at z=0

= 0, for p<a, O<@<2rt

= (V3/p3) e?  for p=a, O<@<2m

oV
0z
Find the potential function.

15v, (@ - |'i)1/2D
) - > Jie -
Answer: V(p,9,2) 20 e %% 3 0

a2 — Il)1/2 a2 — Il)1/2
% ﬁ a 10% ﬁ D%

8. Let the following boundary conditions be prescribed at z=0:

= 0, for p<a, O<@<2m

V = 0, for p<a, O=<@<2m

oV

= = - 2T[00/p2, 0, =const, for p>a, 0O<@<2m
Find the potential function and the charge distribution.
2o, L[(p® + D)+ (1 - )™
Answer: V(p,9,2) = 0 + Z2)1/2 In al(p? + Z2)1/2 + 7 ’
% a ] %
oD = d - @-prn 00 =

9. Let the following boundary conditions be prescribed at z=0:
V = 0, for p<a, O=<@<2m

ov _ _ 3 _
3 2T[00/p, 0, =const, for p>a, O<@<2nt
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Find the potential function and the charge distribution.

40 ﬁ|2 - a)? 2 212
. _ 0 2 _ Z ) _1@[) + Z) M
Answer: V(p.92) = p? + Z [ a (p® + 22)1/2 SN [] |2 ]
200El 0 1 -
Q) = —= sn'E) - —————5 for p<a; 0(0,0) = -20 /(3ma’).
oP® = o ST T @ pmn o p<a 000 0/(3ma’)

10. Let the following boundary conditions be prescribed at z=0:

V = 0, for p<a, O=<@<2m

%—\Z/ = - 2T[00/p4, 0, =const, for p>a, 0O<@<2m
Find the potential function and the charge distribution.
|2
Answer: V(p,9,2) = 27 T 27 %r—(a - 1) - 3z + —22 (15 - a)"?
+ z) D a
2 2\ 1/2 n 2 2\1/2
©* + 7) ap® + D" +4
O-0 — p D O-0
0P = = O - 25Ty 000 = - oo

11. Consider the boundary conditions on the plane z=0:
V = 0, for p<a, O<@<2r,
%_\z/ = - 2r(o /p)e” for p>a,  O<@<2m
Find the potential function and the charge distribution.
Answer: V(p.92) = 21(0 /p) N2 - a)"? - 4,

a(p.9) = (o/p)e’0[1 - al(da® - p)*7.

12. Consider the boundary conditions on the plane z=0:

V = 0, for p<a, O<@<2r,
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%—\Z/ = - 2n(o /p)e’”, for p>a,  O<@<2m
Find the potential function and the charge distribution.

Answer: V(p,9.2) = T(0/p°) (12 - a)" - 2z + 7a® - 1)"a],

2 - o
o0.® = (o) - P =L

13. Consider the boundary conditions on the plane z=0:

V = 0, for p<a, O<@<2r,

%—\Z/ = - 2m(o /p’)e™?, for p>a,  O<@<2m
Find the potential function and the charge distribution.

Answer: V(p,9,2) = 2 e?’i‘pgl2 -a)”? - 2z
: @, 40 2 3

zZ .2 212 ﬁaz - |1)1/2
22 @ - )" -
o
_ 3 3 _ 3a _3@% - pA”? | (@2 - pA*
o(p.Q) = 0 € D% 8 - ) 4a + 8a® [

14. Prove that the total charge QT in Problem 2 (1.5.20) can be expressed

directly in terms of the given charge density o as

21'[00

Q = %J J (P9 C08'1(%) pdpde.

Hint: integrate (1.5.23).
n

15. Solve the problem above in the case when ozoolp.

20T T[(n - 1)/2]
AnSwer: Qr = 1 = 2 ra?
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1.6 Some fundamenta integrals

The integrals are called fundamental because of their primary importance to
the new method, and also because amost all the integra representations, derived
earlier, are just particular cases of the fundamenta ones to be evaluated here.
Consider three points in the system of cylindrical coordinates, namely, M(p,®,2),
Mo(po,cpo,zo), and N(r,p,0). The following notation is introduced:

L0 = 3l + 02+ A - [0 - 17 + A", (16.1)
L0 = 3l + 02+ A + [ - 17 + A (16.2)
1,0 = 30, + 02+ A" - [, - V7 + 2™, (16.3)
L0 = 3l, + 02 + 2" + [, - V7 + 2" (16.4)

According to the earlier convention, I10 stands as an abbreviation for Ilo(a), etc,;
R(CD) denotes the distance between two points.

Consider the following integral:

2n g h
z 1 0
_ a1 [ 0
I1 = J J RN R(N,MO) tan DR(N,MO) Drdrqu : (1.6.5)
where
h =[a® - 15]" [a® - r1Ya (1.6.6)

0

Make use of the integral representation (1.1.23)

h a dl_(x r
1l a0 ° O o % 0

RINMY " BRNM)O ™ J 1200 — P17 02 - 7 i VD

(1.6.7)
where A(GD) is defined by (1.1.5).

The substitution of (1.6.7) in (1.6.5) vyields, after changing the order of
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integration:

- : dlzo(x) X rdr Dpor u Z

= J WNlEn -2 | -7 Er VrORMN

(1.6.8)
By substituting the integral representation (1.3.7),

z _ z

R(MN) — [p* + r* = 2rp cos(e - §) + Z*
r 2 _ g2 12 | (t)t

2 1 d tdt [t Il(t)] Dl D
== 5 = A , Oy (1.6.9)

™ o’ dr J (r* - )Y 15 - 1y 0,0 [l

in (1.6.8), the following result can be obtained, after integration with respect to
y:

o M e d
1 J [ () - pg]1/2 0C — )2 dr J (7 - D%

[ - o™ Lo, 0 10
Z-7 B o (1610

X

Here the following property of the r-operators was used:

£(k) Mk, = A(kk 01, for k, k <1 (1.6.11)

The well known property of the Abel-type operators, namely,

' dr d r f(t) tdt _ m

allows us to simplify (1.6.10) significantly:
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A = eI [ - 15,017 Dll(X)llo(X)
'\ = ZT[J 120 = 120 1200 = 12,(X) )\mz(X)IZO(X) ’ (p_(pogjx'
(1.6.13)

It is noteworthy that the integrand in (1.6.13) is symmetric with respect to the
points M and M, while it did not look so in the origina expression (1.6.5).

The integrand in (1.6.13) is a perfect differential, so that the integral can be
evaluated as indefinite:

[ = 12e01Y [ - 12001Y> (X)IIO(X)
J 2 2 2 2 )\ - D
1500 = 1200 1550 = 15,00 O, (%) o0 @
O.(x) 0,(x)
1 P! 1 12
= _2R1 tan’t 3 + _2R2 tan’t R (1.6.14)

where

Py
I

L= [0* + p5 — 2pposie - @) + (z - )7,

R, = [p" + pg = 2pp,cos(¢ = @) + (z + 2)7""
el(x) = 0(x) + zzole(x) : ez(x) = 0(x) - zzole(x) :

8(x) = [X* - 1Y% [ - 15,00]1Ix. (1.6.15)

Notice that when zO:O, B(x) transforms into h(x) as it is defined by (1.3.11),

and the integral (1.6.14) reduces to the one considered in Exercise 1.1.8.
Correctness of the integral in (1.6.14) can be verified by differentiation. The
algebra involved is not trivial. Here we present some intermediate
transformations:

00 - B(X) [120912,(0) = 12()1%,(X)]
ax x [1500 = 1201 [1%00 — 15091

(1.6.16)

A1) 0 IR0 = Mg 10
m‘ IR 2 R+ ) | R+ &0
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(1.6.17)
Formula (1.6.14) alows us to evauate the integral (1.6.5)
2n g h
z 1 0
1 [ 0
J J R’(M,N) R(NM) ten OR(NM ) o rdrew
_ I Dlgan.lme_lm_ E_D 1%‘“ DZD mn o 0'
" RITROT 2 70 2
1 1
(1.6.18)
Note

where the contractions el and 62 stand for el(a) and ez(a) respectively
Formula (1.6.18) in this case transforms

an important particular case when zO:O.

into:
2n a 2 _ V2 .2 212
Z 1 tan'l N (a r ) (a po) M rdrdw
R3(M,N) R(N.N) O aR(N\N) O
_ 2o a1 [ h OJ
= R(MN) tan D—R(M,NO) 0 for p,<a, (1.6.29)

and the integral vanishes when p2a. Here the point N, has the cylindrical
coordinates (po,cp ,0), and h is defined by (1.4.22).

The second fundamental integral to be considered is:

) 2n g ZO DR(N,l\/lo) . hO 0 rdrdy
l, = J J * T RNM) ORMN)

R3(N,MO) O h,
(1.6.20)

is defined by (1.6.6). Make use of the integral representation for the

where h0
reciprocal distance
RPN U Bl KN o
R(M,N) nJ r* = X" 15x) - 1%x) m(x)r ’ []
(1.6.21)

By substituting (1.6.21) in (1.6.20), the

which is a variation of (1.1.26).
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following expression results, after changing the order of integration:

2n

A5 - X% “ rdr

= 2 s
2 T J o J 1509 = 12(x) o J (r? = x)%
- Il(x)x - z, - R(N,MO) . h0 -
X N3 T0r w0 Wy OR(NM) O 1y + tan RNV O (1.6.22)

We use the integral representation (1.3.14):

2 R(NM) h,
[l + tan® L]

R¥(NM) O hy RINM) O

_ &2 E 2 tdt [IZO(t) a t]llz D Ilo(t) (p l-IJ
r J (t* = )Y 120 - 13,0 Dtl o0 N

(1.6.23)
The substitution of (1.6.23) in (1.6.22) yields, after integration with respect to :

TR - e d e
ol S e

(50 = €12 10910 -
’ I20() = 15() Dl L0l (Ot PR (1.6.24)

We recal another well known property of the Abel operators:

) dr d : f(Htdt  _ 1

Application of (1.6.25) to (1.6.24) yields:

A5 = X2 115,00 - X% l L1 (9
' = 2"J 2x) - 120 153 - 2(x) DI O (x) (p_(pgj
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(1.6.26)
Note certain similarity between (1.6.26) and (1.6.13). The integrand in (1.6.26)
is a perfect differential, and can be evaluated in elementary functions:

[1500 — Y2 [15,00 - X2 l L ()
A5 0 - @ 5 dx
150 = 150 15,0 = 15 " OLeL (%) o ]
= (X =.(x
- % ot ; _ % tan™ ; | (1.6.27)
where R1 and R2 are defined by (1.6.15), and

2,0 = &) + zZ[E(x) , =0 = &) - zZfE(x)
EX) = [1500 = XY 150 - x"Ix (1.6.28)

Again, one can notice that in the case when zO:O, &(x) transforms into j(x) as it

is defined in (1.34), and the integral (1.6.27) coincides with (1.1.26). As
before, correctness of the integration can be verified by differentiation, using
(1.6.17) and the property:

2500 509 (15091500 = 1501500)] Lo
—¢(X) = — , .6.
X X 11300 = 1] [1500 — 15(0)] (629

Finally, the integral (1.6.20) can be evauated as follows:

2t a7 R(N,MO) . hO 0 rdrdy

0 0
JJ RNy 07 h * T RINM) ORMN)

According to our convention, El and 52 denote El(a) and Ez(a) respectively.

Izl O 1
= ?B

0

- tan? d

r\)l,:|
r\)l,:|

0 2o,
0 R, 0 R O

Consider a particular case, when zO:O, and p,>a. Due to the relationship
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2 _ o212 N
@ - 10)Zﬁ(po a) ,forz0 0,

the integral (1.6.30) will take the form:

2n g, 2

(p5 - @)™ rdrdy
J J (@ - r)¥? RM,N) RZ(NO,N)

1 (Ig _ az)uz(pg _ a2)1/2

O
) 5 (1.6.31)

- tan

;Ul.:l

[
, U

r\)l,:|

Here RO:R(M,NO):[p2 + P - 2pp cos(¢-9) + Z]*2.  The integration in (1.6.30)
for zO:O and p,<a yields nz/RO. The case of z=0 can be considered in a
Similar manner.

The integrals evaluated above may be called internal because the domain of

integration was the interior of a disc. We can aso evaluate relevant externa
integrals. For example, consider the integral

| e ! 5 drd 16.32
= tan rar , .0.

3 J J R’(M,N) R(NM) R(N.M) v (1632
where j = (r* - a)'%(15 - a)"a (1.6.33)

The integral representations due to (1.1.26) and (1.3.15), namely,

1 Lo f [15,00 — %% dx dlo(x)
tan = 2 A lJJ

R(N.M) R(N.M) J (r* = XAY15,x) = 13,()] Dp r []

(1.6.34)
R T N 1 (9 B &

3 : =-2 L(r)Q > PNT] 22 7 sz ) (P‘qJD

R (M,N) o dr | (¢ = )™ 130 - 150 DJz(t) N
(1.6.35)

can be substituted in (1.6.32) yielding
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TR0 - e [y - 1 NN
I3 = -4 5 7 dx 2 22 |2 2 O
Izo(X) - |10(X) (t - I‘) Iz(t) 1(t) D]z(t) O
"5 - XY 1500 - X l L1 (9 -
dx. (1.6.36)

- 2"J 1200 = 12 15,00 = 12,(x) )\DI L (%) % 0

This is the integral which was aready evaluated in (1.6.27), so we may write
the final result

2n o« j

z 1 an® 0
JJ R’(M,N) R(NM) on R(N.M)

= I
%%mmg 1_21 B 1%6‘“15@ 1_2130%
(1.6.37)

Comparison with the relevant internal integral (1.6.18) indicates similarity, except
for substitution of © by =.

rdrdy

N |

The second externa integral is

2n o 7 R(N’MO) jO D rdrdl.IJ

| = U7t ,
4 R(NM) O g R(NM) LIR(MN)

(1.6.38)
where j is defined by (1.6.33). Make use of the integral representations (see
0

Exercise 1.1.8 and (1.3.21))

0

1 ) dx ¥ - Ii(x)]” T 0
RMN) ~ 7 J ¢ = ) 1B - 1%x) DI L0 LG

(1.6.39)

z R(N,M)
0 D 0
R¥(NM) O

1 Jo []

* tan RINM)) O

Jo
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r

_ l‘ L(l‘) d J xdx [X2 - Iio(x)]ﬂz Dllo(x)x
(r

[l
r’ dr

2 ) 12(x) - 12(x) )\DZO(X) RS

=

(1.6.40)
Substitution of (1.6.39) and (1.6.40) in (1.6.38) leads to

|
4

T I ¢ ) L0010
nJ 150 = 150 15,0 = 1) 9L (%) w-mogix.

(1.6.41)
This integral was evaluated in (1.6.14), and the final result is

74 DR(N,MO) + ot Iy  rdrdy
“ RNMy D7 1, 7 RNM) DRVMN)

Izl O 1
= ?B

0

-1

o
tanR

1 1 gm 1 e2

2

[
[

r\)l,:|

One can notice the same similarity between the internal (1.6.30) and the external
(1.6.42) integrals. The similarity goes further. By using the property

(1500 = X)(x* = 159) =

we deduce, that for zzo>0,

=0 = &) + 8(x), =0 = &) - 8(x),

0, = 8(x) + &x), 0, = 8(x) - &x).

(1.6.43)
This means that Elzel and 522—62 for zzo>0. In the case when zzo<0, the

relationships change, namely, Elz—el and Ezzez.
Exercise 1.6

Introduce the following points. M(p,9,2), Mo(po,(po,zo), N(r,p,0), No(po,(p ,0),
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P(p,90); as before, R(LI) stands for the distance between two points.

1. Evauate the integra

2n g ZO DR(N,l\/lo) . hO EfdfdllJ
3 + tan , for p>a.
RENM)HO h R(N,M ) [R(P,N)
0] 0 0
X | o In 3 (|§o _ a2)1/2(p2 _ a2)1/2 -
Y RM_P) 02 tan aR(M_P) O]
Hint: use (1.6.30) for z=0.
2. Evaluate the integral above for p<a.
Answer lelR(MO,P).
3. Evaluate the integral
21 . 1 } D(rZ _ a2)1/2(pg _ 32)1/2 D d d
J J RMN) RN O aR(NN) orerew
o _1ﬁpg _ az)uz(lg _ a2)1/2D
ATSIE RNy N 0T aRMN 0
4. Evauate the integral
@ - )Y rdrdy
J J (r* = @)™ R(MN) R¥(N_N)
(az _ |2)1/2(a2 _ p2)1/2
Answer: —-2L U0 _ a0t - > O

R(MN) 02 ' aR(MN) N



