CHAPTER 3

APPLICATIONS IN ELECTROMAGNETICS

The general results of Chapter 1 are applied here to investigation of interaction
of several charged coaxia and arbitrarily located disks. New type of governing
integral equation is derived for the Dirichlet and Neumann problems for a
circular annulus domain. Simple yet accurate formulae are derived for the
capacity of flat laminae. Similar results were obtained for the electrical and
magnetic polarizability of small apertures of general shape.

3.1. Interaction of several coaxial disks

The problem of charged coaxial circular disks has been attracting the
attention of scientists during the last century.  Kirchhoff, Ignatowsky, Love,
Nomura, Cooke and others made a significant contribution to its solution. A
comprehensive literature review can be found in (Ufliand, 1977) and (Leppington
and Levine, 1970). The latest published important result seems to be (Kuz'min,
1971) where an axisymmetric problem of severa charged coaxial disks is
considered by the dua integral equation method. The solution is obtained for
the case when the distance between disks is long in comparison with their radii.

A genera solution to the non-axisymmetric problem is given here by a new
approach. A mathematical outline of the method is given first. Formulation of
the problem and its solution follows. The charge density distribution can be
found from a system of Fredholm integral equation. The total charge and some
other integral characteristics can be estimated without solving the system. The
collocation method is used for the numerical solution of the integral equation. A
way is found to assess the error of the computation. A high degree of accuracy
of the solution allowed us to correct some numerical results published by Cooke
(1958). Several examples are considered.

Preliminaries. Some mathematical considerations are presented here to
simplify understanding of the method. Introduce the following quantities:

|, (2= ) =3V PP+ 2 F VX p + 2], (3.1)
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Several particular cases of (3) will aso be used in this section.

setting z=0in (3) one gets
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dx o Mo ) 1_1 \/P ~X*[130(%) = Xz]ll2
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(3.1.13)
where

R?=p” + g — 2P, COS(@~@y) + Z.

Another variation of (13) can be obtained by a substitution y=1,(x). The result
is

j dy A2 - - L (p?+ 9%(y)) (P —yA)
(p?+9%(y))"(p5 - 2)“2 o P~ P R yR '
(3.1.14)
Here
a(y) =yV1+Zzg/(p5-y?). (3.1.15)

Formulation of the problem. We consider a system of n charged circular
coaxia disks. We place a set of the cylindrical coordinate axes so that the axis

Oz passes through the centers of the disks. Let a; be the radius of the i-th

disk, z; be the z-coordinate of its center. The problem is to find the

electrostatic field potential of the system of charged disks, i.e. to find a
harmonic function V(p,9,z) subject to the following boundary conditions:

V(p,9,z) =V (p,p) forO<p=<a,, O0=<@<2m k=12..n. (3.1.16)

The potential can be represented through the simple layer distribution as follows:

n 2Tfa

0i(Po: Po) PodP A,
V ) 3.1.17
Po2)= ZJ J Vp? + b~ 20poCos(-@) + (2~ 2)? N

Here g, are yet unknown charge densities which can be found from a system of
integral equations obtained by substitution of the boundary conditions (16) in (17).

Now some transformations of (17) are necessary. Introduce the notations
lik 1(X:Pos Nitd) = ik 1(X) = 11(X,P0, k), (3.1.18)
hik = IZ| - Zkl' (3119)

Expressions (13) and (14) dlows the following integral representations for the
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reciprocal distance

p

1 _2 _dx mk 1(X)
- J TN ey (3120)
1 2|ik,1(P) q )

X X
1.2 A -, 3.1.21
A "J -G oo T o

where gi(x) according to (15) can be defined as

gi(X) =xv1+hiE/(p5—x?), (3.1.22)
and
R = p?+ P — 20p,Cos(-@) + i, (3.1.23)
1
Ti(X,Po) =—==—==—=7_lik1(X). (3.1.24)
° \/ O - I ik, 1( ) aX

Now we can single out the k-th disk, without loss of generality, and do all the
transformations of the integra equation related to the boundary conditions at the
surface of the k-th disk, having in mind that the integral equations related to the
other disks can be transformed in a similar manner. Substituting the boundary
condition (16) in (17) and using (20) and (21), one obtains

p ay
dx PodPy DX2
4J \/pz—XZJ \/po NG @po%k(po’@
. 4 )
_dx j

(3.1.25)
Equation (25) can be transformed to the Fredholm type by the following
procedure. Apply the operator
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to both sides of (25). The result is

ay

2T[J \/f;c; p02 S %k(po’q’) +2T[I§kj Ti(r,Po) Lmkl( )%1 (Po:®) Po Ao

SE&J EL= 00 (3126

The next operator to apply is

LEt)éJltJ v 2rdtr2)1/2L(1/r)

which yields

3

—TPq(t,¢) + 21 Z J Po dpg

i=1,izk

e®df _ rdr - [ Po
<A dtJ TR 17 oD =M () (3.1.27)
where
ik 2(r) = 15(r,Pg, Nik), (3.1.28)
and the M-operator is understood as
_nd{ _rdr [ p
M v (t,@) = " dtJ (r2- tz)l/zL thJ (rz_pz)llzL(p)Vk(pa(P)- (3.1.29)

Changing the order of integration in (27) and integrating with respect to r, one
gets the following system of Fredholm integral equations

n 2n a;

Qk(pa(P)—__ Z J J Kik(p,pom, @) i (Po» P) PodPodey, -

i=1,izk
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-T—l[z(Mkvk)(p,(p), for k=1,2,...n. (3.1.30)

Here, the kernel K, can be expressed in terms of elementary functions:

h o R & (a,p)
__IkD ik 1_ ikt 7 kH/]
Kik(p!pO’(p’(pO) - Riillik(akip) +tan Rik D (3131)
2 _ 2\U2rna2_ .2 12
£ (ap)= (8= p) ek~ lika(@d] ™ (31.32)

ay

R is defined by (23), and hik by (19). Notice that in the case v, = congt,

M, v (p) = v, (ak — p?)"Y2. It is advissble to multiply both sides of (30) by (af-
p?)Y2in order to eliminate a weak singularity a p - a,.

The system (30) has a unique solution which can be obtained by successive
approximations. To prove this, introduce a new function o, = (aZ - p?)Y%q,

According to the Banach's theorem, it is sufficient to prove that the integral
operator

2T[a

®
W("i)zrlej J (2 02K, (0.9, 00)

(po
(—)1,2 Podpod@,

is a contraction operator. Determine the distance in the class of continuous
functions by

8(0,,8) = max|o.(Po, %) = . (Po, @)l

Assess the value of

IW(o,) - W)

2T[a

|o.(Po: @) —3.(Po: )l
rlej J (&~ 0K, (P09~ 7

PodPodaey,

50,8)[

< J J (aic= ) K (o, po,m,%)%—eé(o 5, (3.1.33)

(a
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where

The last expression proves that W is a contraction operator thus proving the
theorem. The following integral representation was used for the evaluation of the
integral in (33)

Po

h
i dat [ 1 1 [l
ik(r’pO) T[J (Pg‘TZ)UZQT+r)2+hii+(T‘r)2+hiiD ( )

After the system (30) is solved, the electrostatic field potential can be defined by

bk ak

n dx PodPy X2
V(p,92) =4y | —==2— L= 0, 3.1.35
(0.0.2) ZJ sz_xzj()(pg_gi(x))m (0o (3.1.35)
where
b =1(a.p,z2=7), (3.1.36)
9k (X) =xV1+(z-2)%(p* - X°). (3.1.37)

The main advantage of (35 over the equivalent expresson (17) is its
convenience for various mathematica transformations, including the exact
evaluation of the integrals as it will be shown further.

The number of unknown densities in (35) can be reduced by substitution of
g, defined by (27) in (35). Using (3), one gets, after simplification

n 2n a,

V(p,p.2) = Z J J Gik(p’z’po’(P_(Po)qi(po’(Po) PodPed®, + P v, (p,®),

i=1,izk

(3.1.38)
where Gik can be expressed in elementary functions as follows,



Interaction of several coaxial disks

G, (P20 9~ @) =%m%1 +%tan‘1r|lqi—:‘"ll E—ﬁ% —%{tan‘lg—:‘"zz g (3.1.39)

R2=p”+ P~ 2pp,Cos(@-y) +(2-2)%, (3.1.40)

R%=p”+ 5~ 20p,co(@- @) +(2- 2 +2 = 2)°, (3.1.41)

N =S, (2) + (2-2)(z - 2)/S, (2, (3.1.42)

Nikz=S, (&)~ (2=2)(z - 2)/S, (2, (3.1.43)
VI5(a,, p, 2-z) - agVl(a,.pp Z - Z,) — 8k

S ()= ) | , (3.1.44)

and the operator P, reads

a

2 d{ PP

kak(p,cp)=;[J T (x.p) L%E&J \/2 = £(Po) Vi(Po:®D)- (3.1.45)
Here,

T (x,p) = 1 9, (X,p,2=2y), (3.1.46)

(P~ 15(x,p,2—2)) 20X *

[ 2(X) =1,(X,p, 2= 2,). (3.1.47)
In the case v, =constant

Py =2y, sin' (3.1.48)

lk2(ay)

The solution of some practica problems very often do not require the
knowledge of the charge distributions q,, and only the integral characteristics are
of interest, like the total charge, the moments, etc. An assessment of these
values can be made without solving the set of equations (30). Indeed,
multiplying both sides of (26) by r™ and integrating over the surface of the k-th
disk, yields
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2Ma,

MA(m+1)]
v2_2 J J Qk(po’%)poﬂdpod(po
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It is easy to show that all the intermediary integrals with respect to r in (49)
can be evaluated in terms of elementary functions. Expression (49) simplifies for
m=0as follows:

n 2n a,

Qﬁ%Z J J qi(p,cp)sin'llz(a:l#ik)pdp dp=B,, (3.1.50)

i=1,izk
where Q, is the total charge at the k-th disk, and

2T 3,

_1[ [ vp.@pdpde
B, = "ZJJ i (3.1.51)

For the case m=1, expression (49) reduces to

2n a,

n 21 a,
J J dy(P.®)pdpde+ ZJ J %p%h{i -V -ag

i=1,izk

C (\/cI ak+h

+h In dpd
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2Ma,

1J J S A _ cos I‘El/k(p @)p dp do, (3.1.52)
ac—p°




Interaction of several coaxial disks

where
cik:IZ(ak,p,hik).
Evoking the mean value theorem which is valid when q does not change
sign, (50) can be rewritten as:

2
s =B for k=1, 2,...,n. 3.1.53

i=1,izk

where, according to theorem, 0 < p, sa. Despite the fact that the exact value of P,
is unknown, the set of linear algebraic equations (53) is very useful for various
purposes. For example, one can assess the values of Q in the form Q;min< Q <
Qimax by variation of all the admissible values of P, In the case of constant
potentials v,, k=1,2,...,n, the set of equations (53) takes the form

n

Tt 1 -1 ak -
—Q, += sn*——————=vVv for k=1, 2,...,n. 3.1.54
2aka akizl%kQ 2(ak’P h ) k ( )

Remembering that the matrix of the capacitances cij is symmetrical, one can

introduce severa ways to make the estimation of the values of interest more
sharp. For example, let Qi’ be the set of solutions of (54) for vj:1, and v, =

0,k=1,...,n(k#j). Let Qi”(izl,...,n) be the set of solutions of (54) for v|:1and

al the other v, =0. Now it is easy to deduce that the following equality should
hold

€= QII - Qj”: G (3.1.55)
As both quantities are assessed in the form
Ql,rr'lax > QI’ > Ql,r;lina Qj,n;ax > Q;> Qj,r;ina (3.1.56)

then the final assessment of c, will be obtained as an intersection of the
intervals (56), which might give a sharper estimation. Here is an illustrative
example. Consider a set of two disks with a,=2,a,=1,h=0.6,v,=v,=1. The
direct estimation of the total charges gives 1.60828 < Q, <2.54544, —0.66970 < Q, <

0.49519 while the usage of the described technique alows a much sharper
estimation, namely 1.67554 < Q, <1.7801, 0.27799 < Q, < 0.39838. It is obvious that
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132 CHAPTER 3 APPLICATIONS IN ELECTROMAGNETICS

in the case of equal disks, both intervals in (56) are the same, and their
intersection will not improve the estimation. One can expect that in some cases
the sharpness of the estimation of certain values for equal disks will be inferior
to those of unequal ones.

The set of equations (50) can also be used to verify the accuracy of an
approximate solution or a numerical procedure. For example, numerical results
for the case of two equal coaxial disks are presented in (Cooke, 1958). Let us
check just one point, corresponding to the value hik/ak = 20. The vaues,

proportional to the total charge Q, given in (Cooke, 1958) for the case of equal
potentials and for opposite potentials are AQ = %T[Q = 09683 and A® = 1.0319

respectively. The estimation of these values by solving (54) is 0.969213 > AQ >

0.969176, 1.032849 > AQ > 1.032807 which means that both values given in (Cooke,
1958) are outside the admissible range, and therefore are inaccurate. The correct
values are A =0.969201 and A =1.032821. The numerical procedure to obtain
these and other results is discussed further. One can notice also that since
hkk:Oand I2(ak,pkk,0):ak, then the set (53) can be rewritten as:

2 ” so1 ak
= Sn——=B,, for k=1,2..,n. 3.1.57
T[Z ° (@) " ( :

i=1

Numerical solution. One needs accurate numerical results in order to
estimate the error of various approximate formulae. The collocation method, used
here, proved to give an adequate accuracy in a wide range of distances between
disks. A case of coaxia disks maintained at constant potential was considered.
The set of eguations (26) for v, =const. takes the form:

g

ay n
0k (Po)PodP
2T[J =0+ 2T[Z J T (r.P0)q.(Po)PdPy = V. (3.1.58)

2_ >
\/po r i=1,izk

Let the solution of (58) be presented in the form:

ap) = (aE-p) 2 3 C,_p™", (3.1.59)

m=0

where Ckm are yet unknown constants. Substituting (59) in (58) and using (34),
one gets:
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n

h o "
O 1 1 -
ZC" () "2 J [0t +r)%+hi +(t—r)2+hiigzcimfim(t) dt =V

m=0 i=1,izk

(3.1.60)
where

2m+1

d
fkm(r):J Po %o =2naF(-m,3; 1; 1-r?/ay). (3.1.61)

\/po‘ r2\/ak - po

is a polynomia in r? and F is the Gauss hypergeometric function. All the
integrals in (60) can be evaluated exactly and expressed in elementary functions,
using the following formulae:

a

D 1 1 2n
JEt+r)2+h2+(t—r)2+h2% dt

2 2 2
_ (a+r)*+
2" M3y (a-r)*+h

r D_ 1.1 h2 1a+r ra-r[]

tREgne g rZ%a” h @R

"l _2n-2m-1.2m 2

i - em+F im0 (3.1.62)

2n-2m- 2" 2]

m=0

a

J 1 1 2n+1
J Et+r)2+h2+(t—r)2+h2% dt

2 2
2n P - h?[] 152-11
[(2n+1)F ns-ns 7 n—r2+hz

r™ a1l r a a+r
J.o1_ .1 _h 1 1 1
— F n5-N;3; %tan L ~tan =2
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n-1

2
2m+1_onom omc ) - 1_ 3 _h’0 (3.1.63)

n_m D 12 121 rZD

m=0

where |, and |, are understood as |, (a,r,h) defined by (1).

Now one has to specify N+ 1points of collocation at each of the intervas
O<r<a,k=12..,n, and request that the set of equations (60) be satisfied at
these points. This leads to the set of n(N+1) linear algebraic equations:

n

- |k 1 —
gckmfkm( J) Z Z JQt+r)2+h +(t—rj)2+hii%im(t)dt_vk’

i=1,izk m=0

for j=0,1,..,.N and k=1,2,...,n. (3.1.64)

from which the constants Ckm are to be defined. After the system (64) is

solved, al the other parameters of interest can be obtained rather easly, for
example, the total charge at each disk can be defined by

k km’
M(m +2)

Zl vl (M*1) 2mac (3.1.65)

m=0

The potential value at an arbitrary point in space can also be expressed in
terms of elementary functions. Indeed, substitution of (59) in (35) gives, after
the first integration,

nbk N

V(0.0.2) =4ZJ Vp‘j'f =3 Cfin 000 (3.1.66)

m=0

Since fkm here is a polynomial, according to (61), then the remaining integrals

can aways be evaluated exactly in terms of elementary functions. The accuracy
of the solution was assessed by the error function E,(r) defined by:

E()=2C_f (1)

m=0
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+ i + % t)dt-v
Z Z J(t+r)2+h (t- r)2 A
for O<r<a,, k=12..,n. (3.1.67)
It is obvious that E,=0 indicates that the solution is exact. The value of
A=max |E,(r)]| (3.12.68)

was used as a measure of accuracy of the solution, which means that, out of
two solutions, the one with the smallest A was considered more accurate. The
typical behavior of the emror function E, is presented in Fig. 3.1.1 and

Fig. 3.1.2 for the case of two equal coaxia disks of radius 1 held a unit
opposite potentiadls and a gap between them h=0.1. The solid line in both

Fig. 3.1.1. Error function for equidistant points of collocations.

figures plots the error function for the case of three points of collocations, the
dashed line gives the same plot for five points of collocations, and the error
function for 11 points of collocations is given by circles. Fig. 3.1.1 corresponds
to the case of equidistant points while in Fig. 3.1.2 the points of collocations
were taken at rj = a,sn(rg/2N), j = 0,1,...,N. Comparison of figures leads to a

conclusion that the accuracy for the case of equidistant points of collocation is
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Fig. 3.1.2. Error function for non-eguidistant points of collocations.

inferior to the second choice. Our investigation also showed that further increase
in the number of points of collocation generally does not improve the accuracy
of the solution, and in many cases the accuracy deteriorates. The error of
evaluation of the total charge Q, was taken as a product QA. The real error

is unknown but it will definitely be less than Q,A due to the fluctuation of the
error function with the area under the positive half-wave being amost equa to
the negative area.

The results of the numerical procedure with 11 points of collocation rj:sin

(19/20),j=0,1,...,10, for the case of two equal coaxial disks of radius 1, held at
equal and at opposite potentials with a variable gap h between them, are given
in Table 3.1.1. The vaue of Q* = Q,M2v,a, dong with the absolute error

assessment is given in Table 3.1.1. Table 3.1.1 corrects some inaccuracies in
similar results published in (Cooke, 1958).

Figure 3.1.3 plots the charge density distribution for different values of the gap
h. Several examples are considered below.

Two equal coaxial disks. Denote a, =a,=a; hj; =hy,; =h. Two fundamental
cases are considered: v, =v,=vandv, =-v, =Vv. The solution of the set of
equations (54) has the form
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Table 3.1.1. Values of the total charge.

h/a Equal potentials Opposite potentials
Q Error Q Error
0 0.5 0 0 0
0.001 0.500877 0.002 789.29 2
0.01 0.505320 0.0015 80.457 0.3
0.05 0.520553 0.0010 17.22936 0.03
0.1 0.535883 0.0002 9.233071 0.001
0.2 0.561362 0.00005 5.175753 0.0001
0.4 0.602499 107 3.102305 10%
0.6 0.636407 108 2.395441 10°®
0.8 0.665610 10° 2.037267 107
1.0 0.691207 10 1.820785 108
12 0.713812 ot 1.676043 10°
15 0.743019 01 1.531444 101
2.0 0.781752 ot 1.388027 ot
25 0.811259 ot 1.303422 ot
3.0 0.834216 10 1.248107 ot
5.0 0.889579 0% 1.141723 10
10.0 0.940518 0% 1.067514 0%
20.0 0.969201 0% 1.032821 0%
100.0 0.993674 1016 1.006406 10"
0 1. 0 1. 0

Fig. 3.1.3. Charge density distribution (two disks at unit opposite potentials).
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Qi=2 av (3.1.69)

M1 +2sn [all,(a,p"h)]

The plus sign in (69) corresponds to the case of equal potentials, and the minus
to opposite ones. Notice that formula (69) gives exact results for h - Oand h -

. Considering Q7 and Q; as functions of p* and p respectively, one can
analyze numerically the overal performance of (69). The simplest approximate
formula can be obtained by averaging of the maximum and the minimum

admissible values of Qf, namely

Qi=3Qi(@+Qi()],  QI=3[Qi(a)+Qi(0)]. (3.1.70)

Comparison with results of Table 1 shows that the maximum error of the first
formula (70) is about 3%, while the second one yields about 12%. Better
accuracy can be obtained by assuming

Qi=3[Qi(0.67a) +Qi(0.98a)],  Q;=3[Q1(0.562a) +Q3(0.983a)].
(3.1.71)

The maximum error is less than 0.1% for the first formula of (71), and is about
0.62% for the second one.

If the accuracy achieved is still not satisfactory, one has to anayze p* and
p  as functions of h. The physica meaning of p* can be explaned as a
substitution of a disk by an infinitely thin annulus of radius p*, having the same
total charge and an equivalent influence on the total charge of the second disk.
Plotting of both curves p" = p’(h) and p = p(h) can help adso to verify the
accuracy of a numerical procedure. Elementary logic suggests that both should
be smooth curves merging as h — .

Using (69) and Table 1, the curves p'(h) and p (h) were plotted in
Fig. 314 by the dashed line and the solid line respectively. The limiting
values were established as follows:

p'(0)=a, p(0)=V3/da, p’(w)=p (x)=V2/3a. (3.1.72)

Similar computations were made by using the data from (Cooke, 1958).
The results for p* and p~ are presented in Fig. 3.1.4 by non-solid circles and
solid circles respectively. Looking at Fig. 3.1.4, we note immediately that there
are some troubles with the accuracy of the data given by Cooke. We note also
that the results of Cooke for h=5 and h=10 are not incorrect, they just do not
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Fig. 3.1.4. Test of the accuracy of numerical results

have sufficient number of decimal places in the data, and this indicates how
sensitive the parameter p* is for large h. No reasonable values for p* can be
obtained from Cooke's data for h=20. As was shown earlier, these data are
beyond the admissible interval.

One can approximate the function p (h) as

p =(-0.02347 %% + 0,073 8" +V2/3)a. (3.1.73)

Substitution of (73) in (69) makes it highly accurate in the whole range O<h<oo,
with the maximum error not exceeding 0.3%.

Three equal coaxial disks at constant potentials. We consider the case of
equal disks because it is the least favorable case in terms of accuracy, as it was
stated in previous section. Put a,=a,=az=a, h;,=hy,=h, h;;=2h. The set of
equations to be solved is

a a

TU 1. 4
—_— ~-snt——
1,(a,p,1,N) Qs a I,(a,p31,2h)

1. .

1. 4 a Tt 1. 4 a _
Sent—— + = Q,+ Q= sint—S—— =,
Q& a l,(a,p,1,h)  2a Q* Qs a l(a,pp,h) 2
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a

1. 1 a TT
Q& a I,(a,p31,2h)

1,1
+ ~“snt——+
Q3

I 2(a1p23, h) 2a Q3 = Vs (3174)

Solution of (74) for all the combinations of p,, ps and p,; equal O or a
gives the upper and the lower bound for the values of total charge Q,, Q, and
Q;.  The problem of three equal, equally spaced disks was considered in

(Kuzmin,1971). The following approximate solution was given there in the
assumption that h>a.

Q1 =Vy(Cyy +Cpp+Cy3) =V,Cp =~ VaCys,
Q,==V;Cy5 +V5(Cxy + Cyy +Cp3) = V3Cos, (3.1.75)

Q3="V;Cg1 = V,Cgy +V3(Ca3 + C3; +Cgy),
where
Cy; = Ca3 =0.6366a(1 — 0.9549¢ + 1.1145¢? — 0.6514¢> — 0.02069¢*),

C,, =0.6366a(1 - 1.2732¢ + 1.2159¢2 - 0.5702¢ + 0.01874¢%),

(3.1.76)
C1, = Cyy = Cs, = Cp3 = 0.4053a€(1 — 0.3183¢ + 0.2452¢% - 0.2830¢3),

Cq = C;3=0.2026ag(1 - 1.2732¢ + 0.7452¢? + 0.2786¢€%), e=a/h.

It is of interest to compare the results of solution of (74) with those of
(75) and (76). Necessary calculations were performed for two particular cases:v,

=Vv,=V;=Vv and v,=-V,=V, vs=0. The results of evaluation of the dimensionless

Q;=TiQ,/(2va) are presented in Fig. 3.1.5 and Fig. 3.1.6 respectively. The solid

line in both figures gives the upper bound, the dashed line gives the lower
bound, (computed from (74)) and the results of (75) are plotted by circles. We
can see that formulae (75) and (76) give good accuracy for h/a>2; the results
sharply deviate from the admissible region for h/a<1.5.

Discussion. It is of interest to establish a relationship between some of the
results of this section and those previously reported in literature. Expression (39)
corresponds to the Green's function for a conducting disk under the influence of
a charged point, found by Hobson (1900). His expression in our notation takes
the form

Va1 - 241 Mica [

1 2
G =—%t—tan
k 2RI T RiU 2R, m R, [

where the ambiguous signs are assigned according to pretty complicated rules
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Fig. 3.1.5. Total charge at the first disk (three-disk system v,=v,=Vv;=V)

Fig. 3.1.6. Total charge at the first disk (three-disk system v,=-v,=v, v;=0)

depending on the position of the points. The geometrical form, in which
Hobson presented his result, did not let him to notice the square root of a
complete square which led to the ambiguous signs. Our expressions (39) is
simpler and free of this mishap. Expression (31) corresponds to another source
function, also found by Hobson in geometrical form.
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Certain relationship can be established between the set of equations (26) and

the Love type integra equations derived in (Kuz'min, 1971).

Introduce a new
unknown function

0=

ay
Podp
xk(r,(p):2T[J # L[loqu(po,cp), k=1 2..n. (3.1.77)

Inversion of (77) gives

400 ®) = 20 dJ xdx (X0,

lepo s | 7o 2 Dk (3.1.78)

Substitution of (77) and (78) in (26) yields, after the change of the order of
integration

noa D X
Xi(r, (p)+— J EJL J T (r, pOl\/po pOZL%Iki(r)%i(x’(@ dx
LE,,J'E&J B o (P0) (3179

The interna integral with respect to p, in (79) can be evaluated and expressed
in terms of elementary function for each particular harmonic.

For example, in
the case of axial symmetry one gets from (79)

a;

Xko(r)"'l Z J Qx+r)12+h +(X—r)12+hii %m(x) dx

i=1,izk

_d J E/rkg(_p[)ﬁ;g . (3.1.80)

The set of equations (80) corresponds to the one derived in (Kuz'min, 1971).
Here, X and vy are the zero harmonics of the functions X, and v, respectively.

In general, for the m-th harmonic the following integra equation can be obtained
from (79)
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"v_(p)p""dp
X, (r)+—z h J H, ()X (x) dx= %;J k(mrz—w

i=1,izk

for k=0,1,...,n

The kernel Hikm can be expressed in elementary functions:

( ¥ 03 12 gft
(T X) = DkD %lz 1)2 ZF(k) o000 12 o H((1-1) ()

X+ 15-2r?) ak‘lgl U@ 1 B
15(15-13)  at** ot DDM’;‘D

form>1.

where |, and |, are understood as I;,(r,x,h ), and

13(rx.h )
EE)

1+

u(r) —Vi

Here are explicit expressions of the kernel for the first six harmonics

Hi I‘,X == - T !
k1(rX) ZEF—X)Z"’hiIZ( (r+x)2+hi|2(D (|§‘|%)2
10 1 1 1 . (r+x2+hi [
H. == + —5.2In
ik2(TX) 2[fr —x)2+hi (r+x?+hi 2rx  (r-x)?+hi0
_ a1 Lt
(13-192 24l =1y
1] 1 1 3
H == +—
k) o T g (X X

_3(r2+x2+ hi|2<)l (r+x)%+hi ]
Ar?x? (r-x)2+hz 0O

(3.1.81)

(3.1.82)

(3.1.83)
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2 (2

2,1, +.9 _3(15+19) 1o+
=77 _ (2o 22 T 1
(219 Ll aif 1=

Hoo(rX) = 12412 +15(|§+|’f)_3(5|g+6|’f|§+5|;1)IP|2+|1
ik,a\!l (lg—@)z 8|%|§ 16'%'3 |2_|11

10515401315 - 341115 - 401515+ 10513
Hiks5(r,X) = 121312 12)2
48 1 2( 2 1)

C5(I3+ 1)@ +21515+ 719 | 1+,
321413 1=l

_(15+13)(31515 - 420115 + 3381713 — 4201815 + 3151%)
1281715(15-12)2

Hiks(r,X)

_15(2115+ 28315+ 301115 + 281515 + 2119 |r'2+'1
2561313 1,=1y

(3.1.84)

We recall once again that in this section, unlike elsewhere in the book, the
abbreviations |, and |, denote I(r,X, hik) and 1,(r,X, hik) respectively. The kernels

defined by (82) contain no singularities therefore the regular methods of solution
of Fredholm integral equations are applicable here. Formulae (81)-(84) seem not
to have been reported in literature before.

3.2. Potential of arbitrarily located disks

The electrostatic field of several non-paralel circular disks is considered. A
set of governing integral equations is derived by a new method. It is shown
that some integral characteristics can be found without solving the integra
equations. The upper and the lower bounds for the total charge are found from
a set of linear agebraic equations whose coefficients are defined by simple
geometric characteristics of the system. Example considered shows sufficient
sharpness of the estimations.

There are just a few papers where the problem of two coplanar disks is
considered; among them we know of only one (Kobayashi 1939) where some
numerical results of sufficient accuracy are given. A solution to the problem of
two non-parallel disks, whose centers are located in one plane orthogona to the
planes of both disks, can be found in Ufliand (1977). It was solved by the
Mehler-Fok transform with consequent use of the small parameter method. To
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the best of our knowledge there are no publications considering the electrostatic
problem of two or more arbitrarily located disks, mainly due to the fact that
existing methods are not capable of solving these problems.

We consider a system of n charged arbitrarily located circular disks. Let
a; be the radius of the i-th disk, and S be its surface. We can single out,

without loss of generality, disk number one and place the origin of the set of
cylindrical coordinates (p,@,z) a its center so that the Oz axis is orthogona to
the disk’'s plane. Let the position vector r, indicate the center of the i-th disk,

and the unit vector n,, orthogonal to the disk’s plane, indicate its orientation.

The problem is to find the electrostatic potential due to the system of charged
disks, i.e. to find a harmonic function V(p,9,z), satisfying the following boundary
conditions:

V(p,9,2)=v(p,p2) for (pp20S; 1=1.2,..,n. (3.2.1)
The potential can be represented by a simple layer distribution as follows
V=Y Si4s (3.2.2)
R IS 2.
i=1 Si

Here g, are the as yet unknown charge densities, and R, stands for the distance
between a point of integration inside S, and an arbitrary point in space.

Now make use of the following integral representation for the reciprocal
distance (see (1.2.19))

[
i@ = _(n—
50 @ cp.%ix

1 =2 i : (3.2.3)

Vp?+pf - 2ppicos(o-@)+Z | VpP-x2Vp?-gi(X)

where
z 0
gi(x) =x? %1 +FX2D (3.2.4)
Mk ) =—A =K (3:25)
1+ k* -2k cosy’ -

and

¢/(0) =3t [(p+p)?+ 212~ [(p-p)?+ 212} (3:26)

An obvious simplification of (3) is valid when z =0, namely
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i sz
min(p,pi) A -

1 _2

— —== = (3.2.7)
Vp®+pi - 2pp;cos(@- @) VPP pr N

Substituting the boundary conditions (1) for the first disk into (2) and using (3)
and (7) yields the following integra equation

p a

dx rdr D<2
4J \/pZ_XZJ 2 @r%l(r (p)

2 @) )\ (p (p%i -

Z[ J [a; dS; = vy(p, 9). (3.2.8)
= s Vp.-xvp -9l

Let us apply the operator

20d
B@yj A0

to both sides of (8). The result of application of the operator above is

a

rdr [y AL (y)/ypi, @ @ dei(y) _
2T[J \/ L 1(r (P) + % js[ \/m dy d; dSl

y

_ 0d
—L@wa —P—P—v 9P/ (0)vy(0, ). (329

Here the following rule for the interchange of the order of integration was used

y ci(p) ci(y) y

JdpJ dx:J de dp. (3.2.10)
i(X)

One can easily notice that each function g(x) is inverse to the relevant function
c(p). The next operator to apply is
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and _ydy 00
t dtJ We- 0

with the result

1 ([ Zmd[ _ydy N (y)/(yp) 0-¢) dc )
it "ZZU Ot dtJ W= VpP-cAy) aq dS

a

__lz8d J ydy [L0Od J _P_P_L(p)vl(p ®). (32.11)

™ todt| 22 [y2Ldy

Integration with respect to y can be performed in (11) (see (1.3.32)) to give
1
ut9=-1 Z J J K, (0.0.0,0,2) 6, 05 +5M,,(t0), (3212
i=2 Si

where the kernel can be expressed in elementary functions

I Iﬁll 1 E1|

_ 1zl Ty S
K, (40P, ¢.7)= R? E{l RO

¢ =vaj-t* vai-ci(a,)a,,
1i 1. 1

R =[t*+pi—2tp, cos(¢p—@) +Z]"7,
and

M(t, ) = Jtlg'tj %%E@J AL om0 (3213)

Similar equations can be derived for the other disks thus forming a set of
integral equations to be solved. One has to remember that each such equation is
valid in the local set of coordinates related to the particular disk. It is aso
important to notice that during the derivation we only used the assumption that
S, was a circular disk, equation (12) would remain unchanged if S (i>1) were

arbitrary surfaces. It is possible to prove (see section 3.1) that the set of
equations (12) can be solved by successive iterations but the most interesting
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feature of these equations is the ability to obtain the estimation for some integral
characteristics without solving the equations. For example, the estimation of the
total charge can be made in the following manner. Multiplying both sides of
(11) by tdtde and integrating over the surface of the first disk, one gets

2n
ZH ﬁ( 1)% is H vi(p.9) pdpdo 3214

i=2 S \/a p

Introducing a new quantity b,(p) as

b,(p) =3{[(p + P+ 212 +[(p-p)2+ 21"} (3:215)

with an obvious property c;(p)b;(p)=pp;, expression (14) can be rewritten in the
form

+${ZH m)( )Eh ds = JJ Vi(P.9) pdp de (3.2.16)

2 2
=2 °g \/al -p

Evoking the mean value theorem which is valid when q; does not change
sign, expression (14) can be evaluated as follows

ZQ snl@lﬂs (3.2.17)

where Q, stands for the total charge on the i-th disk, and

2n a;
_1[ [ vi(p.9)pdpdo
B, = TIZJ J — (3.2.18)
b, =5{[(a,+p, )2+ 2012+ [(a, = p )2+ 2117, (32.19)

The physica meaning of bi1 is quite obvious: it represents a half of the sum of
distances from a point insde S to the closest and the farthermost points of the
first disk’s edge.

Equation similar to (17) can be derived for the other disks, and the
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following set of linear agebraic equations with respect to the total charges Q,
can be written

2
Q+2> Qsin(agb) =By, for k=123, .. (3.2.20)
2k
where
VALF-W
g L[ [ LDEB (3.2.21)
2 o
b, :%{ [(ax+p, )" +2zid " +[(ax =P, )" +2id " (3.2.22)

Of course, the exact values of P, and z are not known but the fact that
(pik, Zik)DS. alows us to obtain the upper and the lower bounds for the total

charges by solving the set (20) for the extreme points. It will be shown later
that this estimation is sufficiently sharp and can be used for verification of the
accuracy of various approximate solutions. Notice also that in the case
Vi (P, ®) =V, =const.,

- 2
MVi(P.®) =VilVac—p? By=2viay (3.2.23)

Since bkk:ak, the set of equations (20) can be rewritten in a uniform manner

25 Qsin(a/b,) =By, for k=123 ..n. (3224

i=1

The possibility to assess the integral characteristics in such a simple manner

is not limited to the quantity of total charge. One can multiply (11) by t™dtde
and integrate over the surface S,. The result can always be expressed in

elementary functions. For example, in the case m=2, the result of integration is

2n a,

J J aotader 3 | | Hofra i) -a

i=2 Si
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bi(a,) [\/biz(al) —aj+ |Z;[]

+z| In—7r= —
A ey — 2tz |+ VP 2

2n a

JH@S

Here, one can again evoke the mean value theorem and get the upper and the
lower bounds for the quantities of interest.

—cosh’ 1@1%1(@ @ pdp de.

Example 1. The simplest example to consider is the case of two disks of
radi R, and R, lying in two planes intersecting at an angle a and whose
centers are lying in one plane orthogonal to the line of intersection at the
distances d;, and d, from the line. Let the disks be conductors charged to the
potentials V, and V, respectively. The tota charges Q, and Q, are to be
determined. The set of equations to be solved has the form

Q1+$[Q25|n 151 B_ 2V1a1

2
;[lenlgzg Q=2V,2,. (3.2.25)

Here

=3 {1(d;+ %)+ (dy ~ Ry~ 2(d, +x)(d, ~ Ry) cosa] 2

+[(d, +X)%+ (d; + Ry)? - 2(d, +x)(d, + R;) cosa] ¥4},

=2{1(dy +y)?+ (d, =Ry~ 2(d; +Y)(d, ~ R;) cosa]

21
+[(d; +y)?+(d, + R,)? = 2(d, +y)(d, + R,) cosa] ¥4}, (3.2.26)

where —-R,<x<R,, and -R;,<y<R,. The extreme points give the upper and the
lower bounds for the total charges. It is logica to consider the centrad
estimation corresponding to x=y=0. Calculations show that in some cases the
central estimation is very close to the exact result.

The problem of two non-parallel disks was considered in (Rukhovets and
Ufliand, 1971) using the Mehler-Fok transform. The following result was
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obtained for the total charge Q, in the assumption that

n/sin(@/2) <1 and py/sin(@/2) <1; p,=R/d;, p,=Ry/d,

2
_2 _ Mo Malp Ha M2
Q7R %1 Vergna2) Vi sz 2@ sr(al2)

Ui p,[2 +3sin’(a/2)] N p3[2-9sin*(a/2)]
2 24msin(a/2) 2 24nsin’(a/2) O

(3.2.27)

It is of interest to compare the results given by (25-26) with those by Rukhovets
and Ufliand (27). Calculations were performed for the case R,=R,=1, V,=V,=1,

a=14, d,=d,=l. The value of Q =mQ,/2 versus | is presented in Table 3.2.1.

Table 3.2.1. Comparison of our results with Rukhovets and Ufliand's

I Upper bound | Lower bound Central Rukhovets Numerical
for Q for Q estimation result solution
0.1 0.6521719 0.5000000 0.5114988 - -
0.5 0.6858624 0.5000000 0.5612540 - -
0.7 0.7013298 0.5000000 0.5871789 1.699512 -
1.0 0.7228720 0.5000000 0.6252061 1.023282 0.64925
15 0.7545003 0.6352847 0.6817026 0.8013288 0.70034
20 0.7811831 0.6964245 0.7271795 0.7774743 0.74027
3.0 0.8223547 0.7723489 0.7909440 0.8056570 0.79734
5.0 0.8731642 0.8500498 0.8595063 0.8626233 0.86149
7.0 0.9021068 0.8889649 0.8946465 0.8957692 0.89547
10.0 0.9273461 0.9203712 0.9235224 0.9239035 0.92383
15.0 0.9493124 0.9460188 0.9475592 0.9476710 0.94766

The numerical results were obtained by the method of iteration, with the accuracy
0.0001. As we can see, formula (27) gives good results for 1>2.5, the results
sharply deviate from the admissible zone for 1<2. The central estimation gives
reasonably good accuracy in the whole range O<l<co,

The new approach allows a very simple treatment of complicated problems.
The method is not limited to circular disks, it can be modified for other
surfaces, for example, a system of arbitrarily located spherical caps can be treated
in a similar manner.

Example 2. Consider the case of n+l1 disks with their centers located at
the plane z=0. The plane of the first disk is horizontal, its center being placed
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a the coordinates system origin, and its radius being a,  This disk will be

called central. The centers of the remaning n equal disks are located at the
apices of a regular polygon, their planes being orthogonal to the line connecting
the coordinates origin with the apex, the length of this line being |. Let the
central disk be charged to a potential V,, and the rest being kept at a potential

V,, and their radius being a,. We need to write the set of approximate linear
algebraic equations for the total charges on the disks.

Due to the symmetry of the system, the problem of finding the total
charge at each disk can be reduced to a set of just two linear algebraic
equations

2,0 griBell 2
Q0+T[ansm EDOD_TT OaO’

2 [P [, [P DD_Z

F[QosmlmlD %1 Zs'”l . Viay,
where, from elementary geometrical considerations,

by =310 + 8 + X1+ [(1 -+,

b, =[(1 -y)?+a ™

bi = %[\/Xizl +ya + VX3 + Y,

X —2h anﬂkﬂkﬂ +(h- al)sm@—zg h =1 tan(1v/n),
—ZhZcosE‘ET[kD +(h- al)coszﬂ—2 +h+X,

X —2h ZsmE‘ET[kD (h+a1)smzﬂ—ZD

Y, —2h ZcosE‘lmkD +(h+a,) coszﬂ—2 +h +X,
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for 1=2,3,..,n; where -a;<x<a; and -a,<y<a,. The central estimation
corresponds to the case x=y=0. Note that the accuracy of the central estimation
improves, as the ratio I/a, and l/a; increases, tending to the exact results when

this ratio tends to infinity.

3.3. Capacity of flat laminae

A new method is proposed for the evaluation of the capacity of flat
laminae of arbitrary shape.  Specific approximate formulae are derived for
evaluating the capacity of a polygon, a triangle, a rectangle, a rhombus, a
circular sector and a circular segment. All the formulae are checked against the
solutions known in the literature, and a good accuracy is confirmed.

Capacity is one of the most important electrostatic characteristics. Of all
two-dimensional shapes, the exact formulae are known at the moment for a circle
and for an €dlipse only. There seems to be only one approximate formula for
the capacity of a rectangle Howe (1920) which is not very good for the aspect
ratios close to unity but gives better results for the rectangles with high aspect
ratio. A universal formula was suggested by Solomon (1964a), who considered a
mathematically equivalent contact problem of a flaa punch on an elastic
half-space. It is exact for a circle and reasonably accurate for a regular polygon
but it fails even in the case of an ellipse of high eccentricity. A new method
is suggested here giving simple yet accurate formulae for the capacity of flat
laminae of arbitrary shape.

Consider a flat conducting lamina S whose boundary is given in the polar
coordinates as

p=a(y). (3.3.1)

The lamina is charged to a potentiad v. The governing integral equation takes
the form

J J %(%% V(N). (33.2)
S

Here o is the charge density distribution, R is the distance between two points.
By using (1.3.9), equation (2) can be written as

P 2 a(@)

d
4J X ZJ d%J 2 p°2 m,p,cp %%f(po,%) v(P.9)- (333)

Vp?—x Vp5 -
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It is also noteworthy that the change of the order of integration which led to
(3) is valid inside the circle psmina(g) only. Nevertheless, one can obtain from
(3) exact solution for an ellipse and sufficiently accurate formulae for the
capacity of flat laminae of arbitrary shape.

In the case of a conducting disk, the potentia v is constant, and the
capacity is defined as the ratio of the total charge Q and v. Let the charge
density distribution be

g=—-sa@ (3.3.4)
va*(@) - p°

where ¢ is a constant which can be easily defined from the condition that the
integral of o over S should give the total charge Q.

2n a(p) 2n
do %a_SPLZ pdp=c | a*) dp=2Ac=Q, (3.3.5)
vai(@) -p

where A is the area of S. It is noteworthy that the total charge does not
depend on the location of the coordinate system origin. This location can be
defined from the condition that the dipole moment of the charge distribution (4)
about the origin be zero which leads to two equations

21 21

J a’(g) cospdp=0, J a’(g) sinpdp=0. (3.3.6)

The left hand sides of both equations are proportional to the x and y coordinates
of the center of gravity which means that the origin of the system of polar
coordinates should be located at the center of gravity of the lamina S. One
gets immediately from (5) that

_Qal@ (33.7)
2AVa?(g) - p?

For the case of a perfectly conducting lamina v=0=const. Now substituting (7)
in (3), we can verify how close to a constant will be the potential produced by
the charge distribution (7). Integration with respect to p, gives
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2n

D{d}"' _xdx e ]_| 1 X
v(p, @) = ZJ B0 TPt J a0y F% 1 1 2(%)%1%.
(33.8)

Here F stands for the Gauss hypergeometric function. Further evaluation of the
potential can be done separately for each harmonic. The zeroth harmonic has
the form

21

0—%;‘J a(g) do. (3.3.9)

It is important to note that the second harmonic is equal zero for an arbitrary
contour, and that al the odd harmonics will be zero if the expression for a(®)
does not contain odd harmonics. Here is the expression for the fourth harmonic

T _4i(o-q0)
_Qs8 e dgy,
V,=5 ASSPJ @ (3.3.10)

The investigation of further harmonics shows that their amplitude decreases.

Now consider in more detail the case of a sguare with the side 2I. The
equation of the boundary in this case is a(@)=I/cosp for -T/4<@<1v4, and the
pattern is repeated outside this range. We can evauate severa non-zero
harmonics:

Q4n| INL+v2),  v,=- 320°0054¢

2A  105/%2
__Q &4 Mp0i, 120p0, 2001 0
v8 2A3465pC058(pD]D 13ﬂD BO0O0 (3.3.11)

If we assume that the potential &=v, then the remaining harmonics may be called

the solution error. Direct computations show that the error is less than 3%
inside the circle p<l. The error is reasonably small outside the circle reaching
20% at the apex, and decreasing very rapidly with the distance from the apex.
Taking into consideration that the error sign fluctuation will result in even
smaller error in the total charge value, we may assume (9) being the relationship
between the potential value and the total charge which can be rewritten in the
form
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- Q
5 - (3.3.12)

where A is the area of the lamina, and g is a dimensionless coefficient
depending on the lamina geometry only

>|

_2V
g__r[zr ’

(3.3.13)

Q

where r_can be caled average radius with respect to the center of gravity

21

ra:%T J a(@) do. (3.3.14)

One can easily deduce that our coefficient g is related to the capacity C of a
flat lamina by

<

. 3.3.15
TA (3315

g:

The problem now is to find the value of g for various shapes. One can easily
compute the coefficient g for the sguare from the first equation (11) as

1

g nin(1+v2) 03611

which is very close to the value 0.3607 given by Maxwell for the capacitance of
the square. Of course, closeness to the result by Maxwell does not mean that
our result is so accurate. The value of g which seems to be accurate was
obtained by Noble (1960), and is 0.367, so that our result is in error by 1.6%
which is not bad. Now it seems logical to assume that formulae (12-14) are
valid for an arbitrary lamina, and we shall verify how good they really are for
each specific case in the next Section.

We have found in the literature only one general formula of the type (12)
suggested by Solomon (1964a). His result expressed through the coefficient g
reads

_ 29/8 | 168

g= i AT (3.3.16)
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where 1, stands for the polar moment of inertian One can easily verify that

formula (16) is exact for a circle, so one should expect it to be sufficiently
accurate for domains with the aspect ratio not far away from unity, but the error
might be quite significant for oblong domains. For example, in the case of an
ellipse with semi-axes a and b formula (16) gives

27/8 bﬁ/S
9= 0?2 m all -

Our formulae (12-14) in the case of an €ellipse are exact. Several specific
applications are considered below.

Polygon. Consider a polygon with n sides, with the only limitation that
the function a describing its boundary be continuous and singlevalued. The
origin of the coordinate system is located at the center of gravity, as before.
Let us number the polygon sides in a counter-clockwise direction from 1 to n,
a, being the length of the k-th side. The apex, a which the sides a, and a_,

are intersecting, is numbered k+1. It is clear that the value of index equal n+1
is understood as 1. Denote b, the distance from the center of gravity to the

k-th apex. Let A, be the area of the triangle formed by a, b, and b , the

total area A of the polygon being equal to the sum of A,. Then formulae (13)
and (14) yield the following expression for the coefficient g

2/A

3.3.17
b e (3317)

Ak
T[Z In—bk+b vy

In the case of a regular polygon formula (17) simplify to

4vtan(vn)

9 | Lt sn(wn) -
1 - sin(i/n)

(3.3.18)

Consider severa particular values of n. For an equilateral triangle (n=3) formula
(18) gives g = 0.3673. The value of g, which seems to be accurate, can be
computed from (Solomon, 1964b), and is equal 0.3829, so that our result is in
error by 4.1%. As we have seen earlier, the error of (18) for a sguare is
1.6%. Since formula (18) in the limiting case n—o gives the exact result for a
circle g = 2/m®?= 35917, we should expect that the error of (18) will decrease
with n. For a regular pentagon g = 0.3599. We did not find in the literature
anything to compare with this result. It seems quite clear that the maximum
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possible error indeed decreases with n. It is noteworthy that the value of g
does not change significantly in the whole range 3<n<co.

Triangle. In the case of a triangle with the sides a,, a, and a; formula
(27) simplifies as follows:

b,+bs+a, b3+b1+asml

__6 [ 1

1
=S 4=
wAlR by+b,-a; a,

Ih—— —+%

(3.3.19)
The parameters in (19) can be defined by the well known formulae from
geometry:

A=[p(p-a)(p-a)(p-a)]"*, p=(a +a,+ay)/2,

1 1
b, = 3 [2(a+ 332) -a,°] v b, = 3 [2(a)+a,%) - a32 1¥2,

1
b;= 3 [2(a+a,%) —a,]"%

We are unaware of any report treating a triangle of general type but certain
particular cases have been considered, so we can compare the results. When
a,=a,=l, and the angle between these two sides is equa a, formula for the

coefficient g can be rewritten in the form

_§ - . a gy—d a Ty [t
g—T[\/tan(O(IZ) Elzgn(z)ln(cot 7 cot 4)+Intan(4+2) 0

(3.3.20)
where y=tan™(3tan(a/2)).

In the case of a=12, Okon and Harrington (1970) obtained g=0.3867 as
the most probable result. Our result is g=0.374 which is within 3.3% from the
numerical one.

Rectangle. Consider a rectangular lamina, a and b being its semiaxes.
Introduce the aspect ratio e=a/b. Formula (17) in this case reduces to

_ 2
9= (Ve sSinh(1/e) + (IVe) sin’e]

(3.3.21)

Howe (1920) suggested an approximate formula for the capacitance of a rectangle
which in terms of the coefficient g reads
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1

g= (3.3.22
Ol ie, 1 (€2+1)%70)
2Ve Esnhls+snh1(g)+§+3—sz—%m
The result due to Solomon (16) in this case takes the form
(9/8) g
2 e 10 (3.3.23)

g:T[UJSDJ__Z 12¢[]

We have found in the literature some numerical results which seem to be more
or less accurate.  Noble (1960) investigated a problem of electric charge
distribution on a rectangular lamina, and Borodachev and Gain (1974) have
considered an equivalent problem of a narrow rectangular punch on an elastic
half-space. Their data, expressed in terms of the coefficient g, is presented
below and compared with our result (21) and those due to Howe (22) and
Solomon (23). The following relationship was used between Borodachev-Galin's

coefficient y and our g: y=1/2mgve.

€ = 0.020 0.050 0100 0.125 0150 0.200 0.250 0.500 1.000
Borodachev
and Gdin 0.7375 0.5661 0.4819 - 0.4458 0.4259 - - -
Noble - - - 0.4543 - - 0.4047 0.3762 0.3670
Formula (21) 0.8031 0.6072 0.5037 0.4771 0.4576 0.4306 0.4128 0.3742 0.3612
Howe (22) 0.6916 0.5317 0.4481 0.4268 0.4112 0.3899 0.3759 0.3462 0.3363
Solomon (23) 0.5402 0.4819 0.4423 0.4304 0.4211 0.4071 0.3969 0.3715 0.3613
Discrepancy %
Formula (21) -8.9 -7.3 -4.5 -5.0 -2.6 -11 -2.0 0.5 16
Howe (22) 6.2 6.1 7.0 6.1 7.8 85 7.1 8.0 8.4
Solomon (23) 267 149 8.2 5.3 55 4.4 19 13 16

Several useful conclusions can be drawn from the data presented. It seems
logicd to assume that the error of an approximate formula should change
monotonously (or to have only one extremum) with respect to a certain
parameter. The fact that the discrepancy due to each formula jumps when
moving from the data due to Noble to those by Borodachev and Galin, indicates
that the results of at least one author are not exact. Our own computations
favor the results of Noble Here are some of our numerical results: €=0.5,
0=0.3763; €=1/8, g=0.4543; €=0.1, g=04752; €=1/15, g=0.5200; &=1/30,
0=0.6207; €=1/40, g=0.6729; €=1/50, g=0.7192. Our formula seems to perform
better then the other two in a sufficiently wide range of the aspect ratio. As it
was expected formula due to Solomon performs well when the aspect ratio is not
far away from unity only. There seems to be little change in the error of
Howe's formula (22). If this is really so, then its accuracy can be improved
dramatically just by multiplication by a constant factor, say, 1.07.
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Rhombus. Let a be the angle at one of the rhombus apexes. Formula
(17) in this case yields

2
g= . :
= ..cos(0/2) +sin(a/2) + 1
msinaIn e a2 ¥ sn(a/2) =1

(3.3.24)

The same formula in terms of the rhombus semiaxes a and b and the aspect
ratio € = a/b has the form

V2(g + (1/g))
n1+s+x/1+82'
1+g—V1+¢€?

(3.3.25)
Ttl

The capacity of a diamond was computed by Okon and Harrington (1970).
Their result, expressed in terms of the coefficient g, for a diamond with the
aspect ratio azb = 0.7:1.65 is g = 03855 Formula (25) gives g = 0.3744
which is within 3% from the result of Okon and Harrington. They aso
considered a rhombus with the aspect ratio 1:2. Their result g = 0.3705
practically coincides with ours g = 0.3698. Slightly different numerical results
are given by De Smedt (1979). We compare his data expressed in terms of the
coefficient g with those computed due to (25)

&= 0100 0.200 0.333 0500 0.750 1.000

De Smedt (1979) 0521 0442 0402 0381 0.369 0.366
Formula (25) 0462 0409 0383 0370 0.363 0.361
Discrepancy % 114 7.6 4.8 28 16 13

Our formula (25) seems to perform quite satisfactory in a wide range of the
aspect ratio e.

Circular segment. Let the radius r and the angle 2o be the segment
parameters. The location of its center of gravity is defined by xC:kr, where

2sin’a
ks ——F—. (3.3.26)
3(a _ESi n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@) =r [-kcos@p+V1-k’sin‘p, for O<@<TI-y Or TI+y<Q<2T

k — cosa

a((p) =r m, for TI—YSQ<TIt+Y. (3327)
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Substitution of (27) into (13)—(14) yields

- 2Va —sina cosa
9= T{2E(K) — E(y,K) — ksiny + (K — cosal Intan[(T0+ 2y)/4]} (3.3.28)

where y = tan[sina/(k — cosa)]. We have found only one numerica example
to verify the accuracy of (28): Okon and Harrington (1970) have computed the
capacity of a semicircle.  Their result expressed through the coefficient g is
0.3724. Formula (28) gives 0.3714 with the discrepancy of 0.3%.

Lune. Two equa circular segments of radius r and angle 2a joined aong
their chords give us a lamina of lune shape. The capacity of such lamina was
considered by Lebedev et. al.(1986). They have obtained an asymptotic formula
for narrow lune which reads

____2sna % 2, T[2D+ 130[] 3[E-O
_—— —_ =" —— e o IR L Y N SO 32
J L vV2a -sin2a L L?T 2400 3 65 [12[] (3.3.29)
Here
| = TK(cosa)

~ K(sina) '

and K() stands for the complete elliptic integral of the first kind. Our method
yields

___V2a-sin2a
9= T{E(cosa) — cosa]’ (3.3.30)

Here E() denotes a complete elliptic integral of the second kind. It is of
interest to compare formulae (29) and (30) with an accurate numerical solution
obtained by the method described in section 7.3. The results are given below

o (degrees) 5 7 10 15 20 30 45 60
g (29 0.6277 0.5753 0.5300 0.4923 0.4763 0.4795 0.5624 0.8287
g (30) 0.5749 0.5265 0.4831 0.4426 0.4191 0.3927 0.3737 0.3647
g numerical 0.6283 0.5656 0.5135 0.4631 0.4340 0.4044 0.3784 0.3662
error of (30) (%) 8.5 6.9 5.9 44 34 29 12 04

Our formula (30) is sufficiently accurate for a>15 degrees. Lebedev’'s
formula (29) is good only for very small a<15 degrees (although the authors
clam it to be sufficiently accurate up to a=30 degrees). It deviates from
reasonable behavior for a>20 degrees (g increases instead of decreasing). In
view of these properties of (29), we can suggest a much more simple asymptotic
formula, namely,
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% L2 _ T
2Va In(4/0() In(4/0() In?(4/a) (T 2401

9= (3.3.31)

Besides being more simple than (29) formula (31) is aso more accurate. Some
numerical results for a ’shamrock’-shaped lamina can be found in section 7.3
where a mathematically equivalent contact problem is considered.

Circular sector. Repetition of the procedure, described earlier, leads to the
following result for a circular sector with the angle 2a:
B 2V
9= T{ E(y,K) —ksiny+ksina In[cot(a/2) cot((y—a)/2)]}

(3.3.32)

Here, k=2sina/(3a), and y=tan’(sina/(cosa—k)). Okon and Harrington (1970) in
the case of a quadrant obtained g=0.3668. Formula (32) for a=1U/4 gives
0=0.3639, with the discrepancy of 0.8%.

One can enquire whether there exists any contour, other than an ellipse, for
which expression of the type (7) would be an exact solution to the integral
equation (29). Expression (8) can provide the sufficient conditions:

21

J m((p(po)F% _Inj 1 Ly X 2?;)%% (33.33)

should be equal zero for nz0. Integra (33) will vanish for al odd n if a(®)
contains even harmonics only. In the case of even n, the hypergeometric
function in (33) represents a finite polynomial in x/a(@) of degree not greater
than n-2 which means that integral (33) vanishes if [a(®)]” contains harmonics
not higher than the second, which corresponds to an ellipse. The question
whether these conditions will be necessary requires an additional investigation.

Solomon’s formula (16) can be considered as a particular case of a more
general one, namely

21 21

_2m mo 2" 0L
9=—= Dsz (ato)"do =" EE J (a@)'do"" (3332)

for m=2 and n=4. One may ask now whether this choice of the parameters m
and n is in any sense optima. Direct computations show that this is not the
case. Different shapes require different values for m and n. Formulae of type
(34) are of empirica type, and have very little physical background.
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3.4. Magnetic polarizability of small apertures

Analysis of magnetic polarizability of small apertures of arbitrary shape is
presented here. A general formula is derived for the coefficients of magnetic
polarizability of small apertures. Specific formulae are obtained for the apertures
of various shape. All the formulae are checked against the solutions known in
the literature, and their accuracy is confirmed. The material follows (Fabrikant,
1987b).

Many years ago Bethe (1944) reduced the problem of diffraction by small
apertures to an evauation of the coefficient of electric polarizability and the
tensor of magnetic polarizability. At the moment, closed-form expressions for
these quantities are known for an elliptic aperture in a planar screen only. All
non-elliptic shapes have been treated either experimentally (Cohn 1951) or
numerically (Okon and Harrington 1981, de Smedt 1979, De Meulenagre and Van
Bladel 1977), the variational approach was used by Fikhmanas and Fridberg
(1973). Ther results will be used for verification of the accuracy of the
formulae to be derived here.

It is well known (Bethe, 1944) that the problem of diffraction by smal
apertures can be reduced to the solution of the following integral equation

vWMz[jiﬁ%%%dS (34.1)
S

where S is a two-dimensional domain of the aperture, R(M,N) stands for the
distance between the points M and N, w is a known function, and o stands for
the charge density (unknown function), Let the boundary of the aperture S in a
planar screen be given in the polar coordinates as

p=a(q),

where the function a(¢) is bounded and single-valued. We use again the integral
representation for the reciprocal distance established in Chapter 1

min(po,p) X2
B N, 9-gy) dx

> 1 =2 E&—7r—’ (3.4.2)
Vp®+ o = 2pPocos(@-q) T Vp? = x*Vpp— X°
where
k) = ——1K (343)
1+ k2 - 2k cosys

Substitution of (2) into (1) gives, after changing the order of integration
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P 2n a() )\(X_Z, o)
2 dx PPo
w(p, ©) =T ([32——)(2)1/2 d(pOJ W 0(Pg @) PP, (3.4.9)

It is noteworthy that the change of the order of integration which led to (4) is
valid inside the circle p<min{a(g)} only. Nevertheless, one can obtain from (4)
the exact solution for an ellipse and sufficiently accurate formulae for various
specific apertures as it will be demonstrated further.

For the case of magnetic polarizability, it is sufficient to consider equation
(1), with the function w taking the form
w=a,y-a,X, (3.4.5)

where a, and o, are constants. It is quite clear that in the case of a uniaxia
excitation one of these constants can be put equa zero.

Let the charge distribution at the aperture be

o(p, ¢ =2 [p ;5(1:;)0 j;]?ff ne) (3.4.6)

where p, and p, are yet unknown constants. The main reason for this choice is

the requirement that (6) be exact for an ellipse. Make use of the condition that
the integral of o over S should be equal zero. Since p, and p, ae

independent, this leads to two equations

21 21

J (a())*cospdep=0, J (a())singdp=0. (3.4.7)

One can note that the left-hand side of each equation (7) is proportional to the
x or y coordinates of the center of gravity. This means that the origin of the
system of coordinates should be located at the center of gravity of the aperture.
The axis orientation will be discussed later.

The relationships between the dipole moments and the parameters p, and p,
can be established from the conditions

MX:J J oydS, My:—[ J oxdS,
S S



Magnetic polarizability of small apertures 165

which leads to
szg(pllxy-'-pzlx)’ My:-g(plly-'-pZIxy)! (348)

where 1,, I, and I, are the well known quantities of the moments of inertia

and the product of inertia respectively.

|X:J j y2ds, |y=J j X2dS, IW:J j xy dS

S S S

Now it is necessary to relate p; and p, to the parameters a, and a,. This can
be done by substitution of (6) into (4) which yields after integration with respect
to Py

21

w(p, @) = ZJ g%ﬂ(px di()uzj e

[B- | |1, X :
xF ] 1 11 az(%)%plcoapo +P,SiNg,) dg,. (3.4.9

Here F stands for the Gauss hypergeometric function. Further evaluation of the
function w can be done separately for each harmonic. Note that the zeroth and
al the even harmonics of w will be zero if a(@) contains only the even
harmonics. The first harmonic will take the form

21

(o, ) :ng COS(O~ Gb) (P1COSRy + P,SINGh) a(@) U,

which can be smplified as
Wi(, @) =5 P [(P1dy +Pyd,y) COSP+ (P1dy +P,J,) SinG]. (34.10)

Here the following quantities were introduced
2n 2n 2n
JX=J a(q) sin“pdo, Jy=J a(@) cos’pdo, JW:J a(q) sinpcospde.

(3.4.11)
These quantities do not seem to have been used before in engineering practice so
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they do not have an accepted name. Since their tensor properties are similar to
those of the moments of inertia, we shal cal J, and J, the linear moments of

a two-dimensional domain about the axes Ox and Oy respectively, J, will be
caled the linear product of a two-dimensional domain about the axes Ox and Oy

It is important to note that the third harmonic is egqual zero for an
arbitrary contour. Here is the expression for the fifth harmonic

21

cos5(¢p— .
w,(p,9) =22 J e (pucost, +p.sing) oy

which can be modified as
_64 4
W (P, @) =35 P {[(A A )P+ (A —A_)P,] Cos5p
(A A )P (A —A_)P,] Sin5g}. (3.4.12)

Here, the following geometrical characteristics of the aperture domain were
introduced

21 21
_ | cosApde A = cos6pdp
o J (a(@) ' e J (a(@)” *
21 21
A = sin4_<gdzgp’ A = sinGdezgp.
s (a(®) s (a(®)

Investigation of further harmonics shows that their amplitude decreases. Since the
amplitude of W, is significantly less than that of w,, it seems natural to assume

w=w,;, and the remaining harmonics may be called the solution error. Taking

into consideration that the error sign fluctuation will result in even smaller error
in the integral characteristics sought, a direct comparison of (5) and (10) leads to

Tt Tt
axzz(pl‘]xy+p2‘]x) ! ay:_z(pl‘]y+p2‘]xy)' (3413)
The inversion of (13) gives

J. o, +J.a J.,a, +J,.d
_2 Sy Say —2 50Ty (3.4.14)

PR T 0,-02 0 Py, maE
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Substitution of (14) in (8) finally gives the required relationship

_16 _16
Mx_ﬁ( mllax+m12ay)’ My_gn( m210X+m22(1y), (3.4.15)
where
5300 M
:JZEIZ_JZIZE’ :JXIZ_JEEIZE_
21 Jny_szy 22 Jny_szy

It is clear that all these results can be rewritten in a matrix or a tensor form.
One can verify that formulae (15) are invariant with respect to an arbitrary
rotation of the axes. The same property holds for m, +tm_ and m_-m,. Strictly

speaking, according to the reciprocal theorem, m, should be equal m,, S0 that

formulae (15) generally do not satisfy this theorem. But we may state that this
theorem is satisfied 'approximately’. We mean by this the following property
which has been verified by several direct computations, namely, |m12—m21|/m1l <1

and |m12—m21|/m22 K 1. This theorem will be satisfied exactly for any domain
which has at least one axis of symmetry because in this case m,=m_ =0

provided that the coordinate axes coincide with the central principal axes of the
domain of aperture. Since we have no numerical data for non-symmetrical
domains which could be used to verify the accuracy of (15), we shall consider
further only the case when the aperture has an axis of symmetry. In this case
formulae (8), (13) and (15) simplify significantly

8 8

M=21,p,.  M,=-%1,p, (3.4.16)

qX:gJXpZ’ qy:—;[Jy Py, (3.4.17)
_16!x _16ly

MX—ST[JXO(X : My_smyay' (3.4.18)

Now, we can rewrite the expression for the charge distribution (6) in terms
of the moments M, and M, in the form

o= a((p) EEE’VIxy MyXDD
[a%(@-p*2¥O 1, 1, D

(3.4.19)
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An expression equivaent to (19) can be written in terms of the parameters o,
and a,

o= 28.(([)) ngy_quD
maie)-p’1"? 03 I, O

(3.4.20)

Expressions (19) and (20) are exact for an ellipse. We expect them to be
reasonably accurate in the neighborhood of the coordinate origin for an arbitrary
aperture with at least one axis of symmetry, while the error might become quite
significant close to the boundary of the domain S.

Let us rewrite formulae (18) in the form

A3/2 A3/2
MXZZ—VXGX, My_z—T[VyCXy, (3421)
where A is the aperture area, and
321, 32I
v = oy =t 3.4.22
* 3A¥ Y 3A%Y, ( )

We introduced the coefficients v, and v, for two reasons. since they are

dimensionless they characterize the shape of S and do not depend on its size
both v, and v, ae equa to the corresponding coefficients of magnetic
polarizability which will smplify the comparison of our results with the numerical
data avallable. The remaining part of the section will be devoted to the
evaluation of the coefficients v, and v, for various aperture shapes.

Several specific aperture shapes are considered here. Each configuration is
related to its central principa axes and assumed to have at least one axis of
symmetry coinciding with the axis Ox.

Polygon. Consider a polygon with n sides. The function a(¢) describing
its boundary is bounded and single-valued. The origin of the coordinate system
is located at the center of gravity, as before. Let us number the polygon sides
in a counter-clockwise direction from 1 to n, a, being the length of the kth

sde. The apex, a which the sides a, and a, ae intersecting, is numbered
k+1. It is clear that the value of index equal n + 1 is understood as 1.
Denote b, the distance from the center of gravity to the kth apex; @, stands for
the angle between the axis Ox and the perpendicular to the side a,. Let A, be
the area of the triangle formed by a, b, and b , the tota area A of the

polygon being equal to the sum of A,. The following expressions can be
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obtained for the moments of inertia

n

I\= D ~M,Cos2y, +g,Sin2y, + 2h, cosy,

k=1

k=1

Ixy:Z (m—hysin2y, +g,cos2y,, (3.4.23)
k=1
where
_2A; _ obZi-bE _AJ3(b +bp) —ai]
™=z 9= Ak 2 h,= 52 . (3.4.24)

Formulae (23-24) are valid for an arbitrary polygon, not necessarily having an
axis of symmetry.

The linear moments can be computed in the form

n

Iy = Z =, COS2), + S, SN2, + 2, cos™ Yy,

k=1

Jy= Z 0)COS2Yy — S, SN2y + 24, SNy, (3.4.25)

k=1

Juy = Z(qk —ty) SN2y, + 5,082,

k=1

where
AL, 1 E 2 AN 10
==K 4 2 HaZ+ (b =b )7, S=—m -
qk aﬁmk bk+1 k ( k k+1)2] k aﬁ mk bk+1D
- Ak bk + bk+1 + ak
tk—;kmm. (3426)
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Substitution of (23-26) into (22) gives the coefficients v, and v, for an arbitrary
polygon. In the case of a regular polygon a,=a, b,=b=a/[2sin(T/n)], Y, =21k
- 1)/n, A, =[a’cot(1Vn)]/4 = [b?*sin(2r/n)]/2, A=nA,, and formulae (23-26) simplify
to

4
- —ha nl] om 1[1nb Elz 2T[D
IX—Iy——64 cotngc ot — 3D_ o sm— cos— (3.4.27)
_q -1 m, 1+sin(n) _1 1+sin(1vn)
JX—Jy—4nacot In1 Sn(vn) nbcos—ln1 Sn(vn)’ (3.4.28)

Substituting (27) and (28) in (22) leads to

16(2+c092—”)
V=V = (3.4.29)
3ci a3/ Th +sm§rdn}
9%‘ S”ﬁcoss(n)m N —sin(rvn)

Consider severa particular values of n. For an equilateral triangle (n=3) formula
(29) gives v, =v, = 3"16/[27In(2 + V3)] =0.5922. We did not find any numerical
data to compare with this result. In the case of a square n=4, and v,=v, =
4/[91n(1 +v2)] =0.5043 which is inside the interval from 0.4973 to 0.5162 given

by Okon and Harrington (1981) and within 3% from the result of de Smedt
0.5193. Since formula (29) in the limiting case n - o gives the exact result for

a circle v, =v, =8/(3r%) =0.4789, we should expect that the error of (29) will
decrease with n.  The vaue of the coefficients for a regular hexagon is v, =v, =
40\/5/(31’481In3):0.4830which differs by 1.4% from the result 0.49 due to Okon
and Harrington (1981), and it is quite clear that the maximum possible error

indeed decreases with n. It is noteworthy that the coefficients of magnetic
polarizability do not change significantly in the whole range 3<n<c.

| soscelestriangle. Inthe case of atriangle with thesidesa, =a, =1 and the angle
between them equal to a formulae (22-26) give

145 2 _ 14
=5 1"snosin’(a/2), 1 =%l sina cosX(a/2)

X

szglcos% Elsina +sin(a +y) —2siny
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.30 Zy-a a0 [,y
+2sn 2In%ot 7 COt4D+|ntanB1+2D]

_2 GD_. i . . o M gm
Jy—glcosﬁmsma sm(a+y)+25my+smacosiln%ot 7 COt4D]

with the result for the coefficients

0
v, =8(tan(/2))¥? [Bgsi no+sin(a +y) - 2siny
0

i % o 2Y=2 o a0 (3, yr=t
+23m2In%ot 7 cot4D+IntanB1+2 ,

[l
v, =8Vcot(a/2) @B—si na —sin(a +Y) + 2siny
[l

- 1
+sina cos% In%ota%a cot%% : (3.4.30)

where y=tan’}(3tan(a/2)).

The isosceles right triangle was considered by Okon and Harrington (1981)
who gave the interval between 0.9829 and 1.021 for only one coefficient which
in our notation is v,. Our result for v, is 0.9255 which differs less than 10%
from theirs. The second formula (30) gives v, =0.3995, and there is nothing in
the literature to compare with this result.

Rectangle. Consider a rectangular aperture, a, and a, being its semiaxes.
Introduce the aspect ratio €=a,/a,. Formulae (23-26) in this case reduce to

2a,a5,

| = 4
X3

— 3
J=4a,sinh’e,  J =4a,sinh™(1),

and formulae (22) yield
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483/2 48-3/2
= =— 4.31
VxT9snnte’ YT 9sinh(1e) (34.31)
The coefficients of magnetic polarizability were computed by de Smedt (1979) for
a rectangle with different aspect ratio €. Here, we present his results along with
those given by (31).

€= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000 1.0000
de Smedt v,= 0.1287 01881 02531 0.3249 04240 04436 05193
Formula (31) v,= 0.1408 0.2001 02612 0.3265 04165 04341 0.5043
de Smedt v,= 41070 20260 1.2600 0.8892 0.6426 0.6130 0.5193
Formula (31) v,= 46876 21488 12701 0.8708 0.6228 05929  0.5043
Discrepancy in v, (%) -94 -6.4 -3.2 -0.5 18 22 29

Discrepancy in v, (%) -14.1 -6.1 -0.8 21 31 33 29

Our formula (31) seems to perform satisfactorily in a sufficiently wide range of
aspect ratio. The approximate expression for the charge distribution at the
aperture, according to (19), takes the form

oo a(@) (OCMcy My X ] (3.4.32)

a8, a%(q) - p2 2P0 ar D

The results due to (32) can be compared with the numerical data received in
personal communication from de Smedt. In order to make the comparison
possible, one should put in (32) M,=0, replace M, by (21), with the result

5= EA@V,X (3.4.33)

aa,[ a(q) - ]2

Computations due to (33) were made for €=0.5 aong the axis Ox, the value v,

was taken 0.8708 (see the table above). Here are the results compared to those
communicated by de Smedt

xla,= 0.0833 0.2500 0.3333 05000 06667 0.7500 0.9167
de Smedt o= 0.1143 03501 04759 0.7523 11460 14304 28182
Formula (33) o= 0.1159 03577 04898 0.7999 12392 15709 3.1777
Discrepancy (%) -1.3 -2.2 -2.9 -6.3 -8.1 -9.8 -12.8

We can adso compare the same values aong the axis Oy. One can use a
formula similar to (33) replacing al x by y and interchanging a, and a,, the

value of v, was taken to be 0.3265.
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yla,= 0.1667 0.3333 0.5000
de Smedt o= 0.1756 0.3663 0.6011
our result o= 0.1756 0.3673 0.5998
Discrepancy (%) 0.0 -0.3 0.2

The agreement is satisfactory.

Rhombus. Let a be the angle a one of the rhombus apexes, and | be

its side. Formulae (23-26) in this case yield

0.6667

0.9014

0.9292
-31

0.8333

1.6413

1.5662
4.6

IX:%I“sina sinZ%, Iy:%I‘lsina coszg, A=I%sina,

ol o_ o 20, Cos(a/2) +sin(a/2) + 1 []
JX_ZIsnGBCOSE Sin +8n°3 Incos(O(/2)+sm(0(/2) 10

J,=2l sina O o+ sind + cos2d |n S03(0/2) + Sin(a/2) + 1]

[] 2 2 2" cos(a/2) +sin(a/2) —1[]

The coefficients will be defined as

The same formulae in terms of the rhombus semiaxes a and b and the aspect

) 8si nZ%
o fjog-arg e e B R
. 8cos’3
TR

ratio e=b/a has the form

The coefficients of magnetic polarizability of a diamond were computed by de

2V2e (1+€?)

9%1 - g2 P1+8+\/1+82D
Vi+e2 1l+e-v1i+e2ll

2V2(1+€?)

_2 ’
983/2%_1+ 1 In1+s+\/1+e 0
Vi+e? 1+e-v1+e2l

Vy:

(3.4.34)

(3.4.35)
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Smedt (1979). Here, we present his results compared to those given by formula
(35)

€= 0.1000 0.2000 0.3333 05000 0.7500 0.8000 1.0000
de Smedt v,= 0.1181 0.1729 02341 03052 04101 04323 0.5193
Formula (35) v,= 0.1078 0.1627 0.2258 0.2986 04026 04230 0.5043
de Smedt v = 6.1820 27060 15240 09946 0.6703 0.6323 0.5193
Formula (35) v,= 45087 21982 1.3254 09095 0.6388 0.6052 0.5043
Discrepancy of v, (%) 8.7 59 3.6 22 18 21 29

Discrepancy of v, (%) 25.6 18.8 13.0 8.6 4.7 4.3 29

The deterioration of the accuracy of (35) for small values of € is the result of
erroneous assumption of a sguare root singularity in (6) which is grossly incorrect
for domains with sharp angles.

Circular segment. Let the radius r and the angle 2a be the segment
parameters. The location of its center of gravity is defined by x =kr, where

]
k=—2800a__ (3.4.36)
3(a —Esi n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@) = r[-kcosp+ (1-K3sirf @)Yy for O<@<Ti—y or T+y<@<2m,
and
_ k—cosu _
a((p)_r—cos(n—(p) for T-y<Q@<TUIHY. (3.4.37)

Computation of the moments yields

A=r?a —%sinZu), IX:%ArZ(l—kcosa), Iy:leArz(1+3kcosa—4k2),

1-K?
k2

szgf ksin®y + (1 - k?sin?y)Y2siny cosy + F(Te-y, k)

OQO

2k?-1

+ 12

E(Tey, k) + 3(k—cosa)g—si ny+ |ntan%f+lzf%
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0
Jyzgr (s y%sm y—3cosa — (1 - k%sin?y)Y cosyg
0
1- 0
k)+ E(T[—V, k)
< 0

where y=tan’}(sina/(k —cosn)). Substituting in (22) leads to

A(1 ~ keosn) D—ksm y+(1-K%sin? y)”zsmycosy+

% anZO(%/ 2Ll

VvV, =

F(T[-V, K)

2_
+2k - 1

E(Tey, k) + 3(k—cosa)g—si ny+ Intangfﬂz{%

2
- 4(1 + 3kcosa — 4k’) [‘any%sm v—3cosn — (1 - k2sin?y) V2 cosy—

v ]
N RO LN
% 231 n2a 0
1- L,
K) +1 E(n—y, k)D (3.4.38)
k 0

A plot of v, (full curve) and v, (broken curve) against the ratio a/m is given

in Fig. 34.1. We are unaware of any data to verify the accuracy of (38).
Circular sector. Repetition of the procedure, described in the previous

paragraph, leads to the following results for a circular sector with the angle 2a:

490( +9asina cosa — 16sin? o
vy~ 36a ’

A=r2a, IX:ler“(a —%sinZa), I

—ksindy—(1-k?sin? y)”zsmycosy+ F(y, k)

k=
1
win
|:J|:l|:l
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Fig. 3.4.1. Coefficients of magnetic polarizability for circular segment

+2k2_1E K) + 3ksi + +
v (v, K Sina £osa + cos(a +Y)

+sinfaIn %ot%coty_z—a %

, U . 1-K2
Jy:§r Dksny(smzy_3) + (1_k2gn2y Uzsnycosy_ k2 F(y’ k)
[
2
+1 Ezk E(y, k) + 3ksina E— COsu — cos(al +Y)

+ cos’a In(cot% coty_z—a)%

(3.4.39)

Here, k = 2sina/(3a), and vy = tan(sina/(cosa — k)). The coefficients sought are

expressed as follows
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0
v, =207 %420 — sin2a) [-ksin®y - (1 - k?sin? y)Y?siny cosy
0

_12 2
+ L3R (y, )+ 252 (y, K + ksina dos

+cos(a +Y) +sinfa In%ot%coty_z—a %1,

_4(90”+9asina cosat — 16sin” ) Bksi ny (si?y - 3)

y 512
% 0

+ K2

-K? 1
2 E(y, k)

1
SRk +

+(1-k3sin?y)Y2siny cosy -

— 1
+ 3ksina E— cosat — cos(at +Y) + cos’a In%ot% cotyTa% : (3.4.40)

Formulae (40) are exact for a complete circle (a =), and give the same results
as (38) for a haf-circle (a=mw2). A plot of v, (full curve) and v, (broken

curve) against the ratio o/m is given in Fig. 3.4.2.
Cross. Consider an aperture obtained by an orthogonal intersection of two equal

rectangles with sides 2a and 2b. Introduce the aspect ratio as €e=b/a. The area
and the moments will take the form

—fa2 _ _1 4.4 2_¢c3
A=4a‘g(2-¢), IX—Iy—3a8(1+s £°),

1+V1+€2[]

-1 = TPy
JX—Jy—4aan(s+\/1+s)+sl L) O

The coefficients will be defined as

_y =k(+ei-€) T LtV ER [
Vg Vy 98(2—8)3/2 an(8+\/1+8)+8|nmm. (3441)
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Fig. 3.4.2. Coefficients of magnetic polarizability for circular sector

The comparison between the results due to (41) and those given by de Smedt
(1979) are presented below

€= 0.1000 0.2000 0.3333 0.4000 0.5000 0.6000 0.7500 0.8000 1.0000
de Smedt v,=v,= 15910 0.8720 0.6255 0.5725 0.5267 0.5069 0.4985 0.4997 0.5193
Formula (41) v,=v,= 1.7382 0.8758 0.6006 0.5465 0.5049 0.4890 0.4893 0.4926 0.5043
Discrepancy (%) -9.3 -04 4.0 45 4.1 35 19 14 29

Taking into consideration the shape complexity, we should consider the results
agreement as surprisingly good, not only quantitatively but qualitatively as well:
both data display a relatively flat minimum around €=0.75.

Variational approach. The accuracy of formulae (22) can be improved by
taking into consideration the fifth harmonic (12) in combination with the
variational approach (Noble 1960). The following functional assumes its
maximum value at the exact solution of (1)

|(o):2[ [ (MW(M)AS, —[ [ (M) [ [ = N)dS Ehs (3.4.42)

S S

j j J_LRC(’MNN) dS, =W, +w,, (34.43)
S

Taking

and substituting (6), (10), (12) and (43) in (42), one gets after integration with
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respect to p

21

[
| =J (2(®))'CTp,008p+ Psing) (0t ing—1,c056) =3 (P, + pad,,)oosty
[

, 2
=3 (Pl *P23,) Snp-5(a(@) (P (A, +A, )

+py(A_~A_)]cos5q+ [py(A_+A ) +py(A_ ~A )]sin5e) %dcp.

(3.4.44)
Considering now the functional | as a function of p, and p, the extremum

conditions

o
op,

ol _

0, =—=
ap,

0

give two linear algebraic equations with respect to the unknowns p, and p,.

The complete solution is pretty cumbersome. Here, we present the fina result
for the coefficients v, and v, which are valid only for domains having at least

one axis of symmetry, and the central principa axes taken as the coordinate axes

321, 321,
V=5 v WS (3.4.45)
3A™°J,(1+n,) 3A™J,(1+n,)

where the correction terms

I’] :(Bc4_Bc6)(Ac4_Ac6) I’] :(Bc4+Bc6)(Ac4+Ac6)
x 84l, J S 84l,J, !

(3.4.46)

X=X

and

21 21

Bch (a(¢)) cosBede, B;J (a(¢)) costgd.

Since expression (43) is approximate, there is no guarantee that (45) will be
more accurate than (22). We peformed the necessary computations for a
rectangle. Here are the results compared to those by de Smedt (1979)

&= 0.1000 0.2000 0.3333 0.5000 0.7500 0.8000  1.0000
de Smedt v,= 0.1287 01881 02531 0.3249 04240 04436 0.5193

Formula (45) v,= 0.1403 01980 02558 0.3175 04165 0.439%  0.5510
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de Smedt v,= 41070 20260 12600 0.8892 0.6426 0.6130 0.5193
Formula (45) v,= 45294 20709 12355 08717 0.6606 0.6350 0.5510
Discrepancy in v, (%) -9.0 -5.3 -11 23 18 09 -6.1
Discrepancy in v, (%) -10.3 -2.2 19 20 -2.8 -3.6 -6.1

Comparison with similar data computed on the basis of formula (31) shows that
the correction terms n, and n, in this partticular case resulted in decreasing of
the maximum value of discrepancy. We caution again that there is no guarantee
that this will be valid for an arbitrary domain. The following rule of thumb
may be suggested for the user wishing to improve the accuracy: when the vaue
of the correction coefficients n, and n, does not exceed small percentage of
unity this generally means an improvement in accuracy, otherwise one should not
use formulae (45).

It is worthwhile to give the solution due to (44) for the case when the
aperture has no axis of symmetry, and only the first harmonic of w, is taken

into consideration. The result is

0= (szxy C, IX) 0((clzxy szly)
1=
C11C22_C12
) _ax(clllx—c Ixy)+ay(clzly—c )
27 )
C11C22_C12
(3.4.47)
where
c. =23, 0, +J 1) =S, +J 1)
11 2VY Y XXy Fop 23TXIX T EXY XY
C =T (I (Ix+1,) +1,(3+3,))
12 4V XyA=X y/7*

Formulae (47) look different from the equivalent set (14) derived earlier. In the
absence of any numerical data related to a general domain, it is impossible to
say whether formulae (47) are more accurate than (14), but they are definitely
more complicated. It is noteworthy that in the case of a domain with an axis
of symmetry both (47) and (14) simplify to the same equations (17).

3.5. Electrical polarizability of small apertures

The method of previous section is used here for anaytical solution to the
problem of electrical polarizability of arbitrarily shaped small apertures. A simple
general formula is established for the computation of the coefficients of electrical
polarizability.  Specific formulae are derived for apertures of various shapes. A
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comparison is made with the results available in the literature.

At the present time closed form expression for electric polarizability is
known for an elliptic aperture in a planar screen only. Some specific shapes
were trested ether experimentally (Cohn 1952) or numericaly (Okon and
Harrington 1981, De Meulenaere and Van Bladel 1977). A variational approach
to the problem was proposed by Fikhmanas and Fridberg (1973) who aso
suggested an empirical formula for evaluating the coefficients of electrical
polarizability which will be discussed further. No analytical approach for the
case of non-elliptical apertures has been reported as yet. The first attempt to do
so was made in (Fabrikant, 1987d).

Consider a flat screen conceived as the plane z=0, with an electrically small
aperture S whose boundary is given in the polar coordinates as

p=a(y). (35.1)

It is well known (eg. De Meulenagre and Van Bladel 1977) that the governing
integral equation for the electric polarizability density w can be written in the
form

w(M)
S

where A is the two-dimensional Laplace operator, S is the aperture domain,

R(M,N) stands for the distance between the points M and N, ¢ is a known

function (0=—2mVA, where A is the aperture area). We use again the integral

representation

. 2

; == — (35.3)
Vp?+ 5~ 2ppcos(@-@y) Tt Vp? = X2 VP =X
Substitution of (3) into (2) gives, after changing the order of integration
2
p U () VRSsS)
op.9=2a| =2 | doy | —2——w(p, @) poipe (354)
| VpP-x Vpo—x?

Again we have to state that the change of the order of integration which led to
(4) is vdid inside the circle psmin{a(g)} only. Nevertheless, its usefulness will
be demonstrated quite convincingly.
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Let the electrical polarizability density w be

w= % V(@) - P (35.5)

where 0 is a constant to be defined. Now substituting (5) in (4), we can verify
how close to a constant will be the value of o produced by (5). Integration
with respect to p, gives

21

‘ a(qp) =%
o933 a| B2 2|

VpZ—x a*(qy)

_Inf 1, X% [inew
XF% J§|,2,2,1 az((po) da,.
(3.5.6)
Here F stands for the Gauss hypergeometric function. Further evauation of the
value of o can be done separately for each harmonic. The zeroth harmonic has
the form

0,= -G (35.7)
2
where the notation was introduced
2n
d
c=| 22 358
J a(¢) (358)

It is quite clear that the integral value in (8) will depend not only on the
domain contour but also on the location of the system of coordinate origin. The
following logic might be useful for establishing certain rule in this regard.
According to (5), the coordinate origin location corresponds to the point where
the electrical polarizability density attains its maximum. We shall call this point
the aperture center. In the case of an aperture domain with one axis of
symmetry, we may conclude from physical considerations that this point should be
located at the axis. When this domain possesses two axes of symmetry the
location of the aperture center is at their intersection, eg. a the center of
gravity of the domain. It is noteworthy that the integral (8) attains its minimum
in this case. One can extend this rule to a genera aperture, namely, the
aperture center should be identified with the point inside S where the integral (8)
reaches its minimum. Direct computations for various domains indicate that this
minimum is, in general, sufficiently flat, so that in many cases one may locate
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the aperture center at the center of gravity, without significant loss in accuracy.

It is important to note that the second harmonic is equal to zero for an
arbitrary contour, and that all the odd harmonics will be zero if the expression
for a(gp) does not contain odd harmonics. Here is the expression for the fourth
harmonic

2n
16, [ CosA(@-@) dg,
%_5®J 20 (35.9)

The investigation of further harmonics shows that their amplitude decreases for
general domains, and they vanish in the case of an elipse. If we assume that

00=—2TWKthen the remaining harmonics may be caled the solution error. This
means establishment of the following relationship

_2n__moG

— : 3.5.10
A2 ( )
where A is the aperture area. Immediate consequence of (10) is
4
o=——=. 3511
o/ ( )

One can verify that in the case of an €llipse, the solution given by (5) and (11)
is exact. We expect it to be reasonably accurate for an aperture of generad
shape. This assumption will be justified later on. We also expect (5) to be
sufficiently accurate in the neighborhood of the aperture center, though the
relative error might be quite significant close to the boundary.

Introduce the coefficient of electrica polarizability T as the average
=2 | wds (35.12)
A : 5.
S

Substitution of (5) in the last expression yields
ngé, (35.13)

which gives, after comparison with (11)

8

' T3VAG (3514)
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One can deduce that the value of 1 does not depend on the size of the domain
S, and is defined by its shape only. It aftains its maximum in the case of a
circle, so that 0<t<4/(31°%)=0.2394. Tabulation of the coefficient Tt for various
aperture shapes might prove very useful since its knowledge alows to find the
maximum (or average) value of the electric polarizability density. An empirica
formula for the coefficient of electrical polarizability was proposed by Fikhmanas
and Fridberg (1973). This formula in our notation reads

_8/A
=30 (3.5.15)
where L stands for the perimeter of the domain S. Formula (15) is aso exact
for an ellipse. It would be interesting to compare its performance with our
(14). Severa aperture shapes are considered below.

Polygon. Consider a polygon with n sides, with the only limitation that
the function a(@) describing its boundary be continuous and single-valued. The
origin of the coordinate system is located at the aperture center as it is defined
above. Let us number the polygon sides in a counter-clockwise direction from 1
to n, a, being the length of the kth side. The apex, at which the sides a, and

a, ae intersecting, is numbered k+1. It is clear that the value of index equal

n+l is understood as 1. Denote b, the distance from the aperture center to the
kth apex. Let A, be the area of the triangle formed by a,, b, and b , the

total area A of the polygon being equa to the sum of A,. Then formulae (8)
and (14) yield the following expression for the coefficient 1

Dak 1 ﬁlz Dak 1 ﬁ/le
. 3.5.16
3\/A DZ D4Ak p20 D4Ak b O B ( )

In the case of a regular polygon formula (16) simplifies to

_ 4eot(17n) 2517
~ 3n¥sin(1vn)’ (35.17)

Formula (15) gives for a regular polygon
4 Crot(n) * (35.18)

3T[Dn ]

It is of interest to compare the numerical results due to (17) and (18). Here
the relevant computations are presented
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n= 3 4 5 6 9 100
formula (17) 1= 02251 0.2357 02380 0.2388 0.2393 0.23%4
formula (18) 1= 0.1862 0.2122 02227 0.2280 02345 0.23%4
discrepancy % 17.3 10.0 6.5 45 20 0.0

While both formulae in the limiting case n—o give the same exact result for a
circle, their discrepancy for smal n is quite significant, so it is important to
establish which one is more accurate. We did not find any reliable data for
equilateral triangle. If one takes the experimental result by Cohn for a square
1=0.2274 as exact, then our formula (17) is in error by 3.6% while formula
(18) due to Fikhmanas and Fridberg is in error by 6.7%. The numerical result
due to Okon and Harrington for a sguare is 0.2258 which aso favors our
formula. In the case of a regular hexagon, the result by Okon and Harrington
is 0.2375, so that our result is about 0.5% away while the error of (18) is 4%.
It is noteworthy that the value of 1 does not change significantly in the whole
range 3<n<co.

We can aso compare the electric polarizability density distribution along a
central line of a hexagon perpendicular to its side, given by Okon and
Harrington (1981), with those due to (5). Here are the data

p/a= 0. 0.1667 0.3333 05000 0.6667 0.8333
Okon et al w= 0.351 0.346 0.331 0.305 0.263 0.210
formula (5) w=  0.357 0.352 3366  0.3092 0.2660 0.1973
discrepancy % -1.7 -1.7 -14 -14 -1.2 6.0

As we expected, the agreement is good, except for the points very close to the
boundary.

Rectangle. Consider a rectangular aperture, a and b being its semiaxes
aong the axes Ox and Oy respectively. Introduce the aspect ratio e=b/a<l.
Formula (17) in this case reduces to

Ve
S P— 5.19
BT (3519
Formula (15) in this case gives
_ 4
=30+ 1+9) (3.5.20)

We present below the results of computations due to (19) and (20) compared
with the experimental results by Cohn (1952)

€= 0.1000 0.1500 0.2000 0.3000 0.5000 0.7500 1.0000
experiment 1= 0.1202 0.1411 0.1565 0.1789 0.2093 0.2251 0.2274
formula (19) t= 0.1049 0.1277 0.1462 0.1749 0.2108 0.2309 0.2357

discrepancy % 12.7 95 6.6 23 -0.7 -2.6 -3.7
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formula (20) 1= 0.1220 0.1429 0.1582 0.1788 0.2001 0.2100 0.2122
discrepancy % -15 -1.3 -1.1 0.1 44 6.7 6.7

If one assumes the results by Cohn as exact then our formula performs better
for €205 while the formula by Fikhmanas and Fridberg is more accurate for
€<0.5. If we take the numerical results received in a persona communication
from De Smedt as correct then the concluson might be different. For example,
his value of T for €=0.1 is 0.1142; now our result is in error by 8% while the
result by Fikhmanas and Fridberg is in error by -7%. At this moment nobody
seems to know which estimation is correct. We can aso compare the
distribution of w due to (5) with the numerical results received in a personal
communication from De Smedt for a rectangle with the aspect ratio €=0.5. Here
are the data computed along the axis Ox for y/b=0.025.

xla= 0.0250 0.2250 04250 0.6250 0.8250 0.9750
De Smedt w= 03161 03118 0.2989 0.2713 0.2107 0.0852
formula (5) w= 03158 03081 02862 0.2469 0.1787 0.0703
Discrepancy % 0.1 12 4.2 9.0 15.2 175

The agreement is not bad except for the zone close to the boundary. Here are
the data computed along the axis Oy for x/a=0.025.

ylb= 0.0250 0.1250 0.2250 0.3250 0.4250 0.4750
De Smedt w= 03161 03067 02836 0.2424 0.1690 0.0976
formula (5) w= 03158 0.3062 0.2824 02403 0.1666  0.0987
Discrepancy % 0.1 0.2 0.4 0.8 14 -1.2

We observe here a good agreement even close to the boundary.

Rhombus. Consider the case when the domain S is a rhombus, a and b
being its semiaxes along the axes Ox and Oy respectively. Introduce the aspect
ratio e=b/a<l. Formula (16) in this case reduces to

_ V2
1= 3+e) (35.21)

The result due to Fikhmanas and Fridberg is

2V2¢
1= 3L+ ) (3.5.22)
The coefficient of electrical polarizability for a diamond with the aspect ratio
€=0.5 was found numerically by Okon and Harrington as 1=0.2082. Our result
is 0.2222 (discrepancy 6.7%) while formula (22) gives 0.1898 (discrepancy 8.9%).
We have received two sets of data in personal communications from De Smedt
and Lee. Here are the data received as compared to formulae (21) and (22)

&= 0.100 0.200 0.333 0.500 0.800 1.000
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De Smedt t= 0.111 0.151 0.182 0.204 0.219 0.221
formula (21) = 0.136 0.176 0.204 0.222 0.234 0.236

Discrepancy % -21.9 -16.4 -12.0 -9.0 -6.8 -6.6
formula (22) 1= 0.094 0.132 0.164 0.190 0.210 0.212
Discrepancy % 151 12.8 9.8 6.9 44 4.1

The data received from Lee is given as a function of the angle a=tan™e

o(deg.)= 10.0 15.0 20.0 250 30.0 40.0 45.0
Lee 1= 0.147 0.174 0.193 0.207 0.216 0.226 0.228
formula (21) 1= 0.168 0.192 0.209 0.220 0.227 0.235 0.236
Discrepancy % -14.2 -10.6 -8.1 -6.3 -5.2 -3.8 -3.6
formula (22) 1= 0.124 0.150 0.170 0.186 0.197 0.211 0.212
Discrepancy % 15.8 137 11.8 10.1 8.5 6.9 6.7

We have presented both sets of data in order to underline the fact that there is
no redly reliable data as yet. The first set of data makes the formula by
Fikhmanas and Fridberg more accurate, while the second set favors ours. It is
noteworthy that formula (21) seems to give the upper bound, and formula (22)
provides the lower bound, their average being very close to the numerical data

We can aso compare the value of electrical polarizability density due to
our (5 with a similar result due to Okon and Harrington (1981). Here are the
data computed along a central line paralel to its side

pla= 0 0.3333  0.6667
Okon et al. w= 0.335 0.304 0.257
formula (5) w= 0.3333 03142 0.2484
discrepancy % 0.5 -3.4 33

The agreement is worse if the comparison is made aong the major axis. This
is mainly due to the assumption of a sguare root singularity in (5) which does
not hold for domains with sharp angles.

Circular segment. Let the radius r and the angle 2o be the segment
parameters. Direct numerical computations show that the aperture center can be
identified with the center of gravity, with the error comparable with the accuracy
of the theory presented. The location of its center of gravity is defined by x,

= kr, where

2sin%a

3(a —%si n2a)

The equation of the segment boundary with respect to its center of gravity takes
the form

a(@) =r[-kcosp+ (L-K3sin* @V?] for 0<@<TI-y or T+y< Q<2
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and
k — cosa

m for TI—Y<SQ<TIt+Y. (3523)

a(@ =r
Feeding of (23) in (8) and (14) gives

= 4 [ksiny+ E(1t—vV, k) + siny Dl
= = = ,
3(0 _%S‘ n2a)1/2|j 1-k k — cosa [

(3.5.24)

where y = tan’(sina/(k - cosn)). The formula due to Fikhmanas and Fridberg
will take the form

Aa - %si n2a) Y2

1= 3o +Sna) (3.5.25)

The coefficient of electrica polarizability for a semi-circle was computed by
Okon and Harrington as 1=0.2161. Our result due to (24) is 1=0.2163 which is
practically identical to the previously mentioned one. The result due to (25) is
1=0.2069 (discrepancy 4.3%). An additional confirmation of correctness of the
new method can be obtained by observing the plot of the electrical polarizability
density distribution for a semi-circle presented by Okon and Harrington (1981).
Its maximum is located at the distance =0.47r from the circle's center. Our
definition of the aperture center requiring the minimization of the integral (8)
gives its coordinate at 0.48r which is very close. The center of gravity of the
semi-circle is located at 0.42r. Figure 3.5.1 plots the value of 1 against a/m
due to formulae (24) (solid line) and (25) (broken line).

Circular sector. Let r and 20 be its radius and the polar angle. The
aperture center is assumed to be located on the axis of symmetry at a distance
kr from the circles center. Direct computations show that the aperture center
may be located at the center of gravity for 0.1lm<a<0.6rt  In this case the value
of k is defined by k=2sina/(3a). In the range a<0.1m or a>0.6r, the value of
k should be found from the minimum condition for the integral (8). Repetition
of the procedure, described in the previous paragraph, leads to the following
result

__4 [ksiny+E(y,k) , cosa +cos(a —y) T >
T ol 1-K ksiny 0 (3.5.26)
Here, v = tan(sina/(cosa - k)). The formula due to Fikhmanas and Fridberg
reads
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Fig. 3.5.1. Coefficient of electrical polarizability for circular segment

_ 4&a
T——3T[(1+G). (3.5.27)

Note that neither (26) nor (27) reduce to the exact value for a circle when
o=1t This is due to the fact that we do not realy have the case of a
complete circular aperture when o approaches Tt we have a circular aperture
which has its radius @=1t grounded. This case has not been considered by other
authors so we can not say which formula is more accurate. Okon and
Harrington in the case of a quadrant obtained t1=0.2269, formula (26) gives
1=0.2308 (discrepancy 1.7%), and formula (27) gives 1=0.2107 (discrepancy 7%).
Figure 3.5.2 plots the value of T against a/mt due to formulae (26) (solid line)
and (27) (broken line).

Cross. Consider an aperture configuration obtained by an orthogona
intersection of two equal rectangles with sides 2a and 2b. Introduce the aspect
ratio as € = b/a<l. The area can be expressed as

A=4a%(2-¢),

The following expression can be obtained for T, namely,

189
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Fig. 3.5.2. Coefficient of electrical polarizability for circular sector

v2¢g
T=— : 3.5.28
6v2-e{[2(1+£?)]¥2-1} ( )
The formula due to Fikhmanas and Fridberg is
1=2E2-¢) (3.5.29)

31

Here, we present the results given by formulae (28) and (29) compared to the
experimental results by Cohn (1952) and the numerical results by De Meulenaere
and Van Bladel (1977), and those received in personal communication from De
Smedt

€= 0.1000 0.2000 0.3000 0.4000 0.6000 0.8000 1.0000
experimental 1= 0.0942 0.1333 0.1609 - - - 0.2274
De Meulenaere 1= - - - 0.19 0.22 0.23 0.238
De Smedt 1= 0.0835 0.1183 - 0.1767 0.2084 0.2193 0.2212
formula (28) 1= 0.1284 0.1777 02078 0.2252 0.2376 0.2372 0.2357
formula (29) 1= 0.0925 01273 01515 01698 0.1944 0.2079 0.2122

We did not compute the discrepancy since the data disagreement is too big thus
making all the data not very reliable. The general impression is that our (28)
gives the upper bound for 1 while the formula due to Fikhmanas and Fridberg
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provides the lower bound. This conclusion might be wrong if the numerical
results received in the persona communication from De Smedt are correct. For
example, his result for €=0.1 is 1=0.08347 which differs from the experimental
result by 11%. All this proves one point: the existing numerical methods are
too crude, and there is a need to develop some new and more reliable numerical
methods. It should be noted that the function defined by (28) is not monotonic:
a relatively flat maximum is observed for €=0.7. The remaining data are
monotonic. We have no rigorous proof to clam that the quantitative behavior of
(28) is correct while the other data behavior is not, but we can indicate that the
value of T for a quadrant is also greater than that for a semi-circle, and this is
mainly due to the fact that the shape of a quadrant is more close to a circle
than the shape of a semi-circle. Similar statement can be made about a cross
with the aspect ratio €=0.7 as compared to a sguare.

Majority of the examples considered indicate that the exact result is
sandwiched between those given by our (14) and by the formula due to
Fikhmanas and Fridberg (15). In this sense both formulae act as an upper
bound and a lower bound which leads to a conjecture: for a certain class of
contours one of the inequalities holds, namely, ether T1,,<T,.S<Tis, OF T3 2Tgon

>T,.. A significant effort is required to find such class of contours for which
one of the conjectures holds, and it is beyond the scope of this book.

The accuracy of formula (14) can be improved in some cases by taking
into consideration the fourth harmonic (9) in combination with the variational
approach (Noble 1960). The following functional assumes its stationary vaue at
the exact solution of (2)

|(w)=2J J o(M)w(M)dsM—J J w(M) EAJ J R\zvl\(/ll\,ll)\l) ds, Ehsm

S S S

(3.5.30)
Taking
W(N)
0| | R dsiootos
S

where o, and o, are defined by (7) and (9) respectively, and substituting them

in (30), we obtain a functiona which can be considered as a function of d.
From the extremum condition

ol _

6—6—0.

one finally gets
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8

T :m, (3.5.31)

where
h= 3(FCEC + FSES)
5AG ’

and the following geometrical characteristics were introduced

21 21
F = [ cosdpde F = sindpdg
c | ag s | aXy '
(v
.2T[ 21
£ =| &% costpdy, ES:J (¢) srdodo,
(v

The results of computations due to (31) for a rectangle are presented below
against the experimental results by Cohn

€= 0.1000 0.1500 0.2000 0.3000 0.5000 0.7500 1.0000

Cohn t= 0.1202 01411 01565 0.1789 0.2093 0.2251 0.2274
formula (31) = 0.1054 01290 0.1484 0.1785 02125 0.2257 0.2278
discrepancy % 12.3 8.6 52 0.2 -15 -0.3 -0.2

Comparison of this table with a similar one above indicates that the variational
approach does improve the accuracy, though the improvement is still not
sufficient for small €. This example can not be considered as a proof of better
accuracy of the variational approach. We are quite sure that one can produce
examples showing the opposite. It is up to the user to decide whether the more
cumbersome computations are worth somewhat better accuracy.

3.6. Dirichlet problem for an annular disk

It is impossible even to mention all the publications related to the Dirichlet
problem for a flat circular annulus. Their number is awesome. Tranter (1960)
and Gubenko (1960) were among the first to consider the problem. One can
find many references related to contact problem in (Borodachev, 1976), other
references related to the equivalent electrostatic problem can be found in Love
(1976). Magority of publications is devoted to the axisymmetric problems,
Though some results related to consideration of specific harmonics have been
published (Williams, 1963; Cooke, 1963), no genera solution to the problem has
been attempted as yet. This kind of solution is now possible. The problem is
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reduced to a set of two two-dimensional Fredholm integra equations with an
elementary non-singular kernel which can be solved by iterations. This set can
be easily uncoupled. The case of conducting circular annulus kept at constant
potential and the problem of magnetic polarizability of such a disk are considered
as examples. The governing integral equations are solved exactly in series
involving the iterated kernels. Approximate formulae are derived for the case of
a wide annulus.

Theory. It is convenient to reformulate the Dirichlet problem for a circular
annulus as a mixed boundary value problem of potential theory for a half space
z>20. We need to find a harmonic function V vanishing at infinity and
satisfying the following conditions at z=0:

V(p.9.0)=v(p.9), for b<p<a, 0=@<2m

?3\2/ 0, for p<b or p>a, 0<E<2n (3.6.1)
Here v is a known function. The approach proposed here is inspired by the
elegant solution for the capacity of an annulus (Love, 1976) which is based on
the method described in (Clement and Love, 1974) for solving axisymmetric
problems, It looked very chalenging to generalize the approach for
non-axisymmetric case. Such a generaization has been found after several trials
and errors, and it is presented here. The general approach is based on the
results presented in Chapter 1. Let us introduce two harmonic functions

2n b

v
Vi(p.0.2)=- HZJ J p"To(p") (P @) dogdey

%1([30’ @) dpy; (3.6.2

o —
__2[ Yeo-lipg) (o
J 15(00) ~ 15(Po) m2(po)

21T

\/IZ _ A2
V,(p, @2 :T_l[zJ J %’fz(po’%) dpydey,
0

%2([30’ @) dpy. (3.6.3)

_2( He)=p5 hylen
J 15(00) ~ 15(Po) (o)

Here f, and f, are the as yet unknown functions, and the following notations
were introduced:
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1,0 =3P+ X7+ Z ~V(p X7+ 7},

1,0 =5V (p+ X7+ 2 +V(p X7+ 7},

Ro=Vp?® + P — 20pCOS((—y) + 22, (3.6.4)

We remind that the r-operator for k<1 is understood as follows:

21

LK)f(p,9) :2_1"J Ak, o) f(p, @) dey

21

-2> k'”'é”“’J &™f(p, @) gy = 3 KMF, ()™, (365)

n=-c0 n=-co

Here f_, is the n-th Fourier coefficient of the function f, and

1-Kk?
1-2kcosy +k?’

Ak, W) = (3.6.6)

One can easily verify that the potentia in (2) vanishes on the plane z=0 for
p>b, while the potentia in (3) vanishes on the boundary for p<a. These
properties allow us to reformulate the problem as the Dirichlet problem for a
half space, with the potential prescribed al over the plane z=0, namely,

V(p,90)=V,(p,,0), for 0<p<b, 0<@<2r
V(p,90)=v(p,p), for b<p<a, 0<@<2m
V(p,9,0)=V,(p,9,0), for a<p<e, 0<@<2r (3.6.7)

Thus, the first boundary condition in (1) is satisfied. The unknown functions f;
and f, are to be chosen in such a way that the second boundary condition in
(1) is sdtisfied too.

Formulae (2) and (3) on the plane z=0 take the form



Dirichlet problem for an annular disk

b
[fl(pO!(p)de
V1(p,9,0)=— —J (R UAPe B
! 5 @OD \/po

_2[ ,[Polfx(Pe @) do
Vo(p,9.0) = J EDDW' (3.6.8)

On the other hand, from (1.3.47) by assuming z=0 the following expression can
be obtained for the potential which is nonzero in the interval [0,b] and zero
outside this interval:

b X

d Podp P
Vip.00)=4| szprJ VX‘;_;,S,LE‘%’%l(pO,@. (369)
p

Here o, denotes the charge density distribution. Comparison of (7) and (9)
yields the following relationship between o, and f,:

p

fl(p,cp)=-2nJ Pod p° L

[p 1(Po: @) (3.6.10)

The inverse relationship is readily available, and is

min(p,b)

d
LDDdJ B0 == L0 (Po 0 (36.10)

Ol(p!(p)_ T[Zp @)Edp \/ 2

By comparing in the same manner the expression (1.4.33) for z=0

p

dx i PodPy DX2
V,(p,¢.0)=4 L=— , 3.6.12
0.0.0) J == J o L P00 (36.12)

with (8), we obtain

0

_ Podp
0.0 —2ni pee T N ) (3613
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The inverse to (13) takes the form

0

Oz(p,cp)=—%z%2d—%a‘[ v‘;" pgz Dl%z(po’q’) (36.14)
(

p.a)

We have presented the resultant field as a superposition of three fields,
namely, the field due to potential equal to V,(p,9,0) on the interval 0<p<b, and

zero outside the interval; the field due to potential equa to v(p,¢) in the interva
b<p<a, and zero outside this interval; and the field due to potential equal to
V,(p,90) on the interval a<p<oeo, and zero outside the interval.  The

corresponding charge density distributions will be denoted as o,, o0, and o,
respectively. Now we can use the fact that the total charge o0=0,+0,+0,=0 in

the intervas p<b and p=a. These conditions will give us two equations from
which the as yet unknown functions f; and f, can be found. By using the

result established in (Fabrikant, 1989a), we can write

— D-Dd XdX N po Po
Oy(P, P = T[zp @Edpj = (X )de P~ @OE{/(pO,(p) for p<b.
(3.6.15)
By using (11), (14), and (15) the following equation may be written for p<b:
P
_1 0td PodpPg _Lp) d PodPy Dl
T[ZpL@)EUpJ N pOL(po) 1(Po: @) — 2o dpJ \/p = 2 %2(901(9)
p a q
1 [0d X dx » d PoPo DlEl/ _
——— L= — 0 —_— L= , @) =0. 3.6.16
T[zp E)Edpj \/p2_X2 (X)dXJ \/pg—xz E)OD (po (p) ( )

Application of an operator

r

J_p_p_@D
vrz—p2 [

to both sides of (16) yields
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r o]

d 2
%Tfl(r,(p)+T—1[2J pdp J Do ['E (P @)

ViZ-p? | (p5-pH*? oot

* od
s rJ (ppo 2;)3/2 T E((po,(p) 0. (3.6.17)

We can interchange the order of integration in the second term of (17) and
perform the integration with respect to p. Then equation (17) will take the
form

21
(0.0 +T—1[2J J Qu(P. P 0~ ) (P, %) AP0 = 94(0.9), (3619
where
_ Podp
gl(p,cp)——pj ° 2§3¢2 O, E((po,cp) (36.19)
D Joo.8@® '((P'(Po) 2D
PPE ~(plpo) Y
Qu(P. Py 9~ @) =20 F— ~tan'* . 05
1P P P~ R dp d@w _ onlp) d@w[] D
(3.6.20)
with
R=vp? + pg — 2pP,COS(-@). (3.6.21)
Here the following integral was used
b = L _tan‘lm\/m_1D
Vre-p? (Y2 -pd¥(1-mp?) (my?-1)¥%1i-mr?2  Lv1i-mr2Q
r
(36.22)

Y- (my?-1)

The second equation is obtained from the condition that o=0 for p>a. We
write from (Fabrikant, 1989a)

197



198 CHAPTER 3 APPLICATIONS IN ELECTROMAGNETICS

0

L(po) V(Po @),

_ 1 d xdx _ [L0d [ _Po9Pg
0P =~ L) g VXz_sz&—szJ o
P

for p>a. (3.6.23)
By using (11), (14), and (23) the following equation can be obtained:

o b

_1 d [ Podpg Dl 1 PodP.
T[sz(p)dpp V2o =L %2(901@) T[ZJ (0% - pA) 2 [b 1(Po: ®)

o a

1 o d[ xdx  [L0Od [ Podpo
25 0| 2 pzﬁgzwxj 2 Lp9UP0 0 =0 (36.24)
p

Let us apply the operator

pdp 30
vp?-r2 [0

to both sides of (24). The result is

) b
d
2(r @+ T[zJ pdp J (ppo pp;);g/z g)oz %1(901(9)

a

1,00d J PodPg

* o COr | Jros g L(po) V(Po, @) =0. (3.6.25)

Again we can interchange the order of integration in (25) and perform the
integration with respect to p, with the result

2n b

0.9 +T—1[2J J QP. o P~ (P @) AP = 9P, D). (36.26)

Here



Dirichlet problem for an annular disk 199

a

p dp
gz(p,cp)=pj s ;w [pgf(po,cp) (3.6.27)

0 Voo e@® '((P'(Po) 2]
PPoE —(PdP)= Po
Qu(Ps Po, @— @) =20 %pel(@%) Po)R an™ Qp/p) @[] 0 R

(3.6.28)
and R is defined by (21). The following integral was used:
p*dp _ m =y
VP -2 (0 -y)* (- m) (m-yPAP-m o WP -ml]
2
Y (3.6.29)

(rP-y)(m-yY)

We note that Q,(p,Pg, @~ ) =Q,(Po: P, ®—@). This circumstance will allow us to
decouple the equations by introduction of new variables. Indeed, substituting in
(18) tvab instead of p and Vab/x instead of p, yields

2m g
F.(t, @) +J J K (tx, 9— @) F,(X, @) dxdgy = G,(t, 9). (3.6.30)
Here
F.(t, @ =f,(tVab,q@), F(t,@=f,(Vab/t,@)/t, k=Vbla; (3.6.31)

Gy(t,9) =g,(tVab,q), K(xt,p—@)= —D%:}tanlm)‘t% RE’

(3.6.32)

R, =V1+x%t?-2xtcos(@— @), Y=

Equation (26) can be transformed by substitution p=vab/t and p,=xvab to
exactly the same form as (30), namely,
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2m g
F,(t, 0 +J J K(tx, @— @) F,(X, @) dxdg, = G,(t, ¢). (3.6.39)
Here
G,(t,9) = g,(Vablt)/t, (3.6.35)

and al the remaining notations are given by (31)—(33). Equations (30) and (34)
can be easily uncoupled by summation and subtraction

2m g
F (6,0 +J J K(tx, 90— @) F_(X, @) dxd@,=G (t,9), (3.6.36)
2m g
F (t.g) —J J K(tx, - @) F_(x,@) dxdgy =G (t,@), (3.6.37)
where
F.=FitF, G =G;£G, (3.6.38)

Thus the problem has been reduced to two independent integral equations (36)
and (37) with elementary non-singular kernels which can be solved by iteration.
Convergence of the iteration procedure is not guaranteed for k very close to
unity which corresponds to the case of a very narrow annulus.  Direct
computation of the norm of the kernel in space L, gave the result of 0.41 for
k=09, and it was less than 0.8 for k=0.95. It is then recommended to use an
asymptotical solution for k>0.95. We note that the arguments of the kernel x
and t do not enter it independently but only as a product xt. The following
integral representation is useful for computation of various integrals of the kernel:

1

K(y, ) =§¥—[2J A(yz.y) dz (3.6.39)

V1-z(1-y?2)%%

We recall that A is defined by (6). Expression (39) shows that the kernel for
each particular harmonic will also be an elementary function. For example, the
kernels for the zero and first harmonic will be respectively

2 xt



Dirichlet problem for an annular disk 201

2] 1 1 Bt (3.6.41)

0= ee T 2d "X

Expression (40) is in agreement with the result of Clement and Love (1974).
Expression (41) does not seem to have been reported in the literature. It is
important to notice that various integral characteristics of interest can be expressed
directly through the function f, (or F,). For example, the total charge Q can

be written as a limit

Q=Ilim{pV,(p,p,2)}. (3.6.42)

p_,oo
Substitution of (3) in (42) leads to
21T 21 K

Q=T—1[2J J (0. 0) dpdcp=%bj J P00 L de (3.6.43)

The quantities proportional to magnetic polarizability can be found from

. oV,
- V2
VX—JI_TO% 300 (3.6.44)
@=0
. oV,
- V2
vy—‘)llmg) 300 (3.6.45)

@=T112

Substitution of (3) in (44) and (45) yields respectively

21 2m g
v=2| | 10,9 sinppdpdo=2ab | [ Fy(x.qsngde (3.6.46)
@ @ X
21 2m g

2 2 dx
Vy:_T_[zJ J fo(P, @) coscppdpdcp:—T—[zabJ J F.(X,9) coscpgdcp-

(3.6.47)
Formulae (30)—(35), (43), and (46)—(47) are the main new results of this section.

Conducting annular disk charged to a unit potential. The governing
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integral equations in this case will take the form

k
F(0)+ [ Ky(xt) Fp(x) dx =G (1), (3.6.48)

v

k
Fo(0) + [ Ky(xt) F4(x) dx=G(1), (3.6.49)

v

where K, is defined by (40),F12 and G12 are understood as zero harmonics of
the relevant notations (31),(32), and (35). In this particular case

G, = - kt (3.6.50)

1= + )
VK2 -t2 V1-K°t?

__k 1
tVk2—-12 tV1-Ki2

2 (3.6.51)

Equations (48) and (49) were solved by Love (1976). We present here a
dightly different version though based on the same idea, as well as a simple
approximate treatment of the problem.

Assuming convergence of the iteration procedure, we can write the formal
solution in the form

Fi=D K3(G;-K,Gy), (3.652)
n=0

Fo= D K3(G,—K,Gy). (3.6.53)
n=0

Here K7 is understood as the m-th iteration of the kernel. The first iteration in (53) (n=0)
yields

k
F%)(t)Z k 1 _gt 0 k _ 1 szd;(2
tVke—t2 tV1-K42 TU| W1-k®@ vkZ-xe[L-xt
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(3.6.54)

__k 1
I -2 t +O0)

where the notation was introduced

_20L aga ko alkVKE—t2[T]
a(t) = m%n () - st T (3.6.55)

Now we need to consider the action of K3 on the first iteration (54).

k

k
41 _tsd k1 d

k

:gktJ s°ds T_Z[ZJ In[J,+ksD tsds +K28(1)

(1-t2sH)V1-k°s? “ks[L-122 ©

k

- _9(t) -J K3(xt) d;X +K20(8). (3.6.56)

Substitution of (56) in (53) shows that all the expressions containing 6(t) will
cancel out at each subsequent iteration. This alows us to write the exact

solution in the form

0 k
F,(t) =1 T 2k v 1%— JK%”(xt)d% (3.6.57)

Since al iterated kernels are positive, the term in sguare brackets in (57) gives
the upper bound for the solution. Substitution of (57) in (48) yields, after

simplification,

Fl(t) -

n+ dx
vkz +ZJ K5 H00) (3.6.58)

Capacitance of the annulus can be found by substitution of (57) in (43), with
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the result
o0 o dx dit™
C=Zall-k) (xt)——[] (3.6.59)
T
0 - D
Taking into consideration that
c =24 (3.6.60)
0=% 6.

is the capacity of a circular disk of radius a, we can write the expression for
the dimensionless capacity C* which is defined as the ratio

- _1 kZJ J O)'(XOt't (3.6.61)

The symmetry of x and t in (61) alows us to reduce the order of iterated
kernel as follows:

o Kk
c*:1—kZJ a K30x) X dx(] 5 . (3.6.62)
Yet another approximate solution for the dimensionless capacity C can be
found by a different method. Indeed, from (43) we have

k

c :kJ Fz(t)%. (3.6.63)

Multiplying both sides of (49) by k/t and integrating with respect to t from O to
k, we obtain

k k

J 2(t)—+—J InD'HO(a:l(x)dx Vi-K (3.6.64)

We can express F, from (48) and substitute it into (64). The result is
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k k
dt_2k X _ 20 12y + 17 2 g2 KD
kJ Fa() S TIZJ T Fo(0) 2 —T[%os () + 51K I3 G
(3.6.65)
where
k
_ o] KO tdt
T(x)—xJ N (3.6.66)
Now we can use the mean value theorem to obtain
s 200 a2y, LA KA 2 [
C —T[%os (&) + V1=K I3 - 2100, (3.6.67)

According to the mean vaue theorem, we know about X only that it is located
somewhere in the interval [0,k]. One needs to find an optimum value for X in
order to make (67) useful. This exercise is beyond the scope of this book.
When X=0, formula (67) coincides with the result of Smythe (1951) who
obtained it from physical considerations. Since T(X) is non-negative, the term in
square brackets in (67) gives the lower bound. Note aso that it is exact in
two extreme cases, namely, k=0 and k=1.

Magnetic polarizability of a circular annulus. In this case we may
assume, without loss of generality, that

Vv(p, ®) =V,pCosQ, (3.6.68)
where v, is a constant. The governing integral equations will take the form

k
Fa(t) +J K, (xt) Fy(X) dx = Gy (), (3.6.69)

k
F () + J K, (xt) F4(X) dx = G,(t), (3.6.70)

where K, is defined by (41),F12 and G12 are understood as first harmonics of
the relevant notations (31),(32), and (35). In this particular case
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_ AR 1 [
G,(t) =v,Vabt T \/kz—tzm (3.6.72)

_ Vab[Pk*-t2 2-K*2[]
G,(t) =V, Z O el (3.6.72)

Equations (69) and (70) have not been considered before. We employ the same

method as above. Assuming convergence of the iteration procedure, we can
write the formal solution in the form

F, ZK (G, -K,G)). (3.6.73)

F, ZK (G,-K,G,). (3.6.74)

Here KT is understood as the m-th iteration of the kernel. The

first iteration in
(74) yields

k2 2
FO@) =v ‘/;bgﬁ/kzt —2D 0,(1). (3.6.75)

Here the notation was introduced

2vpVabg t [1+kt[]
B,(t) = ——— 2sin’(k?) - V1= 1-K* L e
_ 2kt Rkt
kikk-t2 1-k2ee
(3.6.76)
Now we need to compute

k

k
K’fF@(t):J Kl(ts)dsJ K, (5%) & vi/ab i -

o —2Ehx+|<lel(t).

(3.6.77)
Integration with respect to x in (77) yields
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k

KEF(0) =2 v,ab J %

ks?
V1-k?s?

TT
3

_1+Kk%s
2k?s

n% * E%Q(ts) ds+K28,(1).

One can easily verify that

k

ks? __ 6,1

v,Vab

Substitution of (79) in (78) gives

k
1 1+k%

(3.6.78)

(3.6.79)

2 R
KIFD() =-8,(0) + Svyvab J T

By using the identity

k
2
14K’ InD' kel L —T[J K,(xs) %(

2k?s = [A-ks[J

1_
k

we can further simplify (80), namely,

k

KEFO(D =~6,(1) - 2v,Vab J Ki(s) B+ Kiey(0).

Finally, substitution of (82) in (74) gives the solution

k
U1 prz-¢2

- 0
— Ah _ D_ 2n d_S
F2(t)—v1\/abgt—zﬁk\/k2_t2 25 2ZJ KZ(st) SZS

Since iterated kernels are dl
bound for F,.

|n% * tz%ﬂ(ﬂ) ds+K26,(t).
(3.6.80)
(3.6.81)
(3.6.82)
(3.6.83)

positive, the first term in (83) gives the upper
Substitution of (83) in (69) allows us to find

207
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0 0
FA(0) =viYabJ-—s + 2 Z K2{'+1(st) d?SD (3.6.84)
0V 0

Formulae (83) and (84) give the complete solution to the problem. We

introduce the dimensionless magnetic polarizability V' as the ratio of magnetic
polarizability of the annulus v, to that of a circular disk of radius a

Vo=4v,a%(3m). Subdtitution of (83) in (47) yields, after integration,

0 k
v*:1—3k3ZJ J 2 gt dsif'zt (3.6.85)

Again, the symmetry of (85) alows us to reduce the order of the kernel
iteration by writing

0 k
v*:1—3k3ZJ a KA(st) dsﬁdt (3.6.86)

Since all iterated kernels are positive, truncation in (86) gives the upper bound

for v.. A simple approximate formula for small k can be derived by integration
of (75), with the result

] T A 4 2
120 a2 . V1-K 2_5+k [1+K
-1 T[Ean (k) +¥ % S ina kz% (3.6.87)

Formula (87) is exact in two extreme cases, namely, for k=0 and for k=1.
The series expansion of (87) gives

. 2@10 9k14 233k18D 2
V=l et et e + O(k?). (3.6.88)

It is of interest to notice that all powers of k below 10 cancelled out as
compared to the relevant expression for capacity where the series expansion starts

with the sixth power of k. This means that v' will be not far away from

unity even for not so smal k. For example, V' is greater than 0.98 for k=0.8.
Convergence of the iteration procedure was investigated by computing the norm
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of K;. It was found to be much less than 1 up to the ratio b/a=0.9. Even
for b/a=0.999 the norm is equal to 0.6 which still assures a good convergence.

3.7. Neumann problem for a circular annulus

The problem is reduced to a two-dimensional integral equation with an
elementary non-singular kernel. Several specific examples are considered. Exact
solution has been obtained in terms of the iterated kernel.

A number of papers have been published on the Neumann potential problem
for a circular annulus. One of the first significant works on the subject was
that of Collins (1963) who considered the axisymmetric problem by means of
integral equations. A new and interesting approach was developed by Clements
and Love (1974) where the reader can also find some additional references.
Quite a few papers are devoted to the mathematically equivalent problem of an
annular crack in an e€lastic space. One can find the relevant references in
Clements and Ang (1988). All the works published are devoted to the
axisymmetric problems only. No solution to the genera problem has been
attempted as yet. This kind of solution is now possible due to the results
described in  Chapter 1. The problem is reduced to a st of two
two-dimensional Fredholm integral equations with an elementary non-singular kernel
which can be solved by iterations. This set can be easily uncoupled. The case
of a circular annulus, with a prescribed charge density distribution, and the rest
of the plane being grounded, is considered in detal. The governing integra
equations are solved exactly in series involving the iterated kernels.

Theory. We have a mixed boundary value problem of potential theory for
a half space z=0. We need to find a harmonic function V vanishing at infinity
and satisfying the following conditions at z=0:

10V_ _
_E.[E=O-(p!(p)_p(p!(p)’ for b<p<a! OS(p<2T[;
V=0, for p<b or p>a, 0<@<2mr (3.7.1)

Here p is a known function. The approach proposed here is similar to the one
used in previous section. Let us introduce two harmonic functions

21

o S
Vip0.2=2] [ V2P0 =P fi(Po @) dpodty (372)
U | pP+pg - 2ppacos(-@y) + 2 -
2 [ YR TA(P0) 1P @) o0y
V,(p,4,2) == O 2 (3.7.3)
T | P+ Po~2PPeCos(¢—) +2
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Here the notation was introduced

1,0 =3P+ X7+ Z ~V(p X7+ 7},

1,00 =5V (p+ X7+ 2 +V(p X7+ 7},

One can verify that the potential V, is due to some charge distribution o, on

the interval p<b, and zero charge distribution outside this interval. The potential
V, is due to o, as the charge density distribution for p=a, and zero charge

elsewhere. The functions f;, and f, can be related to the relevant charge density

distributions from the following considerations. On the plane z=0 formula (2)
gives

2Tt min(p,b) min(p,b)

2 Vp? = Po F1(Po, @) dpodp, dx X
V , @, 0)== =4 —_ L = , D).
&9 "J J P” + P5 ~ 2PPCOS(@-y) J Vp? -2 ngl(x V)

(3.7.4)
The utility of the forma change of the notation p, to x will be clear from the

comparison with (5). As before, the r-operator is defined as
2n

L(K)f(p) :%TJ MK, 0= @) f(q,) dapy,

with
1-Kk?
1+k? - 2kcosy’

Ak) =

On the other hand, we have from (Fabrikant, 1989a) the following expression for
the potential in the plane z=0 due to an arbitrary charge distribution o, inside a

circle p=b:

min(p,b) b

d
vl(p,cp,0)=4J = J ) (375)

Vp?—x? \/pé—x2 [opg

Comparison of (4) and (5) immediately gives
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b

d
f,(49 =J 2 L2 (000 (376

Po—

The inverse of (6) is readily available, and is

b

oo, =240 ddpj X Ao (377

On the plane z=0 formula (3) gives

21

2( [ Voo-p® hpo®) dpdey_ [ dx I
Vv =£ =4 === Q).
2(P:9,0) T[J J I S——" J s LD( %Z(x 0)
ax(a,p) ax|

(a,p)

(3.7.8)
In a similar manner, we can find from (Fabrikant, 1989a) that the potential on
the plane z=0 due to the charge distribution o, which is non-zero outside the

circle p=a and zero elsewhere, is given by

0 X

d Podp, [P
vz(p,cp,O):4J X J 0 ZZL%%’%;Z(%,@. (3.7.9)

Vx2-p? | Vx2- 5

ax(p,a)
Again, comparison of (8) and (9) yields

X

(X, @) = J i" Bo HPOBcr(po,cp) (3.7.10)

The inversion of (10) yields

Dﬂﬂj PodPo 2R 100 o0 (3.7.11)

\/2

Functions f;, and f, in (2) and (3) can be found from the second condition (1).

We can assume now that the charge distribution is given al over the plane z=0,
namely, it is assumed to be o, on the interval [O,b], it is equal to p on the

annulus b<p<a, and it is equa to o, for p>a. In this case the relevant

211
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potential can be related to the charge distribution in two different ways, namely,
(Fabrikant, 1989a):

dx PodP,
V(p,p =4 : 3.7.12
0= sz_XJ pra it ) (3712)
V(p, @) =4 SX J PPy proBcr(po,cp) (3.7.13)
3 VX2 - p?

Substitution of the second boundary condition (1) in (13) for p>a yields

o0 b a

O
0= 4[ \/ng ngj \/po _po Lg;(pzo%’l(po’ 0) +J po Bo m)pch]P(po’ 0)]
3 Po

' [
PodPy  [PPg
+J o ZLDXZ %’2(90’@%
which immediately leads to

b

J\/Zo_po D( 1(Po: @) + J po po EP(po’(P)

X

+J \/f:(o_poz D< 2(Po, @) =0. (3.7.14)

Substitution of (7) and (10) in (14) gives the first equation relating f, and f,

b b

[ld Podp
fo(X, (P)“J \/_2[3_2 %EUPJ \/p0 ;2 [, 1(Po:®)

J bd b L@%)(p 0. (3.7.15)
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We can interchange the order of integration in the second term of (15) according
to the rule

b r b b

fgg}gdg _ d gr}rd
J F(r)dr— J s f(p)dpdp N (3.7.16)
and to integrate with respect to p. The result can be simplified as follows:
2n b
0.9 +J J K4(p. 00 0= @) (Por B) APy =00, 9 (37.17)

where

[

Vpp,e?® oW 2D
K4(P Por @~ @) = 20 et - (pd/P) Y

t )
T[ZR(p poel((P'(Po)) an Rp/p) e'((P'(Po)D 0 T[ZRZ

a

R?=p?+ p5—20P,COS(@-@),  9o(P.9) = —J Podo m"%}(po, 0))

\/ 2
(3.7.18)
Here we used the following result:
r
d pdp
V2= p? V5 = p? (1 -mp?)
_ mr arvmxi-1 X
VmE-1(1-mrd)¥2 T xl-mr? (C-r?) (1-mrd)

(3.7.19)

In a similar manner, we get from (12) for p<b

b a

PyapP Podp
[\/pz 02 E'E%’l( 0@ + J 2 OZLEREP(IJO’(P)

0

+J \/EO Lok, s 25,000 =0. (37.20)
0
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Substitution of (6) and (11) in (20) yields, after interchanging the order of
integration and subsequent simplification to

2T

£(0.0) +J J Ko(D. Do O B) (Do @) 060 = 9P, ), (3.7.21)

where

] \/W |((P'(Po) 2[ ]
PPE — (PP F* = Po
R @po/p) 70 [ TR

Podp
R?=p?+ o= 20poCoS(@-@),  Gu(P. @)=~ J > °2 m)cﬁo(po,cp)
(3.7.22)
Here we used the following result:
d | f(r)rdr _ F(p) pdp
J F(p) dpdpi \/rz—pz J f(r) dr er \/rpz (3.7.23)

in order to interchange the order of integration. The integration itself was
performed by using

o0

d p3dp
VP2 =2 Vp? =12 (p? - m)

mr _1[rln—x2ﬁ’2_ mr
Vm—x2(r2-m)¥  [°-mO  (rP-m) (r*-x)’

(3.7.24)
Though the kernels of integral equations (17) and (21) look somewhat different, a
simple change of variables can make them identical. Indeed, introduce new

variables x and t which are related to the old ones by the relationships p=vabl/t
and p,=Vabx. These substitutions are to be used in (17). The dlightly different
relationships, namely, p=vabt and p,=vab/x are to be substituted in (21). The
final result is
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2m g

Fl(t,cp)+J J K(xt, 0 @) (% @) dxdg, = Gy(t, @),
2m g
Folt, @) +J J K(xt, O @) F(% @) dxdg, = Gy(t, @), (3.7.25)

where . .
Fi(t,@=f,(Vabt,@), Fy(t,¢) =f,(Vab/t,@)it,

G,(t,9) =g,(Vabt,@), G,(t,@) =g,(Vab/t,@)t, (3.7.26)
1 0 1 O
Dy 1LIxt [,
K(xt,0— @) = T[ZDZD tan’ D}’R M RZS (3.7.27)
Ry B \/Xtei((p-%) B
k=vbla, V= Tow R, =V1+xt? -2 xtcos(@- @). (3.7.28)

and the overbar denotes the complex conjugate value. Note also the relationship
xt/(nyt):RXS/. Since integra equations (25) have the same kernel, they can be

uncoupled by simple addition and subtraction. The result can be presented as

2m g

F o+ K(Xt, o= @) F (X, @) dxdegy =G (t,9),
0 g
n

F(t,o- K(Xt, o— @) F_(X, @) dxdg,=G (t,¢), (3.7.29)
0 g

with
F,=F1tF, G =G £G, (3.7.30)

Formulae (25)—<30) are the main new results of this section. Some quantities
which are of interest in applications can be expressed directly through functions
F, and F,. For example, in elastic crack problems the stress intensity factors

are given by
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2kF ,(k, @)
mw2a

2F,(k, @)
mw2b

K (@)= K (@)=

In electromagnetic problems, the total charge inside the circle p=b is

2m

le‘;:z[\/a_b J J F.(t,g) dtd

The similar quantity outside the circle p=a is

21

Q2=\/a_bJ F,(0,) dep

In the annular crack problems quantities Q, and Q, correspond to the relevant
resultant forces.

Uniform charge distribution. Let us consider in more detail the case of
p=py=const. The governing integral equations in this case will take the form

2( )d 2 2 _ \/1 kthD
a0+ (e -

x) dx K2 —12
2(t)+nJ 1()zt -p ‘/t"’;b Eka L thZB (3.7.31)

Denote the kernel of (31) as

1
Kolxt) = T[l x°t?

Equations (31) are in agreement with the results of Clements and Love (1974).
Their numerical solution was given in Clements and Ang (1988). We present
here an analytical solution. Let us use the method of iteration. Assuming the
right hand sides in (31) as zero approximations, we can write for the first
approximation
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k
[
FO - V-1 00 2 [ V=X =V(UK) =X
F =po/ab; ! K5 T[J — 5 XS
(3.7.32)
Simplifications in (32) are elementary, and the final result is
__Vabk-t* .0
F%)(t)_po?lj k _1D+e(t)’ (3733)
with
o Aab [ a0 VK-t 1 kVK2—t2[]
(1) = py 25 %n () -t st (3.7.34)

Now we need to investigate the action of the second iterated kernel K3 on (33).
The relevant expression is

k k

KéF%)(t):Ti['po\/a_bJ o J ds_ 10K =510 ).

1-x22 | 1-23<0 K M

(3.7.35
Taking into consideration that

k

B(t) = %J VI—IER K o(xt) dx,

expression (35) can be presented as

k
K2FD(t) =-6(t) +% pgVab J W(X) K(xt) dx + K28(t), (3.7.36)

with
XIn [ +kx[]
2 "~ ke[ (3.7.37)

X =3-3I

Since the exact solution for F, can be represented as
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k

Fz(t)=F%>(t)+ZJ FO() KE(x, 1) dx, (3.7.39)

n=1

we can see that each next iteration will cancel expression containing 6 from the
previous iteration, so that 6 would not enter the fina solution which now takes
the form

k
O
F,(t) =pVab % %szk t_ 1D 2 Z J W(X) K3 (x, t) dx ] (3.7.39)
O

n=0

Substitution of (39) in the first equation of (31) yields

0 w
F,(t)=pyVab E\/kZ_tz_%%J(t) + Z J W) KB(x, 1) dx% (3.7.40)

Formulae (39) and (40) give an exact solution of (31) in terms of the iterated
kernel. Actual computations were made for the st of vaues of
{b/a}:=0.04,0.1,0.2,0.4,0.6,0.8,0.9,0.95,0.99. The dimensionless quantities
F1=F,/(pVab) and F,=F,(p,/ab) are presented in Fig. 3.7.1 and Fig. 3.7.2
respectively versus {=1+300(t/k). This choice allowed us to plot all curves on
the same base. In order to avoid overlapping, not all curves were actualy
plotted. A comparison was also made with the numerical data for the stress
intensity factors presented by Clements and Ang. The agreement was found to
be excellent.

The case of non-axisymmetric charge distribution prescribed over the annulus
can be treated in a similar manner. For example, let

p(P, §) = p,pCose. (3.7.41)
The governing integral equations in this case will take the form

k

1 _ 1,242
Fa(t) + "J X+ 2N g = p,abt Hie - -k D

1 -x%t? 1 -xt Tk [O
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Fig. 3.7.1. Uniform charge distribution (solution for F,)

Fig. 3.7.2. Uniform charge distribution (solution for F,)
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k
2( O x [A+xt PEb P+
Fz(t)+T[J = +2InE1 00 = Vi

—@+ k2t2)\/1—k2tzg (3.7.42)

Equations (42) can be solved by any standard numerical procedure.

3.8. Alternative approach to the Dirichlet problem

The solution to the Dirichlet problem for a circular annulus, presented in
section 3.6 is not the only one to use. Severa aternatives may be suggested.
The boundary conditions, as before, are

V(p.9.0)=v(p.9), for b<p<a, 0=@<2m

ov

EZO’ for p<b or p>a, 0<E<2mn (3.8.1)

The governing integral equation will take the form

21 a

0(Po B) PodPod®, v(0,9). (38.2)
VP? + P5 — 2PPoCOS(P-@)

By using the integral representation

o PPo q
1 1 2 [ (_2’(P‘(Po) X (383
RV p?+p5—2ppycos(o— @) "m(p Vx-p 2= P22 =P

The governing integral equation may be reduced to

a

d Podpy (PP
4[ vXprJ i °2 %’;2"%3(90,@
P
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00 a

+4J dx J PodPy @po%(po’(p) v(D, 0.

\/Xz_pz VX2 2 [x?

Application of the operator

) er —P—P—2 L%B

to both sides of (4) yields

a

PodPy

P 4 VX% —a2d
_2J po 0 %(po,¢)_ r ZJ sz_a;z XJ

=L(r)§J AL e

We introduce a new unknown function

W9 = J 20 P00

The inverse of (6) is readily available, and is

p

~2 0O0df _rdr
0P =5 mpr LI (w0

Substitution of (6) in (5) gives

[ a

VX 2‘po ES

ydy

200

r X2 —a?
—2my(r, (p)_T_T\/ 7_ 2J X2—r2dXJ VaZ— (X -

V) D@%P(Y 0)
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(3.8.4)

(3.8.5)

(3.8.6)

(3.8.7)
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_ o d[ pdo [
—L(r)aJ VPZ—P—L@E((p,cp). (3.88)

One can interchange the order of integration in the second term of (8) and
perform the integration with respect to x. The result is

21 a

_”J(r"")+r_léj J KQy. T ¢~ @) —K(r.y, ¢~ @)

2—y? W(y, @) dyde,

d d
:L(f)aj £ e (389
The kernel of (9) can be expressed in terms of elementary functions as follows:

@21 Bv 3, o3 @
22y D\Ey"" @y "m0

K(y,r,0-@)=ry

—opd 1 |na+E% (3.8.10)

Q% Igiom 278

where
£ =Vyrd®@®, (3.8.11)

Here [0 denotes the real part of the expression to follow. Thus, the genera
problem of annular punch has been reduced to a Fredholm integral equation (9)
with an elementary kernel which can be solved numerically. It is noteworthy
that the governing equation for each specific harmonic will aso have an

elementary kernel. For example, the equation corresponding to the zero harmonic
is

a

1-K “vy(o)pd
qu(r)"'_J Sty 2 yO(r Y) Wo(y) dy 2ner V\‘}(pz)p ko (38.12)

with
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2_ 2042
Ky(y,r) = y%z r E/ 2t (3.8.13)

There have been so many variations of the governing integra equation published
for the case of axiad symmetry, that there is no doubt that equation (12)
coincides with some known result, though we have difficulty to pinpoint exactly

which one. The governing integral equation for the first harmonic will take the
form

“Ky(y.1) -K “vy(p)d
wl(r)+—J S0 yl(r D) dy= —J ‘;1(5) e, (38.14)
with
[&° —r2@/2@'_ a+r _,_[
Ka(y:") =3z v20 T (3.8.15)

There is no need to compute the charge distribution o if one is interested in the
integral characteristics only. Indeed, both the total charge Q and the moment M
can be expressed through the new unknown function ¢ as follows:

2 a
_2[ [ w(e.9pdpde_,[ YupP)pdp 3.8.16
QHH e J\/az—pz (38.16)
2 a 2
Mo J J W(p.0) pcosedpdp_ ZJ w, (3.8.17)
Tt va? - p? va?-p?

We note adso that the kernels in (12) and (14) are finite at the point y=r.
The following limits can be computed

i Koy, 1) —Ko(r,y) 1 r2+a?, _a+r[]
im —> - I

= n
yor r’—y a’-r? 2r a-r[l

iKY 1 [ 3a°-r® a+r[]

yor rz—y? T at-r? 2r a-r[]

(3.8.18)

Equations (9), (10), (16), and (17) are the man new results of this section.
The integral equations can be solved by any regular numerical method.

A similar approach can be extended to spherical coordinates. We consider
a Dirichlet problem for a spherical annulus B<8<a, 0<@<2rt The annulus is a
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part of a sphere of radius a. Let an arbitrary potential v(0,¢) be prescribed at
the annulus, with no charges elsswhere. We need to find the charge density
distribution o at the spherical annulus. The governing integral equation may be
written as

o — a
[ [ R95=2cos(012)
S

ale'

) J J (6, @) SiNG, O, de,

=Vv(6, ).

cos(6,/2) Vtan?(6/2) + tan*(8,/2) — 2 tan(8/2) tan(6/2) cos(®— @,)

(3.8.19)
By using the integral representation for the reciprocal of the distance (1.5.3) for
r=a, equation (19) will take the form

0

all dr " sing, de, 0 tanX(1/2)
a 0,
T DJ VcosT — cosGJ vcost - cosd, “Gan(0/2) tan(6y/2) BO( o ®)

B Cg
+J t J — e w e

Vcost —cos | Vcost —cosh,  [Ean(6/2) tan(6y/2)
(3.8.20)

Application of the operator

6

£[cot(8,/2)] d%l J SinBdo S

—_
VcosH - cos, 2]

to both sides of (20) leads to

a

s§n6,dd,  [tan(8,/2)
J Vcosh, — cosh, @an(eo/z)go(eo’

a
Tl

I:II:II:I

+JB sinB, Vcost — cosi3 dt

(cosT —cosB,) Vcosp - coso,
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" Sn8d8, O tan(u2) N
—0 o
XJ VcosT - cos6, “[tan(8,/2) tan( /2) BU( o ® E

6

= £[cot(6,/2)] diel J SnBdd

__Snédd _ [],,800,9 o). 3821
VcosH - cosh, ZD( ?) ( )

Introduction of a new unknown

3 sinB,dd, [tan(6,/2)
x(91,(p)—J Vcosh, - cosh, @an(eofz)go(eo’

will lead to the new type of integral equations which would be the spherical
equivalent to (9). This exercise is left to the reader.



