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generalmoreInaccurate.sufficientlynotbutsimpleismethodThissquares.
leastofmethodthebydeterminedwerecoefficientstheHere,properties.

singularprescribedwithfunctionaandcoefficientsunknownwithseriespower
ofsumaofformtheinequationsintegralsingularofsolutionapproximate
ansuggestedHildebrand1941Inimportance.greatofareequationsintegral

singularofsolutionofmethodsapproximateThereforeintegration.numerical
forsuitablenotofteniswhichintegralsingularaofformthehassolution

asuchbecauseresultsnumericalobtaintodifficultisitexist,doessolutionexact
thewhenevenBut(1953).Muskhelishvilibypresentedarekernelboundedand

continuouswithequationintegralFredholmatothemreducingofmethodsand
equationsintegralsingularofsolutionsexactconcerningresultsmainThe

etc.problems,aerofoil
andsingularitiesphysicalorgeometriccontainingmediainproblemsdiffraction

waveanddiffusionfriction,withoutorwithelasticityoftheoryplanetheof
problemscontactplates,elasticinpropagationcrackcuts,containingmedialayered

andmaterialscompositemechanics,rockofproblemsarc,anaroundflowplane
ofproblemsincludeapplicationsSuchelectrostatics.inaswellasmechanics
ofbranchesmanyinapplicationsnumeroushaveequationsintegralSingular

equations.simultaneousofsystemsaswellasequationssingleofsolution
theforapplicableisandpolynomials,orthogonalofpropertiestheusewhich

othersthansimplerismethodThesingularity.offeaturesessentialthepreserve
exactlynotdoessolutionofformthewhencasetheinevenresultsgoodgives

andgeneralmoreissuggestedmethodthethatshowexamplesThecoefficients.
unknownthedeterminetousediscollocationsofmethodThepreserved.

aresolutiontheofsingularitytheoffeaturesessentialthewhichinfunction
abymultipliedcoefficientsundeterminedwithseriespowerofformthein

representedissolutionThesuggested.iskindsecondandfirsttheofequations
integralsingularofsolutionapproximatetheobtainingformethodA



employedbeenhave1965)Ryzhik,and(GradshteinintegralsfollowingtheHere

(7.1.3)).(=)(+

integratingafteryields(1)into(2)solutionofSubstitution

)./(cot=Here

(7.1.2).
)(1)+(1

=)(

formthetaketo(1)ofsolutiontheassumecanone
integrable,butunboundedis1=at)(solutionthewhencasetheIn

1.1intervalthein1953)Muskhelishvili,(seeconditionsnecessary
theallsatisfies)(andbounded,is),(constants,areandHere

(7.1.1)).(=d)(),(+d)(+)(

equationintegralsingulartheconsiderWe

results.numericalgeneratingforavailablemethodsother
theofanythansimplermuchandpolynomialsorthogonaltheofpropertiesthe

usingonetheasaccurateasmethodthemakedifferencesimportanttwoThese
coefficients.unknownofdeterminationtheforusediscollocationofmethod

the(b)andproperties,singularprescribedthewithfunctionaandcoefficients
unknownwithseriespoweraofproductaofformtheinsoughtisequation

integralsingularaofsolutionthesumming,ofinstead(a)namely:points
twoonHildebrandofthatformdifferssectionthisinproposedmethodThe

calculated.betoisfactorintensitystressthewhencasetheinexample
forfailsitandaccuracygoodobtaintocollocationsofpointsmanyrequires

itbutsimplebetoprovedequationintegralsingularaofsolutiontheto1979)
NorrieH.D.Dang,Q.(D.approachelementfiniteThepolynomials.Jacobiand

Chebyshevassuchfunctionsspecialofknowledgegoodarequiresitsince(1941)
Hildebrand’sthancomplicatedmoreisbutaccurateismethodThis(1969).

Erdoganand(1966)Popov(1966),Karpenkoinpropertiespolynomialsorthogonal
theusingbyobtainedwereresultsUseful(1959).Kalandiiaand(1956)Ivanov
indiscussedalsowasequationsintegralsingularofsolutionapproximatetheterms
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tosimplifythenwill(4)Eq.0.=
thereforeandkindfirsttheofequationintegraltherepresents(1)0,=When

(7.1.4).0,1,...,=,=)(+
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integrationafteryields(10)into(2)ofSubstitution
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giving,offunctionlinearais
)(and0=),(wherecasetheconsiderweexample,thisIn

3%.withinresultsexact
thewithagreeresultsThe7.1.1.Tableinshownare1,=1,=wherecase
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determinedwerecoefficientsThe(17).inrepresentedwassolutionapproximateThe
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5%.withinisagreementwhere0.95=ofcollocation
ofpointstheatexcept1%withinsolutionexactthewithagrees(20)using

solutionapproximateotherThe2%.withinisagreementthewhere0.95=
collocationofpointtheatexceptfiguressignificant3tosolutionexactthewith
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theequations,integro-differentialsingularforsolutionapproximateanobtainto
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proposed.proceduretheofconvergence
goodprovesandofcomparisonA7.1.3.Tableinpresentedare

resultsTheprocedure.theofconvergencetheinvestigatetoorderincalculations
theinusedwere20=and10=collocationsofpointsofsetsdifferent

twomethodtheofvaliditytheoncheckpartialaAstime.thisatknown
notisconsiderationunderequationintegralsingulartheofsolutionexactThe
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algebraiclinearofsystemthefromdeterminedwerecoefficientsThe
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formtheinsoughtisequationtheofsolutionapproximateThe

equationsintegralsingularofsolutionApproximate

10.=forsolution=20,=forsolution=collocations,ofpoints=3;Examplein
equationsintegro-differentialsingularofsolutionsapproximatetwoofConvergence7.1.3.Table
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equationsintegro-differentialOne-dimensional7.2.

typePrandtltheofsolutionthetoitappliedandpolynomialsChebyshev
usingmethodasuggestedMulthopp1938inasearlyAsused.commonly
beenhavemethodsapproximatecasessuchinandavailablenotusuallyis

equationstheseofsolutionexactTheetc.problems,airfoilmaterials,composite
instressesproblems,contactelasticaretheseAmongknown.wellaremechanics
ofbranchesvariousinequationsintegro-differentialsingularofApplications

provided.alsoisequations
integro-differentialsingularofsolutionnumericaltheforsubroutineFORTRAN

Aexample.illustrativeanwithalongdiscussedisnonzeroarefunctionunknown
theforconditionsboundarythewhencasethetomethodtheofapplication

Theinvolved.parameterstheofvariationunderinvestigatedismethod
presenttheofaccuracytheandstabilityTheliterature.inavailablepreviously

solutionsthewithaswellassolutionapproximatetheandexactthebetween
madeisComparisonplane.theasmaterialsametheofisdiskthewhencase

particulartheforobtainedissolutionanalyticalExactplane.elasticinfinitean
ininserteddiskaofproblemcontactaofsolutionthetoappliedismethodThe

equations.algebraiclinearofsystemafromdeterminedbetoarecoefficientsThe
interval.theofedgestheatandnearbehaviorsolutionappropriatethecontrols

whichtermspecialabymultipliedcoefficientsunknownwithseriespower
aofsumtheofformtheinsoughtissolutionapproximateTheproposed.is

equationsintegro-differentialsingularofsolutionnumericaltheformethodA

applied.bemust(4)approachgeneralexactmorethe
1,=tocloseverypointstheatnecessaryisaccuracygoodWhencollocations.
ofpointstheofchoicethetorespectwithstablebetoprovedalsomethod

Theengineers.practicingbyeasilyusebecanmethodsimplifiedThe7.1.2).
(Tableneglectedbemayandsmallveryareofrangewideaforcalculated

ofValuesedges.theat0ofsingularityaforasks(22)whereas1=edges
theatofsingularityacontains(17)solutionapproximateThe(22).inwas

itas1,=inboundedbetoissolutionthethatconditionthecontradicts(17)
solutionapproximatetheofformthewhencasetheinevenaccurateareresults

thatnoteworthyisItcollocations.ofpointsof(eleven)numbersmallawith
resultsgoodgivesmethodsimplifiedthethatshow7.1.2and7.1.1Tables
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(7.2.3),)(=)(

formthein(1)ofsolution
approximateanseekmayoneform,generalofpolynomialaispolynomials

orthogonalofcombinationlinearanySinceequations.integro-differentialsingular
ofsolutiontheforpolynomialsorthogonalusetocorrectprovenisIt

(1).equationofoperatorleft-handthedenotesHere

(7.2.2)1).,1()(=)(

follows:aswrittenbemay(1)equation
simplicityFor1.=pointstheattorespectwithsingularitiesweekhave

mayand,andvariablesbothtorespectwithcontinuouskernels,knownare
,functions;differentiableandcontinuousknownare,,,,Here

0.=f(1)=1)(

(7.2.1)1)x(-1)(=d)(´),(+d)(),(+

)d(´)(+)d()(+)(´)(+)()(

equation
integro-differentialsingulartheconsiderWe

accuracy.sacrificingwithoutconsiderablycalculationsthesimplifiesprocedure
aSuchequations.ofsystemtheobtainingformethod)squareleasttheof

(insteadmethodcollocationthesubsequentlyandpolynomialsorthogonalofinstead
formulationseriespowersimplerausessectionthisinproposedmethodThe

coefficients.unknowntheofdeterminationthe
forequationsalgebraiclinearofsystemaobtaintoemployedismethodsquare

leasttheinvestigations,theseIn(1969).Erdoganand(1976),PopovandMorar
bysuggestedwereintegralssingularofevaluationexacttheobtaintopolynomials

JacobiandChebyshevofpropertiestheusingMethods(1979).Ioakimidis
andTheocaris(1975),Krenkbydevelopedwereetc.,Lobatto,Radau,Gauss,

ofrulesintegrationapproximatedifferentofusebyequationsalgebraiclinear
ofsystemstoequationssingularofreductiontheforMethods(1957).Kalandiia
byestablishedwasmethodMulthopp’sofconvergencetheLaterequation.
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(7.2.8)2),3;,+,(
2cos

)4(1=

(7.2.7),)1(=)(

(7.2.6),d´])(1)+(1[=)(´

tan)()2(
cos

=d)(1)+(1=)(

where
(7.2.5)),(+)()(+)()(+

)(1)+(1
1)(2)]tan()()([+)()(=)(

where

)(=)(

yields(1)into(3)ofSubstitution

later.consideredbewill01)(ofcaseThe.function
theofvaluesboundaryzeroprovides(3)formtheinsolutionThefurther.

investigatedissolutiontheofaccuracytheonofvaluetheofinfluenceThe

(7.2.4).tan1=

is
ofvaluethe)=const()/(whencaseparticularthein0.5;<<0.5general,

Indetermined.betocoefficientsareand,)(1)+(1=)(where
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aserrorsquareaveragethedeterminecanOne

(7.2.11).)(=)(

functionerrortheconsiderWeindirectly.solution
theofaccuracytheevaluatetonecessaryisitthereforeandavailablenotusually

issolutionexacttheHowever,known.issolutionexactthewhenevaluated
easilyissolutionsapproximatetheofaccuracyThe

known.arecoefficientsthe
ofvaluesonce(3)equationfromobtainedbecan)(solutionapproximateThe

(7.2.10)).=0,1,...()(=)(

:coefficientstheofdetermination
theforobtainedbewillequationsalgebraiclinear+1ofsystemfollowingthe

hence;pointeveryatidentityanbecomes(5)equationthatsuch,=0,1,...,,
collocationsofpointsofsetappropriateanofchoicetheinvolvessolutionThe

(7.2.9).2=evenfor,
2)+(

)+(

2
=

and
1+2=oddfor0=

yields
(8)equationzero,equalsWhenvanishes.termsecondthesincesimplifies(5)

equation(4),bydefinedisofvaluetheandconst,=)()/(ratiotheWhen
.toequalpowerhighesttheofinpolynomialarepresentsnegative,and

integeranis)(-sincefunction;hypergeometricGaussthedenotesusual,As
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stressthefindtoisproblemtheproperties,elasticand,,,prescribed
For.bydenotedisandbetweenangleTherespectively.,force
theofcomponentstangentialandradialthebeandLetregion.contact
ofcentrethethroughpassesitthatsoaxispolartheorienttoappropriate
isItconstant.aastakenisandcoefficientfrictiontheiswhere),(
=)(valid:isthembetweenrelationshipfollowingtheandexist,both)(

stressestangentialand)(stressesradialnormaltheregioncontactthe
inthatassumedisItdisk.theofcentretheatappliedaremomenttwisting
aandforceA.==disktheofonethetoequalisholethe

ofanglepolarthethatand==thatassumemayonethereforedisplacements;
elastictheasordersametheofbetoassumedis=differenceThe

.ratioPoisson’sandmoduluselasticwith7.2.1)(Fig.planeelasticinfinite
aninradiusofholeaininsertedisdiskThe.ratioPoisson’sand

moduluselasticwithmaterialaofmaderadiusofdiskaConsider

discussed.iscollocationsofpointstheoflocationandof
variationonsolutionapproximatetheofaccuracytheofdependenceThecase.

particularainobtainedisproblemthetosolutionExactproblem.contactplane
atoappliedisdescribedmethodtheHere,

sections.laterinexamplesthroughillustratedbewillparameters
errortheseofutilizationThecases.mostinobtainedissolutionaccuratemore

andmoreameansthatsimultaneously,decreasingare,,parameters
errorthreeallIfparameters.errorseveralintroducetonecessaryisitwhy

isThatsolution.exactdenoteswhere)()(max<)()(max
implynotdoesinequalitythisi.e.,<example,forif,)(solution

anotherthanaccuratemoreis)(solutionapproximateonethatobvious
allatnotisitbutexactissolutionthethatmeans0)(thatobviousisIt

(7.2.14)1).(-1

)(+)(

)|(|max=

aserrorrelativemaximumtheand
(7.2.13)1),(-1)(max=

aserrorabsolutemaximumthe

(7.2.12),)]([=
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(7.2.17),d)(
)+(1

212=

(7.2.16),
+1

)d(=;
+1

)d(=

Here,

(7.2.15).=
+1
2+

+1
1+2

d)(´+1d)(2)(´
2

+1+)(

solved:betoisequation
integro-differentialsingularfollowingtheresults,theirtoAccordingaccuracy.

ofsacrificeswithoutcalculationssimplermuchtoleadshereproposedmethodthe
byproblemthetosolutionthethatshownbewillitHeremethod.polynomial

orthogonaltheby1976)Popov,and(Morar’insolvedwasproblemThis

.2regioncontacttheofsizetheandregioncontacttheindistribution

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

equationsintegro-differentialOne-dimensional

plateaininserteddiskaofproblemcontactPlane7.2.1.Fig.
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cos

)(
2

+)+(11)(=
)+(1

d)(
=

(7.2.20)1],)2+(1+sin)(+

[cos
cos

)(1)(=
+1

d)(
=

follows:asfunctionselementaryinexpressedbecanandparameters
theand(7),and(6),(3),bydeterminedwere,,functionsHere

(7.2.19).....,0,1,=for

,=
+1

2
)2+(+

+1

1
)2

(22+)(+1)(2

)(1)+(1

1)+(2+1tan+
2

+])([

(10):toanalogousequations,algebraic
linearofsystemfollowingthetoleads(15)into(3)solutiontheofSubstitution

1,2.=for,43=,
2

tan=,
2

tan1=

,])+)(1+(1+)+)(1+[(1=,4=

),+)(1+(12=],)+(1+)+(1[4=

])+)(1(1)+)(1[(12=

(7.2.18),d)(
)+(1

2+)(12=
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)(
2)+(

1/2)+(1)+(
2

=d
)+(1

1=

(7.2.23)1),+1(1)(+

)(
2)+(

1/2)+(
2

=d
+1

1=

hold2=evenforand0;==have
we1,+2=oddforhencesimplifiedbealsowill(21)and(20)expressions
the(19),simplificationobviousBesides0.=ifpossiblethenaresimplifications

Certainvanish.will(19)systemtheintermsecondthecasethisIn

(7.2.22).
2

tan1=

assumingbysimplifiedbemay(19)systemThe.torespectwith(20)of
sidesbothofdifferentiationofmeansby(20)fromderivedwas(21)Expression

.
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1
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2
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used:wasrepresentationfollowingtheand1965),Ryzhik,and
(Gradshteinfrom3.228formulausingbycomputedwas(20)inintegralThe

/2.
exceedingnotintegermaximumadenotes/2][and(8),bydeterminedis

/2],2[=]/2,)2+[(1=tan)2+(1=
where

(7.2.21),cos
+1

2+1
)(

+sin
+1

2+1

cos2
)(+1])2+(1+sin)(+

⌡
⌠

⌡
⌠

equationsintegro-differentialOne-dimensional

a
k

klkt
ta
tt

a
a

a
k

kt
ta
tt

ln
ln

a

iatiatta

n
nD

nnmaH

H
aa

aH
a

a
a

amHaa

-2
222

22

-1

1

2

2
+22

-2
22

22

-1

1

2

1-1

22

-1

222

-2
/2]-[2

-2

−Γ
Γ−π√−−√χ

−√π−

−Γ
Γπ√−−√η

χη

δ

π
λγ

π−δ

−

−αδδ

δ
−

δ−

δπ
−π−δ−

























lk
l

l

l

l

lk
l

l

nn

k

m

m
n

m

Σ

Σ

k

l

k

l

=0

-2

=0

-1



(7.2.28),=,=,
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(7.2.27)0.=1)(=(1)),(2+)(´+1=)(

Here

(7.2.26)1).1(),(=d)(

follows:astransformedbecan(15)equation0,=ofcasetheIn

solution.
approximatetheofaccuracytheestimatecanonecase,particularthisfor

solutionexacttheHaving0.=asexactlysolvedbecan(15)equation),=
,=(materialsametheofmadeareplatetheanddiskthewhencase

theinthatnotetoworthwhileisitresults,numericalofpresentationBefore

(19).equationsofsystemtheofdeterminantthezerotoequatingbyobtained
becanvalueItsforce.anyofactionunderexceededbenotcanwhich

anglecriticalthecalledanglecontactmaximumaexiststherethatobvious
isitand,anglecontactgreatertocorrespondsforcegreaterthatobviousisIt

(7.2.25))./(tan=),2+(2=

)2(2=

,2=,+=

follows:ascalculatedeasilybecanparameters
otherall(19),systemthefromcoefficientsofvaluestheobtainingAfter
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,
)+(1

d)(=,
+1

d)(=

parameters:following
theintroduceWecase.generalaforgivenissolutionexacttheHere,

1962).,(Stippes
infoundbecan1=caseparticulartheforsolutionexactAnfunctions.

linearas(32)ininvolvedexponentstheofapproximationtheusingapproximately
constantsthedetermine(1972)TeplyiandPanasiukwhyisThis0.=(1)

conditionthefromdeterminedbetoisparameterThe.ofintegrals
somethroughexpressedbemaytheyhenceand=1,2,3,,constantsother

definetoeasysonotisIt0.=thatfollowsit0,=1)(conditiontheFrom
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integration,afterobtain,we(35),in(31)Substituting
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result:thewithintegrating,andtermappropriateanby(27)
ofpartsbothmultiplying,functiontheofintegralssomethroughdirectly

expresscanwebutcumbersome,is(32)and(33)usingofcalculationDirect
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,d
)+(11

)](tanexp[21=

,d
)+(11

)](tanexp[21
+1

+12=

,d
+1

)](tanexp[2
+1

+121
1

1=

and0,=(1)conditionthefromobtainedwasequationfourththeHere

(7.2.37)0.=++
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)+(1+12

+41
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1,2,3,4:=,constantstheofdeterminationtheforequations
algebraiclinearofsystemfollowingtheobtainand-parameters,theeliminate

canwe(36),and(34)equationsofsystemthetogetherconsideringNow
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equationsof
setthefromdeterminedareandremainingtheand0,==Parameters

(7.2.39).
+1+1

|+11|ln
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+1
12
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1=)(

formthehasand
functionselementaryoftermsinexpressedbecan0=forsolutionexactThe

.
+1

d)(tan)(=
+1

d)(=

haveshallweinstead,more;anyofvaluethedetermine
notdoes(35)equationsoffirstthecasethisforsincevalidnotis(37)

system0,=ofcasetheFor(26).equationtosolutionexactthegive(32)and
((31)expressionswithtogetherand(37),bydeterminedareconstantstheNow
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)](tanexp[21=
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was(which=forsolutionexacttheofmadewascomparisonasolution,
approximateofaccuracytheonofinfluencetheinvestigatetoorderIn

––174.33172.50171.01170.02169.66
–171.2170.0–––169.6

170.18169.95169.79169.73169.69169.66169.66
170.18169.95169.79169.73169.69169.66169.66

0.400.300.200.150.100.050.0

authors
otherbyreportedthosewithmethodapproximateandexactourbyobtained

degrees)(incontactofanglecriticaltheofvaluesofComparison7.2.1.Table

respectively.(1969)Erdoganand
Morar’ofresultstheareandsolution,numericalourofresulttheis
angle,criticaltheofvalueexactthedenoteswhere7.2.1,Tableinpresented

areresultsThe0.=for(40)systemthewithperformedwasprocedure
sameThe0.for(37)systemtheofdeterminantthezerotoequatingby
=forsolutionexactthefromcomputedwerevaluessimilarresults,accurate

moregivesmethodwhichverifyTocontact.ofanglecriticalofvaluethefor
exceptPopov,andMorar’ofthosewithagreementexcellentinareresultsthe

All)./2(tan=(4),toaccordingassuming,outcarriedwerecalculations

All.2.0,1.0,0.5,=)/(0.3,==involved:parametersofvaluesfollowing
theusingmadewerecalculationsthe(1976),PopovandMorar’reported

thosewithmethodourbyobtainedresultsnumericalthecomparetoorderIn
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equationfollowingtheexampleanasconsiderWe

(7.2.43))/2}.+(+)/2({)(=)(

useshouldwe)(ofinsteaddifference:oneonlythewith
(10),equationsofsystemsametheofsolutionthetoleads(1)insubstitution

itsandexactly,(41)conditionsboundarythesatisfies(42)solutionThe

.
2
1<<

2
1,)(1)+(1=)(

with

(7.2.42))/2,+(+)/2(+)(=)(

formtheinsolutionapproximateanforlookcanWe

(7.2.41).=(1),=1)(

conditions:boundaryfollowingthewith(1),equationintegro-differential
singularofcasetheconsiderweHere

(4).bygiven
onethetocorrespondnotdoesofvaluethewhenincreasessharplyinaccuracy
itsandaccurate,leastthebetoprovedsetthirdTheone.secondthe

thanaccuracybetterslightlygivessetfirstThedegrees.150=0.4,=,2=
forperformedwerecalculationstheAll.ofvaluesvariousforcomputedwere

parameterserrorthreeAll0.95.0.8,0.6,0.4,0.2,0.0,0.2,0.4,0.6,0.8,
0.95,=}{0.99;0.9,0.7,0.5,0.25,0.0,0.25,0.5,0.7,0.9,0.99,=}{

;...,0,1,=1)],+/(1/2)+cos[(=}{points:ofsetsthreewithperformed
werecomputationstestThesolution.ofaccuracytheaffectcancollocations

ofpointstheofchoicethestronglyhowoutfindtointerestofalsoisIt

(4).byprescribedof
valuesthewithobtainedisaccuracybestthei.e.,casecommonthefor

emergespicturesimilarAtimes.10oforderthebyincreaseparameterserror
the30%,byonesexactthefromdifferssolutionapproximateanWhensolution.
theofaccuracytosensitiveverybetoprovenwere(14)(12)inintroduced

parameterserrorThesolution.approximatetheoferrortheisgreaterthe(4),
bygivenonethefromdiffersmoretheexpected,beshouldAsone.exact
thetoidenticaliscasethisforsolutionapproximatethe0,=thatimpliescase
thisin(4)equationSince.ofvaluesdifferenttocorresponding,solution

approximatewith(32)),and(31)usingand(37),systemsolvingbycalculated
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isoptimumThis.ofvalueoptimalanandcollocationsofpointsofset
optimalanfindtopossibleitmakesprocedureTheequations.integro-differential
singularofsolutionnumericalforsubroutineFORTRANefficientandevelop

tousallowedmethodtheofsimplicityThe

interpolation.cumbersomewithoutdirectly,pointsarbitraryatfunctionunknown
thecomputetousallowsmethodTheevaluation.rootsforneednoisthere

hence,polynomials),orthogonalofrootsthenecessarily(notcollocationsofpoints
arbitraryusecanmethodTheresults.inaccuracylessnowithpolynomials,

orthogonalofmethodthethansimplemoreismethodTheconditions.boundary
non-zeroofcasetheforalsoeffectiveismethodthethatprovesexampleThis

0.499=)(1000/tan1=

namely,(4),by
impliedofvaluetheforobtainedisaccuracyhighestTheone.thirdthethan

betterconsiderablyandsecond,thethanbetterslightlyissetfirstthesame:the
ispicturequalitativeThe.ofvaluesdifferentforcollocationsofpointstheof

setsthreesametheformadewerecalculationstheallexample,previousinAs

.
|+|1
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with(10)equationsofsystemthetoleads(1)into(46)ofSubstitution
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formthehassolutionapproximateThe
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is(44)ofsolutionexactthethatverifytoeasyisIt
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followslistingsubroutine
Thepoint.additionalanincludingofnecessitytheindicateorcollocations

ofpointsofsetthechangingofwaytheshowsandofvaluesThe
solution.theofaccuracygoodaofindicationindirectaniscoefficientsthoseof

convergenceandpoint,arbitraryatfunctionunknownthecomputetousallows
coefficientsofknowledgeTheoccur.errorrelativemaximumtheand

errorabsolutemaximumthewhereandabscissaetheand,and,,
parameterserrorthe,coefficientsofvaluesthealsobutfunction,unknownof

valuestheonlynotgivessubroutinetheofoutputThe(43).(42)toaccording
treatedisconditionsboundarynon-zeroofcaseTheconditions.boundary

zerowith(1),equationintegro-differentialsingularsolvessubroutineThe

.coefficientstheofconvergence
thebyandparameterserrortheofvaluessmallestthebyindicated
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G(X)FUNCTIONEXTERNALC
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R(J,X)FUNCTIONEXTERNALC
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R3=A(XK)*S
2)IF(J.GT.2)S2=S2*XK**(J

J*XK**22.*D*XK1IF(J.GT.1)S2=J
XK2.*DIF(J.EQ.1)S2=2

S=S*XK
2TOGOIF(J.EQ.1)

J=1,NX3DO
S=SQ(XK)

XK=.999IF(XK.EQ.1.)$.999XK=1.)IF(XK.EQ.$XK=X(K)
K=1,NX1DO

PI=3.1415926$ID=6$M=1
C

EQUATIONSALGEBRAICLINEAROFC
SYSTEMTHEOFCOEFFICIENTSTHEOFCALCULATIONC

C
D)X)**(.5SQ1(X)=(1.+X)**(.5+D)*(1.

X)**(.5+D)D)*(1.SQ(X)=(1.+X)**(.5
(WK(1),CC(1,1)),(WK(500),XX(1)),(WK(700),YY(1))EQUIVALENCE

YY(161),ZZ(161),AA(41,41)1
X(1),F(1),C(1),WK(2000),CC(161,3),XX(161),DIMENSION

A,A1,B,B1,R,GEXTERNAL
C
C

EQUIVALENTBYREPLACEDBECANSUBROUTINESTHESEALLC

QUADRATURESPLINEC
CUBICFORSUBROUTINEDCSQDUC

INTERPOLATIONITEHERC
QUASI-CUBICONE-DIMENSIONALC

FORSUBROUTINEIQHSCUC
EQUATIONSALGEBRAICC

LINEAROFSYSTEMAC
SOLVINGFORSUBROUTINELEQT2FC

DCSQDU.IQHSCU,LEQT2F,C
USED:AREIMSLIBLIBRARYC

FROMPROCEDURESFOLLOWINGTHEREMARKC
C

ERRORRELATIVEMAXIMUMOFABSCISSAXRC

ERRORABSOLUTEMAXIMUMOFABSCISSAXAC

(OUTPUT)ERRORRELATIVEMAXIMUMQRC

(OUTPUT)ERRORABSOLUTEMAXIMUMQAC

(OUTPUT)ERRORSQUAREAVERAGEQSC

SOLUTION)APPROXIMATEC
THEIN(COEFFICIENTSC

NXDIMENSIONOFVECTOROUTPUTCC

X(I))POINTSTHEATC
EQUATIONOF(SOLUTIONC

NXDIMENSIONOFVECTOROUTPUTFC
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C
END
RETURN
QS=SQRT(QS)

DCSQDU(XX,YY,N,CC,161,XX(1),XX(N),QS,IER)CALL
IQHSCU(XX,YY,N,CC,161,IER)CALL

YY(K)=YY(K)**211
K=1,N11DO

XR=XX(MR)$XA=XX(MY)
CONTINUE9

MY=K$QA=YY(K)
9TOIF(ABS(YY(K)).LT.ABS(QA))GO10

MR=K$QR=YY(K)/ZZ(K)
10TOIF(ABS(YY(K)/ZZ(K)).LT.ABS(QR))GO

K=2,N9DO
MY=MR=1.$QR=YY(1)/ZZ(1)$QA=YY(1)

G(XK)YY(K)=YY(K)6
ZZ(K)=ZZ(K)+ABS(C(J)*AA(1,1))7
YY(K)=YY(K)+C(J)*AA(1,1)

1,XK)1,XK,D)+R(J1,XK,D)+B1(XK)*SK(J20+B(XK)*FI(J
B1(XK)*PI*TAN(PI*D))*S2/SQ1(XK)+AA(1,1)=A(XK)*S+(A1(XK)

2)IF(J.GT.2)S2=S2*XK**(J
J*XK**22.*D*XK1.IF(J.GT.1)S2=J

XK2.*DIF(J.EQ.1)S2=8
S=S*XK

8TOIF(J.EQ.1)GO
J=1,NX7DO

S=SQ(XK)$ZZ(K)=ABS(G(XK))
IF(K.EQ.N)XK=XX(N)=.999$.999IF(K.EQ.1)XK=XX(1)=

1.1)1)*2./(NXK=X(K)=(K$YY(K)=0.
K=1,N6DO

C
SOLUTIONTHEOFERRORSTHEOFCALCULATIONC

C
F(K)=F(K)*SQ(XK)4

1)F(K)=F(K)+C(J)*XK**(J5
J=2,NX5DO

F(K)=C(1)$XK=X(K)
K=1,NX4DO

C
F(X)SOLUTIONAPPROXIMATETHEOFCALCULATIONC

C
IF(N.LT.41)N=41$N=3*NX

LEQT2F(AA,M,NX,41,C,ID,WK,IE)CALL
C

EQUATIONSLINEAROFSYSTEMTHEOFSOLUTIONC
C

C(K)=G(XK)1
FORMAT(1X,11G10.3)20
AA(K,J)=R1+R2+R3+R4+R53

1,XK)R4=R(J
1,XK,D)R1=B1(XK)*SK(J

1,XK,D)R2=B(XK)*FI(J
B1(XK)*PI*TAN(PI*D)*S2/SQ1(XK)R5=(A1(XK)
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407equationsintegro-differentialOne-dimensional

2TOIF(N.EQ.0)GO
FI=S

2.*D)/COS(PI*D))+(X
D)+X)**(.5+D)*(1+X)**(.5PI*(TAN(PI*D)*(1S=

PI=3.1415926
C

D)X)**(.5+D)*(1+X)**(.5X**N*(1C
TERMTHETOCORRESPONDINGC

INTEGRALSINGULARTHEOFCALCULATIONC
C

FI(N,X,D)FUNCTION
C
C

END
RETURN
F21=S2

1TOIF(ABS(R/S).GT..000001)GO
1TOIF(R.NE.0..AND.S.EQ.0.)GO
2TOIF(R.EQ.0..AND.S.EQ.0.)GO

G=G+1.$C1=C1+1.$B1=B1+1$A1=A1+1.$S=S+R
R=R*A1*B1*Z/C1/G1

G=S=R=1.$C1=C$B1=B$A1=A
C

FUNCTIONGYPERGEOMETRICGAUSSTHEOFCOMPUTATIONC
C

F21(A,B,C,Z)FUNCTION
C
C

END
RETURN2

4TOGO
4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)S=PI*(1.3
2TOGO

1)2.*N*D)*X**(NPI/COS(PI*D)*((N+1)*XSK=S4
K)2*X**(N

K)*1,4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)*(NS=S+PI*(1.1
KA1=$1K=I

I=1,L1DO
3TOIF(X.EQ.0.)GO
2TOGOIF(N.EQ.1)

D)SK=SK*2*(X
2TOIF(N.EQ.0)GO

PI/COS(PI*D)SK=
NA1=2.$Z=2$C=3$B=1.5+D$1L=N$S=0.

PI=3.1415926
C

D)X)**(.5+D)*(1+X)**(.5X**N*(1TERMTHEOFC
DERIVATIVETHETOCORRESPONDINGC

INTEGRALSINGULARTHEOFCALCULATIONC
C

SK(N,X,D)FUNCTION
C
C

−
−−−

−−

−

−−−
−−

−−−
−−

−

−
−−

−−



integralssingulartwo-dimensionalofevaluationComputer7.3.

Appendix.inpresentedaresubroutinesstandardThedomains.non-classical
forproblemscontactelasticsomeofsolutionapproximateanforused
becandevelopedsubroutinesthehowshownisitpart,lasttheInconfirmed.
isaccuracyexcellentanandknown,issolutionexactthewhichfordomain

ellipticalanofcasetheagainstcheckedisdevelopedsoftwareThesubroutine.
libraryabyevaluatedisdomaintheofpartremainingtheoverintegral

Thesingularities.theofneighborhoodsmalltheinintegraltheofestimation
accuratetheforderivedformulaetheonbasedisapproachThefurther.

discussedisandrequired,isapproachAnotherhere.applicablenotismethod
Theirborder.domaintheatisfunctionsecondthecasespracticalmany

In1983).Bernard,and(Bergerinreportedwasfunctionswith
functionsGreen’sofproductsofintegrationnumericaltheformethodA

section.thisofpurposetheisprocedureasuch
ofdevelopmentTheresults.numericaltheofaccuracytheundermineddefinitely

whichcomputationsduringsingularitiestheignoringincasessomeinresulted
softwarestandardtheoflackThisevaluation.integralssingulartheforavailable

subroutinestandardanyofunawarearewepublished,beenhaveresultstheoretical
someThoughones.singularofintegrationofproblemthewithsuperficiallyvery
dealbutfunctions,non-singularofintegrationofmethodsvariousthoroughlyvery

discussTheyintegration.numericalonmonographsnumerousareThere

domains.non-classical
forelasticityoftheorytheofproblemscontactsomeofstudyatoapplied

isdevelopedsoftwareThesubroutine.libraryabyevaluatedisdomaintheof
resttheoverintegralThesingularities.theofneighborhoodtheinintegralthe

ofestimationaccurateanforderivedareFormulaedomain.theofboundarythe
atsingularityweakahavingfunctionanotherwithfunctionGreen’saofproduct
aisintegrandThedomains.two-dimensionalarbitraryoverintegralssingular

ofevaluationthefordevelopedaresubroutinestandardaandalgorithmAn
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END
RETURN2
FI=S4

4.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)S=S+PI*(1.3
4TOGO

K)14.*D*D)/2./COS(PI*D)*F21(A1,B,C,Z)*X**(NS=S+PI*(1.1
KA1=$1K=I

I=1,N1DO
3TOIF(X.EQ.0.)GO

NA1=1.$S=S*X**N
2TOIF(N.EQ.1)GO
Z=2$C=3$B=1.5+D

4.*D*D)/2./COS(PI*D)FI=FI*X+PI*(1.
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(7.3.4),d
])cos(2+[])([

),()(
=),(

areevaluatedbetointegralsTherespectively.),(and),(be
andpointstheofcoordinatespolartheLetcase.firsttheConsider

consideration.specialanyrequire
notdoeswhencaseThedifficult.mosttheiswhichoverlap)(singularities

bordertheatiswhen)intersect);notdoand(subdomains
insideiswhen)namely,considered,betoarecasesseparateTwo

.non-singulararbitraryalmostanforaccuratereasonablyarewhichand
subdomainstheover(2)ofestimationtheforderivedbecanformulaesome

thatshowtoareweHere,.andsubdomainstheover(2)ofevaluation
theinliesproblemThesubroutine.standardanybyevaluatedbecanand

non-singularissubdomaintheover(2)integralThe).a(thatassumedis
It.ofpartremainingthedenoteand);(<<)(stripclosednarrow
aforstands;atcentreitshavingradiusofdiskcircularaindicates

namely,7.3.1),(Fig.subdomainsthreeintodomaintheSplit).(=
borderthealongsingularityrootsquareaandatsingularityahaswhich

(2)inintegrandanhaveweSo,.insingularitiesnohasfunctionthewhere

(7.3.3),
])([

),()(
=),()(

formtheincoordinates
polarinpresentedbecanandsingular,alsoisfunctionthe;when
atsingularityagiveswhichandbetweendistancetheiswhere

(7.3.2),d
)(

=

applicationsvariousinencounteredisintegralfollowingThe

(7.3.1)).(=

ascoordinatespolarin
givenbeboundaryitsLet.domaintwo-dimensionalaConsider
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resultthewithperformed,becantorespectwithintegrationapproximate
anborder,theatsingularitiesnohasfunctionandsmallisSince

(7.3.7).
])cos(2+[])([

d),()(
d=),(

as(5)rewrite,ofevaluationtheFor

(7.3.6).
])([
),()(2),(

ofestimationsimpleveryaallowsandsingularity
theeliminatesatcenteredcoordinatespolarofsystemlocalaofIntroduction

(7.3.5).d
])cos(2+[])([

),()(
=),(
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(7.3.10).
]+)([

=,
]+)([

=

asradiuspolarthe
andboundarythetonormalthebetweenandanglestheDefine.=

puttingbyonegeneralthefromobtainedbecancurvesmoothaofcaseThe

7.3.2).(Fig.bordertheatpointangularanofcasetheisgeneralmostThe

(7.3.9).=0)(
d
d,=0)+(

d
d

notationtheIntroduceborder.theatiswhencasethenowConsider

boundary.theatofordertheofisitandofneighborhood
theinisitignored:aresingularitiestheiferrortheofordertheindicatealso
butestimationsnecessarythegiveonlynot(8)and(6)formulaeThesubroutine.

standardanybyevaluatedbecanandintegrandregularawithintegral
singleatoreducedbeenhas(5)integraltwo-dimensionalsingulartheThus,

(7.3.8).
)]cos()(2)(+[

d)),(()(
)(2),( ⌡

⌠

integralssingulartwo-dimensionalofevaluationComputer

(20)and(19)ofderivationthetorelatedGeometry7.3.2.Fig.

aa

a

aa

a

aa

aaaa

N

N

aa

afa
I

1/22´2

´

1/22
+
´2

+
´

+

+
´

+
´

´
+
´

1/2
000

22
000

3/2
0

0

2

1/2
2

φ
γ

φ
−γ

γγ

−φφφφ

ε√
ε

φ−φφρ−φρ
φφφφ

ε≈φρ

−

−
−

−−

−

π



tointegralfirstthereduces)/2(=substitutionThe
(7.3.15)

.
sin
d+

])+cos(sin[
dcos)),(()]([2

asrewrittenbecan(13)integralthe(14),toDue

(7.3.14)
.

2
<<

24
for

;
24

<<0for

sin
cos

)+cos(
cos

=)(

formthehaswhich
coordinatespolarofsystemlocaltheinrhombusofequationtheis)(where

(7.3.13),d
sin

)()),(f(]cos)([2=

)sin(
dd)),(f(]cos)(

2
1[

formthe
inrewrittenbecanquestioninintegralthecoordinates,ofsystemnewtheIn

(7.3.12).cos/sin)(

obtainedbecanrelationship
followingthe,atcentered),(coordinatespolarofsystemlocalaIntroducing

(7.3.11)].)([)(2])(][+)([=)(

validisapproximationfollowing
the),(Since./2angleacutetheandsidethewithrhombus

aover(4)typetheofintegraltheofestimationtheConsiderrespectively.
/2and/2equalapextheatanglestheandequalsidethe
withrhombi,twoassubareatherepresenttologicalseemsItcurve.smooth

aofcasetheincludingcase,arbitraryantoautomaticallyappliedbecould
derivedbetoformulathethatwayasuchinchosenare(10)insignsThe

412

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

<<

EQUATIONSINTEGRALSINGULAR7CHAPTER

x

afaI

b

b

baa

r
raaI

ra

Nr

aaaaa

a

N
S

/2/4-

/2-

1/2

0

/2/4-

1/2

1/2

0

/2-

1/2

1/2

0

)(

0

/2-

1/2

22

+

1

γ−ψ

ψ
ψ

γψψ
ψγφφφε≈

γ−πψγ−π

γ−πψ

ψ
γε

γψ
γε

ψ

ψ

ψψ
ψφφγφ

ψ
ψφφγφ≈

γψ≈ρ−φ

ψ

ρ−φφ≈ρ−φρφρ−φ

φεγ−πε

γ−πγ−πε






















b

γπ

γπγπ

γπ

ψγπ

−



413

andradiuspolartheareandprevious).asremarksame(theintegration
ofdomaintheofboundarythegivingfunctionrealaisEXTERNAL).as

programcallingtheinspecifiedbeshouldandcoordinatespolartheinexpressed
user,thebyprovidedbe(shouldintegratedbetofunctionrealtheofpart

nonsingulartheisfollows.asareparametersTheSING(F,A,R,FI,E,ER,IE).
functionrealaissubroutinemainThe

evaluation.
integralsingulartheforsubroutinestandardaofdevelopmentthewithproceed

canweandestimations,necessarythegive(20)and(19)(8),(6),Formulae

(7.3.20).
21//2)cos(
21/+/2)cos(ln+

2
+

4
sin+

24
sincos)),(()]([2)(

follows
assimplifies(19)formulaand,==boundarysmoothaofcasetheIn

(7.3.19)].)(+)([cos)),(()]([2)(

(18),and(17)toaccordingform,the
takewill(4)ofestimationtherhombi,twoofconsistssubdomaintheSince

(7.3.18).

24
cos

24
cos+1

ln+
24

sin=)(

onlyangletheondependswhichcoefficienttheiswhere

(7.3.17)),(cos)),(()]([2

yields(15)ofevaluationFinally,elementary.is(15)inintegralsecondThe
(16).ofevaluationtheforusedwas1965)Ryzhik,and(Gradshteinfrom(3.673)

Formulakind.firsttheofintegralellipticcompletetheforstandswhere

(7.3.16),
24

sin=
)]sin[2(sin

d
⌡
⌠

integralssingulartwo-dimensionalofevaluationComputer

FIR
A

F
description.softwareThe

KKafaI

CCafaI

S

KC

C

CafaI

K

K
x

x

1/2
1

+

+
1/2

1

1

1/2

1/2

/2

√−γ
√γ

γπγ−πγφφφε≈φ

γγ−γ

γγγφφφε≈φ

γ−π

γ−π
γ−πγ

γ

γγφφφε≈

γ−π
γ−















































































−

−

γ

π



equationintegraltheofsolutionthetoreducediselasticityoftheorythein
problemcontactthethatknownwellisIt

Appendix.ingiven
issubroutinesaccompanyingthewithalongSINGoflistingTheignored.benot

shouldsingularitiesthethatmeanswhichrespectively12%and1.2%toupfor
responsiblestillaresingularitiesthesmallasuchforEvenSING.subroutine

theinusedwasofvaluethisanddigit,fifththetoupaccurateisresult
the0.001=casetheInboundary.thetocloserpointfieldtheofmovement
thewithincreasessingularitiesthetodueportiontheAgain,respectively.
(2)integraltheof22%and12%toupforresponsiblestillaresingularities

The0.3%.exceednotdoeseverywhereerrormaximumthe0.03=casethe
Inneglected.aresingularitiestheifbecanerrorthelargehowdemonstrateto

alsoandcase,thisinevenaccuratesufficientlyisprocedureourthatdemonstrate
toorderinittookweand,forlargetoois0.1valuethecourse,Of

(2).integraltheofvaluetheof35%to25%forresponsibleis)(<<)(
stripnarrowaoverintegralTheboundary.thetoclosepointsthe

for25%tocenterthetoclosepointsfieldthefor5%fromerrorantolead
would(2)in1/toduesingularitytheIgnoringinterpolation.necessarythe
maketoandboundarytheatintegraltheevaluatetoadvisableisitboundary,

thetoclosevery(2)integraltheevaluatingofcasetheinthatismake,
shouldoneconclusion,The(5).estimationtheofaccuracythereduceswhich

(3)ofdenominatortheinchangerapidthetodueisphenomenaThisboundary.
theatnotbutboundarythetoclosepointsthefor7%aboutwasitandpoints,

regularfor1%aboutwaserrorrelativemaximumthe0.1=Forresults.
someareHereerror’.’terminalusgivethen,andnowwould,andsmall
veryatoleratenotwouldDBLINsubroutineIMSLtheandtime,computingthe

ofincreasereasons:twoforsmallarbitrarytakenotcanwethatisproblem
thebutresult,theisaccuratemoretheofvaluethesmallerthethatclear

quiteisitcourse,Ofcomputed.integraltheoferrorrelativetheonofvalue
theofinfluencetheinvestigatetonecessarywasIt0.00001.=Eerrorrelative
thewithmadewerecomputationstheAll.)/(1=eccentricityellipse
theisandkind,firsttheofintegralellipticcompletetheforstandswhere

,2isandknown,iscasethisinintegraltheofvalueexactThe1.
=Fand2:1,=:ratiosemiaxesthewithellipseanisintegrationofdomain

thewhencasetheagainstcheckedwasdevelopedsoftwaretheofaccuracyThe
integral.theofpartregulartheofevaluationtheforusedbeenhavelibrary

thisfromDBLINandDCADREsubroutinesTheIMSL.librarystandardthe
ofspecificationsthetoaccording(output),errortheofcodetheiserror.

relative(output)achievedtheand(input)desiredtheofvaluestherespectively
areandintegration.ofdomaintheofboundarytheatoroutside

inside,specifiedbecan(input),pointfieldtheofrespectivelyanglepolarthe
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(7.3.26).d)(=

where

(7.3.25),
4

=

(21)fromgetcanOne=0).(punch
theofcentertheatdisplacementsnormalthebyDenote(24).distribution

stressthebyproduceddisplacements,thebewillconstantatoclosehowverify
canwe(21),in(24)substitutingNow.=punchflataofcasetheFor

(7.3.24)
])([2

=

that(23)fromimmediatelygetsOne.ofareatheiswhere

(7.3.23),2=d)(=d
])([

)(cd

forcetotalthegiveshouldoverofintegral
thethatconditionthefromdefinedeasilybecanwhichconstantaisand

coordinates,polarinregioncontacttheofequationtheis)(beforeaswhere,

(7.3.22),
])([

)(
=

bepunchtheunderdistributionstressnormaltheLet
.forcenormalappliedcentrallyaofactiontheunderplanformarbitraryan

withpunchflat-endedaconsiderusLetproblems.contactnon-classicalvarious
tosolutionsaccuratereasonablyobtaintousallowsdevelopedsoftwareThe

modulus.elasticitytheandcoefficient
Poissontherespectivelybeingand,)/(1=valuetheontakes

half-spaceelasticisotropicanofcasetheinwhich5.1.9)(seeconstantais
andfunction),unknown(anpunchthebyexertedstressnormaltheforstands

function),known(apunchtheunderdisplacementsnormalthedenoteswhere

(7.3.21)dS)(=
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7.3.1.
Tableinpresentedare=and/=dimensionlesstheagainst=

displacementnormaldimensionlesstheofcomputationofresultsThe

before.consideredbeenhavetoneverseempunch’shamrock’theoroval
theauthors,severalbybeforeconsideredbeenhaspunchsquareaofcaseThe

(7.3.29)0.>>,cos3+=)(

’shamrock’theforand

(7.3.28),]sin+cos[=)(

ovalthefor

(7.3.27)

/47<</45for

/45<</43for

/43<</4for

/4<</4for

/2)3cos(

)cos(

/2)cos(

cos

=)(

formtheintaken
was2edgethewithsquarethefor)(ofexpressionThe’shamrock’.aand
ovalansquare,aplanforms:punchdifferentthreeformadewereComputations
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1.0241.0211.0181.0131.0091.0061.0031.0021.0011.0001.0000.00
1.0231.0201.0171.0121.0081.0051.0031.0011.0001.0001.0000.10
1.0201.0171.0141.0091.0051.0021.0010.9990.9990.9991.0000.20
1.0151.0121.0091.0041.0010.9980.9970.9970.9980.9991.0010.30
1.0071.0041.0010.9970.9940.9930.9930.9940.9970.9991.0020.40
0.9970.9940.9910.9880.9860.9870.9890.9930.9971.0011.0030.50
0.9830.9800.9780.9760.9760.9800.9870.9930.9981.0021.0060.60
0.9650.9620.9610.9610.9670.9760.9860.9941.0011.0051.0090.70
0.9400.9380.9390.9460.9610.9760.9880.9971.0041.0091.0130.80
0.9030.9040.9110.9390.9610.9780.9911.0011.0091.0141.0180.90
0.8740.8820.9040.9380.9620.9800.9941.0041.0121.0171.0210.95
0.7940.8740.9030.9400.9650.9830.9971.0071.0151.0201.0241.00

1.0000.9500.9000.8000.7000.6000.5000.4000.3000.2000.000

punch.squareaunderdisplacementsnormalThe7.3.1.Table
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result,finalThe.sin)(=variablesofchangethebyremovedbecan
singularitytheeasily,veryperformedbecan(33)toduecomputationadditional

the7.3.1,TableincomputedbeenalreadyhasSince(31).bydefinedvalue

approximatetheiscoefficient,theofvalueexacttheforstandswhere

(7.3.33),
])([
d),(d

2
12

validisinequalityfollowingthe(1960),NobletoAccording
principle.variationaltheusingbyfurtherimprovedbecanaccuracyThebad.

notiswhich1.6%byerrorinisresultourthatso0.367,isand1960),(Noble,
inobtainedwasaccuratebetoseemswhichofvalueTheaccurate.so
isresultourthatmeannotdoesMaxwellbyresultthetoclosenesscourse,Of

(7.3.32).=

bylaminaflataofcapacitythetorelatediscoefficient
ourthatdeduceeasilycanoneanalogy,electrostatictheUsingsquare.the

ofcapacitancetheforMaxwellbygiven0.3607valuethetocloseveryiswhich

0.3611,=
)2+ln(1

1=

assquare
theforcoefficientthecomputeeasilycanone(27),and(26)toAccording

(7.3.31).4=

coefficientdimensionlessaiswhere

(7.3.30),=

relationship
followingtheIntroduceaccurate.reasonablybeshould(25),ofbasisthe

oncomputed,settlementpunchtheandforcetotalthebetweenrelationship
thethatassumemaywefluctuates,errortheofsignthethatconsideration

intoTakingapex.thefromdistancethewithrapidlyverydecreaseserrorthe
andapex,theatonlyachievedbeing20%oferrormaximumtheunity,toclose

veryaredisplacementsthesquaretheofpartmajortheatsee,canoneAs
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valuethethatclearalsoisItformula.simpleasuchforbadnotis3%even
but3%thanbettermuchisaccuracyrealthethatbelievestronglyWe3%.

withinleast,ataccurate,is(35)formulathatguaranteeswhich0.3946asbound
uppertheestimatecanone6%,belowis7.3.2TableinerrornegativetheSince

bound.lowertheabove2%aboutiswhich0.3835=gives(35)Formula
0.3758.boundlowerthegive(33),toaccordingComputations,boundary.

thetoclosestripnarrowatorestrictedmainlybeingerrorthe6%,belowis
errornegativethewhile8%exceednotdoeserrorpositivethesee,canweAs

).(/=radiusdimensionlessandanglepolartheagainst/=
displacementsnormaldimensionlesstheas7.3.2Tableinpresentedareresults

Theshape.ellipticthefromdifferentquitebewouldwhich’waist’awithoval
anhavetoorderin1.=4,=assumedwecomputations,numericaltheFor

(7.3.35).
)(2

)(2=

asestimatedbecanofvalueThe.)/(1=andkind,second

theofintegralellipticcompletetheforstands;>thatassumedisitwhere

(7.3.34),4=,)+(
2

=

computecanone(28),bydefinedoval,theFor

value.
correctthefromaway0.55%onlyiswhich0.365is(33),toaccording
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1.0771.0681.0591.0501.0411.0251.0111.0051.00210
1.0741.0651.0561.0481.0391.0231.0101.0051.0021/24
1.0641.0561.0481.0401.0331.0191.0071.0041.0011/12
1.0491.0421.0361.0291.0231.0121.0041.0021.0001/8
1.0291.0241.0191.0151.0101.0030.9990.9991.0001/6
1.0071.0041.0010.9990.9970.9950.9960.9980.9991/245
0.9840.9840.9830.9830.9840.9880.9940.9970.9991/4
0.9640.9660.9690.9720.9750.9850.9940.9970.9991/247
0.9510.9560.9610.9670.9730.9870.9960.9991.0001/3
0.9510.9580.9660.9740.9810.9940.9991.0001.0001/83
0.9670.9760.9850.9930.9981.0011.0001.0001.0001/125
1.0041.0101.0101.0081.0051.0021.0011.0001.0001/2411
1.0421.0221.0141.0091.0061.0021.0011.0001.0001/2

1.011/125/63/42/31/21/31/41/60

punch.ovaltheunderdisplacementsnormalThe7.3.2.Table
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2.01.03.0(%)(36)oferror
0.38900.40130.4147numerical
0.38100.39710.4270(36)

2.01.51.1/ratio

below.presentedareresultsThe
procedure.iterativeanusingbypunch’shamrock’-shapedaforcomputationssome
performedhavewespeculations,abovetheofvaliditytheverifytoorderIn

bound.lower
thetocloseverybewillofvalueexactthethatbelievetoreasonaisthere

zero,aroundsymmetricallyalmostfluctuateserrortheSince0.4006.is(33),to
according,forboundlowerthewhile0.3971is(36)todueofvalueThe

5%.aboutareerrornegativemaximumtheanderrorpositivemaximumtheHere,
7.3.3.Tableinpresentedare1=1.5,=forcomputationsofresultsThe

(7.3.36)
]/2)+([2

=

asdefinedbewillofvaluetheand,2=/2),+(=(29):punch
’shamrock’-shapedtheforcomputedbecanvaluesfollowingThe

exact.isellipsean
ofcasethein(30)formulasinceapproachingwithdecreasewillerrorof

integralssingulartwo-dimensionalofevaluationComputer

punch.’shamrock’-shapedtheforresultsnumericalThe7.3.3.Table

g
g

aa

g

gg

aa

a

aa
g

gaAaaA

aa

21

1.0281.0201.0121.0040.9980.9930.9890.9860.9860.9890.99410
1.0251.0161.0091.0020.9960.9910.9870.9860.9860.9890.9941/36
1.0141.0071.0010.9950.9900.9870.9840.9840.9850.9890.9951/18
0.9990.9940.9890.9860.9830.9810.9800.9820.9850.9900.9961/12
0.9820.9780.9760.9750.9740.9750.9770.9800.9850.9920.9971/9
0.9650.9650.9650.9660.9680.9710.9760.9810.9880.9940.9981/365
0.9530.9550.9580.9620.9670.9720.9790.9860.9920.9970.9991/6
0.9490.9540.9590.9650.9710.9790.9860.9930.9981.0001.0001/367
0.9550.9620.9680.9760.9830.9910.9971.0001.0011.0011.0001/92
0.9710.9790.9860.9941.0001.0031.0041.0031.0021.0011.0001/4
0.9961.0031.0091.0111.0091.0071.0051.0031.0021.0011.0001/185
1.0261.0261.0191.0141.0101.0061.0041.0021.0011.0011.0001/3611
1.0501.0291.0191.0131.0091.0061.0041.0021.0011.0011.0001/3

1.0011/1210/123/42/37/121/25/121/31/41/60

21
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(7.3.37).
])([

)(
=),(

formtheinsolutiontheassumedweso,dotoorderInsolution.theof
accuracytheonerroreachofimpacttheestablishtointerestofisItconstant.

ais(22)inthatassumptiontheiserrorsecondTheincorrect.isgeneral,
inwhich,edgetheatsingularityrootsquareaofassumptiontheis(22)solution

suggestedtheinerrorfirstTheone.findtoactuallybutsolutionassumed
anofaccuracytheverifytoonlynotusedbecansubroutineOurreported.

wassuccessnofarsobutevaluationintegralsingulartheforformulatypeGauss
aestablishtodesirableverybewoulditcourse,Of5%.aboutofaccuracythe

providegenerallymethodsexistingthe(1960),NoblebynoticedwasitAs

.
)cos(2+

)(
])2+ln(122)2+(1[

21
=

singularitytheofneighborhoodtheinestimationintegraltheforobtained
becanformulafollowingtheandsquares,twointransform7.3.2Fig.in

rhombithecircle,aiscasethisinintegrationofdomaintheSince).=,=(
boundarytheatsingularityahasexpressionlasttheinintegrandthe,<When

.d
)cos(2+

)(

)cos(2+

)(
d

1
=

])cos(2+[

1

distancereciprocaltheforrepresentationintegralfollowingthefound
havewerecentlyexample,Fortypes.variousofintegralssingularofevaluation

computertheforusedsuccessfullybecansectionthisofmethodThe

accuracy.itsconfirm
toand31)(30settlementpunchtheandforceappliedthebetweenrelationship

simpleveryaestablishtohelpedsubroutinetheproblems,contactelastictheIn
propagationwaveelectrostatics,transfer,heatmechanics,fluidininvolvedis

(2)typetheofintegralthesinceproblemscontacttolimitednotareapplications
Thedomains.non-classicalforproblemsvarioussolvingforusedsuccessfully

becansubroutinethethatshowpresentedexamplesThe

should.itascircle,aforresult
exactthegives(36)formula,/ofcaselimitingtheinthatalsonote

Weconsiderations.abovetheallsupportdodatanumericalthesee,canweAs
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5%.aboutiserrormaximumthewhereboundarythetocloseportionsmalla
forexceptuniform,practicallyaresquaretheinsidedisplacementsnormalthenow

since7.3.1Tablewithfavourablyverycompareswhich7.3.4Tableinpresented
arecomputationsofresultsThe/4.>forrepeatedispatternThe/4.<0<
for)/0.3(40.04=)(takenwassquareaofcasethefor)(functionThe

.

24
cos

24
cos+1

ln+
)+(cossin

d
=)(

(7.3.41))],(+)([cos)),(()]([)(2)(

(7.3.40),
)]cos()(2)(+)][([1+

d)),(()]([)(2
),(

(7.3.39),
])([

),()(
2),(

formsrespectivethetakewill
which(18)and(19)(8),(6),formulaeinmadebetoaremodificationsCertain

(7.3.38).d
)/2](+[1

))/2](+[(1
)(

2
=

bydefinedbewill0=atsettlementpunchThe

⌡
⌠

⌡
⌠

⌡
⌠

integralssingulartwo-dimensionalofevaluationComputer

0.9971.0041.0041.0041.0031.0021.0011.0001.0001.0001.0000.200
0.9951.0021.0021.0021.0011.0000.9990.9990.9991.0001.0010.300
0.9951.0001.0001.0000.9980.9970.9970.9980.9991.0001.0010.400
0.9960.9990.9990.9970.9960.9950.9960.9970.9991.0011.0020.500
1.0011.0000.9980.9950.9930.9930.9950.9971.0001.0021.0030.600
1.0131.0020.9970.9920.9910.9930.9960.9981.0011.0031.0050.700
1.0301.0040.9950.9890.9920.9950.9971.0001.0021.0041.0060.800
1.0501.0000.9910.9950.9970.9980.9991.0001.0021.0041.0060.900
1.0530.9951.0001.0041.0021.0000.9991.0001.0021.0041.0060.950
0.9781.0531.0501.0301.0131.0010.9960.9950.9950.9970.9991.000

1.0000.9500.9000.8000.7000.6000.5000.4000.3000.2000.000

punch).displacements(squaretheonsingularitytheofInfluence7.3.4.Table
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7.3.5.Tableingivenarerectangleatoproceduretheofapplicationofresults
Theunity.andpotentialcomputedthebetweendiscrepancythetoproportionally

pointeachatadjustedbeingis),(ofvalueThedistribution.stress
initialas(22)takesItdeveloped.beenhasprocedureasuchofversionfirst

Theprinciple.feedbacktheusingaccuracyofdegreeprescribedawithsolution
afindtoablebewouldwhichsubroutineself-adaptiveofdevelopmenttheof

possibilitytheismindtocomeswhichideaotherThepercent.severalbe,may
to,limitedisandimpactminorahassquaretheinsideofvariationthething;

importantmosttheissingularitiestheofestimationcorrectconclusion:thedraw
canOneNoble.bygivenvaluethetocloseverybeingresultsboth0.3666,

boundlowerthegives(33)formula0.3675,=gives(38)ofEvaluation
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CC1=FI+AL
ALBB1=FI

EP1ALBB=FI
AL=ASIN(EP/R)

1TOGOIF(R.LE.EP)
P2=2.*PI
AA=0.

2TOGOA(FI).GT..00001)IF(R
EP1=.01
PI=3.1415926536
F0=FI
R0=R

R0,F0,EP,EP1COMMON/A/
F,A,AN,AK,FA,FB,RR1,RR2,ANK,AKK,AK1,AK2EXTERNAL

Z)H,O(AREAL*8IMPLICIT
SING(F,A,R,FI,E,ER,IE)FUNCTION

1:10).(rectangleiterations10afterdisplacementsnormalThe7.3.5.Table

0.9991.0061.0061.0061.0051.0031.0021.0011.0011.0001.0000.000
0.9991.0051.0061.0051.0041.0031.0021.0011.0001.0001.0000.100
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Appendix

c

c

g
g

1.000001.000301.000941.002041.002271.002071.001621.001111.000621.000241.000000.00000
1.000001.000331.000971.002011.002191.001961.001491.000981.000511.000151.000000.10000
1.000001.000451.001051.001901.001931.001611.001111.000601.000190.999971.000000.20000
1.000001.000641.001151.001651.001451.001001.000471.000020.999900.999901.000000.30000
0.999991.000881.001191.001181.000661.000110.999630.999590.999860.999881.000010.40000
0.999991.001091.001031.000350.999510.999010.999120.999430.999740.999881.000010.50000
0.999991.001191.000460.998920.998100.998450.998970.999410.999710.999881.000010.60000
0.999991.000490.998920.997050.997490.998370.998940.999420.999730.999901.000020.70000
0.999990.999110.996150.996390.997560.998400.999060.999510.999760.999931.000020.80000
1.000000.993680.995040.996910.997760.998910.999230.999660.999830.999971.000010.90000
1.000000.994890.995380.997830.998230.999260.999470.999790.999921.000010.999960.95000
1.000001.000051.000031.000011.000011.000001.000001.000001.000001.000000.999991.00000

10.000009.500009.000008.000007.000006.000005.000004.000003.000002.000000.00000
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423integralssingulartwo-dimensionalofevaluationComputer

R4=DBLIN(FA,BB1,CC1,AKK,AK,E,ER,IE)
R3=DBLIN(FA,BB1,CC1,AN,AKK,E,ER,IE)
R2=R21+R22+R23+R24+R231
R24=DBLIN(FA,CC1,CC,AKK,AK,E,ER,IE)
R231=DBLIN(FA,BB2,BB1,AKK,AK,E,ER,IE)
R23=DBLIN(FA,BB,BB2,AKK,AK,E,ER,IE)
BB2=BB+.99*EP1
R22=DBLIN(FA,CC1,CC,AN,AKK,E,ER,IE)
R21=DBLIN(FA,BB,BB1,AN,AKK,E,ER,IE)
R5=(FG(GP)+FG(GM))
R1=DBLIN(FA,CC,AA,AN,AK,E,ER,IE)

EP1AA=P2+AL2
CC=AL1+EP1
AA1=P2+AL2
CC1=AL1
BB1=AL2

EP1BB=AL2
ASIN(EP*COS(GM)/R)AL2=FI

AL1=ASIN(EP*COS(GP)/R)+FI
GM=ASIN(DA/SQRT(A(FI)**2+DA**2))

EP))/EPA(FIDA=(A(FI)
ASIN(DA/SQRT(A(FI)**2+DA**2))GP=

A(FI))/EPDA=(A(FI+EP)3
4TOGO

FORMAT(1X,7HOUTSIDE)6
SING=R1+R6
R6=DCADRE(FB,0.,P2,E,E,ER,IE)
R1=DBLIN(FA,AA,P2,AN,AK,E,ER,IE)
R=A(FI)
TYPE*,’OUTSIDE’2

4TOGO
SING=R1+R5+R6
R6=DCADRE(FB,0.,P2,E,E,ER,IE)
R5=P2*EP*F(FI,0.)
R1=DBLIN(FA,AA,P2,ANK,AK,E,ER,EI)1

4TOGO
SING=R1+R2+R3+R4+R5+R6
FORMAT(1X,6F10.5)5
R6=DCADRE(FB,0.,P2,E,E,ER,IE)

R*R)*A(FI)R5=P2*EP*F(FI,R)/SQRT(A(FI)**2
R4=DBLIN(FA,BB1,CC1,RR2,AK,E,ER,IE)
R3=DBLIN(FA,BB1,CC1,AN,RR1,E,ER,IE)
R2=R21+R22+R23+R24+R25+R26
R26=DBLIN(FA,CC1,CC,AK1,AK2,E,ER,IE)
R25=DBLIN(FA,BB,BB1,AK1,AK2,E,ER,IE)
R24=DBLIN(FA,CC1,CC,AK2,AK,E,ER,IE)
R23=DBLIN(FA,BB,BB1,AK2,AK,E,ER,IE)
R22=DBLIN(FA,CC1,CC,AN,AK1,E,ER,IE)
R21=DBLIN(FA,BB,BB1,AN,AK1,E,ER,IE)
R1=DBLIN(FA,CC,AA,AN,AK,E,ER,IE)

3TOGOR.LE.EP)IF(A(FI)
EP1ALAA=P2+FI

CC=FI+AL+EP1
ALAA1=P2+FI

−

−
−
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−

−

−
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−−

−
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FU1=FL*FLS*A(FI)**2*SIN(PS)*COS(PS)**U(FI)
TYPE*,’FU1’,PS,COS(PS),FIIF(COS(PS).LE.0.)

FORMAT(1X,5F15.4)5
IBCEVL(XX,12,YY,12,CS,12,XL,YL,FLS,IE)CALL
IBCEVL(XX,12,YY,12,C,12,XL,YL,FL,IE)CALL

YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)
XL=XX(12)XL).LT..0000001)IF(ABS(XX(12)
YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)

XL=XX(1)XL).LT..0000001)IF(ABS(XX(1)
YL=FI
XL=SIN(PS)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION

Z)H,O(AREAL*8IMPLICIT
FU1(FI,PS)FUNCTION

***************************************C
END
RETURN
FU=FL*A(FI)**2*SIN(PS)*COS(PS)**U(FI)
FORMAT(1X,5F15.4)5

IBCEVL(XX,12,YY,12,CS,12,XL,YL,FL,IE)CALL
YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)

XL=XX(12)XL).LT..0000001)IF(ABS(XX(12)
YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)

XL=XX(1)XL).LT..0000001)IF(ABS(XX(1)
YL=FI
XL=SIN(PS)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION

Z)H,O(AREAL*8IMPLICIT
FU(FI,PS)FUNCTION

*********************************C
END
RETURN
F2=FL*A(XF)**2*SIN(EP)**Z/Z
Z=1.+U(XF)
FORMAT(1X,5F15.4)5

IBCEVL(XX,12,YY,12,CS,12,XL,YL,FL,IE)CALL
YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)

YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)
YL=XF
XL=XX(12)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
F2(XF)FUNCTION

********************************C
END
RETURN4
SING=R1+R2+R3+R4+R6+R5
2+DCADRE(FB,BB,AL2,E,E,ER,IE)
1+DCADRE(FB,AL1,CC,E,E,ER,IE)
R6=DCADRE(FB,CC,AA,E,E,ER,IE)
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425integralssingulartwo-dimensionalofevaluationComputer

YL=YY(1)YL).LT..00001)IF(ABS(YY(1)
XL=XX(12)XL).LT..00001)IF(ABS(XX(12)
YL=YY(12)YL).LT..00001)IF(ABS(YY(12)

XL=XX(1)XL).LT..00001)IF(ABS(XX(1)
YL=ABS(FI)
XL=X/A(FI)

2TOGOIF(FI.GT.PI/3.)
2.*PI/3.FI=FIIF(FI.GT.PI/3.)2

FI=FI+2.*PIIF(FI.LT.0.)1
FI=F0
PI=3.1415926536

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),CS(2,12,2,12),C(2,12,2,12)DIMENSION

Z)H,O(AREAL*8IMPLICIT
F(F0,X)FUNCTION

*******************************************C
END
RETURN
AP2=3.1415926536/2.

Z)H,O(AREAL*8IMPLICIT
AP2(X)FUNCTION

*******************************************C
END
RETURN

EPAPE=3.1415926536/2.
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
APE(X)FUNCTION

*****************************************C
END
RETURN
F1=A(X)*GAMMA((1.+U(X))/2.)/GAMMA(1.+U(X)/2.)

Z)H,O(AREAL*8IMPLICIT
F1(X)FUNCTION

******************************************C
END
RETURN
FU2=FL*FLS*A(XF)**2*SIN(EP)**Z/Z
Z=1.+U(XF)
FORMAT(1X,5F15.4)5

IBCEVL(XX,12,YY,12,CS,12,XL,YL,FLS,IE)CALL
IBCEVL(XX,12,YY,12,C,12,XL,YL,FL,IE)CALL

YL=YY(1)YL).LT..0000001)IF(ABS(YY(1)
YL=YY(12)YL).LT..0000001)IF(ABS(YY(12)

YL=XF
XL=XX(12)

C,XX,YY,CSCOMMON/E/
XX(12),YY(12),C(2,12,2,12)DIMENSION
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
FU2(XF)FUNCTION

***************************************C
END
RETURN
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RETURN
RR2=AK(X)IF(RR2.GT.AK(X))

X)+SQRT(SQ)RR2=R*COS(FI
SQ=0.IF(SQ.LT.0.)

X))**2)(R*SIN(FISQ=(EP**2
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
RR2(X)FUNCTION

****************************************C
END
RETURN

RR1=AK(X)IF(RR1.GT.AK(X))
SQRT(SQ)X)RR1=R*COS(FI

SQ=0.IF(SQ.LT.0.)
X))**2)(R*SIN(FISQ=(EP**2

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

RR1(X)FUNCTION
****************************************C
END
RETURN

EPAK=A(X)
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
AK(X)FUNCTION

****************************************C
END
RETURN

EP1EPAKK=A(X)
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
AKK(X)FUNCTION

****************************************C
END
RETURN
U=RES
FORMAT(1X,3F15.4)5

ER’,X,Y,RESTYPE*,’UIF(IER.NE.0)
ICSEVU(PSI,UD,23,CRR,22,Y,RES,1,IER)CALL

1TOGOIF(Y.GT.PI/3.)
2.*PI/3.)Y=ABS(YIF(Y.GT.PI/3.)1

Y=ABS(X)
PI=3.1415926536

UD,PSI,CRRCOMMON/D/
UD(23),PSI(23),CRR(22,3)DIMENSION

Z)H,O(AREAL*8IMPLICIT
U(X)FUNCTION

****************************************C
END
RETURN
F=FL

ER’,IE,XL,YL,FLTYPE*,’FIF(IE.NE.0)
IBCEVL(XX,12,YY,12,CS,12,XL,YL,FL,IE)CALL

FORMAT(1X,5F15.4)5
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427integralssingulartwo-dimensionalofevaluationComputer

IF(Y.GT.AK(X))Y=AK(X)
Y=R+EP1

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

AK2(X)FUNCTION
************************************************C
END
RETURN
AK1=Y
IF(Y.GT.AK(X))Y=AK(X)

EP1Y=R
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
AK1(X)FUNCTION

***************************************************C
END
RETURN
FG=FG*COS(X)*F(FI,A(FI))*SQRT(2.*A(FI)*EP)
FG=DCADRE(MMDELK,0.,P2,E,E,ER,IE)+LOG((1.+C)/C)
P2=PI/2.
C=COS(Y)
ARG=SIN(Y)

X/2.Y=PI/4.
PI=3.1415926536
E=.00001

MMDELKREAL*8
MMDELKEXTERNAL

ARGCOMMON/MM/
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
FG(X)FUNCTION

************************************************C
END
RETURN

(ARG*SIN(Z))**2)MMDELK=1./SQRT(1.
MMDELKREAL*8

ARGCOMMON/MM/
Z)H,O(AREAL*8IMPLICIT

MMDELK(Z)FUNCTION
************************************************C
END
RETURN
A=A1+A2*COS(3.*X)

A1,A2,BCOMMON/B/
Z)H,O(AREAL*8IMPLICIT

A(X)FUNCTION
***************************************C
END
RETURN
AN=0.

Z)H,O(AREAL*8IMPLICIT
AN(X)FUNCTION

****************************************C
END
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END
RETURN

Z)*(2.*EP*AA)**((1.+Z)/2.)/(1.+Z)*F(PS,AA)/RRFB=AA**(1.
Z=U(PS)

PS))2.*R*AA*COS(FIRR=SQRT(R*R+AA*AA
AA=A(PS)

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

FB(PS)FUNCTION
***********************************************C
END
RETURN
ANK=EP

R,FI,EP,EP1COMMON/A/
Z)H,O(AREAL*8IMPLICIT

ANK(X)FUNCTION
************************************************C
END
RETURN

U(PS))/RR*XFA=F(PS,X)*(A(PS)/SQ)**(1.
X*X)SQ=SQRT(A(PS)**2

PS))2.*R*X*COS(FIRR=SQRT(R*R+X*X
R,FI,EP,EP1COMMON/A/

Z)H,O(AREAL*8IMPLICIT
FA(PS,X)FUNCTION

************************************************C
END
RETURN
AK2=Y
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