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asrewritten
becan(2)equationintegral(1.2.1),representationintegraltheusingBy

solution.formclosedapresent
weHereseries.Fourierin(2)ofsolutionexactanobtained(1964)Rostovtsev

(2.1.2)),,(=
)]cos(2+[

dd),(

formthetakewillequationintegralgoverningThe
distribution.densitychargetheisandpotential,generalizedtheisHere

(2.1.1).2<0,>for0,=

;2<0,for),,(=

areconditionsboundaryThe1.3.
sectioninsolvedproblemtheofgeneralizationconsiderWe

circle.
ainsideprescribedispotentialthewheninteriorcalledisproblemThe

Chapter.thisingivenisproblemsnon-axisymmetric
varioustosolutionformClosedconsidered.wascaseaxisymmetric

theonlywhere(1952)Payneand(1952)Weinsteininfoundbecanapplications
Other.=:offunctionpowerabeingelasticityofmodulus

thewithbody,elasticinhomogeneousofelasticityoftheorytheinexample,
forengineering,inapplicationsvarioushaspotentialThis1.<<1andspace,
theofconstantsphysicaltheondependingconstantaispoints,twobetween

distancetheiswhere,/=aspotentialNewtonthegeneralizecanWe
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Here

(2.1.7).),,(
d
d

)(
d

)(
),,(/2)cos(=),(

formthein(6)rewritetousallow
-operatorstheofpropertiestheandintegrandsofdifferentiationofrulesThe

(2.1.6)).,(
)(

d
d
d1

)(
d

d
d/2)cos(=),(

resultthewith

,1
)(
d

d
d

is(5)ofsidesbothtoappliedbetooperatorsecondThe

(2.1.5)

).,(
)(

d
d
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)(

d
2

is(3)ofsidesbothto(4)ofapplicationofresultThe

(2.1.4).
)(

d
d
d1

is(3)ofsidesbothtoappliedbetooperator
firstThe(1.3.9).ofthattosimilarisproceduresolutionThe-operator.
oneandoperatorsAbeltwoofsequencearepresents(3)equationIntegral

(2.1.3)).,(=),(
)(

d

)(

d
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cos4
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inresults(3)offormmodifiedtheinto(6)ofSubstitution.byreplaced
isintegrationoflimituppertheif,>forpotentialtheevaluatingfor

validisitthatfindmayone(3),expressionofderivationthereviewingBy

(1964).
Rostovtsevofresultssimilarwithagreementinare(12)and(11)Expressions

(2.1.12).
)(

dde),(

)+(1

/2)2cos(
i=

betofoundismomenttheforexpressionfinalthe(6),usingBy

(2.1.11).dde),(i=i+=

parametercomplex
theintroducetoconvenientisit,andmomentstheofcomputationFor

(2.1.10).
)(

dd),(/2)cos(
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chargetotalthedirectlyyields(9)in(6)ofsubstitution

(2.1.9),dd),(=

Sincepotential.prescribed
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totalthelikecharacteristics,integralvariouscomputetopossiblebecomesIt
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isand(1.4.27),ofthatasmannersametheexactlyinfoundbecansolutionIts

(2.1.17).
)]cos(2+[

dd),(
=),(

functionknownthewith(2),formthetakesequationintegralgoverningThe

(2.1.16).<20,<<for),,(=

;<20,0for0,=

=0:
atconditionsboundarythetosubjecthalf-space,aofproblemvalueboundary

mixedanotheryetconsidercanwemanner,similaraIn

respectively.
(14)and(12),(10),(6),formulaebypotentialprescribedthethrough

directlyexpressedbecancircletheoutsidepotentialtheand,momentthe,
chargetotalthe,distributionchargethenamely,interest,ofquantitiestheAll

(2.1.15).
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as(20)rewritemaywe(1.1.5)-operatorstheofpropertytheusingBy

(2.1.21)).,(
)(

d

)(2

/2)2cos(
=),(

:theIntroduce

outside.prescribeddistribution
densitychargetheoftermsindefinednowiscircletheinsidepotentialThe

>for
(2.1.20)
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tosimplification,afterleads,(19)in(18)ofSubstitution

(2.1.19).>for,),(
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d
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cos4=),(

expressiontheobtaincan
we1.4,sectionindescribedonethetoanalogousprocedureausingByoutside.

distributionchargeprescribedtheandcircletheinsidechargethetoduepotential
theofsuperpositionaasevaluatedbecancircletheoutsidepotentialThe

=0.when(18),ofcase
particularaasconsideredbemay(1.4.30)thatNoteinside.valueprescribed

itsthroughcircletheoutsidedistributionchargethegives(18)Expression

(2.1.18).
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assimplifies(25)formulasymmetry
axialofcasetheInarea.unitperenergythetoproportionalissquare

itsfunction:energycalledwewhyexplanationgoodagives(25)Expression

(2.1.25)dd)],([
/2)cos(

2=

resultfinaltheyields(21)withexpression
lasttheofcomparisonNowtwice.usedwasintegrationofordertheofinterchangetheHere
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)(
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(2.1.23).dd),(),(=

integralthebydefinedbemayenergyThe
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is(3)ofsidesbothtoappliedbetooperator
firstThe1.4.sectionofthattosimilarisproceduresolutionThe-operator.
oneandoperatorsAbeltwoofsequencearepresents(3)equationIntegral

(2.2.3)).,(=),(
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d

)(

d

2
cos4

asrewrittenbecan(2)
equationintegralthe=0,for(1.2.17),representationintegraltheusingBy

solution.formclosedapresenttousallowsmethodnewThe<1.1<where

(2.2.2)),,(=
)]cos(2+[
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formthetakewillequationintegral
governingThesection.previoustheinasusedisnotationsametheHere
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;2<0,>for),,(=

=0:planetheonconditions
boundarymixedfollowingthebycharacterizedisproblemThe
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Here

(2.2.7).),,(
d
d

)(
d

)(
),,(/2)cos(=),(

formthein(6)rewritetousallow
-operatorstheofpropertiestheandintegrandsofdifferentiationofrulesThe

(2.2.6)).,(1
)(

d
d
d

)(
d

d
d1/2)cos(=),(

resultthewith

,
)(
d

d
d1

is(5)ofsidesbothtoappliedbetooperatorsecondThe

(2.2.5)).,(1
)(

d
d
d=

),(
)(

d
2

is(3)ofsidesbothto(4)ofapplicationofresultThe

(2.2.4).1
)(

d
d
d

102

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

yt
tty

t
ay

ya
H

y

f
tt

t

ty
tt

yyHy
y

t
ty

tt
yy

f
tt

t

tt
Ht

tt
t

)/2(1-22)/2(1-222

)/2(1-22
2

)/2(1-22

1-

2

)/2(1-22

1-

)/2(1-22

0

0

)/2(1+
0
22

00

)/2(1-22

κκ

κ

∞

κ

κ

κ

κ

κ

∞

κ
κ

κ

∞

a

y

t

a

y

a

y

t

a

t

t

φΦ
−

−
−

φΦ
π

κπ−φσ

φρρ−ρ
ρρ)(×

−π
κπ−φσ

)(
−

φρρ−ρ
ρρ)(

φρσ
ρ

ρ−

ρρ
π−

ρ−ρ
ρρ)(

L

LL

L

LL

LL

L

LL











































SOLUTIONSTHEORYPOTENTIALGENERALIZED2CHAPTER



103

namely,expression,lastthesimplifytousallow(2.1.15)functions
hypergeometricGausstheofpropertiesdifferentialtheandpartsbyIntegration
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expressiontheobtainwe1.3,sectionindescribedonethe
toanalogousprocedureausingBycircle.theofoutsideandinsidechargethe
toduepotentialstheofsuperpositionaasevaluatedbecanpotentialThe

inside.givendensitychargetheofterms
incircletheoutside=0planetheindistributiondensitychargethegives(16)

Expression(16).and(2.1.18)betweensimilaritythenoticeshouldoneAgain,
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capsphericalaforproblemGeneralized2.3.

equation
integralgoverningthegives(1)expressioncap,theofsurfacetheatTaken
(2.3.1)
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operator:followingthe(6)ofsidesbothtoapplyWe-operator.
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differentiation
ofrulesfollowingtheusingbypossibleis(10)ofsimplificationfurtherSome
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relationshipsoughtthetoleads0,=and
ondependnotdoesconsiderationintotaking(6),with(13)ofComparison
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revolutionofsurfaceaforproblempotentialGeneralized2.4.

(2.4.5)),(1/=),(
thatNote
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-operatorstheintroducingbyrewrittenbemay
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