
nonellipticalaoutsideconcentrationthegivingpublicationnobetoseemsthere
asonly,holesellipticalforeffectivelyusedbecantheoremtheshape,arbitrary
ofholeaoutsideconcentrationtheondependequationstheseofcoefficients

theSinceequations.algebraiclinearofsystematohole,theinsideprescribed
concentrationspecieschemicalthewithhole,eachthroughfluxtherelatesand

holes,arbitraryforvalidiswhichestablishedistheoremgeneralaHere,

incorrect.
justarepapersthosethatthinkshouldonediscrepancy,asuchforreason
theexplainneverpaperstheseofauthorstheSincehole!eachthroughfluxthe

interactionholes’theopposite:quiteisresultthewhichin370-390.)
pp.(1983),,inPrager,S.andSuh,Youn

SukMalone,G.M.(1975);89,Phys.Chem.J.Frish,H.L.andPrager(S.
publishedbeenhavepapersseveralfacts,establishedwelltheseofspiteInzero.

totendsholeeachthroughfluxthewhileinfinitytotendingfluxtotalthein
resultsinfinity,totendsholesofnumberthewhencase,limitingTheincrease.
shouldfluxtotalthewhileholeeachthroughfluxtheofinresult
shouldholesthebetweeninteractionthethatindicatedwho(1948)RayleighLord

bymadeweresubjectthisonconsiderationsquantitativeSomeholes.several
ofcasetheforsolutionsexactnobetoseemsTheremembrane.thickaof

casetheforsolutionapproximategoodveryawithalong1948),(Rayleigh,ago
yearsmanyfoundbeenhadholecircularisolatedanthroughdiffusionsteady-state

ofproblemthetosolutionexactAnmembranes.biologicalofmechanism
diffusiontheininterestwidegeneratedhavebioengineeringinAdvances

considered.areexamplesspecificSeveralholes.
ellipticallocatedarbitrarilyofcasethetoappliedistheoremTheequations.
algebraiclinearofsystemabyhole,theinprescribedspecies,chemical

someofdistributionconcentrationthewithholeeachthroughfluxtotalthe
relateswhichestablishedistheoremgeneralAconsidered.isshape,arbitraryof
holesseveralbyperforatedmembrane,thinathroughprocessdiffusionThe
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theseknowtoneedreallynotdowethatshowtoareweHere,circles.several
ofcasetheforeventimepresenttheatknownnotareequationstheseof

solutionsexactTheequations.integralofsetatoleads(2)in(1)conditions
boundarytheofSubstitution.pointfieldaandpointabetween

distancethedenotes),(andcoefficient,diffusivitymasstheiswhere

(4.1.2).d
),(

)(
=)(

writecanwerepresentation,potentialNewton
theUsingmethod.theofapplicabilitytheshowtoorderincasegeneral

moreaconsideringdeliberatelyarewebutconst.=)/2(=caseourIn

.=

0=planethetonormalgradient
concentrationtheforstandsandhole,ththeofareathedenoteswhere

(4.1.1).1,2,...,=,for0=)(

,for)(=

conditionsboundarythetosubject0)=(half-spaceupperthein
harmonicfunctionafindreads:problemtheofformulationmathematicalThe
solution.theforrepresentationpotentialNewtontheusetousenablewillThis

.for=andfor0=valueslimitingthewithproblem
equivalentanconsidercanweconvenience,mathematicalofsaketheFor

holes.thesethrough
diffusionsteady-statethetolimitedisanalysisThelocation.andshapearbitrary

ofholesbyperforatedismembraneThe.at=concentration
correspondingthewith,=isspecieschemicalsomeofconcentration

theatthatAssume0.<and0>namely,half-spaces,twoseparates
which0,=planetheasconceivedmembranethinaConsider

problem.thetosolutionaccuratereasonablyafact,inprovide,theythatclose
sobemayboundsthesethatshowtoconsideredareexamplesSeveraluser.the

foradvantagesignificantapresentswhichholetheindistributionintensityflux
theknowtoneednoisTheresought.parameterstheforboundslowertheand

uppertheobtaintooneallowstheoremestablishedthelimited,quiteisvariation
theirsincebut,knownnotarecoefficientstheofvaluesexactThehole.
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(4.1.7).d
),(

)(
=)(

and

,d)(=

holefirstthethroughfluxtotaltheiswhere

(4.1.6).d)()(+=d)()(

obtainedbecanresultfollowingthe(4),satisfies
thatconsiderationintotakingand(5)inintegrationoforderthechangingBy

(4.1.5).d
),(

)(
d)(+

d]
),(

)(
d)(=d)()(

yields
areatheoverintegrationand)(by(3)ofsidesbothofMultiplication

(4.1.4)1.=d
),(

)(

inside
equationintegralfollowingthesatisfyingknown,isfunctionthethatSuppose

(4.1.3).d
),(

)(
+d]

),(
)(

=)(

equationintegralrelatedtheconsider
andhole,firstthegenerality,oflosswithoutout,singlecanWesolutions.
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notationtheIntroduce

(4.1.10).)/(1=

ellipsefirsttheofeccentricitythe
isandkind,firsttheofintegralellipticcompletetheforstands)(where

(4.1.9),1
)(2

1
=

formthehas
functionThe(1964).Lur’ebygivenimplicitlyresultssomeareHere

hole.ththethroughpassingfluxthedenotes
;semiaxismajortheandaxisthebetweenanglethebeandcenter,

itsbeandellipse;ththeofsemiaxesminortheandmajorthebe
andLetmembrane.thininfiniteaninlocatedarbitrarilyholeselliptical

ofsetaofinteractiontheConsider

only.
holesellipticaltheforavailableismoment,theatwhich,itinsideprescribed

concentrationunitatoduesystemtheinholeeveryoutsidedistribution
concentrationtheknowtoneedsone(8),usetoorderInsection.this

ofresultmaintheis(8),typetheofequationsalgebraiclinearofsetThe

holes.the
inprescribedgradientsconcentrationtheandholesthethroughfluxesindividual

thebetweenrelationshipsnecessarytheprovidesequationsofsetThisholes.
remainingtheforderivedbecanequationsalgebraiclinearadditional1logic,

sametheusingBysought.parameterstheforboundslowerandupperclose
sufficientlyprovidescasesmanyinand,withinvariationlimitedonlyallows

thatfactthebutknownnotispointtheoflocationexactThe

(4.1.8).)(+=d)()(

equation
algebraiclinearthetocomewesign,changenotdoeswhenvalidiswhich
theoremvaluemeantheevokingBy.inspecieschemicaltheofconcentration

unitatoduedomaintheinconcentrationthetoproportionaliswhich

⌡
⌠

⌡
⌠

abk

kkK

b
y

a
x

kKb

n
PaOx

YXn
ba
N

N

S
SCC

PCwPDSQwQ

S
S

holes.ellipticaltoApplication

−√

−−πσ

σ

θ

−

∈

σ

σ

2
111

11

1/2

1
2

2

1
2

2

11
0

0

1111110

1

1

−

nnn

nn

nn

n

nnn

nnn

n

n

n

N

Σ
=2













membranesperforatedthroughDiffusion

S



notetoimportantalsoisIt(3).equationsintegralofsystemthesolvedhaving
without,...1,2,=,fluxestheforboundslowerandupperexactthe

obtaintooneallowswhichequations,algebraiclinearofsettheoffirstthe
represents(16)Equation(16);ofderivationtheinusedwere(14)and(11),(9),

formulae(13);and(12)toaccordingdefinedareand;kindfirsttheof

integralsellipticincompleteandcompletetheforstand),(and)(where

(4.1.16),
)(

),(
+=

)(

yields(8)into(15)ofSubstitution

(4.1.15).=)/2(=

formthetakewillcasethisin(1)conditionsboundaryThe

(4.1.14).2=dd1

elementaryisintegralremainingThe

(4.1.13)].)/+(+[
2
1=,])/(+[=

(4.1.12),1sin=

where

(4.1.11)

;),(for),,(2

;),(for),(2

=
dd

validareintegralsfollowingThe

.1=

,)(+)(=
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errormaximumthegivewouldstillthisholes,circulartwoforestimationcentral
theofaccuracythethanworsetimestenbeingholeselliptictwoofcasethein

accuracytheassumesoneifEven.<2ofrangewholethein0.4%exceed
notdoesestimationcentraltheoferrormaximumthethenexactassolution

Kobayashi’sthetakesoneIf(1939)Kobayashibysolutionnumericalthewith
holescircularequaltwoforestimationcentraltheofcomparisonafromcomes
beliefasuchforreasonTheabove.indicatedonethethanlessmuchisitthat

believetoreasonaistherebutis,estimationcentraltheoferrorrealthegreat
howsaytodifficultisitcase,thisforavailablesolutionaccuratenoisthere

Since12.>for1%thanlessisitand8,>for2%thanlessisit5,>
for5%thanlessisit3.5,>for9%thanlessisestimationcentraltheof

errormaximalthethatshowcomputationsNumericalestimation.centraltheplot
circlessmalltheandbound,lowerthegiveslinebrokenthebound,upperthe
giveslinesolidThe1.=2,=forversusratiotheplots4.1.1Fig.

(4.1.20).sin=

bydefinedforestimationcentraltheconsideralsoshallWerespectively.

(4.1.19).
+

sin=and,sin=

takingby(18)fromobtainedbecanforboundslowertheandupperThe
hole.eachthroughfluxthedecreasesholesthebetweeninteractionthethatshows
(18)Equationhole.solitaryathroughfluxtheindicates)](/=where

(4.1.18).

)(
),(+1

=

resultimmediateanwith

(4.1.17),
)(
),(+=

)(

namelyequation,one
justtoreduces(16),toequivalentequations,ofsetthesystem,theofsymmetry
thetoduethen,==Since0.==0,==h,0,==
b,==a,==2,=casetheConsider.

ellipse.theofcenterthetorelated
coordinatestheofsystemlocaltheinvalidissettheinequationeachthat
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and0,eccentricity
theholecircularaofcasetheIncases.limitingcertainindicatetointerest
ofalsoisItelectrostatics.intheoremsrelevantsomeestablishedwho(1948)

GrinbergofthoseandresultsourbetweenrelationcertainnotecanWe

(4.1.23)].)/+(+[
2
1=,]/+[=

,=,])/(+[1=

(4.1.22);2,3,4=for,1sin=

where

(4.1.21),
)(

),(
+

)(

),(
+

)(

),(
+1=

)(

isresultThe(16).settheofequationonejustconsider
tosufficientisitsystem,theofsymmetrythetoDuedirection.clockwisethe
innumberedareholesThe4.1.2).(Fig.rectangletheofsidesthealongbeing

axestheirwithapices,itsatholesellipticalequalfourofcenterstheLocate
.andsideswithrectangleaConsider.

follow.toexamplestheinonlyestimation
centraltheevaluateshallwemind,inthisHavingbad.notiswhich4%at
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equations.algebraiclinearofsystemafromfoundbecanflux
totalThesolution.numericalaccurateanallowandnon-singularareEquations

density.fluxthetorespectwithderivedisequationsintegralFredholmof
systemafunction,Green’stheforrepresentationintegralspecialausingBy

(1985)Fabrikantbyresult
thewithagreementinis(25)Formulahole.ththetoholefirsttheofcenter

thefromdistancetheisandonenumberholetheofradiustheiswhere

(4.1.25),sin2+=2

formthetakewill(16)equationand

(4.1.24).sin2
)(

),(

porescircularbetweenInteraction4.2.
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isresultThe(2).ofsidesbothto

)(d
d
d1

operatorintegraltheapplyWe

(4.2.2).d),(,
)(

d

)(
d1+

),(
)(

d

)(
d2=),(

obtainwe(1),in(1.2.22)representationintegraltheSubstituting

(4.2.1).
)cos(2+

dd),(
2
1+

)cos(2+

dd),(
2
1=),(

aswrittenbecanporefirsttheforequationintegralgoverning
Thecenter.itsatcoordinatespolaroforiginthelocateand1,numberpore
thegenerality,oflosswithoutout,singlecanWeunity.betoassumedwas

diffusivitymassThedensity.fluxtheispore,-thofareatheisHere

.),(and0=for0=

;),(and,...,2,1,=for),,(=,0),(

conditionsboundarythetosubjectfunction
harmonicafindingofthatasdiffusionofproblemtheformulatecanWe

.denotedisradiusitsand),,(pointtheatlocatedishole-thofcenter
Theholes.circularbyperforated0,=membranethinaconsiderWe
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isresultThepore.firsttheoverintegrate
andddby(5)ofsidesbothmultiplycanweIndeed,(5).equations

integralsolvetohavenotdoweonly,fluxtotaltheobtaintoneedweIf
(4.2.5)

.
)cos(2+

dd),(12
=),(

formthe
takewillequationintegralgoverningtheconstant,ais=whencasetheIn

method.numericalregularanybysolvedbecanandnon-singular,areequations
integralThepores.1remainingtheforobtainedbecanequationsSimilar

(4.2.4).
)cos(2+

dd),(1+

),(=),()(d
d
d1d

d
d)(2

isresultfinalThe

.1d
d
d)(

isapplytooperatornextThe

(4.2.3)).,(,
dd
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issolutionThe

.4=+sin2

,4=sin2+

formthetakescasethisin(7)systemThe.beingcenterstheirbetween
distancetheholes,theofradiithebeandLet

follow.toexamplestheinanalyzedisitaccurate,
leastthebemightporesequalofcasetheSinceones.equaltheforthat
thansharperisholesunequalforestimationfluxthecasescertainInestimation.

fluxtheimprovemightwhichnarrowmorebecomesforrangeadmissible

the<forthatshownbecanittheorem,reciprocalthetoDue.=case

theforexcept,generalIn(8).rangeadmissibletheinofvariation
simplebyfluxtheforboundslowertheanduppertheobtaintousedbe

can(7)equationsofsetthebutknown,notisofvalueexactthecourse,Of

(4.2.8).)(+)(=,+

Here

(4.2.7)....,2,1,=for,4=sin2+

fluxestotaltheto
respectwithequationsalgebraiclinearofsetthegetandsign,changenotdoes

whenvalidiswhichtheoremvaluemeantheapplynowcanWeexact.
is(6)relationshipthethatNotepore.firstthethroughfluxtheisHere

(4.2.6).ddsin),(24=
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issolutionThe

.4=
)/sin(2

sin2+1+sin2

,4=sin2+

ely,isapex-th
and-ththebetweendistancetheconsideration,geometricFrom.beapex
anyofcenterthebetweendistancetheLetpolygon.theofcentergeometricthe

atlocatedisradiusofholeThepolygon.regularaofapexestheatlocated
radiusofholesequalofcasetheconsiderWe

4.2.1.Tableingivenis=fluxdimensionlesstheforestimations
differentTheestimation.centralthecalledisThis.toequaltaken

waswhenaccuracygoodveryashowedwhich(1985)Fabrikantinperformed
wereComputations.0.75bewillholeeachthroughfluxtheand,2=

bygivenisvaluepossiblesmallestTheinteract.notdoholestwothe,
distancetheWhenhole.secondthetoduereductionfluxtheofdegreethe

shows(9)indenominatortheandholeisolatedanthroughfluxtheisHere

(4.2.9).
sin2+1

=
sin2+1

4
==

tosimplifiessolutionthe,==When
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filtrationandtransporttoapplicationsimportanthaseffects,exitandentrance
includinglength,finiteofporeathroughspecieschemicalofdiffusionThe

thin.infinitelybetoassumedwasmembranethesectionsprevioustheIn

section.nexttheinpresented
isitandthickness,finiteofmembranesforusedbecanmethodsameThe

.
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pore.theaboveregioninfiniteanwith2lengthandradiusofporeai.e.
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theutilizingby(half-space)Iregioninconcentrationtheforrepresentation
formclosedtheusesIthere.presentedisapproachalternativeAn

doubtful.
accuracyitsandcumbersome,verymethodthemakesthisAllcoordinates.
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therepresentingsuminfiniteanoftermeachexpandtohasoneopening,pore
theatconditionsmatchingthesatisfytoorderInpore.theinsidecoordinated

cylindricalpolartheandhalf-spacetheincoordinatesspheroidaloblate
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yields(2)ofDifferentiation

(4.3.3).=);0,(=)0,(

conditionscontinuitythe
fromdeterminedbetoareconstantsunknownTherespectively.cylindertheand
spacehalfthei.e.validity,ofdomainsrespectivetheirinconditionsboundary

theandequationLaplacethesatisfy(2)and(1)boththatNoticeconstants.
unknownyetastheareand0,=)(equationofrootspositiveareHere
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with(9)ofsidesbothofIntegrationelementary.areintegralsremainingThe

(4.3.10).sin=
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(4.3.16),=+
4

+1

namely,form,compactmoreainrewrittenbecan(12)(11)systemthe
(4.3.15)
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gives(20)insubstitutiontheir0.4028,=)(and3.8317,=Since

(4.3.21).

4
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4=)sinh(=

(4.3.20),

4
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==

issolutionThe
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equationstwojustofsystemtruncatedaconsider
Wefollows.asobtainedbecanformulaeapproximatesimpleSome

4.3.2.Fig.ingivenismembranethininfinitely
anthroughfluxthetolengthofporeathroughfluxtotalofratio

Theflux.thetoproportionalisitsinceisconstantinterestingmostThe
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becan0.15%)thanlesserrormaximum(theformulaaccurateveryA.<0
rangewholetheinusedbemay(24)otherwisenecessary,isaccuracyhighwhen

largeforrecommendedbemayformulaKelman’s1%.thanlessiserror
its0.5>forthough0,=for5%oferrormaximumitshas(1965)Kelman
ofFormula0.5.=nearachievedisitand2%,aboutiserrormaximum

Thegood.isperformanceoverallitsand0,=whenexactis(24)Formula
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4.3.3.Fig.ingivenis)/(2||=fluxlocaldimensionless
theofcomputationofresultsThedominating.becomestermfirstthewhere

,=tocloseespecially(5),ofthatthanbetteris(31)ofconvergenceThe
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totransformedbeshouldandintegration,
numericalforgoodnotis(36)formula,whensingularityofBecause
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type:followingtheofequationsintegralofsequenceaofsolution
thetoreducedbecanproblemdiffractionthethatprovenhas(1967)BladelVan
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2
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,...+)()(
2
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valid:becomeexpansionsfollowing
theandwavelength,thethansmallermuchisaperturetheoflengthcharacteristic
thecase,low-frequencytheInaperture.theinpressureacoustictheiswhere

)(=d
)(2

1

formthetakesequationintegralgoverningThe
wavelength.theisand,/2=numberwavethevector,pointfieldtheis

andvectorincidencetheis,=where,e=waveplaneabefield
incidenttheLet.aperturegeneralawithscreenrigidflataConsider

section.thisinpresentedapproachnew
theofunderstandingbetterfornecessaryarewhich1967),Bladel,(Vanfrom

resultsessentialsomereproduceweHere1981).Smedt,(Desolutionsnumerical
someforexceptshape,generalofaperturestheaboutknownislittlevery1967),

Bladel,Vanexample,for(see,aperturesellipticalandcircularofinvestigation
theonspentwereeffortssignificantThoughproblem.acousticalimportant
anisscreenrigidainapertureanbywaveplaneaofdiffractionThe

confirmed.isaccuracygoodaandliterature,theinknownsolutionstheagainst
checkedareformulaetheAllconsidered.areexamplesSpecificshape.general

ofapertureanforexpansionlow-frequencytheintermquadratictheofvalue
averagetheevaluatingforderivedareformulaeapproximateSpecificapertures.

nonellipticaltheforvalidiswhichhereproposedismethodanalyticalnewA
only.apertureellipticanandcircularaformomenttheatknownaresolutions

Analyticalequations.integralstaticofsequenceatoscreenrigidainaperture
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integrationoforderthechangingaftergives,(1)into(2)ofSubstitution

(4.4.3).
cos2+1

1=),(

where

(4.4.2),
)()(

d),(
2=

)cos(2+

1

1.Chapterinestablishedpointstwobetweendistance
reciprocaltheforrepresentationintegraltheonbasedisapproachTheshapes.

aperturevariousforformulaeaccurateyetsimpleofderivationtheallowswhich
problemssuchoftreatmentanalyticaltheofideatheoutlineWe

part.lasttheindiscussedisapproachvariationaltheusingofpossibility
Thefollow.tocross)rhombus,rectangle,(polygon,shapesaperturespecificto

applicationswithfurther,givenistheoryrelevantTheexpansion.low-frequency
theintermquadratictheofanalysistheforusedismethodsimilar

aHere,considered.wasshapearbitraryofaperturessmallofpolarizability
magneticofproblemequivalentmathematicallythewhere3.4sectionfromfound

becanterm(linear)firstThehere.repeatednotisitso3.3,sectioninthatas
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arbitraryanforanalyticallyfoundwasexpansionlow-frequencytheinterm
zeroth-orderThemethod.newtheofaccuracytheofverificationtheforresults

hisuseshallWe1979).Smedt(Deshapesspecificseveralfornumerically
solvedwasapertureanthroughpenetrationsoundofproblemThe
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2

+)+(=
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example,Forsolutions.thesethrough
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respectively,corresponding,(1),ofsolutionsas,,,,,denoteweIf
function.unknowntheisandfunction,knownais,andpointsthe
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(4.4.7).d)cos+cossin+sin(
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functionknowntheLetsingle-valued.andboundedis)(functionthewhere
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Themoment.polarlinearthecalledbewill.
calledbewillrespectively,

andcallshallWe3.4sectioninintroducedwerequantitiesThese

(4.4.11).dcossin)(=,dcos)(=

,dsin)(=,d)(=

.
calledbewillrespectively,

andcallshall
weinertia,ofmomentstheofthosetosimilararepropertiestensortheirSince

(4.4.10).dcossin)(=
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introducedwerequantitiesfollowingthewhere
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2
1++++2

4
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4
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formthetakewill
harmoniczeroTheharmonics.eventheonlycontains)(ifzerobewill

ofharmonicsoddtheallthatNoteharmonic.eachforseparatelydonebecan
ofevaluationFurtherfunction.hypergeometricGausstheforstandsHere
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ignoring,+assumetojustifiedseemsitwhyisThisgravity.ofcenter
theatorigincoordinateofsystemthelocatingbyshapegeneralofaperturean
forharmonicfirsttheeliminatecanwethatshownbecanIt.bydirection

positivetheinorigincoordinateofsystemthemovingbyjustharmonicsodd
thealleliminatecanweHere.sin+=)(letexample,Forharmonics.odd

highertheeliminate)(orreducetoandharmonicfirsttheeliminatetoaswaya
suchinorigincoordinateofsystemthechoosealwayscanwebutshape,general

ofaperturestheforvanishnotdoharmonicsoddthecourse,Of.solution
themakingthusvanishtheyellipseanofcasetheIndecreases.amplitudetheir

thatshows2thanhigherharmonicstheofInvestigationharmonic.fourththe
forexpressiontheenternotwilland,,parameterstheand(12),enter

notdidparameterthethatnotetoimportantisIt.,+=,

+=example,forestablish,toeasyaremomentsthewithrelationships
Their.calledbewillmomentsThe
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introduced:
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(4.4.16).
3

2
=

,
3

)](2+)2(4[
=

,
3

)]2(+)(24[
=

explicitly,writtenbecansolutionsThethree.previousthefromdecoupled

becomes(15)equationlastThe0.===casethisInsymmetry.of
axisoneleastathasaperturethewhenoccurssimplificationsignificantA

(15).equationfirstthefromfoundbecanofvaluethewhichafter,
and,,torespectwithsolvedbecan(15)ofequationsthreelastThe

(4.4.15).=]++[

,=]2+2+2[

,=]22+2[

0,=+++2

equations:ofsetfollowingthetoleads(14)and(5)ofcomparisonThe

(4.4.14)]}.++[6+

]22+2[+
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+++{2
4

=

asforexpressionapproximateanhaveweNow,error.solution
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3)2(+)(288
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(4.4.18)
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9

3)(2+)2(88

=

:andparameterstheforexpressionsfollowingtheto
lead(17)and(16),(7),Formulae1967).Bladel,(Vanexpansionlow-frequency
theintermsquadratictheincoefficientsthetocorrespondparameters

Theserespectively.caseeachforandbyparametersthesedenote
shallWesize.itsofindependentbeingandofshapethecharacterizing
thusdimensionlessisand,ofvalueaveragethetoproportionaliswhich

,dS
A
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integral
thecomputeusletcaseeveryIn0.==,/2=casetheand0;=

=,/2=cases:particularfollowingthediscusstoappropriateisIt

angles.sharpwithdomainaforespeciallywrong,
is(6)insingularitysquare-rootaofassumptionthethatfactthetoduemainly
,domaintheofboundarythetoclosesignificantquitebecomemighterrorthe
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expectWeshape.generalofapertureanforwellperformwilltheyhopeWe
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,sin2+sin2cos2=

,cos2+sin2+cos2=

inertia:ofmomentstheforobtainedbecanexpressionsfollowingThe

.ofsumthetoequalbeingpolygontheofareatotalthe,and
,byformedtriangletheofareathebeLet.sidethetoperpendicular

theandaxisthebetweenangletheforstandsapex;ththetogravity
ofcenterthefromdistancetheDenote1.asunderstoodis1+equalindex

ofvaluethethatclearisIt1.+numberedisintersecting,areandsides
thewhichatapex,Theside.ththeoflengththebeingwith,to1from

directioncounter-clockwiseainsidespolygonthenumberusLet).(from
harmonicfirsttheeliminatetoorderingravityofcenterpolygon’stheatlocated

isorigincoordinateofsystemThesingle-valued.andboundedisboundaryits
describing)(functionThesides.withpolygonaConsider.

solutions.numericalavailablewithcomparisonbyconfirmed
isderivedformulaeofaccuracyofdegreehighsufficientlyAinvolved.moments

theofcomputationsnecessarytheonlypresentWe(18).formulaetheby
givenissolutiongeneralThebelow.consideredareshapesapertureSeveral

aperture.ofdomaintheof(moments)characteristicsgeometricalthe
ofcomputationsimplerelativelyabyfoundbenowcanexpansionlow-frequency

theintermsquadraticThesection.thisofresultsmaintheare(18)Formulae

(4.4.20).)+(2=

followsassimplifiesalso(17)Formula
moments.polarcorrespondingindicate0subindexthewithmomentsthewhere

(4.4.19),
3
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casethisIn.axistheaboutmomentssimilartheto
equalareaxistheaboutmomentstheallthatimplieswhichsymmetrycentral
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,cos2+)sin2(=

(4.4.26),sin2+sin2cos2=

,cos2+sin2+cos2=

moments:cubictheforderivedbecanformulaefollowingThe

.11
3

16
=

(4.4.25),
+

+
+

12
=

and(24)bydefinedareandwhere

,sin2+cossin4
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,cossin2sin2+)4sin(1

cos+sin4+cos4=
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asexpressedbecan
2equalsidethewithsquareaformomentsThesquare.aforvalidnotis

,=-1)(cos=-1)(sin

namely,summation,seriestrigonometricthethatfacttheto
duesquare,theexceptpolygonregularanyforvalidare(30)formulaethatNote

(4.4.30).
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The.withdecreasewill(33)oferrorthethatexpectshouldwe0.2394,
=)4/(3==circleaforresultexactthegives,caselimitingthein(33),

formulaSince2%.thanlessdiscrepancythewith0.2645,is(1979)SmedtDetodueresultThe
0.2697.==and,4=squareaofcasetheInresult.thiswithcompare

todatanumericalanyfindnotdidWe0.3782.==gives(33)formula
3)=(triangleequilateralanFor.ofvaluesparticularseveralConsider
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wereComputationsSmedt.Defromcommunicationpersonalainreceiveddata
numericalthewithcomparedbecan(7)todueofdistributionTheratio.
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belowpresentedare(1979)
SmedtDebygiventhoseandsectionthisofresultsthebetweencomparisonThe
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symmetry.ofaxisoneleastathavingdomains
theforonlyvalidarewhichand,,coefficientstheforequations
ofsetthepresentweHere,cumbersome.prettyissolutioncompleteThe.

and,,,unknownthetorespectwithequationsalgebraiclinearfourgive
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conditionsextremumThe.and,,,offunction
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.cos+cos+1
n

2sin=

onlymoment
polartheneedshallwepolygonregularaofcasetheIn(44).equationsofset

theofsolutionthetoreferswordthe(18),inintroducedmethodthe
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symmetric.not
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0.33.
<forunacceptableareresultsthesinceangles,sharpwithdomainaforfail

methodsboththatstateshouldwe0.33,>fordecreaseddiscrepancytheThough

(1979)SmedtDebythosetocomparedapproach
variationalthetoduerhombusaforresultsnumericalthebelowpresentWe

.=,=,=

formthetakewillrhombusaformomentsThe

earlier.givenresultmethodsimplethetocompared
asincreased0.1=forindiscrepancytheexample,foreverywhere,notbut

accuratemoreisapproachvariationalthethatisimpressiongeneraltheAgain,

rectangleaforcomputedresultsnumericaltheareHere

.=,=,=

formthetakewillearlierconsideredrectangletheformomentsThe

circle.aforresultexactthegivemethodsboth
ofcaselimitingtheInaccurate.moresomewhatisapproachvariational

thethatindicationanbemightthisthenexactas0.2645squareafor(1979)
SmedtDebyresulttheconsidersoneIfwell.worktoseemmethodsBoth

sideswithpolygonregularaforcomputationsofresultstheareHere
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formulation.problemthe
ofunderstandingbetterfornecessaryarewhich1968)Bladel,(Vanfromresults

essentialsomereproduceweHere1981).Harrington,andOkon1977;Bladel,
VanandMeulenaere(Desolutionsnumericalsomeforexceptshape,general

ofaperturestheaboutknownislittleveryAgain,problem.acousticalimportant
anisscreensoftainapertureanbywaveplaneaofdiffractionThescreen.

rigidaofthattooppositeabstractionanrepresentsscreensofttermThe

expansion.low-frequency
theoftermsfurtherevaluatingforusedbecanmethodsimilarAproblems.of

typethisforindispensableabsolutelyissingularityofnaturetheofinvestigation
Anclass.thisoutsidebetoseemsanglessharpwithdomainaofcaseThe

examples.numerousbyconfirmedisratioaspectofrangewidesufficientlya
inaccuracyhighTheirscreen.rigidainapertureanthroughpenetrationsound
ofproblemtheforexpansionlow-frequencytheintermsquadratictheevaluating
ofproblemthetosolutioneffectiveandsimpleagive(18)Formulae

section.thisinonethetosimilarmethodtheusetocaseparticulareachin
advisableisItunity.fromawaymovesratioaspecttheasquicklydeteriorates
accuracythebutsquare)aexample,for(like,unitytocloseratioaspect

thewithdomainstheforgoodbemightresultsTheexpansion.low-frequency
theintermsfurtherfindtoorderin3.4and3.3sectionsinsolutionthe
andtheoremreciprocaltheusetowillingreaderthecautiontohaveWe

computations.
cumbersomemoreworthisapproachvariationaltheofaccuracybettersomewhat

awhetherdecidetouserthetoupisIt.smallveryforfailstheorythe
but,ratioaspecttheofrangewiderainvalidbecomeresultstheconclusion:
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(1979)SmedtDeby
thosetocomparedapproachvariationalthetodueresultsnumericaltheareHere
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isapertureanthroughpenetrationsoundofproblemThenumerically.
treatedbetohadaperturenon-ellipticofcaseTheonly.ellipseanand
circleaforknownissolutionanalyticalThe.termzeroth-orderthebe

toseemsimportantmostThetheory.theofrestthefor(1968)BladelVanby

paperoriginalthetoreferredisreaderTheincidence.ofangletheiswhere

,cos=

example,Forsolutions.
thesethroughsimplyquitedefinedbecanparametersvariousthethenaperture,

theofareatheiswhere,,/2,/2,/2,A/2values
ontakingfunctionthetorespectivelycorresponding(2)ofsolutionsas

,,,,denoteweIffunction,knownaisandfunctionunknown

thedenotes,andpointsthebetweendistancetheforstands
domain,aperturetheisoperator,Laplacetwo-dimensionaltheiswhere

(4.5.2)dS,)(=)(

typefollowingtheofequationsintegralofsequenceaofsolution
thetoreducedbecanproblemdiffractionthethatprovenhas(1968)BladelVan

,...+)()(+)(+)(=)(

validbecomesexpansionfollowing
theandwavelength,thethatsmallermuchisaperturetheoflengthcharacteristic
thecaselow-frequencytheInaperture.theinpressureacoustictheiswhere

),(=d
)(2

1

formthetakesscreensoftaofcasetheinequationintegralgoverning
Thenumber.wavetheisandvectorpointfieldtheisandvectorincidence

theis,=where,=waveplaneabefieldincidenttheLet

(4.5.1)).(=

ascoordinatespolartheingiven
isboundarywhose,aperturegeneralawithscreensoftflataConsider
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3.5.sectiontotheory
theofresttheforreferredisreadertherepetition,unnecessaryavoidtoorder
inTherefore,polarizability.electricaltheofonethetoequivalentmathematically
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