INTRODUCTION

This book may be considered as logica continuation of the previously
published (V.I. Fabrikant, Applications of Potential Theory in Mechanics, Kluwer
Academic, 1989), where a new and elementary method was described for solving
mixed boundary value problems. The method can solve non-axisymmetric
problems as easily as axisymmetric ones, exactly and in closed form. It enables
us to treat analytically non-classical domains. The method also provides, as a
bonus, a tool for exact evaluation of various two-dimensional integrals involving
distances between two or more points.

The main emphasis of the first book was on solid mechanics problems.
Here, we describe various applications of the new method to electromagnetics,
acoustics and diffusion. Also included in this book are some results in fracture
mechanics and elastic contact problems which were obtained just recently and
could not be included in the first book.

The book is addressed to a wide audience ranging from engineers to
mathematical physicists.  While an engineer can find in the book some
elementary, ready to use formulae for solving various practica problems, a
mathematical physicist might become interested in new applications of the
mathematical apparatus presented. The book should be of interest to specialists
in electromagnetics, acoustics, diffusion, solid and fluid mechanics, etc.

The book is accessible to anyone with a background in university
undergraduate calculus, but should be of interest to established scientists as well.
Though the method is elementary, the transformations involved are sometimes very
non-trivial and cumbersome, while the final result is usuadly very smple. The
reader who is interested only in application of the general results to his/her
particular problems may skip the long derivations and use the final formulae
which requires little effort. The reader who wants to master the method in
order to solve new problems has to repeat the derivations which are given in
sufficient detail. The exercises are important in this regard.
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The book is based entirely on the author's results, and this is why the
work of other scientists is mentioned only when such a quotation is inevitable
for some reason, like numerical data needed to verify the accuracy of
approximate results, comparison with existing results, or pointing out some errors
in publications. There are several books and review articles presenting an
adequate account of the state-of-the-art in the field. Appropriate references are
given for the reader’'s convenience. The purpose of this book was neither to
repeat nor to compete with them.

For the reader’s convenience, it was attempted to make each chapter (and
section, wherever possible) self-contained. The reader can skip several sections
and continue reading, without loosing the ability to understand material. On the
other hand, this resulted in repetition of some definitions and descriptions. The
author thinks that the additional convenience is worth several extra pages in the
book.

A new and more general definition of the L-operator is given in Chapter 1.
This definition gives rigorous justification to the mathematical formalism involved.
Various forms of integral representation for the reciprocal of the distance between
two points follows. A general solution is presented to basic mixed boundary
value problems for a half-space in cylindrical coordinates. These results are
generalized for the case of spherical and toroidal coordinates.

1+K

We can generdlize the Newton potentid as V=H/R™", where R is the
distance between two points, H is a constant depending on the physical properties
of the gpace, and -1<k<1. This potentid has various applications in
engineering, for example, in the theory of elasticity of inhomogeneous elastic
body, with the modulus of elasticity E being a power function of z E=E,Z"

Other applications include fluid mechanics and heat transfer.  Closed form
solution to various non-axisymmetric problems is given in Chapter 2.

The general results of Chapter 1 are applied in Chapter 3 to investigation
of interaction of several charged coaxial and arbitrarily located disks. New type
of governing integral equation is derived for the Dirichlet and Neumann problems
for a circular annulus domain. Simple yet accurate formulae are derived for the
capacity of flat laminae. Similar results were obtained for the electrical and
magnetic polarizability of small apertures of general shape.

Advances in bioengineering have generated wide interest in the diffusion
mechanism of biologicad membranes. The diffusion process through a thin
membrane, perforated by several holes of arbitrary shape, is considered in Chapter
4. A general theorem is established which relates the total flux through each
hole, with the concentration distribution of some chemical species prescribed in
the hole, to a system of linear algebraic equations. The theorem is applied to
the case of arbitrarily located circular and elliptical holes. The influence of the
pore length is investigated by a new method. Application of the man results to
the problems of sound transmission through an arbitrary aperture in a soft and



INTRODUCTION

rigid screen is also presented.

Chapter 5 contains complete solutions to several contact problems which
were obtained recently, and could not be included in (Fabrikant, 1989). Those
comprise complete elastic fields around axisymmetric and inclined bonded punch.
These fundamental solutions alow us to solve various problems of interaction
between punches and anchor loads. Two of such solutions are included. A new
approach is presented to a general annular punch problem, with analytical,
numerical and asymptotic solutions derived and compared.

Some new results in fracture mechanics are presented in Chapter 6. A
complete solution is given for the first time to the case of genera antisymmetric
loading of internal and external circular cracks. All the relevant Green's
functions are given explicitty and in closed form. A superposition of
antisymmetric solution with a symmetric alows us to solve the problem of
one-sided loading of a crack as well as various interactions between a crack and
a general externa force. A new approach is presented to the problem of a flat
crack in the shape of a circular annulus, subjected to a general norma load.
The problem is reduced to two two-dimensional integral equations with elementary
kernels. The eguations are non-singular, and can be easily uncoupled. An
accurate numerical solution can be obtained by any standard method.

Chapter 7 is devoted to the numericll methods of solution of
one-dimensional integral and integro-differential  equations.  The solution is
represented in the form of power series with undetermined coefficients multiplied
by a function in which the essential features of the singularity of the solution
are preserved. The method of collocations is used to determine the unknown
coefficients.  The examples show that the method suggested is more general and
gives good results even in the case when the form of solution does not exactly
preserve the essential features of singularity. The method is simpler than others
which use the properties of orthogonal polynomials. A standard FORTRAN
subroutine is presented for solving general one-dimensiona integro-differentia
equations. An agorithm and a standard subroutine are developed for computer
evaluation of two-dimensional singular integrals. The software is used in
numerical analysis of various non-classica two- and three-dimensional contact
problems.

The book contains so much new material that some misprints and errors are
inevitable, though every effort was made to eliminate them. The author would
be grateful for every communication in this regard. All the readers comments
are welcome.



CHAPTER 1

NEW RESULTS IN POTENTIAL THEORY

1.1. The r-operator and its properties

Let f(r,) be an arbitrary function which belongs to LY[0,2r] as a function
of ¢ for any fixed r=0. Let us associate with f(r,@) the sequence
{f.(n)} —0<N<oo (1.1.1)

of its Fourier coefficients. Consider (k) as an operator on the linear space of
sequences {f.(r)}. We do not define any topology on this space. The algebraic

operations are defined naturaly as follows:

c{fR} +c{ R} ={c,fD +c,f P}, (1.1.2)

{0} ={f?} = Q=12 On (1.1.3)
We define

LK) f} ={ K} (1.1.4)

This definition makes sense for any kOC, and it implies that

£(K) L)} = £(k k) {f} O kg, k,0C, (1.1.5)

LD){f} ={f}. (1.1.6)

Equation (6) is a particular case of (5) corresponding to k,=kz0 and k,=k™.
m

Consider now the operator I_IL(kj). It is well defined for any k;, in
j=1
particular, in the case when some of the k; are greater than 1. An obvious
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m m
corollary is. if ||_|kj|<1 then nL(kj){fn} is a sequence of the Fourier
i=1 =1

coefficients of some function belonging to L*[0,2r] if {f .} is a sequence of the
Fourier coefficients of a function f(g)JLY[0,2r], and, moreover, the Fourier series
m

corresponding to the sequence nL(kj){fn} converges absolutely and uniformly in

j=1
@U[0, 2.

In the case when k<1, formula (4) can be rewritten as

21

mmwzzwmwkézwwﬂ@%mwm. (1.1.7)

n=-co n=-co

Summation in (7) yields
2n

L(k)f(cp)=2—’;[J MKk, 0@ f(@) A, (118)

where the notation was introduced

1-Kk?
1-2kcosy +k?’

A, W) = (1.1.9)

Note that the r-operator, as it is presented in (8), coincides with the one which
was introduced by Poisson for solving the two-dimensional boundary value
problem of potential theory for a circle. We are going to use it for solving the
relevant three-dimensional problems. Whenever the operator (k) is applied, with
no limitation k<1 assumed, its general definition (4) is valid, alowing the
properties (5) and (6) to be used. As soon as it becomes clear that k<1, the
representation (8) becomes valid thus making it possible to write the final result
in a closed and simplified form.
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1.2. Integral representation for the reciprocal of the distance
between two points

It was proven in (Fabrikant, 1971a) that

1 _ 1
RY™  (p?+ p§ - 2pp,coS(@— @)

)(1+U)/2

2
min(pop) ) (X xUdx
- J e

=—=C0Ss
02 -2) (05 -) 5

(1.2.1)

Tt 2 +u)/2”

Here A is defined by (1.1.9). The identity (1) can be verified by the
introduction of a new variable
nN(x) = [(p? = x3(P5 — X1 *Ix, (1.2.2)

Substitution of the identities

2 4 2
dn__pio-xt X2 ___xn dn
= Mg W=

in (1) transforms it into

1 2 m( n'd
m—y == COS?J ﬁrlz-i-_:llﬁ (1.2.3)

The integral in (3) can be evaluated by using formula (3.241.4) from (Gradshtein
and Ryzhik, 1963), thus proving the identity. All the results above are related
to the distance between two points in the plane z=0. We need to generdize
them to represent

L - L (1.2.4)

Ro [p”+p5—20pacos(p-ay) +2714"%

One can observe that representation (1) remains valid if we formally substitute p
and p, by arbitrary quantities |, and [,. We need to choose them so that

P+ P = 2pPaCOS(@-@) + 22 =17 +15— 21 1 ,Cos(P-@y). (1.25)
o @ @
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This leads to two equations
11+15=p>+p5+2  111,=ppy (1.2.6)

Their solution will take the form

14(p002) =3[P+ P>+ 212~ (P~ po)2 + 213, (127)

1:(00p.2) =3 [(p+po)* + 21"+ [(p—po? + 213, (1.28)
Hereafter the following abbreviations will be used:

L) =1,(xp.2),  1(x) =15(x,p,2), (1.2.9)

l,=1,(a,p,2), [,=1,(a,p,2). (1.2.10)
Note the limiting properties

liml,(x) =min(x,p), liml,(x)=max(x,p). (2.2.11)

z-0 z-0

In view of the properties above, the representation (1) can be generalized as
follows:

1 1

RE™ [P+ pb— 2ppacos(p-y) + 2

2
11(Po) A X_’ ug
=2 cos M T |
T2 | {[13(po) — X2 [15(po) — XT3

(1.2.12)

Formula (12) simplifies when u=0

1 1

Ro  [p? + pb — 2ppcos(o-@) + 27

2
11(po) A=, o) dx

; = - 1.2.13
"J {[1ipo) — XM5(py) — *}*° ( )
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Again, one can notice that the integral in (13) may be evaluated as indefinite

(o)~ &Py N 2 Ry XRo '

X2
J Moy @ %) X L A1) —XANEp) — X} 2

(1.2.14)
The last representation is very important and will be widely used throughout the
book.

Another series of useful formulae can be obtained from those above by a
simple change of variables, namely,

PPo
S WO b () - L D) i
J {[¥ = 13p] DX - 15001} Ro xRy ’
L . (1.2.15)
Ro™ [P*+P5—20pocos(@-gy) + 214"
- PPo u
=2 sl [ Mo R (12.16)
R AN (S (GOl CY)
- PPo
- . ‘ZJ Nz @) dx
Ro [p%+ 95~ 2ppocos(emgu) + 1™ T {1x°~1i(po)l[X* ~ 1300}
- (1.2.17)
PPo o
Mz ¢-@) dx _ltan_li{xz—pzx/xz—péD (1219
j W-pd-pz RO xR [ o

The representations above are useful for solving external mixed boundary value
problems.

Several modifications of (14) are available. For example, we can write

2
A X_, d
T TG ) LS
(P* )5 -g" 1" Ro Ry | -
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Here
g(x) =x[1 +Z22/(p? -] *2. (1.2.20)

It is important to notice that the function g(x) is inverse to I, for x?<p? and is
inverse to |, for x*>p?+Zz%.  Introduction of a new variable x=I,(y), y=g(x)
transforms (19) into

130 -y1™ [5Y)
[(p%—y’é‘)”u%(y) 2o Cppy oty

B IO i i 1) i

Ry YR,
(1.2.21)
A particular case of (13), when z=0, reads
min(Pop)) ( x? )d
0 —_—, X
1_ 1 =2 PPo (p_%_. (1.2.22)
R [p+p5—20poCos(@-@)]"* T vpZ—x®Vpa—x®
The same result takes another form due to (17)
o PPo
L o [ Mz eg)dx
=== [ — (1.2.23)
R m VX2 - /X2 - P

max(Po.p)

1.3. Internal mixed boundary value problem

The problem is called interna when the non-zero boundary conditions are
prescribed inside a circle.

Problem 1. Let us consider a typical problem solved by our method. We
need to find a function V such that

AV=0 in Rf::{x:x3>0}, X=(Xq, Xp, X3) (2.3.1)
subject to the following boundary conditions at z=0

V=v(p,@), if p<a, 0dV/I0z=0 if p>a, pP:=X;, Q:=X, Z:=X;.
(1.3.2)
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Here (p,¢) are polar coordinates in the plane P={x: Xx;=0}; and v is a given
function.

The problem can be interpreted as an electrostatic one of a charged disc,
with a certain potential prescribed on its surface, or it can be interpreted as an
elastic contact problem of a circular punch pressed against an elastic half-space;
other interpretations are also possible.  We call the problem internal because the
non-zero conditions are prescribed inside the disc. The potential function V can
be represented through a simple layer as follows:

21 a

V(0.92) =J J KO0, dpydg (134)

Here

Y
=[p?+p6~20picos(-@) + 217, and 0= (1.35)

Substitution of (13) in (4) yields, after changing the order of integration

I a

_af X PodPo
v(p,cp,z)—4J VPZ‘XZJ(X)\/pé = m)poao(po,cp) (1.36)

Here
g(x) =x[1+ Z(p? - xA)] Y2, (1.3.7)

the c-operator is defined by (1.1.4), the abbreviations |, and |, are understood as
l,(a,p,2) and 1,(a,p,z) respectively; and the following rule is used for changing
the order of integration:

a 11(Po) I1 a

J deJ dx:J de do, (138)
()

Substitution of the boundary condition (2) in (6) leads to the governing integra
equation

p a

dx Pd po
4J va—XZJ B L o0 =00 (139
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Expression (9) is now presented as a sequence of two Abel-type operators and
one cL-operator. We recall that the general Abel integra equation

a

J JXLL(yZF_ Xz)((j1+u) —=f(X) (1.3.10)

has the solution

a

2cos(tu/2) d f(x) xdx
F(r):_dn_)aj (%:W (2.3.11)

Since the variables in the Abel operators of (9) are interwoven with those of the
L-operator, we need to apply their combination, in order to invert (9). In view
of the new definition of the r-operator (1.1.4), equation (9) can be rewritten as

p a
L]
dx PodpPy 2 [l
4 = = : 1.3.12
J\/DZ—XZJ VP33 %pom On(Po L=V} (1312)

We have here a sequence of one-dimensional integral equations. The first
operator to be applied to both sides of (12) is

t

[A0d pdp
L@ ot J 2= (p), (1.3.13)

with the result

a t

Podp 40 o
ZHJ - a0 :L%EEJ e R OIS

(1.3.14)
The second operator to be applied to both sides of (14) is

d tdt (1]
L(y) @J (tz_—yz)llzLBTD

with the result
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a t

(0,0} =~ 209 d—dyj o L%EE&J e MOUAOIE

(1.3.15)
Taking into consideration that (py/t?)<1, the rules of differentiation of integrands
and the properties of the r-operators allow us to rewrite (15) as follows:

a

oD =35 e -J L O (1316)
Here
B(t.y,0) =%J (t—ziL‘?)@)—md—%%L%YElx(p,cp)g (1317)

Using integration by parts and the fact that A(k,Q) satisfies the two-dimensional
Laplace equation in polar coordinates, the following identity can be established

t

d d
Pty =J (t—z%)@)—mL%ngAv(p,cp), (1.3.18)

where A is the two-dimensional Laplace operator in polar coordinates.
Substitution of (18) in (16) leads to another form of solution, namely,

0.9 =2 %i’ﬁ"y%ﬁk—J (tz _d})ﬂzj o ey

(2.3.19)
Interchange of the order of integration in (19) and integration with respect to t
yields

[
0.0 =5

2)1/2

21 a

1 H il va?-pXa?-y)"? g Av(py)pdpdy U

2m [A[p? +y2 - 2pycos(@-)] 2L p? + y2 — 2pycos(q-)] 2
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(1.3.20)
The solution obtained here consists of two parts: the first part is singular at the
boundary while the second one vanishes at the boundary. In various applications
it is required that the solution be nonsingular at the boundary. The necessary
and sufficient condition then is ®(a,a,9)=0. In elastic contact problems this
condition defines the radius of the contact domain. Notice also that in the case
when v is a two-dimensional harmonic function, the non-trivial solution is
singular.

Now it is of interest to express the potentia V in the half-space directly
through its value v prescribed inside the disc p=a. Substitution of (15) in (6)
yields, after subsequent integration

I1 g(x)

_2 dx. [Ox Od rdr
V(0,0,2) = J\/ = L@gz(x)tdg(x)J 0 ST OV, (13.21)

Here the following property of the Abel operators was used
a a

d d f(t)d
J (rZ_LZ)UZEJ (ttZ(_t?.Z)tUZ:_gf(y) (1322)

Introduction of a new variable t=g(x), x=l,(t), transforms (21) into

a

dl(t) O PodP
O DdJ L (P V(00 D) (1329)

_2
V(p (p! ) J [ 2 - (t)]1/2 [th Edt (t2 0)

By changing the order of integration in (23), according to the rule

J F(rdr 2 J ZPZﬂELO)'P—Zz-J f(p)dpd—H (r%j%z, (1.3.24)
P

the following expression can be obtained

0 4 tdl (1) ah
V(p,92) = “J Dﬁ(po) J (- po)uz[p 2(0)] 7] ng(t) (Po,®P)dpy. (1.3.25)

The integral in curly brackets can be evaluated in closed form. Consider the

13
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following equivalent integral

xdx VEOX Op O
" (p")dpkoX —1200- 5 (B9 0

Make use of the rule of differentiation

a a

d[FE@Edp___ F@x .. [_dp dIF@E0
Vpr—x@  a(a?-x3)"? vpZ-x2dpdp [

a
F(@a ,1f _pdp d
x(az—xz)ﬂ2+XJ VpZ- deF(p)'

Expression (26) will take the form

a

— TSN
Vig-a ey ax_ a0 ppy

N i AlaL e JV_XZ-pgdxmé(x)—l’i(x) 29

Introduce a new variable

NI i
ML il ) i

dh(x) _ D~ I I5(X) ~ p3li0]

h(x) = NI
(X) dx XA X2 — pg[' g(X) -1 %(X)]

The expression for A can be presented as

[ppo D_[|2(X)‘|1(X)]\/X - po h'(X)
Z(x)’ DE-13001"2 RG+h¥(x)’

Substitution of (29) and (30) in (28) yields

V15 -a? [Py H
— A ’
v Va®-p po(|2‘|1) D|2 . %D

P

(1.3.26)

(1.3.27)

(1.3.28)

(1.3.29)

(1.3.30)
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a

J dx  d0O XZ\/X—Oh(X) M

Vi - p2 XL - IE()][RE + ()]

a

VIZ- a2 NLLE m J dx  dOeE-p)**h (¥ O
a

Ve ga-1p) 03 0RO Y| Ve g GO [RE + (1
(1.3.31)
Integration by parts in (31) yields
xdx  VI5(X)-x* . 0p 1z Ro,, 4[h
-1 A= Z o, gyt
(p")dpoj - 200 -0 B T PO R (R
(1.3.32)

Here h stands for h(a), as defined by the first expresson of (29). In the
limiting case, when a — o, expression (32) gives yet another representation for

Z/R3, namely,

0

Ry P dpoJ er IV(ngx—)l(Xx) o 0 (3%
Now substitution of (32) in (25) yields
on a
V(p,p,2) = Tl[ZJ J iﬂanlg; %R?,v(po,cpo) Podpda,. (1.3.34)
Here R, is defined by (5) and
h=(a?-13)"*(a?- pd)“/a. (1.3.35)

Formulae (23) and (34) define the potential function V in the half-space z=0,
expressed directly through its value v prescribed inside the disc p=a, z=0.
Expression (23) is useful when an explicit evaluation of the integrals is possible,
while expression (34) is more convenient for numerical integration.

Note that in the limiting case, when z=0, equation (34) transforms into a
known result, namely,
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V(p,90)=v(p,9), for p=<a; and

for p>a.

V(p.00) =

(p*-a)"? i V(Po: Po)PodPody
™ J J (@%-p3) 1+ P3 — 20PoCOs(@-y)]

The solution of the first mixed boundary value problem is completed.

Problem 2. Consider now another internal problem, characterized by the
following mixed conditions on the boundary z=0:

%—\Z/:—Zm(p,cp), forp<a, and 0<@<2m
V=0, forp>a, and 0<@<2mt (2.3.36)

The problem (36) can be interpreted as an electrostatic one of a charged disc
p<a inside an infinite grounded diaphragm p>a. Mathematicaly similar problem
arises in the consideration of a penny-shaped crack subjected to an arbitrary
pressure .

The potential function V can be represented through the simple layer as
follows:

21 a 21T

V(p’(p’z):J J 0(Po: P) podpod%"'J J 0(Po: P) 0,000, (1.3.37)

Substitution of (1.2.13) and (1.2.17) in (37) yields, after interchanging the order of integration

I a

d
Vmwﬁﬂ - J 2P0 D oy

VpP-x | Vps-g P00 PPo
o a(x) q
dx PP @po
+4 , 1338

Here the r-operator is defined by (1.1.4), g is given by (1.2.20), the
abbreviations |, and |, are understood as |,(a,p,z) and I (a,p,z) respectively; and

the following rule is used for changing the order of integration:
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a 11(Po) I1 a 00 @ o g(x)

JdeJ dx:J de doy, Jdpo[ dx:J de do, (1.3.39)
(X 15

12(Po)
Substitution of (36) in (38) leads to the integral equation, for p>a,
a
dx Po po EB
JVPZ-XJVpO & oo P ?

0

dx Pod po @po
+J) v J Bo(po,(p) 0. (1.3.40)

Notice that ¢ in the first term of (40) is known from (36), while ¢ in the
second term is yet to be determined. By using the integral representations
(2.2.23) and (1.2.22), equation (40) can be rewritten as

dx Podp mp
J \/XZ—pJ O 02 R Peo®
p

00

_ dx Pod po @po
- i = J Bo(po,cp) (1.3.41)

Operation on both sides of (41) by

00

dt (p?- t2)1’2 “p0]

leads to

d d
J (tzpo = BO(po,cp) J (tzpo o So(po,cp). (1.3.42)

The next operator to apply is



18 CHAPTER 1 NEW RESULTS IN POTENTIAL THEORY

20d i tdt
@EUPJ ( 2 t2)1/2 (t)

and the fina result takes the form

2 [ Ve phpyp
a(p.®) =~ T[(pz_az)yzj pz_opg OLE%’%S(%@)

2m a —0 —

1 Va2 - p3o(p,, dp,d

e - i pg_(po @) Podpy (Pol (1.3.43)
pe-a’) P”+ Po — 2PPCos(P—@,)

Formula (43) defines the value of o outside the circle p=a directly through its
value inside. Now o is known al over the plane z=0, and substitution of (43)
in the second term of (38) alows us to express the potential function V directly
through the prescribed value of 0. The first integration yields

I a
dx podpo
V ] ] :4 ]
dx : PodPy @po
-4 , 1.3.44
J = J s (B e (1344)

Here the following integral was employed

p
ydy _ It
J DD ) A

(2.3.45)
The first term in (44) can be transformed by using (1.2.17), in the following
manner:

I a

dx PodPy
J sz-xzj(xﬂpo 7 Ps Ho(p"’(p)
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a 0

dx /BPo
= podpo[ > (P09
J o =) Pl TP

l2 909
_ dx PodPy @po
_J(O)\/_xz—pz J T -3 e 70

© a

d
+J \/de J PoUPo mpo%(pc,(p) (1.3.46)

[g?(x) —p3] % [

Substitution of (46) in (44) yields

l2 9(®)

d
Vo9 =4| dXJ PO Lo Ch(0n). (1347)

> 2 1/2 2
N (g% —p] ™ T

Introduction of a new variable t=g(x), x=1,(t), transforms (47) into

a t

_ dl,(t) PodPy [Ppo
V(p,(p,z)—4J [ (t) pz]1/2J (- po)1/2 mz(t)%(po’q’) (1.3.48)

An interchange of the order of integration in (48), and integration with respect to
t (see 1.2.15), yields

21 a

V(p.92) =2 | Ll (Por ) PodPodey. (1.3.49)
T Ro [Ry

Formulae (47-49) give three equivalent representations of the potential function V,
the first two being more convenient for explicit evaluation of the integrals
involved, while the third one has some advantages for numerical integration.
Two examples are considered below.

Example 1. Let the potential prescribed inside the disc be v(p,g) =
v,p"cosng, v,=const. The solution due to (1.3.21) is

19
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2r (n+1) x/l%—azF[;
\/ﬁ]’(n+%) b, (2

= vnp”cosncp% -

(1.3.50)
The hypergeometric function in (50) can be expressed in elementary functions
(Bateman and Erdelyi, 1955)

1 (1 Z)n+JJ2 dn [Kn 1/2
FG-—n3 2’0 rn+1) d"1-¢

sim Wz (1.3.51)

Example 2. Let the charge distribution be prescribed in the form o(p,@) =
o.p"cosng, o,=const. The solution is given by (48)

b

2n+2
V(p,9,2) = 2VTt Fn+1) o,p"cosng );—S):ﬂ
F(n+3) (x*+7)

= M(n+1 p="*3 3,5 _b
= J(—S)z 0,p"cosnP=>— o2 F(n+1, n+=n 2,——2),
MNn+z

(1.3.52)

where b=va?-13, and the hypergeometric function can be expressed in elementary
(Bateman and Erdelyi, 1955)

BpBpyo2n+3 d N1 | 1+VT
F(n+L,n+5;n+3;0) = Fn+Dar 205 \/zlnl_—\/z 1% (1.3.53)

1.4. External mixed boundary value problem

The problem is caled external when the non-zero boundary conditions are
prescribed outside the disc. As in the previous section, we consider two types
of problem.

Problem 1. It is necessary to find a function, harmonic in the haf-space z
>0, vanishing at infinity, and subject to the mixed boundary conditions on the
plane z=0, namely,



External mixed boundary value problem 21

oV

EDzzo:O’ forp<a,0<@<2rm

V=v(p,@, forp=a, 0<sp<2mn (14.2)

The problem (1) can be interpreted as an electrostatic one of a charged
digphragm, or as an externa elastic contact problem. The potentiad V is
presented through a simple layer distribution (1.3.38).  Substitution of the
boundary conditions (1) in (1.3.38) leads to the governing integral equation

© X

4J \/ngpzj \/io p02 g;gogo(po,) v(p.9). (14.2)
P

Its solution is obtained in exactly the same manner as that of (1.3.12), and is

o] o]

_ A0 | _xdx o PodPo pn g 143
o(p.0) = J - (x )de P P (143

Trzp “TpCdp 2

The rules of differentiation allow us to rewrite (3) as follows

p
0
__10x@pg |, [ __dx
O'(p (P) T[zD(p a2)1/2 J \/ 7 26xX(X P, (P)E (1.4.4)
where
i %o 0 14
X(%p.0) = XJ o e 9 (149

The following transformation can now be performed:

-
2o = OX%J — ()

0

d DB
:J \/pép_oxz[(LV)’+po(LV) ~2(Lpev)]
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_ J \/[;dei %E( % LHE (L4.6)

Here, for the sake of brevity, the primes (") indicate the partia derivatives with
respect to p, L stands for £(x¥/ppy), V=V(p,®, and the following identity was
used

0 X _,M0o [X[
ox [ppod "X [Bp, [ppeL]

Since

P 0>v_1d%c
“0307 0307
its addition to and subtraction from (6) yields

0

d
a%x(x,p,(p)=J \/po Po %:Av (AL)V (1.4.7)
0

where A is the two-dimensional Laplace operator in polar coordinates. Since A
is a harmonic function, AL=0, and (7) simplifies to

0

) Podp
X (X.p.0) :J \/2—02 LAV, (1.4.8)

Po—

Substitution of (8) in (4) yields

p © ]
__1rlx@p, Q[ PodPo (X
o= T[ZE{ID -a?)" J \/pZ—XZJ Vp5 = X2 @Po%v(po’¢)g (14.9)

It should be noticed that the first term in (9) becomes singular when p - a,
while the second term vanishes at the edge of the disc. In the case of v being
a harmonic function, the second term in (105) vanishes, and the solution is
represented by the first term only. Further integration with respect to x becomes
possible in (9), after interchanging the order of integration, with the result
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[

a(p.¢) = —imﬁ%
D(p a’)
2T
AV(Pg, @) Podpde, 2_ U202 12 []
+i 0 o—ro tan-l 2(p 2a) (pO a) - (1410)
[0%+p5 = 20p,cos(@-qy)] 2 alp?+ P — 2pPeCoS(P-y)]

Solutions, like (3) and (9), are appropriate for use when an exact evauation of
the integrals is possible, while the solution in the form (10) has some advantages
when numerical integration is to be employed.

Now we can express the potentia function V directly through its boundary
value v. Since 0=0 inside the circle p=a, the potential function (1.3.38) takes
the form

© g

dx PodPo BPo
V(p,p,2)=4 : 1411
(P.0.2) i Nvam J VOP(X) - o2 sz %’(po 9. ( )

Substitution of (3) in (11) yields, after the first integration,

0 0

MD 9 podpo

Here the propertles of the L-operators (115) were used, along with the following
identity, valid for the Abel-type operators

V(. cp,z)———j

0] X

J Ldj () tdt =Zt() (14.13)

VP dx | (@-1)1

Introduction of a new variable y =g(x), x=1,(y), in (12), alows us to rewrite
(12)

0

dl 2 3 d
V(0,0,2) =— J Y) Lml(y)DdJ PolPo E%E((po’(p)- (1.4.14)

[5y) -1 Op Oy | (p5-y)™* [0
Interchange of the order of integration in (14) yields

23
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]
_ LOd ydl5(y) ml(y)
Veea= J @mowpoj -3 -1 Tl %(p""")dp"'
(1.4.15)
Here the general formula was used
J F(p)dp J%_du —J £(x) dxd%J %ETLS?' (1.4.16)

The integral in curly brackets of (15) can be evaluated in a closed form.

consider the following equivalent integral

Po
xdx

_1,4 2= 13001, (X)X
2_po A )dpoJ (pS— A

x2) Y2 15(x) = 13(x)

Make use of the rule of differentiation

X

F(a)x dp

(%)

(1.4.17)

d[F(E)O

d
dx
_ Fga}a

L1 _pdp
X -a?)t X

\/ NPV
Expression (17) will take the form

F(p)dp _
Vxe—p? a(x*-a?)"?

+XJ

d

= 36F (@)

va?-1i nks
A
3-adl13-13] " LBy

1&%%

2 \/po

+p° dx__ d [DF-HM1™?, L)X
J (P —x8)"* dXDIZ() ~15(x) ~ 2(x)Po’

By introducing the notation

P

VxZ-p2dpldp O

(1.4.18)

il (14.19)

(1.4.20)

We
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where j(x) is defined by

RO

2_
=8

di(x) _ _ V150 =X [pol5(X) = X*15(X)]

2 a da

i"(x) = _ (1.4.22)
A x[I3(x) - 3] (P~ X))
expression (19) can be rewritten as
Po 2\, 2\32
| _Pa-@’dF(a), J dy d[{P~Y)" dr(y)0 (1.4.22)

EF-y"dyd y  dy O

Integration in (22) can be performed by parts, with a simple result F(a), which
means establishment of another integral representation

1, d Jp xdx _[-1001", fh9x [0

z [Ro
000, | -0 B -1200 1,00 " 0

R i

40 1

+tan =
(Rl Pg

(1.4.23)
As before, we use the convention j=j(a). Utilization of (23) alows us to
simplify (15) as

21T

A [ 2R, a0
V(p.9.2) = T[ZJ J R0 +tan moE‘%x(po,cpo)podpodcpo. (1.4.24)

In the particular case, when z=0, expression (24) simplifies to

21
1 5 V(Po: P) PodPode,
V(p,,0) == Va® - p? :
P00 =1 pJ J (P5—2%) "+ P~ 20PCOS(P-4y)]
forp<a;
V(p,90)=Vv(p,p), forp=a. (12.4.25)

The genera solution is completed. The charge density o is given by the two
equivalent expressions (3) and (10), while the potential is in the two forms (14)
and (24), the first one being more convenient for exact evaluation of the
integrals involved, while the second is better suited for numerical integration.
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Problem 2. Consider the problem of finding a harmonic function, vanishing
at infinity, and subject to the mixed conditions on the plane z=0

V=0, forp<a, 0<@<2m

%\Z/:—Zno(p @), forp>a, 0<@<2m (1.4.26)
The problem may be interpreted as an electrostatic one of a charged infinite
digphragm, with a grounded disc inside, or as an external crack problem in
elasticity.  Substitution of the boundary conditions (26) in (1.3.38) leads to the
governing integral equation

P a
dx PodPy X2
LE=— ’
| 7 | s o

o0

=—J ngpr ) (1a.27)

One should notice that o in the second term of (27) is known from the
boundary condition (26), while the value of ¢ in the first term is yet to be
determined. The right hand side of (27) can be transformed, by using (1.2.22)
and (1.2.23),

p
dx Pod po

J VPP =% J Voi-x2 oo %’(po’(p)
p

_ dx podpo
J VP - J Voa— PPy %’(po’(p)

with an immediate result

PodPo D( PodPy
J Vp5 - x2 %’( 0®)= J Vp 2_X2 @0%’([30,([)). (1.4.28)

Application of the operator
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a

d xdx DD
L(p)dpjVX X B

to both sides of (28) gives, after necessary transformations

P2 e
o(p,®) =- 2 J(po ) L(-g—o)o(po,cp) Podp,, forp<a, (1.4.29)

waZ-p?| po—p°
or, interpreting the c-operator, we obtain

21T
1 (p5— az)llzo(po’ @) Podpodd,
evaZ- p? P+ P5~ 2PPCOS(@-@)

o(p,®) =- (1.4.30)

Now the value of o is known al over the plane z=0, and (1.3.38) can be used
in order to express the potential V directly through the prescribed o©.
Substitution of (29) in (1.3.38) yields, after the first integration

Iy o

[ dx [ Podpg
V ] ] :_4 ]
(P.52) | Vo7 | VeE-g?() “opo %’(p" ?
L a(x)
[ dx [ PodPg @po
+4 , 1.4.31
| 72| TFor-m 225009 (1431)

2

The second term in (31) is equivalent to the second term in (1.3.38), which, in
turn, can be represented by using (1.2.13), as

D 1(Po) X
dx DX
4J EJ N Er %o(po,cp) PodPo.

The following scheme of changing the order of integration is enacted

00 11(Po) I 00 11(=) o

JdeJ dx:J de dp0+[ de dp,
1 (x)
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and the second term in (31) can be rewritten as

I ®
dx PPy
4 :
J \/pZ—XZJ Vpg - gA(X) @pogo(p0 Y

l1(=) @

dx PodPy
+4 , 1432
J VPZ-XZJ(XNP% 9*(%) m’Poag(po o (4%

Substitution of (32) in (31) gives, by virtue of [,(o) =p,

0] co

dx PPy
V(p,0,2) =4 , 1.4.33
(0.0:2) J sz_xzj(x) yr 2 (0. (14.33)

Interchange of the order of integration in (33), and integration with respect to X,
according to (1.2.19), results in

21T

Yoo :%J J Rio tan-l(_é_o) (g, Py) PP d,, (1.4.34)

where R, is defined by (1.3.5), and j stands for j(a), as defined by (21).

The second problem is now solved. Expression (30) defines the charge
density o inside a circle directly in terms of its values outside. The potential V
is given by two equivalent expressions (33) and (34), the first one to be used
for exact evaluation of the integrals, while the second has some advantages in
the case of numerical integration. Some specific examples are considered below.

Example 1. Consider an external mixed problem with the following
boundary conditions at z=0

V=v/p", forp=a, 0<@<2m

%_\2/:0’ forp<a, 0<@<2m (2.4.35)
The conditions (35) correspond to those of Problem 1. The solution is given by
(14) and (3). Substitution of (35) in (14) yields, after the integration
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2V, [(n+1)/2] dx
Vip.92)= ;c[) r(n/2) J Vi =p?g(x)

(1.4.36)

where g(x) is defined by (1.2.20), and the following integral was employed
(Gradshtein and Ryzhik, 1963)

0

J dp __ vmr(n/2)

P . (1.4.37)
p"Vp?-x? 2r[(n+1)/2] x

The integral in (36) can be evaluated in terms of elementary functions for any
integer n, but the procedure is dightly different for even and odd values of n.
For example, for even n=2k, the problem reduces to the evauation of the
integral

(X2 — pZ)k-llde
| X2k(X2 _ p2 _ 22)k !

which can be evauated by introduction of a new varisble t=x/Vx*> — p?>. The
final result is

k

2VoI'[(n+1)/2] m o om
VP92 = \/rc[) r(n/2)Z" Tt Q]
=1
o QT - QP - (@) -QT 1)% (1.4.38)
m=2

where
1 dm—l I]r] 1)k lD

f = 2=1+0p2%/ 7%
Akm+1 (m 1)| dnmlqr r])kD orn O,andr +p/Z,

1 dm—l I:(tz 1)k 1 D

— /1 n2] 2.
Bk m+1 (m 1)! g™ EZk(I‘ t)kD for t=V1+p</z;

1,[(p? +22)1/2+\/|2 a’
al(p?+22)"*+7

vi3-p?

P

QOZ ’ Q

29
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Z(p%+ 22" - VI5-a?
12 ’

Z[(p%+22)*+V15-a% _
2 ) QZ_

1

Q=

0, Z[(p?+2)"* +7] Q,= A@E*+2)"*-7] (1.4.39)

p2 ! 4 p2
For the case of an odd n=2k+1, the integration can be performed by using the
substitution t=(x2-p?-2%)"% and the fina result is

v k C k+1 D
o [[(n+1)/2] m
Vpe2) =2 > o= e )MZ Z E [ (1.4.40)

where

1 d"g @t+AC O
Con= k=m) ot 2+ ) O =0

1 dk+1m[ﬂt+22)D — (212
_q\ym qm-l n
D" A VE [ fort=p2+ 2 (1.4.41)

E = —
mo (M-Dl ™ v |2

Substitution of (35) in (3) yields, after integration,

Vol [(n+1)/2] 0 1 n(p?-a?)Y?_[1 1.3, a°
= — F=n+1 221 4
O(p!(p) T[3/2r(n/2) FI‘l(p2 _ 32)1/2 pn+2 I:Pn+ 151 5 p2 (1 4 42)

and the Gauss hypergeometric function can be expressed in elementary functions
(Bateman and Erdelyi, 1955), namely, for even n=2k, k=123 ..,

1.3 []_ii 172, 1+\/tD
F% 1’2 2’ 2kl d % 1- \/'[D

and for odd n=2k+1, k=0,1,2, ...,

313 .0 Vo  dag
FR+3, 5 2 t=— = = (1.4.43)
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Fig. 1.4.1. Charge density for n=1,2,3,4.

The dimensionless charge density distribution o =ca™'/v,, evaluated due to (42)

for n=1,2,3,4, is presented on Fig. 1.4.1 versus p =p/a. It is non-negative for
n=1, and changes sign when n>2, its negative maximum increases with n, while
the total charge stays at zero. Some specific formulae may be found in

Exercises 1 (Examples 23-26). The equipotential lines for n=2 (formula 40) are
presented in Fig. 1.4.2.

Fig. 1.4.2. Equipotential lines for n=2

Example 2. Consider the boundary conditions at z=0
V=(v,/p") "’ forp=a, 0<@<2r

%_\z/ =0, forp<a, 0s@<2m, (1.4.44)

where v, is constant. The solution is given by (3) and (14). Subdtitution of
(44) in (14) yields, after integration,

0

V(p’(p’z):2r1n+1/2)pnem(p[ dX

- —_— 1.4.45
\/TI]_(I’I) ) in\/Xz _ p2 ( )

31
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The final integration gives

2y e (D +12) 241
=N dne -
where Q, is defined by (39). Some particular cases of (46) can be found in
Exercises 1 (Examples 27-29). Substituting (44) in (3), we get, after integration,

F(n+12) V€
_,_[3/2r(n) pn\/pZ_aZI

o(p.) = (1.4.47)

Evidently, expression (47) can aso be obtained by differentiation of (46) with
respect to z for z=0. The equipotential lines at the plane @=0 for n=2 are
presented in Fig. 1.4.3.

Fig. 1.4.3. Equipotential lines for n=2

Example 3. Consider a case related to Problem 2, with the boundary
conditions

V=0, forp<a, 0<@<2r
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Vo _on forp>a, 0<@<2rm (14.48)

aZ p
The solution is given by (29) and (33). Substitution of (48) in (33) yields,
after integration using (37),

p

V(p,cp,Z)=2\/ﬁOor[(rrEr_],g/2] J 7 _fzx s (1.4.49)

where g(x) is defined by (1.2.20). The technique used in the previous example
can be employed here for further integration. The fina result depends on the

value of n being even or odd. For even n=2k, k=123, .., the potentia is
= F|gn—1}/2|D
V(p,9,2) = 2VTO, [PB,InQ
r(n/2) 0
k-1 —_
by g meE-lipmg
em-1)Z™0 O a O 0O
m=1
kl D
+Z —AlQ7 - Q7 -(Q5'- Q”’)] (1.4.50)
m—1

Here Q, Q;, Q,, Q, and Q, are defined by (39), and

Ao T 40 s 2T

1 d™O @-A O, o e
S (M-1)! gt™ [P (02 + )2 - t]kDfort_ (p°+2)™". (1.4.51)
For odd n=2k+1, the result is
o~ Ol [(n-1)12) ‘06 I2-a2m [
V(p,0,2) =2Vmt T ZDZm e HmLmS (1.4.52)
m=1

Here
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G _ 1 dm—l I]1+t)k-l|j
et (M) dt™* C(E +1)* O

fort=0,&=(p?+ )2

1 dm—l I]1+t)k-l|j

_ (2 4 2\ ]2
Nems “F(myaemin ¢ 0 T ETEE

L KTL) mlBthanlﬁVt\“Z 2% fort=(p?+ 2%/ 2% (1.4.53)

Fig. 1.4.4. Charge distribution for n=2,3,4

Some particular cases of (50) and (52) can be found in Exercises 1 (Examples
30-32). The dimensionless charge density distribution c*:oa”/cr0 is given in
Fig. 144 versus p =pla for n=2,3,4. The equipotentia lines for n=3 are
presented in Fig. 1.45. The dimensionless potential V*=Va2/00 was varied from

05 to 1.3. We note that the equipotential lines for v <0.92 have two branches,

Example 4. Consider the boundary conditions on the plane z=0:
V=0, forp<a, 0<@<2m

ov

F 2m(o, /p")e™, forp>a, 0<@<2r (1.4.54)
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Fig. 1.4.5. Equipotential lines for n=3

Substitution of (54) in (33) yields, after integration,

_ 0
V(p,9,2) = 2VTt %e‘”‘”g/l%—az—z
—zi ()T () [1- (1—|2/a2)k'3’2]g (1.4.55)
—T (k) F(n—-k+1)(2k-3) . 3 o

and on the plane z=0

(n)p"

The symbol 0O indicates the real pat sign. The charge density is defined,
according to (29),

V(p,9,0) = 2Vm €™0Vp? - a2,

- [
VT (n)p O vai-p’®

o(p.®)
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n

K 0
+ Zr o ((n f)ki(lr;)( Tt 0Za2)<¥2] S (1.4.56)

A more general case of boundary conditions, namely,
V=0, forp<a, 0<o<2m

%—\Z/:—Zn(ojn/p‘)e‘”“’, forp>a, 0<@<2m (1.4.57)
can also be considered, by using the same technique as in the previous examples,
and the final result can aways be expressed in elementary functions. The form
of the result will be different for (j +n) even, and for (j +n) odd. As an
example, the following expression can be obtained by substituting (57) in (29),
for the case when j+n=2k

0. [ m-2
——in gnoy F — [(m=3/2) [p[3 1458
o) p’ EIL Va? p% ZZ\/TI]_(m) El (1.4.58)
and for odd j+n=2k+1
20 0
n 100y _ T (m-1) [pE™2
o(p.g) = o ne mgan ) T % Z4F(m+1/2) a0 (1.4.59)

Expressions (58) and (59) represent general formulae which cover dl the
particular cases considered in Examples 3 and 4.

The examples above have demonstrated the simplicity of the method. The
generation of the solution is reduced to a straightforward and elementary
procedure.

1.5. Mixed Problems in Spherical Coordinates

Exact solution in closed form is obtained to the following mixed problem
for a charged sphere: an arbitrary charge density distribution is prescribed at the
surface of a spherical cap while an arbitrary potential is given at the rest of the
sphere. The new method makes the solution straightforward and elementary, with
no special functions or integral transforms involved. A new type of solution is
obtained for the Dirichlet problem with discontinuous boundary conditions.
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Integral representation for the reciprocal of the distance between two
points in spherical coordinates. Consider two points in spherical coordinates
M(r,8,9) and N(a,8,@). The parameters |, and |, introduced in section
1.2 have the geometrical interpretation as the difference and the sum of the
shortest and the longest distance from a point to the edge of a circular disk.
In spherical coordinates the same quantities with respect to a spherical cap can
be expressed as

m,(8,,6,a,r) :% [Va®+r2-2arcos(0+86,) —Va?+r?—2arcos(6-6,)]

m,(8,,0,a,r) :% [Va®+r2—2arcos(0+8,) +va’+r?-2arcos(6-0,)]

(1.5.1)
The following properties can be easily established:

m,m,=rasin@sinB,, m,?>+m,2=r?+a?-2ar cos cosf,, (15.2)

so that the distance between two points M and N can be expressed as R§:m12+
m,? — 2m,;m,cos(@— @). This property alows us to use formulae from section 1.2.
For example, we can derive the following integral representations

a2 o %%ﬁ

1_1 [tan(6/2) tan(64/2) .

R, mar J vcost - cosB Veosy(t) — cos6, -
iy [tan(6/2) tan(90/2)’ o- %%ﬁ

Ro (L5.4)

1_ 1 0  tan’(1/2)
ar J Vcos8 - cost VcosB, — cosy(T)’

where
14 m;(8y) ]

t,=t,(6,,6,a,r) =2tan" =—=
1=Ueban) =2t s ) co(6,/2) ]

1M(8) tan & tan%)ﬁlz

=2 @) 122

4[] my(6y) O
[2Var cos(6/2) cos(8,/2)[]

t,=1,(6,,6,a,r) =2tan
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1M:(80) o) § oﬁlz
=2tan Eml(eo) tan 2t 20 (1.5.5)
cosy(T) = cosT - (r-a)’__sin’r (1.5.6)

4ar cost —cosO’

and hereafter my(x) and my(x) are understood as abbreviations for my(x,0,a,r)
and my(x,0,a,r) respectively. It is possible to show that both t, and t, are
inverse to vy, i.e Y[t;,(6]=6,. Note aso that t;<min(6,06,) and t,=max(6,0y).
We can see certain analogy between the notations and their properties used in

cylindrical coordinates and those in spherica coordinates. | corresponds to t, g
corresponds to vy, etc.

By using analogy with section 1.2, we can derive the following indefinite
integrals:

0 tan(1/2)
j"@an(elz) tan(90/2)’(p %Eh 2\/ar 2(MO

157
VcosT — cosB vcosy(T) — cosB, tan R, [ (1:5.7)
ten(8/2) tan(8y2)
M @iy ° %%Tzzﬁ oy 3200 (158)
VcosB — cost VeosB, —cosy(t) Ry R, [ -

where

y,(T) =2Var Vcost—cos8 Vcosy(T) —cosBy/sint,

y,(T) =2Var Vcos—-cost VcosB,— cosy(T)/sint, (1.5.9)
R5=r2+a? - 2ar[cos6 cosf, + Sin@ sinB, cos(@- @,)]. (1.5.10)

The integrals in (7) and (8) can be verified by using the identity

[ tan’(u/2) _ - [LsinT y,(1) dyy(T)
Aan(er2) tan(6,2) ©~ BT Rery2m) ot (15.11)

A similar relationship can be established to verify (8).

Formulation of the problem. We consider the following general problem: it
is necessary to find the electrostatic field of a charged sphere of radius a when
an arbitrary potentia v is prescribed over a spherical cap 0<6<a, while an
arbitrary charge distribution o is given at the rest of the sphere. As before, we
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represent the potential through a simple layer

21 21

a . . .
V(f,B,cp)zJ dq’OJ 0(90,%)asn90d90+J d%J (8, @,) a%sin6, de,

RO RO ’

(1.5.12)
where R, is defined by (10).

Substitution of (3) and (4) in (12) yields, after interchanging the order of
integration

ty(a) a .
2 U dt J sinB,dB, [ tan¥(1/2) %’(90’ 9
Y

2a?
V(r,0,¢) =
(r.8.9= DJ Vcost - cosB |Vcosy(T) - cos8, “an(er2) tan(6y/2)
1)

m v(r)

. J ot J Sin6ydB, _ [ten(8/2) tan(OOIZ)BO(eO’ )D
ty(a)

Vcos@—cost | VcosB,—cosy(t) U tan*(1/2)
(15.13)

It is convenient at this stage to split our problem in two: i)to find the
electrostatic potential of a charged sphere when an arbitrary charge density is
given at a spherical cap, and the zero potential is prescribed elsewhere; ii)to find
the potential when the zero charge density is prescribed at a spherical cap, and
an arbitrary potential is given elsewhere. Both problems are treated separately.

Problem 1. Consider the boundary vaue problem, with the following mixed
conditions at r=a:

0=0(8,9), for O<@<2m, 0<6<q;
V(a,0,9) =0, for 0<@<2m, a<B<T1 (1.5.14)
Substitution of the boundary conditions (14) in (13) yields

a

.- J - J“ sin6ud8y [ tan’(/2) %’(90’ 9

Vcost —cosB | Vcost —cosB, [1an(6/2) tan(6/2)

1

. J o J sinB,d8,  [tan(8/2) tan(8y/2) Bo(eo’(p)_ (1.5.15)

Vcos@—cost | Vcos@,—cost [l tan(1/2)
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Notice that the value of o in the first term of (15) is known from (14) while
o in the second term of (15) is as yet unknown. It is then necessary to
express one through the other. By using (4), we can rewrite (15) in the
following manner:

1

J - J SnByd8, tan(er2) tan(OOIZ)BO(e
0 @

VcosB—cost | Vcos@,—cost [l tan’(t/2)

1

- J - J“ Sn6yd8, _ [tpn(8/2) tm(e"/z)go(eo,

- VcosB —cost | VcosB, - cost 0 tan?(1/2)

which immediately simplifies as

VcosB, — cost [tan(r/Z) VcosB), — cosT [tan(r/Z)

" sing,de, 0 " sne,de, 6,/2
J ey Ay _J ey (O, o

(1.5.16)
Application of the operator
0
1 001 [d sint dt
- L — | ———— Jtan(t/2
sin@ @an(OIZ)EUGJ VcosT - cosf [tan(t/2)]
to both sides of (16) gives
6.0 = — 1 \/cose —cosa sinB,do, @an(E)O/Z) 0
a(0.9)= T[\/COS(X—COSGJ cosB, —cosO Etan(9/2) EB( 0@
(1.5.17)
Expression (17) can also be rewritten in the form
21 ¢
6.0 = — 1 VcosB, —cosa a(B,, @) sinB,de, dg,
a(6.9)= 2T[2\/COS(X—COSGJ J 1 - cosB cosB, —sinB sinB, cos(@— @)’
(1.5.18)

which corresponds to the Green's function found in a geometric form by Lord
Kelvin who used his method of images. Certain simplification occurs in the case
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of axia symmetry, namely,

0(0) =- o) Sind, do,, (15.19)

1 ’ VcosB, — cosa o(6
TVcosa — cosO J cosB, — cosb

The charge density is now known al over the sphere from (14) and (17).
Substitution of (17) in the second term (13) yields, after simplification,

, 0 " &ng,de
sin
v(r.6,¢9 =22 dt 0
Var 0 Veost —cosO | Vcosy(T) - cosh,
(1)

o [ tan’(t/2)
L fan(0/2) tan(62) B"(e"’ ?

T

. dr J sn6,do,  [tan(6/2) tan(91/2)go(el’(p)g
tla) O

L
Vcos®—cost | Vcos, —cosy(t) U tan*(1/2)

(1.5.20)
The first term in (20) can be transformed in the following manner:

ty(a)

J dt J sinB,dd, LD tan’(t/2) EB (60,%)
¥(r)

vcost —cosB | Vcosy(t) —cosB, tan(6/2) tan(6y/2)

a 1

=J sin@, do,

t5(80)

dr OO

VcosB — cost Vcos, —cosy(t) U tan*(1/2)

(1.5.21)
The interchange of the order of integration in (21) can be performed according
to the scheme

a m (@)  y() m a

Jdeoj dT:J er d90+J er da,, (15.22)
2(0) t(a)

t5(80) o

and the back substitution in (20) yields
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to(a) y(1)

V6.0~ 3a_2 L dt J sinBydf, __[ten(e/2) tan(OOIZ)BO(eo,(p).
)

ar | Vcos@—-cost | Vcos8,—cosy(t) U tan*(1/2)

t

(1.5.23)
Interchange in the order of integration in (23) and subsequent integration with
respect to 1t (see (8)) results in

21

_2 O[C’(eo’(po) 2K (Lo
V(r,e,(p)—F[J dchJ — R tan g sing, o, (1.5.24)

where R, is defined by (10) and

= v2+/cosB, - cosa v mg(a) —cos(a/2) m%(O)l (1525
sina

Notice certain similarity between (25) and (1.3.49). Expressions (23) and (24)

give two equivalent solutions to the problem 1, the first one being more

convenient for the exact evaluation of the integrals involved while the second one

has certain advantages when a numerical integration is required.

Problem 2. Consider a charged sphere with the following boundary
conditions at its surface r=a

0(0,9) =0, for O<@<2m 0<6<aq;
V(a,0,9) =Vv(0,9), forO<@<2rm, a<B<T (1.5.26)
The following integral equation results after substituting (26) in (13).
m

ot " §nB,d8, [tan(6/2) tan(6,/2)
? 6, =V(6,9).
aj \/COSG—COSTJ Vcos8, - cost ‘0 tan®(1/2) BO( o ®=vE.9)

(1.5.27)
Application of the operator

Tt
Glmij sin@do ot 80

Ltan— L -
2[18; | Vcosh, —cosh 2]
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to both sides of (27) yields

6,
_ sing,dd, @an(E)O/Z)
ZHJ VcosB, - cosl, @an(e /2)50(90, 0)=r

d snodo 0
J __Snbdd _ , otEEl/(O,cp).

X — p— ]
d8; | cosh, - cosé

The next operator to apply is

%t 8,00d sinB, dé 80
sme 216, Vcos, - cosh, 201

with the fina result

0,
£[cot(8,/2)] ¢ sing, do; 201
S it e £ S b et o v
(020 =-> 72 ne, dOZJ Vcosh, - cosb, 2[]

T
d sinBdo OEl/
X — ——— / Ot = 9, .
delj VcosB, —cosh 29

Now the following rules of differentiation can be used

VcosB, - cos6, ? OVcosa - coso,

62 .
d f(0) sin6,do; . 5 N f(a)
%J Sn ——

6,
df(8,) o, [

+ —_———————
J d8; +cosh, - cos6, ]

43
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(1.5.29)
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1

ij f(6)sin6dd _,, . 6 J cos(6/2)d8_d OS[@%(G)D
c0s0, - cosP 200

Vcos8, — cos Vcos, - cos0 do

(1.5.30)
By using (7) and (30), expression (29) can be simplified as follows:
O % O
1 CD(G’GZ’CP) del a
0,,0)=- = _— d(6,,0,, 1.5.31
000 ="52 E\/cosa—cose;J Vcosb, - cos@, 09, 6., cp)g ( )
Here
cos(6/2)d® d [l (B [J tan “(8,/2) O
®(6,.8,,¢)=2tan7 J Vcos, - cos0 do B0 Gan(0/2) tan(® /Z)El/(e o
(15.32)

Formulae (29) and (31)—(32) give two equivalent forms of solution of the integral
equation (27). We note two different terms in (31): the first one is singular at
6, - a, while the second one tends to zero a 6, - q.

The potential in space due to a charged sphere can be obtained by
substitution of (29) into (13). The result is

T

va J ot @anz[y(T)IZ] tan(6/2)[]
a)

OO0 | oot 0 tad(2) O

t

o [ sinB,dd, El/

ot —=—V(6,, ). 1.5.33

><a\/(T)J Vcosy(t) - cosB, % O, @) ( )
¥(t)

Interchanging the order of integration in (33), we obtain, after subsequent
integration with respect to T,

V(r,8,) = ﬂr_IJ %J ER%tanl%E'%’( é’%)sne de,, (1.5.34)
0 0

where

2Var Vcost, (a) — cosB vcosa — cos8,
sint,(a)

X =Ya[ty(a)] = (1.5.35)
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It can be proven that (35) can be obtained from (25) by a formal substitution
of 8, 6, and a by m-6, m-6, and T-a respectively.

The derivation of (34) can be outlined as follows. By introducing a new
variable t=t,(x), x=y(1), expression (33) can be reduced to

T

__Va ty(X) dX Cfan?[t,(x)/2] ]
vin8.9= m/FJ \/cose—costz(x)LD tan(6/2) [J

T
d sinB,dd, % GOEl/
X— | ———==LOt— 0., ), 1.5.36
dXJ vcosx —cos8, 200 ® ( )
where
. ot,(x
ty(X) = 625( ). (1.5.37)

Integration by parts in (36) yields

o 0 ta{t,(0)/2] [
7 0 O CrEryaneya0

wr D/cose — cost,(a) Vcosa — cosh,

V(r,0,9) =-

o0 ()2l O
. Jeo o d L2 “[n(ern) tan(8y2)

(8, ) SiNB, 0B,

Vcosx - coseod_X [] VcosB - cost,(x)

(1.5.38)
Introducing the function

Varj?—ai0 Ro (bl
RS RO R, [T (1.5.39)

F(x)=

where y, and R, are defined by (9) and (10) respectively. We can prove the
following identity:

O taty(x)/2] 0
200 A g @72) tan(8y2) @~ 0] 2Acosx —0058)™ dF () (1.5.40)

VcosB - cost,(X) sinx dx
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In order to prove (40) one should use (5), (6), (11), and the following identities:

[cosB — cost,(x)][cost,(x) — cosO] = Ei—;:g sin’e,
[cosx — cost,(X)][cost,(X) — cosx] = Ei—;:g sin?x,

ot,(x) _sinB[cost,(x) —cosx] dt,(x) _sinx[cosO —cost,(x)] dt,(X)
0x  sinx[cost,(x)-cosB] 0x  SiNB[cosx—cost,(X)] 0x

gntl(x)gntz(x)zs%r)zgnxgne,

(

sint,(X) _sinB[cost,(x) —cosx] _sinx[cost,(x) —cos6]
sint,(x)  sinx[cos®—cost,(x)]  SinB[cosx — cost,(X)]

4ar cosB cosx — (r —a)?

cost,(x) cost,(Xx) = (r + ) ;

cost,(x) + cost,(X) = (r4+_a;)2 (cosx + cosB),
[cost,(X) —cosX] [cost,(X) —cosB] _[cosx —cost,(X)] [cosb —cost,(X)] _ (a-r)?
sin’t,(x) - sin?t,(x) E

Substitution of (40) in (38) yields

21

V(r.8.q) = Va Jd% Jn%(COSQ‘Coseo)dF(u)

218 Vr 0 sna da

%

_ 3/2
+J~ dx E @(COSX . COSeo) dF(X) %\/(90, (po) Sineo deo

veosx —cos, dx [ sinx dx

(1.5.41)
Integration by parts in (41) gives
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21 T

J dchJ F(a) v(8,, @) SinB, d6,,

V(r, e(p)_ZT[z\/

which is equivalent to (34). We note the analogy between (34) and (1.3.34).
In the case a -0 formula (34) transforms into the well-known Poisson’s solution
to the Dirichlet problem for a sphere.

Certain integral characteristics can be evaluated without solving any integra
equation. For example, the total charge in Problem 1 can be found by
integration of both sides of (17), with the result

2n a
_2.2 -1[¢os(a/2)[].
Ql—na J J o(6, ) cos (T0s(0/2) no deo. (1.5.42)

The total charge in Problem 2 can be obtained from (29) as

21

_iJ d(pJ [0 vi-cosa ., 1Ycosa - cose[l/(e ©) sind do.

Q2= 21¢ [Ycosa — cosB V1 -cosa
(L5.43)

Dirichlet problem with discontinuous boundary conditions. In many
practical cases, the boundary conditions for Dirichlet problem are changing so
rapidly that they can be modelled as discontinuous. The spherical harmonic
expansion solution converges very badly in those cases, and it is usualy
divergent on the surface of the sphere, thus making the solution unfit for
practical purposes. On the other hand, the closed form solution, given by
Poisson, is very inconvenient for practica evauation of the integrals. The new
method allows us to obtain an alternative solution, which is equivalent to the one
obtained by Poisson, but is easy amenable for the exact evaluations of the
integrals involved.

We consider a charged sphere with the following conditions at its surface
r=a

V(a,0,9)=v(6,9), for 0<B<a, 0<@<2m
V(a,0,9)=0, for a<B<1, 0<Q<2m (1.5.44)

The problem, in a sense, is inverse to problem 1, therefore, substitution of (44)

a7
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in (23) leads to the governing integral equation

2aja - J Sn6ydd, __ [1en(612) tan(6,/2)

VcosB —cost | VcosB,—cost U tan’(1/2)

(6,9 =v.0).

(1.5.45)

The exact solution of (45) can be obtained in a manner similar to that of (27).
We apply the operator

a
8.0d snede [ .60
2Ebl91j Vcos8; — cosh 2[]

to both sides of (45). The result is

6
S8y 0, __ ten(6y2)
-2 - _0°°0 , 0,
naJ VcosB, - cosB, [tan(d /Z)BU( 0@

Od sin6 do 9[{,
L 1 ——————— o0 b 0, ). 1.5.46
216, J Vcos8, — cos 2] ©.9 ( )

the next operator to apply is

6,
[cot(8,/2)] d sn6,;de, [ 80
sing, J Vcos8, — cosh, 201

thus giving the solution

o(0,,0) =

6,
cot(8,/2)] d sin@, de, ,0.0]
21rasing, dezJ Vcos8, - cosb, 2(]

a

d sinBdo eEl/
X—r | ————————= L0t 6, 1547
J VcosB, - cosB ©.0) ( )
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Expression (47) is valid in the interval 0<0,<a. The charge density distribution

a the rest of the sphere can be obtained by substitution of (47) in (17), with
the result for a<@<m

_ £[cot(8/2)] " sing,de, 2010
.9 4tPa J (cos8; — cosB)¥? 200
d ‘ sinB,dd, El/
ot—=V(0,, ). 1.5.48
J Vcos8, — cosh, % (%9 ( )

The elementary analysis of (47) and (48) shows that both charge density
distributions have non-integrable singularities of opposite sign a 6 - a, when
v(a—0,@)#0, otherwise expression (47) has no singularities, and formula (48) can
give an integrable singularity. The tota charge can be obtained by integration
(47) and (48), with the result

21 o

Q:A%[ J dcpJ v(6, ) sind de. (1.5.49)

The potential in space due to a charged sphere can be obtained by substitution
of (47) in (23) which yields, after simplification,

to(a)

__Va dt [Ban(6/2) tan?[y(1)/2] (]
vir.6.9) T[\/FL Voos6 —cost L] tan(1/2) O
t(0)
9 [ sinB,de, o0
2(6,, ). 1.5.50
><aV(T)J \/COSV(T)—COSO o5 D % @) ( )
y(t)

Interchange of the order of integration in (50) and subsequent integration with
respect to t result in the well-known Poisson formula, namely,

21

V(r,e,(p):_MJ dchJ (;’%)sne de,. (15.51)

41t o
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Expression (50) is equivalent to (51) and has definite advantages when an exact
evaluation of the integrals is possible.

Influence of a point charge. We consider the interaction between a point
charge q located at the point with spherical coordinates (r,,6,,@,) and a grounded

spherical cap a<O<m of radius a. The potential in space can be represented as
a sum

V=V +V (15.52)

where Vq is the potential due to the point charge ¢, and VC is the potential of

the charge induced on the spherica cap. At the surface of the cap holds the
condition V=0, which implies that

V==V =-g/R (15.53)
with
R%=r§+a? - 2ar,[cos cos8, + sinB sinB, cos(@— @,)].

Now we have a mixed problem with the following conditions at the surface of
the sphere r=a:

0(0,9 =0, for 0<O<a, 0<E<2m
V(a,0,9)=—0g/R, for a<b<sm 0<@<2mi (1.5.54)

Conditions (54) correspond to Problem 2, which has aready been solved.
According to (4), we can write the following integral representation

o \LENOD n(@y2) N

1_ 1 O ta?(1/2)
N , 1555
R mar, J VcosB,, — cost Vcosb — cosy,(T) ( )
t20
where, according to (5) and (6)
_ _ (ro-a)°  snt
tzo(e) =1,(0,6y,a,ry), cosy,(T)=cost dar, cosT - oSO, (1.5.56)

The induced charge density distribution is given by (29) which after substitution
of (55) simplifies for a<@<m to
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I
o(6,q) = —qlcoi(®)] d [ _sin, db,
’ 2r¢asing do J VcosB, — cosB

'8/ tan(8y2) [ 91, (6.)/08
N ta112[t20(91)/2] ’ D/?O\/coseo—costzo(el)'

(15.57)

The integral in (57) can be evaluated exactly in the same manner as before,
with the result

AP R, Xl
o(0,9) AR D(0+tan R[I (1.5.58)

where

2Var, \/costlo(a) - cosB, Vcosa - cos6
Xo=

ShT_@) , (1.5.59)

th(X) =t,(X, 60,8, 1), tzo(x) =ty(X, 60,8, 1),

Note certain similarity between (58)—(59) and (34)—(35). In the particular case
ro—a and 6,<a, formula (58) simplifies as

VcosB,—cosa 1
21%Vcosa — cosB R?

06,9 =-q (1.5.60)

which is in agreement with (18). Expression (58) is convenient for a direct
evaluation of the induced charge density distribution but, if some further
mathematical transformations are needed, then the equivalent formula (57) has
definite advantages. For example, to evaluate the total charge Q using (58)
would be quite difficult, while (57) immediately gives

= i at_(e,)
0=- q*/aJ Sin, 2 749, (15.61)

/T | V1+cos, Vcos8, - cost, (6, 90,

Introducing a new variable T=t20(91), 8,=Y,(1) in (61) the following simplification
occurs:

51
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T
— T cosu @
Q=-ava [ YiZcosw(® (15.62)
TWr, | VcosB,— cost
5O
the evaluation of which is elementary, and the final result is
Q= —%[(a +rg) A —la=rolsimA_] (1.5.63)
where
A = (ro+a) cos(a/2)
10 VmZ(a) +4ar ,cosA(8/2)cos(a/2)
- 12
A = > |r0 a|COS(O( ) . m (a):mz(a’e’a’ro)_
2 Vmg(a) - 4ar Sin?(8/2)cosX(a/2)
(1.5.64)

When the point charge is located at the axis (8,=m), formula (63) simplifies as

_ +a
Q:% %O—a| g‘T“B—(ro+a) tm‘lg}c’o—_ad cot%% (15.65)

In the case of a complete sphere we have a=0, and formula (65) simplifies
further

Q=5‘§:[|ro—a|—(ro+a)].

Similar formulae can be obtained for 6,=0.

The potential VC due to the induced charge can be obtained by substitution
of (55) in (33) which gives, after the first integration

can(t,/2) tan(t /2) -
nA @an(tZ/Z) tan(tzo/z) @~ %%2 tyo dX

Vcos — cost, Veost, - cost

(1.5.66)

Vc(r,e,(p):—m/quJ
0

Here the abbreviations t;, t,, ty and t, ae understood as t,(x), ty(X), tlo(x), tzo(x)

respectively, the prime signs indicate the partia derivatives with respect to x.
The integral in (66) can be evaluated exactly, and the fina result is
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0
_ _ 1 2 -1”1(G)D_ 1 _2 -1”2(a)
V(f,O,CP)—Vq+VC—qBZ—R1%1+T[tan R, 0] _ZRZ%I = tan R

(15.67)

which is in agreement with a smilar result of Hobson (1900) in toroidal
coordinates. The notations are

Ri=r2+r§—2rr[cosd cosh, +sinB sind, cos(@- @)],

2.2
Rg:%u a?-2rr[cos6 cosb, + sinB sinB, cos(@— @),

_(r+a)(ro+a)
12~ 2a

L (r-a)(ry-2)

S35

S(x) = Vcost, — cosx \/cost10 - cosx/sinX. (1.5.68)

The following identities were used to perform integration in (66)

et ) [ @+ (atry)
fan(t/2)tan(t, /)" ¥~ PO 16a2sirex

[(1 - cost, cost,) (cost10 - costzo)

0 1, 1 [0

+(1—-cost cost_)(cost —cost 1.5.69
(1= c05t,, 00ty (008t =008t )] Pz 200 R+ 2 (1569
R; +n5(X) = R3+n3(x), (1.5.70)
a3 S0 = S(x) [Jr —cost, cost, 1- cost costZOD (15.7)
0X 2sinx [Jcost. —cost cost —cost_ [ e
1 2 10 20
dt, 2var Vcost, —cosxvcosh —cost, (15.72)

oxX a+r cost, — cost,

An expresson similar to (72) can be written for the derivative of Ly

Substitution of (69)—(72) in (66) makes the procedure of integration very simple.
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1.6. Mixed problems in toroidal coordinates

Further extension of previousy obtained results to the case of toroidal
coordinates is presented here. It is based on a new integral representation for
the reciproca of the distance between two points. Its substitution in the
governing integral equation reduces the problem to sequence of two consecutive
Abel type operators combined with the r-operator. Each can be inverted exactly
and in closed form, thus giving the solution. Some integrals of fundamental
value, involving distances between several points, are established. The complete
set of systems of coordinates, where the new method can be applied, is not
known at this time and can constitute a subject for a separate investigation.

Mathematical preliminaries. The following relationships exist between the
cartesian (x,y,z) and toroida (v,u,q) coordinates

_csinhvcosg . _ csinhvsing __ csinu
coshv —cosu’ coshv - cosu’ coshv —cosu’

(1.6.1)

Here c is a dimensional parameter. The surfaces u=constant are spherical caps

x?+y?+(z—-cootu)? = %ﬁug (1.6.2)

with the common line of intersection along the circle p=c, z=0. The surfaces
v=constant are tori

(VX2 +y?—ccothv)?+ 2= %ﬁhvg (1.6.3)

The properties of toroidal coordinates allow us to use this system of coordinates
for solving mixed boundary value problems for various geometries including the
case of several spherical caps.

Consider two points M and N in a three-dimensional space. Let their
cylindrical coordinates be respectively (p,@,z) and (r,y,z). From the results of

section 1.2, the following integral is valid

(1.6.4)

J ml(r)lz(r)"" ‘“%’y W HORRIE O s
VIE(r) —y?VI(r) -y Ro N YRo O

Here, as before,
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1-Kk?
1+k?-2kcosy’

Ak, @) = fork<1, (1.6.5)

14(r) =3+ 1)+ (2= 22 ~Vlp ~ 1+ (2= 27,

1,(r) =3[+ N2+ (2= 22 +V(p— 12+ (2= 2, (166)

R,=R(M,N) =[p?+r?-2prcos(@-y) + (z2-zy)?. (16.7)

The integral representation for reciprocal of the distance between two points can
be obtained from (4) by applying the limits of integration from O to |,(r). This
representation is fundamental for the new method in cylindrical coordinates. One
can verify that the distance between two points R(M,N) can be presented as

R, =VI4(r) +15(r) = 21, (r)l,(r)cos(@— ). (1.6.8)

In order to be able to apply (4) in toroidal coordinates, we need to present the
distance between two points in a similar form, namely, as a sum of two squares
minus double product of those quantities and cosine of the difference between the
appropriate angles. Let the toroidal coordinates of M and N be (v,u, and
(X,B,y) respectively. The distance between two points in toroidal coordinates is

R,=R(M,N) _V2cV/coshv coshx = sinhv sinhx cos(@— W) — cos(u — B

169
Vcoshv — cosu Vcoshx — cosp (169)
Clearly, (9) does not look like (8), but we can transform it into
____2ccosh(v/2) cosh(x/2) th}'D ¢ hﬂ{D
0 \/coshv—cosu\/coshx—cosB%an e
_ v X B sM(u-p)/2] [
Zta”hzz%a”hzz%os@ W)+ o2 (vi2) coste (2 0 (1.6.10)

Expression (10) gives us a hint that we can introduce some quantities t, and t,

in such a way that the distance between two points will be proportional to the
expression

o[t 2@2D LA N
%anh D?D+tanh Stanh2L %anh oo~
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so that these quantities could play in toroidal coordinates the same role as the
parameters |, and |, play in cylindrical coordinates. Indeed, this can be achieved

by defining

= 2tanh’ 1l tanhw%anh

 otanh 2 tanhw%anh (16.11)

We can now introduce a new variable 1 according to the expression

2
y= % I2cothwgcoth@mjj tanhgg (1.6.12)

Substitution of (12) in (4) yields

0 tanh®(1/2) B
[ A fah(vi2) tanh(x72)’ @ ‘“EBT 2c

Vcoshv — coshT Vcoshx — coshy(T) - RyVcoshv - cosu Vcoshx — cos3

1[2cVcoshv — coshtvecoshx — coshy(t) []
[R,sinht Vcoshv — cosuvcoshx — cosp L]

X tan (1.6.13)

Here

_ _ _ . S[W—B0 sinh
coshy = coshy(t) =coshy(T, B, v, u)=cosht +sin (12 [toshv—-coht’ (1.6.14)

We intentionally use in this section the same notation t,, t,, and y in order to

demonstrate certain analogy between the toroidal and spherica coordinates. We
hope the reader will not be confused. Introduce the following notation

t1 = tl(X’ B! Vv, U)

:Ztmhlg cosh(x +V) - cos(u =) — Vcosh(x~v) — cos(u — B)D
o 2v2cosh(x/2) cosh(v/2) 0

(1.6.15)
t2 = tZ(X’ B! Vv, U)
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= 2tanh‘1%/coSh (x+v) —cos(u — ) +Vcosh(x —v) —cos(u — B)E
[ 2v2cosh(x/2) cosh(v/2) 0

(1.6.16)
For the brevity sake, we use the following conventions: the parameters of vy, t;

and t, given respectively in (14), (15), and (16), are considered as the default

parameters.  This would alow us to write, for example, y(y,0) instead of
v(y,0,v,u). The rule is rather simple: the parameters which are not given
explicitly assumed to be the default ones.

One can verify that (15) and (16) are in agreement with (11). Notice that
both t, and t, are inverse to y. This means that y(t;)=x and y(t,))=x. The

following property is vaid t,<min{v,x}, t,=2max{v,x}, the equality sign holds for
u=p. By wusing previous results we can obtan the following integra
representation for the reciprocal of the distance between two points:

iy tanh’(t/2) B
1 _+coshv - cosuvcoshx - cosB J N fan(v2) tann(x72) " w%ﬁ

Ry TiC Vcoshv - cosht vVcoshx —coshy

(1.6.17)
We can derive several variations of (17). For example, introducing a new
variable t=t,(y), expression (17) will take the form

., 0_tanh?(ty(y)/2) 0.
1 _vcoshv - cosuvcoshx — cosf3 [fanh(v/2) tanh(x/2)’ ¢y %1 (y) dy
Ro e J Vcoshv —cosht,(y) Vcoshx —coshy

(1.6.18)
Here the symbol () stands for the partial derivative with respect to the
parameter in brackets. By using (Al12), one can rewrite (18) as

1 _vcoshv - cosuvcoshx — cosf3
Ro TiC [cos(u - PR)/2]|

[0 tanhe(ty(v)/2)
y J [fanh(v/2) tanh(x/2)

9=y /coshi(y) ~coshy dy

S— (1.6.19)
[cosht,(y) — cosht,(y)] Vcoshx — coshy

We can also compute a more genera indefinite integral, namely,
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_ 1
1= g (U- P2 cosl(Ug- P2

Vcosht, — coshxvcosht,, — coshx @anh(t 12) tanh(t,/2)
J (cosht, — cosht,)(cosht,, — cosht,) @anh(t ,12) tanh(t,/2)’ %%jx

(1.6.20)
Here t;,=t,(X,3, Vo, Ug) and ty=t,(X,B,Vy, Uy) respectively. Introduce new variables
Nes = cosd BELD(X) 1 smm’—ﬁ 2o P B0 (1.6.21)
D 2 S(x) D 2 [
where
S(x) = Vcosht, —coshxvcosht,, — coshx (16.22)

sinhx
The following identities may be established by using formulae from Appendix:

dS(x) ___S(x) @oshtlcoshtz—1+cosht10cosht20—1D (1.6.23)
dx 2sinhx[Jcosht, —cosht,  cosht,, —cosht,, [] o

dj1 [L 1 [gosht,cosht,—1 cosht,,cosht,,—1[]

dx[S(x) ] 25(x)sinhx [lcosht, —cosht, ' cosht,y—coshty [ (1.6.24)
\ [enh(t,/2tanh(t,y/2) [ cos’[(u - B)/2] cos[(u, - B)/2] [gosht, cosht, - 1
enh(t,/2) tanh(t,y/2)' *~ %] 2SNt [cosht, - cosht,
cosht;,cosnt,,— 1
Cosht,— coshiyg %cosht2 cosht,)
| 1
 (Coshtzn = CosNtuo) - cos(U —Uy) +2n?
(o)
+ : AR (1.6.25)
coshw — cos(u + u, — 2B) +2n5L]
Here

coshw = coshv coshv,, — sinhv sinhv,cos(@— @,). (1.6.26)
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The transformations |eading to (23)—(25) are very non-trivial. One hasto usethe appropriate
formulae from Appendix in an ingenious way in order to repeat the results. Taking into
consideration that

dn,(x) _Na(x) dS(x) dn,(x) _N1(x) dS(x)
dx S(x) dx '’ dx S(x) dx '’

coshw — cos(u — U) + 2N = coshw — cos(u + U, — 2f) +2n3, (1.6.27)

the substitution of (23)—(25) and (27) in (20) leads to

| = 0 dn, dn, 0
17| [doshw - cos(u - u0)+2r]1 coshw — cos(u + U, — 2B) +2n 30

(1.6.28)
The last integral can be computed in an elementary way, and the fina result is

| =— 1 tant ] v2n 1(X) ]
L= an
V2[coshw — cos(u — Uy)] [Weoshw - cos(u —up) U

_ 1 tan L] \/EI’]Z(X) [l
an
v2[coshw — cos(u + U, — 2B)] [Weoshw — cos(u +u, — 2B)

(1.6.29)
Here the reader may ask us two questions. First, why have we decided that the
integral (20) is computable, and second, how did we come up with expressions
(21) and the properties (23)—(25)? The integral (20) was encountered in solving
the problem of influence of a point charge on a spherical bowl which, as we
know, has an elementary solution. This meant that the integral (20) has to be
computable. The hints on how to compute it can be taken from similar integra
in section 1.5. One has just to replace the appropriate trigonometric functions
by the hyperbolic ones.

Yet another integra can be computed in a smilar manner, namely,

_ 1
2= od(U- /2] cosl(Ug- P2

Vcoshx - cosht,Veoshx — cosht,, )\@anh(t 12) tanh(t,/2)
J (cosht, - cosht,)(cosht,, — cosht,,) " [fianh(t,/2) tanh(t,,/2)’ %%jx

(1.6.30)
The same integral (30) can be rewritten as
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= )\@anh(t1/2) tanh(t,,/2) o- %D t, (X)t,y (X) dx
2 [Banh(t,/2) tanh(tyy/2)’ [3/cosht, — coshv veosht,, — coshv,
(1.6.31)
Introduction of new variables
S -B 1 EJJ E El’o BO
O,= cosD 2 DT(x) 700 ) D 50 (1.6.32)
with
Vcoshx - cosht,Vcoshx — cosht10
T(x)=
sinhx
and use of the identities (25) and
dT(q) __T(x) [gosht,cosht,—1 cosht,,cosht,,—1[] (1633)
dx  2sinhx[Jcosht,-cosht,  cosht,,—cosht,, [] o
di 1 @oshtlcoshtz—1+cosht10cosht20—1D
dx[T(X)[0 2T(x)sinhx[Jcosht,—cosht, = cosht,,—cosht,, []
(1.6.34)
alow us to compute the integral
- 1 il V2010 [
2 - ar]
V2[coshw — cos(u — Uy)] [Weoshw - cos(u —up) 1
N 1 1 V20,(X) 0
an
V2[coshw — cos(u + U, — 2B)] [Weoshw — cos(u +u, — 2B)
(1.6.35)

One may deduce from (A2) that

_ =B, WP 1
T09=an 35 %anmo2 %S(X).

This property gives us various relationships between n and © depending on the
signs of the trigonometric functions. For example, when cos[(u - 3)/2] cos[(u, —

B)/2]>0 and sin[(u-PB)/2] sin[(u, - B)/2]>0, we have n,=0, and n,=-0,. The
derived integrals will be used in solving various mixed boundary value problems.

Problem description. Consider two spherical caps defined in the toroidal
coordinates (v,u,@) as follows:

O<v<h,, u=uj, O<p=<2mr
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0<v<b, u=_0, O<p<2n (1.6.36)

In the limiting case b -~ and b, the spherica caps intersect along a circle
of radius ¢ which is the basic circle of the system of coordinates. Consider an
electrostatic problem when an arbitrary charge distribution o is prescribed on the
first spherical cap (u=uy), and an arbitrary potential distribution V is given on
the surface of the second cap. It is then necessary to find the electrostatic field
in the whole space. It is convenient to split the problem in two: the first
problem assumes that 0=0 and V#0, while in the second problem we take V=0
and 0#0. The linear superposition of the two solutions would give us the
general solution to the problem.

Problem 1. Since the first cap is not charged, we have to solve the Dirichlet
problem for a spherical cap with the following condition on its surface:

V=V(v,@), for 0<v<b, u=_0, 0<@<2m (1.6.37)

The as yet unknown potential in space can be represented through a simple layer
distribution

2n b

_ o(X, ) sinhx dxdy
V(v u,@) _CZJ J I (1.6.38)

Here o is the charge distribution and R, is defined by (9). Substitution of (17)
in (38) yields, after interchanging the order of integration

ty(b)

V(V, U, @) = 2cVEoTv = cosu J dr

vcoshv — cosht

[ tanh*(1/2) _
% J i L@anh(v/Z) tanh(x/2) BU(X, @) sinhx dx

(1.6.39)

(coshx — cosP)**/coshx — coshy

The following scheme of interchanging the order of integration was used in (39):

b t tb) b

J de dT:J dTJ dx. (1.6.40)

61
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Substituting the boundary condition (37) in (39) results in the governing integra
equation

\

V(v, @) = 2cVcoshv —cos3 J dt

vcoshv — cosht

[ tanh*(1/2) _
x J bL@anh(VIZ) tanh(x/2) S’(X, @) sinhx dx

— 1.6.41
(coshx — cosPB)¥*/coshx — cosht ( )

The integral equation (41) represents a sequence of two Abel type operators and
the c-operator. Each can be inverted in a manner similar to the one employed
in previous sections. Let us apply the following operator

y
0 1 DdJ [tanh(v/2)] sinhvdv

[fanh(y/2)Hly | 2cvicoshv — cosp Vcoshy — coshv

L

to both sides of (41) in the following manner:

y

[0 1 0d[ _nh(vi2] V(v.gsinhvdv__ 0 1 Od
[Banh(y/2)[Hy | 2cvcoshv —cosPvcoshy —coshy — [ianh(y/2) [y
@anhZ(TIZ)% :
y \Y b h
[ __sinhvdv dt Lganh(xi2) [T Sinhx dx
vcoshy - costh vcoshv - cosht J (coshx — cosPB)¥?/coshx —cosht
(1.6.42)
By using the genera property
y _ b ty(y)
sinhx dx @At f () o, (1.6.43)
Vcoshy —coshx | Vcoshx —coshy

expression (42) can be simplified, namely,
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y
L0 1 0d[ _ctanh(v/2)] V(v.q) sichvdy
[Banh(y/2)[Hy | 2cvcoshv - cosPvcoshy — coshv

b [fianh(y/2)
L@anh( XIZ)BO(X @) sinhx dx

- J (coshx — cosP)¥?/coshx — coshy’

(1.6.44)

The next operator to apply to both sides of (44) is

b

s(id sinhy dy %
Ltanh= =—— ot 1.6.45
ZEUSJ Vcoshy —coshs ( )

The fina result is

b

_ 3/2
o(s, ) = — (CoshS —cosp) L%anh§ [d J snhy dy % th2

2recsinhs 2[Us | vcoshy-coshs

y

9 d [ _tanh(v/2)] V(v, @ sinhvdv . (1.6.46)
Vcoshv — cosf3 Vcoshy — coshv
Here the following property was used
b _ b b
Sinhy dy MQAX  —rof f(x) dx. (16.47)
Vcoshy —coshs | Vcoshx —coshy

Formula (46) gives the expresson for the charge density in terms of the
prescribed potential V.

We can now substitute (46) in (39) in order to obtain the potential in
gpace through its value on the spherical cap. By using the property

b b
J dx QJ f(v) sinhv dv - _(y), (1.6.48)

vcoshx —coshydX | vcoshv - coshx
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the following result can be obtained

ty(b)

V(v,u,Q) = L Jcoshv=cosu dt 0 tanh(1/2) [J
T

Vooshv = cosht - [Hanh2(y/2) tanh(v/2)

Y

«d [ _sinhy fftanh(y/2)] V(y, @) dy (1.6.49)
Vcoshy — cosf3 Vcoshy — coshy

Introduction in (49) of a new variable x=y, (which is equivaent to t=t,), alows

us to rewrite (49) as

b

V(v,u,q) = 1. coshv—cosu dt, [tanh(v/2) [
T

Vcoshv —cosht, [anh*(t,/2)[]

X

x4 [ _sinhy ftanh(y/2)] V(y,@)dy (1.6.50)
Vcoshy —cosf Vcoshx — coshy

We interchange the order of integration in (50) according to the scheme

b X b b

J F(x)ddeJ M:_J f(y)dy%J sinhx F (x) dx

vcoshx - coshy vcoshx —coshy

(1.6.51)
The result is

b

V(v,u, cP)———\/coshv coqu %anh}ﬂ]OI

1 (9 sinhxe g S5 X [ V(y.@dy

1.6.52
Veoshx — coshy Veoshv — cosht, [/coshy — cosp’ ( )

Theinterior integral in (52) can be computed in closed form. Indeed, consider the expression
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bt () i [kanh(v/2)
t, (x)snhxxmanJ—)-hz(tzlz),cp qJEhxD

l5= L%anhxm—
2[18y | +coshx-coshyvcoshv-cosht, [

The differentiation can be performed according to the rule

b b
d [ _f(Qsinhxdx ___f(b)snhy . df(x)
dy | veoshx-coshy  Vcoshb-coshy vcoshx — coshy’
with the result
. [anh(y/2) tanh(v/2) %
A - h
. b AT oy V™Y
s vicoshv - cosht, (b)
.+ [tanh(y/2) tanh(v/2)
b A -
e[ d gl ey L {1 N
yJ dx 5 veoshv - cosht, [j/coshx - coshy
Introduce the following notation:
F(x) = 4¢3 jsin(u - B)| ARy ot XN
(coshv - cosu)** (coshy - cosB)¥* R3[X(X) OR, [
where
R = V2cvcoshv coshy — sinhv sinhy cos(@— W) — cos(u — B)
y vcoshv - cosu Vcoshy — cosp ’
and

_ 2c|cog[(u - )/2]| Vcoshx — coshy Veoshx — cosht,
- sinhx vcoshv - cosu Vcoshy — cosf3

X(x)

_ 2cVcosht, — coshv Veoshx — coshy
sinht, Vcoshv - cosu Vcoshy — cosf3

(1.6.53)

(1.6.54)

(1.6.55)

(1.6.56)

(1.6.57)

65
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_ 2c¢ [sin[(u = B)/2]| Vcoshx — coshy
Vcosht, — coshx Vcoshv — cosu vVcoshy — cosp

(1.6.58)

Equivaence of the expressions (58) can be proven by using formulae from
Appendix. The following identity is valid:

t, (%) A @anh(y/Z) tanh(v/2) (p—llJD
1 tanh2(t /2) ! D:_(COShX_COShy)?’/Z dF(x) (1 5 59)
\/coshv—cosht1 sinhx dx o
Substitution of (59) in (55) and integration by parts yield
"t S"”h“%l?hg(\t”/zz)’ *” "J%’
h ———F b) sinh
%an ZD@IY Vcoshx — coshy Vcoshv —cosht, [ (b) sinhy
_ 2¢3[sin(u —B)|sinhy 1 ORy tanl@g_)ﬂ]] (1.6.60)

~ (coshv - cosu)®2 (coshy — cosB)?”ZR?’D((b) OR, [T

While integrating by parts in (60), one should notice that substitution of the
lower limit of integration y leads to the uncertainty of the type co—c which has
to be dealt with properly.

Now substitution of (60) in (52) alows us to rewrite it in the form

2n b

_ clsin(u-p)| 1 0OR Qﬁ_)DD/(y Y) sinhy dy dy
V(V’u’(p)_nz(coshv—cosu)J J R?ﬂFby_) tanl [0 (coshy-cosB)®

(1.6.61)
The last formula is in agreement with the classical result of Hobson (1900).

Problem 2. The boundary conditions in this case take the form
0=0y(V, ), for O<v<h,, u=uj, 0<@=2m (1.6.62)
V=0, for 0<v<b, u=_a, 0<@<2m, (1.6.63)

Denote the surface of the first cap as S,, and the surface of the second cap as

S.  Introduce the following points, with their toroidal coordinates. M(v,u, @),
N(XB, W), No(VgUp @), and K(v,B,¢). The potentia in the space can be
presented again through the simple layer distributions
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Ng) d
V(M):[ J LLE(?A,%?*J J —OFQEMO’)N;O. (1.6.64)
S So

We note that o, in (64) is known from (62) while o is not yet known. It can

be found from the integra equation which results from substitution of the second
boundary condition (63) in (64), namely,

_ o(N) dS 0o(Ng) dS
o_[ J é(R,LN)"LJ J ﬁ' (1.6.65)

S
By using the procedure smilar to (38)—(41), we can rewrite (65) as

, O tanh?(x/2) |
tt J L tanh(vi2) tmh(x/z)%(x"p)S”thX

2cVcoshv - cos —_— e
P J Vcoshv —cosht (coshx — cosPB)¥?/coshx — cosht

:_J J 9o(No) 4 (1.6.66)

R(K,Np)
S

The general solution to (66) is given in (46), we just need to substitute the
right-hand side. Assuming that the order of integration is interchangeable we
need to compute first

y

d sinhv dv vl 1 [
J==— Ltanh; - =——— 1.6.67
dYJ Veoshv — cosp vVeoshy — coshv 2[IR(K, Ny [ ( )
Make use of the integral representation
1 _Vcoshy,—cosu,Veoshv —cosf
R(K,Ng) TiC
2
tyo(V) )\ D tanh (T/Z) ’ (p_ %%j'[
(1.6.68)

) [Tanh(v,/2) tanh(v/2)
J Vcoshv,, — cosht Vcoshv — coshy,,

Here y,=Y(1,B,vo,Uy) as it is defined by (14). Substitution of (68) in (67)
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yields

y
J:\/COShVo‘COSUoQJ sinhvdv

e dy| +vcoshy - coshv

[tanh*(1/2) Eh

ty0(v) A -

) [anh(vy2) ¥~ P

J Vcoshv,, — cosht Vcoshv — coshy,

_ Vooshv, —cosuy tyy (Y) , [ianh*ty(y)/2] o %D
cVcoshv, —cosht,(y) [ tanh(vy/2) [l

(1.6.69)

Here we used the identity (43). The next step is to compute

b
_ d sinhy dy 2y
J —L%anh—sm— —L%oth %J, 1.6.70
! ZEUSJ vcoshy - coshs 20 (1.6.70)

where J is defined by (69). The elementary simplification results in

b
_Veoshv, - cosu, sfd [, tanh(vy2) ]
i = c L%anhéwsj ’ [fanh?t,(y)/2]’ P %D

N tio (y) sinhy dy
Vcoshy — coshsvcoshv, — cosht,o(y)

(16.71)

The integra (71) has aready been computed in (60), so that we can write the
solution of (66) in the form

O(N):—[ J G(N,Ny) 6(N,) dS, (16.72)
So

where the Green's function G is defined by

C [sin(up—P)| RN, No) ol Xo(b) [
TP(coshv, — cosu,) R¥(N, Ny) I Xq(b) [R(N, No) ]
(1.6.73)

G(N,Ny) =

with
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2c Veosht,,(y) — coshv, Vcoshy — coshx

- . (1.6.74)
sinht,(y) Ycoshv, — cosu, Vcoshx — cos3

Xo(Y) =

The back substitution of (72) in (64) allows us to express the potential in space
directly in terms of the prescribed charge distribution o, The integrals involved,
though looking quite formidable, can be computed in terms of eementary
functions. The main integral to be computed is

JZ:H 1 [R(NNg) a1 Xo(0) [ dSy

RN, N) [ Xo(D) [R(N, Ng) (LR(M, N)

2m b
:%VMJ quJ Sinnxdx

(coshx — cosP)?

[ tanh?t (y)/2]
x J  Gann(vi2) %anh(xlz)’ ¢ ‘Pgdtl(y)

Vcoshv - cosht,(y) Vcoshx —coshy

y 1 [R(N, No) 20 Xe(P) M
RN O xo) +tanlm(N,No)D]] (1.6.75)

Interchanging the order of integration and using the integra representation (60),
we obtain

2n b

J,=—-SVeoshv—cosu| dy a,0)
T

Vcoshv —cosht, (y)

by 1 tanh?ty(y)/2] L
y J A [Banh(v/2) tanh(x/2)’ ¢ QJEIS' X AX O coshx - cosP)¥?(coshv, — cosu,)*?

(coshx — cosP)¥? Vcoshx — coshy 0 2c3[sin(B — ug)| sinhx

i ] tanh(vy/2) B :
bt (S) )\Elan—hz[tzo(s)/Z] ol cpogs nhsdsp;

pad 1.6.76
xL%an ZEUXJ Vcoshs - coshx Vcoshv, — cosht,(S) S ( )

Some obvious simplifications can be made, with the result
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- rtenh?[t, (y)/2]
vcoshv — cosu (coshv,, — cosuy)¥? Jz o Jb )\D tanh(lv/2) ’ _w%jtl(y)

2mc? sin(B - uy)| Vcoshv — cosht, (y)

J2:_

oy _tanh(vy/2) Eli
b bty (A=, Y- nhsds
o af O B em w67
Vcoshx —coshy dX|  vcoshs—coshx Vecoshv, —cosht,(s) o
Further simplification is due to (48):
; _ Vcoshv —cosu (coshv,, — cosu,)*?
2 2¢?[sin(B - ug)|
h?[t,(y)/2] tanh(vy/2) , ,
ity 2 o- o )i ()
(1.6.78)

y [fanh?[t,,(y)/2] tanh(v/2)’
J Vcoshv - cosht, (y) Vcoshv, — cosht;(y)

The integral in (78) is similar to the one computed in (20). The fina result is

1 [R(N, No) tan—lD Xo(P) M dSy
[ [ RN, No) O Xo(b) [R(N, No) (TR(M, N)

_Vcoshv —cosu (coshv,, — cosu,)*?
B 2¢?[sin(B ~ u)|

‘0 1 a0V m
[}/2[coshw — cos(u — ug)] [2 [Weoshw — cos(u — u) ]

+ 1 [ tan‘lD V2n,(b)
V2[coshw —cos(u + u, - 2B)] [2 [Weoshw — cos(u + u, — 2B)
(1.6.79)
with n,, defined by (21) and coshw given by (26). Substitution of (79) in
(64) alows us to express the potential in the form
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=t
EIHTT an [Weoshw - cos(u —up)J vcoshw — cos(u + u, — 2B)

V(M):J[ U 5 0 v2n,(b) [] _ Veoshw—cos(u—Uuy)

S
_2, al] V2n,(b) 0o(No) dS,
e [Wcoshw — cos(u + u, — 20) %ZR(M ,No) (1.6.80)

In the particular case of b - o formula (80) simplifies as follows:

[1+=tan

V(M) = [ 1[] V2cos[(u-ug)/2] ] Vcoshw - cos(u - uy,)
_[ J O™ [Weoshw - cos(u —up)J vcoshw — cos(u + u, — 2B)

So
2. 4[] V2cog[(u+uy—2B)/2] 04(No) dS,
Frten [Wcoshw — cos(u + u, — 20) %ZR(M ,No) (1681)

The last formula is in agreement with the long standing result of Hobson (1900).
Several examples are considered below.

Spherical cap charged to a uniform potential. Consider a spherical cap
defined by O<vs<b, u=[, with a uniform potential V, prescribed at its surface.

The charge distribution can be found from (46), and is

o= Vv1 - cosB H{coshb + 1)(coshv — cosp) [}
21°C coshb - coshv O

11 + cosP)(cosh b — coshv) @/ZB (1.6.82)

[(1 + coshb)(coshv —cosB)[] 0

+vV1+cosp tan

The potential in space is conveniently defined by (50). The final result is

V2V, |sin(B/2)] Vcoshv — cosu
mtjcos{(u = B)/2]| (X1 +X2)

X2 2 _n_lginh[tl(b)/Z]\/xf+sinz(BIZ)D

+—
sER)0 T O xh@+snt(by2)] U
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-4 o SNty (b)1VSIn’(B/2) - Xor

__ 1.6.83
srE20 o' 0 x,XE—sinh[t,(b)/2)] I ( )
Here
X172 = (P + nz)ll2 £m, n=3 22(5\[/(/5)_9[;(/%2) :
= Snh2(v/2) ~ Sin¥(B/2) + sin’[(u - B)/2] (16.84)

2co[(u-p)/2]

Application of the reciprocal theorem to (82) alows us to express the total
charge on a spherica cap with an arbitrary potential V(v,@) prescribed at its
surface as follows:

2n b

0= cvl- cos@J J %cosh b + 1)(coshv — cosf) 1>
21

coshb —coshv O

[T + cosP)(coshb — coshv) [H22V(v, @) sinhv dv do

[{1 + coshb)(coshv - cosp) ] E (coshv —cosB)?

+v1+cosp tan

(1.6.85)
The same result can be obtained by a direct integration of both sides of (46).
Formulae (82) and (83) in the case of b - o take the form

_Vox/l—cosBD — 1[0 1+cosp ﬁ’ZD
0= S/coshv cosp +V1+cosBtan [Goshv - cospLl B (1.6.86)

Ve V2V, |sin(B/2)| Vcoshv — cosu % .\ X2 ﬁ’zcos_ﬂzs' n[(u-B)/2l
mtjcos[(u —B)/2]| (X +%3) sER)0 ™ L+ sinn(vi2)D

_ % X5 ﬁlzcos-la(lsi n[(u-B)/2lm (1.6.87)

CSrER)0 T e —sntevi2) [
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Electrified spherical ring. Consider the Dirichlet problem for a spherical
ring b<v<oo, with the following boundary condition prescribed at its surface:

V=V(v,g), for u=p, bsv<ow, 0<@<2m (1.6.88)

By using the procedure similar to the one employed in Problem 1 above, we
come to the following expression for the potential in space:

] ty(b)

V(v U, @) = 2cVeosv —Gosul] J dr

vcoshv — cosht

[

» [0 tanh*(1/2) _ )
x J “[ann(v/2) tmh(x/Z)Bo(X’(p)s'nthX+ e

(coshx — cosP)**/coshx — coshy Vcoshv —cosht
t,(b)

0 tanh(1/2) -
© (X, @) sinhx dx[]
y J [fanh(v/2) tanh(x/2) 0 (1.6.89)

(coshx — cosP)**/coshx — coshy 0

Substitution of the boundary condition (88) in (89) leads to the integral equation

b
V(v, @) =2cVcoshv - cosug ___dt
Vcoshv —cosht

[

w tanh?(t/2)
y [fanh(v/2) tanh(x/2) + dt
J (coshx — cosPB)¥?/coshx — cosht Vcoshv —cosht

(X, sinhxdx Vv

2
w [t (u/2) So(x,cp)sinhxdxg

y J [fanh(v/2) tanh(x/2) (1.6.90)

(coshx — cosPB)¥?/coshx — cosht S

Let us apply the operator

73
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y
0 1 DdJ [tanh(v/2)] sinhvdv

L —_—
[Banh(y/2)[Hy | 2cvcoshv - cosP Vcoshy — coshv

to both sides of (90). The result is

y
0 1 DdJ [tanh(v/2)] V(v, ©) sinhvdv

L —_—
[Banh(y/2)[Hy | 2cvcoshv - cosPvcoshy — coshv

b —
:J Vcoshb —cosht sinhy dt

Vcoshy —coshb (coshy — coshr)

w [ tanh*(1/2) _
x “ [anh(v/2) tanh(x/2) BU(X,CP) sinhx dx
J (coshx - cosf) **/coshx — cosh

h(y/2 :
*® L% (X,) sinhx dx
+T1 —_—. (1.6.91)
(coshx — cosP)**/coshx — coshy
We introduce a new unknown
h(y/2 :
w L%%}(x,@snhx dx
0= , 1.6.92
P(y @) J (coshx — cosP)**/coshx — coshy ( )
Expression (92) can be easly inverted, namely,
© 7 chEP @) sinhzd
o(x.0) :_(COShX—COSB)?’/Z L%anhﬁﬂﬂ %0 > (z,¢) Snhzdz
’ Tsinhx ZEUXJ Veoshz-coshx
(1.6.93)

Substitution of (93) in (91) leads to the governing integral equation
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) b
PP B 0 ten?(t/2) [ (coshb-cosh)d B
PY® "2 Cenh(y/2) tanh(272) L{coshy — cosh)(cosh - cosh) 5

sinhy p(z, @) sinhzdz
Vcoshy — coshbvcoshz—-coshb

X

y
210 1 DdJ [tanh(v/2)] V(v, ©) sinhvdv

(1.6.94)

== :
U [Banh(y/2)[Hly | 2cvcoshv —cosBvcoshy —coshv

The following rule of interchange of the order of integration was used:

[ o] [ z

J f(x)dxij F(z) sinhzdz :_J F(z)dzﬂj f(x) sinhx dx

dx| +coshz-coshx dz| +coshz-coshx

It is important to notice that the integra in curly brackets of (94) can be
computed exactly in terms of elementary functions for any specific harmonic.
For example, in the case of axial symmetry, equation (94) takes the form

p(y) + sinhy K(y)—=K(z) p(2)sinhzdz
TeVcoshy —coshb | coshy —coshz+/coshz - coshb

y

-1d V(v) sinhvdv (1695)
nidy | 2cvcoshv - cosBvcoshy —coshv '’ o
Here
K(X):coshx—coshb [$inh[(x + b)/2][] (1.6.96)

snhx  Enh[(x-b)2][]

If one is interested in the quantity of total charge Q only, it can be expressed
directly through function p as follows:

21T

2 -
Q= £ \coshb - cosP ___P(y.@)sinhydydg . (1.6.97)
T Vcoshy —coshb (coshy — cosp)

A compl ete solution to the problem isbeyond the scope of thisbook.
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Interaction of several charged spherical caps. Consider n spherical caps u=,,
O<vs<b,, k=1,2, ..., n, with arbitrary potentials prescribed on their surfaces. The boundary
conditionscan beformulated intheform

V=V,(v,@, for u=p, 0<v<b,, 0<@<2m k=1,2,..,n.

(1.6.98)
Again, the procedure outlined in the solution of Problem 1 leads to the
expression for the potential

n o tydby)

V(v, u,@) = 2cVcoshv —cosu ZJ \/COShdﬁ
A T

k=1

o [0 tanh¥(t/2)
y J [Geanh(v/2) tanh(x/2)

(X, @) sinhx dx

1.6.99
(coshx —cos,)¥*Vcoshx — coshy, ( )

Here o, is the yet unknown charge distribution over the surface of the k-th cap,
and the following notation was introduced:

t SHGB Vi U), Ty S B, Vi U), Y =V(T, By, v, U). (1.6.100)

We recal that the notations t;, and y were first introduced by (15) and (14)
respectively.
Substitution of the boundary conditions (98) in (99) leads to a system of n

integral equations. We can single out, without loss of generdity, the cap
number one. The corresponding integral equation takes the form

\%

V,(v, @) = 2cVcoshv - cosp, J dt

vcoshv — cosht

blLD tanh?(t/2)
y [fanh(v/2) tanh(x/2) + dt
J (coshx — cosp,)¥*Vcoshx — cosht — | Vcoshv —cosht

(X, @) sinhxdx " tualby
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by LD tanh?(1/2)
[ _danh(v/2) tanh(x2)
J (coshx —cosB,)¥*Vcoshx — coshy,,
k1

(X, @) sinhx dx

(1.6.101)

Here
Y EV(TBG VLB, tg St(X By, U, B)- (1.6.102)

Application of the integral operator

y
0 1 DdJ [tanh(v/2)] sinhvdv

[tanh(y/2)[tly | 2cvcoshv - cosB, Vcoshy — coshv

L

to both sides of (101) results in

0 1 [Od Jy L[tanh(v/2)] V,(v, ®) sinhvdv

[tanh(y/2)ty | 2cvcoshv — cosp,vcoshy — coshv

L

_ anl L%%}(X, @) sinhx dx

(coshx — cosp,)¥*Vcoshx — coshy

by

- J TPt (B, v, B)/2]

[] tanh(y/2) tanh(x/2) []

[0t,(X, By, Y, B)/0Y] O\ (X, @) sinhx dx
veoshx — cosht, (X, By, Y, B,) (coshx — cosp, ) ¥%

(1.6.103)

Introduce a new variable q, as follows

o (LBONQYIALE () sinhx dx

Ay, 9 =J anh(x/2) (1.6.104)

(coshx — cosp,)*%/coshx — coshy’

77
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Expression (104) can be easily inverted, namely,

by L%oth%%qk(z, @) sinhzdz

__(coshx- cosp,)*? x[1d
0,(% @) = N L%anhzwx —————— (1610
Substitution of (104) in (103) leads to the governing integral equation
~ 0 ’ [9t,(x, B, V. B,)/dy] sinhxd
1 d X, By, Y, y| sinhxdx
ql(y,CP)+,—TZ e Othggbl_z N TN
— | 0 coshx - cosht, (X, B,, Y, B,)Vcoshz - coshx
bty (x, By, ¥, B2
O o) 9
y
(1.6.106)

21,0 1 [Od [ _tanh(v/2)] Vy(v,g) sinhvdv
" 1t [fanh(y/2) EUVJ 2cVcoshv - cosB,Vcoshy — coshv

We can note again that the integral in curly brackets in (106) can be computed
in terms of elementary functions for any specific harmonic. For example, in the
case of axia symmetry, equation (106) takes the form

n

2[sin((B, - B2l cosh(y/2)
LD M e (O

by

y {coshz+ coshy —2cos’[ (B, — B,)/2]} cosh(z/2) q,(2) dz
J [cosht,(z, By, B,) — coshty(z, By, By)]?

y
1d J V,(v) sinhvdv

(1.6.107)

“mdy | 2cvicoshv — cosp, vcoshy — coshv'

Expression (107) can also be rewritten as
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|sin[(B B)/2]I cosh[(y + 2)/2]
o+ ZEEE: J@osh(wz) cos(B, ~By)

k=2

cosh[(y —2)/2]
D e Ry ¢

(1.6.108)

1d V,(v) sinhvdv
"dYJ 2cVcoshv - cosp, Vcoshy — coshv'

The remaning n-1 integra equations can be derived in a similar manner.
Equation (108) is in agreement with the result of Ufliand (1977) who obtained it
by using the Mehler-Fok integral transform. The last formula simplifies when V,

is a constant, namely,

au(y) + [¢osh(y +2) —cos(B; - B,)

k=2

ZIS n[(Bl B/l J cosh[(y + 2)/2]

cosh[(y —2)/2] %k(z) g = Y2C0SN(y72) [sin(B,/2)] (1.6.109)
By

cosh(y —2z) —cos(B, - mic(coshy — cos,)
The total charge Q, can be expressed directly through function q as follows:

21 p

Qk=;:2[c2|sn(ﬁk/2)|J J

“0,(v, ) cosh(v/2) dv d

05— CosP, (1.6.110)

The reader is advised to try to obtain a complete solution to the problem.
Appendix. Some essential formulae used in the main body of this section are
presented here.

tanhmlganhmzm- tanh@%anh (1.6.A1)

(cosht, — coshv)(coshv — cosht,) =sinh?v tanzgj—gﬁg (L6.A2)
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coszgj—;@ cosht, —cosht)(cosht, — cosht) = (coshv — cosht)[coshx — coshy(T)], (1.6.A3)

_sin’[(u—-B)/2]+ coshv coshx
cosht, cosht, = coZ[(u=pB)/2] :

_coshv + coshx

cosht1+cosht2—m,

(coshx - cosht,)(coshv — cosht ):szﬂll_—ﬁ inh’t,,
1 1 D 2 1

(cosht, — coshx)(cosht —coshv):sinzm—_ﬁ inht,,
2 2 D 2 2

sinhx sinhv

co[(u-P)/2)’

sinht, sinht, =

sinht, sinhv(coshx —cosht,) sinhx(coshv —cosht,)
sinht, sinhx(cosht,—-coshv)  sinhv(cosht, — coshx)’

oshv —1)(coshx —1)
cof[(u-p)/2]

(cosht, - 1)(cosht, - 1) ={C

_ _vcosh(x + v) — cos(u — B)vVcosh(x — V) — cos(u — B)
cosht, - cosht, = coZ[(u—p)/2] :

dt, Vcoshv - cosht,Vcosht, —coshx _ sinhx(coshv - cosht,)
0x  |cos[(u—P)/2]| (cosht, - cosht,) ~ sinht,(cosht, — cosht,)cos?(u - B)/2]

B |sin[(u —B)/2]| sinhxVcoshv —cosht,
~ co[(u - P)/2] (cosht, — cosht,)vcoshx — cosht,

oty _ sinhx(cosht, —coshv) _ Veoshx - cosht,Vcosht, — coshv
0x  cos[(u - B)/2] sinht,(cosht, —casht,)  |cos[(u—P)/2]| (cosht, - cosht,)

3 |sin[(u - B)/2]| sinhx Vcosht, — coshv
~ co[(u - P)/2] (cosht, — cosht,)vcosht, — coshx’

(1.6.A4)

(1L6.A5)

(1.6.A6)

(LB.AT)

(1.6.A8)

(1.6.A9)

(1.6.A10)

(L6.AL1)

(L6.A12)

(1L6.A13)
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t,” Vcoshx—cosht,Vcosht, —coshv _sinhv(coshx —cosht,)

t," " Veoshv —cosht,Vcosht, - coshx  Sinhx(coshv —cosht,)

_sinhx(cosht,—coshv) sinht, . 5
_sinhv(coshtz—COShX)_Sinhtzsmh vitan(u-p)/2],

Exercises1

1. Provetheidentity 2(p)A(9,9) =A(pq,9), for p<1l and g<1.
Hint: use (1.1.5)

2. Evaluate the integral

21

J do for p>p, and r>r,,.

[p? + P§ — 2pPCOS(@—@)I[ % + 15— 2rr cos(p-)]”
21(p?r? - pore)
(P?— Po)(r2 = ro)[PPr2 + Pars — 2pPor 1 COS(@—W)]

Answer:

3. Evaluate the integral

21

2 d;p 7 , for k<1 and k;<1.
[1+k*—2kcos(@— @,)][1 + ki — 2k, cos(@—)]
O e
Answer: Al 2k

1+ KAE — 2Kkk,cos(@y-y) E{l - k)

N 1 Ok, 1-KK
1+ KK - 2kkcos(@-w) [ - K (1 - K¥)?

4. Evauate the integral

21

2 el(pzd(p 2 , for k<1 and k;<1.
[1+k*~ 2kcos(@-y)] 1 + ki — 2k,cos(@-Y)]

Answer: 2m %eiw
" [1+ k2K — 2Kk, cos(@,—w)]? AL - ki

(1L6.A14)
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ke"po [2(1 +K*K3) — kky (1 + k2)e' Y] + ke (1 - 3k2)D

(1-Kk° D
5. Evaluate the integral
2m
2 eZIZd(p 7 , for k<1 and k;<1.
[1+Kk*— 2kcos(@—¢,)] 1 + ki — 2k, cos(@-Y)]

21T rer' v

Answer : 55 5
[1+ k°k1 — 2kk,cos(@,~Y)] Dl ki

L 2Kk g ™2V (14_3K2+1) — k2P ®) — K2 P(K2 + k-3 - 3k2k1)D
(1-k»° D

6. Prove the identity (n is defined by 1.2.2)

dn__ppo—x*
dx x°n

7. Prove the identity

X ~_Xx1_dn =VpZ+p3-
A(ppo,cp-cpo) Rrmzdx Vhere R=Vo+ Py =2pp,cos(@-y)

Hint: use the identity: x?+ p2p/x? —2pp,cos(@-@,) =R?+n? and the result above.

8. Let n=vx2-p2Vx?-pyx. Prove the identity

9. Prove the identities
VI3-p¥3-a2=zl, va2-13(p*-13)Y2=12,
va?-I1W2-at=za, VI3-p¥p?-13)2=2p.

Reminder: |, and |, are understood as |,(a,p,z) and |,(a,p,z) respectively.
Hint: use (1.2.6)
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10. Prove that g(x) is inverse to both |, and |, namely, prove that g(l,)=a,

and g(l,)=a.

11. Prove the identities
a, 1z, al, 1,

0z  |5-12" 0z [5-1%’

a_ll_alz—pll_p(az—lrf) 6_|2_p|2—a|1_p(lg—a2)
op I3-11 L(3-1D7 9P 13-1E 1(15-1D)
Hint: use the properties above.

12. Evaluate the integral

dx V1500 =x2 | [l (X)X §
— A -
J T2 1300 -1309 00 %0

2 2
Answer: - tan't YPo—XVIx(x) - XZ.
R, XR,
Hint: use (1.2.21)

13. Evaluate the integral

J dx_ (C-150)™ | (PP -,
V2 — pR [13(x) — 13(X)] m%( x)' 0

172

1 1(>< —13(x)) %52 - p3
Answer: Ro xRy
Hint: use (1.2.15)

14. Establish the integral representation

min(po.p)
2 J cogKVP? — X2V P2 — X2IX + (Tw/2)] X2

-KR

,(P‘(Po% dx =2 R

m [(p? - x?)(p§ —x3)] ") (0P,

15. Prove that h in (1.3.35) can be defined by any of the expressions

va?-pava®-1i_ z/a®-p;
a VI53-a?

h=h(a)=

83
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_[5- (e ™15 - 13(po1 ™ _ va? - pivI5 - p?
I2 I2 .

16. Prove that j in (1.4.21) can be defined in several equivalent ways:

Vp5—al5-a? Vpi-atp?-I:
a - l,

j=i(@=

_zpg-a? _[1i(po) ~ 111"°113(py) ~ 112
\/8.2—@ Il .

17. A circular conducting disc is kept at the potential v, Find the potential
function V.

Answer: V(p,2) =2 v sin'(l /p) = 2v,sn().
T 11t [
Hint: use formula (1.3.23)

18. Subject to the conditions of the previous problem, find the charge
distribution o by using formulae (1.3.15) and (1.3.5). Prove that in both cases
the result is the same.

Vo

Answer: OZW.

19. Solve problems 17 and 18 for v=v,pcosp, v,=const.
: _2 1,8y _a kvl
Answer: V(p,,2) == pv,cospsin () ——=V1-(a/l,)
Tt )1, [l

2v,pCosp
o(p.9 =w-

20. A uniform charge density o =0,=const is prescribed over a circular disc of
radius a, and potential v=0 for p>a. Find the potential function.

Answer: V(p,2) = 400%a2 -1{-zs n‘l(lg)g
2

21. Solve the previous problem for the case where o=0,pcosp, o, =const.
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Answer: V(p, cp,z)—solpcoscp% IZE—‘B—%B—gzsml(—)g

22. The potential function is given by the expression

V(p.92) = Bolpcoscp% lﬁ-%g—gzsn 1(—)D

Find the charge distribution on the plane z=0.
Answer: 0 =0,pcosp, for p<a;

__4 0 a @B a0 1[@L]
o= ?)T[crlpcoscpwp =3 2p 5

Hint: use the second formula of (1.3.5).

3. .
28|n

(oM

for p>a.

23. The following boundary conditions are prescribed at z=0

V=vyp, forp=a, 0<@<2m

Y%
0z
Find the potential function and the charge distribution.

=—=0, forp<a,0<@<2mn

2V, sin'lmpz + Z2)1/2D
ne*+A"? 0 1, 0O

Answer: V(p,9,2) =

0'( )—L
P.®) = TRpX/p? - 22

The total charge is equal v,

24. The following boundary conditions are prescribed at z=0

V=vyp? forp=a,0<@<2m

Y%
0z
Find the potential function and the charge distribution.

=—=0, forp<a,0<@<2mn

Vo V15— p?
Answer: V(p,9,2) = e %— 2|2p
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z LI(p?+ ) +VI5-a2 O
E+A" " a[(p?+AY+7 [

Vo [J 1
2mp’Yp? - a2

Ir‘p-H/FaZD

O(p,(p) = ! a D

_1

p

25. The following boundary conditions are prescribed at z=0
V=vyp? forp=a,0<@<2m

oV

0z
Find the potential function and the charge distribution.

=0, forp<a,0<@<2rt

vy, O 2 Ia*-13
P*+2)?a2-12  2a°

Answer: V(p,9,2) =

2 2\ 1/2
o227 sin‘ﬂ—p *2) m
20+ 0 1, [
Note that the potential at the coordinate origin is finite, namely,
V(0,0,0) = 4v,/(3ma3).

2v,(2a% - p?
o=
26. The following boundary conditions are prescribed at z=0

V=vyp* forp=a,0<@<2m
)Y

0z
Find the potential function and the charge distribution.

=0, forp<a,0<@<2rt

2_2

%_\/szm

Answer: V(p,9,2) = L O

Vo
2(p2+22)2 |j)2+22

. 5
10 _o-e'pn,_z om0

30 0O 1, 00 2(p2+2A)@2 [
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_2(22-3p%), Ll(P*+ )2+ V13 -a7]
202+)* 7 a[(pP+A) P +7

The last expression simplifies at z=0:

—E _\/aZ_pZ_pZ\/aZ_pZD .
V(p,,0) _p4% 3 o [ forp<a;

and V(p,p0)=vy/p? for p>a. Note that the potentia at the coordinate origin is
finite, namely, V(0,0,0) =3v,/(8a%.

O
o(pcp)— p 30 3 [pript-a’

sz/papDa

27. The following boundary conditions are prescribed at z=0
V=(v,/p) €%, forp=a,0<@<2r
aVv

0z
Find the potential function.

=0, forp<a,0<@<2mi
Vi va?-1iQ
A V(p,92) == W%——
nswer: V(p,9,2) pe 2 0O
28. The following boundary conditions are prescribed at z=0
V =(v,/p?) €49, forp=a,0< <2t
oV

0z
Find the potent|a| function.

va?-10 1 [al-13
_ Vo i _ il 1y Y ™l
Answer: V(p,p,2) = ez % T a [3 0 a [

29. The following boundary conditions are prescribed at z=0

=—=0, forp<a,0<@<2mn

V=(vq/p®) %%, forp=a,0<@<2m
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Y%
0z
Find the potential function.

2_|2
Answer: V(p, (p,z)— 3@""%%—@7'1%

=—=0, forp<a,0<@<2mn

10 _mei-hion, 10 _mat-hn
3 0 a 0O 10 0 a [

30. Let the following boundary conditions be prescribed at z=0:
V=0, forp<a, 0<@<2r
oV _

9z~
Find the potential function and the charge distribution.

-210,/p?, o,=const, for p>a, 0< <21

Mo, | 1l(p%+2) 2 +VI3-a7
P+ a(p*+A+7]

Answer: V(p,9,2) =

o(p9=230-—=2=5 000 =-52

\/ 2 _ 2
31. Let the following boundary conditions be prescribed at z=0:
V=0, forp<a, 0<@<2m
oV _

0z
Find the potential function and the charge distribution.

=-210,/p%, 0,=congt, forp>a, 0<@<2m

40, Ii3-2 7 gn_lmp2+zz)”zg]]
p’+22[0 a (p?+2A)Y? O 1, [

Answer: V(p,9,2) =

o(p.0) = @ in'® == 21 Utor p<a; 0(0,0) = - 20,4(3mad).

32. Let the following boundary conditions be prescribed at z=0:

V=0, forp<a, 0<@<2m
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oV _
9z~
Find the potential function and the charge distribution.

-2mo,/p*, o,=congt, forp>a, O<@<2m

Answer: V(p,0,2) =————= 2)2%(—\/a -2 3z+ \/Iz

2(p*+

p2=22  Ll(p*+2)"* +vi3-a?d
@+ A7 A@+A+d ¢

2 2_A2
009 I ~5ar=tr 000 =g

33. Consider the boundary conditions on the plane z=0:

V=0, forp<a, 0<@<2m

v _
0z
Find the potential function and the charge distribution.

-2mo,/p)e'?, forp>a, 0<@<2m

Answer: V(p,9,2) = 21(0,/p) e""[\/lz a’-17,

o(p,) = (0,/p)e°0[1-aa®~p?].

34. Consider the boundary conditions on the plane z=0:

V=0, forp<a, 0<@<2m
aV_ 2 0]
37 2tallp )P, forp>a, 0<@<2m

Find the potential function and the charge distribution.

Answer: V(p,9,2) =T(0,/p%) VI3 -a% - 2z+z/a®-1%/a],

i 2 2_A2
oo =(e4pe I}~

35. Consider the boundary conditions on the plane z=0:
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90 CHAPTER 1 NEW RESULTS IN POTENTIAL THEORY

V=0, forp<a, 0<@<2m

%—\Z/:—Zn(cr?,/p?’)e?’“", forp>a, 0<@<2m
Find the potential function and the charge distribution.

. _3T[03 i@ 2 _ 2_8
Answer: V(p,0,2) = 20 e’ %Iz a*-z2

z i~ 1 [¥a’-liE0
+2a\/a 11 30 a 00

=95 ie __3a _at-p? (a2- p?)*2[]
o) =53¢ nd - T

36. Prove that the total charge QT in Problem 2 (1.4.26) can be expressed
directly in terms of the given charge density o as

21T

2

QT=;[J J o(p.¢) cos(2) pepdy

Hint: integrate (1.4.29).
37. Solve the problem above in the case when o=0,/p".

20,VTtr[(n-1)/2]
(n-2)F(n/2)a™?"

Answer : QT =

38. Prove that parameter x given in (1.5.35) can be defined by an aternative
expression

_V2Vmj(a) - sin¥(a/2) m5(T) Vcosa — cosh,
sina

with m; and m, defined by (1.5.1).

39. Prove that in the limiting case r - a formula (1.5.34) takes the form

2n
V(a,0.¢) = \/cong—[zcosaJ d
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T

y J V(B ¢y) SinB, dB,

Vcosa - cos, [1 - cos8 cos, — SinB sinB, cos(@— @,)]

40. Prove that in the case of axial symmetry formula in Example 39 above
simplifies as follows:

— ]T .
V(a, 9) = YosO — cosa V(B) sin6, d6,
’ s J Vcosa - cosB, (cos8 — cos8,)

41. Find the charge density distribution on a spherical cap a<6<m kept a a
constant potential V.

Vo [J V1-cosa +tan_1\/cosa—coseD

Answer: o(0) = —_—— ——
(6) 2rca [/cosa — cos0 V1-cosa [l

42. Consider a mixed boundary value problem for a sphere, subject to the
boundary conditions at r=a

0(0,9) =q,co0s6, for 0<B<a, 0<@E<2m,
V(a,0,9) =v,sinBcosy, for a<B<tm 0<@<2m,

with g, and v, being constant. Find: a)charge density distribution for a<O<r

b)the total charge on the sphere; c)the potential in space and on the sphere for
6<a.

Answers:

a) a(6,9) :1_21 do coseg—% +

1-cosa[] V1-cosa +tan Vv1-cosa []
3cosO [1/cosa - cosb Vcosa - cosOL]

vosinecoscpg1 3-ud 20
R 1\/1_“’f+3COS Hapy

with y, =sin(a/2)/sin(6/2), for 6>aq;

b) Q:gqoazsina(l—cosa);
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400
c) V(r,8,0) :3—qg C[(r®+a% cos*A, —|r®—a3 cos'A,] cosd
"0
20
+2arB%k1cosz——Azsm 2%
sin@ cos
+V0na—r(p[( 3+ad) st A —|r¥-a’|sint A, -arB(AT + A,
where
_ (r +a) cos(a/2)

Vma(a) + 4ar cosX(6/2) cosX(a/2)

[r —a] cos(a/2)

A,= ,
2 Vmi(a) - 4ar Sin4(6/2) co(a/2)

B =vma(a)/cos?(a/2) — m5(0).
On the surface of the sphere

2]

V(a,0,0) = % aq, Bcose cos'y, + 2c0s2 cos; \/ 1-p5 0

2
T—Tvosnecoscp[sn My, — MoV — 3],
with p, =cos(a/2)/cos(6/2), for O<a

43. Prove that x, in (1.5.59) can aso be presented as

_V2Vm&(a) - sin?(a/2) mgy(T) vVcosa — cose
o sina

44. Prove that n,, in (1.5.68) can also be presented as

T(x), (rP-8)(r5-&)
n, oX) = (X) - 2aT(x) '

with
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T(X) = 2Vm3(X) — cos?(x/2) m3(0) Vmz(x) — cos’(x/2) mz(0)/sinx.

45. Consider a boundary value problem for a charged sphere of radius a, with
discontinuous boundary conditions at r=a

V(a,0,9) =v,=const., for 0<8<a, 0<@<2m
V(a,0,9)=0, for a<B<m 0<@<2m

Find a)charge density distribution, b)the total charge, c)potential due to the
charged sphere.
Answers:
a)
[
E(k,)[] for 6<a;
[

()= Vo Eﬂ (=K, K,) = K(K,) .. 2sin(a/2) cos(6/2)
) = 5ra 7 Sin(ar2) cos(6/2) cosB - cosa

©) = D M(-K5.K>) . 2cos(a/2) sin(6/2)
d 2T[2a cos(a/2) sin(6/2) cos0 - cosa

for >0>q,
withk,=tan(a/2), K, =tan(6/2), K,=K,/K K, E, I arethecompleteellipticintegralsof the
first, second and third kind respectively.

. [l
E(k2)O
[l

b) Q=vyasin(a/2);

o) V(0,9 =20 ——lr=al g ) -k ),

T V1-c,Vl+c,

where
C, =cost,(a), cy=cost,(a), Ky=tan(a/2)/tan[t,(a)/2],

K,= tan[t,(a)/2]/tan[t,(a)/2], K = tan[t,(a)/2].
Hint: for detailssee (Fabrikant, 1987a,€)

46. Provetheidentities

[cosB — cost,(x)][cost,(x) — cosO] = Ei—;:g sin’e,
[cosx — cost,(x)][cost,(x) — cosx] = a-r ﬁ n2x,

@+rg>
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0t,(x) _sinB[cost,(x) —cosx] dt,(x) _sinx[cosO —cost,(x)] dt,(X)
0x  sinx[cost,(x)—-cos6] dx  sinB[cosx-—cost,(x)] ox

gntl(x)gntz(x)zs%r)zgnxgne,

(

sint,(X) _sinB[cost,(x) —cosx] _sinx[cost,(x) —cos6]
sint,(x)  sinx[cos®—cost,(x)]  SinB[cosx — cost,(X)]

4ar cosB cosx — (r —a)?

cost,(x) cost,(Xx) = (r +a)

cost,(x) + cost,(X) = %a;)z (cosx + cosB),

(
where t;(x) and t,(x) are defined by (1.5.5)



