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thatobviousisIt0.39838.<<0.277991.7801,<<1.67554namelyestimation,
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gets:one

(34),usingand(58)in(59)Substitutingconstants.unknownyetarewhere

(3.1.59),)(=)(

form:theinpresentedbe(58)ofsolutiontheLet

(3.1.58).=d)(),(2+
d)(

2

form:thetakesconst.=for(26)equationsofsetThe
considered.waspotentialconstantatmaintaineddiskscoaxialofcaseAdisks.

betweendistancesofrangewideainaccuracyadequateangivetoprovedhere,
usedmethod,collocationTheformulae.approximatevariousoferrortheestimate

toorderinresultsnumericalaccurateneedsOne

(3.1.57).2,...,1,=for,=
),,(

sin2

as:rewrittenbecan(53)setthethen,=,0),(and0=
sincethatalsonoticecanOnefurther.discussedisresultsotherandthese

obtaintoprocedurenumericalThe1.032821.=and0.969201=arevalues
correctTheinaccurate.arethereforeandrange,admissibletheoutsideare1958)

(Cooke,ingivenvaluesboththatmeanswhich1.032807>>1.0328490.969176,

>>0.969213is(54)solvingbyvaluestheseofestimationTherespectively.

1.0319=and0.9683==arepotentialsoppositeforandpotentials

equalofcasethefor1958)(Cooke,ingiven,chargetotalthetoproportional

values,The20.=/valuethetocorrespondingpoint,onejustcheck
usLet1958).(Cooke,inpresentedarediskscoaxialequaltwoofcasethefor

resultsnumericalexample,Forprocedure.numericalaorsolutionapproximate
anofaccuracytheverifytousedbealsocan(50)equationsofsetThe

ones.unequalofthoseto
inferiorbewilldisksequalforvaluescertainofestimationtheofsharpnessthe

casessomeinthatexpectcanOneestimation.theimprovenotwillintersection
theirandsame,theare(56)inintervalsbothdisks,equalofcasethein
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+tantan+tan2;;,+

+
ln;;,1)+(2=

d
+)(

1+
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1
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formulae:followingtheusing
functions,elementaryinexpressedandexactlyevaluatedbecan(60)inintegrals

theAllfunction.hypergeometricGausstheisandinpolynomialais

(3.1.61))./11;;,(=
d
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where
(3.1.60)
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by:defined)(functionerrorthebyassessedwassolutiontheof
accuracyThefunctions.elementaryoftermsinexactlyevaluatedbealwayscan

integralsremainingthethen(61),toaccordingpolynomial,aishereSince

(3.1.66))).((d4=),,(

integration,firstthe
aftergives,(35)in(59)ofsubstitutionIndeed,functions.elementaryofterms

inexpressedbealsocanspaceinpointarbitraryanatvaluepotentialThe

(3.1.65).
)+(

1)+()(=

bydefinedbecandiskeachatchargetotaltheexample,
foreasily,ratherobtainedbecaninterestofparametersothertheallsolved,

is(64)systemtheAfterdefined.betoareconstantsthewhichfrom

(3.1.64).1,2,...,=and0,1,...,=for

,=d)(
+)(

1+
+)+(

1+)(

equations:algebraiclinear1)+(ofsetthetoleadsThispoints.these
atsatisfiedbe(60)equationsofsetthethatrequestand,1,2,...,=,0

intervalstheofeachatcollocationofpoints1+specifytohasoneNow

(1).bydefined),,(asunderstoodareandwhere

(3.1.63),;;,1+2+
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iscollocationofpointsequidistantofcasetheforaccuracythethatconclusion

atoleadsfiguresofComparison.0,1,...,=),/2sin(=attakenwere
collocationsofpointsthe3.1.2Fig.inwhilepointsequidistantofcasetheto
corresponds3.1.1Fig.circles.bygiveniscollocationsofpoints11forfunction

errortheandcollocations,ofpointsfiveforplotsamethegiveslinedashed
thecollocations,ofpointsthreeofcasetheforfunctionerrortheplotsfigures

bothinlinesolidThe0.1.=thembetweengapaandpotentialsopposite
unitatheld1radiusofdiskscoaxialequaltwoofcasethefor3.1.2Fig.
and3.1.1Fig.inpresentedisfunctionerrortheofbehaviortypical
Theaccurate.moreconsideredwassmallestthewithonethesolutions,two

ofoutthat,meanswhichsolution,theofaccuracyofmeasureaasusedwas

(3.1.68))|(|max=

ofvalueTheexact.issolutionthethatindicates0=thatobviousisIt

(3.1.67).2,...,1,=,0for

d)(
+)(
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formthehas(54)equations
ofsettheofsolutionThe.==and==considered:arecases

fundamentalTwo.==;==Denote

below.consideredareexamplesSeveral.
gaptheofvaluesdifferentfordistributiondensitychargetheplots3.1.3Figure

1958).(Cooke,inpublishedresultssimilar
ininaccuraciessomecorrects3.1.1Table3.1.1.Tableingivenisassessment

errorabsolutethewithalong/2=*ofvalueThe3.1.1.Tablein

givenarethem,betweengapvariableawithpotentialsoppositeatandequal
atheld1,radiusofdiskscoaxialequaltwoofcasethefor10,1,...,0,=/20),(

sin=collocationofpoints11withprocedurenumericaltheofresultsThe

area.negativethe
toequalalmostbeinghalf-wavepositivetheunderareathewithfunctionerror

theoffluctuationthetoduethanlessbedefinitelywillitbutunknownis
errorrealThe.productaastakenwaschargetotaltheofevaluation

oferrorThedeteriorates.accuracythecasesmanyinandsolution,theof
accuracytheimprovenotdoesgenerallycollocationofpointsofnumberthein
increasefurtherthatshowedalsoinvestigationOurchoice.secondthetoinferior
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charge.totaltheofValues3.1.1.Table

diskscoaxialseveralofInteraction

potentials).oppositeunitatdisks(twodistributiondensityCharge3.1.3.Fig.

01.01.
101.006406100.993674100.0
101.032821100.96920120.0
101.067514100.94051810.0
101.141723100.8895795.0
101.248107100.8342163.0
101.303422100.8112592.5
101.388027100.7817522.0
101.531444100.7430191.5
101.676043100.7138121.2
101.820785100.6912071.0
102.037267100.6656100.8
102.395441100.6364070.6
103.102305100.6024990.4

0.00015.1757530.000050.5613620.2
0.0019.2330710.00020.5358830.1
0.0317.229360.00100.5205530.05
0.380.4570.00150.5053200.01
2789.290.0020.5008770.001
000.50

ErrorError

potentialsOppositepotentialsEqual
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-15-15

-13-15
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notdojusttheyincorrect,notare10=and5=forCookeofresultsthethat
alsonoteWeCooke.bygivendatatheofaccuracythewithtroublessomeare

therethatimmediatelynotewe3.1.4,Fig.atLookingrespectively.circlessolid
andcirclesnon-solidby3.1.4Fig.inpresentedareandforresultsThe

1958).(Cooke,fromdatatheusingbymadewerecomputationsSimilar

(3.1.72).2/3=)(=)(,3/4=(0),=(0)

follows:asestablishedwerevalues
limitingTherespectively.linesolidtheandlinedashedtheby3.1.4Fig.

inplottedwere)(and)(curvesthe1,Tableand(69)Using

.asmergingcurvessmoothbe
shouldboththatsuggestslogicElementaryprocedure.numericalaofaccuracy

theverifytoalsohelpcan)(=and)(=curvesbothofPlotting
disk.secondtheofchargetotaltheoninfluenceequivalentanandchargetotal
samethehaving,radiusofannulusthininfinitelyanbydiskaofsubstitution

aasexplainedbecanofmeaningphysicalThe.offunctionsas
andanalyzetohasonesatisfactory,notstillisachievedaccuracytheIf

one.secondthefor0.62%
aboutisand(71),offormulafirstthefor0.1%thanlessiserrormaximumThe

(3.1.71)

)].(0.983+)(0.562[=)],(0.98+)(0.67[=

assumingbyobtainedbecanaccuracy
Better12%.aboutyieldsonesecondthewhile3%,aboutis(70)formula

firsttheoferrormaximumthethatshows1TableofresultswithComparison

(3.1.70)(0)].+)([=(0)],+)([=

namely,ofvaluesadmissible
minimumtheandmaximumtheofaveragingbyobtainedbecanformula

approximatesimplestThe(69).ofperformanceoverallthenumericallyanalyze
canonerespectively,andoffunctionsasandConsidering.

and0forresultsexactgives(69)formulathatNoticeones.oppositeto
minustheandpotentials,equalofcasethetocorresponds(69)insignplusThe

(3.1.69).
)],,(/[sin1

2=
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,=
),,(

sin1+
2

+
),,(

sin1

,=
),2,(

sin1+
),,(

sin1+
2

issolvedbetoequations
ofsetThe.2=,==,===Putsection.previousinstated

wasitasaccuracy,oftermsincasefavorableleasttheisitbecausedisksequal
ofcasetheconsiderWe

0.3%.exceedingnoterrormaximumthewith
,<<0rangewholetheinaccuratehighlyitmakes(69)in(73)ofSubstitution

(3.1.73).)2/3+e0.073+e0.02347(=

as)(functiontheapproximatecanOne

interval.admissiblethebeyond
aredatatheseearlier,shownwasAs20.=fordataCooke’sfromobtained
becanforvaluesreasonableNo.largeforisparameterthesensitive

howindicatesthisanddata,theinplacesdecimalofnumbersufficienthave
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rulescomplicatedprettytoaccordingassignedaresignsambiguousthewhere

,tan21
2

1tan21
2

1=

formthe
takesnotationourinexpressionHis(1900).Hobsonbyfoundpoint,chargeda

ofinfluencetheunderdiskconductingaforfunctionGreen’sthetocorresponds
(39)Expressionliterature.inreportedpreviouslythoseandsectionthisofresults
theofsomebetweenrelationshipaestablishtointerestofisIt

1.5.</forregionadmissiblethefromdeviatesharply
resultsthe2;>/foraccuracygoodgive(76)and(75)formulaethatseecan

Wecircles.byplottedare(75)ofresultstheand(74))from(computedbound,
lowerthegiveslinedashedthebound,upperthegivesfiguresbothinline
solidTherespectively.3.1.6Fig.and3.1.5Fig.inpresentedare)/(2=

dimensionlesstheofevaluationofresultsThe0.=,==and===
cases:particulartwoforperformedwerecalculationsNecessary(76).and(75)

ofthosewith(74)ofsolutionofresultsthecomparetointerestofisIt

./=),0.2786+0.7452+1.2732(10.2026==

),0.28300.2452+0.3183(10.4053====
(3.1.76)

),0.01874+0.57021.2159+1.2732(10.6366=

),0.020690.65141.1145+0.9549(10.6366==
where

),++(+=

(3.1.75),)++(+=

,)++(=

.>thatassumption
theintheregivenwassolutionapproximatefollowingThe(Kuz’min,1971).
inconsideredwasdisksspacedequallyequal,threeofproblemThe.

and,chargetotalofvaluestheforboundlowertheandupperthegives
or0equaland,ofcombinationstheallfor(74)ofSolution

(3.1.74).=
2

+
),,(

sin1+
),2,(

sin1
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Discussion.
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form.geometricalinHobsonbyfoundalsofunction,
sourceanothertocorresponds(31)Expressionmishap.thisoffreeandsimpler

is(39)expressionsOursigns.ambiguousthetoledwhichsquarecomplete
aofrootsquarethenoticetohimletnotdidresult,hispresentedHobson

whichinform,geometricalThepoints.theofpositiontheondepending

diskscoaxialseveralofInteraction

0)=,==system(three-diskdiskfirsttheatchargeTotal3.1.6.Fig.

)===system(three-diskdiskfirsttheatchargeTotal3.1.5.Fig.
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(79)from
obtainedbecanequationintegralfollowingtheharmonic-ththeforgeneral,In

respectively.andfunctionstheofharmonicszerotheareandHere,
1971).(Kuz’min,inderivedonethetocorresponds(80)equationsofsetThe

(3.1.80).
)(
d)(

d
d=

d)(
+)(

1+
+)+(

1+)(

(79)fromgetsonesymmetryaxialofcasethe
inexample,Forharmonic.particulareachforfunctionelementaryoftermsin

expressedandevaluatedbecan(79)intorespectwithintegralinternalThe

(3.1.79)).,()(
)(

d
d
d1=

d),(
)(d

),(
d
d1+),(

integration
ofordertheofchangetheafteryields,(26)in(78)and(77)ofSubstitution

(3.1.78)).,(1d
d
d)(

=),(

gives(77)ofInversion

(3.1.77).2,...,=1,),,(
d

2=),(

functionunknown
newaIntroduce1971).(Kuz’min,inderivedequationsintegraltypeLovethe
and(26)equationsofsetthebetweenestablishedbecanrelationshipCertain
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harmonicssixfirsttheforkerneltheofexpressionsexplicitareHere

(3.1.83).
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1
+1ln1=)(

and),,,(asunderstoodareandwhere

(3.1.82)1.for
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functions:elementaryinexpressedbecankernelThe
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Tomethod.parametersmalltheofuseconsequentwithtransformMehler-Fok
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ofproblemthetosolutionAgiven.areaccuracysufficientofresultsnumerical

somewhere1939)(Kobayashioneonlyofknowwethemamongconsidered;
isdiskstwoofproblemthewherepapersfewajustareThere

estimations.theofsharpness
sufficientshowsconsideredExamplesystem.theofcharacteristicsgeometric

simplebydefinedarecoefficientswhoseequationsalgebraiclinearofseta
fromfoundarechargetotaltheforboundslowertheandupperTheequations.

integralthesolvingwithoutfoundbecancharacteristicsintegralsomethat
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Aconsidered.isdiskscircularnon-parallelseveraloffieldelectrostaticThe
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namely0,=whenvalidis(3)ofsimplificationobviousAn

(3.2.6)}.]+)[(]+)+{[(
2
1=)(

and

(3.2.5),
cos2+1

1=),(

(3.2.4),+1=)(

where

(3.2.3),
)(

d
2=

+)cos(2+

1

(1.2.19))(seedistance
reciprocaltheforrepresentationintegralfollowingtheofusemakeNow

space.inpointarbitraryanandinsideintegrationofpointabetween
distancetheforstandsanddensities,chargeunknownyetastheareHere

(3.2.2).d=

followsasdistributionlayersimpleabyrepresentedbecanpotentialThe

(3.2.1).1,2,...,=;),,(for),,(=),,(

conditions:
boundaryfollowingthesatisfying),,,(functionharmonicafindtoi.e.disks,

chargedofsystemthetoduepotentialelectrostaticthefindtoisproblemThe
orientation.itsindicateplane,disk’sthetoorthogonal,vectorunittheand

disk,-ththeofcentertheindicatevectorpositiontheLetplane.disk’sthe
toorthogonalisaxisthethatsocenteritsat),,(coordinatescylindrical
ofsettheoforigintheplaceandonenumberdiskgenerality,oflosswithout

out,singlecanWesurface.itsbeanddisk,-ththeofradiusthebe
Letdisks.circularlocatedarbitrarilychargedofsystemaconsiderWe

problems.thesesolvingofcapablenotaremethodsexisting
thatfactthetoduemainlydisks,moreortwoofproblem

electrostatictheconsideringpublicationsnoarethereknowledgeourofbestthe

⌡
⌠

⌡
⌠

⌡
⌠

n
r

z

zzc

kk
kk

x

z
xxg

xgx

xx

z

S
Rq

S
R
q

V

niSzzvzV

zV

i
Ozz

Sia
n

locatedarbitrarily

1/2221/222

2

2

22

2
22

2222

2

0

)(

222

ρ−ρ−ρρρ

ψ−
−ψλ

−ρ

−ρ√−ρ√

φ−φρρλ

πφ−φρρ−ρρ√

⊂φρφρφρ

φρ

φρ

diskslocatedarbitrarilyofPotential

S













i

iiiii

i

i
i

ii

i
i

c

iiii

i

ii

i
i

i

ii

i

i

ii

i

i
i

n

Σ
=1

ρ



isapplytooperatornextThe).(
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interestingmostthebutiterationssuccessivebysolvedbecan(12)equations
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theanddisks,othertheforderivedbecan(17)tosimilarEquation
edge.disk’sfirst

theofpointsfarthermosttheandclosestthetoinsidepointafromdistances

ofsumtheofhalfarepresentsitobvious:quiteisofmeaningphysicalThe
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isintegrationofresultthe2,=casetheinexample,Forfunctions.elementary
inexpressedbealwayscanresultThe.surfacetheoverintegrateand
ddby(11)multiplycanOnecharge.totalofquantitythetolimitednotis

mannersimpleasuchincharacteristicsintegraltheassesstopossibilityThe
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wasresultfollowingThetransform.Mehler-Foktheusing1971)Ufliand,
and(Rukhovetsinconsideredwasdisksnon-paralleltwoofproblemThe

result.exactthetocloseveryisestimationcentral
thecasessomeinthatshowCalculations0.==tocorrespondingestimation

centraltheconsidertologicalisItcharges.totaltheforboundslower
theandupperthegivepointsextremeThe.and,where

(3.2.26)},]cos)+)(+2()+(+)+[(+
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Here

(3.2.25).2=+sin2

2=sin2+

formthehassolvedbetoequationsofsetThedetermined.
betoareandchargestotalTherespectively.andpotentials

thetochargedconductorsbediskstheLetline.thefromanddistances
theatintersectionoflinethetoorthogonalplaneoneinlyingarecenters

whoseandangleanatintersectingplanestwoinlyingandradii
ofdiskstwoofcasetheisconsidertoexamplesimplestThe
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placedbeingcenteritshorizontal,isdiskfirsttheofplaneThe0.=planethe
atlocatedcenterstheirwithdisks+1ofcasetheConsider

manner.similarain
treatedbecancapssphericallocatedarbitrarilyofsystemaexample,forsurfaces,

otherformodifiedbecanitdisks,circulartolimitednotismethodThe
problems.complicatedoftreatmentsimpleveryaallowsapproachnewThe

.<0<rangewholetheinaccuracygoodreasonably
givesestimationcentralThe<2.forzoneadmissiblethefromdeviatesharply

resultsthe>2.5,forresultsgoodgives(27)formulasee,canweAs0.0001.
accuracythewithiteration,ofmethodthebyobtainedwereresultsnumericalThe

Ufliand’sandRukhovetswithresultsourofComparison3.2.1.Table

3.2.1.Tableinpresentedisversus/2=ofvalueThe.==/4,=

1,==1,==casetheforperformedwereCalculations(27).Ufliandand
Rukhovetsbythosewith(25-26)bygivenresultsthecomparetointerestofisIt
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,++1)(2cos)+(+2cos2=

,1)(2sin)+(+2sin2=

,++1)(2cos)(+2cos2=

),/tan(=,1)(2sin)(+2sin2=

],+++[
2
1=

,]+)[(=

},]+)[(+]+)+{[(
2
1=

considerations,geometricalelementaryfromwhere,

,2=sin2+1+sin2

,2=sin2+

equations
algebraiclineartwojustofsetatoreducedbecandiskeachatcharge

totalthefindingofproblemthesystem,theofsymmetrythetoDue

disks.theonchargestotaltheforequationsalgebraic
linearapproximateofsetthewritetoneedWe.beingradiustheirand,

potentialaatkeptbeingresttheand,potentialatochargedbediskcentral
theLet.beinglinethisoflengththeapex,thewithorigincoordinatesthe

connectinglinethetoorthogonalbeingplanestheirpolygon,regularaofapices
theatlocatedaredisksequalremainingtheofcentersThecentral.called
bewilldiskThis.beingradiusitsandorigin,systemcoordinatestheat
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(3.3.3)).,(=),(,
d

dd4

aswrittenbecan(2)equation(1.3.9),usingBy
points.twobetweendistancetheisdistribution,densitychargetheisHere

(3.3.2)).(=
)(

d)(

formthe
takesequationintegralgoverningThe.potentialatochargedislaminaThe

(3.3.1)).(=

ascoordinates
polartheingivenisboundarywhoselaminaconductingflataConsider

shape.arbitraryoflaminae
flatofcapacitytheforformulaeaccurateyetsimplegivingheresuggestedis

methodnewAeccentricity.highofellipseanofcasetheinevenfailsitbut
polygonregularaforaccuratereasonablyandcircleaforexactisIthalf-space.

elasticanonpunchflataofproblemcontactequivalentmathematically
aconsideredwho(1964a),SolomonbysuggestedwasformulauniversalAratio.

aspecthighwithrectanglestheforresultsbettergivesbutunitytocloseratios
aspecttheforgoodverynotiswhich(1920)Howerectangleaofcapacitythe

forformulaapproximateoneonlybetoseemsThereonly.ellipseanforand
circleaformomenttheatknownareformulaeexacttheshapes,two-dimensional

allOfcharacteristics.electrostaticimportantmosttheofoneisCapacity

confirmed.isaccuracygoodaandliterature,theinknownsolutions
theagainstcheckedareformulaetheAllsegment.circularaandsectorcircular

arhombus,arectangle,atriangle,apolygon,aofcapacitytheevaluating
forderivedareformulaeapproximateSpecificshape.arbitraryoflaminae
flatofcapacitytheofevaluationtheforproposedismethodnewA

infinity.totendsratiothis
whenresultsthetotendingincreases,/and/ratiotheasimproves,

estimationcentraltheofaccuracythethatNote0.==casethetocorresponds
estimationcentralThe.andwhere;3,...,2,=for
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givestorespectwithIntegration(7).distributionchargethe
byproducedpotentialthebewillconstantatoclosehowverifycanwe(3),in
(7)substitutingNow.==laminaconductingperfectlyaofcasetheFor

(3.3.7).
)(2

)(=

that(5)fromimmediatelygets
One.laminatheofgravityofcentertheatlocatedbeshouldcoordinates

polarofsystemtheoforiginthethatmeanswhichgravityofcentertheof
coordinatesandthetoproportionalareequationsbothofsideshandleftThe

(3.3.6)0.=dsin)(,0=dcos)(

equationstwotoleadswhichzerobeorigintheabout
(4)distributionchargetheofmomentdipolethethatconditionthefromdefined
becanlocationThisorigin.systemcoordinatetheoflocationtheondepend

notdoeschargetotalthethatnoteworthyisIt.ofareatheiswhere

(3.3.5),=2=d)(=d
)(

)(d

.chargetotalthegiveshouldoverofintegral
thethatconditionthefromdefinedeasilybecanwhichconstantaiswhere

(3.3.4).
)(

)(=

bedistributiondensity
chargetheLet.andchargetotaltheofratiotheasdefinediscapacity

theandconstant,ispotentialthedisk,conductingaofcasetheIn

shape.arbitraryoflaminaeflatofcapacity
theforformulaeaccuratesufficientlyandellipseanforsolution(3)

fromobtaincanoneNevertheless,only.)(mincircletheinsidevalidis(3)
toledwhichintegrationofordertheofchangethethatnoteworthyalsoisIt
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form
theinrewrittenbecanwhichchargetotaltheandvaluepotentialthebetween

relationshipthebeing(9)assumemaywevalue,chargetotaltheinerrorsmaller
eveninresultwillfluctuationsignerrorthethatconsiderationintoTaking

apex.thefromdistancethewithrapidlyverydecreasingandapex,theat20%
reachingcircletheoutsidesmallreasonablyiserrorThe.circletheinside

3%thanlessiserrorthethatshowcomputationsDirecterror.solutionthe
calledbemayharmonicsremainingthethenpotentialthethatassumeweIf

(3.3.11),
13
20+

13
12+cos8

3465
64

2
=

,
105

cos432
2

=,)2+ln(14
2

=

harmonics:
non-zeroseveralevaluatecanWerange.thisoutsiderepeatedispattern

theand/4,</4<forcos/=)(iscasethisinboundarytheofequation
The.2sidethewithsquareaofcasethedetailmoreinconsiderNow

decreases.amplitudetheirthatshowsharmonicsfurtherofinvestigationThe

(3.3.10).
)(

de
35
8

2
=

harmonicfourththeforexpressiontheisHereharmonics.oddcontainnotdoes
)(forexpressiontheifzerobewillharmonicsoddtheallthatandcontour,

arbitraryanforzeroequalisharmonicsecondthethatnotetoimportantisIt

(3.3.9).d)(
22

=

formthe
hasharmoniczeroTheharmonic.eachforseparatelydonebecanpotential
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(3.3.8)

.d
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11;;
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||1ed||
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(3.3.16),
2

=

reads
coefficientthethroughexpressedresultHis(1964a).Solomonbysuggested

(12)typetheofformulageneraloneonlyliteraturetheinfoundhaveWe

Section.nexttheincasespecificeach
forarereallytheygoodhowverifyshallweandlamina,arbitraryanforvalid
are14)(12formulaethatassumetologicalseemsitNowbad.notiswhich

1.6%byerrorinisresultourthatso0.367,isand(1960),Noblebyobtained
wasaccuratebetoseemswhichofvalueTheaccurate.soisresultour
thatmeannotdoesMaxwellbyresultthetoclosenesscourse,Ofsquare.the

ofcapacitancetheforMaxwellbygiven0.3607valuethetocloseveryiswhich

0.3611=
)2+(1

1=

as(11)equationfirstthefromsquaretheforcoefficientthecompute
easilycanOneshapes.variousforofvaluethefindtoisnowproblemThe

(3.3.15).=

bylaminaflat
aofcapacitythetorelatediscoefficientourthatdeduceeasilycanOne

(3.3.14).d)(
2
1=

gravityofcenterthetorespectwithcalledbecanwhere

(3.3.13),2=

onlygeometrylaminatheondepending
coefficientdimensionlessaisandlamina,theofareatheiswhere

(3.3.12).=
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maximumthethatclearquiteseemsItresult.thiswithcomparetoanything
literaturetheinfindnotdidWe0.3599.=pentagonregularaFor.with
decreasewill(18)oferrorthethatexpectshouldwe.35917,=2/=circle

aforresultexactthegivescaselimitingthein(18)formulaSince1.6%.
issquareafor(18)oferrortheearlier,seenhaveweAs4.1%.byerror
inisresultourthatso0.3829,equalisand1964b),(Solomon,fromcomputed
becanaccurate,betoseemswhich,ofvalueThe0.3673.=gives(18)

formula=3)(triangleequilateralanFor.ofvaluesparticularseveralConsider

(3.3.18).

)/sin(1
)/sin(+1ln

)/tan(4
=

tosimplify(17)formulapolygonregularaofcasetheIn

(3.3.17).

+

++
ln

2
=

coefficienttheforexpressionfollowingtheyield(14)and
(13)formulaeThen.ofsumthetoequalbeingpolygontheofareatotal

the,and,byformedtriangletheofareathebeLetapex.-th
thetogravityofcenterthefromdistancetheDenote1.asunderstoodis
+1equalindexofvaluethethatclearisIt+1.numberedisintersecting,are

andsidesthewhichatapex,Theside.-ththeoflengththebeing
,to1fromdirectioncounter-clockwiseainsidespolygonthenumberusLet

before.asgravity,ofcentertheatlocatedissystemcoordinatetheoforigin
Thesingle-valued.andcontinuousbeboundaryitsdescribingfunctionthe
thatlimitationonlythewithsides,withpolygonaConsider.

below.consideredareapplications
specificSeveralexact.areellipseanofcasethein14)(12formulaeOur

.+2=

gives(16)formulaandsemi-axeswithellipse
anofcasetheinexample,Fordomains.oblongforsignificantquitebemight

errorthebutunity,fromawayfarnotratioaspectthewithdomainsforaccurate
sufficientlybetoitexpectshouldonesocircle,aforexactis(16)formula

thatverifyeasilycanOneinertia.ofmomentpolartheforstandswhere
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readscoefficienttheoftermsinwhich
rectangleaofcapacitancetheforformulaapproximateansuggested(1920)Howe

(3.3.21).
]sinh)(1/+)(1/sinh[

2=

toreducescasethisin(17)Formula./=ratioaspecttheIntroduce
semiaxes.itsbeingandlamina,rectangularaConsider.

one.numerical
thefrom3.3%withiniswhich0.374=isresultOurresult.probablemostthe
as0.3867=obtained(1970)HarringtonandOkon/2,=ofcasetheIn

./2)3tan(tan=where
(3.3.20)

,
2

+
4

tanln+
4

cot
4

2cotln
2

sin2/2)tan(6=g

formtheinrewrittenbecancoefficient
theforformula,equalissidestwothesebetweenangletheand,==

Whenresults.thecomparecanwesoconsidered,beenhavecasesparticular
certainbuttypegeneraloftriangleatreatingreportanyofunawareareWe

.])+2([
3
1=

,])+2([
3
1=,])+2([

3
1=

)/2,++(=,]))()(([=

geometry:
fromformulaeknownwellthebydefinedbecan(19)inparametersThe

(3.3.19)

.
+

++
ln1+

+

++
ln1+

+

++
ln16=

follows:assimplifies(17)
formula,and,sidesthewithtriangleaofcasetheIn.

.<3rangewholetheinsignificantlychangenotdoes
ofvaluethethatnoteworthyisIt.withdecreasesindeederrorpossible
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1.07.say,factor,constantabymultiplicationbyjustdramatically
improvedbecanaccuracyitsthenso,reallyisthisIf(22).formulaHowe’s

oferrortheinchangelittlebetoseemsThereonly.unityfromawayfar
notisratioaspectthewhenwellperformsSolomontodueformulaexpectedwas

itAsratio.aspecttheofrangewidesufficientlyaintwootherthethenbetter
performtoseemsformulaOur0.7192.=1/50,=0.6729;=1/40,=0.6207;=

1/30,=0.5200;=1/15,=0.4752;=0.1,=0.4543;=1/8,=0.3763;=
0.5,=results:numericalourofsomeareHereNoble.ofresultsthefavor

computationsownOurexact.notareauthoroneleastatofresultsthethat
indicatesGalin,andBorodachevbythosetoNobletoduedatathefrommoving

whenjumpsformulaeachtoduediscrepancythethatfactTheparameter.
certainatorespectwithextremum)oneonlyhaveto(ormonotonously
changeshouldformulaapproximateanoferrorthethatassumetological
seemsItpresented.datathefromdrawnbecanconclusionsusefulSeveral

.=1/2:ourandcoefficient
Borodachev-Galin’sbetweenusedwasrelationshipfollowingThe(23).Solomon

and(22)Howetoduethoseand(21)resultourwithcomparedandbelow
presentedis,coefficienttheoftermsinexpresseddata,Theirhalf-space.

elasticanonpunchrectangularnarrowaofproblemequivalentanconsidered
have(1974)GalinandBorodachevandlamina,rectangularaondistribution

chargeelectricofproblemainvestigated(1960)Nobleaccurate.lessor
morebetoseemwhichresultsnumericalsomeliteraturetheinfoundhaveWe

(3.3.23).
12
1+

12
2=

formthetakescasethisin(16)SolomontodueresultThe

(3.3.22),

3
1)+(

3
1+

3
+)1(sinh+sinh12

1=

ggg
gggg

gg

g

g

g

1/8

11/8

(9/8)

2

3/22

2
-1-1

εε
εεεε

ε

ε√πγγ

ε
ε

π

ε
ε−

ε
ε

εεεε√

laminaeflatofCapacity

1.61.31.94.45.55.38.214.926.7(23)Solomon
8.48.07.18.57.86.17.06.16.2(22)Howe
1.60.5-2.0-1.1-2.6-5.0-4.5-7.3-8.9(21)Formula

%Discrepancy
0.36130.37150.39690.40710.42110.43040.44230.48190.5402(23)Solomon
0.33630.34620.37590.38990.41120.42680.44810.53170.6916(22)Howe
0.36120.37420.41280.43060.45760.47710.50370.60720.8031(21)Formula
0.36700.37620.4047––0.4543–––Noble

–––0.42590.4458–0.48190.56610.7375Galinand
Borodachev

1.0000.5000.2500.2000.1500.1250.1000.0500.020=
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(3.3.27).+for,
)cos(

cos=)(

;2<+or0for,sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

(3.3.26).
2sin

2
13

sin2
=

where,=bydefinedisgravityofcenteritsoflocationTheparameters.
segmentthebe2angletheandradiustheLet.

.ratioaspect
theofrangewideainsatisfactoryquiteperformtoseems(25)formulaOur

(25)toduecomputedthosewithcoefficient
theoftermsinexpresseddatahiscompareWe(1979).SmedtDebygivenare

resultsnumericaldifferentSlightly0.3698.=ourswithcoincidespractically
0.3705=resultTheir1:2.ratioaspectthewithrhombusaconsidered

alsoTheyHarrington.andOkonofresultthefrom3%withiniswhich
0.3744=gives(25)Formula0.3855.=is0.7:1.65=:ratioaspect

thewithdiamondafor,coefficienttheoftermsinexpressedresult,Their
(1970).HarringtonandOkonbycomputedwasdiamondaofcapacityThe

(3.3.25).

+1+1

+1++1ln

))(1/+2(=

formthehas/=ratio
aspecttheandandsemiaxesrhombustheoftermsinformulasameThe

(3.3.24).

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin

2=

yieldscasethisin(17)
Formulaapexes.rhombustheofoneatanglethebeLet.
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1.31.62.84.87.611.4%Discrepancy
0.3610.3630.3700.3830.4090.462(25)Formula
0.3660.3690.3810.4020.4420.521(1979)SmedtDe
1.0000.7500.5000.3330.2000.100=
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namely,formula,
asymptoticsimplemoremuchasuggestcanwe(29),ofpropertiestheseofview

Indecreasing).ofinsteadincreases(degrees20>forbehaviorreasonable
fromdeviatesItdegrees).30=toupaccuratesufficientlybetoitclaim

authorsthe(althoughdegrees15<smallveryforonlygoodis(29)formula
Lebedev’sdegrees.15>foraccuratesufficientlyis(30)formulaOur

belowgivenareresultsThe7.3.sectionindescribedmethodthebyobtained
solutionnumericalaccurateanwith(30)and(29)formulaecomparetointerest

ofisItkind.secondtheofintegralellipticcompleteadenotes()Here

(3.3.30).
]cos)(cos[

2sin2=

yields
methodOurkind.firsttheofintegralellipticcompletetheforstands()and

,
)(sin
)(cos=

Here

(3.3.29).e
65
31

3
130+

24
18+21

2sin2
sin2=

readswhichlunenarrowfor
formulaasymptoticanobtainedhaveThey(1986).Lebedevbyconsidered

waslaminasuchofcapacityTheshape.luneoflaminaausgivechordstheir
alongjoined2angleandradiusofsegmentscircularequalTwo

0.3%.ofdiscrepancythewith0.3714gives(28)Formula0.3724.
iscoefficientthethroughexpressedresultTheirsemicircle.aofcapacity

thecomputedhave(1970)HarringtonandOkon(28):ofaccuracytheverifyto
examplenumericaloneonlyfoundhaveWe)].cos/([sintan=where

(3.3.28).
)/4]}2+tan[(lncos(+sin),()({2

cossin2=

yields(14)(13)into(27)ofSubstitution
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00.080.41.22.93.44.45.96.98.5(%)(30)oferror
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0.35920.36040.36470.37370.39270.41910.44260.48310.52650.5749(30)
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background.physicallittleveryhaveandtype,empiricalofare(34)
typeofFormulae.andforvaluesdifferentrequireshapesDifferentcase.
thenotisthisthatshowcomputationsDirectoptimal.senseanyinisand

parameterstheofchoicethiswhethernowaskmayOne4.=and2=for

(3.3.34)d)(
2
1d)(

2
12

=

namelyone,general
moreaofcaseparticularaasconsideredbecan(16)formulaSolomon’s

investigation.additionalanrequiresnecessarybewillconditionsthesewhether
questionTheellipse.antocorrespondswhichsecond,thethanhighernot

harmonicscontains)]([ifvanishes(33)integralthatmeanswhich2than
greaternotdegreeof)(/inpolynomialfinitearepresents(33)infunction

hypergeometricthe,evenofcasetheInonly.harmonicsevencontains
)(ifoddallforvanishwill(33)Integral0.forzeroequalbeshould

(3.3.33)d
)(

11;;
2
1,

2
||1e

conditions:sufficienttheprovidecan(8)Expression(29).equation
integralthetosolutionexactanbewould(7)typetheofexpressionwhich

forellipse,anthanothercontour,anyexiststherewhetherenquirecanOne

0.8%.ofdiscrepancythewith0.3639,=
gives/4=for(32)Formula0.3668.=obtainedquadrantaofcasethe

in(1970)HarringtonandOkon.)/(cossintan=and),/(32sin=Here,

(3.3.32).
)/2)]}cot((/2)ln[cot(sin+sin),({

2
=

:2anglethewithsectorcircularaforresultfollowing
thetoleadsearlier,describedprocedure,theofRepetition.

considered.isproblemcontactequivalentmathematicallyawhere
7.3sectioninfoundbecanlamina’shamrock’-shapedaforresultsnumerical

Someaccurate.morealsois(31)formula(29)thansimplemorebeingBesides

(3.3.31).
24

1
)(4/ln

2+
)ln(4/
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)ln(4/2
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integrationoforderthechangingaftergives,(1)into(2)ofSubstitution

(3.4.3).
cos2+1

1=),(

where

(3.4.2),
d),(

2=
)cos(2+

1

1Chapterinestablisheddistancereciprocaltheforrepresentation
integraltheagainuseWesingle-valued.andboundedis)(functionthewhere

),(=

ascoordinatespolartheingivenbescreenplanar
ainaperturetheofboundarytheLetfunction),(unknowndensitychargethe

forstandsandfunction,knownais,andpointsthebetweendistance
theforstandsaperture,theofdomaintwo-dimensionalaiswhere

(3.4.1),d)(=

equationintegralfollowingtheofsolutionthetoreducedbecanapertures
smallbydiffractionofproblemthethat1944)(Bethe,knownwellisIt

here.derivedbetoformulae
theofaccuracytheofverificationforusedbewillresultsTheir(1973).

FridbergandFikhmanasbyusedwasapproachvariationalthe1977),Bladel
VanandMeulenaereDe1979,Smedtde1981,Harringtonand(Okonnumerically

or1951)(Cohnexperimentallyeithertreatedbeenhaveshapesnon-elliptic
Allonly.screenplanarainapertureellipticanforknownarequantitiesthese
forexpressionsclosed-formmoment,theAtpolarizability.magneticoftensor
theandpolarizabilityelectricofcoefficienttheofevaluationantoapertures

smallbydiffractionofproblemthereduced(1944)BetheagoyearsMany

1987b).
(Fabrikant,followsmaterialTheconfirmed.isaccuracytheirandliterature,the

inknownsolutionstheagainstcheckedareformulaetheAllshape.variousof
aperturestheforobtainedareformulaeSpecificapertures.smallofpolarizability
magneticofcoefficientstheforderivedisformulageneralAhere.presented

isshapearbitraryofaperturessmallofpolarizabilitymagneticofAnalysis
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,d=,d=

conditionsthefromestablishedbecan
andparameterstheandmomentsdipolethebetweenrelationshipsThe

later.discussedbewillorientationaxisThe
aperture.theofgravityofcentertheatlocatedbeshouldcoordinatesofsystem

theoforiginthethatmeansThisgravity.ofcentertheofcoordinatesor
thetoproportionalis(7)equationeachofsideleft-handthethatnotecanOne

(3.4.7)0.=dsin)(,0=dcos)(

equationstwotoleadsthisindependent,
areandSincezero.equalbeshouldoverofintegralthe

thatconditiontheofuseMakeellipse.anforexactbe(6)thatrequirementthe
ischoicethisforreasonmainTheconstants.unknownyetareandwhere

(3.4.6),
])([

)sin+cos()(
=),(

beaperturetheatdistributionchargetheLet

zero.equalputbecanconstantstheseofoneexcitation
uniaxialaofcasetheinthatclearquiteisItconstants.areandwhere

(3.4.5),=

formthetakingfunctionthewith(1),
equationconsidertosufficientisitpolarizability,magneticofcasetheFor

further.demonstratedbewillitasaperturesspecific
variousforformulaeaccuratesufficientlyandellipseanforsolutionthe

(4)fromobtaincanoneNevertheless,only.)}(min{circletheinsidevalid
is(4)toledwhichintegrationofordertheofchangethethatnoteworthyisIt

(3.4.4).d),(
)(

),(
d

)(
d=),(
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sopracticeengineeringinbeforeusedbeenhavetoseemnotdoquantitiesThese
(3.4.11)

.dcossin)(=,dcos)(=,dsin)(=

introducedwerequantitiesfollowingtheHere

(3.4.10)].sin)+(+cos)+[(=),(

assimplifiedbecanwhich

,d)()sin+cos()cos(=),(

formthetakewillharmonicfirstTheharmonics.
eventheonlycontains)(ifzerobewillofharmonicseventheall
andzerothethatNoteharmonic.eachforseparatelydonebecanfunction
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(3.4.9).d)sin+cos(
)(

11;;
2
1,

2
||3

e
)(

d=),(

to
respectwithintegrationafteryieldswhich(4)into(6)ofsubstitutionbydonebe

canThis.andparametersthetoandrelatetonecessaryisitNow

.d=,d=,d=

respectively.inertiaofproducttheand
inertiaofmomentstheofquantitiesknownwelltheareand,where

(3.4.8),+=,+=
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(3.4.14).
+2=,

+2=

gives(13)ofinversionThe

(3.4.13)).+(
2

=,)+(
2

=

toleads(10)and(5)ofcomparisondirectasought,characteristicsintegralthein
errorsmallereveninresultwillfluctuationsignerrorthethatconsiderationinto

Takingerror.solutionthecalledbemayharmonicsremainingtheand,

assumetonaturalseemsit,ofthatthanlesssignificantlyisofamplitude
theSincedecreases.amplitudetheirthatshowsharmonicsfurtherofInvestigation

.
)(
dsin6=,

)(
dsin4=

,
)(
dcos6=,

)(
dcos4=

introduced
weredomainaperturetheofcharacteristicsgeometricalfollowingtheHere,

(3.4.12)}.sin5])(+)+[(+

cos5])(+)+{[(=),(

asmodifiedbecanwhich

,d)sin+cos(
)(

)cos5(
=),(

harmonicfifththeforexpressiontheisHerecontour.arbitrary
anforzeroequalisharmonicthirdthethatnotetoimportantisIt

called
bewillrespectively,

andcallshallweinertia,ofmomentstheofthose
tosimilararepropertiestensortheirSincename.acceptedanhavenotdothey
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(3.4.19).
4
3

])([
)(=

formtheinandmomentstheof
termsin(6)distributionchargetheforexpressiontherewritecanweNow,

(3.4.18).=,=

(3.4.17),=,=

(3.4.16),=,=

significantlysimplify(15)and(13)(8),formulae
casethisInsymmetry.ofaxisanhasaperturethewhencasetheonlyfurther

considershallwe(15),ofaccuracytheverifytousedbecouldwhichdomains
non-symmetricalfordatanumericalnohaveweSinceaperture.ofdomain

theofaxesprincipalcentralthewithcoincideaxescoordinatethethatprovided

0==casethisinbecausesymmetryofaxisoneleastathaswhich

domainanyforexactlysatisfiedbewilltheoremThis1.|/|and

1|/|namely,computations,directseveralbyverifiedbeenhaswhich
propertyfollowingthethisbymeanWe’approximately’.satisfiedistheorem

thisthatstatemayweButtheorem.thissatisfynotdogenerally(15)formulae

thatso,equalbeshouldtheorem,reciprocalthetoaccordingspeaking,

Strictly.and+forholdspropertysameTheaxes.theofrotation
arbitraryantorespectwithinvariantare(15)formulaethatverifycanOne

form.tensoraormatrixainrewrittenbecanresultstheseallthatclearisIt

.=,=

,=,=

where

(3.4.15),+=,+=

relationshiprequiredthegivesfinally(8)in(14)ofSubstitution
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becanexpressionsfollowingThe.ofsumthetoequalbeingpolygon

theofareatotalthe,and,byformedtriangletheofareathe
beLet.sidethetoperpendiculartheandaxisthebetweenanglethe
forstandsapex;ththetogravityofcenterthefromdistancetheDenote
1.asunderstoodis1+equalindexofvaluethethatclearisIt1.+

numberedisintersecting,areandsidesthewhichatapex,Theside.
ththeoflengththebeing,to1fromdirectioncounter-clockwiseain

sidespolygonthenumberusLetbefore.asgravity,ofcentertheatlocatedis
systemcoordinatetheoforiginThesingle-valued.andboundedisboundaryits

describing)(functionThesides.withpolygonaConsider.

.axisthewithcoincidingsymmetry
ofaxisoneleastathavetoassumedandaxesprincipalcentralitstorelated
isconfigurationEachhere.consideredareshapesaperturespecificSeveral

shapes.aperturevariousforandcoefficientstheofevaluation
thetodevotedbewillsectiontheofpartremainingTheavailable.data

numericalthewithresultsourofcomparisonthesimplifywillwhichpolarizability
magneticofcoefficientscorrespondingthetoequalareandboth

size;itsondependnotdoandofshapethecharacterizetheydimensionless
aretheysincereasons:twoforandcoefficientstheintroducedWe

(3.4.22).
3

32
=,

3

32
=

andarea,aperturetheiswhere

(3.4.21),
2

=,
2

=

formthein(18)formulaerewriteusLet

.domaintheofboundarythetoclosesignificant
quitebecomemighterrorthewhilesymmetry,ofaxisoneleastatwithaperture

arbitraryanfororigincoordinatetheofneighborhoodtheinaccuratereasonably
betothemexpectWeellipse.anforare(20)and(19)Expressions

(3.4.20).
])([

)(2=

and
parameterstheoftermsinwrittenbecan(19)toequivalentexpressionAn
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(3.4.26).
+

++
ln=

,114
=,])(+[1+1=

where

,cos2+sin2)(=

(3.4.25),sin2+sin2cos2=

,cos2+sin2+cos2=

formtheincomputedbecanmomentslinearThe

symmetry.ofaxis
anhavingnecessarilynotpolygon,arbitraryanforvalidare24)(23Formulae

(3.4.24).
24

])+[3(
=,

2
=,

2
=

where

(3.4.23),cos2+)sin2(=

,sin2+sin2cos2=

,cos2+sin2+cos2=

inertiaofmomentstheforobtained

abb

abb

a
A

t

bba

A
sbba

bba

A
q

stqJ

tsqJ

tsqJ

abbA
h

a

bb
Ag

a

A
m

ghmI

hgmI

hgmI

+1

+1

+1
2

2
2

+1

2

+1
2

2

2

22
+1
2

2

2
+1
2

2
2

3

2

2

−

−−

ψψ−

ψψ−ψ

ψψψ−

−

−−

ψψ−

ψψ−ψ

ψψψ−

aperturessmallofpolarizabilityMagnetic













kkk

kkk

k

k
k

kkk

k
kkkk

kkk

k
k

kkkkkxy

kkkkkky

kkkkkkx

kkkk
k

k

kk
kk

k

k
k

kkkkkxy

kkkkkky

kkkkkkx

k

n

k

n

k

n

k

n

k

n

k

n

Σ

Σ

Σ

Σ

Σ

Σ

=1

=1

=1

=1

=1

=1



2sin)+sin(+sin
2

cos=

,/2)(cossin=,/2)(sinsin=

give26)(22formulaetoequalthembetween
angletheand==sidesthewithtriangleaofcasetheIn.

.<3rangewholetheinsignificantlychangenotdopolarizability
magneticofcoefficientsthethatnoteworthyisIt.withdecreasesindeed

errorpossiblemaximumthethatclearquiteisitand(1981),Harringtonand
Okontodue0.49resultthefrom1.4%bydifferswhich0.4830=ln3)81/(3240

==ishexagonregularaforcoefficientstheofvalueThe.withdecrease
will(29)oferrorthethatexpectshouldwe0.4789,=)8/(3==circlea
forresultexactthegivescaselimitingthein(29)formulaSince0.5193.

Smedtdeofresultthefrom3%withinand(1981)HarringtonandOkonby
given0.5162to0.4973fromintervaltheinsideiswhich0.5043=)]2+ln(14/[9

==and4,=squareaofcasetheInresult.thiswithcomparetodata
numericalanyfindnotdidWe0.5922.=)]3+16/[27ln(23==gives(29)

formula=3)(triangleequilateralanFor.ofvaluesparticularseveralConsider

(3.4.29).

)/sin(1
)/sin(+1ln)(cossin9

)cos+16(2
==

toleads(22)in(28)and(27)Substituting

(3.4.28).
)/sin(1
)/sin(+1lncos=

)/sin(1
)/sin(+1lncot==

(3.4.27),cos+2sin
24

=
3
1+cotcot

64
==

to
simplify26)(23formulaeand,=)]/2,/sin(2[=)]/4/cot([=,1)/

(2=)],//[2sin(==,=polygonregularaofcasetheInpolygon.
arbitraryanforandcoefficientsthegives(22)into26)(23ofSubstitution
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yield(22)formulaeand

),(1/sinh4=,sinh4=

,=,=

toreducecasethisin26)(23Formulae./=ratioaspecttheIntroduce
semiaxes.itsbeingandaperture,rectangularaConsider.

result.thiswithcomparetoliteraturethe
innothingisthereand0.3995,=gives(30)formulasecondThetheirs.from

10%thanlessdifferswhich0.9255isforresultOur.isnotationourin
whichcoefficientoneonlyfor1.021and0.9829betweenintervalthegavewho
(1981)HarringtonandOkonbyconsideredwastrianglerightisoscelesThe

./2)3tan(tan=where

(3.4.30),
4

cot
4

2cotln
2

cossin+

2sin+)+sin(sin9/2)cot(8=

,
2

+
4

tanln+
4
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4
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2sin+

2sin)+sin(+sin3/2)tan(8=

coefficientstheforresultthewith
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0.3265.betotakenwasofvalue
the,andinterchangingandbyallreplacing(33)tosimilarformula

ausecanOne.axisthealongvaluessamethecomparealsocanWe

Smedtdebycommunicated
thosetocomparedresultstheareHereabove).tablethe(see0.8708takenwas

valuethe,axisthealong0.5=formadewere(33)todueComputations

(3.4.33).
])([4

)(9
=

resultthewith(21),byreplace=0,(32)inputshouldonepossible,
comparisonthemaketoorderInSmedt.defromcommunicationpersonal

inreceiveddatanumericalthewithcomparedbecan(32)todueresultsThe

(3.4.32).
4
9

])([8

)(=

formthetakes(19),toaccordingaperture,
theatdistributionchargetheforexpressionapproximateTheratio.aspect
ofrangewidesufficientlyainsatisfactorilyperformtoseems(31)formulaOur

(31).bygiventhose
withalongresultshispresentweHere,.ratioaspectdifferentwithrectanglea

for(1979)SmedtdebycomputedwerepolarizabilitymagneticofcoefficientsThe

(3.4.31).
)(1/9sinh

4=,
9sinh

4=
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3.17771.57091.23920.79990.48980.35770.1159=(33)Formula
2.81821.43041.14600.75230.47590.35010.1143=Smedtde
0.91670.75000.66670.50000.33330.25000.0833=

2.93.33.12.1-0.8-6.1-14.1(%)inDiscrepancy
2.92.21.8-0.5-3.2-6.4-9.4(%)inDiscrepancy
0.50430.59290.62280.87081.27012.14884.6876=(31)Formula
0.51930.61300.64260.88921.26002.02604.1070=Smedtde
0.50430.43410.41650.32650.26120.20010.1408=(31)Formula
0.51930.44360.42400.32490.25310.18810.1287=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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debycomputedwerediamondaofpolarizabilitymagneticofcoefficientsThe

(3.4.35).

+1+1

+1++1ln
+1

1+19

)+(122=

,

+1+1

+1++1ln
+1

+19

)+(122=

formthehas/=ratio
aspecttheandandsemiaxesrhombustheoftermsinformulaesameThe

(3.4.34).

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lncos+sin+cos)9(sin

8cos
=

,

1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin+sincos)9(sin

8sin
=

asdefinedbewillcoefficientsThe

.
1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lncos+sin+cossin2=

,
1/2)sin(+/2)cos(
1+/2)sin(+/2)cos(lnsin+sincossin2=

,sin=,
2

cossin=,
2

sinsin=

yieldcasethisin26)(23Formulaeside.its
beandapexes,rhombustheofoneatanglethebeLet.

satisfactory.isagreementThe

Rhombus

ab
ba

lJ

lJ

lAlIlI

l

2

2

2
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2
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2

22424
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−
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1

4.6-3.10.2-0.30.0(%)Discrepancy
1.56620.92920.59980.36730.1756=resultour
1.64130.90140.60110.36630.1756=Smedtde
0.83330.66670.50000.33330.1667=
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,
2

+
4

tanln+sin)cos3(+),(12+

),(1+cossin)sin(1+sin=

,)4cos3+(1=,)cos(1=,)sin2(=

yieldsmomentstheofComputation

(3.4.37).+for
)cos(

cos=)(

and
,2<+or0for]sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

(3.4.36).
2sin3

sin2=

where,=bydefinedisgravityofcenteritsoflocationTheparameters.
segmentthebe2angletheandradiustheLet.

angles.sharpwithdomainsfor
incorrectgrosslyiswhich(6)insingularityrootsquareaofassumptionerroneous

ofresulttheisofvaluessmallfor(35)ofaccuracytheofdeteriorationThe

(35)
formulabygiventhosetocomparedresultshispresentweHere,(1979).Smedt
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segmentCircular

kkE
k

k

kF
k

kkkrJ

kkArIkArIrA

kra

kkra

k

krx
r

2

2

2

2
1/2223

2222

1/222

3

c

γπγ−α−γ−π−

γ−π−γγγ−γ−

−αα−α−α

γπ≤φ≤γ−πφ−π
α−φ

πφ≤γπγ−π≤φ≤)φ−(φ−φ

)α−α(
α

α

ε

3
2

4
1

4
1

2
1

2
1

2.94.34.78.613.018.825.6(%)ofDiscrepancy
2.92.11.82.23.65.98.7(%)ofDiscrepancy
0.50430.60520.63880.90951.32542.19824.5987=(35)Formula
0.51930.63230.67030.99461.52402.70606.1820=Smedtde
0.50430.42300.40260.29860.22580.16270.1078=(35)Formula
0.51930.43230.41010.30520.23410.17290.1181=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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),(1+cossinsin1sin=

,
36

16sincossin9+9=,)sin2
2
1(=,=

:2anglethewithsectorcircularaforresultsfollowingthetoleadsparagraph,
previoustheindescribedprocedure,theofRepetition.

(38).ofaccuracytheverifytodataanyofunawareareWe3.4.1.Fig.in
givenis/ratiotheagainstcurve)(brokenandcurve)(fullofplotA

(3.4.38).),(+1+),(1

cossin13cossinsin

sin2
2
1

)4cos3+4(1=

,
2

+
4

tanln+sin)cos3(+),(12+

),(1+cossin)sin(1+sin

sin2

)cos4(1=

toleads(22)inSubstituting.)cos/(sintan=where

,),(+1+),(1

cossin13cossinsin=
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followsasexpressed
aresoughtcoefficientsThe.)/(cossintan=and),/(32sin=Here,

(3.4.39)

.
2

cot
2

cotlncos+

)+cos(cossin3+),(+1+

),(1cossin)sin(1+3)(sinsin=

,
2

cot
2

cotlnsin+

)+cos(+cossin3+),(12+
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(3.4.41).
)2+(1

+1+1ln++1+ln
)(29

)+(14==

asdefinedbewillcoefficientsThe

.
)2+(1

+1+1ln++1+ln4==

),+(1==,)(24=

formthetakewillmomentstheand
areaThe./=asratioaspecttheIntroduce.2and2sideswithrectangles

equaltwoofintersectionorthogonalanbyobtainedapertureanConsider.

3.4.2.Fig.ingivenis/ratiotheagainstcurve)
(brokenandcurve)(fullofplotA/2).=(half-circleafor(38)as

resultssamethegiveand),=(circlecompleteaforexactare(40)Formulae

(3.4.40).
2

cot
2

cotlncos+)+cos(cossin3+

),(+1+),(1cossin)sin(1+

3)(sinsin
9

)16sincossin9+4(9=

,
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2

cotlnsin+)+cos(+

cossin3+),(12+),(1+

cossinsin1sin)sin2(22=
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withintegrationaftergetsone(42),in(43)and(12)(10),(6),substitutingand

(3.4.43),+d)(
Taking

(3.4.42).dd)()()d(2=)(

(1)ofsolutionexacttheatvaluemaximum
itsassumesfunctionalfollowingThe1960).(Nobleapproachvariational

thewithcombinationin(12)harmonicfifththeconsiderationintotaking
byimprovedbecan(22)formulaeofaccuracyThe

0.75.=aroundminimumflatrelativelyadisplaydataboth
well:asqualitativelybutquantitativelyonlynotgood,surprisinglyasagreement

resultstheconsidershouldwecomplexity,shapetheconsiderationintoTaking

belowpresentedare(1979)
Smedtdebygiventhoseand(41)todueresultsthebetweencomparisonThe
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⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

approach.Variational

wwS
R(M,N)

N

SS
R(M,N)

NMSM)w(MI

51≈σ

σσ−σσ

ε

S

SSS

2.91.41.93.54.14.54.0-0.4-9.3(%)Discrepancy
0.50430.49260.48930.48900.50490.54650.60060.87581.7382==(41)Formula
0.51930.49970.49850.50690.52670.57250.62550.87201.5910==Smedtde
1.00000.80000.75000.60000.50000.40000.33330.20000.1000=

sectorcircularforpolarizabilitymagneticofCoefficients3.4.2.Fig.
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(1979)SmedtdebythosetocomparedresultstheareHererectangle.
aforcomputationsnecessarytheperformedWe(22).thanaccuratemore

bewill(45)thatguaranteenoisthereapproximate,is(43)expressionSince

.dcos4)(=,dcos6)(=

and

(3.4.46),
84

)+)(+(
=,

84

))((
=

termscorrectionthewhere

(3.4.45)
)+(13

32
=,

)+(13

32
=

axescoordinatetheastakenaxesprincipalcentraltheandsymmetry,ofaxisone
leastathavingdomainsforonlyvalidarewhichandcoefficientsthefor

resultfinalthepresentweHere,cumbersome.prettyissolutioncompleteThe
.andunknownsthetorespectwithequationsalgebraiclineartwogive

0=,0=

conditions
extremumthe,andoffunctionaasfunctionalthenowConsidering

(3.4.44)

.d)]sin5(+)+([+)]cos5(+

)+([)(
63
2sin)+(

3

)cos+(
3

)cossin(
3
4)sin+cos()(=

torespect
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⌡
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⌡
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0
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0.55100.43960.41650.31750.25580.19800.1403=(45)Formula
0.51930.44360.42400.32490.25310.18810.1287=Smedtde
1.00000.80000.75000.50000.33330.20000.1000=
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Ashapes.variousofaperturesforderivedareformulaeSpecificpolarizability.
electricalofcoefficientstheofcomputationtheforestablishedisformulageneral

simpleAapertures.smallshapedarbitrarilyofpolarizabilityelectricalofproblem
thetosolutionanalyticalforhereusedissectionpreviousofmethodThe

(17).equationssamethetosimplify(14)and(47)bothsymmetryof
axisanwithdomainaofcasetheinthatnoteworthyisItcomplicated.more

definitelyaretheybut(14),thanaccuratemoreare(47)formulaewhethersay
toimpossibleisitdomain,generalatorelateddatanumericalanyofabsence

theInearlier.derived(14)setequivalentthefromdifferentlook(47)Formulae

.)+(+)+(
4

=

,)+(=,)+(=

where
(3.4.47)

,
)(+)(

=

,
)(+)(

=

isresultTheconsideration.into
takenisofharmonicfirsttheonlyandsymmetry,ofaxisnohasaperture

thewhencasethefor(44)toduesolutionthegivetoworthwhileisIt

(45).formulaeuse
notshouldoneotherwiseaccuracy,inimprovementanmeansgenerallythisunity
ofpercentagesmallexceednotdoesandcoefficientscorrectiontheof

valuethewhenaccuracy:theimprovetowishingusertheforsuggestedbemay
thumbofrulefollowingThedomain.arbitraryanforvalidbewillthisthat

guaranteenoistherethatagaincautionWediscrepancy.ofvaluemaximumthe
ofdecreasinginresultedcaseparticularthisinandtermscorrectionthe

thatshows(31)formulaofbasistheoncomputeddatasimilarwithComparison
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aperturessmallofpolarizabilityElectrical3.5.

JJIIIJc

IJIJcIJIJc
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1

)(π

−
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ηη

ηη

22

-6.1-3.6-2.82.01.9-2.2-10.3(%)inDiscrepancy
-6.10.91.82.3-1.1-5.3-9.0(%)inDiscrepancy
0.55100.63500.66060.87171.23552.07094.5294=(45)Formula
0.51930.61300.64260.88921.26002.02604.1070=Smedtde
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convincingly.quitedemonstratedbe
willusefulnessitsNevertheless,only.)}({circletheinsidevalidis(4)

toledwhichintegrationofordertheofchangethethatstatetohaveweAgain

(3.5.4).d),(
),(

dd2=),(

integrationoforderthechangingaftergives,(2)into(3)ofSubstitution

(3.5.3).
d),(

2=
)cos(2+

1

representation
integraltheagainuseWearea).aperturetheiswhere,/2=(function
knownais,andpointsthebetweendistancetheforstands

domain,aperturetheisoperator,Laplacetwo-dimensionaltheiswhere

(3.5.2).d
)(

)(
=)(

form
theinwrittenbecandensitypolarizabilityelectrictheforequationintegral

governingthethat1977)BladelVanandMeulenaereDe(knownwellisIt

(3.5.1)).(=

ascoordinatespolartheingivenisboundarywhoseaperture
smallelectricallyanwith=0,planetheasconceivedscreenflataConsider

1987d).(Fabrikant,inmadewasso
dotoattemptfirstTheyet.asreportedbeenhasaperturesnon-ellipticalofcase
theforapproachanalyticalNofurther.discussedbewillwhichpolarizability

electricalofcoefficientstheevaluatingforformulaempiricalansuggested
alsowho(1973)FridbergandFikhmanasbyproposedwasproblemtheto

approachvariationalA1977).BladelVanandMeulenaereDe1981,Harrington
and(Okonnumericallyor1952)(Cohnexperimentallyeithertreatedwere

shapesspecificSomeonly.screenplanarainapertureellipticanforknown
ispolarizabilityelectricforexpressionformclosedtimepresenttheAt

literature.theinavailableresultsthewithmadeiscomparison
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locatemayonecasesmanyinthatsoflat,sufficientlygeneral,inis,minimum
thisthatindicatedomainsvariousforcomputationsDirectminimum.itsreaches
(8)integralthewhereinsidepointthewithidentifiedbeshouldcenteraperture
thenamely,aperture,generalatorulethisextendcanOnecase.thisin

minimumitsattains(8)integralthethatnoteworthyisItdomain.theofgravity
ofcentertheate.g.intersection,theiratiscenteraperturetheoflocation

thesymmetryofaxestwopossessesdomainthisWhenaxis.theatlocated
beshouldpointthisthatconsiderationsphysicalfromconcludemaywesymmetry,
ofaxisonewithdomainapertureanofcasetheIn.

pointthiscallshallWemaximum.itsattainsdensitypolarizabilityelectricalthe
wherepointthetocorrespondslocationorigincoordinatethe(5),toAccording

regard.thisinrulecertainestablishingforusefulbemightlogicfollowing
Theorigin.coordinateofsystemtheoflocationtheonalsobutcontourdomain
theononlynotdependwill(8)invalueintegralthethatclearquiteisIt

(3.5.8).
)(

d=

introducedwasnotationthewhere

(3.5.7),
2

=

formthe
hasharmoniczeroTheharmonic.eachforseparatelydonebecanofvalue
theofevaluationFurtherfunction.hypergeometricGausstheforstandsHere

(3.5.6)

.de
)(

12;;
2
1,

2
||2

)(

)(d
2

=),(

givestorespectwith
Integration(5).byproducedofvaluethebewillconstantatoclosehow

verifycanwe(4),in(5)substitutingNowdefined.betoconstantaiswhere

(3.5.5),)(
)(

=

bedensitypolarizabilityelectricaltheLet
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(3.5.14).
3

8=

(11)withcomparisonaftergives,which

(3.5.13),
3
2=

yieldsexpressionlastthein(5)ofSubstitution

(3.5.12).d1=

averagetheaspolarizabilityelectricalofcoefficienttheIntroduce

boundary.thetoclosesignificantquitebemighterrorrelative
thethoughcenter,aperturetheofneighborhoodtheinaccuratesufficiently
beto(5)expectalsoWeon.laterjustifiedbewillassumptionThisshape.

generalofapertureanforaccuratereasonablybetoitexpectWe.is
(11)and(5)bygivensolutiontheellipse,anofcasetheinthatverifycanOne

(3.5.11).4=

is(10)ofconsequenceImmediatearea.aperturetheiswhere

(3.5.10).
2

=2

relationshipfollowingtheofestablishmentmeans
Thiserror.solutionthecalledbemayharmonicsremainingthethen/2
thatassumeweIfellipse.anofcasetheinvanishtheyanddomains,general
fordecreasesamplitudetheirthatshowsharmonicsfurtherofinvestigationThe

(3.5.9).
)(

d)cos4(
5
16=

harmonic
fourththeforexpressiontheisHereharmonics.oddcontainnotdoes)(for

expressiontheifzerobewillharmonicsoddtheallthatandcontour,arbitrary
anforzerotoequalisharmonicsecondthethatnotetoimportantisIt

accuracy.inlosssignificantwithoutgravity,ofcentertheatcenteraperturethe
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presentedarecomputationsrelevantthe
Here(18).and(17)todueresultsnumericalthecomparetointerestofisIt

(3.5.18))/cot(
3
4=

polygonregularaforgives(15)Formula

(3.5.17).
)/sin(3

)/cot(4
=

tosimplifies(16)formulapolygonregularaofcasetheIn

(3.5.16).
1

4
+

1

43
8=

coefficienttheforexpressionfollowingtheyield(14)and
(8)formulaeThen.ofsumthetoequalbeingpolygontheofareatotal

the,and,byformedtriangletheofareathebeLetapex.th
thetocenteraperturethefromdistancetheDenote1.asunderstoodis+1

equalindexofvaluethethatclearisIt+1.numberedisintersecting,are
andsidesthewhichatapex,Theside.ththeoflengththebeing,to

1fromdirectioncounter-clockwiseainsidespolygonthenumberusLetabove.
definedisitascenteraperturetheatlocatedissystemcoordinatetheoforigin

Thesingle-valued.andcontinuousbeboundaryitsdescribing)(functionthe
thatlimitationonlythewithsides,withpolygonaConsider.

below.consideredareshapesapertureSeveral(14).
ourwithperformanceitscomparetointerestingbewouldItellipse.anfor

exactalsois(15)Formula.domaintheofperimetertheforstandswhere

(3.5.15)
3
8=

readsnotationourinformulaThis(1973).Fridbergand
Fikhmanasbyproposedwaspolarizabilityelectricalofcoefficienttheforformula

empiricalAndensity.polarizabilityelectrictheofvalueaverage)(ormaximum
thefindtoallowsknowledgeitssinceusefulveryprovemightshapesaperture

variousforcoefficienttheofTabulation)=0.2394.4/(30thatsocircle,
aofcasetheinmaximumitsattainsItonly.shapeitsbydefinedisand,

domaintheofsizetheondependnotdoesofvaluethethatdeducecanOne
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(1952)Cohnbyresultsexperimentalthewith
compared(20)and(19)toduecomputationsofresultsthebelowpresentWe

(3.5.20)
)+(13

4=

givescasethisin(15)Formula

(3.5.19).
+13

=

toreducescasethisin(17)Formula
1./=ratioaspecttheIntroducerespectively.andaxesthealong

semiaxesitsbeingandaperture,rectangularaConsider.

boundary.
thetocloseverypointstheforexceptgood,isagreementtheexpected,weAs

datatheareHere(5).toduethosewith(1981),Harrington
andOkonbygivenside,itstoperpendicularhexagonaoflinecentral

aalongdistributiondensitypolarizabilityelectricthecomparealsocanWe

.<3range
wholetheinsignificantlychangenotdoesofvaluethethatnoteworthyisIt

4%.is(18)oferrorthewhileaway0.5%aboutisresultourthatso0.2375,is
HarringtonandOkonbyresultthehexagon,regularaofcasetheInformula.

ourfavorsalsowhich0.2258issquareaforHarringtonandOkontodue
resultnumericalThe6.7%.byerrorinisFridbergandFikhmanastodue(18)

formulawhile3.6%byerrorinis(17)formulaourthenexact,as0.2274=
squareaforCohnbyresultexperimentalthetakesoneIftriangle.equilateral

fordatareliableanyfindnotdidWeaccurate.moreisonewhichestablish
toimportantisitsosignificant,quiteissmallfordiscrepancytheircircle,
aforresultexactsamethegivecaselimitingtheinformulaebothWhile

Rectangle
abOyOx

ba

n

n
n

1/22

επ
ε√τ

)ε(
ε√τ

≤ε

∞≤
τ

τ

∞→

aperturessmallofpolarizabilityElectrical

-3.7-2.6-0.72.36.69.512.7%discrepancy
0.23570.23090.21080.17490.14620.12770.1049=(19)formula
0.22740.22510.20930.17890.15650.14110.1202=experiment
1.00000.75000.50000.30000.20000.15000.1000=

6.0-1.2-1.4-1.4-1.7-1.7%discrepancy
0.19730.26600.3092.33660.3520.357=(5)formula
0.2100.2630.3050.3310.3460.351=Okon

0.83330.66670.50000.33330.16670.=/

0.02.04.56.510.017.3%discrepancy
0.23940.23450.22800.22270.21220.1862=(18)formula
0.23940.23930.23880.23800.23570.2251=(17)formula

10096543=

w
walet

a

n

τ
τ

ε

ρ

τ
τ



(22)and(21)formulaetocomparedasreceiveddatatheareHereLee.and
SmedtDefromcommunicationspersonalindataofsetstworeceivedhaveWe
8.9%).(discrepancy0.1898gives(22)formulawhile6.7%)(discrepancy0.2222is
resultOur=0.2082.asHarringtonandOkonbynumericallyfoundwas=0.5
ratioaspectthewithdiamondaforpolarizabilityelectricalofcoefficientThe

(3.5.22).
)+(13

22=

isFridbergandFikhmanastodueresultThe

(3.5.21).
)+3(1

2=

toreducescasethisin(16)Formula1./=ratio
aspecttheIntroducerespectively.andaxesthealongsemiaxesitsbeing
andrhombus,aisdomainthewhencasetheConsider.

boundary.thetocloseevenagreementgoodahereobserveWe

=0.025.foraxisthealongcomputeddatathe
areHereboundary.thetoclosezonetheforexceptbadnotisagreementThe

=0.025.foraxisthealongcomputeddatatheare
Here=0.5.ratioaspectthewithrectangleaforSmedtDefromcommunication

personalainreceivedresultsnumericalthewith(5)todueofdistribution
thecomparealsocanWecorrect.isestimationwhichknowtoseems

nobodymomentthisAt-7%.byerrorinisFridbergandFikhmanasbyresult
thewhile8%byerrorinisresultournow0.1142;is=0.1forofvaluehis

example,Fordifferent.bemightconclusionthethencorrectasSmedtDefrom
communicationpersonalainreceivedresultsnumericalthetakeweIf<0.5.

foraccuratemoreisFridbergandFikhmanasbyformulathewhile0.5for
betterperformsformulaourthenexactasCohnbyresultstheassumesoneIf
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Rhombus

ab
OyOx

baS

x/aOy

y/bOx

w

1/22

τε

επ
ε√τ

ε
ε√τ

≤ε

ε

ετ

ε
≥ε

1.0000.8000.5000.3330.2000.100=

-1.21.40.80.40.20.1%Discrepancy
0.09870.16660.24030.28240.30620.3158=(5)formula
0.09760.16900.24240.28360.30670.3161=SmedtDe
0.47500.42500.32500.22500.12500.0250=

17.515.29.04.21.20.1%Discrepancy
0.07030.17870.24690.28620.30810.3158=(5)formula
0.08520.21070.27130.29890.31180.3161=SmedtDe
0.97500.82500.62500.42500.22500.0250=

6.76.74.40.1-1.1-1.3-1.5%discrepancy
0.21220.21000.20010.17880.15820.14290.1220=(20)formula
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,2<+or0for]sin1+cos[=)(

formthe
takesgravityofcenteritstorespectwithboundarysegmenttheofequationThe

.
2sin

2
13

sin2
=

where,=
bydefinedisgravityofcenteritsoflocationThepresented.theorytheof

accuracythewithcomparableerrorthewithgravity,ofcenterthewithidentified
becancenteraperturethethatshowcomputationsnumericalDirectparameters.

segmentthebe2angletheandradiustheLet.

angles.sharpwithdomainsforholdnot
doeswhich(5)insingularityrootsquareaofassumptionthetoduemainlyis
Thisaxis.majorthealongmadeiscomparisontheifworseisagreementThe

sideitstoparallellinecentralaalongcomputeddata
theareHere(1981).HarringtonandOkontodueresultsimilarawith(5)our
toduedensitypolarizabilityelectricalofvaluethecomparealsocanWe

data.numericalthetocloseverybeingaveragetheirbound,lowertheprovides
(22)formulaandbound,upperthegivetoseems(21)formulathatnoteworthy

isItours.favorssetsecondthewhileaccurate,moreFridbergandFikhmanas
byformulathemakesdataofsetfirstTheyet.asdatareliablereallyno
istherethatfacttheunderlinetoorderindataofsetsbothpresentedhaveWe

=tanangletheoffunctionaasgivenisLeefromreceiveddataThe

segmentCircular

kkra
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kr
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r

1/222

3

-1

πφ≤γπγ−π≤φ≤)φ−(φ−φ

)α−α(

α

α

εα
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3.3-3.40.5%discrepancy
0.24840.31420.3333=(5)formula
0.2570.3040.335=Okon

0.66670.3333.0=/

6.76.98.510.111.813.715.8%Discrepancy
0.2120.2110.1970.1860.1700.1500.124=(22)formula
-3.6-3.8-5.2-6.3-8.1-10.6-14.2%Discrepancy

0.2360.2350.2270.2200.2090.1920.168=(21)formula
0.2280.2260.2160.2070.1930.1740.147=Lee
45.040.030.025.020.015.010.0(deg.)=

4.14.46.99.812.815.1%Discrepancy
0.2120.2100.1900.1640.1320.094=(22)formula
-6.6-6.8-9.0-12.0-16.4-21.9%Discrepancy

0.2360.2340.2220.2040.1760.136=(21)formula
0.2210.2190.2040.1820.1510.111=SmedtDe
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reads
FridbergandFikhmanastodueformulaThe.)/(cossintan=Here,

(3.5.26).
sin

)cos(+cos+
1

),(+sin
3

4=

result
followingthetoleadsparagraph,previoustheindescribedprocedure,theof

Repetition(8).integraltheforconditionminimumthefromfoundbeshould
ofvaluethe,>0.6or<0.1rangetheIn)./(32sin=bydefinedisof

valuethecasethisIn.<0.6<0.1forgravityofcentertheatlocatedbemay
centeraperturethethatshowcomputationsDirectcenter.circle’sthefrom

distanceaatsymmetryofaxistheonlocatedbetoassumediscenteraperture
Theangle.polartheandradiusitsbe2andLet.

line).(broken(25)andline)(solid(24)formulaetodue
/againstofvaluetheplots3.5.1Figure.0.42atlocatedissemi-circle

theofgravityofcenterTheclose.veryiswhich0.48atcoordinateitsgives
(8)integraltheofminimizationtherequiringcenteraperturetheofdefinition

Ourcenter.circle’sthefrom0.47distancetheatlocatedismaximumIts
(1981).HarringtonandOkonbypresentedsemi-circleafordistributiondensity

polarizabilityelectricaltheofplottheobservingbyobtainedbecanmethodnew
theofcorrectnessofconfirmationadditionalAn4.3%).(discrepancy0.2069=

is(25)todueresultTheone.mentionedpreviouslythetoidenticalpractically
iswhich0.2163=is(24)todueresultOur0.2161.=asHarringtonandOkon

bycomputedwassemi-circleaforpolarizabilityelectricalofcoefficientThe

(3.5.25).
)sin+(3

sin2
2
14

=

formthetakewill
FridbergandFikhmanastodueformulaThe.)cos/(sintan=where

(3.5.24),
cos

sin+
1

),(+sin

sin2
2
13

4=

gives(14)and(8)in(23)ofFeeding

(3.5.23).+for
)cos(

cos=)(

and
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namely,,forobtainedbecanexpressionfollowingThe

,)(24=

asexpressedbecanareaThe1./=asratio
aspecttheIntroduce.2and2sideswithrectanglesequaltwoofintersection

orthogonalanbyobtainedconfigurationapertureanConsider.

line).(broken(27)and
line)(solid(26)formulaetodue/againstofvaluetheplots3.5.2Figure
7%).(discrepancy0.2107=gives(27)formulaand1.7%),(discrepancy0.2308=
gives(26)formula=0.2269,obtainedquadrantaofcasetheinHarrington

andOkonaccurate.moreisformulawhichsaynotcanwesoauthors
otherbyconsideredbeennothascaseThisgrounded.=radiusitshaswhich

aperturecircularahavewe:approacheswhenaperturecircularcomplete
aofcasethehavereallynotdowethatfactthetodueisThis.=

whencircleaforvalueexactthetoreduce(27)nor(26)neitherthatNote

(3.5.27).
)+(13

4=

Cross

aA

ab
ba

2

τ

ε−ε

≤ε

πατ
ττ

τ

πφ
πα

πα

απ
α√τ

aperturessmallofpolarizabilityElectrical

segmentcircularforpolarizabilityelectricalofCoefficient3.5.1.Fig.



FridbergandFikhmanastodueformulathewhileforboundupperthegives
(28)ourthatisimpressiongeneralThereliable.verynotdatatheallmaking
thusbigtooisdisagreementdatathesincediscrepancythecomputenotdidWe

Smedt
Defromcommunicationpersonalinreceivedthoseand(1977),BladelVanand

MeulenaereDebyresultsnumericaltheand(1952)Cohnbyresultsexperimental
thetocompared(29)and(28)formulaebygivenresultsthepresentweHere,

(3.5.29).
3

)(22=

isFridbergandFikhmanastodueformulaThe

(3.5.28).
1})]+{[2(126

2=

190

1/22

τ

π
ε−ε√τ

−εε−√
ε√τ

0.21220.20790.19440.16980.15150.12730.0925=(29)formula
0.23570.23720.23760.22520.20780.17770.1284=(28)formula
0.22120.21930.20840.1767–0.11830.0835=SmedtDe
0.2380.230.220.19–––=MeulenaereDe

0.2274–––0.16090.13330.0942=experimental
1.00000.80000.60000.40000.30000.20000.1000=

sectorcircularforpolarizabilityelectricalofCoefficient3.5.2.Fig.
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getsfinallyone

0.=

conditionextremumtheFrom
.offunctionaasconsideredbecanwhichfunctionalaobtainwe(30),in

themsubstitutingandrespectively,(9)and(7)bydefinedareandwhere

+d
),(

)(
Taking

(3.5.30)

.dd
),(

)(
)()d()(2=)(

(2)ofsolutionexactthe
atvaluestationaryitsassumesfunctionalfollowingThe1960).(Nobleapproach

variationalthewithcombinationin(9)harmonicfourththeconsiderationinto
takingbycasessomeinimprovedbecan(14)formulaofaccuracyThe

book.thisofscopethebeyondisitandholds,conjecturestheofone
whichforcontoursofclasssuchfindtorequirediseffortsignificantA.

or,eithernamely,holds,inequalitiestheofonecontours
ofclasscertainaforconjecture:atoleadswhichboundloweraandbound

upperanasactformulaebothsensethisIn(15).FridbergandFikhmanas
todueformulathebyand(14)ourbygiventhosebetweensandwiched
isresultexactthethatindicateconsideredexamplestheofMajority

square.atocomparedas0.7ratioaspectthewith
crossaaboutmadebecanstatementSimilarsemi-circle.aofshapethethan
circleatoclosemoreisquadrantaofshapethethatfactthetoduemainly

isthisandsemi-circle,aforthatthangreateralsoisquadrantaforofvalue
thethatindicatecanwebutnot,isbehaviordataotherthewhilecorrectis(28)
ofbehaviorquantitativethethatclaimtoproofrigorousnohaveWemonotonic.

aredataremainingThe0.7.forobservedismaximumflatrelativelya
monotonic:notis(28)bydefinedfunctionthethatnotedbeshouldItmethods.

numericalreliablemoreandnewsomedeveloptoneedaisthereandcrude,too
aremethodsnumericalexistingthepoint:oneprovesthisAll11%.byresult

experimentalthefromdifferswhich=0.08347is0.1=forresulthisexample,
Forcorrect.areSmedtDefromcommunicationpersonaltheinreceivedresults

numericaltheifwrongbemightconclusionThisbound.lowertheprovides
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isproblemThepossible.nowissolutionofkindThisyet.asattemptedbeen
hasproblemthetosolutiongeneralno1963),Cooke,1963;(Williams,published

beenhaveharmonicsspecificofconsiderationtorelatedresultssomeThough
problems.axisymmetricthetodevotedispublicationsofMajority(1976).

Loveinfoundbecanproblemelectrostaticequivalentthetorelatedreferences
other1976),(Borodachev,inproblemcontacttorelatedreferencesmanyfind

canOneproblem.theconsidertofirsttheamongwere(1960)Gubenkoand
(1960)Tranterawesome.isnumberTheirannulus.circularflataforproblem

DirichletthetorelatedpublicationstheallmentiontoevenimpossibleisIt

accuracy.bettersomewhatwortharecomputationscumbersome
morethewhetherdecidetouserthetoupisItopposite.theshowingexamples

producecanonethatsurequiteareWeapproach.variationaltheofaccuracy
betterofproofaasconsideredbenotcanexampleThis.smallforsufficient

notstillisimprovementthethoughaccuracy,theimprovedoesapproach
variationalthethatindicatesaboveonesimilarawithtablethisofComparison

Cohnbyresultsexperimentaltheagainst
belowpresentedarerectangleafor(31)toduecomputationsofresultsThe

,dsin4)(=,dcos4)(=

,
)(
dsin4=,

)(
dcos4=

introducedwerecharacteristicsgeometricalfollowingtheand

,
5

)+3(
=

where

(3.5.31),
)(13

8=
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⌡
⌠

⌡
⌠

⌡
⌠

⌡
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diskannularanforproblemDirichlet3.6.
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2
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2

0

2

ε

φφφφφφ

φ
φφ

φ
φφ

η

η−√
τ

-0.2-0.3-1.50.25.28.612.3%discrepancy
0.22780.22570.21250.17850.14840.12900.1054=(31)formula
0.22740.22510.20930.17890.15650.14110.1202=Cohn
1.00000.75000.50000.30000.20000.15000.1000=
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introduced:were
notationsfollowingtheandfunctions,unknownyetastheareandHere

(3.6.3).d),(
)(
)(

)()(

)(2=

dd),(
)(1=),,(

(3.6.2);d),(
)(
)(

)()(

)(2=

dd),(
)(1=),,(

functionsharmonictwointroduceusLet1.Chapterinpresentedresults
theonbasedisapproachgeneralThehere.presentedisitanderrors,and

trialsseveralafterfoundbeenhasgeneralizationaSuchcase.non-axisymmetric
forapproachthegeneralizetochallengingverylookedItproblems.

axisymmetricsolvingfor1974)Love,and(Clementindescribedmethodthe
onbasediswhich1976)(Love,annulusanofcapacitytheforsolutionelegant
thebyinspiredishereproposedapproachThefunction.knownaisHere

(3.6.1).2<0,>or<for0,=

;2<0,<<for),,(=0),,(

0:=atconditionsfollowingthesatisfying
andinfinityatvanishingfunctionharmonicafindtoneedWe0.

spacehalfafortheorypotentialofproblemvalueboundarymixedaasannulus
circularaforproblemDirichletthereformulatetoconvenientisIt

annulus.widea
ofcasetheforderivedareformulaeApproximatekernels.iteratedtheinvolving

seriesinexactlysolvedareequationsintegralgoverningTheexamples.as
consideredarediskasuchofpolarizabilitymagneticofproblemtheandpotential

constantatkeptannuluscircularconductingofcaseTheuncoupled.easilybe
cansetThisiterations.bysolvedbecanwhichkernelnon-singularelementary
anwithequationsintegralFredholmtwo-dimensionaltwoofsetatoreduced
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formthetake0=planetheon(3)and(2)Formulae

too.satisfiedis(1)
inconditionboundarysecondthethatwayasuchinchosenbetoareand

functionsunknownThesatisfied.is(1)inconditionboundaryfirsttheThus,

(3.6.7).2<0,<<for0),,,(=0),,(

;2<0,for),,(=0),,(

;2<0,<0for0),,,(=0),,(

namely,0,=planetheoverallprescribedpotentialthewithspace,half
aforproblemDirichlettheasproblemthereformulatetousallowproperties

These.<forboundarytheonvanishes(3)inpotentialthewhile,>
for0=planetheonvanishes(2)inpotentialthethatverifyeasilycanOne

(3.6.6).
+cos21

1=),(

and,functiontheofcoefficientFourier-ththeisHere

(3.6.5).)e(=d),(ee
2
1=

d),(),(
2
1=),()(

follows:asunderstoodis1<for-operatorthethatremindWe

(3.6.4).+)cos(2+=

},+)(++)+({
2
1=)(

},+)(+)+({
2
1=)(
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caseparticularthisIn(35).and(31),(32),notationsrelevantthe

ofharmonicsfirstasunderstoodareand(41),bydefinediswhere
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findtousallows(69)in(83)ofSubstitution.forbound
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(3.6.83).d)(2221=)(

solutionthegives(74)in(82)ofsubstitutionFinally,

(3.6.82)).(+d)(2)(=)(

namely,(80),simplifyfurthercanwe

(3.6.81),d)(=
1

+1ln
2
+11

identitytheusingBy
(3.6.80)

).(+d)(
1

+1ln
2
+112+)(=)(

gives(78)in(79)ofSubstitution

(3.6.79).
)(

=d)(
1

thatverifyeasilycanOne
(3.6.78)

).(+d)(
1

+1ln
2
+1

12
+12=)(

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

F

s
sstK

tkk

tk
t

abvtF

tK
s
sstKabvttFK

x
xxsK

ks
ks

sk
sk

k

tKsstK
ks
ks

sk
sk

k
abvttFK

abv

t
sstK

sk

ks

tKstsK
ks
ks

sk
sk

sk

ks
k

abvtFK

2

21
2

0

22

22

212

11
2

21
2

0

112
(1)

1
2

21

0

2

22

11
2

12

22

0

112
(1)

1
2

1

1
122

2

0

11
2

12

22

22

2

0

12
(1)

1
2

−−
−√

−√

θ√−θ−

π−−−

θ−−√πθ−

√
θ

−
−√

θ−−

−√
π√π

diskannularanforproblemDirichlet













































n

k

k

k

k

k

k

n

Σ
=1

∞



normthecomputingbyinvestigatedwasprocedureiterationtheofConvergence
0.8.=for0.98thangreaterisexample,For.smallsonotforevenunity

fromawayfarnotbewillthatmeansThis.ofpowersixththewith
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(3.7.3).
+)cos(2+

dd),()(2=),,(

(3.7.2),
+)cos(2+

dd),()(2=),,(

functionsharmonictwointroduceusLetsection.previousinused
onethetosimilarishereproposedapproachThefunction.knownaisHere

(3.7.1).2<0,>or<for0,=

;2<0,<<for),,(=),(
2
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0:=atconditionsfollowingthesatisfyingand
infinityatvanishingfunctionharmonicafindtoneedWe0.spacehalfa

fortheorypotentialofproblemvalueboundarymixedahaveWe

kernels.iteratedtheinvolvingseriesinexactlysolvedareequations
integralgoverningThedetail.inconsideredisgrounded,beingplanetheof

resttheanddistribution,densitychargeprescribedawithannulus,circularaof
caseTheuncoupled.easilybecansetThisiterations.bysolvedbecanwhich

kernelnon-singularelementaryanwithequationsintegralFredholmtwo-dimensional
twoofsetatoreducedisproblemThe1.Chapterindescribed

resultsthetoduepossiblenowissolutionofkindThisyet.asattempted
beenhasproblemgeneralthetosolutionNoonly.problemsaxisymmetric

thetodevotedarepublishedworkstheAll(1988).AngandClements
inreferencesrelevantthefindcanOnespace.elasticanincrackannular
anofproblemequivalentmathematicallythetodevotedarepapersfewaQuite

references.additionalsomefindalsocanreaderthewhere(1974)Loveand
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givesimmediately(5)and(4)ofComparison
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relevantthecasethisIn.>fortoequalisitand,annulus
theontoequalisit],[0,intervaltheonbetoassumedisitnamely,
0,=planetheoverallgivenisdistributionchargethethatnowassumecanWe
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