CHAPTER 2

GENERALIZED POTENTIAL THEORY SOLUTIONS

We can generalize the Newton potentia as V=H/R™, where R is the distance
between two points, H is a constant depending on the physical constants of the
gpace, and —-1<k<1. This potential has various applications in engineering, for
example, in the theory of elasticity of inhomogeneous elastic body, with the
modulus of elasticity E being a power function of z E=E,z‘. Other
applications can be found in Weinstein (1952) and Payne (1952) where only the
axisymmetric case was considered. Closed form solution to various
non-axisymmetric problems is given in this Chapter.

2.1. Interior problem for a half-space

The problem is caled interior when the potential is prescribed inside a
circle.

Problem 1. We consider generalization of the problem solved in section
1.3. The boundary conditions are

V=1f(p,p), for p<a, 0<@<2mr
0=0, forp>a, 0<@<2m (2.1.2)

Here V is the generalized potential, and o is the charge density distribution.
The governing integral equation will take the form

21 a

6 (Po, %) PodPodhy
HJ J [+ 3~ 2oposg- @2 O (212)

Rostovtsev (1964) obtained an exact solution of (2) in Fourier series. Here we
present a closed form solution.

By using the integral representation (1.2.1), integral equation (2) can be
rewritten as
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xkdx ¢ P
| -

4Hcos— J X2) 2 NN @p

(P~ 20, =1(0.0). (213)

Integral equation (3) represents a sequence of two Abel operators and one
L-operator.  The solution procedure is similar to that of (1.3.9). The first
operator to be applied to both sides of (3) is

t

d pdp
%Edtj (12— p?) 2 p)- (14

The result of application of (4) to both sides of (3) is

t

: PodpPo d d
2T[Ht"J WL%%@O,@ “%’E&J (tT_%J)’(l.—K),zL(p)f(p,cp).

(2.1.5)
The second operator to be applied to both sides of (5) is
2 1Kdt D—D
L(V)@J (,[2—2)(1K)/2 a0
with the result
2 1Kdt
oy =~ G2 1y ()dVJ T
t
%E&J U] (216

The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (6) in the form

cos(Tk/2) ] P(a,y,) dt

o(y.@) = 2H [(a? _y2)(1-K)/2 _J (- 2)(1 2 dth(t Ys (P)D (2.1.7)

Here
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t
1-k

1 dp  d [l
¢(t,y,<p)=@J (t—ziL)Lz)ﬁL%,zd—p%)l L%Z%(p,cp)g (2.1.8)

Yet another form of solution can be found in (Fabrikant, 1971e).

It becomes possible to compute various integral characteristics, like the total
charge Q and the polarizability moments M, and M, directly in terms of the

prescribed potential. Since

21 a

Q=J J o(p.9) pdpdo, (2.1.9)

substitution of (6) in (9) yields directly the total charge

21

cos(TK/2) [ [ f(p.@) pdpde

For computation of the moments M, and M,, it is convenient to introduce the
complex parameter

21 a

M :MX+iMy:—iJ J a(p,p) €° p’dpdq. (2.1.11)

By using (6), the final expression for the moment is found to be

21

Ve 2008(Tk/2) ([ f(p,@) €9pdpdep
" RH+K) J J (@%-pA)™2

(2.1.12)

Expressions (11) and (12) are in agreement with similar results of Rostovtsev
(1964).

By reviewing the derivation of expression (3), one may find that it is valid
for evaluating the potential for p>a, if the upper limit of integration p is
replaced by a. Subdtitution of (6) into the modified form of (3) results in
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a

" podp
V(p,p) = 2COS(TIK/2)J (pz—)c(l;()(“K)/zd%(J ( 0 )(01 - [p %(p@(p)

11t
for p>a. (2.1.13)

Performing differentiation of the integrand, and then integrating by parts, we
obtain

2n a

(R0, o) PdPde,
_1 TKy/ 2 2\(1k)/2
V ’ =—CO0S8(—= —a -K !
(P.9) = 750085} (P-2) J J(aIZ—pé)(l V[ 0? + 3~ 2pP,COS(P-@y)]
for p>a. (2.1.14)

Here the following identities were employed (Bateman and Erdéyi, 1955)

+K + 1+ + 1+ K +K
d_dzg(l V2 [+K 1+K. 3+K. ZDD" Kz(l ¥2(1 - gy @2

Ffo2 22
d [ _f(tdt df(t
de (XJZ_W f(0)x" +XJ ) (2.1.15)

All the quantities of interest, namely, the charge distribution o, the total charge
Q, the moment M, and the potential outside the circle can be expressed directly
through the prescribed potential f by formulae (6), (10), (12), and (14)
respectively.

Problem 2. In a similar manner, we can consider yet another mixed
boundary value problem of a half-space, subject to the boundary conditions at
z=0:

V=0, for O<p=<a, O<@<2r
o=0(p,p), fora<p<e, O0<E<21L (2.1.16)

The governing integral equation takes the form (2), with the known function

21T

0(Po,®) PedPode,

o _HJ J [0%+ pa— 20p,Cos(@-@y)] T (&117)

Its solution can be found in exactly the same manner as that of (1.4.27), and is
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az)(l-K)/Z

0(Pg:Py) PdPydP,
2+ P56~ 20P,COS(- @)

2o, 2
cos(TK/2) J J (Po- 2118
5 1.

a(p,@) = T[z( 2 pz)(l K72

Expression (18) gives the charge distribution outside the circle through its
prescribed value inside. Note that (1.4.30) may be considered as a particular
case of (18), when k=0.

The potential outside the circle can be evaluated as a superposition of the
potential due to the charge inside the circle and the prescribed charge distribution
outside. By using a procedure analogous to the one described in section 1.4, we
can obtain the expression

0

) ” IC +K +K ]
:2 (X2 p2)(l )2 | ( )(l )2 DXZ 0

: xkdx PodPo [x2 L]
' J (X J (pé—XZ)“*K)’ZL@_poS’("O"P)E forp>a. (21.19)

Substitution of (18) in (19) leads, after simplification, to

x“dx " pedpg
(p 2 _ 2)(1+K)/2J (p 2)(1+K)/2 m)p S’(po’q’)

V(p,p) = 4Hcos—J

(2.1.20)
for p>a

The potential inside the circle is now defined in terms of the charge density
distribution prescribed outside.

Introduce the energy function:

2cos(TK/2) f PodPg

Ki(p.@) = T[(Zp)(l-K)/Z (02— pz)(1+|<)/2 L%S’(po@)- (2.1.21)
p

By using the property of the r-operators (1.1.5) we may rewrite (20) as
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P xkdx @D podpo
V(p,p) = 4HCOS—J (2—2)(1+K)/2 @DJ ( p 2)(1+K)/2 S’(po’q’)

p
" (l+K)/2dX
e )/anJ S w% (X.0). (2.1.22)

The energy W may be defined by the integral

21T

W:J J o(0.9)V(p.9)p dpdo. (21.23)

Substitution of (22) in (23) gives

21 0

» (1912
w=2¢ )’ZT[HJ dCPJ o(p,9)p dPJ (p)z(Tz)(lji)/zL%%l(X’(p)

2m o ©
K [ [ +K ) d

=292 | do | x® )’ZdXJ %L%%KX’@
0 a

21 o] o]

ot " d
=292y [ g [ K, (x.0x " J Fz_px—z)%)/z L%S}(p,(p)_ (2.1.24)

0 a

Here the interchange of the order of integration was used twice. Now comparison of the last
expressionwith (21) yieldsthefinal result

21T

1-k
W:c?)s(—;l[TZ)J J [K, (0.1 dp g (21.25)

Expression (25) gives a good explanation why we called K, energy function: its
square is proportional to the energy per unit area. In the case of axid
symmetry formula (25) smplifies as
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2-K "
vv:gﬁgﬁgggj [K,(0)%0 dp

with

_ 2cos(TK/2) J 0(Po:Po)Po APy

- m(2p)™ | (p5-p?)
p

K1(P) (2.1.26)

2.2. Exterior problem for a half-space

We cal a problem exterior when the potentia is prescribed outside the
circle p=a.

Problem 1. The problem is characterized by the following mixed boundary
conditions on the plane z=0:

V=1f(p,p), for p>a, 0<@<2mr
0=0, for p<a, 0<p<2m (2.2.1)

Here the same notation is used as in the previous section. The governing
integral equation will take the form

2T

6(Po, %) PodPodhy
HJ J [+ 3~ 2opcosg- @2 O (222)

where —-1<k<l. The new method allows us to present a closed form solution.

By using the integral representation (1.2.17), for z=0, the integral equation
(2) can be rewritten as

TK x“dx PedP, @po
4H COSE [ (X2 _ p2)(l+K)/2J (X2 _ pé)(lﬂ()/z LWS}(pO,(p) = f(p’(p) (2_2_3)

Integral equation (3) represents a sequence of two Abel operators and one
£-operator. The solution procedure is similar to that of section 1.4. The first
operator to be applied to both sides of (3) is
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0

d d
L(t) a J FZ_%;QLK)/Z L%g (2.2.4)

The result of application of (4) to both sides of (3) is

PodPg [Ro
_2nHtKJ T LDTBo(pO,cp)

0

. L(t)%J ﬁ‘;l_—K),zL%g(p,cp). (225)

The second operator to be applied to both sides of (5) is

y

10d tl_Kdt
L@E@J -y L)

with the result
y

_ cos(Tk/2) [A[1d 24t
0(y,¢)—-%W2L@@J (=122

0

xL(tz)%J F_PTOZ'I;(L_K),Z L%a‘(p,(p)_ (2.2.6)

The rules of differentiation of integrands and the properties of the r-operators
allow us to rewrite (6) in the form

y

2 d(a,y, dt d
o(y,®) =~ CO?.([zTﬁ ) %yz _(aa%(ﬂ)/z - J (2 —12) P aqb(t,y,(p)g (22.7)

Here
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D(t,y, @) =t1'KJ (pz—?rga—mdp m,y%(p cp)D (2.2.8)

Certain integral characteristics can be computed directly in terms of the given
function f. Since the total charge

21T

Q=J J o(p.9) pdpdo, (229)

substitution of (6) in (9) yields directly the total charge

[ cos(rx/2) 2t . d g 2n §
= p 41 t0.0d
Q= ;TS' 2H J (- t2)(1—K)/2J (02— 1) dp J (P.9) (PS

(2.2.10)
The moment can be found in a similar manner. We can also express the
potential inside the circle p<a directly in terms of the prescribed f outside the
circlee.  We substitute (6) in (3) keeping in mind that, for p<a, the lower limit
of integration of the first integral will be a instead of p. By using the
properties of Abel operators and the r-operators, the following expression can be
obtained

" dp
dx d Po®Po
\V/ =-= P A S——— ’
(P.9) = CO J (X 2)(1+K)/2 dXJ (p 2)(1 on L %(po 9.

(2.2.112)
Carrying out the differentiation of the integrand, interchanging the order of
integration, and then integrating with respect to x yields

[ 2 2
_ 2cog(Tk/2) [ [0~ & 2
V(pa(p)__ T[(1+K) J Ij)g_

2 2
A+k 1+k 3+ P7a80d Op
XFD 2 2 2 ’pg_pzwpo%wog(po@)%ﬂpo- (2.2.12)

Integration by parts and the differential properties of the Gauss hypergeometric
functions (2.1.15) allow us to simplify the last expression, namely,
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dp
__ 2 TK, 2  2(1K)2 PoBPo
V(p!(p) - T[COS 2 (a p ) J (pg _ a2)(l—K)/2(pé _ p

[p
2) L@Q%(p@(p)

21T

=-1 osﬁi(%az—Pz)(l-K)/z H(Po.P)Po 4P, Ay
(SREY

=c — .
™[R 192102 4 0% — 2ppcos(@-@y)]

(2.2.13)
Expression (13) gives the potential inside a circle p<a directly in terms of its
prescribed value outside the circle. We note certain similarity between (2.1.14)
and (13).

Problem 2. We consider yet another boundary value problem for a
half-space, with the boundary conditions at z=0:

V=0, fora<p<e, 0<@<2rT
o=0(p,p), forO<sp=<a, O<@<2mt (2.2.14)

The governing integral equation takes the form (3), with the known function

21 a

(0.0 =-H (o, Po) PodPodey (22.15)
PP =- K)o L.
J J [0% + 5 — 20p,Ccos(@-y)] ™
Its exact solution is
_ cos(TK/2) & *(a® - pa) %0 (P, @) Podped, 9216
o(p,p) = 2 - az)(l-K)IZJ J han pé 2ppaCos -0 : (2.2.16)

Again, one should notice the similarity between (2.1.18) and (16). Expression
(16) gives the charge density distribution in the plane z=0 outside the circle in
terms of the charge density given inside.

The potential can be evaluated as a superposition of the potentials due to
the charge inside and outside of the circle. By using a procedure analogous to
the one described in section 1.3, we obtain the expression

0

N x“dx " podeg [P0
V ’ ’O :4H TK — T L= ’
(0,90) COS?BJ 02— )" K)/2J (2 - pd) 2“2 S’(po )
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[

P x*dx : PodP,
+J (p2 _ XZ)(1+K)/2J (p 2)(1+K)/2 m)p %(pOa(p)D for p<a. (2.2.17)

Substitution of (16) in (17) leads, after simplification, to

a

xdx ¢ Pedpo
| &

V(p.9) = 4Hcos—J (@ = ) DT 2 Sﬁ(po,cp)

(2.2.18)
The potential is now found in terms of the given charge distribution.
We can again introduce the energy function
00 2008(TK/2) [ podpo o0, 2219
p’(p = -K +K S’ p !(p =
By using the property of the r-operators (1.1.5) we may rewrite (18) as
T xd " pdpy P
_ TK x“dx 0 00Po o
V(p,CP)—4H0097[ Wﬁgmj WLDTS’(%’@
p
a
" (1+K)/2dX
PN )/ZHHJ T B%l(x 0. (2.2.20)
p
The energy W may be defined by the integral
2 a
W:J J o(0.9)V(p.9)p dpde (22.21)

Substitution of (20) in (21) gives

21 a a

w=2C692m | g gp | X dx
- (p O(p!(p)p p (2 2)(1+K)/2 @ 1(X (p)
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2mn a X
K +K o ’ d
21 a X

— (312 (1+K)/2 d )
7 T[HJ d(pJ K, (%,9) X de —‘°—P—(X2_p2)(l+K),2LD(So(p,cp).

(2.2.22)
Here the interchange of the order of integration was used twice.  Now
comparison of the last expression with (19) yields the fina result

21 a

1-k
W:c?)s(—;l[TZ)J J [K,(p.0)%p dp do (2223)

Expression (23) interprets the energy function squared as being proportional to the
energy per unit area. In the case of axial symmetry, formula (23) simplifies to

2-K .
W:c?)s(—;l%J [K,(e) 0,

with

(2.2.24)

o 2008(T/2) { O(Po:P)Po AP,
p = -K +K )
T m(2p) " J (p*~po)™""

2.3. Generalized problem for a spherical cap

We consider a spherical cap whose surface in spherical coordinates is given
by r=a, 0<0<a, 0<@ <2rt Arbitrary potential v(0,¢) is prescribed at each point
of the cap. The charge density o(6,q) is to be defined. The potential can be
described through a simple layer distribution as

GZTI.'

).
V(r,e,@:J J 90 @) 2" Sn% B,

{r?+a®- 2ar[cos6 cosh, + sinB sinB, cos(@— @y)]} '

(2.3.2)
Taken a the surface of the cap, expression (1) gives the governing integral
equation
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GZTI.'

alx J J 0(6,, @) Sin6, d6,dag,

202 |1 £1 -[cosB cos, + sind sinB,cos(@— @,)]} ™ 2=V(0,9).

(2.3.2)
The denominator in (2) can be transformed as follows:

S

1—[cos6 cosb, + sinB sinB,cos(@— @,)] =2 cosd coszi 5 2

2tan2tan X costo- o) U
2tan2tanzcos(cp cpo)D (2.3.3)

Substitution of (3) in (2) yields the governing equation in the form

GZTI.'

al—KJ J 0(90,(p0)sin9 do d(PO

21K B3+~ 0 Fan =v(6,9),

0 8,
os cos2D 2+tan 5 2tan2tan % cos(¢p— cpo)D

for 0<6<a.
(2.3.49)

By using formaly (1.2.1) we can write

29 290 ) 9 D(1+K)/2
2+tan2 2ta112tan 9 cos(¢p— cpo)D

o0 tan(ER) =
w6 6P A Ganer) aney2) %%”Edz
3 [gos5 cos J

[(cosE — cosB)(cosE — cosB,)] 2

(2.3.5)
Substitution of (5) in (4) yields

0

al® Sin*E ¢ sin6, d6, 0 tan?(E/2)
2"'1J (cos€ - cose)(“")’zJ (cos€ —cosB,) )2 L@an(@/Z) tan(6,/2) Bo(eo, %)

=Vv(6,¢). (2.3.6)

Again we have an integral equation consisting of two Abel-type operators and the
L-operator.  We apply to both sides of (6) the following operator:
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6.0d sinB, do, e[
- = 2.3.7
L% 216 J (cose—cosel)(l"‘)’zL 20 (2:3.7)

The result is

a

2"‘a1"‘sin"91J sinB,dd, @an(e /2)50(90’ %)

(cos8, —cosE)O)(“")’2 “[ian(042)

iy

_ il ja. sin 91 del g
- 2 (16 J (cosB — cosB,)F2 L%aﬂ 2%/(9, ). (2.3.8)

The following well-known integral was used here

0

J Sing dé L (2.3.9)

(cos€ — cosB)*92 (cosB, — cos )™ 72~ Cos(TK/2)

The next operator to apply is

0,(1d [ sn'*e,ds, L%Ot 0,01
216, J (cos8, — cosB,) )2 20

with the result

a e
0'(9 (p) =— ﬂTIK_/ZL V9 G_ZDi S nl 91 del L%Otz 9_1D
27 (2a)*Psing, [ 2[18, | (cos,-coshy)™” 20

(cos8 - cos8,) 2

0,
ing, do
xd%lj N5 ®h %an (6, 9). (2.3.10)

Some further simplification of (10) is possible by using the following rules of
differentiation
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0, 0

d f@)snedd _. o0 fQ " df(0) do 0
delJ (cos — cos8, )+ 1 [01 - cos8,) )2 J d® (cosB - cosh,) 2]
a .
d f(6,)sn®,dd, _ sno. - f(a)
de, J (cosB, — cosB,) )2 20 (cosB,—cosa)"2
“df(e,) de
1 1 [
2311
¥ J d6, (cosB,-cosB,) 2] ( )

The simplified result is

] ]
_ COS(TK/2) P@,6,9) [ d dé,
o(6¢) (2a)+* 12 E(cose2 — cosa )72 J d91[¢(91’ %) (cosB, - COS@D“’“’%
with
21
0 1

®(0,,0,,¢) =sin'™*0, [
[

(1-cosB,)"2 J v(0.9) de

6
do d [)[En(8,/2) tan(6/2)
* ZHJ (cosB - cosB,) M 2d0 [T  tan?(8,/2) E((e’ (P)% (2.3.12)

In the case K -0 a regular electrostatic solution is recovered.

It is of interest to establish a relationship between function g introduced by
Collins (1959) and the axisymmetric component of o. His function g was
introduced by the expression

)
V(6) = J 9(n) sec(n/2) dn (2.3.13)

V2(cosn - cosB)’

Comparison of (13) with (6), taking into consideration o does not depend on @
and k=0, leads to the sought relationship
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g(n) =2v2acos

: (2.3.14)

" 6(8,) sind, d8,
J vcosn —cosB,

2.4. Generalized potential problem for a surface of revolution

The following generalized potential problem is considered: given an arbitrary
potential distribution on a surface of revolution, the charge density is to be
determined. A closed form solution to the problem is obtained for a certain
class of surfaces of revolution due to a specia integral representation of the
kernel of the governing integral equation. We consider an arbitrary surface of
revolution, the axis 0z being the axis of revolution. Introduce a set of
orthogona curvilinear coordinates u and v, with their relations to the cartesian set
as

x=f(u) cos(v), y=f(u)sin(v), z=w(u). (24.1)
Here the functions f and w are known and are defined by the shape of the

surface of revolution. The distance R between any two points (u,v) and (ugVy)
on the surface may be defined as

R2 = [£(u)cos(v) ~ (g cos(vp)]2-+ [F()sin(¥) ~F(Up)Sn(voI2
+[w(u) =w(ug)] *= h,(u,ug) = h(u,ug)cos(v = vy);

h(u, Ug) =26(U)f(Ug), hy(U, Ug) =F2(u) +F (ug) + [w(u) ~w(uy)]

(2.4.2)
Let us represent
h,(u,ug) —h(u,ug) cos(v —vo)
= h(u,ug) [€,(u,up) - 2&1(U’Uo)Ez(U2’Uo)COS(V = Vp)+ &,(U,Ug)]
(2.4.3)
where
iUt | (i(Utg) _ 7 (24.4)

&12(U,Ug) = h(U,ug) mz(u’uo) 0
Note that
&1(u,up) = 1/&,(u,up) (2.4.5)
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Using (2), (4) and (5), we establish also

&(uu)=&x(u,u)=1 (2.4.6)
Assume the existence of a function { such that

€1(u,ug) =(u)/C(ug),  &5(u,Ug) =L (Ug)/C(u) (24.7)

Later it will be shown how to find such a function for certain systems of
coordinates.  Substitution of (7) and (3) into (2) leads to the relationship

F(u) f(ug

2 —
=102,

)[ZZ() 24 (u)Z(ug) cos(v = Vo) + L*(Ug)]. (24.8)

Now reformulating the problem as. given an arbitrary potential distribution V(u,v)
on the surface of revolution (asu<b, O<v<2m), the generalized charge distribution
is to be determined. Using (8), one may write the governing integral egquation
in the form

2n b

J J a(Ug, Vo) 9(Ug) du,dv,

} [F(W)F(u)/Z(u)2 (U] [€H(u) — 22 (u)¢(ug)cos(v — v+ *(ug)] {9

=V(u,v), for a<u<h, O=sv<2m (24.9
For the system of curvilinear coordinates (1), the Jacobian g is given by
g(u) =f(u) [(df(u)/du)?+ (dw(u)/du)?]Y2. (2.4.10)
Making use of the integral representation established in (1.2.1)

1
[r2 = 2rr jcos(v—vp)+ rg] 4972

2
min(r,ro) )\DL, v—vo%"dx
=2 cogT =
" J [(r? =35 xD) 0

(2.4.11)

Assuming r={(u), ro=((u,) and x=((t), one will have instead of (11),
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1
[22(u) = 20 (u)(ug)COS(V = Vo) +L?(ug)] 4+

_2 Cos(E)mn(u’UO) X(t, U, Ug, v, Vo) C(t) d(t)
mo2 J HZ(u) = Z20)][T(ug) = C(1)I{ 97
(2.4.12)
Here, c=2(0),
X(t, U, Ug, V, Vo) = AIZ)/Z(U)Z(ug), v -V, (2.4.13)
and ! denotes the function inverse of ¢. Also, let
CY0)=a. (2.4.14)

Later it will be shown that this requirement is not so limiting. Now substitution
of (14) and (12) into (9) leads to the governing integral equation

u

b
% COS(%) J Z4(t)dZ(t) J G(ug)du,

[25(u) - Q301%™ | [C3(u) - (1)) 4

21

XJ X(t, U, U, v, Vp) 0(Ug, Vo) dvy = Q(u,V). (2.4.15)
Here
G(up) =[L(ug)F(U ™ g(ug), Q(u,v) =[f(U)Z(W)] 2V (u,v).
(2.4.16)
The following scheme of change of the order of integration was employed:
b min(u,ug) u Ug b u
J duOJ dt:J duOJ dt+J duOJ dt
u u u b u b

[ iy

Equation (15), despite looking more complicated than the original equation (9), admits exact
solution in a closed form, using a technique developed in previous sections. Equation (15)
may berewritten by introducing the £-operators
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u

b
4cos(%)J ¢(dg(t) J G(ug)du,

[2(u) - 23] &2 | [23(u) - ()07

X D Zzt =
LEKA_L(U)Z(UO) Bo(uo,v) Q(u,v) for asuc<b, Osv=2n (2.4.17)

Now the governing equation (17) presents a sequence of two integral operators of
Abel type and the c-operator. The inverse operator to each one is known. An
exact solution of (17) may now be constructed in several steps. Convergency at
each step is not verified, but is assumed. Application of the operator

ug

LDLD&J ¢(u)d¢(u) (W)

[Q(u) AU, | [2¥(uy) -2 4(u)] &2

to both sides of (17) gives

b
G(up)du, £(uy)
[C(ug) — L (0] ™2 - [ () 7 VoY)

21 (uy) ZV(ul)J

1

£[Z(w)] Q(u,v). (2.4.18)

1 0d {(u)d¢(u)
J [¢3(uy) = T 3(u)]

Hereafter, a prime indicates the derivative with respect to the variable given in
brackets. The following integral is aso used

ug

J ((u)d¢(u) T

(2200~ [2(0) ~ O 2008(r2) (2419

The next step is application of the operator

b
d Zl'K(U )dU 01 [
£¢(uy)] d_UzJ [(uy) - Zzl(uzﬁ(l«)/z L [Z(u) O
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to both sides of equation (18). The result then is

b
1-k
O(Uz,V):‘COgnKQ)L(Z(Uz))diuzj {*(uy)du,

TG(Uy) [¢(uy) = {3 (up) "
“L Ed%lj T s £ ) ) (2420

One may establish the following rules of differentiation under the integral sign:

Uq D

A u(udi(y) _ ®a)
dulj [Z(ug) (U™ 23Uy L A7
Up D
+J - T SR
° O
@(u,)¢(u,)d{(u,) @(b)

d = -
d_uZJ [ZZ(Ul) _ ZZ(UZ)] (1-k)y2— B [ZZ(b)_ ZZ(UZ)] (1K)

b
dou)  J
' J ) - e 10 ¢ () (2421

Further simplification of (20) is possible by using (21). The result then is

[
_ cos(TK/2) ; (b, u,, v)
0(“21\/) - 2_“3 G (Uz) Z(UZ) Z (UZ) E[Zz(b) _ ZZ(UZ)] (2-x)/2

) b [d®(uy, u,, V) /du,] . ]
J [C2(up)- C(u)] 2 E
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21

®(uy, u,, V) :J 1Q(a,v)dv

ug

+ 2T[Zl"‘(u1)J du d 0] CR(U(Y,) Eb(u,v) EI (2.4.22)

[23(uy) - ()™ du 70 2X(uy)

The solution of the problem is now complete; expressions (20) and (22) give the
two different forms of presentation of the solution.

The method of exact solution to the generalized potential problem, proposed
in this section, may be applied only to those systems of curvilinear coordinates,
which satisfy the requirements (7) and (14). This limitation is not that severe,
as it might appear. We may consider a spherical cap as an example of a
surface of revolution. If the cap radius is r, then

f(u)=rsinu, w(u)=rcosu, a=0,
and formulae (2), (4) and (7) give

tan(u/2) _ 1 _.ou
tan(uy2)  E(uuy ST

&1(U,Ug) =

Since C}u) = 2tanlu, the requirement in (14) is satisfied and the solution (22)
is valid.

This does not mean that the system of spherical coordinates is the only one
to satisfy conditions (7) and (14). For example, the system of polar coordinates
on a circular disk also satisfies (7) and (14); namely, for that case

f(uy=u, w(u)=0, a=0, &;(u,uy)=1¢,(u,uy)=uluy ((u)=u

and formula (22) gives the solution of the generalized potential problem for a
circular disk, corresponding to the one obtained in previous section.

When the surface of revolution is such that the system of curvilinear
coordinates does not satisfy the requirements (7) and (14), the procedure of
approximation of (4) in the form (7) may be recommended. If the procedure is
successful, formula (22) will give an approximate solution to the problem. As
an example of such an approximation, consider the case of a cylinder of radius
R and height H. In this case f(u)=R, w(u)=u and formulae (2) and (4) give
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_ }DJ_Uoﬁ [H~Ug [~ U [p[12
LUl =145 == Rt R %+D2R ag (24.23)

If the condition (H/R) < 1 holds, the following approximation of (23) is valid:

[H=Uo[]
O0R [

§12(Uug) =1+

The last expresson may be represented with the same degree of accuracy as

_R+u _R+u,
El(u’UO)_RTuO’ &o(U,Ug) = R+u’

Now one may assume ((u)=R+u, a=-R and the requirements (7) and (14) are
satisfied, then all the results of this section become applicable to the case of a
short cylinder.

It may aso be noticed that it is possible to solve the mathematically
identical problems in hydrodynamics, nonhomogeneous elasticity, heat conduction,
etc., using the same general approach.

Exercises 2

1. The potential inside a circle is given by V(p,p)=wy+8pcosp, with wy=const,
and 6=const. Find the corresponding charge distribution o.
Answer :
cos(Tk/2) Wo + (28pcosp)/(1 +k)
o(p,) = 2 (a2- pz)(l-K)IZ

2. In the problem above express the total charge Q and the moment M, in
terms of the parameters w, and 6.

Answer:
) 2w, a'**cos(TK/2) _ 492" cos(TK/2)
mHL+K) T THIFK)(B+K)

3. The potentia inside a circle is given by V(p,@)=w,—cp? with w,=const, and
c=const. Find the charge distribution o and the radius a, if it is known that
o(a, ) =0.

Solution: utilization of (2.1.6) yields
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[ 2 ]
___ cos(T/2) 2c[a?(1-k) —2p7]
o(p) TPH(a2- pz)(l-K)IZ EWO + (1+K)2 S

The radius a is found from the condition ao(a)=0. The result is
a:[(1+K)w0/(2c)]1’2, and the fina expression for the charge distribution is

2wW,Co(TKK/2)

_ 2 _ ~2\(1+K)/2
oP) = e & P

4. In the problem above find the tota charge Q.
Answer :

4w, a ™ cos(Tk/2)
T THA+K)(3+K)

5. A circular disk of radius a is grounded and kept at zero potential. A point
charge P is present a (b,J), b>a. Find the induced charge distribution.
Answer :

2 _ 2 )2
cosﬁl(m [ 1

o(p.9) = TR 1a2- p’0  p?+Db?-2bpcos(p-y)

6. A circular disk of radius a is grounded and kept at zero potential. Let a
uniform density charge o, be prescribed at the annulus b<p<c, (b>a), with no

active charge elsawhere. Find the charge density o for p<a.
Answer :
20,005(TK/2) ¢ (p5—a?)+)"

(Po—a Po dpg
T[(a2 _ p2)(l-K)/2 J pé _ p2 , for p<a.

o(p)=-

In general, the last integral can be computed in terms of hypergeometric
functions. In the particular case of k=0, the integral is computable in elementary
functions:

_2 I:(C 2)1/2_(b2_a2)1/2_ 1@2_a2|3/2
o(p) = D (22-p) 2 tan (32— p?]
12 —a?[¥2[]
e o0 O

7. In the preceding problem find the potential V.
Answer:
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min(p,c)

] 2 2\(1K)/2
4cos(TK/2) (cc=x9) K
V(p) = 1-k_ 90 BJ (02— x0) T2 X* dx

min(p,b)

p2—x3) 92 L]
—J %F:Z)(“)_K)’ZX dx [ for p>a.

8. By using formula (2.1.6), prove the identity

21 a

J J a(p.9)p" " e dp do

21

a
(L+rd+in) J J f(p.9p™™ e"dp dg

21eT[|n|+ (1 +K)/2] 2 (22— p?) 92

Note: in the particular cases n=0 and n=-1, the last identity transforms into (2.1.10) and
(2.1.12) respectively.

9. Definetheenergy function K,(p,®) intermsof the potential V for interior problems.

Answer:
P

2 d d
Ky(p.@) = 2(1-8215_([21-':( p(2+|<)/2 L%Eﬁ J XX—Z)X(IK)/Z LIX)V(X,0).

(p*-
Hint: perform the inversion of (2.1.22).

10. Prove the identity

0 P (X2 _ az)(l-K)/Z M 1)
d — 7z (%) dx = E_KMQZ.
(P?-x?) 0 2cos(TK/2)

Hint: use the substitution t=(p?—x3)/(x*-a?).

11. The following charge density distribution is prescribed over a circle p<a:
o(p,p)=0,+o,pcosp, with oy,=const and o,=const. The diaphragm outside the
circle is grounded. Find the charge induced on the diaphragm.

Answer :
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[
7-K
57 o (—)Zgolpcowg for p>a.

EF

The result can be expressed in elementary functions for k=0

olp, cp)———%p Z S

L]
3p? -
EW sn'@ Bolpcostpg

12. In the problem above find the potentia V.
Answer :

_4cos(TK/2) (.2 _ 2(1-.()/2% 2 (]
v=400ED) (0~ )% o+ 325 0uposy

13. A point charge P is located a the point (b,)), b<a. The diaphragm
outside the circle is grounded. Find the charge induced on the diaphragm.
Answer:

(K12~ bzml 92 1

olP.9)=- T[ZCOSD7D]>2 p? + b? - 2bpcos(p-P)’
14. Express the energy function K,(p,@) in terms of the potential V in exterior
problems.
Answer :

a

COS(TK/2 d X dx [1
Ki(p.@) = T K)/zjs_([zH (2+K)/2 (p)a) [ 2)(1 oL %(X O

15. In the generalized potential theory, consider a spherical cap of radius r with
uniform potential prescribed over the surface, namely V(u,v)=V,=const. Find the
charge density distribution.

Answer:
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0cos(Tu</2) 1-K o2 [(ML+K 1+K 3+K, _[]
O(Uz,) (2)1 KT[Z 1+K FDZ, 2 2,ZD

+ cos"(b/2) B
[cos*(u,/2) — cos’(b/2)] +)2 -

_ 1 _Cosi(b/2)
cos?(U,/2)’

N

Here F(a, B; vy, 2 is the Gauss hypergeometric function, and the following
integral was employed.

b cosBEPlSi(cos(u 12))

__cos"H(u,2) Bﬁ szEPzD coszmmﬂ()/z
T 14k

J (9] (Y1 [ Q-2
% SZDZ ] SZDZ [

[(ML-B 1+K,3+K,ZD
02'2'"2'"0d

xF

16. Inthegeneralized potential theory consider the case of agrounded spherical cap or radius
r in auniform electric field of intensity E, acting along the Oz axis. For this case, V(u,v) =

Er cosu. Findthechargedensity distribution.

Answer:
Er“cos(Tk/2) - b ({3~ K) cosu, — (1 - K)(1 + cosb)
25K (1 + k)T 20 (cos’(u,/2) - cos’(b/2))+)r2

o(uyV) =

+£ﬂﬂﬂlz(1+x)/zcosu2 [(L+K 1+K 3+K. Z%

1+K 0z2'2"™2"°

_ 1 _Cosi(b/2)
cos?(U,/2)

Here integral from Example 15 was employed, as well as the following properties of the
hypergeometric functions
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[ 1-k 1+K 3+K. _[J

FD 2 2 20

1+K FOL+K 14K 3+k. [

(102
——-(1-2 2D2,2,2,ZD

[J3-K 1+K, 3+K. _[J

FD 2’2’2’ZD

~(1=K)E=K) 4k 14k 3K [
8 POz 22

1+K — (2z-5+K)(1 - z)(l K2

F(d,B:B2=(1-2

17. In the generalized potential theory, consider the problem of a grounded
spherical cap in a uniform electrical field, acting in the Ox direction. For this
case V(u,v)=Ersinucosv. Find the charge density distribution

Answer
o(uyV) = 2E(2¥(;2i(;m/2) cosv tan%g
(Yol lasnye e 1 1-K 1+K 3+K, _[]
l—cosz% Fos 5 520
N cos(b/2) B
[cos’(u,/2) — cos?(b/2)] -+ 5
with

_ 1 _Cosi(b/2)
cos’(u,/2)



