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1948):
(Elliott,expressionsfollowingthebyrelatedareandofvaluestheand
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bydefinedareandfunctions

stresstheand,+=punch,thebyexertedtractionnormaltheisHere

(5.1.28).
)(

)d(

d
d1=)(,

)(

d)(

d
d1=)(

1986b)(Fabrikant,formtheinpresentedbemayproblemthetosolutionThe

(5.1.27).
)(

d)(

)(

d
4)(=)(

(5.1.26),
)(

d)(

)(
d2)d(2+)(=)(

bydefined
areandconditions,boundarythefromknownareandfunctionsThe

(5.1.25)).(=d)(
)(

d)(

)(

d
22

(5.1.24)),(=
)(

d)(

)(
d2+)d(2

formthetakewillequationsintegralgoverningofsetThe

(5.1.23).<20,for),(=

;<20,for),(=

;<20,0for),(=

;<20,0for),(=

aresymmetry
axialofcasetheinconditionsboundaryThehalf-space.elasticaninproblems
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issolutioncompletetheandA45),(A27toaccording
performedbecaninvolveddifferentiationsTherespectively.(12)and(6)in
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caselimitingthecompute
wethatprovidedisotropy,ofcasetheinvalidalsoissolutiongeneralThe

vanish.momenttiltingtheand
forcenormalthebothannulus,circularaofloadingtorsionalaofcasetheIn

(5.4.19)).4+(3)(
3
1

)2(

)(2
+

sin
2
1=d)(sin=)(

Here

(5.4.18).)()(
1

2i=

annuluscircularaofloading
shearuniformofcasetheforresultthepresentweand(13),ofintegration

byobtainedbecanmomenttiltingtheofvalueTheexpected.wasitas=0
gives(16)formulaannulus,completeaoverloadinguniformaofcasetheIn

(5.4.17).
)+(

)(+
ln

)+(
)sin(

2
1

)(
2
1=]d)([=)(

where

(5.4.16),)]()([
1

)e(e2i=

obtainwe
1989a),(Fabrikant,indescribedmethodtheby(11)Integratingsurface.thefrom

distancetheat,,segmenttheoverappliedbetractions

308

⌡
⌠

⌡
⌠

E

E
Hmm

allla
la

laz

l
azla

l
azW

WW
m

M

N

za

ll
az

za

l
za

laalaaV

VV
m

N

z

k

k

k

k

k

k

ν

π
ν−γγγ

−−−
−

−

)(ρρρ−−)(ρ

ρ−ρ−

γ
τπ−

ρ≤ρ≤ρ

−ρ
−−−

−ρ−ρρ−−ρ

ρ−ρ−

γ
−τπℜ

φ≤φ≤φρ≤ρ≤ρτ

2

32121

2
1
2

2
21/2

1
22

1/2
1
22

1
222

2

-121/2
1
22

2

-1

12

=1

2

0

21

1/222

1/2
1
22

2

1/222

1
-122

1/2
1
221/2

1
22

12

=1

2

0

21210









































MECHANICSCONTACTINSOLUTIONSNEW5CHAPTER

12

Σ

Σii φφ



309

)(sin)2(1
8

3i=

(5.4.25),
)(

)(
e+

)(
sin+

3

))(2+(2
e

)(sin)2(1
)(1

i=

(5.4.24),
)(

])()[2(1
)(1

e=

(5.4.23);+
e

)+(
+tan+

3
==)(´

9)(8bydefined)(with

(5.4.22),)](´+)()2[(1
)(12

=),(

formthetakewillisotropyofcasethein(15)and(13),(11),
(7),Formulae.torespectwithdifferentiationindicates)´(symboltheand

(5.4.21)),2(1=lim=1,lim

(5.4.20),
)2(1

)(´+)()2(1=
1

)(
+

1

)(
lim

la
l
azT

a

lll

alla
T

ll

ala

l
aTz

laala
T

la
l
azTM

ll

llz
laaTN

R

q

llhRh

z

R

h

h

R

R

zq

z
UzU

zU

zzUzUTr

z

m
m

zfzzf
m

zf

m

zf

i

i

i

i

−−)(ν−
µπ

δ

−

−

−

−
−)(

ρ

−−
−

−−)(ν−ν−π

−

−ρ
−−−ν−ν−ρπℜ

−

ρ
−∂

∂

−

ν−
ν−π

ℜψσ

ν−γ∂

∂

ν−
ν−−−

γ

−

γ

1/2
1
22

2

-1
3

1
2

2
2

2
2

1/22
2
2

1
2

2

1
2

2
2

1/22
2
2

2

-1
2

1/2
1
222

1
23

2

1/2
1
22

2

-1

1
2

2
2

1/2
1
22

1
1/2

1
22

0
2

1
2

2
22

0
2

0

-1
0

0
5

2

1

1

121

1
121

2

22

1

11

121


































































































punchsmoothaunderneathloadingTangential

φ

φ

φ

φ

→→→→

→→

γγγγ

γγ



reciprocalthewithcombined1989a),(Fabrikant,inderivedfunctionsGreen’sthe
usecouldweIndeed,punch.circularaandloadexternalanbetweeninteraction
ofproblemthesolvetowayalternativeanexistsThere

valid.stayresultsthethatsopunch,thetoappliedloadingexternal
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1989a)(Fabrikant,isdisplacement,normal
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follows:asformulatedbecanproblemtheforconditionsboundarythebase,
punchtheunderstresssheartheNeglecting0.>spacehalfelasticisotropic

transverselyapenetratingpunchannularrigidaConsider.

annulus.
narrowveryaofcasetheforderivedareformulaeAsymptoticexamples.

asconsideredarepunchesannularloadedcentrallyandinclinedFlatnumerically.
solvedbecanwhichkernelelementaryanwithequationintegralFredholm

two-dimensionalatoreducedisproblemThehere.presentedissolution
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Here

(5.5.25)....,2,1,=for,=),(=)(2)(
)(

+

)()(
)(2)()(+

)(
)(+)(

equationsalgebraiclinearofsetatoleads(21)in(24)ofSubstitution

(5.5.24).<<for,)(+=)(

follows:asexpressed
becanfunctionthesubinterval-ththeatthatimpliesthis,...,2,1,=for
),(=Assuming.piecewisebetofunctionunknowntheconsiderWe

above.thatfromdifferentsomewhatishereusedbetomethodsecondThe
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(5.5.30).
4

=d)(+ln

yields(29)equationofcaselimitingtheinthatNote
(5.5.29)

.
2

=d+ln)(
),(),(2+)(+ln

follows:asitrewritetousallows(27)in(28)of
Substitution].,[theonlimitedbewillandsingularitiesnohavewillwhich

(5.5.28),
+ln

)(
=)(

functionunknownnewaintroduceWe
possible.wheneversingularitieseliminatetohavewe(27)ofsolutionnumerical
effectiveanobtaintoorderIn.=pointtheatsingularitylogarithmic

ahavewillfunctionthat(8)fromconcludethencanWe.=atand=
atsingularitiesrootsquarehasdistributionstressthethatknownwellisIt

(5.5.27).
2

=d)(
),(),(2+)(

formthetakewill(14)equationintegralgoverning
theandconst.,=casethisIn

below.considered
areexamplesSeveralreader.thetoleftisexerciseThis.piecewise
betofunctiontheassumealsocanOne(22).thansolutionaccuratemore
agiveto(25)equationsofsettheexpectshouldweone,constantpiecewise

thethanclosemorefunctionrealthefollowsfunctionlinearpiecewisetheSince

(5.5.26).d)(),(=)(
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(5.5.34).
1

2=),(

kerneltheofiteration-ththeisand,/=Here

(5.5.33).dd),(1=

reads
notationourinformulaThis1976).(Love,inderivedformulathetoaccording

independentlycomputedwasexactasdenotedcolumnThe342).p.1989a,
Fabrikant,(seeradiusofpunchcircularatoappliedwhendisplacement

normalproducingforceresultantthetocorresponds)/(2=quantity
The5.5.1.Tabletheinpresentedis/=forceresultantdimensionlessThe

interval.sametheoverstretchwoulditthatwayasuchinscaledwasplot
eachofargumentThe1.+)/(=versus5.5.2.Fig.inplottedis=

quantitydimensionlessThe.ratiosvariousandofvaluesdifferent
formethodsbothtoaccordingperformedwerecomputationsNumerical

numerically.computedbecanitorfunctions
elementaryoftermsinexactlycomputedbecan(32)and(31)inintegralsThe

(5.5.32).d+ln+

d+ln1++4=

ascomputedwasmethodnumericalsecondtheofcasetheinforceresultantThe
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yields(8)in(35)ofSubstitution

(5.5.36))/2.+(=)/2,(=

constant,unknownyetastheisHere

(5.5.35).
)(

=)(

formtheintakenbe
candistributionstressTheproblem.contacttwo-dimensionalawithanalogythe

usingbyfoundbecanannulusnarrowveryaforsolutionasymptoticAn

one.firstthethanaccuratemoreeverywhere
ismethodsecondtheexpected,weAscomputation.oferrortheestimate
tousallowsitsinceimportantextremelyisfeatureThisquantity.computed

theforboundloweroruppereithergivesmethodstheofeachthatisconclusion
secondThevalue.exactthetocloseverybeinglittleverychangesaverage

theirthatwayasuchinandincreases,asdecreasesthembetweendiscrepancy
thebutresults,differenttoleadmethodsdifferenttwoall,ofFirst5.1.1.

TableinresultsnumericaltheoffeaturesinterestingsomeoutpointusLet
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0.36910.36910.36940.36870.99995
0.44580.44580.44620.44540.99950
0.56180.56180.56220.56130.99500
0.74780.74780.74790.74770.95000
0.82100.82110.82090.82130.9000040
0.89760.89780.89700.89860.80000
0.96510.96550.96360.96740.60000
0.99070.99140.98840.99440.40000
0.99891.00000.99581.00430.20000
0.36910.36910.36950.36860.99995
0.44580.44570.44630.44520.99950
0.56180.56170.56230.56120.99500
0.74780.74780.74800.74760.95000
0.82100.82110.82080.82140.9000030
0.89760.89790.89680.89900.80000
0.96510.96570.96310.96840.60000
0.99070.99180.98760.99590.40000
0.99891.00060.99461.00660.20000
0.36910.36900.36970.36840.99995
0.44580.44570.44650.44490.99950
0.56180.56170.56250.56080.99500
0.74780.74780.74810.74750.95000
0.82100.82120.82070.82160.9000020
0.89760.89810.89640.89980.80000
0.96510.96620.96200.97040.60000
0.99070.99260.98590.99930.40000
0.99891.00220.99241.01190.20000
0.36910.36890.37020.36760.99995
0.44580.44560.44710.44400.99950
0.56180.56150.56320.55980.99500
0.74780.74780.74830.74730.95000
0.82100.82140.82040.82240.9000010
0.89760.89880.89500.90270.80000
0.96510.96820.95870.97760.60000
0.99070.99620.98071.01170.40000
0.99891.00900.98551.03250.20000

ExactAverage2Method1Method

5.5.1.Table
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(5.5.44),
16
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=

that(42)and(41)fromdeducenowmayWe

(5.5.43).
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usedwasintegralfollowingtheHere

(5.5.42).
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(5.5.41),2=
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andintegrationofordertheofinterchange(40),and(39)in(37)ofSubstitution
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respectivelyyields(30)and(18)toappliedproceduresame
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introducedwerevariablesnewfollowingtheHere

(5.5.37).d
2

)(

322

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

c
r

H

rw
P

cx
r

txct
t

ct
r

c
r

Hw

rP

ct
tt

ct
r

rH
w

ct
ttrP

rtrxrc/

trrxr

txxc

xr
t

c

x

c

c

c

c

t

c

π

π
−√√

σπ

σπ

√
χ

√π
σ√

√
χ√σ

ρ

−√−√√
√

σ≈χ

0

00

00

-

0
00

00
2

0

-
0

0
0

-

00

000

000

22

0
0































MECHANICSCONTACTINSOLUTIONSNEW5CHAPTER



323

follows:as(19)formulathetoaccording
methodfirsttheincomputedwasmomenttiltingtheofvalueThesection.

previousthefrommethodsbothusingbynumericallysolvedwasproblemThe
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Assumeabove.asattempted
becanannulus1])/[(narrowveryaforsolutionasymptoticAn

0.4.forvalidbetoappearsitthough0.2,=
forholdnotdoesItsolution.theforboundloweroruppereithergivesmethod

eachthatpropertypeculiarthathavelongernoweHere.radiusofpunch
circularatoappliedwhendisplacementangularproducingmomenttilting

thetocorresponds)/(34=quantityThe5.5.2.Tabletheinpresentedis

/=momenttiltingdimensionlessThe5.5.2.Fig.theinassametheare
conventionsThe1.+)/(=versus5.5.3.Fig.inplottedis)/(=

quantitydimensionlessThe.ratiosvariousandofvaluesdifferent
formethodsbothtoaccordingperformedwerecomputationsNumerical
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+ln)+(2
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namely,
functions,elementaryoftermsincomputedbecan(52)and(51)inintegralsThe
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324

<<

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

aba

b/ab/a

a

HaM

MMM
baH|f|q

b/an

bbbb

b
bbb

b

b
b
b

b
bbb

b

b
b
b

b

b
b
bqq

b

b
b
bbiqbiqM

b

b
b
bqM

**

x

x

ii

x

x

ii

x

x

i

−

≥

α
πα

∆−ρρα

−ρ√ρ−ρ√ρ

−ρ
ρ−ρ√ρ

−ρ√
ρρ−ρ

−ρ
ρ

−ρ
ρρ−ρ√

−ρ√
ρ−ρ

−ρ
ρ

−ρ√
ρρ−ρ

−ρ
ρ

∆
−

−ρ√
ρ−ρ

−ρ
ρ−∆−∆−

−ρ√
ρ−ρ

−ρ
ρ−

3
0

0
*

22222

2222
22

22

22
22

22

22

22
+1

22

22

+1

22

22














































































MECHANICSCONTACTINSOLUTIONSNEW5CHAPTER

+1

+1

=1

-1

=1

-1

Σ

Σ

i

i

i

i

i

n

i

+1i

i

n



325

(5.5.56).2
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2

=

integration
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0.346610.34660.34700.34620.9999
0.441380.44130.44180.44080.9990
0.601150.60110.60160.60060.9900
0.669420.66940.66970.66900.9800
0.798300.79830.79830.79840.9400
0.862430.86250.86210.86300.900040
0.940840.94110.93990.94240.8000
0.989300.98970.98800.99140.6000
0.998780.99910.99791.00030.4000
0.999961.00020.99981.00050.2000
0.346610.34660.34710.34610.9999
0.441380.44130.44190.44070.9990
0.601150.60100.60170.60040.9900
0.669420.66930.66990.66880.9800
0.798300.79830.79830.79840.9400
0.862430.86260.86200.86330.900030
0.940840.94130.93960.94300.8000
0.989300.98990.98750.99230.6000
0.998780.99930.99761.00100.4000
0.999961.00030.99981.00070.2000
0.346610.34650.34730.34580.9999
0.441380.44120.44220.44030.9990
0.601150.60100.60200.60000.9900
0.669420.66930.67010.66850.9800
0.798300.79840.79820.79860.9400
0.862430.86270.86170.86380.900020
0.940840.94160.93890.94430.8000
0.989300.99040.98660.99410.6000
0.998780.99970.99711.00240.4000
0.999961.00061.00001.00120.2000
0.346610.34640.34790.34490.9999
0.441380.44110.44290.43920.9990
0.601150.60080.60270.59890.9900
0.669420.66920.67070.66770.9800
0.798300.79860.79820.79910.9400
0.862430.86330.86090.86580.900010
0.940840.94290.93680.94910.8000
0.989300.99250.98391.00120.6000
0.998781.00190.99591.00790.4000
0.999961.00231.00171.00280.2000

ExactAverage2Method1Method

5.5.2.Table
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(5.5.63),
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=
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