CHAPTER 5

NEW SOLUTIONS IN CONTACT MECHANICS

This Chapter contains complete solutions to several contact problems which
were obtained recently, and could not be included in (Fabrikant, 1989a). Those
comprise complete elastic fields around axisymmetric and inclined bonded punch.
These fundamental solutions alow us to solve various problems of interaction
between punches and anchor loads. Two of such solutions are included. A new
approach is presented to a genera annular punch problem, with analytical,
numerical and asymptotic solutions derived and compared.

5.1. Axisymmetric bonded punch problem

The bonded punch problem belongs to the class of the mixed-mixed
problems of elasticity theory which are among the most complicated due to the
coupling between the normal and tangentia parameters. We should mention the
works of Mossakovskii (1954) and Ufliand (1956) among the first published exact
solutions for the case of an isotropic half-space, obtained by using various
integral transforms. A more compact solution has been reported by Kapshivyi
and Madliuk (1967), who used a special apparatus of p-analytical functions. The
first elementary exact solution for a transversely isotropic elastic haf-space was
published in (Fabrikant, 1971c). Four different types of solution of the
governing set of integral equations were reported in (Fabrikant, 1986b).

All these solutions define the elastic field in the plane z=0 only. We call
a solution complete when the explicit expressions are given for the stresses and
displacements all over the elastic half-space. One may argue that since the
stresses exerted at the punch base are known, we can substitute them into the
Boussinesg point force solution (which is well known, for example, see Fabrikant,
1970) and obtain the complete solution in quadratures. Theoretically, yes, this
can be done, but practically, this solution would be of little use since it would
require triple integration, with one being singular, and a numerical differentiation.
The computing time for this procedure would be quite significant, and its
accuracy would be very doubtful. This is the main reason why, to the best of
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Axisymmetric bonded punch problem 271

our knowledge, nobody tried so far to obtain a complete solution, even in the
case of an isotropic body. On the other hand, knowledge of the complete
solution is of great interest since it is essential for consideration of more
complicated problems of interaction between a bonded punch and anchor loads or
cracks.

The complete solution has become possible due to the new results presented
in Chapter 1. The expressions for the stresses exerted by the punch are fed in
the point force solution, with one important distinction: two of the three
integrations and the differentiation are performed exactly, and lead to remarkably
simple and elementary expressons involving only one non-singular integration.
The case of a circular centrally loaded punch bonded to an elastic half-space is
considered as an example. Numerical results are obtained in order to compare
the field of normal and tangential displacements due to a bonded punch with
similar results for a smooth punch.

Theory. Consider a transversely isotropic elastic body which is characterized
by five elastic constants A defining the following stress-strain relationships:
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The equilibrium equations are:
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Substitution of (1) in (2) yields:
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A " (Aq - A66)6x6y * (At Ag) ox0z 0,

X X

0°u 0°u
A +A
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Introduce complex tangential displacements u=u,+iu,, and G:ux—iuy. This will
alow us to reduce the number of equations in (3) by one, and to rewrite these
equations in a more compact manner, namely,

62u 1 — ow
2(A11 +Ag)AU+AY,— 072 2(A11 AN U+ (A + AM)AE =

A AW+A33%W X

Here the following differential operators were used:

A+AL) a%(/_\u +Au)=0. (5.1.4)

? , 0 d .. 0
A= 3 A= ax+'ay (5.1.5)

and the overbar everywhere indicates the complex conjugate value. Note also
that A=AA. One can verify that equations (4) can be satisfied by

oF,  oF,
U:/\(F1+ F2+iF3), w= mlE+m2$, (5.1.6)

where all three functions F, satisfy the equation (Elliott, 1948):

0°F

AF, + V& 7

= 0, for k = 1,2,3, (5.12.7)

and the values of m, and y, are related by the following expressions (Elliott,
1948):
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A+ M (AstAy) M, Ags . forkel2:
Ay _mkA44+A13+A44_ o TS
gxM/A66D (5.1.8)

Introducing the notation z=zly,, for k=1,2,3, we may cal function F =F(x\y.,Z)
harmonic. Note the property m;m,=1, which seems to have escaped the attention

of previous researchers, and which will help us to simplify various expressions to
follow. The other elastic constants which will be used throughout the section
are:

Gi=B+vY.H, G,=B-vyy,H

(Y1 +Y2)Ay (AnAss) V2 - Ags 8 Y3
= , a= ’ e —
2T( A Agy — ALs) Aulyi+Yo) 2TA,

(5.1.9)

Introduce the following inplane stress components:
0,=0,+0,, 0,=0,-0,+2iT,,, T,=T,+iT, (5.1.10)

This will simplify expressions (1), namely

0= (A1~ Agp) (Au+Au) + 2A13§ ,

aw [Du

0,= A13(/\u +AU) +Ag— 5, z= +Aw - (5.1.11)

We have now only four components of stress, instead of six, as it was in (1).
The substitution of (6) in (11) yields:

666 2{[V2 (1+m1)V2]F +[V2 (1+m2)V2]F2}
0,=2A N (F +F,+iF,),

62
0,= A446_22 [(1+ ml)y%Fl +(1+ mz)Vng]
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==AL L A[(L+m)F +(1+my)F,],
rzzAMAaiz[(uml)F1+(1+m2)F2+iF3] | (5.1.12)

Here we used the fact that each F, sdtisfies eguation (7), and the relation:
ALVe-Asm=A,(1+m,), (for k=1,2) which is an immediate consequence of (8).

Expressions (6) and (12) give a general solution, expressed in terms of three
harmonic functions F,. It is very attractive to express each function F, through

just one harmonic function as follows:
F(xy.2) =c F(xy.z), (5.1.13)

where z=zly,, and c, is an as yet unknown complex constant. As we shall see

further, this is possible indeed. All the results obtained in this section are valid
for isotropic solids, provided that we take

o _1-V? _1-2v
V1—V2—V3_1’ H= TE '’ a_z(l_v)’
B= 1;Ev = _(2- v2§1+v2 Gzzvgi[-évz’ (5.1.14)

where E is the elastic modulus, and v is Poisson coefficient.

Consider a transversely isotropic elastic half-space z=0. Let a point force,
with components T,, T,, and P in Cartesan coordinates be applied at the point

N, located at the boundary z=0 of a transversely isotropic elastic half-space. We

may assume, without loss of generality, that the polar cylindrical coordinates of
N, are (Py,9.,0). We need to find the field of stresses and displacements at the

point M(p,,2). Introduce the complex tangential force T=T,+iT,. The genera
solution can be expressed through the three potential functions:

F :i@y(/_\x +AX) +PIn(R, +2)5
1 ml_lg 2 1 1 1 llj

Hy, 1
F2: Byl(/\X2+AX2)+PIn(R +22)D

Y3 _ -
F3 =1 m (/\X3 - /\X3) (5115)
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Here
X2 =X(z), R(=[p*+ps—2ppcos(o—q,) +Z)", for k=1,23;

X(2)=T[ZN(Ry+2) ~Ryl, Ry=[p?+p5—2ppacos(@—a,) + 27"

(5.1.16)
Substitution of (15-16) in (6) yields
e T, T [
AA, ms R3(R; +25)"[]
Hy. = [
b V1D_l+ qT 2D+ Pq 0
m, = O R, Ry(R,+z) Rz(Rz"'Zz)D
Hy o= ]
0T, 9T 0O Pq
m 1§VZD Rl Rl(R +Zl)2D+ Rl(R +Zl)g (5117)
YoMy Yim, [
w=H (Tq+Tq) [(m; — DR(R; +2)) (mz DRA(R; +2,)[]
o ™ m,
+p + 5.1.18
[m-DR; (m-DR, ( )
Here _
q=pe?-pe®. (5.1.19)
Expressions (17) and (18) simplify for the case when z=0
15 T, 15 T¢_ |, P
u=38:g 5% gk ~HaT, (5.1.20)
w= HGD%% HE. (5.1.21)

Here O is the real par sign; H, a, G,, and G, are defined by (9), and

= [p? + p5 - 2ppycos(@-@)] "% (5.1.22)
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Formulation of the problem and its solution. Expressions (20) and (21) can be
used for the integral equation formulation of the mixed-mixed boundary vaue
problems in an elastic half-space. The boundary conditions in the case of axial

symmetry are
u=u(p), for O<p=<a, O0O=<E<2m
w=w(p), for O<p<a, O0=<@<2r
o=0(p), for asp<eo, 0=<E<2m
T=1(p), for asp<eco, O0<E<2TL (5.1.23)

The set of governing integral equations will take the form

0 " [ 9(Popedp]
2H J T(pg)dpy + 2 (= wy(p), (5.12.24)
0 | 0/YMo J (p2—X2)1/2J (pé—Xz)llZD 1
ZHEQV X2 dx : T(Po) dpy P (0P B © (5.1.25)
1 -To | O Pol= w,(P). 1.
o = 1V2J (pz_X2)1/2J (pg—xz)llz J Po)Pq oD W,

The functions w, and w, are known from the boundary conditions, and are
defined by

0 o0

- dx ’ a(Pg)Podpol]
(0) =w(p) 2w | r(po)dpo—2J = pz)mJ gl 61
C o dx ( T(Po) PP,
AP) =)~ 4P | o pz)mJ — (5.1.27)

The solution to the problem may be presented in the form (Fabrikant, 1986b)

(5.1.28)

a a
Ld( bt L dj ,(t)dt

0(p)=5d—pi - (P = \/Wzd_pp (@= )7

Here o is the normal traction exerted by the punch, Tp=TpZ+iTeZ, and the stress
functions f, and f, are defined by
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. 3 a e
f(Y):fl(y)+ifz(y)=coshz(Tl9)E—E(y)+';[tanh(ne) @+y[P j @+r[%&(r)drd

G-yO | G-rO r-y O
' (5.1.29)
where
1 Og 7 @®ede 4 4 wx(p)p’dpDl
z(x)=ﬁ?xj T Wid_XJ = (5130

with @, and w, defined by (26) and (27). The general solution simplifies in
the case of a bonded punch since w,=w and w,=u.

Now we need to substitute formulae (28) in (15), modified for the case of
distributed loading, and to compute the integrals involved. Here are some details
of the derivation. Substitution of the first expression (28) in (15) leads to the
integral

21 a

4 [ f09xdx
= — | ————. 1.31
} JJIn(Ro+z)dpod%dpoio(xz_pg)m (5.1.31)

By interchanging the order of integration in (31), we obtain

a 21 X

d In(R, + 2)podp,da,
|1:-J (%) dxd—XJ J e (5.1.32)

The double integral in (32) can be computed by using (A1-A7), with the result

a

= —2nJ 4,00 In{ 1,09 + [13(x) ~ p1 2} dix.

The following notation is used throughout this section:
1
L(xp.2)=1,(x) =5{[(p+x)*+ 21"~ [(p—x)*+ 71"},

1,(x,9.2) =109 =3{[(p + X+ 21 2+ [(p - x>+ 212} (5.1.33)
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The abbreviations |, and |, everywhere stand for 1,(a) and 1,(a) respectively.
The notations |, (x) and 1,(X) ae understood as I,(x,p,z,) and 1,(x,p,z,)
respectively, for k=1,2.

When substituting the second expression of (28) in (15), we have to
remember the relationship between t=T1,+it, and Tp—Tp +it,, namely, T:Tpe"".

e ]
The substitution leads to the integral

21 a

| In(R, R'%dde f,(x) dx

Zn(R,+Z e -

g H[ o TRleTbsth g, | G- g
Again, interchanging the order of integration, we obtain

a 21 X 2
- Podpaday
= /\J Fa(x )dX dJ J [zIn(Ro+z)—R0]e"“’°(2—;2)1/2. (5.1.34)

X"~ Po

The double integra in (34) can be computed according to (Al7-A22), and the
final result is rather simple

a

l,= —2T[J f(x)sin™ (5.1.35)

2()

Now the potentia functions (15) can be expressed through the stress functions as
follows:

0o & a ]
2mH _ -
F,=- ml-[_ 1%\/1] f1() In[15(x) + (1 A(X) - p2)1/2] dx + \/ylyZJ f,(x)sin 1%;;)() XE
21H O 2 1/2 — : ] x ]
Fo=- [Vo | £200 In[15500) + (122() = p%) 7] dx +Vyyy, | fo(x) sin? X[]
M~ 1D [M,,(X)
F;=0. (5.1.36)

These remarkably simple and elementary expressions for the potential functions
alow us to obtain the field of displacements and stresses by substitution of (36)
in (6) and (12) respectively. The differentiations involved can be performed
according to (A27-A45), and the complete solution is
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oy 21 Oy lal&e) -1 .
Hpga=Eme k=1 ‘1EPJ %_ [15(X) =1 £(X)] %1 o
S 0N -2 00 dxg (5.1.37)
) 1
VlVZJ Ly )L 29 = 14(3)] 2 O
=omH Y ™ a[lzzk(x)_lemf d
Hpa=an k:lm J[lzzk(x)‘llzk(x)] 9 &
+\/Wz ® = 12(0] 2 £ dxg (5.1.38)
J [120%) —15(x)] 2 O )

The explicit presence of @ in (37) is due to the fact that the notation u stands
not for the radia component of the tangential displacement but for a complex
representation of its x- and y-components. The field of stresses can be obtained
by substitution of (36) in (12), with the result

(@rmyys 12(X) = X*(2x2 + 27~ p?) 0
7= A e kZ m %J 1300 1200 -0or 0 0
)X+ 25~ p?) 0
" ZKWMJ 20T PI200 - 300 2 519

iQ
0,= 4T[HA662 e 1EVkJ %2

k=1

X = BT 0716 =1 5() = 31 09] - 2100}
' | 2O 5%) = 1 509]° %1()() dx

X)L+ R0+ 3500 -6¢)
‘lezj OO0 1507 T

(5.1.40)
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a0 XK@+ 2% -p?)
-1 %J £,(x) dx

“I 1500 =X Y2[1 5%) = 1 5(X)]
. D) - XX+ 22 - p?) o 1t
Vlsz PR -~ 20F 2 T o140

__L Z N EJ “L12() = X3 Y2[1 2(x) + 31 2(x) - 4x7]

[12(%) =1 &(X)]° f,(x) dx
\/V1V2 [3%2 = 14TV 31 A(X) + 1 5(X) — 4% o g -
) X X g Y
Y J [130%) =1 4(3)]° 2 ]

Formulae (37-42) give the complete solution to the bonded punch problem which
is the main result of this section. The complete solution for an isotropic
half-space is readily available as the limiting case (14) of (37-42). Here is the
field of displacements:

a

u:ﬂeﬂ’gJ % (1 Z(X)[XZ_I%(X)]MD

S N e AN T e

20[12(x) ~ X1 ¥2[4x - 312(x) ~ 14X
* EOREE o0 ox

% 1(X)[|§(X) -x Y
J ¢ 2( X)[15(x) = 11(x)]

zp[ X2 = 15()]Y3[4x2 = 15(x) - 315(X)] [
* [15(x) = 12(x)]° %Z(X) dxg (5.1.43)

0 1500 72
_an (g, lE AT
" EFJ 20 0
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PIx3(2x2+222 - p?) - 13(¥)]
) [l’é(x)—xZ]”[l%(x)—l’i(x)]?Ef

a

D101 20119 - X225 + 272~ p?) 0
+J §2) 1200~ e TR0 e 0 D

(5.1.44)

The limits were computed according to the L’Hopital rule.  The following
scheme was used:

Df(zl) f(zz)

li + —f f 5145
qul;;qlﬁlnl—l mo—10] (2~ 2(1 )(Z) ( )
) ﬁ”lf(zl) m,f(z,) al

| + =f f 5.1.46
qul\r,;anl — (2~ 2(1 ") (2, ( )
im 212 W0 a-2igrai (5.1.47)
V1—>V2—>1D‘n1_1 mz_llj 2(1—V)

jim @) ™M@ 0 a-a0ig-a@) (5.1.48)
quyqumll(ml 1) y(m,-1)0 2(1-v)
Here the following relationships were used
m

lim m,=1, lim E@—l%z(l—v), (5.1.49)
Y1-Y2-1 Y1-Yp-1 Vi

and the symbol (") indicates differentiation with respect to z. The derivation of
the field of stresses for the case of isotropy is left to the reader.

Applications. Consider the case of a flat circular centrally loaded punch
bonded to a transversely isotropic elastic half-space z=0. The stress functions in
this case are (Fabrikant, 1986b)

W, W,

f1(0) = =2 COSMO Y(x),  £,(X) = == coShT® Y(x),
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_ a+x[] o a+x[]
YC(X)—COS%InaTXD Ys(x)—sm%lnaTXD (5.1.50)
where w, is the punch settlement, and

| o
0==—=In——
21 Vyy,—a

The complete solution can be obtained by substitution of (50) in (37-42). In
the case of isotropy, the value of 0 is defined by 6=(1/2mIn(3-4v). We have
performed some computations in order to compare the field of displacements
around a flat bonded punch with similar results for a smooth punch. The
importance of such a comparison lies in the fact that the smooth and bonded
punches represent two extreme cases of interaction between a punch and an
elastic half-space, and usualy give upper and lower bounds for various parameters
of practical interest. The computations were made for the case of isotropy.
The field of displacements around a bonded punch is

i LOANZ0) = 150910

Uu=——m———1[01

we%coshm [ ° 0 |2(x)[x2—|’f(x)]mD
m1-v) DJ% -

Zp[lz(X) X V2 4x = 315(x) - Z(X)]DY ) dx
[1309 ~1109)°

a

. %(1 1(X)[|2(X) X7V
J 00050 = 1300)]

Zp[X* = 15()]¥2[4x% = 15(x) = 315(x)] g{ N
+ 3 (x) dx[] (5.1.51)
[1309 = 13(3)] 0

Wocoshr® [1500 = x4 V2 2[x%(2x2 +22% - p?) = 15(x)]
D) [J 34 o) 0 e~ a0

J % [x*-1 (X)]”2 Z{13(x) = x*(2x* + 22 - p%)] N
- 1-2v

"B DRI —ROP Y40 dxg



Axisymmetric bonded punch problem 283

(5.1.52)
The field of displacements in the case of a smooth punch takes the form
(Fabrikant, 1989b)

wee'® [ A-@-1)" 21,(15-a%)¥20
= 1-2v + 5.1.53
g tTME T e 0TEw g o9

Mo, z(a®-19)¥? 0
W—?%n T (5.1.54)

The solutions (51-52) and (53-54) depend essentially on one parameter, namely,
Poisson coefficient. In the case v=1/2, both solutions coincide. It would be a
good exercise for the reader to prove this by direct integration of (51-52) which
should yield (53-54). The greatest difference between solutions is attained for
the Poisson coefficient v=0. This value was taken in numerical computations.
The results are shown in Fig. 51.1 (the ratio u/w, versus p/a) and Fig. 5.1.2

(the ratio wiw, versus p/a) for 2za=0,0.1,0510. We took a=1 in all
computations. The solid line curves correspond to the case of a bonded punch,

Fig. 5.1.1. The field of radia displacements

while the broken line curves give similar results for a smooth punch. As we
could expect, the field of radia displacements under the bonded punch differs
quite significantly from that of a smooth punch. On the contrary, the field of
normal displacements differs very little from the case of a smooth punch, with
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Fig. 5.1.2. The field of normal displacements

the maximum deviation not exceeding 0.06w, a z=0, p=1.1a.

The complete solution (37-42) may be used for solving more complicated
problems of interactions between bonded punches and anchor loads.

5.2. Inclined bonded circular punch

A complete solution is given to the problem of an inclined circular punch
bonded to a transversely isotropic elastic half-space. Explicit expressions are
derived for the field of stresses and displacements around such punch subjected to
a shifting load and a tilting moment. The complete solution is initialy
expressed in terms of three potential functions. The displacements are defined
through first derivatives of the potential functions, while the stresses are given by
second derivatives. The complete solution for an isotropic body is obtained as a
limiting case of the general solution. Specific computations are performed in
order to compare the elastic field in the vicinity of a bonded punch with similar
parameters for a smooth punch. Its is found that the influence of bonding on
normal displacement is relatively small, while its influence on tangentia
displacements may be quite significant.

The problem of a bonded circular punch subjected to a shifting force and a
tilting moment was first considered in (Fabrikant, 1971c). All known solutions
define the elastic field in the plane z=0 only. We give below a complete
solution.
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The boundary conditions in the case of a flat circular bonded punch
subjected to a shifting force and a tilting moment are

u=u,=const., for O<p<a, O<@<2rT,
W =—0pCOSy, for O<p<a, O<@<2rT,
o0=0, for agp<oo, O<@<2rT,
1=0, for a<p<oo, O<@<2m (5.2.1)

The set of governing integral equations will take the form (Fabrikant, 1971c)

2G, " Xdx T5(Po)dPg riHa i (002
- o
02 J (pz_X2)1/2J oD p? J 1{Po)PadPy

2G, i p% - 2x? g aEo(po)podpo 55
+ —
p2 J (p2_X2)1/2 XJ (pé_Xz)llz ) (5 . )
o Jp i SO DY
2| T2 12 2 TIHQA | 0.3(Po)UPo
(P*=x) J -x3)Y? j
Po(Po—X°) 5
P dx : To(Po)PodPg
+261J (pZ—x2>“2J GRS 529
a
%ﬁ i 0 dpg
2riHa [ o J To(Po)PodPo - pe(p[ Tz(po)p_
[l [l 0
sl Rdx ( OuPE?+a(po)e™
+?J (p2—x2)1’2J (pé—xz)llz dp, =—0pcosy. (5.2.49)

The structure of equations (2-4) is such that we may assume all the unknown
functions 1, 1, 0;, and o_, to be real. The solution may be represented in

the form
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p

6,(9) = 04(p) =d—‘:)J _f@dt_

(p*-1)™
To(P) = To(p) = E [ (tz(t)tg)tl/z + (@2 _Dp2)1/2’

D : ] 2_ 2
= d f(t)tdt 2a“ -
T(p) =Tlp) =-Cpg EP[ - rarora (5.25)

Here C and D are the constants to be determined, and f is the stress function.
They are defined as follows (Fabrikant, 1989a):

2
f(t):—%% (t) - 8aY,(t) +AYC(t). (5.2.6)
_ a0 L__ TBa
A ° Y1Y-Sinh(T0) A
Y (1) = %05% @”DD tanh(rB) =2 (5.2.7)
WiYs
(G, +G))

daba_[T] TPHa T
A Sjo tanh(m®0) (I¢osh(T) +tanh(T[9)(G -Gy (5.2.8)

The displacements of the punch are related to the applied loading as

1 1+ 406)tanh(T® 3Ha
UOZQS‘(G“GZ)’L( 9(1) 92)( ke, GZ)% 1221+

3Ha [+, M [

“2+ 00 vy (529)

In order to proceed further, we need to express the norma stress
distribution in a form dlightly different from the first expression (5), namely,
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q * ()t
ol(p)=o.1(p)=d—pj e (5.210)
p

Here f, is a new stress function which can be related to f by an easly
verifiable expression

(5.2.11)

Lo [ (@-D)PA(bat
f,(x)= ‘EXJ @A) -x0)

Substitution of (6) in (11) yields, after integration (see Appendix A3.1in Fabrikant, 1989a)
f,(t) = MT?H@%YC@) +BaYgt) % tanh(TB)AY (1). (5.2.12)

We have dropped here the term const@(a? - t?)Y? since its addition to or
subtraction from f, does not change the value of normal stress defined by (10).

Now we need to subdtitute the last two formulae (5) and (10) in (5.1.15),
modified for the case of distributed loading, and to compute the integrals
involved. Here are some details of the derivation. Substitution of expression
(20) in (5.1.15) leads to the integral

n @ N RGO
|1:J J In(R0+z)e podpod(pod—pop ()(2——pc2))1/2
0

(5.2.13)

By interchanging the order of integration in (13), we obtain

a 21 X

1 drq €"In(Ry+2)pidpoday
|1_—J 2,09 dxd—XJ J e (5.2.14)

The double integra in (14) can be computed by using (A17-A20), with the
result

a

|, = 2ne—;pJ {x = [X2 = 13(x)]¥2} f,(x) dx. (5.2.15)
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The following notation is used throughout this section:

1,(x,9:2) =109 =3{[(p+X)>+ 1“2~ [(p - x>+ 713},

1,(x,9.2) =109 =3{[(p + X+ 21 2+ [(p - x>+ 712 (5.2.16)

The abbreviations |, and |, everywhere stand for |, (a) and 1,(a) respectively.
The notations |, (x) and 1,(X) ae understood as I,(x,p,z,) and 1,(x,p,z,)
respectively, for k=1,2,3.

Substitution of the second expression of (5) in (5.1.15) leads to the integral

a
| /\Zna I(Ry+2) - Ry] dp,dg, -2 J fooxdx. 5.2.17
=— n +7)— - . L.
2 H[Z (Ro+2) Rl | oo 5217)
Po
Again, interchanging the order of integration, we obtain
a 21 X podpod(po
(5.2.18)

:/\J £(%) dxd%J J [#N(Ry*+2) Rl o=

The double integral in (18) can be computed according to (A1l-A7), and the
final result is rather simple

a

J{z [15(x) = x?] Y2} £(x) dx. (5.2.19)

Substitution of the third expression of (5) in (5.1.15) yields the integra

21 a

— 2 i f(x)xdx U
|3:/\J J [Zn(R, +2) - Ryl poe (podpod(pOdp %TJ
0

T

Interchanging the order of integration, we obtain

a 21 X

- df [ (P6 — 2x*)dpyda,
3= /\J f(x) dXd_xJ J e ®[zn(R,+2) - Ry]

po(X®—pR)¥2

(5.2.20)
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Again, the double integral in (20) can be computed according to (A8-Al14), and
the fina result is

a

l,= 2n%pJ {[13(x) =X Y2 - (p? + Y2} () dx. (5.2.21)

Now the potential functions can be expressed through the stress functions as
follows:

a

Fy=C 4nH_cospy, {2~ [1A(¥) ~ X2V (x) dx
-1 p 0

a

[
+v1J (x=DC-12001" 1,0 0]
[

a

F,=C 4nH_cospry, {2~ [13() ~ X2V (x) dx
-1 p 0

a

[
+v2J (x=DC-12001" 1,0 0]
[

a

2
Fngf‘—g‘PJ {(25- 1500 -7 dx

(5.2.22)

= sml(I

2V3 sm(p% (1%-a)"(2a° - 15) P
2a

=

These remarkably simple and elementary expressions for the potential functions
allow us to obtain the field of displacements and stresses by substitution of (22)
in (516) and (5.1.12) respectively. The differentiations involved can be
performed according to (A27-A45), and the complete solution is

a

[ o
u(p,,2) = 4T[HZ— (+— p J {z,- [|22k(x) —X2]1/2} f(x) dx
D
k=1
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a

+ VkJ {x=[x* =1 5] Y3 f4(x) dxg

ez""2+ 1% J [l 222|<(X) __);2] - f(x) dx + ykJ W f1(x) dX%

15(X) =1 1(X) 15 (X) =1 12k(X)

2% |55
el B 1, a[B
%%@ (15-a? %\ %al[] 5sin i, (5.2.23)

Dmkm

| (IE0) P72
Coap _ 2k
Wip2) = am Zﬁn —1wa§ Tz 0O

allk(x)[pZ—llk(x)]”f |
- J Z00-12e) 0 (5229

We recal that the stress functions f and f, are defined by (6-8) and (11)

respectively. The field of stresses can be obtained by substitution of (22) in
(5.2.12), with the result

2

1
0, = 81H AggpCosy Z W‘l
k=1

1+mk)yz%x J [15:(X) =12 4% = 31 fi(x) =1 3(X)]

f(x)d
[12(%) =1 &(X)]° (x) dx
® =121V 452~ 12(x) - 31 2(X)]
_ ka [12%) =1 £x)]? f(x) dX% (5.2.25)

2 a
o Dy Pl 5(x) = X3 Y2
02:8nHA662% 5422—3("% 21500 -+ 400 dx

1 2l 22k(X) ml 12k(X)]
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) P22 =152 -
—[x2—]2 vz _
+ka% D¢ NG (R e

f(x) dx

o1 [ A0 X714 - 31500 - 150)
——p=0
2 0 J 150015007

[X2 =151 ¥2
+y, J 1200 —12(x )]3[4x2 | 5(X) = 3|2k(X)]f1(X) dX%
2 1

|(pD4e2| |123DD 1_eZi(p|13(|223_a2)1/2D
ONEe S R Em 2 LA
2 ar 2 U2 A2 2 2
2pcosyp k+1D [12(X) = x°]¥2[4x° = 3 3(X) = 1 2(¥)]
_ _ f(x) d
oYy, &Y E“J (1309 -1300F o
""[xZ—lfk(x)]“2[4x2—lfk(x)—slfk(x)]f e
_VKJ 1309 =120 0
’ D o (1O —p7 Y2
. eZ(P@x a(X)[12k(X) p7 () dx
2" - D p B}'k |22k(X)_|12k(X)

(0P =151 ¥ 0
+ J f1(X) de

|22k(X) ml 12k(X)

L 0 o+ 1054 J X2 +27;~ p%) =1 5(%)

T2 OV | 1200 AP0 20RO X

a

|40 ~X(@X2 + 222~ 0?)
) ZkJ DX =15 O1 Y21 5(X) =1 ()13 h dX%

(5.2.26)

(5.2.27)
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oD (82— 2 1@ _1-¢° [ 29
R g -0 22

Formulae (23-28) give the complete solution to the bonded punch problem which
is the main result of this section. The complete solution for an isotropic
half-space is readily available as the limiting case (5.1.14) of (23-28). Here is
the field of displacements:

13(x) = 11(x)

e : LOLI3X) - 2
1l 20 Z 2
=T ZV)J A= 109 -x4 yd o o

21, ()[p? - 15(x)] 2
%1 ) dx

l :
+FJ %1-2vnx—[x2-'1<x)]”2]‘ 13(x) = 13(x)

@0+1 dl 20 - xz]”2 Zx3(2x%+ 222 - p) = 15(X)]
i ZV)J T TP TP

_eZi(p"'l ) _ [X _Il(x)]ll2 2['11(X)—X2(2X2+222_p2)] 0
’ ng RN [Z-I'f(X)]”Z[l%(x)—l’f(x)]?’%l() XB

2
%—%a ~(13-a)"? snl(—)D (5.2.29)

2aD]] 2 20

g LOILIEX) - P12 2p2[13(x) X2
_S(p 1-2v _ 2 N 2
W= e (- v)J -2 Z00-1200 0 12091007 -

L()LP? - 110012
13(x) = 13(x)

3153 ~13001 509 ax —J 2(1-)

il Sl ~13(x) -3l d 0 2.30
* 5.2.
1200 -T00F 109 = 31509 %1(x) XS (52.30)
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Here n stands for the shear modulus, and v is the Poisson coefficient. In the
case of isotropy, the value of O is defined by 6=(1/2m)In(3-4v). Formulae (6-8)
and (12) in the case of isotropy take the form

4 [ 0 0, Uy + dab [

f(x) :;ljJCOSh(Tle)DmD—XY (x) +8ay, (X)D m C(X)E
[ 0, Uy +dab [
£,(x) = 2psinn(re) O S o0+ 020 T 37 L

4pcosh(TB) (U, + 5a6) 4p16(u, + 5a0)
STi-nvizme) P i-v+oe

The limits were computed according to the L’Hopital rule, and the symbol (")
indicates differentiation with respect to z. The derivation of the field of stresses
for the case of isotropy is left to the reader.

We have performed some computations in order to compare the field of
displacements around a flat inclined bonded punch with similar results for a
smooth punch. The importance of such a comparison lies in the fact that the
smooth and bonded punches represent two extreme cases of interaction between a
punch and an elastic half-space, and usualy give upper and lower bounds for
various parameters of practical interest. The field of displacements in the case
of a smooth punch takes the form (Fabrikant, 1989a)

0
26pcoscp Z Dzksnl(_) (a2- 1k)uz

kel 0
~2a°—(l et 2a%)(a®~| 12|<)1/2D
+ehe : ] (5.2.31)
3p 5
a(|2k a?)"?
=-£ i a7l 0
= 6pcoscp Z % I 0z (5.2.32)

The solutions (23-24) and (31-32) in the case of 6=0 coincide. It would be a
good exercise for the reader to prove this by a direct integration of (23-24)
which should yield (31-32). In the case of isotropy, this situation corresponds
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to the value of Poisson coefficient v=1/2.

The computations were made for the case of isotropy, with the following
numerical values assigned to the parameters. u,=0, 6=1, and a=1.3. Formula

(32) in this case takes the form

ZaZ(aZ -1 %)1/2 0

:_Z i1 @y a2 212 2
w népcoscp%n B -205-a0+ (5.2.33)

The greatest difference between solutions (30) and (33) is attained for the Poisson
coefficient v=0. This value was taken in numerica computations. The results
for 6=1, a=13 (w versus p/a) are presented in Fig. 5.21. As before, the solid

Fig. 5.2.1. The influence of bonding on normal displacements

line curves correspond to the case of a bonded punch, while the broken line
curves give the relevant results for a smooth punch. It was found that the field
of norma displacements due to a bonded punch differs very little from the case
of a smooth punch, with the maximum deviation not exceeding 3.5% at z=0,
p=1.1a. On the contrary, it is evident, that the field of tangential displacements
of a bonded punch might differ quite significantly from that of a smooth punch.
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5.3. Interaction of a normal load with a bonded punch

We consider a transversely isotropic elastic haf-space z=0. A flat circular
punch of radius a is bonded to its boundary z=0, with the punch centre
coinciding with the coordinate system origin p=0. Let a point force N
(Fig. 5.3.1) be applied in the Oz direction at the point with the polar cylindrical
coordinates (p,9,z2). We may assume, without loss of generality, that @=0. We

Fig. 5.3.1. Geometry of the problem

need to find the punch settlement w,, its tangential displacement uy, and the
angle of inclination o, which are due to the point load N. The reader is

reminded that the punch settlement is understood as the normal displacement of
the punch centre; the angle of inclination is the angle between the punch base
and the plane z=0.

First of all, we need to solve two auxiliary problems, namely, the one of a
centrally loaded bonded punch, and the second one is the problem of an inclined
bonded punch. We consider below each problem separately, after which, the
reciprocal theorem is used to obtain the solution to the main problem.

Problem 1. We consider the mixed-mixed problem characterized by the
following boundary conditions:

u=0, for O<p<a, O<@<2rT,
W =W, for O<p<a, O<@<2r,

o0=0, for agp<oo, O<@<2rT,
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1=0, for a<p<oo, O<@<2m (5.3.1)

The solution to the problem may be presented in the form (Fabrikant, 1986b)

"yttt ®f ()t
(p)—ldj 1 Lol &

pdo | (@-pA)™ (P = \/Tvzd_Pp - (5.3.2)

and the stress

Here o is the norma traction exerted by the punch, Tp—Tp +IT9,

functions f, and f, are defined in this particular case by

Wo

___ 2 a+x[l
f(x)= r coshT[E)cos%lnaTXD
Wy
2(x)——T[2—coshnesm%l a“‘D
| Vo
9:—In— (5.3.3)
210 Vyyy, —a

where w, is the punch settlement. In the case of isotropy, the value of 0 is

defined by 6=(1/2m)In(3-4v). Repeating the transformations from section 5.1,

leading to (5.1.36), we come to the following expressions for the potential
functions

2w,cosh(m0)[]
Fy =ﬁm J Y00 100154 (9+(1 200-p%) ] dx

a

[

-H/WVZJ Ys(X)Sinngl)E ) x[]

2w,cosh(10)[]
F, =ﬁm J Yo In[1 (9 +(1 5()-p?) ] dx

a

O
-H/WVZJ Ys(x)sin1D X x[]

I——HZZ( )
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F,=0. (5.3.4)
where w, is the punch settlement, © is defined by (3), and
_ a+x[] o a+x[]
Y (X) = cos% InaTxD Y(X)=s n% InaTxD (5.35)

We need only the expression for the normal displacement

2

K me O 11200 32
w(p,2) —F[Wocosh(ne)g 1 EJ 200 1200 Y () dx
Wiy, ""[xZ—lfk(x)]“zY( v E 539
- X) AaX 0.
Yk J 10 =140 o

Taking into consideration the relationship between the punch settlement w, and
the applied to the punch force P (Fabrikant, 1989a)

W, = %@, (5.3.7)

expression (6) can be rewritten as

2 a2 12
_PHsinh(re) 5 M 11200 -7
w(p.2)=— 2 gmk_ng 2001200 Y, (X) dx
WY a[xZ—lfk(x)]“zY( ' g (5.3.8)
i Oy 3.
Yk J 1500 =15d%) ° O

Problem 2. The boundary conditions in the case of a flat circular bonded
punch subjected to a shifting force T and a tilting moment M are

u=u,=const., for O<p<a, O<@<2rT,
W =—0pPCOoSy, for O<p<a, O<@<2rT,

0=0, for agp<oo, O<@<2rT,
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1=0, for a<p<oo, O<@<2m

(5.3.9)

Here u, is the tangential displacement of the punch, and & is the angle of
inclination. Again, from the results in section 5.2 we get the potentia functions

a

Fy=C 4nH_cospry, {2~ [1A() ~ X2V (x) dx
-1 p 0

a

[
+v1J (x=DC-12001" 1,0 0]
[

a

F,=C 4nH_cospry, {2,- [13(X) ~ X2V (x) dx
-1 p 0

a

[
+v2J (x=DC-12001" 1,0 0]
[

a

Vs
Fngf‘—g‘PJ {(25- 1500 -7 dx

2V3 “Pging (1%-a)"(2a - 15)
% 2a p_ sin 1(I 23) [

Here f and f, are the stress functions and D is a constant.

(Fabrikant, 1989a) as follows:

___dcosh’(md
f(t) = J—HZHW( T@)%Ys(t) gay,(t) +AYC(t).

fy(t) = 225y (1) + Ba () tanh(TO)AY,().

OO a
=————A, tanh(tf) =—
Y1Y,Sinh(1) () AR

(5.3.10)

They are defined

(5.3.11)

(5.3.12)

(5.3.13)
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5a60_[T] PHa W(C,+G)
A %‘0 tanh(16) (TGosh(rB) [T * tanh(18)(G, - G,) [ (5.3.14)

Again, we need only the expression for the normal displacement

[ my |2k(X)[|22k(X)_p2]1/2
coscp L _
Hpz) =4 Z - L, —mykjgr TR

allk(x)[pZ—llk(xn”f . 5.3.15
_J 201500 I o

The displacements of the punch are related to the applied loading as (Fabrikant,
1989a)

1 1+ 40)tanh(T® 3Ha
”OZQS“(G“GZ) +t 9(1) 92)( ke, GZ)% 1221+

3Ha [+, M [

TR o (5.3.16)

The main problem. Now we may apply the reciprocal theorem in order to
obtain the punch displacements due to a normal concentrated force N applied at
the point (p,0,z2. The norma displacement of the punch is readily available
from (8) as

NHsmh(Tle)meil EJ “[13x) -2 V.0
k

T | 5:(X) =1 £(X)

Wi, ""[xZ—lfk(x)]“ZY( ' g 5317
- X) dx 3.
Yi J |22k(X)_|12k(X) ® 0

In order to find the tangential displacement of the punch, we have to apply a
unit tangential force T in the positive Ox direction. From (11-14) and (16),
one can find the stress functions as



300 CHAPTER 5 NEW SOLUTIONS IN CONTACT MECHANICS

TVy,y,cosh(T®8)

o2
(00 = oarrey T o0+ el

B TVy,Y,Sinh(r®) 0.
=z SE Y0+ v 5 (5.3.18)

and the tangential displacements can be defined from (15) in the form

NHWy,sinh(me) 2 0 my - oy, -
N TR e & gne10y, J%

|5 QL1 2(X) = pA Y2
_ 2k(X2)[ 2k(X)2 %] %ﬁ YS(X)+1_§92YC(X)%1X

15(X) =1 1(X)

a0 12,
_J 201500 Do’ S(X)ad% o

We need to apply to the punch a unit tilting moment M in order to find the
angular displacement 8. The stress functions in this case are

___3Mcosn(m8 _ [l
100 =~ ezato i <) ~0a¥e

3Msinh(1B)

1) = 2reate(1 + 69

%YC(X) + ans(x)S (5.3.20)

and the angular displacement will take the form

- O me avop L) -p7Y
_ 3NHsinh(1®) k d Y _
N TaB(L+ 09)p ¢ Z “10y, J 1200 ~12(%) Y09 ~BaY. (9 3

(%=1 (x)]ﬂz

Formulae (17,19,21) are the main new results of this section.
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It is of interest to compare the influence of a concentrated load on a
bonded punch to that of a smooth punch. These two cases represent two
extremes in the interaction between a punch and an elastic half-space, so the
results give the upper and lower bounds for the parameters involved. The
normal and angular displacements of a smooth punch due to a point load N
applied at the point (p,0,z) are (Fabrikant, 1989a)

2

m
_NH K R0
Wy=——2 el (5.3.22)
k=1
2 2 2\1/2
0 m, |, (12-a?)
5, =—NH gmiAL 07 7 (5.3.23)
2a ot %ﬂk -1 (M, ] Py

One should note that the solutions (17,21) and (22-23) coincide in the case of
0=0. In the case of isotropy, this corresponds to the Poisson coefficient v=1/2.
The greatest difference between the solutions for a bonded and a smooth punch
is attained for the Poisson coefficient v=0. This value was used in numerical
computations. Formulae (22-23) in the case of isotropy will take the form

2(a*-1)"* o

_NH[L 1.a
W= %n (|2)+2(1—v)(|§—|'f)D (5:3.24)
be) :3N_Hp 'n'l(ﬂ)_a(lg_az)ﬂ2+ 232(32_{;‘)1/2 U (5.3.25)
N" 238 I, 1 1-w)I3(15-150 ~

The limiting cases of (17) and (21) in the case of isotropy are

_ NHsinh(rg) - 1300 -2
VTR0 o) 039-1509

2[x(2x% + 22 - p?) - 4(x)]
21—V — 1) | ’i‘(x)]ﬁ‘%“(x) o

: [X2 = 12(x)] Y2

1 7
2(1- v)J %1 ) 15(x) = 13(x)
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Z[X*(2x° +22°) - p?) = 17(¥)] %
% (x) dx (5.3.26)

RO - Z00° O ¢

a

N 1LOATIE) - P2
__3NHsinh(t®) 5 1 v
On= ma’e(1 + 6?)p (1—V)J %1 2 1200 = 15(x)

27150 =X
+
[1309 ~1109]°

[4%% = 313(X) = 15(X)] Eaevc(x) = XY(X)] dx

2

PP -IE01 2 - 13() 2
+J O 1200-1209 200120 200 >

[
—15(x) = 315(X)] %xvc(x) +aBY(x)] dx[] (5.3.27)
[
The results of computation are presented in Fig. 5.3.2 (dimensionless parameter
w/w° versus p/a) and Fig. 53.3 (the ratio 5/3° for various za=0,0.1,0.5,1.
As before, the solid line curves give the results for a bonded punch, and the
broken line curves give similar results for a smooth punch. The quantity
w’=TINH/(2a) corresponds to the settlement of a smooth punch subjected to a
central loading equa to N. The plot shows that the settlement of a smooth
punch is aways greater (up to about 0.1w°) than that of a bonded punch.

The parameter 3°=3nNH/(4a?) gives the maximum angle of inclination of a
smooth punch. For the angle of inclination, the difference between the results
for a smooth punch and a bonded punch does not exceed 0.085°. All the
computations were made for the Poisson coefficient v=0. Since in real materials
v>0, the difference between the smooth and bonded punch solutions will be
smaller than that indicated above.

5.4. Tangential loading underneath a smooth punch

The problem of a smooth circular punch penetrating a transversely isotropic
elastic half-space and interacting with an arbitrarily located tangential concentrated
load is considered. A closed form exact solution is obtained for the stress
distribution under the punch as well as for the linear and angular displacements
of the punch.
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Fig. 5.3.2. Influence of bonding on the punch settlement

Fig. 5.3.3. Influence of bonding on angular inclination
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The problem of interaction between a punch and an anchor load is of
particular interest to geomechanics where the internal forces can be visualized as
forces transmitted by anchoring regions located in the vicinity of structural
foundation. Only some axisymmetric cases have been considered so far. The
general case of interaction between a smooth circular punch and an arbitrarily
located tangenial load is considered here for the first time. To the best of our
knowledge, this problem was not considered before even for the case of isotropy.

Theory. We consider a transversely isotropic elastic half-space z=0. A
smooth punch of arbitrary base shape (Fig. 5.4.1) penetrates its boundary z =0.

Fig. 5.4.1. Geometry of the problem

The domain of contact is a circle of radius a, with its centre coinciding with
the coordinate system origin p=0. Let a horizontal point force, with the
components T, and T,, be applied a the point Q with the polar cylindrical
coordinates (p,@2). We shall use its complex representation, namely, T=T,+iT,.
We may assume, without loss of generdlity, that the system of external forces
applied to the punch is such that eliminates the normal and angular displacements
which otherwise would have been produced by the anchor load T. We need to
find the normal tractions under the punch o, the norma force N and the tilting
moment M applied to the punch in order to compensate its displacements which
otherwise would have been produced by the force T.

A general solution in terms of three harmonic functions to the mixed
boundary value problem for a transversely isotropic elastic half-space was given
in (Fabrikant, 1988c). One can deduce from the results of (Fabrikant, 1989a)
that the norma displacements on the plane z=0 due to the force T can be
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defined as
1,.,—— =[] Y1 Y2 [
W(Py,®,0) =sH(Tq+T +
(o0 =3H(Ta* T g R R+ 2) " my - DRAR )
(5.4.1)
where parameters H, vy, Y,, m;, and m, are defined in section 1, and
q=pe?-pe®, z=2y,
—TA2 2 21172 —
R=[P"+ Po—2ppscos(@-@) +7] 7, for k=1,2. (5.4.2)

The governing integral equation which relates the normal stress o exerted by the
punch to the displacement w, defined by (1), is as follows:

21 a

J J o(r,y)rdrdy

[05 + 12— 2rpacos(@y-P)] ¥

=-L7g+Tq= " + ”: U
2 YAm )RR 2 (M- DRAR, + )]

(5.4.3)

The general solution of the equation of the type (3) is given first in (Fabrikant,
1971a), but it is somewhat difficult to use directly due to the complexity of the
right-hand side of (3). We can use a shortcut instead. In addition to the point
Q(p.92), let us introduce two more points, namely, Qu(Py.®,0) and S(r,y,0).

The following identity can be easily verified:

21 a

J J 2z [RQS, o0 h Mrdrdy __ 7 (5.4.4)

R¥Q,90 h [R(Q,9MR(QxS  R(Q,Qy)

Here R(LD) stands for the distance between two points, and
h=(a?-r3)"(a?-13)"¥a.

The following notation is used throughout this section:

1,(x,9:2) =109 =3{[(p +X)>+ 1“2~ [(p ~ x>+ 713},
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1,(x,9:2) =109 =3{[(p + X+ 21 2+ [(p ~ x>+ 212 (5.4.5)

The abbreviations |, and |, everywhere stand for I, (a) and I,(a) respectively.
The notations |, (x) and 1,(X) ae understood as I,(x,p,z) and 1,(x,p,z,)
respectively, for k=1,2.

We can observe that the right-hand side of (3) can be obtained from the

right-hand side of (4) by using integration with respect to z and the consequent
application of the differentiation operator A defined by

N = — + |=— . 5.4.6
y (5.4.6)

A similar procedure, applied to the left-hand side of (4), will give us the
required solution. The relevant integration and differentiation is performed in
(Fabrikant, 1989a), and the result is

DT dlu(zl) V2U(Zz)%

O(r"“):‘mg?ml—l ¥ m,—1

(5.4.7)

where [0 is the real part sign, the overbar everywhere indicates the complex
conjugate value, and the following notation was introduced:

_ o G hm 1 B@-1D7
U(z)=U(p,(p,z,r,qJ)—ESDF+tan ETODD_thl EIL—T
(@-19¥2 _ﬂ\(f—l)”zm DY
P Gege Y % (548)
with
Zz?ei(“”“), q,=pe’-re*, R,=R(Q,9). (5.4.9)

The resultant force N can be obtained by integration of o

21 a

N:J J o(r,y)rdrdy. (5.4.10)

Though expression (8) looks complicated, the integration in (10) can be performed
(see Fabrikant, 1989a, for detal), and the result is rather simple:
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m, -1

: -1 2\1/2
N= D%rT—e(pde[a S~ ]% (5.4.11)

We define the tilting moment M in the complex form as follows:

21 a

M :MX+iMy:—iJ J a(r,p)r2e¥dray. (5.4.12)

Again, the integration can be performed in elementary functions (see Fabrikant,
1989a), and the fina result is

M:--.z an—l%ksnl(—) (21520

-Te#? >

2a%~ (I 12k +2a%)(a’~| 12k)1/2
N (5.4.13)

Taking into consideration the relationship between the tilting moment and the
complex angle of inclination

3nH

5=8,+i8, =5 5 M, (5.4.14)

we may deduce that when no tilting moment is applied, the punch will tilt, and
the angle will be

DYk

5=31, an—lﬁﬁksnl(—) (22-15)3

(5.4.15)

Te2i¢2a3 —( 12k +2a%)(a®- | 12k)1/2
3p?

Formulae (7-9), (11), (13), and (15) are the main new results of this section.

Applications. The simplicity of the results obtained allows us to consider
various cases of distributed internal loadings. Let a uniformly distributed shear



308 CHAPTER 5 NEW SOLUTIONS IN CONTACT MECHANICS

tractions 1, be applied over the segment p,<p<p,, @<E<@, a the distance z
from the surface. Integrating (11) by the method described in (Fabrikant, 1989a),
we obtain

N=U % To(€% - '“)Z B =7 [V(P2) ~V(p,)] % (5.4.16)

where
V(p) = | [a-(a2~1)*dp=ap-3Zp(a?~1)*2
1 . I1 D |2+(p2_|%)1/2
_E(aZ_ZZ)gn Qa Z)UZD HW (5.4.17)

In the case of a uniform loading over a complete annulus, formula (16) gives
N=0 as it was expected. The vaue of the tilting moment can be obtained by
integration of (13), and we present the result for the case of uniform shear

loading of a circular annulus p,<p<p,

i To an_l%v(pz) W(pl)% (5.4.18)
WG = | o) - @ -1 ap=Japsn' )

Z(2a%~19)
2(a T 3( a?- 154315 +12-4a?). (5.4.19)

Here

In the case of a torsiona loading of a circular annulus, both the normal force
and the tilting moment vanish.

The general solution is aso valid in the case of isotropy, provided that we
compute the limiting case

1-v?
m=m,=1 vy;=Y,=y;=1 H= —

where E is the elastic modulus, and v is Poisson coefficient.
According to the L’Hopital rule, the following scheme should be used
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Dylf(zl) . sz(zz)D_ _(1-2v)f(2) + zf'(z)’

lim L (5.4.20)
V1—>V2—>1D‘n1_1 mz_llj 2(1—V)

m,
lim m,=1, lim E@—%za—v), (5.4.21)
Y1-Yo-1 Y1-Yo-1 V1

and the symbol () indicates differentiation with respect to z.  Formulae (7),

(11), (13), and (15) in the case of isotropy will take the form

BT .
o(r,y)=0 T[z(l_v)[(l—ZV)U(z)+zU (z)]g (5.4.22)

with U(2) defined by (8-9)

z el®
o, 0k .30 (5.4.23)

e R hR+h)2-12 R

., _ou_ 34
U @=5;= _?g%;

—DD Teio Loy TNT Zl,(p* - 19" .
- %m% -la- @19 -— (5.4.24)

M= V)E(l 20 i () - (@- AR

2a° - (12+2a?)(a%-1%)"2 a(l3-a?)"?
_T2i0 D : -12 _ 2 D
Te 32 +Z§%n ( 2-Z O

_ _alf(i3-a?)"?

oL
__ 3 1.8 0
6_8”[133%(1_2\))%%” 1(|_2)—((312—|'f)1/2D
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S it G iR T WP e

_Tez 3p %% _Il D

_ _alf(iz-a?)"?

+-|-e2|<p—2 — (5.4.26)
15(12=1%)

In order to illustrate the stress distribution under the punch, computations were
made due to (22-23), for v=0.3, @=0, z/a=0.25, p/a=0.5. The cases of a unit
radial and a unit transversal loading are considered separately (Fig. 5.4.2 and
Fig. 54.3). The curves given by the solid dots, the dashed line, the line of

Fig. 5.4.2. Stress distribution due to a unit radia force

circles, and the solid line correspond to the values of (=0, 174, 12, 3174
respectively. The negative values of r correspond to the argument y+1t It is
important to emphasize that the presented results are valid only when the contact
is maintained all over the circle r<a. Since the norma stress is negative at the
part of the domain of contact, this implies that there should be additional
external loading applied to the punch, so that the results stay valid.

Discussion. There exists an adternative way to solve the problem of
interaction between an externa load and a circular punch. Indeed, we could use
the Green's functions derived in (Fabrikant, 1989a), combined with the reciprocal
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Fig. 5.4.3. Stress distribution due to a unit transversal force

theorem. The tangential displacements around a circular punch are defined by

1 é D yk 21 a D
uiP,9,2)== %ﬂ—_ U(p,e,z; r,W) or,g) rdrdy [J (5.4.27)
T[2k=1 k 1J J ‘ ]

Here U is defined by (8), and w denotes the norma displacements under the
punch. We consider two systems in equilibrium, namely, a tangential force is
applied at the point (p,g,z), and a normal stress o is applied a the domain of
contact in order to eiminate the norma displacements, the second system
represents a transversely isotropic half-space, with a normal displacement
prescribed a the point (r,,0) in the form w=4(r,y), where & is the Dirac
delta-function. Application of the reciprocal theorem yields

O{uT} +J [ 0 wdS=0. (5.4.28)
S
Substitution of (27) in (28) and subsequent use of the properties of the
delta-function lead immediately to (7).

The tangential displacement around a flat circular punch, subjected to a unit
normal displacement, is (Fabrikant, 1989a)

311
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2 2 2\1/2
i a—(a —1107]
”er?p Z%{ — B (5.4.29)

k=1

Again, application of the reciprocal theorem yields (11). In order to derive (26),
we should use the expression for tangential displacement around an flat punch
inclined by the angle 8=5,+id, (Fabrikant, 1989a)

u= —'Z an—ﬁ%ksnl(—) (@*-15)"5

— a0
52 37

2a°— (I 12k +2a%)(a® - | 12k)1/2
(5.4.30)

The derivation of (13) from (30) is straightforward.

5.5. The general annular punch problem

Quite a few papers have been published on the subject. One can find
many references related to contact problem in (Barber, 1983), other references
related to the equivalent electrostatic problem can be found in Love (1976).
Why is there any need for yet another work on the subject? The main reason
is that the majority of publications is devoted to the simplest flat centrally loaded
annular punch problem. A very small number of publications treat non-flat but
still axisymmetric problems (Barber 1976, 1983). Though some results related to
consideration of specific harmonics have been published (Williams, 1963; Cooke,
1963), no general solution to the problem has been attempted as yet. Such a
solution is presented here.  The problem is reduced to a two-dimensional
Frednolm integral equation with an elementary kernel which can be solved
numerically. Flat inclined and centrally loaded annular punches are considered as
examples.  Asymptotic formulae are derived for the case of a very narow
annulus.

Theory. Consider a rigid annular punch b<p<a penetrating a transversely
isotropic elastic half space z>0. Neglecting the shear stress under the punch
base, the boundary conditions for the problem can be formulated as follows:

w(p,®) =6-s(p,q), for b<p<a, O<@<2m
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0,=0, for p<b or p>a, 0<Q<2m

1,=1,=0, for Osp<ow, 0<@<2n (5.5.1)

Here & is the maximum punch penetration and s describes the shape of the
punch base. It is well known that the problem can be reduced to the governing
integral equation

21

H Zo(pg’%) PodPdd, w(p, ). (5.5.2)
Vp*® + Pg — 2pP,CoS(O—,)

Here H is the elastic constant (see 5.1.9), w is the known function (1), and
o=-0, is the yet unknown function. The following integral representation for

the reciprocal of the distance between two points can be found in (1.2.22)

min(Po,P) )\ = d
1. 1 2 (ppo ) X
R 2.2 T 2\1/2 212" (55.3)
V %+ P — 2PP,CoS(O— @,) (P?—x)Y2(p5 —x?)

Here

Ak =—— 2K (5.5.4)
" 1-2kcosy +k? -

Substitution of (3) in (2) leads to the governing integral equation

a

p
dx PodPo
4J (pZ—XZ)mJ (p x2) 12 @JP %(po’q’)

b a

d
+4J (pZiji((Z)UZJ (ppo pzc))1/2 m)p %(pO!m)_ (555)

The c-operator for k<1 was introduced as follows:

21

L(K)f(p,®) :2_1"J Ak, - f(p, @) dey
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21

= %TZ ke ”“’J " ¥f(p, @) dgy = D_ K" (p)E. (5.5.6)

n=-c0 n=-co

Here f, is the n-th Fourier coefficient of the function f. Application of the
operator

ElDd pdp Q
ErIEer N = L(P)

to both sides of (5) yields

a b

po Po D‘ 4r Vb2 —x2dx [ Pod po
sz 22 b0 w-sz L J pre i NE O

L@DEJ 7"2—"—L(p)w(p 9. (55.7)

We introduce a new unknown function

X(r.9)= J f‘; P L hien 0. (559

The inverse of (8) is readily available, and is

o(p. 9 =- 2“"”‘[ LRy )

% (5.5.9)

Substitution of (8) in (7) gives

b a

r b2 - x2 ydy X2
2ny(r @) + 2L sz rz_xzde Vyszz(yz_xz)ng«y,cp)
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One can interchange the order of integration in the second term of (10) and
perform the integration with respect to x. The result is

21

X(r""”r_lej J K(Y.r.9= ) ~K(r,y.9~ )

V212 X(Y; @) dy dgy

-BiLMMMpw (5.5.11)

\/2

1 ElDd
2T[H [r} [er

The kernel of (11) can be expressed in terms of elementary functions as follows:

o]
2_b2 +b
K(y!r!(p_(po):ryglz_bzgl S_)\%,’(p %% %_bg

] 1 E+b
+20 E&% _Le_i(@%)mlnz — b% (5.5.12)
y [
where
& =+yre@®, (5.5.13)

Here [0 denotes the real part of the expression to follow. Thus, the genera
problem of annular punch has been reduced to a Fredholm integral equation (11)
with an elementary kernel which can be solved numericaly. It is noteworthy
that the governing equation for each specific harmonic will aso have an

elementary kernel. For example, the equation corresponding to the zero harmonic
is

an+_j Koy, 1) ~ Kol Y) 1 dJ wp) polp (55.14)

y2_r2 XO( )dy 21H dr \/rpz ’
with
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2 242
o(y,r)‘f@ Ezgl 'Py+b (5.5.15)

There have been so many variations of the governing integral equation published
for the case of axiad symmetry, that there is no doubt that equation (14)
coincides with some known result, though we have difficulty to pinpoint exactly
which one. The governing integral equation for the first harmonic will take the
form

"Kaly,1) =Ky(r,y)

2 _ 1 1d[ wy(p)p’dp
Xl(r)+T—[ZJ 12 X1(Y) dy_ZT[_HFEJ \/I‘—’ (5.5.16)
with
E)l_/ ~b?20), y+b ., [
Ky(yn) = = %mh 205 (55.17)

There is no need to compute the stress distribution o if one is interested in the
integral characteristics only. Indeed, both the resultant force P and the tilting
moment M can be expressed through the new unknown function x as follows:

21 g
p=2[ [ Xe.9pdpde_, " XoP) polp | (5:5.18)
Ll Vp?-b? VpZ-D?
o a & o2 _ 2
m=_2[ [ 2p*-b)x(p.¢) cosedpdy_ 1 (2P"~bI)x:(p)dp
n J Vp?-b? J vpP-p2

(5.5.19)
We note adso that the kernels in (14) and (16) are finite at the point y=r.
The following limits can be computed

o) =Ko(ry) . 1 [B2+b? r+b_ [

yor y?>—r? r2-p2d2r ‘r-b [
Kiy:)—Ka(ry) -1 [Br2-b* r+b_, [
|y [r; v =0 In—¢ BbD (5.5.20)

Equations (11), (12), (18), and (19) are the main new results of this section.

Description of the numerical procedure. Consider the following integra
equation:
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a

h(r)f(r) +J *(r, X) f(x) dx = g(r). (5.5.21)

Here h and g are known functions, % is the kernel, and f is the as yet
unknown function. The procedure which is usually used may be described as
follows. We divide the interval [b,a] into n-1 equa subintervals of length
A=(a—-b)/(n—-1). The points of divison are caled x,, k=1,2, ..,n. Assume the
unknown function f to be piecewise constant on each of the subintervals and
equa to f, on the subinterval number k. Introduce a set of points
rN=X+tx.)/2, for k=1,2, ..,n-1. These assumptions alow us to reduce the
integral equation (21) to a set of n—-1 linear algebraic equations

h(rk)f(rk)+ZKi(rk)fi:g(rk), for k=1,2,..,n-1. (5.5.22)
Here -
Ki(rk)ZJ K(r o, X) dIX. (5.5.23)

The second method to be used here is somewhat different from that above.
We consider the unknown function f to be piecewise linear. Assuming f,=f(x,),

for k=1,2, ..,n, this implies that at the k-th subinterval the function f can be
expressed as follows:

f(X):fk+(fk+1 k)Dk b kg for Xk<X<Xk+l' (5524)

Substitution of (24) in (21) leads to a set of n linear algebraic equations

-0
)+, ) -2 ngk(r.) (i -2k,y(r) -2

@n 1( I)

+1, 22~ (0= 2K, 1(r|)D—g(r|) f=x, for 1=1,2,..,n. (5.5.25)

Here
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9i(f|)=J K(r,, %) (x - b) dx. (5.5.26)

Since the piecewise linear function follows the real function more close than the
piecewise constant one, we should expect the set of equations (25) to give a
more accurate solution than (22). One can also assume the function f to be
piecewise quadratic. This exercise is left to the reader. Several examples are
considered below.

Flat centrally loaded annular punch. In this case w,=const., and the
governing integral equation (14) will take the form

O(y! r) KO(r y) __"o_ r
y2 _ r2 O(y) dy - 21H \/rbz

(5.5.27)

Xo(r) +_J

It is well known that the stress distribution o has square root singularities at
p=a and a p=b. We can then conclude from (8) that function x, will have a
logarithmic singularity at the point p=b. In order to obtain an effective
numerical solution of (27) we have to eliminate singularities whenever possible.
We introduce a new unknown function

H(r) = | X;’(Pb, (5.5.28)
n

r-b

which will have no singularities and will be limited on the [b,a]. Substitution
of (28) in (27) alows us to rewrite it as follows:

Vri-b? r+b 2 VrZ-p? [ Koly,r) - K(ry)
—2Inf 221 + Y J 0 = f()|n@’—Ehy g

(5.5.29)
Note that in the limiting case of r -~ b equation (29) yields

o[y +blf(y)dy _ T™Wo
Jln b5 A (5.5.30)
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The problem was solved numerically by using both methods from the previous
section. The value of the tota force P was computed in the first method
according to the formula (18) as follows:

_ n-1 | i+1 + bD d
P=4 Z f J |n®®—_ bDJ—&Lm. (5.5.31)

The resultant force in the case of the second numerical method was computed as

Xi+1

-S4 -5 gt

[H-bl/p2-p?
+fi+1_fi Xiﬂln p+b[] p*dp g (5.5.32)
A J @‘bD/pz—bZD o

The integrals in (31) and (32) can be computed exactly in terms of elementary
functions or it can be computed numerically.

Numerical computations were performed according to both methods for
different values of n and various ratios b/a. The dimensionless quantity

f*:Hf/w0 is plotted in Fig. 5.5.2. versus p =(p-b)/A+1. The argument of each
plot was scaled in such a way that it would stretch over the same interval.
The dimensionless resultant force P"=P/P, is presented in the Table 55.1. The
quantity P,=2w,a/(H) corresponds to the resultant force producing normal
displacement w, when applied to a circular punch of radius a (see Fabrikant,

1989a, p. 342). The column denoted as exact was computed independently
according to the formula derived in (Love, 1976). This formula in our notation
reads

o k k
0 B}
P*zl—ZkJ EJ Kﬂ(u,t)%mdu. (55.33)
n=1 D

Here k=vb/a, and K[ is the n-th iteration of the kerne

2 ut

KL(U,t) :T[]_—_Uztzl

(5.5.34)
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Fig. 5.5.2. Solution for a centraly loaded annular punch

Let us point out some interesting features of the numerical results in Table
511 First of dl, two different methods lead to different results, but the
discrepancy between them decreases as n increases, and in such a way that their
average changes very little being very close to the exact value. The second
conclusion is that each of the methods gives either upper or lower bound for the
computed quantity. This feature is extremely important since it allows us to
estimate the error of computation. As we expected, the second method is
everywhere more accurate than the first one.

An asymptotic solution for a very narrow annulus can be found by using
the analogy with a two-dimensional contact problem. The stress distribution can
be taken in the form

O
(0] _—. 55.35
0= T (5.5.35)
Here o, is the as yet unknown constant,
c=(a-b)2, ry=(a+b)/2. (5.5.36)

Substitution of (35) in (8) yields
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Table 5.5.1.
n b/a Method 1 | Method 2 Average Exact
P’ P’ P’ P’
0.20000 1.0325 0.9855 1.0090 0.9989
0.40000 1.0117 0.9807 0.9962 0.9907
0.60000 0.9776 0.9587 0.9682 0.9651
0.80000 0.9027 0.8950 0.8988 0.8976
10 0.90000 0.8224 0.8204 0.8214 0.8210
0.95000 0.7473 0.7483 0.7478 0.7478
0.99500 0.5598 0.5632 0.5615 0.5618
0.99950 0.4440 0.4471 0.4456 0.4458
0.99995 0.3676 0.3702 0.3689 0.3691
0.20000 1.0119 0.9924 1.0022 0.9989
0.40000 0.9993 0.9859 0.9926 0.9907
0.60000 0.9704 0.9620 0.9662 0.9651
0.80000 0.8998 0.8964 0.8981 0.8976
20 0.90000 0.8216 0.8207 0.8212 0.8210
0.95000 0.7475 0.7481 0.7478 0.7478
0.99500 0.5608 0.5625 0.5617 0.5618
0.99950 0.4449 0.4465 0.4457 0.4458
0.99995 0.3684 0.3697 0.3690 0.3691
0.20000 1.0066 0.9946 1.0006 0.9989
0.40000 0.9959 0.9876 0.9918 0.9907
0.60000 0.9684 0.9631 0.9657 0.9651
0.80000 0.8990 0.8968 0.8979 0.8976
30 0.90000 0.8214 0.8208 0.8211 0.8210
0.95000 0.7476 0.7480 0.7478 0.7478
0.99500 0.5612 0.5623 0.5617 0.5618
0.99950 0.4452 0.4463 0.4457 0.4458
0.99995 0.3686 0.3695 0.3691 0.3691
0.20000 1.0043 0.9958 1.0000 0.9989
0.40000 0.9944 0.9884 0.9914 0.9907
0.60000 0.9674 0.9636 0.9655 0.9651
0.80000 0.8986 0.8970 0.8978 0.8976
40 0.90000 0.8213 0.8209 0.8211 0.8210
0.95000 0.7477 0.7479 0.7478 0.7478
0.99500 0.5613 0.5622 0.5618 0.5618
0.99950 0.4454 0.4462 0.4458 0.4458
0.99995 0.3687 0.3694 0.3691 0.3691
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Cc

Vi dx
xw= °°sz N (5530

Here the following new variables were introduced
Po=Tlp*+X, TI=ry+t, (5.5.38)

and the small quantities of the order of c/r, X/r, and t/r, were neglected. The
same procedure applied to (18) and (30) yields respectively

Cc

p= 200\/270[ é/%% (5.5.39)

(5.5.40)

w2 202001 TP Ty(t) dt
° nH\/r[ [@+cliVt+c'

Substitution of (37) in (39) and (40), interchange of the order of integration and
subsequent integration yield

P =217r ,0,, (5.5.41)

Wy = 2T[Hcy0|n5r Og (5.5.42)

Here the following integral was used

[?roD dt _ D8ro L]
J T = e (5.5.43)

We may now deduce from (41) and (42) that

Wl

GGroD
Hin D c [

P= (5.5.44)
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P Wo

o 5.5.45
0~ 2T[2I‘0 o In [36ro[] ( )
Dc ]
po— T (5.5.46)
2|nE16ga+b}D
a-b [

The last result is in agreement with that of Smythe (1951) and Collins (1963).

Flat inclined annular punch. Assume that the punch is tilted about axis
Oy in the positive direction, and that the angle of rotation is a. The norma
displacements under the punch can be expressed as

w(p,@) =—0pCosy. (5.5.47)

Substitution of (47) in (16) leads to the governing integral equation

Ki(y,r) —Ky(r,y) _a_2r2-p?

y2—r? Xa(y) dy = C2mH i Z-p2

X1(r) +—J (5.5.48)

It is reminded that the kernel K, is defined by (17). We may conclude once

again that since the stress distribution is singular at the edges p=b and p=a, the
function x, will have a logarithmic singularity at the point p=b. Introducing a

new unknown function q as

r
q(r)= Xﬁ(+)b, (5.5.49)
In—-=
r-b
we may rewrite (48) in the form
\/r b2, r+b 2Vr2-p? 1 Ky(y.n) - Kl(r y) y+
b2 . q(r) + T2 2r2 sz V12 (y)ln %iy— T
(5.5.50)

The problem was solved numerically by using both methods from the previous
section.  The vaue of the tilting moment M was computed in the first method
according to the formula (19) as follows:
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Xi+1

2
_— Z g J |nm’ * Egzsp bgzdp. (5.5.51)

The following formula was used in the second numerical method

Xi+1

N b [p+b120°~b)dp
M= ZZ%‘% A0 %) 1DJ "p-b0 y7-p?

—a Xj+1 D
+ Qi+1 i J |n® +b[12p° b2) pdpD (5.5.52)

The integrals in (51) and (52) can be computed in terms of elementary functions,
namely,

[p+b[I2p?-b%dp _ 2 LDD
Inm b0l Vo7 b7 =Vp? b%b+pln b

[p+b[12p*°~b*) pdp_1 2 73D+ b
Inm bl vo—b? (2p +b%) Vp bln@)—bD

+2bEVP? =B -+ 20%n(p + VPP - B2
3 [l

Numerical computations were performed according to both methods for
different values of n and various ratios b/a. The dimensionless quantity
q =H|f|l/(aa) is plotted in Fig. 55.3. versus p =(p-b)/A+1. The conventions
are the same as in the Fig. 55.2. The dimensionless tilting moment M"=M/M,
is presented in the Table 55.2. The quantity M,=4a/(3rH) corresponds to the
tilting moment producing angular displacement a when applied to a circular
punch of radius a. Here we no longer have that peculiar property that each

method gives either upper or lower bound for the solution. It does not hold for
b/a=0.2, though it appears to be valid for b/a=0.4.

An asymptotic solution for a very narrow [(a—b)/a]<1 annulus can be
attempted as above. Assume
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Fig. 5.5.3. Solution for an inclined annular punch

o(p, ) = (5.5.53)

Here, as before, 2c is the annulus thickness and r, is its average radius as
defined in (36). Substitution of (53) in (8) yields

\/r_o i dx
=0— | ——. 55.54
Xa(® °1V2JVC2-XZVX-t (5.5.54)

Here the new variables were introduced in the manner similar to (38). In the
limiting case of r -~ b we can deduce from (50) that

y-bO ""Oiy2-p2  m?/r, [B+cO "~ Ovi+c

-C

o :_%ZJ Erm@’LbD_ZbD(l(y) dy __ 2v2H J Soln[&D_Zb[xl(t) dt

(5.5.55)
Substitution of (54) in (55) yields after interchanging the order of integration and subsequent
integration

__2T[H0'1 gGrOD_ H
a= %nD ~0=-20 (5.5.56)

lo
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Table 5.5.2.
n b/a Method 1 | Method 2 Average Exact
M M M M
0.2000 1.0028 1.0017 1.0023 0.99996
0.4000 1.0079 0.9959 1.0019 0.99878
0.6000 1.0012 0.9839 0.9925 0.98930
0.8000 0.9491 0.9368 0.9429 0.94084
10 0.9000 0.8658 0.8609 0.8633 0.86243
0.9400 0.7991 0.7982 0.7986 0.79830
0.9800 0.6677 0.6707 0.6692 0.66942
0.9900 0.5989 0.6027 0.6008 0.60115
0.9990 0.4392 0.4429 0.4411 0.44138
0.9999 0.3449 0.3479 0.3464 0.34661
0.2000 1.0012 1.0000 1.0006 0.99996
0.4000 1.0024 0.9971 0.9997 0.99878
0.6000 0.9941 0.9866 0.9904 0.98930
0.8000 0.9443 0.9389 0.9416 0.94084
20 0.9000 0.8638 0.8617 0.8627 0.86243
0.9400 0.7986 0.7982 0.7984 0.79830
0.9800 0.6685 0.6701 0.6693 0.66942
0.9900 0.6000 0.6020 0.6010 0.60115
0.9990 0.4403 0.4422 0.4412 0.44138
0.9999 0.3458 0.3473 0.3465 0.34661
0.2000 1.0007 0.9998 1.0003 0.99996
0.4000 1.0010 0.9976 0.9993 0.99878
0.6000 0.9923 0.9875 0.9899 0.98930
0.8000 0.9430 0.9396 0.9413 0.94084
30 0.9000 0.8633 0.8620 0.8626 0.86243
0.9400 0.7984 0.7983 0.7983 0.79830
0.9800 0.6688 0.6699 0.6693 0.66942
0.9900 0.6004 0.6017 0.6010 0.60115
0.9990 0.4407 0.4419 0.4413 0.44138
0.9999 0.3461 0.3471 0.3466 0.34661
0.2000 1.0005 0.9998 1.0002 0.99996
0.4000 1.0003 0.9979 0.9991 0.99878
0.6000 0.9914 0.9880 0.9897 0.98930
0.8000 0.9424 0.9399 0.9411 0.94084
40 0.9000 0.8630 0.8621 0.8625 0.86243
0.9400 0.7984 0.7983 0.7983 0.79830
0.9800 0.6690 0.6697 0.6694 0.66942
0.9900 0.6006 0.6016 0.6011 0.60115
0.9990 0.4408 0.4418 0.4413 0.44138
0.9999 0.3462 0.3470 0.3466 0.34661




The general annular punch problem 327

A similar procedure performed on (19) gives
M = -TPrjo,. (5.5.57)

We may now deduce from (56) and (57) that

M
0,=———, 5.5.58
1 T[Zro ( )
_2HM[J [16(a+b[] ,[]
= —2 5.5.59
T U'0a-b 00 (5559
Taking into consideration that for a circular punch of radius a we have
_4aa (5.5.60)
0" 3mH’ '
the following expression for the dimensionless moment can be written
. 3
M —MM: 3re(a+b) (5.5.61)
0 64a3 nD—6§a+ bD_zD
Oa-b O O

We are unaware of a similar result published elsewhere.

Discussion. An attempt can be made to obtain an approximate analytical

solution. We can multiply both sides of (27) by 4rdr/Vr>-b? and integrate with
respect to r from b+e to a. The result is

a a D
4J XO(r)rdr+iJ L Dlngtg%(ln(y‘b)(“y)—bm(a+b)8

VrZ-p? ¢ | VyP-b?q (y+b)(a-y)  (a-b)2b
2 [
_ X +b[J xdx _2Wo[] b, (a+be [
yJ ln@—_bﬂl—z_ngxo(y)dy——m% b= N —b)2b0] (5.5.62)

By using identity (30) the limiting case of € -0 can be computed

a d 2 —b
| T G 058
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with
a

T(y):ln@""b [a+y)(y-b)[1 J 13t b0 xdx

¥-b0 "Ma-y)(y+b)0J “bLy2 - (5.5.64)

Taking into consideration that X, does not change sign in the interval [b,a], we
can use the mean value theorem and to rewrite (63) as

with an immediate consequence

po_ 2W(a-b) (5.5.65)

T[H%+T_1[2T(Y)B

We know about the value of Y only that it is located somewhere in the interval
[b,a]. This condition allows infinite variation of T, thus making (65) of little
practical value. On the other hand, formula (65) is exact in two limiting cases,
namely for b-~0 and b-a. this means that an additional investigation can
reveal an optima value of Y, making (65) useful.

Yet another solution can be deduced from (18) and (30) which can be
rewritten as

(5.5.66)

[y + bD<o(y) dy _ W,

Taking into consideration that X, does not change sign in the [b,a], we can
apply the mean value theorem to (66), with the result

1 D(+b%‘ Xo(Y) ydy 1w, (55.67)

Yy Wy-b?  4H

Comparison of (67) with (18) yields
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Y
p=_ ™Mol (5.5.68)
H InD(-F br

[Y-bL]

Again, the man problem with (68) is the fact that we know about the value of
Y only that it is located somewhere between b and a, which alows infinite
variation. This does not preclude, however, from finding some optimal value for
Y which would make (68) useful. This investigation is beyond the scope of this
book.

The complete solution, namely, the explicit expressions for the field of
stresses and displacements in the elastic half-space due to the annular punch
indentation, can be derived in terms of the function X. Indeed, in order to
obtain the field of norma displacements, one has to compute the integral

2T[a

o(py, dp.d
1(0.0,2) = : gpo @) PodPd®, "
VP“ + P~ 2PPaCos(@-@) + 2

(5.5.69)

Substitution of (9) in (69) yields, after interchanging the order of integration and
subsequent integration

21

a 2 B
'(p,<p,2)=$[JJ [1209 = %2 x(x, @) dxdgy

p?+ X2 = 2pxCo((p~ @) +Z°

‘0 qeq vrmaZod U
8 [x°00  Vb*—g(x)dx ngx,gg}xdy
+= L= : 5.5.70
"J . [pyLy? - gz(x)] Vp?-x°r] Vy?-b? (5570
Here
1,0 =3P+ X7+ Z ~V(p X7+ 7},
1,00 =51V (p+ X7+ 2 +V(p—X7+ 7},
2 2
9(%) :XSHPZZTXZE/ | (5.5.71)

Note that function g is inverse to both I, and |,. The method of integration is

described in (Fabrikant, 1989a). The reader may now try to find a complete
solution. One can also apply to the problem of an annular punch the results of
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sections 3.6 and 3.8.

Appendix 5

We present here some mathematical results used in various transformations
throughout this book. The main properties of |, and |, are:

ll,=ap, Ii+15=a2+p?+2, (A5.1)
(13-p)¥(15-ad) =2, (a®~1)"(p?~1D)"?=1l,,
(@2-1)Y(13-a2) P =za, (13-p)Y¥p*-19)"?=2p. (A5.2)

al, 2, al, 1z,

0z |5-17 0z |5-1%

ol, al,-pl; p(@-13) al, pl,-al; p(5-ad

O 1Z-12 T1L03-13 0 -1 11313
(A5.3)
Here are some derivatives used
(1392
02 2 2
3127 &) o (A5.4)
pei(p(l 2 _ a2)1/2
A1Z-ad)2=m (A5.5)
|2_|1
2282+ 222 - p?) -17]
0,2 21/2_Z[a( i
N=(l3—-a%)"<= e, Ab5.6
N T T (A50)
2712 2\1/2
2,0 ayp A2 2, a2 a2
—(15— =———(15+317-4p?), AL.7
622(2 a) (|§—|%)3 (2 1 p) ( )
l4(p 1512
0, 2 212_ 1t
3@ 1) e (A5.8)



Appendix 5

pel®(a? - I7)12

2
N@ -1V =-———
I2-11

pe'?Z[|1 - a%(2a%+ 222 - p?)]

(@ - 1)*2(15-19)°

9
N5 (8% =112 ==

a(p2 - 15"

62
a—zz(a2 - 13)¥2 :—I'f)?’(4p2 -12-31%).

(13-
6 2 21/2 |2(|§—p2)1/2 6 2
35 1) :W:a—z(b—az)ﬂz,
2 _ 212 2\1/2
0 . 4,4 (|2 a) 0 (a2—|1)
=—sin*(=)=————— — AN T
da |2) Ig—li ) aaln[|2+(|2 p) ]_ Ig—li )
2 _ 1212 2 _ 212
o . La @) 4 (15-a?)
—gn =)z ——— = 2_ 2V~
22" () 13-1%2 " a7 "I+ (2P 1= 15-1%
[ (|2_a2)1/2
/\S'n‘l(g :_Hﬁei(p’
l, [[15-11]
ae” (13 -a?)"?
. 1A
A?%sin 1(|—) :W [3p2|§+ p2|%— 68.2[)2 + 2|ﬂ
2 212-11]

: [ |2_ 2\1/2
/\|n[|2_'_(|§_p2)1/2]:e_(p _2(2 p) ]

P 12-12 [
2?10 ae?'%(a? - 1%)v2
Nn[l,+(13-p%)"7] = - AT [6a°p” - 213 - p?13 - 3p°11],

e -1)" da’(2a’ 22 - p) - 1]
0z[1 12-12 O (a®-19)Y2(12-133

62
07

sin'(?) =
2

(A5.9)

(A5.10)

(A5.11)

(A5.12)

(A5.13)

(A5.14)

(A5.15)

(A5.16)

(A5.17)

(A5.18)

(A5.19)
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d|2 2)112[L Za%(2a2 + 222 - p?) -]

InI +(15-p?)¥? = , A5.20
N Ll 7 R s e 520
- )1/2 pel(p(a - )1/2
a 1 — Ija 2 2
N=—sin(— = 3I5+17-4a7, A5.21
0z ( ) D |2_|1 D (|2_|1)3 [ 2711 2] ( )
2 172 0] |2_a2)1/2
9 2 i dz a’) ] Pe (12 ) 12 a2
AZIn[l,+ (13- =A L 4a2-13-313). A5.22
Nz (0500 = N7 — oy 14213 31 (A5.22)
The following indefinite integrals are used:
[ 12 _ A2\ U20a — (12 _ A2\ L2 __Dp_ 1
.(I2 a‘)’“da=(l3—-a?) 2aD sm (I) (A5.23)
\ o a+(a?-1)v?
(a2—lf)”2da:—(a2—lf)”2d ag %InTl (A5.24)
(a2-13)“2ada = %(a2 — 1912282~ 302 +12) + %szs' @), (A5.25)
2
[ 2 o 2 21/2@_2612 p’ 2_ o
(13 - a%)2dz = (a - 1) 2 ——+ & Infl, + (13- 3", (A5.26)
( 15+ 2a?
(15-a%)Y?15dz=-a(a®-| ’f)ﬂZT +a%p?In[l, + (13- p?) Y7, (A5.27)
) 2_2 ,
(a? - 19 2dz=—5— (|§—a2)ﬂ2+%gn-1(|—a2), (A5.28)
- 13217 +3p?)
(@2-13%21207=—— " (12- 224 232 - 2?) sin%(), (A5.29)
8a 8 I,
12(a2-12)?dz = %a(l - a%)¥2(2a2 + ) + aZpisin’(2), (A5.30)
2
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2 8a2 48.2 + 3'% D

. 12
2 _ o 2\U2 __ qy=na(a2_|2\V214 _ _
(I5-a%) I'ﬁdz a(a“-1y) 1507 52 [ (A5.31)
A (a2_li)1/2 a
dz=-s n‘l(l—), (A5.32)
|2_|1 2
R (a2_ 2)1/2 Ij.(lz 2)1/2
-1
AS.
2(|2 B z= 2a2D 2 -sim (I )D (A5.33)
sin'(R) dz=zsi(?) - (a2~ 1) ¥+ aln[l, + (15-p3)*, (A5.34)
2 2
' a 1 a 2a% 411
z6n(@) dz=3 (2a2+ 222+ p?) sn(®) + (13- a?) V2 ——, (A5.35)
[, 4 I, 4a
zsnl(l)dz—lz?’sml(—)+18(a 12)Y2(312 + 6% + 8aZ - 212)
—% a(3p%+2a?) In[l, + (13- pA) . (A5.36)

The following integras may be computed by the method described in
(Fabrikant, 1989a)

21 a
_ - 2_q2_PLE 1@
I_J J (a2_pg)1/2 pOded(pO_n% a 2%” (|2)
3(2a%-1%) , 2 D
———— (13-a®2+ 2azinll, + (13-p)¥300 (A5.37)

[

We recal that R, is defined by (5.1.16), and the parameters |, and |, are given
by (5.1.33). Here are some partial derivatives used in this Chapter

21 a

al In(Ry+2)
J J ( 2 _ )1/2 pOded(pO
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[
= 2npsin®(D) ~ (a2~ 19 2 +alnfl, + (13- p%¥2 0
[ 2 [

21 a

ol aJ J ZAn(Ry+2) -R,

% - % (a2 _ pg)ljz pOded(pO

0
=2nin{l, + (13- pA¥] —asin*(@) - (13-29)¥200
0 2 0

21 a

Al aPdpyda,
) J J (Ry+2)(a”-py)*”?

i 12 2
_ €% _aapl) 100 [ora Y- Nl
= 2T[—p %Iz a’) %\ a] za+25m (IZ)D

T podpoda,
92l 0o . 1,
Fra T - 2SN
z Ro(a po) 2
21 a

2’1 _ 0 In(Ry +2) _ 2 _ 212
%_ﬁj Jmpodpod%_zmn[lz+(lz—p) ]

21 a

al_ 9 aPdpyda,
oa 6aJ J (Ry+2)(a”-py)*”?

=2n%p[z—(|§—a2)ﬂ2].

Yet another important integral is

21 a

J :J J M zn(R,+2) — Ry

po—2a’

— > dad
po(@ g2

IN CONTACT MECHANICS

(A5.38)

(A5.39)

(A5.40)

(A5.41)

(A5.42)

(A5.43)
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. 2, 012 20012
:2T£E(I§—a2)”2[ﬁ(|2+2|1 2a%) _|1(2|1+3l32) ]
02

0 ] 3 24a ]

O
+Ifsi @) —M+—3D
g ([ 3 35

Several partial derivatives may be computed as follows:

21 a

2 2
6J 2i po_za _
62 J J %In(R +Z)(—)1/2 pod(po

e 12 2 42D 2, 2 3D
‘Z"F% b+ 53 & razp* 2y @’

21 a
-2a?

INE i X dnd
__J J po(a® = pg)*Ro+2 P

2-’-[%% 2)1/2% o Bﬂsnl(l) a(p +22)1/2D

21 a

93 _ 20 po—22°

J_ 2|(pO

— == zn(R, + Ro ——=——75 dpd
aa an J [ ( Z) 0] o(a pg)ljz pO (pO

(= 2k PP 2, o2 1 3R i
=21 [%(15 - ad) Y415+ 311 - 4a2) —5(p? + 22)** + a%z[]

P 3 0
21 a

, -
d ~n__ 0 Po— g€
oa" an J oo~ PRy +z ol

S 2212 w120 ]
2%% @) - (02 + )

(A5.44)

(A5.45)

(A5.46)

(A5.47)

(A5.48)
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21 a

2 2
2)_3[ [ g Po—2a
6aaz_an J In(Ro+2) (@ - P2 dpoda,

ezi(pD dg D D
=210 (8- 19?5 - 2a=- z(p?* + )Y + &[] (A5.49)
PO (@ 0 0

21 a

62J_ pg_ ’ 2|(p0dp d(Po
0z’ J J Ropo(@2—pg)“2~ °

e a’(2z%+p?) [
_2na—ng|§—a2)ﬂ2(2a2—|’f)—m&2 (A5.50)

It is reminded that q is defined by (5.1.19). The integra in (A5.50) can be
presented as a linear combination of two integrals, namely,

21 a 2I(Po podpod(Po e2|(p D 5 D
|, = 15— a2 ”2 p? -2 +72)%? A5.51
1JJO@ o =25 a) 07 +2) (As51)
and

21 a

2@y .
= e dpod(po _ T[eZI(P Ba2(222+ pz) + 2(p2+ 22)2
’ RyPo(@® - pg)l/z 3a®p? [ (P*+ 22)1/2

-203-a)a + 1)

(A5.52)
The third basic integral is
N n ""[ R+ -R] €% pZdp,da,
= An(Ry+2) -R)| ————=
JJ ° (- p3)
_T[pe|(p|:[@-2+_ R% 1(_)_2_233
[P 3p?
2 2 4
Iﬁll a 2a3 all Il D
[Ba 2 $_$_12ap2%|§_a2)ﬂ2D (A5.53)

Here follow some of the derivatives:
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21 a '(Po 2
Podpode,
N | inR, +z)—0
0z ( -p6 )1/2

| +28. 3
— 1nel g (Y — (52 — [2) L2 0 2a°[]
TPe %sm (|2) (@-1) % 302 [0 3p20)
21 a |(pO 2

N[ BRI el @y E
0z* Ry(a® - pd)"” 12 : O

12

po)M2

o &* gpidpoday
) J (Ry+2) (a°-p3)"

= n%z + 2 —%Z%n'l(l—i) _ %_z_f%@_ az)uzg

- 3 ¢® gp3dpyda,
7-AN=
da " 0a] | (Ry+2)(a®~py)™?

= 2mas n-l(l—az).

® pZdp,da,
PN _0 OJ J In(R, +z)(—0——2n—e""% (a®-1 )1’ZD

(A5.54)

(A5.55)

(A5.56)

(A5.57)

337



