CHAPTER 4

APPLICATIONS IN DIFFUSION AND ACOUSTICS

4.1. Diffusion through perforated membranes

The diffusion process through a thin membrane, perforated by severa holes
of arbitrary shape, is considered. A general theorem is established which relates
the total flux through each hole with the concentration distribution of some
chemical species, prescribed in the hole, by a system of linear algebraic
equations. The theorem is applied to the case of arbitrarily located élliptical
holes. Severa specific examples are considered.

Advances in bioengineering have generated wide interest in the diffusion
mechanism of biologicadh membranes. An exact solution to the problem of
steady-state diffusion through an isolated circular hole had been found many years
ago (Rayleigh, 1948), aong with a very good approximate solution for the case
of a thick membrane. There seems to be no exact solutions for the case of
several holes. Some quantitative considerations on this subject were made by
Lord Rayleigh (1948) who indicated that the interaction between the holes should
result in decreasing of the flux through each hole while the total flux should
increase.  The limiting case, when the number of holes tends to infinity, results
in the total flux tending to infinity while the flux through each hole tends to
zero. In spite of these well established facts, several papers have been published
(S. Prager and H.L. Frish, J. Chem. Phys. 62, 89 (1975); G.M. Malone, Suk
Youn Suh, and S. Prager, in Lecture Notes in Mathematics 1035, (1983), pp.
370-390.) in which the result is quite opposite: the holes interaction increases
the flux through each hole! Since the authors of these papers never explain the
reason for such a discrepancy, one should think that those papers are just
incorrect.

Here, a genera theorem is established which is valid for arbitrary holes,
and relates the flux through each hole, with the chemical species concentration
prescribed inside the hole, to a system of linear algebraic equations. Since the
coefficients of these equations depend on the concentration outside a hole of
arbitrary shape, the theorem can be used effectively for elliptical holes only, as
there seems to be no publication giving the concentration outside a nonelliptical
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Diffusion through perforated membranes 227

hole. The exact values of the coefficients are not known but, since their
variation is quite limited, the established theorem allows one to obtain the upper
and the lower bounds for the parameters sought. There is no need to know the
flux intensity distribution in the hole which presents a significant advantage for
the user. Several examples are considered to show that these bounds may be so
close that they provide, in fact, a reasonably accurate solution to the problem.

Theory. Consider a thin membrane conceived as the plane z=0, which
separates two half-spaces, namely, z>0 and z<0. Assume that a z- o the

concentration of some chemical species is w'=const., with the corresponding

concentration w =const. a z- —o. The membrane is perforated by N holes of
arbitrary shape and location. The anaysis is limited to the steady-state diffusion
through these holes.

For the sake of mathematical convenience, we can consider an equivaent
problem with the limiting values w=0 for z—o and w=w -w’ for z- -o .
This will enable us to use the Newton potential representation for the solution.
The mathematical formulation of the problem reads: find a function W harmonic
in the upper half-space (AW=0) subject to the boundary conditions

W=w, (M) for MOS,,
o,(M)=0 for MOS,, n=12..,N. (4.11)

where S, denotes the area of the nth hole, and o stands for the concentration
gradient normal to the plane z = 0

- _OW
o=-7_
In our case w,=(W -w')/2=const. but we are deliberately considering a more

general case in order to show the applicability of the method. Using the
Newton potential representation, we can write

h T
W(Q)=D ZJ J F:’(”T(mg) ds,. (4.12)
1 g

n

where D is the mass diffusivity coefficient, and R(T,,Q) denotes the distance
between a point T,O0S, and a field point Q. Substitution of the boundary

conditions (1) in (2) leads to a set of N integral equations. The exact solutions
of these equations are not known at the present time even for the case of
severa circles. Here, we are to show that we do not readly need to know these
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solutions. We can single out, without loss of generaity, the first hole, and
consider the related integral equation

T . T
Wy(Q) =D [ j Rc(ji(l,é)l)l ds,+D Y J \ R((’;i, (3)1) s, 413)
Sl n=2

n

Suppose that the function o, is known, satisfying the following integral equation
inside S;

0(Qy) _
J J R0 0871 (4.1.4)
Sy

Multiplication of both sides of (3) by 0,(Q,) and integration over the area S;
yields

_ 0,(Ty)
| | ea@m@ias=p | [ o@yas,| | m, 510
S S S
+D ZJ J 0,(Qy) dslj J Rc(’;(Tgl) ds,. (4.15)
n=2 Sl Sn

By changing the order of integration in (5) and taking into consideration that o,
satisfies (4), the following result can be obtained

J [ 0o(Qp) W4(Qy) dS; =D %ﬁZ[ [ w, (T,)0,(T,) dsng (4.1.6)

n=2 S
n

where P, is the total flux through the first hole

PFJ J 6,(Q) dS;,

S
and

Wln(Tn):J J Rc(’%(f(gl) ds,. (4.1.7)
S
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which is proportional to the concentration in the domain S, due to a unit
concentration of the chemical species in S;. By evoking the mean value theorem
which is valid when o, does not change sign, we come to the linear algebraic
equation

| | @)@ 88, =0 [Py Xw (C P, (@19
Sl n=2

The exact location of the point C, is not known but the fact that C. US,
alows only limited variation within S,, and in many cases provides sufficiently

close upper and lower bounds for the parameters sought. By using the same
logic, N—1 additional linear algebraic equations can be derived for the remaining
holes. This set of equations provides the necessary relationships between the
individual fluxes through the holes and the concentration gradients prescribed in
the holes.

The set of linear algebraic equations of the type (8), is the main result of
this section. In order to use (8), one needs to know the concentration
distribution outside every hole in the system due to a unit concentration
prescribed inside it which, a the moment, is avalable for the elliptica holes
only.

Application to €lliptical holes. Consider the interaction of a set of N
elliptical holes arbitrarily located in an infinite thin membrane. Let a, and b
be the maor and the minor semiaxes of the nth ellipse; X, and Y, be its
center, and 0, be the angle between the axis Ox and the maor semiaxis a,; P,
denotes the flux passing through the nth hole.

Here are some results implicitly given by Lur'e (1964). The function o,
has the form

1 x2 2 [H2
-~ b _x_y[O
(o) 2T[b1 K(kl) % a% b% ] ) (419)

where K(k,) stands for the complete elliptic integral of the first kind, and k; is
the eccentricity of the first ellipse

k,=V1-(b/a,)>. (4.1.10)

Introduce the notation



230 CHAPTER 4 APPLICATIONS IN DIFFUSION AND ACOUSTICS

R=V(X=X)*+ (Y~ Yo)*,

ZOZ%_Xé_yéﬁ’z

& b0

The following integrals are valid

O
dxdy, [ 2miK(ky), for (xy)OS;

J J =0 (4.1.12)
RZO
s\ oy F(@, k), for (xy) 0y

where
401 0
=snt== 4.1.12
@ Op. O ( )
p,=[L +(L2-kDad)¥3 Y2, L :% [Kf+ (x%+y?)/a]. (4.1.13)

The remaining integral is elementary

2 2 =12
H %1—2—%—%%% dx dy = 2ra, b,. (4.1.14)

The boundary conditions (1) in this case will take the form
w,=(w -w")/2=3. (4.1.15)
Substitution of (15) into (8) yields
N F(@, k)
a Y o
=D + ) ——P 4.1.16
@00 P 2 iy o (4119

where K(k,) and F(cpln,kl) stand for the complete and incomplete elliptic integrals
of the first kind ; P, and @ _ae defined according to (12) and (13); formulae

(9), (11), and (14) were used in the derivation of (16); Equation (16) represents
the first of the set of N linear algebraic equations, which allows one to obtain
the exact upper and lower bounds for the fluxes P, n=12, .. N without

having solved the system of integral equations (3). It is also important to note
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that each equation in the set is valid in the local system of the coordinates
related to the center of the ellipse.

Two equal elliptical holes. Consider the case N=2, a,=a,=a, b,=b,=b,

X;=Y,=0, X,=h, Y,=0, 6,=6,=0. Since P,=P,=P then, due to the

symmetry of the system, the set of equations, equivalent to (16), reduces to just
one equation, namely

K(k)a Das K(k) (4.1.17)

with an immediate result

Po
P=—— (4.1.18)
F(op k
1+ K(K)

where P,=d0a/DK(k)] indicates the flux through a solitary hole. Equation (18)

shows that the interaction between the holes decreases the flux through each hole.
The upper and the lower bounds for P can be obtained from (18) by taking

—gnida [ —gntda U
p=sin"=—— and @=sin Gh+al] (4.1.19)

respectively. We shall aso consider the central estimation for P defined by

1@ O
Q= [h 0 (4.1.20)

Fig. 41.1 plots the ratio P/P, versus h/a for a=2, b=1. The solid line gives

the upper bound, the broken line gives the lower bound, and the small circles
plot the central estimation. Numerical computations show that the maximal error
of the central estimation is less than 9% for h/a>3.5, it is less than 5% for
h/a>5, it is less than 2% for h/a>8, and it is less than 1% for h/a>12. Since
there is no accurate solution available for this case, it is difficult to say how
great the real error of the central estimation is, but there is a reason to believe
that it is much less than the one indicated above. The reason for such a belief
comes from a comparison of the central estimation for two equal circular holes
with the numerical solution by Kobayashi (1939) If one takes the Kobayashi’'s
solution as exact then the maximum error of the central estimation does not
exceed 0.4% in the whole range of 2<h/a<eo. Even if one assumes the accuracy
in the case of two eliptic holes being ten times worse than the accuracy of the
central estimation for two circular holes, this still would give the maximum error
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Fig. 4.1.1. The ratio P/P, for two equal elliptica holes

a 4% which is not bad. Having this in mind, we shall evaluate the centra
estimation only in the examples to follow.

Four equal éelliptical holes. Consider a rectangle with sides | and h.
Locate the centers of four equal elliptical holes at its apices, with their axes
being aong the sides of the rectangle (Fig. 4.1.2). The holes are numbered in
the clockwise direction. Due to the symmetry of the system, it is sufficient to
consider just one equation of the set (16). The result is

FO,0 FO, K FE,K0

a -
WEFDP%“ K(K) * K(Kk) + K(k) O (4.1.21)

where
(pln:sin'li, for n=2,3,4; (4.1.22)
pln
|
— 2 _ 12 12 _1
p,,=[1+(h*-b%/a?"?, P75
p,, =[L+VIZ-KATa? 2, L:%[k2+(|2+h2)/a2]_ (4.1.23)

We can note certain relation between our results and those of Grinberg
(1948) who established some relevant theorems in electrostatics. It is aso of
interest to indicate certain limiting cases. In the case of a circular hole the
eccentricity k, - 0, and
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Fig. 4.1.2. Four equal ellipticadl holes

F((Pl Ky
" 2 a0
K(k) N T[sm mlnD (4.1.24)

and equation (16) will take the form
2 e A
22,8,=D %1+F[Z Posin = (4.1.25)

where a, is the radius of the hole number one and r is the distance from the

center of the first hole to the nth hole. Formula (25) is in agreement with the
result by Fabrikant (1985)

4.2. Interaction between circular pores

By using a specia integral representation for the Green's function, a system
of Fredholm integral equations is derived with respect to the flux density.
Equations are non-singular and allow an accurate numerical solution. The total
flux can be found from a system of linear algebraic equations.
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We consider a thin membrane z=0, perforated by n circular holes. The
center of i-th hole is located at the point (xi,yi), and its radius is denoted a.

We can formulate the problem of diffuson as that of finding a harmonic
function W subject to the boundary conditions

W(p,(p,O):wi(p,(p), for i=1,2,...,n, and (p,(p)DSi;

%lzv--o 0 for z=0 and (p,g)OS.

Here SI is the area of i-th pore, o is the flux density. The mass diffusivity

was assumed to be unity. We can single out, without loss of generaity, the
pore number 1, and locate the origin of polar coordinates at its center. The
governing integral equation for the first pore can be written as

21 a

1 ' 01(Pos P) Po dpo Ay
W (p!(p) ==
' Z"J J Vp® + P5 — 20PyCos(P-@)

1 Z J [ Sk(pg’%) Po dpy de, . (4.2.1)
Vp*® + Pg — 2pP,CoS(O—,)

Substituting the integral representation (1.2.22) in (1), we obtain

p a;
d 2
wy(p,®) = J © dX2)1/2J (ppo 2;)1/2 %(p 1(Po,®)

Podp
nZZJ Z)JJZJ J (02— - 2;)1/2 %(p’fp %Sok(po,%)dcpo. (4.2.2)

S

We apply the integral operator

to both sides of (2). The result is
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r a,

20d d _ [ _Podpg s
Emj el wl(p,cp)—J TN ACKD

v 0—r2

” d
| | BRI e e 423
-

k=2
k

The next operator to apply is
a

d rdr [0
20 G J Nkt s N

The fina result is

2,4 J r dr LD_lDEJ V;ZLP—L(p)wl(p 9 =0y(t,0)

1 Z J J Vpo-ai alok(po,%)podpod%. (4.2.4)

nwal—t2 t2+ P — 2ty COS(— @)

75y

Similar equations can be obtained for the remaning n-1 pores. The integra
equations are non-singular, and can be solved by any regular numerica method.
In the case when w,=c, is a constant, the governing integral equation will take

the form

2 L [ [ V03— 22 0,(Pe ) Py dppd
0,(p, 9 = 0 - 1 ZJ[ Po — a1 0, (Pg: B) Po AP, Ay

wai-p? TRVai-p? p*+P5—2pPo COS(O~ @)
k
(4.2.5)
If we need to obtain the total flux only, we do not have to solve integral
equations (5). Indeed, we can multiply both sides of (5) by pdpde and
integrate over the first pore. The result is
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P1:4a1c0—$[ ZJ j ok(po,cpo)sin'lg—z%)o dp, d@,. (4.2.6)

k=2 Sk

Here P, is the flux through the first pore. Note that the relationship (6) is
exact. We can now apply the mean value theorem which is valid when o,

does not change sign, and get the set of linear algebraic equations with respect
to the total fluxes

2% b B _
Pk+ﬁZPisn1m—:B:4akco, for k=1,2,...,n. (4.2.7)
izk
Here
r,-asb.sr +a, 1 =v(x —xi)2+ (Y, —yi)z. (4.2.8)

Of course, the exact value of bki is not known, but the set of equations (7) can

be used to obtain the upper and the lower bounds for the flux by simple
variation of bki in the admissible range (8). In genera bkiibik, except for the
case a,=a.

admissible range for bki becomes more narrow which might improve the flux

Due to the reciprocal theorem, it can be shown that for a,<a the

estimation. In certain cases the flux estimation for unequal holes is sharper than
that for the equal ones. Since the case of equa pores might be the least
accurate, it is analyzed in the examples to follow.

Two circular pores. Let a, and a, be the radii of the holes, the distance
between their centers being b. The system (7) in this case takes the form

1[Pa [

2 .
P,+=sin
T[ leD

4a, Co

1Rl p —4a,c,

205 o
=P;sn" ==
n leD

The solution is
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a,—= a2 sin 1&?1 B
P,=4c, =
1[R[ alPe O]

1#‘”@ ", 0

o a ——alsmlgzg
=4c
? 01 Sml[ﬁl 1[@2D

I M, m i
When a,=a,=a, the solution simplifies to
4c0a B Po

1DaD 1DaD
m D 1+ sm m D

(4.2.9)
1 + s n

Here P, is the flux through an isolated hole and the denominator in (9) shows

the degree of the flux reduction due to the second hole. When the distance
b o, the two holes do not interact. The smallest possible value is given by
b=2a, and the flux through each hole will be 0.75P,. Computations were

performed in Fabrikant (1985) which showed a very good accuracy when b12 was

taken equa to b. This is caled the central estimation. The different
estimations for the dimensionless flux P'=P/P, is given in Table 4.2.1.

General configuration. We consider the case of N equa holes of radius a
located at the apexes of a regular polygon. The hole of radius a, is located at

the geometric center of the polygon. Let the distance between the center of any
apex be h. From geometric consideration, the distance between the n-th and
k-th apex is ey,

2 19olL
Pot= NPsm chiT 4a, c,,

1@D 2 ] a  [ML
P% Z sin? thm(nn/N)D]] 4ac,,.

The solution is

237



238

CHAPTER 4

APPLICATIONS

IN DIFFUSION AND ACOUSTICS

Table 4.2.1. Comparison of our results with Kobayashi’s (1939)

Distance Upper bound | Lower bound Centra Kobayashi’s Our
between for the flux for the flux estimation result numerical
the centres F F of F result
2.0 0.8221338 0.5000000 0.7500000 0.75272 0.75239
2.2 0.8317164 0.6145749 0.7689962 0.77014 0.76996
24 0.8402998 0.6637918 0.7851738 0.78545 0.78537
2.6 0.8480356 0.6993975 0.7991486 0.79898 0.79893
2.8 0.8550458 0.7272786 0.8113602 0.81096 0.81093
3.0 0.8614294 0.7499999 0.8221338 0.82162 0.82161
35 0.8751494 0.7924057 0.8442654 0.84370 0.84370
40 0.8863767 0.8221338 0.8614294 0.86093 0.86092
5.0 0.9036683 0.8614294 0.8863767 0.88602 0.88602
7.0 0.9261093 0.9036683 0.9163737 0.91619 0.91620
10.0 0.9452202 0.9338098 0.9400541 0.93999 0.93998
00 1.0 1.0 1.0 1.0 1.0
N-1
2 . 1] a [ 2 . 1[Fo[]
+= sin aN sn- =
ao% 2 s Sn(m/N)[T T Ch
P,=4c, T ——
D a 1@% 1@0D
+£) gnt 4 Nsin
% Z Bhsm(nn/N)D]] ™
n=1
EEN
aos‘” [h]
P= 4C0 T

F) @OD
Er ZS‘ thn(nn/N)D]]T[stnl %' A

The same method can be used for membranes of finite thickness, and it is

presented in the next section.

4.3. Pore length effect

In the previous sections the membrane was assumed to be infinitely thin.

The diffusion of chemica species through a pore of finite length,

including

entrance and exit effects, has important applications to transport and filtration



Pore length effect

processes in biological membranes or membrane-like structures. We consider now
a system comprising of a thick layer penetrated by discrete uniform pores, which
are approximated as identical right cylinders of radius a and length 2l
(Fig. 43.1). The layer is sandwiched between two stagnant fluids of infinite

Fig. 4.3.1. Geometry of the problem

extent. The solute concentration far from the pore in ether fluid is held

constant (say, at w* and w respectively). The problem is to find a steady-state
concentration in the combined space.

The method of solution proposed by Kelman (1965) involves the use of
oblate spheroidal coordinates in the half-space and the polar cylindrica
coordinated inside the pore. In order to satisfy the matching conditions at the
pore opening, one has to expand each term of an infinite sum representing the
concentration, into yet another infinite sum in terms of the other system of
coordinates.  All this makes the method very cumbersome, and its accuracy
doubtful.

An adternative approach is presented here. It uses the closed form
representation for the concentration in region | (half-space) by utilizing the
Green's function for a half-space. The Fourier-Bessel series representation is used
in region Il (pore). Some simple relations involving concentration and its normal
derivatives can be established. Such relations will allow us to arive a the
general form for permeability P, expressions for the local flux and concentration
profile. Due to symmetry, it is sufficient to focus attention on half the system,
i.e. a pore of radius a and length 2I with an infinite region above the pore.

239
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Let p, @ and z denote cylindrical coordinates measured

opening. The problem to solve now reads
Aw=0 for -1<z<0 and O<p<a; or z>0 and p>0,

subject to the boundary conditions

a—W:O for p=0, z>-I, or p=a, -1<z<0,
ap
ow _ _
E_O for z=0, p>a,
_wiw

5 for z=-1, 0<p<a,

w-w for Vp?+7®> o, z>0.

The solution in the half-space z=0 can be presented as

21 a
+ a(Po) Podpd
w(p,2) =w too — o) PoPo™% =
VP“ + P~ 2PPaCos(@-@) + 2
As before,
w

0
o(p):—E a z=0.

The solution in the pore region may be presented as

W(piz):%w_"'Ao(l +Z)+ZAnSinh%nl+?ZD 0 ngg

n=1

from the pore

(4.3.1)

(4.3.2)

Here x,, are positive roots of equation J,(X)=0, and A, are the as yet unknown
constants. Notice that both (1) and (2) satisfy the Laplace equation and the
boundary conditions in their respective domains of validity, i.e. the haf space
and the cylinder respectively. The unknown constants are to be determined from

the continuity conditions

, o9 0
W(p,0)=wW(p.0); Sor =57

Differentiation of (2) yields

(4.33)
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o(p)= —%0 + Z A, XT; cosh%n %ET]O N g% (4.3.9)

By using integral representation (1.2.22) in the case of axia symmetry, equation
(1) can be rewritten as

p

- d
w(p) = J o dxz)ljz[ ‘ZL%OZ‘;‘;)N@O. (4.3.5)

Here
w =w(p,0) -w". (4.3.6)

Application of the operator

r

d _pdp 437
J Vr2-p? (4:37)

to both sides of (5) yields

d [ w(p)pdp_ 0(po) PodPo (438)
ar ] vre-p? Vp3—r?

Substitution (2), (4), and (6) in (8) results in
_w W +ZA smh% Bcos% %ko(a r2)y2

Jo(XnPo/@) Po APo[]
+ZA % J e (4.3.9)

Here the following integral was used (Gradshtein and Ryzhik, 1965):

r

Jo(XaPla)pdp _a . [ r[
J = ‘x‘f‘”%nam (4.3.10)

The remaining integrals are elementary. Integration of both sides of (9) with
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respect to r from O to a gives
n
Aog+ +Z A snh% '[ﬁ %o Low —w). (4.3.11)

Multiplication of both sides of (9) by cos(x,r/a) and subsequent integration with
respect to r from O to a results in

smxk |D:§in(x =X SIN(X, +X) [
ZA sinh alll x —x, + x. O

n¢k

ol Aksnh% %1 Sn(zxk) th%' Jo(xk) (w+—w‘)g)r('xk.
k
(4.3.12)

Here are some details of the transformations performed.

|

: Pocos r
J cos% Elj J Jo(X,Po/@) Podpy J Jo(X,Po/@) P deJ %2—"_525
r

\/po -r? \/pO -

a

DZ[aJ (xJ? for n=k
——J 3o(%P/2) Jo(X,P/2) Po Ao = [ (4313
O 0 for nzk

a

J (a?-r?)¥2 cos%k g%jr =a?Jy(x,) =0. (4.3.14)

Now the constants A, A;, .., may be found from the infinite system of
algebraic equations (11) and (12). By introducing the notation

w-w | _ A 0 . _Snx,
Co= )\—a, BO_AOI’ Bn—Anth%nam En—X—n, n=12,...,

n

(4.3.15)
the system (11)—(12) can be rewritten in a more compact form, namely,

B %+ 4)\D+Z B, =c, (4.3.16)
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&+ B0, =Gk, for k=1,2,.., (4.3.17)
Here 1 |

ok :% Eﬁr:f:i;:k) + sr:for;:k) S for nzk:
and

A 2%1 - (2 L coth(x ) =~ Jo(xk)D for n=k. (4.3.18)

Notice that the matrix of the system (16)—(17) is symmetric, and that only
diagona elements depend on the value of the ratio (l/a)=A, and the diagonal
elements are dominating. The off-diagonal elements depend only on the vaues
of the roots x,, and they are decreasing with the distance from diagonal. These

features make the system (16)—(17) very well-behaved, and guarantee high
accuracy for any truncated system. Actua computations were made with N=100.
The most interesting constant is A, since it is proportional to the flux. The

ratio F~ of total flux F through a pore of length | to the flux Fo through an
infinitely thin membrane is given in Fig. 4.3.2.

Some simple approximate formulae can be obtained as follows. We
consider a truncated system of just two equations

B% 47\D B1&1=Co

Bo&1+B1q,, =Co&;. (4.3.19)

The solution is

- EZ

By=A,l =, - (4.3.20)
L E
Yo
&
_ : _ 4\1
B,=A,sinh(Ax,) =¢, el (4.3.21)
qll 4)\D E

Since x,=3.8317, and Jy(X,)=-0.4028, their substitution in (20) gives
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Fig. 4.3.2. Dimensionless flux through a pore of length |

A= % | (4.322)
% . I[a%' j 0.02761
221 ~ 05365 + 0.4883 coth(Axy)
Here
. 0.5641+0.4883 coth(Ax,) w3

N= 05365+ 04833 coth(Ax,)

A very smple analysis shows that the value of n is amost constant, being unity
for A0 and n=1.0269 for A - . Hence, a simple formula may be suggested
for A, namely,

_4C0 1

0_ .
T, 4y

(4.3.24)

Formula (24) is exact when A=0, and its overal performance is good. The
maximum error is about 2%, and it is achieved near A=0.5. Formula of
Kelman (1965) has its maximum error of 5% for A=0, though for A>0.5 its
error is less than 1%. Keman's formula may be recommended for large A
when high accuracy is necessary, otherwise (24) may be used in the whole range
O<A<ow. A vey accurate formula (the maximum error less than 0.15%) can be
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obtained by a curvefitting technique, namely,

*

=F = 1
Fr=g =

4 1
L+ 3 M 312479 + 02564 coth(0.34397)

Concentration profiles. Finding of o from (4) is difficult due to a bad
convergence. This can be illustrated by the limiting case A=0. The exact
solution in this case is known:

W (p2)=-Zeosn'®). 1,=3(ar o2+ pr 2,

ow 2¢,
Z DZ_O W (4325)
On the other hand, the exact solution of (16)—(17) in this case is
C 4c,sinx
Ag=4=2, A =—3=—% for k=1,2,.., (4.3.26)
ma TG Jo(Xy)

By using integrals (10) and (13), we can show the validity of an expansion

N [
X 2cC

A+ Y A DI (x, By =220 =

ognao(n) DLZ JO(n)o(n)mn((,i o
(4.3.27)
Substitution of numerical values of x, into (27) shows that the term
sinx /[x,J5(x.)] is approximately equal (-1)*, and dlightly increasing with k.
This makes the expansion (27) practically non-convergent. This is true for any

A, so that expressions (4) and (1) become unfit for use.

An alternative approach is based on the solution of (5) which has the form

a

_2d tdt w (po) podpo

The last expression can be rewritten as

p

o(p) =$[§a2f_(?2)m—J yrsit (4329)
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with

t 0
’ d
(t) :% J WP Mo p |+ S A, snh(xN) cos%n L (4.3.30)

[
Vi2-pg all

n=1

Substitution of (30) in (29) yields

Aol —Co+ D A, sinh(x\) cos(X,) .

i t/a) dt
O.(p) :%D n=1 + Z An th(Xn)\)XT; [ Sn(xn a) D
p

\/tz — p2 D
(4.3.31)

The convergence of (31) is better than that of (5), especially close to p=a,
where the first term becomes dominating. The results of computation of the

dimensionless local flux o =|ojma/(2c,) is given in Fig. 4.3.3.

D (a2 _ p2)1/2

n=1

Fig. 4.3.3. Loca flux at the pore entrance
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The value of w' in the half-space z=0 may be expressed as

21 a

W (p,2) == O(Po) Po 3o | (4.3.32)
T2 | Vp?+ pa - 2ppycos(@-@y) + 22

Now we make use of the integra

21 a

d
1 _ Bo o —sin'@). (4.3.33)
21| | (a2-pB)Y2Vp® + pa — 2ppucos(¢—@) + 22 12"

Substitution of (29) in (32) yields, after integration according to (33),

0
W (p,2) :%Er(a) sim'(3) —J sin ﬁz%aﬁ(t)[] (4.3.34)

Integration by parts in (34) gives the final result

1[ Vi) -t
, —————f(t) dt. 4.3.35
W (2= J ook (433)

The terms |, and |, were defined on many occasions, see, for example, (3.6.4).

Now the complete numerical procedure may be outlined as follows. Solution of
the truncated system (16)—(17) gives the values of A,, k=0, , , ..,N-1. Here
N denotes the order of truncation. The next step is evaluation of the function
f(t) according to (30). Its substitution in (35) gives the value of w'(p,2) in the
half-space, while formula (2) gives the relevant values in the pore. It is
ow’
0z

procedure. When p is close to a and z=0, formula (31) is appropriate to use.
Notice also that for z=0, formula (35) changes to

recommended that the derivative

be evaluated by numerical differentiation

min(p,a)
* 20 f(t)dt
W(p,0)=2 J \/Jp-z__Ltz. (4.3.36)

Because of singularity when p<a, formula (36) is not good for numerical
integration, and should be transformed to
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2

w*(p,0)=$[J f(p Sing) de.

Fig. 4.3.4. Local concentration profile at the pore entrance

Fig. 4.3.5. Isoconcentration profiles: ()A=0, (b)A=0.5, (c)A=1., (d)A=5.
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We note aso that w(0,0)=f(0). The results of computations are given in
Fig. 434 and Fig. 4.35.

4.4. Sound transmission through an aperture in a rigid screen

Van Bladel has reduced the problem of low-frequency scattering through an
aperture in a rigid screen to a sequence of dstatic integral equations.  Analytical
solutions are known at the moment for a circular and an elliptic aperture only.
A new analyticad method is proposed here which is valid for the noneliptical
apertures.  Specific approximate formulae are derived for evaluating the average
value of the quadratic term in the low-frequency expansion for an aperture of
general shape. Specific examples are considered. All the formulae are checked
against the solutions known in the literature, and a good accuracy is confirmed.

The diffraction of a plane wave by an aperture in a rigid screen is an
important acoustical problem.  Though significant efforts were spent on the
investigation of circular and elliptical apertures (see, for example, Van Bladd,
1967), very little is known about the apertures of general shape, except for some
numerical solutions (De Smedt, 1981). Here we reproduce some essential results
from (Van Bladel, 1967), which are necessary for better understanding of the
new approach presented in this section.

Consider a flat rigid screen with a general aperture S.  Let the incident
field be a plane wave P'=¢el® where R=ull, u is the incidence vector and r

is the field point vector, the wave number k=2rt/A, and A is the wavelength.
The governing integral equation takes the form

1 op "M
ETJ J 9z, R(M,N) dSu=P(N)

where P is the acoustic pressure in the aperture. In the low-frequency case, the
characteristic length of the aperture is much smaller than the wavelength, and the
following expansions become valid:

P(f)=Po(f)+jkP1(f)+%(jk)2P2(f)+--- ,

_OP kB4 (1K)
az—a+1kB+2(jk)y+....

Van Bladel (1967) has proven that the diffraction problem can be reduced to the
solution of a sequence of integral equations of the following type:
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va)z{J é%%%ﬁds, (4.4.1)
S

where S is a two-dimensional domain, R(M,N) stands for the distance between
the points M and N, w is a known function, and o is the unknown function.
If we denote o, oy, O, c . €c., as solutions of (1), corresponding, respectively,

to the function w taking on vaues 2VA, 2mx, 2mx%VA, etc., where A is the
area of the aperture, then the various parameters can be defined quite simply
through these solutions. For example,

a =0 VA,

o
B:—uiﬂbxux+oyuy)+ﬁJJ 0, dS, ...
S

The problem of sound penetration through an aperture was solved
numerically for several specific shapes (De Smedt 1979). We shal use his
results for the verification of the accuracy of the new method. The zeroth-order
teem in the low-frequency expansion was found analytically for an arbitrary
aperture in (Fabrikant 1986c). The apparatus used there is essentialy the same
as that in section 3.3, so it is not repeated here. The first (linear) term can be
found from section 3.4 where the mathematically equivalent problem of magnetic
polarizability of small apertures of arbitrary shape was considered. Here, a
similar method is wused for the anaysis of the quadratic term in the
low-frequency expansion. The relevant theory is given further, with applications
to specific aperture shapes (polygon, rectangle, rhombus, cross) to follow. The
possibility of using the variational approach is discussed in the last part.

Theory. We outline the idea of the analytica treatment of such problems
which allows the derivation of simple yet accurate formulae for various aperture
shapes. The approach is based on the integral representation for the reciprocal
distance between two points established in Chapter 1.

in(eop) )\ X2 d
mn 0 - X
(ppo P-@y)

1 2
T , (4.42)
v p2 + pé - 2ppocos(cp—cp0) T[J (p2 — X2) 12 (pé _ X2) 12
where
MW= = ' (4.4.3)
" 1+ k2 - 2k coss

Substitution of (2) into (1) gives, after changing the order of integration
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‘ A

w(p, @) = J (pd—xz)l/zj d(PoJ %0(90’ @) PodPy. (4.4.4)

Despite the fact that (4) is valid only inside a circle inscribed into the aperture,
it will be shown further that expression (4) alows us to obtain approximate
solutions of high accuracy for various aperture shapes.

Consider an aperture of general shape in a rigid screen. Let the boundary
of the aperture S be given in the polar coordinates as

p=a(q),

where the function a(@) is bounded and single-valued. Let the known function
w take the form

W=g,y*+0,, Xy +g, X%, (4.4.5)

where g,, g, and g,, are known constants.

Assume the distribution of o in the aperture as

+pX0.sin‘e+ ' + 2
o0, (p):a(cp) [a,+p(a,sin“e+a, sinpcosp+d,cos cp)]’ (4.4.6)

va?(g) - p°

where a, a,, o, and a, are yet unknown constants. Now it is necessary to
relate a, a,, o, and a, to the parameters g,, g, and g,,. This can be done
by substitution of (6) into (4) which yields after integration with respect to p,

21

W(p (p) GOZJ D(II'NX—dXJ In((P'(Po)F(_l_I 11—

P U (-7 3151 g %

21

[k O x3dx m(m)@llll X [
+ZJ 0 Je 1;1

X)) 02 2 @0

x (01, SinP@, + o, SiNE,COoSp, + 1, COS"Qy) dep, . (4.4.7)
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Here F stands for the Gauss hypergeometric function. Further evaluation of w
can be done separately for each harmonic. Note that all the odd harmonics of
w will be zero if a(g) contains only the even harmonics. The zeroth harmonic
will take the form

21

oo, @) =1 J ooty + (@) + 307
x (01, SiNP@, + O, SINE,COSR, + 01, COS" Q) Ef‘(%) de,, (4.4.8)

which can be smplified as

Tt 1 [
Wo(P, @) =7 SZ%JO"'O‘xBx"'o‘xyBxy"'O‘yBy+§p2(uxe+anyxy+uny)D

(4.4.9)
where the following quantities were introduced
21 21
BX=J a¥(q) sirfodo, By=J a%(¢) cospdo,
21
BX}’:J a3(¢) sinpcospdg. (4.4.10)

Since their tensor properties are similar to those of the moments of inertia, we
shal cal B, and B, the cubic moments of a two-dimensional domain about the

axes Ox and Oy respectively, B, will be caled the cubic product of a

two-dimensional domain about the axes Ox and Oy.
?T[ 2n

5= a@do. JX=J a(g) sinfdy,

2n 2n

Jy=| a(g) cos’pde, Jyy = J a() singcospda. (4.4.12)

v

These quantities were introduced in section 34 We shdl cal J, and J, the

linear moments of a two-dimensional domain about the axes Ox and Oy
respectively, J,, will be called the linear product of a two-dimensional domain

about the axes Ox and Oy. J, will be called the linear polar moment. The
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following property is quite clear, J,=J,+J,.
Here is the expression for the second harmonic,

21

w0, 9 :ganJ (0,8 + 01, SOy + 01,COS' ) A() CO2(P~ ) Uy

which can be modified as
3 .
Wo(p, @) =g *{-0,{(C_ ~C,_ )cos20+2C  sin2g]+a,[(C ~-C_ )cos2p

+ 2CnyyS| n2q| + O‘m/[(CW - Cxxxy) cos2¢p+ 2CXXWSI n2q|}.

(4.4.12)
Here, the following geometrical characteristics of the domain of aperture were
introduced:

21 21

C .= ~ a(g) sin*ede, Croy ™ J a(g) sin*pcospdo,
C21'[ 21
Coy™ ‘ a(@) sirpcos’@de, CW:J a(@) sinpcos’pdg
(v
2n
Cy™ . a(@) cos'@dq. (4.4.13)
(v

The C moments will be caled the linear moments of the fourth order. Ther
relationships with the J moments are easy to establish, for example, JX:CW+

CXXW, ny—CWyy
enter (12), and the parameters a,, o,, and o, will not enter the expression for
the fourth harmonic. Investigation of the harmonics higher than 2 shows that
their amplitude decreases. In the case of an dlipse they vanish thus making the
solution exact. Of course, the odd harmonics do not vanish for the apertures of
general shape, but we can aways choose the system of coordinate origin in such
a way as to eliminate the first harmonic and to reduce (or eliminate) the higher
odd harmonics. For example, let a(¢) =a,+a,sing. Here we can eliminate all the

odd harmonics just by moving the system of coordinate origin in the positive y
direction by a, It can be shown that we can eliminate the first harmonic for

an aperture of general shape by locating the system of coordinate origin at the
center of gravity. This is why it seems justified to assume w=w,+Ww,, ignoring

+Cxxxy, etc. It is important to note that the parameter o, did not
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the first harmonic and calling the remaining harmonics (the third and higher) the
solution error. Now, we have an approximate expression for w as

w=7{2003,+0, B, + 0y, By + 01, B,

2, - - -
+xq O(X(CXXXX 2Cxxyy)+axy(2nyyy Cxxxy)+0(y(2Cyyyy CXXW)]

2 - - - -
+y[0(x(2CXXXX CXXW)+0()0/(2CXXXy nyyy) (Xy(nyyy ZCW)]
+6xy[aXCXXXy+quCW+ayCXWy]}. (4.4.14)

The comparison of (5) and (14) leads to the following set of equations:
7(2053,+a,B, +0, B, +a,B,) =0,
1S _ _ _ _
Z[GX(ZCXXXX—CWHGW(ZCW CW) (Xy(nyyy ZCW)]—gX,
1S _ _ _
i [—aX(CXXXX—ZCXXW) +0(Xy(2CXyyy Cxxxy) +0(y(2Cyyyy CXXW)] =9,

3 —
7[aXCXXXy+aWCW+ayCXWy] =0y (4.4.15)

The last three equations of (15) can be solved with respect to a,, a,,
a,,, after which the value of a, can be found from the first equation (15).

and

A significant simplification occurs when the aperture S has at least one axis
of symmetry. In this case CXXXy:CW:BXy:O. The last equation (15) becomes

decoupled from the previous three. The solutions can be written explicitly,

_4g,2C, -C,_)+g,C, -2C_ )]

a, > ,
31(C, . C, ~Cuxp)
. _A9(C,, =20, )+9,2C,, ~C, )
Y- 3"(CXXXXCWW‘CX><2w) !
29
o, = (4.4.16)
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Substitution of (16) into the first equation (15) gives

___ 29«Bx*9,B)
0 3nJO(CXXXXCWW—CXX2W)’

(4.4.17)

where
Bx = Bx(zcyyyy - Cxxyy) + By(Cxxxx - zcxxyy)’

B,=BJ(C  -2C_)+B,(2C_ -C_).

Expressions (6), (7), (16), (17) give a complete and exact solution for an ellipse.
We hope they will perform well for an aperture of general shape. We expect
(6) to be reasonably accurate in the neighborhood of the coordinate origin while
the error might become quite significant close to the boundary of the domain S
mainly due to the fact that the assumption of a square-root singularity in (6) is
wrong, especially for a domain with sharp angles.

It is appropriate to discuss the following particular cases: gy:ZTWK, 0, =

Oy =0; and the case gX:ZTWK, 0, =0x =0. In every case let us compute the
integral

which is proportional to the average value of o, and is dimensionless thus
characterizing the shape of S and being independent of its sizee We shall
denote these parameters by p, and p, for each case respectively. These
parameters correspond to the coefficients in the quadratic terms in the
low-frequency expansion (Van Bladel, 1967). Formulae (7), (16), and (17) lead
to the following expressions for the parameters p, and p,:

. o \Oaae O
8§J0%X(CW 2C, ) +1,2C,  ~C, )o-3AB, 0

py_ ’
3/2 _ 2
9A*23,(C .C, ~Cuiy)

(4.4.18)

8%% %X(zc:yyyy -C, )+1,(C,, ~2C, ) B— 3AB, B
P, = ,
QAWZJO(CWCWW ~Cyrey)

255
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where |, and |, are the well-known moments of inertia of the domain of

aperture.  Some further simplifications take place when the domain S possesses a
central symmetry which implies that all the moments about the axis Ox are equal
to the similar moments about the axis Oy. In this case

_8(81,J,-3AB,)
3A¥233

Py =P, , (4.4.19)

where the moments with the subindex O indicate corresponding polar moments.
Formula (17) aso simplifies as follows

_2 [0 _B O
Go—mo%o 3, (@Jx+91y)D (4.4.20)

Formulae (18) are the main results of this section. The quadratic terms in the
low-frequency expansion can now be found by a relatively simple computation of
the geometrical characteristics (moments) of the domain of aperture.

Several aperture shapes are considered below. The genera solution is given
by the formulae (18). We present only the necessary computations of the
moments involved. A sufficiently high degree of accuracy of formulae derived is
confirmed by comparison with available numerical solutions.

Polygon. Consider a polygon with n sides. The function a(¢) describing
its boundary is bounded and single-valued. The system of coordinate origin is
located at the polygon's center of gravity in order to eliminate the first harmonic
from a(g). Let us number the polygon sides in a counter-clockwise direction
from 1 to n, with a, being the length of the kth side. The apex, at which the

sides a, and a  are intersecting, is numbered k+1. It is clear that the value of

index equal n+1 is understood as 1. Denote b, the distance from the center of
gravity to the kth apex; @, stands for the angle between the axis Ox and the
perpendicular to the side a,. Let A, be the area of the triangle formed by a,,
b, and bk+1, the total area A of the polygon being equal to the sum of A,.

The following expressions can be obtained for the moments of inertia

n

I} = D ~M,Cos2y, + g SN2y, +2h,cos,

k=1

k=1
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= 2 (M= h)sin2, + g, cos2y,

k=1

where

_ 2A; — A2 bs1— bg _ Ak[3(bk31 + bﬁ) -a ﬁ] |

’ hk

me=—=, 0Ox=A~

aj 2a? 24

The linear moments can be computed in the form

n

Iy = Z ~Q,COS2), + S, SN2, + 2, cos™ Yy,

k=1

3,7 Y 0,COS20, — S, SN2, + 2, SN,

k=1

Juy = Z(qk —ty) SN2y, + 5,082,

where
AL, 1 2
= =+ + -
% aﬁ (B, bk+1§ak (B bk+1)2]’
2
S, = ﬁ(l:l';_ 1 D
‘ aﬁmk bk+1D

The C moments can be computed by the following formulae:

n

CXXXX = Z —(Q,CoS2y), — u, cosAy, + Vv, Sindd,

k=1

+ 4SkSi nlleCOSSlle + 2tkC054lle,

257

(4.4.21)

(4.4.22)

(4.4.23)

(4.4.24)
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n

Croy ™ DV, CoSAY, + U, SINAY, +S,COS,

k=1

x (1-4sin,) +3 g Sin2y, - 2t,siny, cosy,,

— . 1 . .
Coy™ D U,CosAY, ~ v, Sind, ~ 5584, + 2t sin“P,cosy,,

k=1

n

— _ _ ; _ i 02
CW—Z v cosAY, — U, Sindy, — s, Sin‘Y,

k=1

nyyy = Z ,CoS2y, — U, cosAy, + Vv, Sindy,

k=1

—4s,sin’Y,cos, + 2t sin'y,,

where q,, S, and t, are defined by (24) and

2 W2, .2 2 L2 23l ]
Uy = &4%W+1bbk+akg+%’k bg”J’akg[] (4.4.25)
123 k+1 k []
y BAC1 10
“ 3ay (b bl

The following formulae can be derived for the cubic moments:

B, = Z =}, COS2Y, + 1 SN2y, + 2f, cosy,,

k=1

k=1

(4.4.26)

By = Z (x —fdsin2y, +r, cos2y,,

k=1
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where

j @Aﬁlnbk+b +ay

_[3A

k
Ne= Da_kD(bk*'l_bk)’

1 B
fk:le(bk+bk+1)Ak%1+EPk ;k SB i

Substitution of (21-26) into (18) gives the complete solution for an arbitrary

polygon. In the case of a regular polygon a,=a, b,=b=a/[2sin(TVn)],

=21k

-1)/n, A =[a’cot(1Un)]/4 =[b%*sin(2r/n)]/2, A=nA,, and formulae (21-26) srmplify

to

_ o1, 1[1 nb* %2 21[]
|— COt %:tn BD—24SH’I— +COS—

J. =J :lnacot—ln 1+sin(rvn nbcos—lnﬁ(mz

x Y 4 1-sin(1vn) ~2 1-sin(tv/n)’
1 .3l 21 1, 1+sin(1vn) [J

B,=B, = nbgsr +cos3 InT= Sn(n) O

C =C ——nbcos—InJr—Sm(mz

X0 YyyY 1-sin(tvn)’

C ——nbcos—InJr—Sm(m2
Xy 1-sin(t/n)’

(4.4.27)

(4.4.28)

(4.4.29)

(4.4.30)

Note that formulae (30) are valid for any regular polygon except the square, due

to the fact that the trigonometric series summation, namely,

> sin'dk- DAL Z cos' k-2 ==2n,

is not valid for a square. The C moments for a square with the side equal 2I

can be expressed as

259
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~ = _2V20
C —CW—I%In(lﬂ/Z) :

000 N
(4.4.31)
_2/2
CXXyy 3 I
Formulae (6, 7, 16, and 17) simplify for a regular polygon
_4(59,+9,)
X 3nd,
4(g, +59,)
=X , 4.4.32
=, (4.4.32)
o =208y
v 3md,

Again, one should note that formulae (32) are not valid for a square. The
formulae to follow are valid for an arbitrary polygon including the square.

2B,
G==13.3(0 )

The dimensionless coefficients p, and p, will take the form
8v2

. om 2 1., 1+sin(1vn)
S‘S”FD N oS, INT = gn(rn)

Py=Px=

23+ 7c0s2l sint 0
o n _ n

0 36 |n1+s!'ngrr/nZD
1-sin(1v/n)

Consider several particular values of n. For an equilateral triangle (n=3)
formula (33) gives p, = p, = 03782. We did not find any numerical data to
compare with this result. In the case of a square n=4, and p,=p, =0.2697.
Theresult dueto De Smedt (1979) is0.2645, with the discrepancy lessthan 2%. Sinceformula
(33), inthelimiting casen — o, gives the exact result for a circle py:pX:4/(3n3’2):
0.2394, we should expect that the error of (33) will decrease with n. The

(4.4.33)
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value of the coefficients for a regular hexagon is 0.2443, and again, we did not
find anything in the literature to compare with this result. It is noteworthy that
the value of the coefficients does not change significantly in the whole range 3<
n<oo,

Rectangle. Consider an aperture with arectangular base, a, and a, being its semiaxes
along the axis Ox and Oy respectively. Introduce the aspect ratio € = a,/a,. Formulae
(24-29) in this case reduce to

|, =(4/3) a,a3, |, = (4/3) aja,, (4.4.34)
J, =4a,sinh?e, J, =4a,sinh(1/e), (4.4.35)
C =4a,(snhte-——),
oo~ 424 W1+ 82)
£
C =da—s, 4.4.36
oy 131 + g2 ( )
. 1
C =da(sinhiti-——)),
Yy A € 31+ 82)
B, =2aj(eV1+&?—sinhe+ 2% nh‘lé),
(4.4.37)

B, = ZaE%\M +e2-¢% nh‘lg +2sinh? SB

We have found in the literature some numerical results which seem to be more
or less accurate. The coefficients p, and p, were computed by De Smedt
(1979) for a rectangle with various aspect ratio €. Here, we present his results
aong with those given by the method of this section

€= 0.1000 0.2000 0.3330 0.5000 0.7500 1.0000

De Smedt p,= 2.9980 1.3730 0.7942 0.5229 0.3491 0.2645
our result p,= 3.2809 1.3959 0.7782 0.5100 0.3485 0.2697
Discrepancy in p, % -94 -1.7 20 25 0.2 -2.0
De Smedt p,= 0.0376 0.0639 0.0982 0.1399 0.2022 0.2645
our result p,= 0.0284 0.0577 0.0963 0.1431 0.2086 0.2697
Discrepancy in p, % 24.6 9.7 19 -2.3 -3.2 -2.0

Our formulae seem to perform satisfactorily in a sufficiently wide range of aspect
ratio. The distribution of o due to (7) can be compared with the numerical
data received in a persona communication from De Smedt. Computations were
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made for € = 0.5, gy=2TV\/K, 0, =0. Here are the results along the axis Ox,
compared to those communicated by De Smedt

xla,= 0.0000 0.0833 0.2500 0.3333 0.5000 0.6667 0.7500 0.9167
De Smedt o= -04715 -04673 -0.3933 -0.3249 -0.1238 0.2515 05456 2.0580
our result o=  -04731 -0.4647 -0.3953 -0.3314 -0.1290 0.2273 05141  1.8556
Discrepancy % -0.3 0.6 -0.5 -2.0 -4.2 9.6 -15 9.8

We compare the same values along the axis Oy.

yla,= 0.0000 0.1667 0.3333 .5000 .6667 .8333
De Smedt o= -0.4715 -0.4765 -0.4774 -0.4837 -0.5063 -0.5311
our result o= -0.4731 -0.4744 -0.4791 -0.4907 -0.5198 -0.6138
Discrepancy % -0.3 0.5 -0.3 -1.4 -2.7 -15.6

As we predicted, the discrepancy becomes quite significant close to the boundary.

Rhombus. Let a, and a, be its semiaxes aong Ox and Oy respectively.

Denote its side | = (aZ +a3)Y?, and introduce the aspect ratio € =aj/a,. Formulae
(21-26) inthiscaseyield

|43 > 2%
|, =———— | =————= A=——. 4.4.38
X 3(1+¢%)? Y 3(1+¢%)?’ (1+¢€?) ( )

_de [1-¢ g2 1+e+V1+€?[]
X~ 2 —+ 2 n D
(1+e)01+e2 (1+€) 1+e-v1i+e2ll

4de 0 1-g . 1 1+e+V1+€*[]

= n —_— 4439
YA+ vive2 (1+€) 1+e-v1+e2[ ( )
_ 21%% [F3+44e-3, 2-¢2  1+e+V1+e’[]
X~ 23 —t 2 n a0
(1+e)°U vi+e2 (1+€) 1+e-vi+e2l
2% [L+4e2-3¢%  2(2e2-1), 1+e+V1+e2[]
= —— + In —— 4.4.40
YT (1+e)30 V1+¢2 (1+€%) 1+e-V1+e2U ( )

__ A4l DZ—8+582—483+ et n1+8+\/1+82D
oo (L+€%)? [0 3v1+¢2 (1+€%) 1+g-v1+e2[]

__A4le D—4+5€—82+283+ 1 n1+8+\/1+82D
wy (1+€)*0  3v1+¢2 (1+€%) 1+g-vi+e2[]
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__ A4l []1—28—282+83+ g2 n1+8+\/1+82D
oy (L+€?)?0 3v1+¢2 (1+€%) 1+g-v1+e20

Again, we have only the numerical results by De Smedt (1979) to compare with
ours which are given below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,= 4.6520 1.8890 0.9844 0.5933 0.3655 0.2631
our result p,= 3.7425 1.6605 0.9192 0.5770 0.3661 0.2697
Discrepancy % 19.6 121 6.6 2.7 -0.2 -2.5
De Smedt p,= 0.0314 0.0549 0.0862 0.1270 0.1923 0.2631
our result p,= 0.1944 0.1435 0.1345 0.1532 0.2050 0.2697
Discrepancy % -518.4 -161.3 -56.0 -20.6 -6.6 -25

Though our results are satisfactory for p,, they are unacceptable for p, when €<

0.5. The reason for this is our assumption of a sguare-root singularity in (6)
which is grossly incorrect for contours with sharp angles. An aternative
approach which uses the variational principle and somewhat improves the
accuracy, is discussed further.

Cross. Consider an aperture with a configuration obtained by an orthogonal
intersection of two equal rectangles with sides 2a and 2b (a=Db). Introduce the
aspect ratio as e=b/a. The area and the moments will take the form

A=4a%(2-¢), IX:Iy:ga4s(1+82—s3),
J.=J :4aan(8+\/1+82)+slnLlfSZD (4.4.41)
< (1+v2)e U

[ _ T+e2 -
B,=B,=2a’[ReVl+e®+In(e +V1+e?) +€° nL“_SZ—\/Z
] 8(1"‘\/2)

The comparison between the results of this section and those given by De Smedt
(1979) are presented below

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,=p,= 0.9675 0.4854 0.3271 0.2671 0.2523 0.2645
our result p,=p,= 1.6943 0.6765 0.3716 0.2683 0.2517 0.2697

Discrepancy % -75.1 -39.4 -13.6 -0.5 0.3 -2.0

263
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Taking into consideration the shape complexity, we should consider the resulting
agreement as surprisingly good, not only quantitatively but qualitatively as well:
both data display a relatively flaa minimum around € = 0.75. The discrepancy
becomes unacceptably big for €<0.3. It will be shown further that the variationa
approach dightly improves the results.

Variational approach. An alternative method can be suggested by using the
variational approach (Noble 1960). The following functional assumes its
stationary value at the exact solution of (1)

|(o):2[ j o(M)W(M)dSM—J J (M) J J RJ‘(’I\ANNL)ds Ehs

S S
(4.4.42)
Take
J J J_LRC(’MNN) dS, = Wo + W, (4.4.43)

S

where o is defined by (6) and wy+w, is given by (14). Substitution of (5),
(6), (14), and (43) into (42) makes it possible to consider the functional | as a
function of a, a,, a, and a,. The extremum conditions

ol _
g 0

ol
oa,

.
aay

o
aaw

:O’ :O’ :O’

give four linear algebraic equations with respect to the unknown a, a,, a,, and
a,. The complete solution is pretty cumbersome. Here, we present the set of
equations for the coefficients a, a,, and a, which are valid only for the

domains having at least one axis of symmetry.
ca+ca+ca:1—6(| +1,9,)
%o CL0FC Ay =T (O F 1y 0y)
_16
C 0o+ C, 0, +C Oy =T (DxxxxgX + Dxxwgy), (4.4.44)
ca+c0(+c0(:1—6(D g.tD g,
1370 737X P33Ty 15\ ey IX yyyy =Y/

Here,
C. =2mJ A,
11

_1 4
clz—in[BxA+§lx(2Jo+2CW—C )—— Iy(CXXXX—ZCXXW)],
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013——T[[B A+ 1,23+2C ~C )——|X(CWW—2CXXW)],

_4 _ - -
¢,, =g 8B, I, +D_ (2C_ -C_)-D_ (C_ -2C_)I,

_2 _ _
¢, =iz M5B, +B,1,)-D_ (C_ -2C_)+2D_ (C_

+C -C )-D (C_-2C )]
ywyy XXYy’ wyy XXX XXYy’

_4 _ _ B
‘%~ 15 mSBy 1+ Dyyyy(zcyyyy Cxxyy) Dxxyy(nyyy 2Cxxyy)] : (4.4.45)
The D moments are introduced similar to (13) as

21 21

D =| a%g) sin‘edy, D= J a’(¢) sinpcos?pdo,

21

D =] a’(¢) cos'pde. (4.4.46)

It is quite clear that the variational approach solution is more cumbersome than
the one introduced in the first part. It remains to be seen whether it will be
more accurate. One advantage should be noted: the matrix of (44) is symmetric
(as it is required by the reciprocal theorem) while the matrix of (15) generdly is
not Symmetric.

Let us compare the results for severa particular configurations. First of
al, consider a regular polygon. In the tables hereafter the word simple refers to
the method introduced in (18), the word variational refers to the solution of the
set of equations (44). In the case of a regular polygon we shall need the polar
D moment only

D,= é nsm—%l+ Cos’ S+ cos“[D

265
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Here are the results of computations for a regular polygon with n sides

n= 3 4 5 6 7 9 100

simple p,=p,= 0.3782 02697 02502 02443 02420 02403 0.239%4

variaiona p,=p,= 0.3409 02612 02472 02429 02412 02401 0.239%

Discrepancy % 9.9 32 12 0.6 0.3 0.1 0.0
Both methods seem to work well. If one considers the result by De Smedt

(1979) for a square 0.2645 as exact then this might be an indication that the
variational approach is somewhat more accurate. In the limiting case of n - o
both methods give the exact result for a circle.

The D moments for the rectangle considered earlier will take the form

_24 5 _ _8_.3.3
Dxxxx—galaz, Dyyyy—galaz, Dxxyy—§a1a2.

Here are the numerical results computed for a rectangle

€= 0.1000 0.2000 0.3330 0.5000 0.7500 1.0000
De Smedt p,= 2.9980 1.3730 0.7942 0.5229 0.3491 0.2645
variational p,= 3.4239 1.4523 0.8023 0.5166 0.3437 0.2612
Discrepancy % -14.2 -5.8 -1.0 12 15 12
De Smedt p,= 0.0376 0.0639 0.0982 0.1399 0.2022 0.2645
variational p,= 0.0316 0.0588 0.0939 0.1370 0.1997 0.2612
Discrepancy % 15.9 79 4.3 21 1.2 1.2

Again, the general impression is that the variational approach is more accurate
but not everywhere, for example, the discrepancy in p, for €=0.1 increased as

compared to the simple method result given earlier.

The D moments for a rhombus will take the form

_4 5 _4._5 _
Dxxxx_E_Salaz’ Dyyyy_f_salaZ’ Dxxyy——alaz.

We present below the numerical results for a rhombus due to the variational
approach compared to those by De Smedt (1979)

&= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000
De Smedt p,= 4.6520 1.8890 0.9844 0.5933 0.3655 0.2631
variational p,= -0.5952 3.3549 0.9465 0.5580 0.3534 0.2612
Discrepancy % 112.8 -77.6 38 6.0 33 0.7
De Smedt p,= 0.0314 0.0549 0.0862 0.1270 0.1923 0.2631
variational p,= 0.0090 0.1464 0.1110 0.1400 0.1971 0.2612
Discrepancy % 715 -166.7 -28.8 -10.2 -2.5 0.7

Though the discrepancy decreased for €>0.33, we should state that both methods
fal for a domain with sharp angles, since the results are unacceptable for €<
0.33.
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In the case of a cross-shaped aperture, the D moments can be expressed as
follows:

XXXX

24 8
D =DW=€|68(1+84—85) , DXXW=§|683(2—83).

Here are the numerical results due to the variational approach compared to those
by De Smedt (1979)

€= 0.1000 0.2000 0.3333 0.5000 0.7500 1.0000

De Smedt p,=p,= 0.9675 0.4854 0.3271 0.2671 0.2523 0.2645

varigtional p,=p,= 1.4346 0.5822 0.3397 0.2606 0.2482 0.2612
Discrepancy % -48.3 -19.9 -3.9 24 16 1.2

Comparison of this table with a similar one given earlier leads to the same
conclusion: the results become valid in a wider range of the aspect ratio &, but
the theory fails for very smal €. It is up to the user to decide whether a
somewhat better accuracy of the variational approach is worth more cumbersome
computations.

We have to caution the reader willing to use the reciprocal theorem and
the solution in sections 3.3 and 34 in order to find further terms in the
low-frequency expansion. The results might be good for the domains with the
aspect ratio close to unity (like, for example, a sguare) but the accuracy
deteriorates quickly as the aspect ratio moves away from unity. It is advisable
in each particular case to use the method similar to the one in this section.

Formulae (18) give a smple and effective solution to the problem of
evaluating the quadratic terms in the low-frequency expansion for the problem of
sound penetration through an aperture in a rigid screen.  Their high accuracy in
a sufficiently wide range of aspect ratio is confirmed by numerous examples.
The case of a domain with sharp angles seems to be outside this class. An
investigation of the nature of singularity is absolutely indispensable for this type
of problems. A similar method can be used for evaluating further terms of the
low-frequency expansion.

45. Sound penetration through a general aperture in a soft screen

The term soft screen represents an abstraction opposite to that of a rigid
screen.  The diffraction of a plane wave by an aperture in a soft screen is an
important acoustical problem. Again, very little is known about the apertures of
general shape, except for some numerical solutions (De Meulenaere and Van
Bladel, 1977; Okon and Harrington, 1981). Here we reproduce some essential
results from (Van Bladel, 1968) which are necessary for better understanding of
the problem formulation.
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Consider a flat soft screen with a general aperture S, whose boundary is
given in the polar coordinates as

p=a(y). (4.5.1)

Let the incident field be a plane wave P'=e’®, where R=uf, u is the

incidence vector and r is the field point vector and k is the wave number. The
governing integral equation in the case of a soft screen takes the form

1 o MO
2= | PO 52w (95, =P V)
S

where P is the acoustic pressure in the aperture. In the low-frequency case the

characteristic length of the aperture is much smaller that the wavelength, and the
following expansion becomes valid

P(r) = Po(r) +ikPy(r) +5 (jK)2Po(r) + ...,

Van Bladel (1968) has proven that the diffraction problem can be reduced to the
solution of a sequence of integral equations of the following type

o(N):A[ [ RM(I\/IM,NL)dS’ (45.2)
S

where A is the two-dimensiona Laplace operator, S is the aperture domain,
R(M,N) stands for the distance between the points M and N, w denotes the

unknown function and o is a known function, If we denote w':’, Wy Wy, W,

etc. as solutions of (2) corresponding respectively to the function o taking on

values - 2riVA , - 2IdA, - 2mylA, — 2i3/AY?, etc., where A is the area of the
aperture, then the various parameters can be defined quite simply through these
solutions.  For example,

P, =jkvA cosd w®,

where ei is the angle of incidence. The reader is referred to the origina paper
by Van Bladel (1968) for the rest of the theory. The most important seems to

be the zeroth-order term w®. The analytical solution w? is known for a circle
and an ellipse only. The case of non-eliptic aperture had to be treated
numerically. The problem of sound penetration through an aperture is
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mathematically equivalent to the one of the electrical polarizability. Therefore, in
order to avoid unnecessary repetition, the reader is referred for the rest of the

theory to section 3.5.



