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(1.4.45).de
)(

1/2)+(2=),,(

integration,afteryields,(14)in(44)
ofSubstitution(14).and(3)bygivenissolutionTheconstant.iswhere
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;2<0,for,e)/(=

0=atconditionsboundarytheConsider
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are40)(formula2=forlinesequipotentialThe23-26).(Examples1Exercises
infoundbemayformulaespecificSomezero.atstayschargetotalthe

while,withincreasesmaximumnegativeits2,whensignchangesand1,=
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conditions
boundarythewith2,ProblemtorelatedcaseaConsider
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are2=for0=planetheatlinesequipotentialThe0.=fortorespect
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Here
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(1.4.54);2<0,>for,)e/(2=

;2<0,for0,=

0:=planetheonconditionsboundarytheConsider

branches.twohave0.92<forlinesequipotentialthethatnoteWe1.3.to0.5

fromvariedwas/=potentialdimensionlessThe1.4.5.Fig.inpresented
are3=forlinesequipotentialThe4.3,2,=for/=versus1.4.4Fig.

ingivenis/=distributiondensitychargedimensionlessThe30-32).
(Examples1Exercisesinfoundbecan(52)and(50)ofcasesparticularSome
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conditions.boundarydiscontinuouswithproblemDirichlettheforobtained
issolutionoftypenewAinvolved.transformsintegralorfunctionsspecialno

withelementary,andstraightforwardsolutionthemakesmethodnewThesphere.
theofresttheatgivenispotentialarbitraryanwhilecapsphericalaofsurface
theatprescribedisdistributiondensitychargearbitraryansphere:chargedafor

problemmixedfollowingthetoobtainedisformclosedinsolutionExact

procedure.
elementaryandstraightforwardatoreducedissolutiontheofgeneration

Themethod.theofsimplicitythedemonstratedhaveaboveexamplesThe

4.and3Examplesinconsideredcasesparticular
theallcoverwhichformulaegeneralrepresent(59)and(58)Expressions
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2=+whencasethefor
(29),in(57)substitutingbyobtainedbecanexpressionfollowingtheexample,

anAsodd.)+(forandeven,)+(fordifferentbewillresulttheof
formThefunctions.elementaryinexpressedbealwayscanresultfinaltheand

examples,previoustheinastechniquesametheusingbyconsidered,bealsocan

(1.4.57);2<0,>for,)e/(2=

;2<0,for0,=

namely,conditions,boundaryofcasegeneralmoreA
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)(
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2tan=

/2)cos(/2)cos(2
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where

(1.5.4),
)(coscoscoscos
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/2)(tan

/2)tan(/2)tan(

1=1

(1.5.3),
cos)(coscoscos

d,
/2)tan(/2)tan(

/2)(tan
1=1

representationsintegralfollowingthederivecanweexample,For
1.2.sectionfromformulaeusetousallowspropertyThis).cos(2

+=asexpressedbecanandpointstwobetweendistancethethatso

(1.5.2),coscos2+=+,sinsin=

established:easilybecanpropertiesfollowingThe
(1.5.1)

])cos(2++)+cos(2+[
2
1=),,,(

])cos(2+)+cos(2+[
2
1=),,,(

asexpressedbe
cancapsphericalatorespectwithquantitiessamethecoordinatessphericalIn

disk.circularaofedgethetopointafromdistancelongesttheandshortest
theofsumtheanddifferencetheasinterpretationgeometricalthehave1.2

sectioninintroducedandparametersThe).,,(and),,(
coordinatessphericalinpointstwoConsider
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webefore,Assphere.theofresttheatgivenisdistributionchargearbitrary
anwhile,0capsphericalaoverprescribedispotentialarbitraryan

whenradiusofspherechargedaoffieldelectrostaticthefindtonecessaryis
itproblem:generalfollowingtheconsiderWe

(8).verifytoestablishedbecanrelationshipsimilarA

(1.5.11).
d
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)(+

)(sin
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/2)tan(/2)tan(
/2)(tan
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(1.5.10))].cos(sinsin+cos[cos2+=
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integrals:
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etc.,tocorresponds
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inusedpropertiestheirandnotationsthebetweenanalogycertainseecanWe
).,max(and),min(thatalsoNote.=]([i.e.,toinverse
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(1.5.15)).,(
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casetheinoccurssimplificationCertainimages.ofmethodhisusedwhoKelvin
LordbyformgeometricainfoundfunctionGreen’sthetocorrespondswhich

(1.5.18)
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)cos(sinsincoscos1

ddsin),(coscos

coscos2
1=),(

formtheinrewrittenbealsocan(17)Expression

(1.5.17)
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/2)tan(

coscos
dsincoscos
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1=),(
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d
d

/2)tan(
1

sin
1

operatortheofApplication
(1.5.16)
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=),(

/2)tan(
/2)tan(

coscos

dsin

assimplifiesimmediatelywhich
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/2)(tan

/2)tan(/2)tan(

coscos

dsin

coscos
d=

),(
/2)(tan

/2)tan(/2)tan(

coscos

dsin
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d

manner:following
thein(15)rewritecanwe(4),usingByother.thethroughoneexpress
tonecessarythenisItunknown.yetasis(15)oftermsecondthein

while(14)fromknownis(15)oftermfirsttheinofvaluethethatNotice
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yields(20)insubstitutionbacktheand

(1.5.22),dd+dd=dd

schemetheto
accordingperformedbecan(21)inintegrationofordertheofinterchangeThe
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).,(
/2)(tan

/2)tan(/2)tan(

)(coscoscoscos
ddsin=

),(
/2)tan(/2)tan(

/2)(tan
cos)(cos

dsin

coscos
d

manner:followingtheintransformedbecan(20)intermfirstThe
(1.5.20)

.),(
/2)(tan

/2)tan(/2)tan(

)(coscos

dsin

coscos
d+

),(
/2)tan(/2)tan(

/2)(tan

cos)(cos

dsin

coscos
d2=),,(

simplification,afteryields,(13)termsecondthein(17)ofSubstitution
(17).and(14)fromspheretheoverallknownnowisdensitychargeThe

(1.5.19).dsin)(
coscos
coscos

coscos
1=)(

namely,symmetry,axialof

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

⌡
⌠

ar
arV

CoordinatesSphericalinProblemsMixed

θτθττθ

φθσ
τ

θθ
τγ−θ√τ−θ√

τθθ

φθσθθ
τ

θ−τγ√
θθ

θ−τ√
τ

φθσ
τ

θθ
τγ−θ√

θθ
τ−θ√

τ

φθσθθ
τ×

θ−τγ√
θθ

θ−τ√
τ

√
φθ

θθθσθ−θ
α−θ√

θ−α√π
−θσ

L

L

L

L

0

0)(

0

0

)(

(0)

)(

)(

0

0

02
0

0
)(

00

0

0
0

2

0

00

)(0

)(

12
1

1

11

0)(

0
0

2

0

00

)(0

)(
2

000
0

0

0

α

α

πτγα

θ

πα

θ

πα

τγ

αα

α

α

π

τγ

αα

α

tt

t

t

t

t

t

t

































22

2

02

02

1

2

1



2
cot

coscos
dsin

d
d

2
tan

operatortheofApplication

(1.5.27)

).,(=),(
/2)(tan

/2)tan(/2)tan(

coscos

dsin

coscos
d2

(13).in(26)substitutingafterresultsequationintegralfollowingThe

(1.5.26).,2<0for),,(=),,(

;<0,2<0for0,=),(

=surfaceitsatconditions
boundaryfollowingthewithspherechargedaConsider

required.isintegrationnumericalawhenadvantagescertainhas
onesecondthewhileinvolvedintegralstheofevaluationexacttheforconvenient

morebeingonefirstthe1,problemthetosolutionsequivalenttwogive
(24)and(23)Expressions(1.3.49).and(25)betweensimilaritycertainNotice

(1.5.25).
sin

(0)/2)(cos)(coscos2
=

and(10)bydefinediswhere
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inresults(8))(seetorespect
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(1.5.35).
)(sin

coscoscos)(cos2
=)]([=

where

(1.5.34),dsin
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tan+d
2
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,torespectwithintegration
subsequentafterobtain,we(33),inintegrationofordertheInterchanging
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isresultThe(13).into(29)ofsubstitution
byobtainedbecanspherechargedatoduespaceinpotentialThe

.atzerototendsonesecondthewhile,
atsingularisonefirstthe(31):intermsdifferenttwonoteWe(27).equation

integraltheofsolutionofformsequivalenttwogive(32)(31)and(29)Formulae
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(1.5.40).
d
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(44)ofsubstitutiontherefore,1,problemtoinverseissense,ainproblem,The

(1.5.44).2<0,for0,=),,(

;2<0,0for),,(=),,(
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involved.integrals
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(1.5.51).dsin
),(

d
4

||=),,(

namely,formula,Poissonwell-knowntheinresulttorespect
withintegrationsubsequentand(50)inintegrationofordertheofInterchange

(1.5.50)).,(
2

cot
cos)(cos

dsin
)(

/2)(tan
)/2]([tan/2)tan(

coscos
d=),,(

simplification,afteryields,which(23)in(47)of
substitutionbyobtainedbecanspherechargedatoduespaceinpotentialThe

(1.5.49).dsin),(d
4

=

resultthewith(48),and(47)
integrationbyobtainedbecanchargetotalThesingularity.integrableangive

can(48)formulaandsingularities,nohas(47)expressionotherwise0,)0,(
when,atsignoppositeofsingularitiesnon-integrablehavedistributions

densitychargeboththatshows(48)and(47)ofanalysiselementaryThe

(1.5.48)).,(
2

cot
coscos

dsin
d
d

2
tan

)cos(cos

dsin

4
/2)][cot(=),(

<<forresultthe
with(17),in(47)ofsubstitutionbyobtainedbecanspheretheofresttheat

distributiondensitychargeThe.0intervaltheinvalidis(47)Expression
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to<<forsimplifies(55)of
substitutionafterwhich(29)bygivenisdistributiondensitychargeinducedThe

(1.5.56),
coscos

sin
4

)(
cos=)(cos),,,,()(

(6)and(5)toaccordingwhere,

(1.5.55),
)(coscoscoscos

d,
/2)(tan

/2)tan(/2)tan(

1=1

representationintegralfollowingthewritecanwe(4),toAccording
solved.beenalreadyhaswhich2,Problemtocorrespond(54)Conditions

(1.5.54).2<0,for,/=),,(

;2<0,<0for0,=),(

:=spherethe
ofsurfacetheatconditionsfollowingthewithproblemmixedahaveweNow

)].cos(sinsin+cos[cos2+=
with

(1.5.53),/==

thatimplieswhich0,=condition
theholdscaptheofsurfacetheAtcap.sphericaltheoninducedchargethe

ofpotentialtheisand,chargepointthetoduepotentialtheiswhere

(1.5.52),+=

suma
asrepresentedbecanspaceinpotentialThe.radiusofcapspherical

groundedaand),,(coordinatessphericalwithpointtheatlocatedcharge
pointabetweeninteractiontheconsiderWe

possible.isintegralstheofevaluation
exactanwhenadvantagesdefinitehasand(51)toequivalentis(50)Expression
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occurs:

simplificationfollowingthe(61)in)(=),(=variablenewaIntroducing

(1.5.61).d
)(

)(coscoscos+1

sin
=

givesimmediately(57)whiledifficult,quitebewould
(58)usingchargetotaltheevaluatetoexample,Foradvantages.definite
has(57)formulaequivalentthethenneeded,aretransformationsmathematical

furthersomeifbut,distributiondensitychargeinducedtheofevaluation
directaforconvenientis(58)Expression(18).withagreementiniswhich

(1.5.60),1
coscos2

coscos
=),(

assimplifies(58)formula,<and
caseparticulartheIn(35).(34)and(59)(58)betweensimilaritycertainNote

),,,,()(),,,,()(

(1.5.59),
)(sin

coscoscos)(cos2
=

where

(1.5.58),tan+
2

||=),(

resultthewith
before,asmannersametheinexactlyevaluatedbecan(57)inintegralThe

(1.5.57).
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isresultfinaltheandexactly,evaluatedbecan(66)inintegralThe
.torespectwithderivativespartialtheindicatesignsprimetherespectively,

)(),(),(),(asunderstoodareand,,,abbreviationstheHere

(1.5.66).
coscoscoscos

d,
/2)tan(/2)tan(

/2)tan(/2)tan(

=),,(

integrationfirsttheaftergives,which(33)in(55)of

substitutionbyobtainedbecanchargeinducedthetoduepotentialThe

0.=forobtainedbecanformulaeSimilar

)].+(|[|
2

=

further
simplifies(65)formulaand0,=havewespherecompleteaofcasetheIn

(1.5.65).
2

cot
||

+
tan)+(

2
||=

assimplifies(63)formula),=(axistheatlocatedischargepointtheWhen
(1.5.64)

).,,,(=)(,
/2)(/2)cos(sin4)(

/2)|cos(|
=

,
/2)(/2)cos(cos4+)(

/2)cos()+(
=

where

(1.5.63)]sin||sin)+[(=

isresultfinaltheandelementary,iswhichofevaluationthe

(1.5.62),d
coscos

)(cos1
=
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simple.veryintegrationofprocedurethemakes(66)in(72)(69)ofSubstitution

.ofderivativetheforwrittenbecan(72)tosimilarexpressionAn

(1.5.72).
coscos

coscoscoscos
+

2=

(1.5.71),
coscos

coscos1
+

coscos

coscos1

sin2
)(=)(

(1.5.70)),(+=)(+

(1.5.69),
)(+

1+
)(+

1)]cos(cos)coscos(1+

)cos(cos)coscos[(1
sin16

)+()+(
=,

/2)tan(/2)tan(

/2)tan(/2)tan(

(66)inintegrationperformtousedwereidentitiesfollowingThe

(1.5.68)./sincoscoscoscos=)(

,
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))((
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2
)+)(+(

=

)],cos(sinsin+cos[cos2+=

)],cos(sinsin+cos[cos2+=

arenotationsThecoordinates.
toroidalin(1900)Hobsonofresultsimilarawithagreementiniswhich
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before,asHere,

(1.6.4).
)()(

tan1=
)()(

d,
)()(

validisintegralfollowingthe1.2,section
ofresultstheFrom).,,(and),,(respectivelybecoordinatescylindrical

theirLetspace.three-dimensionalainandpointstwoConsider

caps.sphericalseveralofcase
theincludinggeometriesvariousforproblemsvalueboundarymixedsolvingfor

coordinatesofsystemthisusetousallowcoordinatestoroidalofpropertiesThe

(1.6.3).
sinh

=+)coth+(

toriareconstant=
surfacesThe0.=,=circlethealongintersectionoflinecommonthewith

(1.6.2),
sin

=)cot(++

capssphericalareconstant=surfacesTheparameter.dimensionalaisHere

(1.6.1).
coscosh

sin=,
coscosh
sinsinh=,

coscosh
cossinh=

coordinates),,(toroidaland),,(cartesian
thebetweenexistrelationshipsfollowingThe

investigation.separateaforsubjectaconstitutecanandtimethisatknown
notisapplied,becanmethodnewthewherecoordinates,ofsystemsofset

completeTheestablished.arepoints,severalbetweendistancesinvolvingvalue,
fundamentalofintegralsSomesolution.thegivingthusform,closedinand

exactlyinvertedbecanEach-operator.thewithcombinedoperatorstypeAbel
consecutivetwoofsequencetoproblemthereducesequationintegralgoverning

theinsubstitutionItspoints.twobetweendistancetheofreciprocalthe
forrepresentationintegralnewaonbasedisIthere.presentediscoordinates

toroidalofcasethetoresultsobtainedpreviouslyofextensionFurther
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,)cos(
2

tanh
2

2tanh
2

tanh+
2

tanh

expression
thetoproportionalbewillpointstwobetweendistancethethatwayasuchin

andquantitiessomeintroducecanwethathintausgives(10)Expression

(1.6.10).
/2)(cosh/2)(cosh

)/2][(sin+)cos(
2

tanh
2

tanh2

2
tanh+

2
tanh

coscoshcoscosh
/2)cosh(/2)cosh(2=

intoittransformcanwebut(8),likelooknotdoes(9)Clearly,

(1.6.9).
coscoshcoscosh

)cos()cos(sinhsinhcoshcosh2=),(

iscoordinatestoroidalinpointstwobetweendistanceTherespectively.),,(
and),,(beandofcoordinatestoroidaltheLetangles.appropriate
thebetweendifferencetheofcosineandquantitiesthoseofproductdoubleminus

squarestwoofsumaasnamely,form,similarainpointstwobetweendistance
thepresenttoneedwecoordinates,toroidalin(4)applytoablebetoorderIn

(1.6.8).))cos(()(2)(+)(=

aspresentedbecan),(pointstwobetweendistancethethatverifycan
Onecoordinates.cylindricalinmethodnewtheforfundamentalisrepresentation
This).(to0fromintegrationoflimitstheapplyingby(4)fromobtainedbe
canpointstwobetweendistancetheofreciprocalforrepresentationintegralThe
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),,,(
(1.6.15)

,
/2)(cosh/2)(cosh22

)cos()(cosh)cos()+(cosh2tanh=

),,,(

notationfollowingtheIntroduceconfused.benotwillreaderthehope
Wecoordinates.sphericalandtoroidalthebetweenanalogycertaindemonstrate

toorderinand,,notationsamethesectionthisinuseintentionallyWe

(1.6.14),
coshcosh

sinh
2

sin+cosh=),,,(cosh)(coshcosh

Here

(1.6.13).
coscoshcoscoshsinh

)(coshcoshcoshcosh2tan

coscoshcoscosh
2=

)(coshcoshcoshcosh

d,
/2)tanh(/2)tanh(

/2)(tanh

yields(4)in(12)ofSubstitution

(1.6.12).
2

tanh
2

coth
2

coth=

expressionthetoaccordingvariablenewaintroducenowcanWe

(1.6.11).
2

tanh
2

tanh2tanh=

,
2

tanh
2

tanh2tanh=

definingby
achievedbecanthisIndeed,coordinates.cylindricalinplayandparameters

theasrolesamethecoordinatestoroidalinplaycouldquantitiesthesethatso
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namely,integral,indefinitegeneralmoreacomputealsocanWe

(1.6.19).
coshcosh)](cosh)([cosh

dcosh)(cosh,
/2)tanh(/2)tanh(

)/2)((tanh

)/2]||cos[(
coscoshcoscosh=1

as(18)rewritecanone(A12),usingBybrackets.inparameter
thetorespectwithderivativepartialtheforstands)´(symboltheHere

(1.6.18)

.
coshcosh)(coshcosh

d)(´,
/2)tanh(/2)tanh(

)/2)((tanh

coscoshcoscosh=1

formthetakewill(17)expression),(=variable
newaintroducingexample,For(17).ofvariationsseveralderivecanWe

(1.6.17)

.
coshcoshcoshcosh

d,
/2)tanh(/2)tanh(

/2)(tanh
coscoshcoscosh=1

points:twobetweendistancetheofreciprocaltheforrepresentation
integralfollowingtheobtaincanweresultsprevioususingBy.=

forholdssignequalitythe},,max{},,min{validispropertyfollowing
The.=)(and=)(thatmeansThis.toinverseareandboth
thatNotice(11).withagreementinare(16)and(15)thatverifycanOne

ones.defaultthebetoassumedexplicitly
givennotarewhichparametersthesimple:ratherisruleThe).,,,(

ofinstead),(example,forwrite,tousallowwouldThisparameters.
defaulttheasconsideredare(16),and(15),(14),inrespectivelygiven,and

,ofparameterstheconventions:followingtheusewesake,brevitytheFor
(1.6.16)
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(1.6.26)).cos(sinhsinhcoshcosh=cosh

Here

(1.6.25).
2+)2+cos(cosh

1+

2+)cos(cosh
1)cosh(cosh

)cosh(cosh
coshcosh

1coshcosh
+

coshcosh
1coshcosh

sinh2

)/2][(cos)/2][(cos
=,

/2)tanh(/2)tanh(
/2))tanh(/2tanh(

(1.6.24),
coshcosh

1coshcosh
+

coshcosh
1coshcosh

sinh)(2
1=

)(
1

d
d

(1.6.23),
coshcosh

1coshcosh
+

coshcosh
1coshcosh

sinh2
)(=

d
)(d

Appendix:fromformulaeusingbyestablishedbemayidentitiesfollowingThe

(1.6.22)
sinh

coshcoshcoshcosh
=)(

where

(1.6.21),
2

sin
2

sin
)(

1)(
2

cos
2

cos=

variablesnewIntroducerespectively.),,,(=and),,,(=Here
(1.6.20)

.d,
/2)tanh(/2)tanh(
/2)tanh(/2)tanh(

)cosh)(coshcosh(cosh
coshcoshcoshcosh

)/2]cos[()/2]cos[(
1=
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asrewrittenbecan(30)integralsameThe
(1.6.30)
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(1.6.40).dd=dd

(39):inusedwasintegrationofordertheinterchangingofschemefollowingThe

(1.6.39).
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(1.6.73)
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resultthewithmade,becansimplificationsobviousSome

(1.6.76).
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obtainwe
(60),representationintegraltheusingandintegrationofordertheInterchanging
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formtheinpotentialtheexpresstousallows(64)
in(79)ofSubstitution(26).bygivencoshand(21)bydefinedwith

(1.6.79)
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)/2)]([sinh+

/2)(sin+)/2](sinh[
sin
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coscosh/2)||sin(2
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isresultfinalThe(50).bydefinedconvenientlyisspaceinpotentialThe
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(1.6.87).
/2)(sinh

)/2]sin[(
cos

/2)(sin
1

/2)(sinh+

)/2]sin[(
cos

/2)(sin
+1

)+()/2]||cos[(

coscosh/2)||sin(2
=

(1.6.86)
coscosh

cos+1tancos+1+coscosh
2

cos1
=

formthetakeofcasethein(83)and(82)Formulae
(46).ofsidesbothofintegrationdirectabyobtainedbecanresultsameThe

(1.6.85)

.
)cos(cosh
ddsinh),(

)cos)(coshcosh+(1
)cosh)(coshcos+(1tancos+1+

coshcosh
)cos1)(cosh+(cosh
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cos1=

follows:assurface
itsatprescribed),(potentialanwithcapsphericalaoncharge

totaltheexpresstousallows(82)totheoremreciprocaltheofApplication
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operatortheapplyusLet

(1.6.90).
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equationintegralthetoleads(89)in(88)conditionboundarytheofSubstitution
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equationintegralgoverningthetoleads(91)in(93)ofSubstitution
(1.6.93)

.
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book.thisofscopethebeyondisproblemthetosolutioncompleteA
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formthetakesequationintegralcorrespondingTheone.number
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