CHAPTER 6

NEW SOLUTIONS IN FRACTURE MECHANICS

6.1. External circular crack under antisymmetric loading

Explicit expressions are derived for the field of stresses and displacements
in a transversely isotropic space weakened by an external circular crack and
subjected to two antisymmetrically applied concentrated forces. The presented
results may be used as Green's functions for a general case of antisymmetric
loading so that the complete solution can be presented in quadratures.

The external circular crack may be perceived as two elastic half-spaces
connected in the plane z=0 by a circular domain which is called hereafter the
crack neck. Ufliand (1967) was, probably, the first to consider the equilibrium
of an isotropic elastic body weakened by an external circular crack and subjected
to the action of two antisymmetric norma forces by an integral transform
method. The same problem for the case of transversely isotropic body was
solved in (Fabrikant, 1971d). All these solutions define the elastic field in the
plane z=0 only. We cal a solution complete when the explicit expressions are
given for the stresses and displacements all over the elastic space. One may
argue that since the stresses exerted in the crack neck are known, we can
substitute them into the Boussinesg point force solution (which is well known,
for example, see Fabrikant, 1970) and obtain the complete solution in quadratures.
Theoretically, yes, this can be done, but practically, this solution would be of
little use since it would require double integration, with the integrand being
singular. The computing time for this procedure would be quite significant, and
its accuracy would be very doubtful. This is the main reason why, to the best
of our knowledge, nobody tried so far to obtain a complete solution, even in the
case of an isotropic body. On the other hand, knowledge of the complete
solution is of great interest since it is essential for consideration of more
complicated problems. For example, by using linear superposition of the solutions
for symmetric and antisymmetric loading, we can obtain the solution to the
problem of one-sided loading of a crack.
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Externa circular crack under antisymmetric loading 339

The complete solution has become possible due to the new results in
potential theory given in Chapter 1. The expressions for the stresses in the
crack neck are fed in the point force solution, with one important distinction: the
integrals are computed in elementary functions and lead to remarkably simple and
elementary expressions.

Theory. We consider a transversely isotropic elastic space weakened by an
external circular crack of radius a in the plane z=0 (Fig. 6.1.1). Let two point

Fig. 6.1.1. The crack geometry

forces P be applied to the crack faces antisymmetricaly in the Oz direction at
the points with cylindrica coordinates (r,y,0) and (r,y,07). The problem, due
to antisymmetric loading, can be reduced to that of a half-space z=0, with the
boundary conditions at the plane z=0

u=0, for O<p<a, O<@<2rT,
0=0, for O<p<a, O<@<2rT,
o =Po(p-r,0-Y)/p, for agp<oo, O<@<2rT,
1=0, for a<p<oo, O<@<2m (6.12.2)

Here 0=-0, and t=-1, as they are defined in (5.1.12). It is known

(Fabrikant, 1989a) that in the case of a transversely isotropic elastic half-space
subjected to a general concentrated force with the components T,, T, and P, the

complete solution can be expressed through the three potential functions:
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Here (po,@,) is the point of the boundary where the concentrated force is applied;

X2 =X(2z), R =[p?+ps—2ppocos(-aq) +z]¥% for k=1,23;
X(2=T[Zn(Ry+2) -Ry], T=T,+ iTy,
= [p” +p§ — 2ppocos(e-@y) + 271" (6.1.3)

Substitution of (2-3) in (5.1.6) yields

¥ T [
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HVZ%DT T [, Pqg -
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e H%(Tq+Tq) Y2y Yim; 0
[m, - 1Ry (R, +2,) (mz DRA(R, +2)[]
b, M % (6.1.5)
[{m,-DR, (Mm,-1R,

Here |
q=pe?-pe® (6.1.6)
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Expressions (4) and (5) simplify for the case when z=0

T2
U=3G,£+3G, & - a%, 6.1.7)
w= HGD%E 6.1.8)

Here [0 is the sign indicating that the rea part of the expresson to follow is
taken, H, a, G, and G, are defined by (5.1.9), and

R=[p?+ p5— 2ppcos(@-@;)] 2 (6.1.9)

Expression (7) can be used for the integral equation formulation of the problem.
The governing integral equation will take the form (Fabrikant, 1971d)

21 a 21

%J J T(plg%) 0dpoda, + J J ¢ (po’%) podpod(po_L (6.1.10)

pe'?—rel¥

Here 1 stands for 1, as it was defined in (5.1.10). This equation has been
solved in (Fabrikant, 1971d), and its exact solution reads

2PHa 1 DZ 2. =10l
PG rev@-p) 2170  1-Z70 sin(¢) (6.1.11)

(p.9)=-

Here T =pe'®/(re'¥). Expressions (2) can be used to obtain formulae for the
potential functions in the case of a distributed loading. This will lead to
computation of various integrals involving (11) and some functions of distance
between points (see, for example, (4) and (5)). The simplest integral to compute
is

21 a

| :J J T(ng’("0)poolpoolcpo. (6.1.12)
0

Here 1 is defined by (11), and R, is given by (3). Let us make use of the
integral representation (1.2.21)
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1 ml(x) 0 [13(x) — x4 ¥2dx
R "J Clr2 =33 21509 - 13091

1,00 =3[P +x?+ 212 [(p-x)?+ 213,

1,00 =3[P +X2+ 212+ [(p-x)?+ 213,

_ 1-K?
AkW) = 1+ K- 2kcosy (6.1.13)
and the series expansion for (11), namely,
__2PHa < [(n+1) (Poe'®)"
(P, Pp) = Tls/zG Z r(n +1/2) (re“w)”"l(az—pg)lfz' (6.1.14)

Substitution of (13) and (14) in (12) yields, after integration with respect to @,

a Po

__8PHas_ r(n+d) [1309 X1 (13 /p)
26, & (n+ U2)(re™)™ J & p"J (95~ 7%(@ = ) 11300 - 1700]

Changing the order of integration and consequent integration with respect to p,
gives

0

G, [bz-lf(x)]”zg Ob 1509 - 1291 [0* - 15(x)]

__4PHa [(n+1) [15(x) - XZ]”(Il(x)e""/p)”dx
- G, - F(n+1/2)(re“‘“)”+1J 13(x) = 13(x) (6115
The summation in (15) can be performed, with the result
__4PHape? J o 0O 10 - dx 6116

By introducing a new variable y=I,(x), x=y[1+Z%(p*-y?)]'? the integra (16) will
take the form
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Iy
| = _4PHa9e“PJ 1y dy

Qs L |
(b2_y2)1/2 mmpZ_yZ)UZ(bZ_yZ)

Throughout this section the abbreviations |, and |, denote I, (a) and |,(a)

respectively. The last integral can be computed in an elementary manner, and
the fina result is

4PHa [ 1. (PP=1DY2 . i
| = 1q% (I) (b2—lf)”28n B (6.1.17)

Here g is defined by (6), and b?=pré®¥. In order to find the main potential
functions (2), we need to compute the integra

21 a

= J J qT(po’(Po)podpod(Po (6.1.18)

Ry+z

This integral can be computed from (17) by means of application of the operator
Ato both sides of (17) and consequent integration of the result twice with respect
to z. Application of A to (17) yields the following integral

21 a

- 2\1/2
q __4PHa_1,(p*-19) l,
J J RST(pOa(pO)pOded(pO T[Gl (|§—Irf)(b2—|rf)%+(b2—|rf)1/23m |])DD (6119)

Integration of both sides of (19) with respect to z results in

2m a
0
q _ _4PHa 1 ] a ]
H RoRo+2) " P ®PudPoci =" "Lz A

—tan

Iy
a1y %sint(xb)dx__ =
1%b2 2))1/2DD J (az)ijzgll/z((bz)_:z)g/zg (6.1.20)

Various formulae from Appendix 5 were used in the intermediary transformations.
Yet another integration of (20) with respect to z gives



344 CHAPTER 6 NEW SOLUTIONS IN FRACTURE MECHANICS

= [
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The last result allows us to define the potential functions (2) as follows:

PHy, J 2Hy,a ] N
P o1l T, g(zl)w(zl)gﬂnmﬁzl)g
0 0
Fom s H(z) +(2) S In(R,+2)0
210 0
_iy;PHa
o= G%( Y-z g (6.1.22)

Here the notation was introduced

=[p?+ ps— 2ppcos(@— @) +Z Y2,z =7zly,, for k=123

f(2)=

1 _a [(a*-1 )NZDD (P* =12 FLAN
( 2)1/2%an I]bZ 2)1/2D tan’ I]bZ 2)1/2[]]] (b2 I%)l/ZSIn |])D

Iy Iy

N ZJ x*sin(x/b)dx J xsin(x/b)dx
(a®-

2)1/2(b2 2)3/2 (p2 _ X2)1/2(b2 _ X2)1/2' (6123)

Now the complete solution can be obtained by substitution of (22-23) into
(5.1.6) and (5.1.12). The result is
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(6.1.24)

(6.1.25)

(6.1.26)

(6.1.27)

(6.1.28)

(6.1.29)

Here are the explicit expressions for various derivatives of f which will be

needed

Iy

of 1 a Ja2-1)Y? 25ini(x/b)d
_ Z)ﬂzganﬂ tanlﬂ 1) D]]+J a x“sin~(x/b)dx

a_Z_(bz—a mbz 2)1/2D mbz_az)ﬂzm]

2 _ X2)1/2(b2 _ X2)3/2’

(6.1.30)
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@1 G ~2a -3 ) 2ré Y (1)l p(a -9
(62122 5 @17 B L)
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Formulae (24-37) represent the main new results of this section. One can notice
that some of the derivatives ill contain uncomputed integrals, but the main
advantage is that those integras are single, rather than double, and that their
integrands are non-singular which makes them easy to compute by any standard
subroutine.

The main results are valid for isotropic bodies as well, provided that we
substitute the elastic constants and compute the Ilimits according to (5.1.14).
These limits may be computed by using the L’'Hopital rule. The following
scheme should be used:

Df(zl) f(zz)

ylljgliml-fm -1 - 2(1 wh @ (6.1.38)
; mnlf(zl) mzf(zz)[]_
yllql\r/quml m,—10 2~ 2(1 vy @ (6.1.39)
i O @ m) ey | [1- 1+ m)(va)Tf(z) O
quyqum m -1 m,—1 ]
_2(1+v)f(z2) +zf'(2)
- 2(1-v) ’ (6.1.40)
lim itz +y2f(22)D_ _A-2vfrx+zf"(2) (6.1.41)

Yi-Y quD‘nl 1 mz_llj_ 2(1—V) '
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0 mf(z)  mi(z) [L (1-29)f(29)-2"(9)

lim 6.1.42
quyqumll(ml 1) y.(m,-1)[] 2(1-v) ( )
Herethefollowing relationshipswere used

. oM

im m =1, [|im ov. O 2(1-v), (6.1.43)

Y1-Yo-1 Y1-Yo-1 Y1

and the symbol (") indicates differentiation with respect to z. The field of
displacements in the case of isotropy will take the form

1+v p%’ _(1-2v)q , 2 _(1 2V)Af(Z )_M/\f(z)

U=SE 2nE 5 Ro(Ry+2) 2=V
T[(Z V) Z_A%(Z)H(Z)% (6.1.44)

"7 P (1-ZV)[f’(z)+f’(z)] +2[f () +1 (2] 2LV 25

T 2nE EP(Z . 5 RSD

(6.1.45)
The derivation of the field of stresses for the case of isotropy is left to the
reader.

It is of interest to investigate the influence of crack neck on the field of
displacements. This can be done by comparison of (44-45) with the case of an
elastic half-space subjected to a norma concentrated load P which is given by
the last two terms in (44-45). As we can see, the most difference will be
achieved in the case of Poisson coefficient v=0, while in the other extreme,
namely, v=1/2, both solutions coincide. The computations were made for the
case v=0, a=2, r=3, =0, ¢=0. The value of u =(u/a)(2nE)/[P(1+V)] versus p/a
for z/a=0.0,05,1.0 is plotted in Fig. 6.1.2. The negatlve vadue of p is
understood as its value for @=mt A similar value of w =(W/a)(2nE)/[P(1+V)] is
plotted in Fig. 6.1.2. In both figures, the solid line curves correspond to
formulae (44) and (45) respectively, while the broken line curves describe the
field in an elastic half-space subjected to a norma load only. The results show
that the field of norma displacements is practically unaffected even in this
extreme case, while the field of tangential displacements differs significantly in
the vicinity of the applied force and the crack neck. All the broken line curves



Penny-shaped crack under antisymmetric loading

Fig. 6.1.2. The field of tangentia displacements

Fig. 6.1.3. The field of normal displacements

in Fig. 6.1.2 go above the relevant solid line curves. A similar picture is
observed in Fig. 6.1.3 for positive p, and it becomes reverse for negative p.
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6.2. Penny-shaped crack under antisymmetric loading

Explicit expressions are derived for the field of stresses and displacements
in a transversely isotropic space weakened by a penny-shaped crack and subjected
to two antisymmetricaly applied norma concentrated forces. The presented
results may be used as Green's functions for a general case of antisymmetric
loading so that the complete solution can be presented in quadratures. Severd
specific applications to fracture mechanics are considered.

We cal a solution complete when the explicit expressions are given for the
stresses  and displacements al over the elastic space. Though some
axisymmetrical problems were considered before, we are unaware of any solution
to the problem of a penny-shaped crack subjected to two antisymmetric normal
forces applied at a general point. Knowledge of the complete solution is of
great interest since it is essential for consideration of more complicated problems.
For example, by using linear superposition of the solutions for symmetric and
antisymmetric loading, we can obtain the solution to the problem of one-sided
loading of a crack. Further application of the reciproca theorem leads to the
solution of the interaction problem between an external force and the crack.

Formulation of the antisymmetric circular crack problem. We consider a
transversely isotropic elastic space weakened by a penny-shaped crack of radius a
in the plane z=0 (Fig. 6.2.1). Let two point forces P be applied to the crack
faces antisymmetrically in the Oz direction a the points with cylindrica
coordinates (r,y,0") and (r,p,0). The problem, due to antisymmetric loading,
can be reduced to that of a half-space z=0, with the boundary conditions at the
plane z=0

u=0, for agp<oo, O<@<2rT,
0=0, for agp<oo, O<@<2rT,
o =Po(p-r,0-U)/p, for O<p<a, O<@<2rT,
1=0, for O<p=<a, O<@<2m (6.2.1)

It is known (Fabrikant, 1989a) that in the case of a transversely isotropic
elastic half-space subjected to a genera concentrated force with the components
Ty, T, and P, the complete solution can be expressed through the three potential

functions;

Mo, AT 0
ml_l@Vz(/\X1+/\X1)+P|n(R1+Zl)D




Penny-shaped crack under antisymmetric loading 351

Fig. 6.2.1. Loading of a penny-shaped crack

Yo 1, my AT 0
FZZFijl(AX2+AX2)+PIn(R2+ZZ)D

Y3 _ -
F3 =1 m (/\X3 - /\X3) (622)

Here (po,@,) is the point of the boundary where the concentrated force is applied;
XD =X(2d, R =[p"+p5~2ppcos(¢-@) +2]"?, for k=123,
X(2=T[aAn(Ry+2) -Ry], T=T,+iT,,

Ro=[p?+ P — 2ppacos(@-@,) + 22 (6.2.3)

Substitution of (2-3) in (5.1.6) yields

Y. T
p=—e O, oT O
4TAY, [Ry  Ry(R;+2z)°L]
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m, = OR; Ry(R;+2)°0 Rl(R1+Zl)D

Yoy y:m, [
w=H (Tq Tq)Eﬂ m; —1)Ry(R; +z)) (mz DRY(R,+2)[]

2

my m,

]
Mm-DR

P
[m, - YR,

Here _
q=pe?—p,e®

Expressions (4) and (5) simplify for the case when z=0:

1. T 1~ To? P
UZEGlﬁ-FEGZj?,__ Ga,
w= HGD%E

IN FRACTURE MECHANICS

(6.2.4)

(6.2.5)

(6.2.6)

(6.2.7)

(6.2.8)

Here O is the rea part sign; H, a, G;, and G, are defined by (5.1.9), and

R=[p?+ p5— 2ppcos(@-;)] 2

(6.2.9)

The complete solution. Expression (7) can be used for the integral equation

formulation of the problem.
(Fabrikant, 1989a)

2T
Gl
7|

Here 1 stands for -t, as it was defined in (5.1.10).

T(Po,B)

R PodpPy d%"’jj J q—(po’%) PodPode, =

The governing integral equation will take the form

HaP
pe'?—rel¥

(6.2.10)

A general solution to this
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equation can be found in (Fabrikant, 1989a), and its exact solution in this case
is elementary. It reads

PHoe® [] G, .1 0

nG,p(p?-a) G, -G, (1-7)%[] (6.2.11)

(p.) =

Here Z=re'¥/(pe'®). Expressions (2) can be used to obtain formulae for the
potential functions in the case of a distributed loading. This will lead to
computation of various integrals involving (11) and some functions of distance
between points (see, for example, (4) and (5)). The simplest integra to compute
is

21T

J J T(plg’%)podpodcpo. (6.2.12)
0

Here 1 is defined by (11), and R, is given by (3). We need to compute the
following integral

e ®dp,day
| = 0___ 6.2.13
J J Ry(Po—a?)[1 - re™/(pye" *)1*2 ©25)

Let us make use of the integral representation (see Example 13, Chapter 1)

0

2 _12( 1172
1_2 J ZPPo O DX 1091 dx (6.2.14)

Ro 11| “TB09" T8 - 0911300 ~ 1200
where
1,00 =3{[(p+%+ 212~ [(p - %)%+ 21},

1,00 =3[P +X2+ 212+ [(p-x)?+ 213, (6:215)
_ 1=k
Ak,W) = 1712~ 2koos)’ (6.2.16)

and the series expansion
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r(n+ )
(1-*==< Zr(né) (6.2.17)

Substitution of (14) and (17) in (13) yields, after integration with respect to @,

_gel¥ Z r(n +§) 3 PdP, ¥ pré@Wm  [x2-15(x)] Y2dx
VT F(n+1)J (pé—az)ﬂzj D500 O [153) = 1501 (X% - pg) 2
(6.2.18)

Changing the order of integration in (18) and consequent integration with respect
to p, and summation gives

00

1,09d1,(¥)

N anel(pj [150 ~ P °[13(x) — pre *¥]*? o219
Here we used (17) and the substitution
dlo(9 __ x(15( -p) (6.2.20)

dx T LOQIZK) ~ 15(%)]

The last integral (19) can be computed in elementary manner, and the final result
is

o (Ig_p2)1/2
= —q - 2.21
pe"“’—re"‘“% (15-b?¥2[] (62.21)

Here b?=prd@¥.  Throughout this section the abbreviations |, and 1, denote
[,(a) and I,(a) respectively. The last result (21) allows us to compute

21T

T(po’%)podpod% 2PHO( % (15-p3*°0
J J R, G, EPe""—reIllJ (15-b3¥20
G eI(p (|2_p2)1/2
G Gz)p%_ : I, % (6.2.22)

In order to find the main potential functions (2), we need to compute the
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integral

21T

= J J qT(po’(Po)podpod(Po (6.2.23)

Ry+z

This integral can be computed from (22) by means of application of the operator
Ato both sides of (22) and consequent integration of the result twice with respect
to z. Application of A to (22) yields the following integral

21T o

q __2PHa[ 13(15-p)" G, (13-p)™0
| | Reroomnsestn =2 8 G i e e

(6.2.24)
Integration of both sides of (24) with respect to z results in
21 o _ D
q _ 2PHG 1_ o)
“RO(RO+Z)T(90,%)pOdpod% DalB—Z%\E% ) aD
2012 _ A2\12 [l
_b¥(l3-a9)™ G, Sml(l ) (6.2.25)

L(3-0970 (6,-Ga " 1)

Here E(LI) stands for the incomplete elliptic integral of the second kind.
Various formulae from Appendix 5 were used in the intermediary transformations.
Yet another integration of (25) with respect to z gives

21T
J Jﬁ_,__ZT(po’(Po)podpod%:_ZPHG%(Z)+ (Z)D (6.2.26)
where
B bD b2(|2 a2)1/2
f(z) bz% % 1(| aD |2(|2 b2)1/2D
(|2 2)1/2 2 _h2\1/2 2 _ 2\1/2
(Iz 0?) 72 —In[(I2-b5)™ + (I2-p)™], (6.2.27)
f(2) = —g gn-l(l—az) +L'rf)ﬂ2 =In[l,+ (13- p?"¥?. (6.2.28)
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Strictly speaking, the integral in (26) is divergent, so that the right hand side in
(26) represents the finite part of the divergent integral. This result was obtained
by using the following convergent integral

2T

qe® dp, dg, e e L
J J (Ry*+2)(P5- 32)1/2% pye' ®0] 1D_2T[[ f(2) +1o(2)]- (6.2.29)

We notice that in the limiting case of r=0 function f coincides with f,.
Formulae (26-28) allow us to define the potential functions (2) as follows:

[
i w%——ﬁz{f( 2} + o2 Sk uin(D, )0
G [
-=2 Z,)} +§ifo(zz) B"‘ Y.In(D, + ZZ)E
PH
Fa= e A1) (6.2.30)

Here f(0) and fy() are defined by (27) and (28), and the following notation was
introduced:

=[p?+r?-2prcos(@- ) + Z]Y?, z,=2zly,, fork=12,3; (6.2.31)

Now the complete solution can be obtained by substitution of (30) into (5.1.6)
and (5.1.12). The result is

i0_ rall
u=PH ka_lw%——gxm{f(zw SNz %B

iy,PHa
T[ZM s, A f(z,)}, (6.2.32)

2
D
[a
w= D\T% szzkm{f(zk)} G snl(l )D DkD (6.2.33)
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1- (1+mk)(v3/vk)2 G, 2(a ~13v2 U
2PHA66§ w% Gitoz "9 * 5 o=y 0 i

(6.2.34)

2
]
_ 1 _Goe Gopae O
0= 2PHAG 3 = 15“% D20} + Gz
k=1

_Yk(p“:‘i(p -re¥)’2D, + Zk)D 2PHa
D(Dy +2)? ] G1Ys

N f(z,)}, (6.2.35)

. (5 -
0=y VZ)Z( 1) 1@% GZ 2L D{ (1A~

2k_|1k

_12\V2 ]
ZMD 20 (6.2.36)

Gia(l4-14)0 D3D

2
_ P _1\k+ _ED EZ i [
Tz - 2T[(V1 _y2) g ( 1) 1%(% G d\ D{ f(zk)} + GlAaZka(Zk)D

iQ_ quD
_pe re -

DED

PHa
TG,

/\—D{f(z3)} (6.2.37)

We recall that throughout this section the notations [ and [ stand for the real
and imaginary part respectively. Here are the explicit expressons for various
derivatives of f which will be needed

2 21/2
@) __ 2t bz%% 1(| b0 b(15-a)™ (6.2.38)

0z ‘al] 1,(13-p)12 bZ)UZD
o1 _(3-pH"[
Af(2) = pe““’—re“‘“% R (6.2.39)
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< _domB3-pAY? [ &L s bD a?+b? L[] 1.a b
/\f(z)‘pD(@—BZ)?V2 1D+a2 b? p%% a0 25" n(lz)’aDD

b’g
+ ritl(é '5_-5 ?)2])11:2%22?%2 + |§6—262% (6.2.40)
azfz(f):(l’s‘l—g(ll’g(_l p—);)y (6240
aiz/\?(z) - E|(|2§ ba;;”f %gei(lpl * arelq;azg p(: el(pr)EF% 1(_ a
+ Zi igz EEIZZ(('F%‘_ %?;fz - E% n-l(l—az), g% (6.2.43)
NH(2)= (pe'®-re "“)2% (|2 bgﬁﬂ (pe "‘)"e—i(pr(::"“)Izllf(allj;)(zl2 I?)Z)w' (6:2.44)
Thenecessary derivativesof f, are:
Ny(2) = ——% @)™ '1)]]2 (6.2.45)
2i(2)=-1s n-l(l—az), (6.2.46)
%A%(zﬁ%:f‘gm, (6.2.47
azz fo(2) = % (6.2.48)
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i _1V i _1V
/\Zfo(z)=2“§22(‘E[-(""2 )70 a1 (6.2.49)

O a(3-1d)

Again, we notice that al the derivatives of f in the limiting case of r=0
coincide with those of f,, Formulae (31-38) represent the main new results of
this section.

One-sided loading of a penny-shaped crack. Consider the case when a
concentrated normal force P is applied to the positive side of the crack at the
point (r,y,0%), while the other side is stressfree. The complete solution to this
problem can be obtained by the superposition of the symmetric loading solution
(see Fabrikant, 1989a) and the antisymmetric one presented here (32-37).

et S-S

0, (pe e?-re¥)y . iy,PHa
0 DDu*2) " 21mA LG,

G,
+ _Afo( =

5 AKX f(z3)}, (6.2.50)

B @)+ g ) PHZ Dg% S 0(i(z)

W=

D
Glasml(_)D Dkg (6.2.51)
0
= P V1 O Yy 1
L) %tmﬁl)\/z Vi %) dm+1)yv; Yo 3(22)5
+PHA Zl (1+mk)(ve,/vk)D % S0 14z + 2(a -1 E
66k_1 Giloz “ a(l5-19) 0 D} kO]
(6.2.52)

[
_2 HRA Y2 1 _Go
AP S 1R + i 2 e PHARD. i =G 2)
k=1
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[ Y(pe®-re¥)*(2D, +z)5 PHa
(-
k(D +zk) 0 NG, Y,

G,
+ _/\2f0( k)

G, NI f(z5)},

2
]
- P _ 0 P Skt
02" 212(Y, Vo) E{lf?’(Zl) Vofs(z) D+ 4y, —Y,) g( ? Eﬁ %

2 (a®- |1k)1/2 g

_Ez[lzzk“zzk‘pz]ﬂz
; 1a (|2|<‘|1k)D D3D

0 |2 b2 -3/2
G0 12-12 {( )+ G

2
—; — D L _ + ZD 6
TZ_ZT[Z(Vl_Vz)%S(Zl) fS(ZZ)D+ 4T[(V1_V2)E( o) 1%% G, d\a {1z}

o0

G, [ pe-ré PHa
—/\—f (- /\—D f(z
6,0z, 00 b7 O ame, oz L)
where
1 [(a®-r3)" _ (a®-b)¥? [h[
fl(z) - pe‘i(P_re'illJ maZ __bZ)1/2 tan 1(|2 2)1/2 tan 1|])|:[|]
_1. 4 (h(
L@ =5’ 3 o
D 2
a0h 0O h [P -5 2
KOO O pr e g1z DZ%

(a2 - r?)12 O re¥
(pe-i(p _ re—qu) (a2 __bZ)1/2 EhZ _62

fi(2) =

2 0O,a[a-b)"[, _ z3D°-7) [h(O
pe'?—rel¥ %an 13- 2)1’2D (pe'? - re"“)zD?’tan DO

_ (a2_r2)1/2(|§_a2)1/2reilp
(pe™ -re™) (@ - DI -prd ™)

(6.2.53)

(6.2.54)

(6.2.55)

(6.2.56)

(6.2.57)

(6.2.58)



Penny-shaped crack under antisymmetric loading
zh [ (pe?-re") p%e?? O
+ 6.2.59
D?+h? [{pe™® - re'w)Dz (15-1H05-p3 0 ( )
e®—re¥ a[h[] _h Dpe“p pe®—re¥
=- 5+ : 2.
<2 o D° B D Drenen2- D? (6.2.60)
The following notation was introduced:
D =[p?+r2-2prcos(@- ) + 7Y%, h=(a?-r3)"¥a?-13)"?a. (6.2.61)

As one can see from the structure of equations (50-55), the solution is given by
the sum of the symmetric loading solution and the antisymmetric one. The case
of norma loading of the negative crack face can be obtained as the difference
of the two particular solutions.

Interaction of an external force with a penny-shaped crack. Consider a
transversely isotropic space weakened in the plane z=0 by a penny-shaped crack
of radius a. Let the crack faces be stressfree, and a concentrated force be
applied in the Oz direction a the point (p,@,z). Solution to this problem can
be obtained by application of the reciproca theorem to the general results
obtained here. Let a unit normal force N be applied to the positive face of the

crack at the point (r,,0"). Denote w, the normal displacements at the point
(p,@,2) due to the unit force N, and denote w, the normal displacements at the
point (r,y, 0") due to the externad force P. Application of the reciprocal

theorem immediately gives that
Wp = Pw, (6.2.62)

which trandates into

w(r,,0" = PHOT 2( z) + f2(22) PH Z _
Erlnl 1 i

. D
(_)D DkD

2Da

S0e (6.2.63)

—U{f(z,)} ——asm

The normal displacements of the negative face of the crack can be found in a
similar manner, with the result
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m
w(r,y,07) = P;'%nl 1 fo( 1)"' il f2(22)

S200 1tz - snl(—) 19 (6.2.64)
TG,[Pz, U G /0 Duy -

The crack opening displacement can be obtained as the difference between (63)
and (64). Computation of the crack shape was made for a transversely isotropic
body, with the following values assigned to the elastic constants: A, =A;=2.7777,

Au=Ag=1, A;;=0.6944. The dimensionless quantity w =wa/(PH) versus p/a is
presented in Fig. 6.2.2 for r/a=15, @=0, =0, and zZa=0,1,2. Since the crack

Fig. 6.2.2. Crack shape due to an externa force

opening displacement is zero for z=0, and it tends to zero for z- o, there
should be a location for an external force where it produces maximum crack
opening.

Discussion. Some particular cases of interest are considered here as well as
some applications to various problems in fracture mechanics.

The main results are valid for isotropic bodies provided that we substitute
the elastic constants and compute the limits according to (5.1.13). These limits
may be computed by using the L'HOpital rule (see 6.1.38-6.1.43) for the scheme
involved. The field of displacements in the case of isotropy will take the form
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u:(l+V)P

D - -
> (12 _ZV" )%Z—v)/\f(z) +VA[f(2) -T(2)]

[

a9 v M, pe®-re¥dz _1-2v
+Maz%]{f(z)}+2(1—v)f°(Z)D]]+ D D D+z% (6.2.65)

_ 2
W= (12+T[\I):_)P§12 —2\\:) %]{f’(z)} +2(1V—v) fo’(z)g

0
1-2v . .. 2(1- 2

A comparison can be made between the field of displacements due to a
concentrated normal loading of a half-space with the field defined by (65) and
(66). Both fields coincide for v=1/2, and their difference increases with v
decreasing. Computations were made for v=0, r=0.5a, and different values of z
The dimensionless parameter u =2mEU/[(1+V)P] versus p/a is presented in
Fig. 6.2.3. The value of w=2nEw/[(1+V)P] versus p/a for zZa=0,2 is presented
in Fig. 6.24. Solid line curves in both figures correspond to formulae (65) and
(66) respectively, while the broken line curves give the results due to the
concentrated loading of the half-space. The derivation of the field of stresses for
the case of isotropy is left to the reader.

In the case of axiad symmetry r=0, and the complete solution can be
expressed in terms of elementary functions. The main potential functions will
take the form

PH

Fu= g @) + Vil + )+ 2 (6267)
PH

Fo= g (@) AN+ )24 2] (6.2.69

F,=0. (6.2.69)

We recall that f, is defined by (28). The field of displacements is
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Fig. 6.2.3. Comparison of tangential displacements

Fig. 6.2.4. Comparison of normal displacements

D

|(p% (a _| )1/2 pe<Py
a O (@+DY(p +zk)”2+zk]
(6.2.70)
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O
1 —
n( 2k) NS +Zk)ﬂ2D (6.2.71)

Again, we leave the derivation of the field of stresses to the reader. It can be
done easily by using the appropriate differentiation formulae from Appendix 5.

The stress intensity factors (SIF) play an important role in fracture
mechanics. The solution presented can be used for computing the SIF in various
particular cases. Define the three mode stress intensity factors as follows:

k,=lim{(p—a)" 0}, 6.2.72)
p-a
. . 12 .
k,+iks=lim{(p—a) T1,6'%, (6.2.73)
p-a

Since the normal stress in the plane z=0 vanishes in the case of antisymmetric
loading, so does the mode | SIF k. The remaining SIF can be obtained from

(11) as follows:

[ [
. _ PHa G, 1
k(@) +iks(@) = T[a\/zlGl%l ~G, + [1- (r/a)ei(mw)]slzg

(6.2.74)

A similar result can be obtained by using the general expression of SIF through the limiting
valuesof displacements(Fabrikant, 1989a)

a ’ [G.7u(p,¢) + G,e°u(p, )]

— 6.2.75
(G} -G3)V2a p'fQD (a®-p?)¥? [l ( )

K, +iky=~—

Here u stands for the complex tangential displacements in the plane 2z=0.
Indeed, one can get from (32)

€0 a2 10
1p|j 2 b2)3/2 aD

u(p,90) =PHa(a® - pz)”E13

1 [
——— O
(pe-l(p _ re—llp)(aZ _ bZ)l/ZD

(6.2.76)
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and the substitution of (76) in (75) leads to (74).
In the case of one-sided loading of a penny-shaped crack, the SIF are

P (a2_r2)1/2
2r&v2a a® +r? - 2arcos(@— )’

k(@) = (6.2.77)

] ]
_  PHa G, 1
k(@) +iks() = V280 EF’ G, [1 (r/2)e@¥] 3/2D

(6.2.78)

Formulae (77) and (78) alow us to consider some cases of one-sided distributed
loading. Let the load of intensity p per unit length be uniformly distributed
along a circle of radius r. Direct integration results in

_ p

- , 6.2.79
1 mv2a(a?-r?)l2 ( )
k,=—L3 _  k,=0. (6.2.80)

2ay,y,V2a

Notice that k, does not depend on the loading location. The case of uniform
loading p distributed over an annulus r,<r<r, can be considered in a similar
manner. The result is

p[(a®-r})*2 - (a2 -r5)"?]
k,= — , 6.2.81
! w2a ( )
pa[r2 1]
6.2.82
4ay1y2\/2a ( )

Introduction of the total load P =Tp(rs - r3) transforms (81) and (82) into

P
k,=—— , 6.2.83
b mv2a[(a?- i)Y+ (a2 -r3)Y ( )
k :L_
> 4may,y,V2a

Again, thevalueof k, doesnot depend on thelocation of theloading.
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6.3. Annular crack under general normal loading

The flat annular crack in an elastic space under the action of a uniform pressure was
considered by anumber of authors starting with the early work of Smetanin (1968) and ending
with the most recent work of Clements and Ang (1988) where the reader can find additional
references. All these publications treat only the ssimplest case of uniform loading. To our
knowledge, no attempt has been made to solve the general non-axisymmetric problem. Sucha
solution is presented herefor the case of atransversely isotropic body. The method isbased on
the results described in Fabrikant (1989a). The problem is reduced to a set of two
two-dimensional integral equations of Fredholm type with elementary kernels. The equations
can beeasily uncoupled and solved numerically with high accuracy.

Formulation of the problem. Consider atransversely isotropic elastic space weakened
inthe planez=0 by aflat annular crack b<p<a. Anarbitrary pressure p(p, ) isapplied to the
crack faces in opposite directions. Due to the symmetry, the problem can be reduced to a
mixed boundary value problem for an elastic half-space, with the following boundary
conditions prescribed on the planez=0:

w=0 for O<p<b or for p>a;
o,=—-p(p,p) for b<p<a. (6.3.1)

Here w denotes the normal displacement, and o, is the normal stress. If a

normal concentrated load P is applied to the boundary of the half-space at the
point (P, ¢,,0), then the normal displacements a z=0 can be defined as

(Fabrikant, 1989a)

w(p,q) =H E (6.3.2)

Here H is an elastic constant which in the case of isotropy transforms into
(1-vd/(nE), and

R=Vp? + P5 — 2pP,CoS(O-@y). (6.3.3)

In the case where the norma pressure o is prescribed al over the plane z=0,
the relevant norma displacements can be related to it in two different ways,
namely, (Fabrikant, 1989b):

0

p
d 2
W(P’(p)=4HJ (pZiji(@)”ZJ (pgg;;uzL%(—po%(po,(p). (6:3.4)
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© X

_ dx PodPo @po
w(p, ) =4H J) - p2)1/2J % po)l/z sz %’(po’ Q). (6.3.5)

Here the r-operator is defined as
2n

L(k)f((p)=2—1T[J Ak, 0 @) f(@) d,

with
1-Kk?
1+k?-2kcosy’

Ak) =

We can not use (4) and (5) directly since o is known only on the interval
b<p<a. Let us introduce two new unknowns o, and o, which are assumed to
be egual to the normal pressure in the intervals O<p<b and p>a respectively.
These unknowns can be found from the first boundary condition (1). In the
case p>a it is convenient to use (5) which can be rewritten as

pdp o
0= 2)”2[J oy o PP
) pdp P pdp P 0
+ j S B | 2 B

which immediately leads to

b

podp " potlo
Jo(o—‘)c)c;l/z D( l(pO’(p) J (20 c;1/2 D(%(pO’(p)

X

d
+J (Xpo—;c;llz g(o 2(Po @) =0

(6.3.6)
Application of the operator
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p

[1Dd X dx £0%)
m)l:dpJ (p 2)1/2

to both sides of (6) leads to the first governing equation

1 (a®-p)” [@
0P, ) + TT(p a2)1/2J pz_;g [po 1(Po: ®) Podpg

v m’o
p2 - p EP(pOa 0)] podpo for p>a.
0

__2_ 1 (a po)
-’-[(pZ_aZ)l/ZJ
(6.3.7)
A similar utilization of (4) for 0<p<b leads to yet another equation
1 \/po b2 d
0P+ s £ 00 @) Poti
2 1 [ Vb D
=-< L EP : dp, for 0O<p<bh.
"\/bz—pzj 02— Do (Po: @) PPy p
(6.3.8)
Though the kernels of integral equations (7) and (8) look different, a special
transformation can make them identical. Indeed

, let us substitute in (8) the new
variables x and t which are related to the old ones p and p, as follows. p=vab

t and p,=vab/x. The result reads

k
1 V1-K*X° iy
0,(ab1, )+ 2 tZJ S5 £00) 0,(Vabix, )

1 _ 1,22 2
_T_ZT\/kzl—tZJ ‘/11 ;2 £(xt) p(vablx, (p) (6.3.9)

In a similar manner, substitution of p=vab/t and p,=vabx in (7) results i
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o,(Vablt, ) +2 £(xt) o,(Vabx, @) xdx

t3 \/1 1 - K22

£(xt) p(vVabx, @) xdx. (6.3.10)

k
_.2_¢t V1-k2x

Equations (9) and (10) can be rewritten as

21 K
1 V1-k?x? _
S(LQ+—=—s J J = S,(X, @) xdxdgy = 9,(t, @), (6.3.11)
21
1 \/1 1- k22
s,(t,9) + Tﬁv‘@__tzjj R S ) XX = 0(1,) (6.3.12)

Here the following notation has been introduced

s/(t,@) =o,(Vabt,q), s,(t,0) =0,(Vab/t,@)/t°, R;=1+xt?—2xtcos(@— @),

(6.3.13)
- ﬂk\/ —1.2v?
_ 1 1-kx —
gl(t’(p)__T[z\/kz_—tZJ J RZ p(Vab/x, @) xdxdg,
21 yk\/ s
__ 1 1-k°x — dx
go(t, @) = T[Z\/_kz—tZJ J R2 p(vabx, @) 2 ey, (6.3.14)

Equations (11) and (12) can be easlly uncoupled by simple summation and
subtraction

2m g

5.(4,0) + 5——s J J vi-kox s.(x, @) xdxd@,=g_(t,0), (6.3.15)

Tevk® -t Ra
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21 K
1 V1 - k2x?
S (t,p) ————— S (X, xdxdg, = t,). 6.3.16
(0 nsz-tzj J 25 00 XX =0. (1.0 (6316)
Here we denoted
S,=S1%S, 0,70:%0,. (6.3.17)

Equations (15) and (16) seem to be new. They represent the main result of
this section.

Examples. Equations (15) and (16) can be solved numerically for arbitrary
g, and g, One should though eliminate the singularity by multiplying both

sides of each equation by the term vk®-t?>. In the case of axia symmetry,
equations (15) and (16) simplify as follows:

k
2 V1 —k2x? _
s (1) + m/kz__tzj oS, (9 xdx=g, (1), (6.3.18)
k \/ 22
2 1-kx _
s (1) T[\/kz_—tZJ S5 (0 xdx=g (1), (6.3.19)

We rewrite equations (18) and (19) as

k

2 V1-k?x? B
SYORE: J oD S (x) xdx=h (1), (6.3.20)
k \/ 22
2 1-k°x _
s()-= J D S (x)xdx=h (t). (6.3.21)

The relevant notation is

S,(h=s()V k2 -t2, h, () =g,()V k2 -t2. (6.3.22)
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Consider in more detail the case of a uniform loading p=const. In this case
formulae (14) yield

] ] i
h(t)_——pa—‘/1 K _vie—e smd=k
] V1-k4t
! 2 \/kz—tz tv1-k*
2El/l - k\/l—kth% (6.3.23)

Now we give a description of the numerical method used for solving (9)
and (10). Consider the following integral equation:

k

S(t) + J K(t,X) S(X) dx = h(t). (6.3.24)

Here h is a known function, % is the kernel, and S is the as yet unknown
function. In the numerical methods used in the literature it is assumed usualy
that the unknown function is piecewise constant. We consider the unknown
function S to be piecewise linear. The notation S stands for either S or S.

We divide the interva [0,k] into n—1 equa subintervals of length A=k/(n-1).
The points of divison are called X, [=1,2, ..,n. Let SIZS(XI), for 1=1,2, ...,n.

This implies that at the I-th subinterval the function S can be expressed as
follows:

S(X)=S|+(S+1-SI)%-S for x <x<x;. (6.3.25)

Substitution of (25) in (20) or (21) leads to a set of n linear algebraic equations

0,(t) B.(t)—64(t)
o ngx(t) (i ~2)Ko(t) -~

S@n A1)

+ O A -(n-2)K,_ 1(t|) h(t) =X, for 1=1,2,...,n

(6.3.26)
Here
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Ki(tI)ZJ A(t, X) dx. (6.3.27)

Gi(tl)zj A(t, X) Xdlx (6.3.28)

Since the piecewise linear function follows the real function more close than the
piecewise constant one, we should expect the set of equations (26) to give a
more accurate solution.

Actua computations were made with n=301 and the set of values (b/a): 0.04,
0.1, 0.2, 04, 0.6, 0.8, 0.9, 095 099. The dimensionless quantites S;=S/p and

S=S/p are plotted in Fig. 6.3.1 and Fig. 6.3.2 respectively versus the quantity
&=1+300(t/k). This choice allowed us to plot al curves on the same base. In

Fig. 6.3.1. Annular crack under uniform normal loading (solution for S))

order to avoid overlapping, not al curves are actually plotted in Fig. 6.3.1 and
6.3.2. The stress intensity factors were defined as

K_=1lim {o,(p)Vp-a}, K, = g imb {o,(p)Vb—p}. (6.3.29)

p-a

373



374 CHAPTER 6 NEW SOLUTIONS IN FRACTURE MECHANICS

Fig. 6.3.2. Annular crack under uniform normal loading (solution for S,)

They can be smply defined in terms of the functions S, and S,, namely,
Ka:kZ\/JZSZ(k), szx/stl(k). (6.3.30)

We have normalized these quantities by the stress intensity factor K, for a
penny-shaped circular crack of radius a subjected to the same pressure p

/5
Ko="3p

with the result

K 2 K
« _Na_TK « _Np_ TI
Ka ——KO _2p S(k), Ky ——KO __2p S,(K). (6.3.31)

The absolute values of the computed results are presented in the Table below

b/a 0.04 0.1 0.2 0.4 0.6 0.8 0.9 0.95 0.99
K| | 3.2245 20742 14892 1.0339 07646 05113 03541 0.2473 0.1064
|Ka | 0.9835 0.9578 09118 0.8055 0.6713 04848 0.3460 0.2450  0.1065

The results above are in excellent agreement with those of Clements and Ang
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(1988) who have normalized their results relative to a straight two-dimensional
crack of length a-b. As one should expect, the accuracy deteriorates as k
approaches unity. Indeed, the results for (b/a)=0.99 are qualitatively incorrect
since they give Kb<Ka. If one assumes the results of Clements and Ang as

exact, then the correct values for this case are K,=-0.1112 and K,=-0.1108,
with the error of about 5%. The accuracy of the other data is expected to be
much better than that. Our results should be multiplied by the factor 2v2
/(T[\/l—_kz) in order to be compared with those of Clements and Ang.

The solution accuracy was also verified by checking the condition of
equilibrium of the plane z=0, namely,

P+P,+P,=0. (6.3.32)

Here
b

k
P=mp(@2-b?), P,= 2nJ 0,(p) pdp = 2mab J Sy tat

VK2 -2’

0

P,= 2nJ 0,(p) pdp= 2T[abJ

(6.3.33)

The condition (32) was satisfied with high accuracy which also deteriorates for k
close to unity. For example, the discrepancy in equilibrium conditions for
(b/a)=0.99 was about 11%. In the case of a very narrow annulus we need to
use either n greater than 301 or to use the asymptotic two-dimensional solution.

The case of non-axisymmetric loading can be considered in a similar
manner. For example, when the loading pressure can be described by a first
harmonic, namely,

P(p. §) =p,pCosy, (6.3.34)

the governing integral equations will take the form

k
2t [ V1-k3¢?
s,(0+—=— 1_X2t>§ s (x) x2dx=g_(t), (6.3.35)
(v

k
2 ( V1-k2x? 2 4y —
s (t) gy 1332 s (X)x=dx=g (1), (6.3.36)
v




376 CHAPTER 6 NEW SOLUTIONS IN FRACTURE MECHANICS

where
2p k1 1., 1K keosX(K?) . kVkE—E
{)=————[=—==—->39n t —COS ——
9,(1 Tt D/kz—tz t kvl-k?2 Lvk2-t2 V1-Kkt?

(6.3.37)
Again, singularities can be eliminated by an appropriate change of variables. The
resulting equations can be written in a compact form

k
— L2y2
b0 el AR (6339

where
b (1) =s ()Y k2 -t?/t, h,(t)=g,()V k2 -t?/t. (6.3.39)

Note that both functions ¢ and h are finite at t=0. We may deduce
1432 -
h (0)=-1 m + gcos'l(kz) V1=K
* T[D 3k

Equations (38) can be solved numerically. We note that the annular crack
problem can also be solved by the method described in the section 3.7.



