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Abstract

Quantiles provide a comprehensive description of the properties of
a variable and tracking changes in quantiles over time using signal
extraction methods can be informative. It is shown here how sta-
tionarity tests can be generalized to test the null hypothesis that a
particular quantile is constant over time by using weighted indica-
tors. Corresponding tests based on expectiles are also proposed; these
might be expected to be more powerful for distributions that are not
heavy-tailed. Tests for changing dispersion and asymmetry may be
based on contrasts between particular quantiles or expectiles. We re-
port Monte Carlo experiments investigating the effectiveness of the
proposed tests and then move on to consider how to test for relative
time invariance, based on residuals from fitting a time-varying level
or trend. Empirical examples, using stock returns and U.S. inflation,
provide an indication of the practical importance of the tests.
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arity tests; stochastic volatility, value at risk.
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1 Introduction

Tests for serial correlation and stationarity are mostly applied to the level
of a time series. For financial time series, movements in the variance are



often of interest so serial correlation and stationarity tests are applied to
squares or absolute values (possibly after first removing the mean). However,
the distribution of a variable may display changes over time that are not
captured by the level or variance. For example, there may be movements in
skewness or the tails. Quantiles provide a more comprehensive description of
the properties of a variable and tracking changes in quantiles over time can
be informative. Indeed, lower tail quantiles are used to define Value at Risk
(VaR), a measure that is of considerable importance in financial regulation;
see, for example, Engle and Manganelli (2004). In a recent paper, De Rossi
and Harvey (2006) explain how time-varying quantiles may be estimated
using state space signal extraction techniques. Figure 1, taken from that
paper, shows quantiles, modeled as random walks, fitted to General Motors
daily stock returns.! The present paper generalizes serial correlation and
stationarity tests so as to test the null hypothesis that a particular quantile
is constant over time. These tests are based on statistics constructed from
quantile residuals coded as weighted indicators. The main concern is with
stationarity tests, where the test statistics can be shown to have the usual
(asymptotic) Cramér von Mises distribution under the null hypothesis. The
proof is a generalization of that given by De Jong, Amsler and Schmidt (2007)
for the indicator test based on the median.

De Jong, Amsler and Schmidt (2007) show that for most distributions
with finite variance the indicator-based stationarity test is less powerful than
the standard test based on residuals from the mean. We therefore seek to
generalize the standard stationarity test to provide alternatives to the indi-
cator tests for the constancy of quantiles. We do this by first noting that
expectiles have been proposed as an alternative - or complement - to quan-
tiles; see, for example, Newey and Powell (1987), Efron (1991) and, in a time
series context, De Rossi and Harvey (2007). We then define residuals based
on expectiles and show that they can be used to construct stationarity tests
with the usual asymptotic distribution. By matching up an expectile with

!The stock returns data used as illustrations are taken from Engle and Manganelli
(2004). Their sample runs from April 7th, 1986, to April 7th, 1999, but the figure uese
only the first 2000. The large (absolute) values near the beginning of figure 1 are associated
with the great crash of 1987.

The histogram of the series from observation 501 to 2000 (avoiding the 1987 crash)
shows heavy tails but no clear evidence of skewness. The excess kurtosis is 1.547 and the
associated test statistic, distributed as x? under normality, is 149.5. On the other hand,
skewness is 0.039 with an associated test statistic of only 0.37.
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Figure 1: Quantiles fitted to GM returns

a quantile, an expectile based test can be used to test the constancy of a
specific quantile. We investigate the asymptotic properties of such tests and
carry out Monte Carlo experiments to compare their performance with that
of quantile indicator tests. We also propose ways in which they may be made
robust to heavy tails, a property that is a feature of quantile indicator tests.

If the level, as represented by the median, is constant, we can focus on
other quantiles and contrasts between them. Stationarity tests built around
contrasts allow inferences to be made about possible time variation in disper-
sion and asymmetry. Multivariate tests can capture movements in different
parts of the distribution. We report Monte Carlo experiments investigating
the effectiveness of various new tests and comparing them with standard pro-
cedures and with the Box-Ljung tests based on quantile indicators that are
proposed in Linton and Whang (2007). We then move on to consider how
to test for relative time invariance, in other words whether the distribution
around a possibly nonstationary level is constant over time. The tests are
based on residuals from fitting a time-varying mean or median. We discuss
the implications of working with such residuals and investigate test perfor-
mance by simulations. Monthly figures on the US rate of inflation are used



as an illustration.

2 Quantile stability tests

Let £(7) denote the T—th quantile. The probability that an observation is less
than £(7) is 7, where 0 < 7 < 1. Given a set of T" observations, y;,t = 1,.., T,
the sample quantile, E(T), can be obtained by sorting the observations in
ascending order. However, it is also given as the solution to minimizing

S =S — Iy — &(r) < ) — £(7)

with respect to £(7), where I(.) is the indicator function. Differentiating
(minus) S; at all points where this is possible gives

T

S 10y — €(7)).

t=1

where

_ T = 17 Zf Yr < é-(T)

Q- ) ={ TN s )
defines the quantile indicator function. Clearly, the quantile indicator func-
tion is not continuous at 0 and thus the minimization problem cannot be
solved by the first order conditions. A sample T—quantile is a point such
that the number of observations smaller, that is y; < £(7), is no more than
[T'7] while the number greater is no more than [T'(1 — 7)], where [x| denotes
the integer less than or equal to x.

When evaluated at the sample quantile, we call (1) the 7- quantic, i.e.

IQ(y,—&(7)), t =1,...,T. The quantics sum to zero if, when an observation
is equal to E(T), the corresponding quantic is assigned a value between 7 — 1
and 7 to ensure that this is the case. If 7't is an integer, the sample quantile
will normally lie at some point between observations, in which case the mean
of the quantics is automatically zero, while the sample variance is equal to
T(1—17).

The properties of the quantile indicator (1) are summarised by the fol-
lowing proposition, that can be proved by standard arguments.



Proposition 1 (A) If&(7) is the unique population T— quantile and the prob-
ability density function is continuous positive in the neighbourhood of (1),
then the T-th quantile indicator has a mean of zero and a variance of T(1—7).
(B) If y, are strictly stationary random variables then the quantile indicator
18 both strictly stationary and covariance stationary since its moments always
exst.

Covariance stationarity of 1; also induces covariance stationarity of the
quantile indicator. However, transforming to indicators tends to weaken the
correlation structure. Any autocorrelation for the 7-th quantile indicator is
related to the corresponding autocorrelation of y;, denoted p,,, by the formula

7L (&(7);p,) + (1 = 7)L (=£(7); p,)
T(1—17)

p-(p,) = -1 (2)
where L(£(7); p) = Pr(y: > &(7), yi—x > &(7); p) with k any integer; see ap-
pendix A. Note that p_(0) = 0, as it should be. The left-hand panel of Table
1 shows how the correlations of the quantile indicators vary with p, and 7
for a Gaussian process?; the figures are obtained by simulation. The corre-
lation is significantly weaker as we move towards the tails and there is an
interesting asymmetry in that negative correlations weaken much more than
positive ones.

De Rossi and Harvey (2006) have recently proposed a signal extraction
procedure based on the model

yr = () + &(1), t=1,..T, (3)

where the disturbances ¢;(7) are independently and identically distributed
with Pr(e,(7)) < 0 =7 for 0 < 7 < 1. The assumption that &,(7) follows a
stochastic process, such as a random walk,

&) =& (M) +m(r),  m(r) ~ NID(0, o)), (4)

where 7,(7) is normally and independently distributed with mean zero and
variance af](T), and is independent of &,(7), is essentially a device for inducing
local weighting of the observations.

2For a Gaussian process, the formula for the median simplifies to p, 5 = 27! arcsin (py)
since L(0; p) = 0.25 + (1/27) arcsin(p); cf. Abramowitz and Stegun (1964, p 936-9),



A test of the null hypothesis that a quantile is constant may be based
on the quantics, IQ(y; — &(7)), t =,...,T. If the alternative hypothesis is
that the quantile follows a random walk, as in (4), a modified version of the
basic stationarity test of Nyblom and Miikeldinen (1983) is appropriate. The
test statistic of Nyblom and Mékeldinen uses residuals from a sample mean
and its asymptotic distribution is a Cramér-von Mises (CvM) distribution;
the 1%, 5% and 10% critical values are 0.743, 0.461 and 0.347 respectively.
Nyblom and Harvey (2001) show that the test has high power against an
integrated random walk while Harvey and Streibel (1998) note that it also
has a locally best invariant interpretation as a test of constancy against a
highly persistent stationary AR(1) process. This makes a modified version
of the test entirely appropriate for the kind of situation we have in mind
for time-varying quantiles; see our figure 1 and also figure 9 in Linton and
Whang (2007).

Allowance for a weak dependence structure in the data can be made by
using a non-parametric estimator of the long run variance of the quantile
indicator (denoted as 02 (Q; 7)), as in the KPSS test of Kwiatkowski et al.
(1992) that generalizes the basic setup of Nyblom and Mikelidinen. The test
statistic for the null hypothesis of constant 7-th quantile is then

T t

n-(Q) = m > (Z 1Q(yi —E(T))> ) (5)

’ t=1 =1

where 57.(Q;7) = 4,(Q;0) + 237, k (j/m) 3,(Q;.4), k (j/m) is a weighting
function, such as the Bartlett window, 1 — |j|/(m + 1), and 7,.(Q;j) is the
sample autocovariance of the quantics at lag j. The case of 7 = 0.5 was
dealt with in De Jong, Amsler and Schmidt (2007) - hereafter DAS - where
the aim was to obtain a stationarity test robust to heavy tail distributions.
The statistic (5), on the other hand, can be applied to any quantile and so
it allows us to detect time variation in different parts of the distribution.

Proposition 2 Under the assumptions of DAS (2007, p.314) with median
1

replace by T-quantile, n._(Q) <, / (W (r) —rW(1))*dr = CoM, where W (r)
0

1s a standard Brownian motion.

The main assumptions required to prove the proposition are strict sta-
tionarity, weak dependence in the form of a-mixing, and continuity of the
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density function at the 7-quantile. The proof is an extension of the one pro-
vided in DAS for the case 7 = 0; see the working paper, Busetti and Harvey
(2007), for details. Note that the invariance principle for the quantic holds
without moment assumptions on g;. This is important for applying the tests
to financial time series where distributions are typically heavy tailed.

Remark 3 If, in addition, the y; are independent and identically distributed,
the same limiting distribution applies when the test statistic (5) is modified
by replacing 63 (Q;7) with T(1 — 7), the variance of the quantic.

A joint test to see if a group of N quantiles show evidence of changing
over time can be based on a generalisation of (5), namely

nA(QN) =T [Z 1Q, Z IQZ-] , (6)

where the j — th element of the N x 1 vector 1Q, is 1Q(y; —;SV(T]-)) and € is
a the corresponding non parametric estimator of the NV x N long-run covari-
ance matrix of IQ,. Under IID observations €2 can be replaced by the matrix
with jk — th element equal to 7,(1 — 1) for 7, > 7;; see appendix B. Under
the null hypothesis of strict stationarity (with the regularity conditions of
assumption 1 holding for all quantiles {(7y), ..., £(7n)), the limiting distrib-
ution of n,(Q; N) is Cramér-von Mises with N degrees of freedom, denoted
CvM(N). The proof is straightforward given the result for tests based on
a single quantile. For example, if the median is assumed to be constant, as
might be the case with stock returns, a test on the 5,25,75 and 95 % quantiles
might be regarded as a general test for a change in the distribution over time.

!/

A-1

3 'Tests based on expectiles

Expectiles are measures of location similar to quantiles but they are de-
termined by tail expectations rather than tail probabilities. If F(y) is the
distribution function of a random variable y with finite mean, setting

o0

p(w)
<1—w>/_ (y—u(w))dF(y)er/( (G- uE)aP),  0<w<l
(7)



to zero gives a unique solution for the w—expectile, denoted p(w); see Newey
and Powell (1987, theorem 1). The sample expectile, fi(w), is obtained by
minimizing the asymmetric least squares function

Su = lw—1(y = pw) <0)| (g —pw)’, 0<w<l1

with respect to p(w). Differentiating S, and dividing by minus two gives

D 1By — p(w)) (8)

where

TE(y— 1) = lw — Iy — p(@) < 0)] (yi—p(@)),  t=1,..T. (9)

There is no problem with defining 7 E(0) : since (9) is continuous, / F(0) = 0.
The sample expectile, fi(w), is the value of u(w) that makes (8) equal to zero.
Setting w = 0.5 gives the sample mean; for other w, fi(w) can be obtained by
successive iterations.

For symmetry with quantiles, we refer to (9) as the w-th expectile indicator,
even though it is only partly based on an indicator function. When evalu-
ated at the sample expectile we call it the w-expectic, i.e. [E(y; —p(w)), t =
1,...,T. The expectics sum to zero by construction. As regards the proper-
ties of the expectile indicators, it can be easily seen that (i) they have zero
mean and finite variance if the variance of y; finite, (ii) they are covariance
stationary under covariance stationarity of y;. The right hand panel of table
1 shows that expectile indicators exhibit weaker serial correlation than the
original series, although less weak than for quantile indicators.

DAS show that for most distributions with finite variance the indicator-
based stationarity test is less powerful than the KPSS test (based on residuals
from the mean). This leads us to investigate stationarity tests based on
expectics. The statistic is

):zixz;ﬁmw—ﬁwm2

, 10
TQE%(E; T) (10)

n.(E



where 67 (E;7) = 4,(E;0) 42 Yok (G/m) A, (E5 ), k(j/m) is a weighting
function, such as the Bartlett window, and 7,(E;j) is the sample autoco-
variance of the expectic at lag j. The case of w = 0.5 corresponds to the
standard KPSS test.

Under the null hypothesis of independently identically distributed obser-
vations one would replace 53 (F;7) by 4. (E;0). Using the results of Newey
and Powell (1987) on the distribution of the sample expectile, one can show
that the null distribution of (10) is CvM, as for the quantic based test (and
the KPSS). The proof is in appendix C. A joint test on a group of N expectile
can be constructed by adapting the statistic (6) appropriately.

As expectiles can be mapped into quantiles, one can use expectile based
statistics to test for constant quantiles. As noted by Efron (1991), counting
the number of observations smaller than an estimated expectile gives the
value of 7 needed for it to be interpreted as a quantile. Conversely, to find
the value of w for a (sample) expectile that makes it equal to the T—quantile,
we note that a simple re-arrangement of (8) when it is set to zero and f(w)

is set to £(7) gives

o= nyg(f)(yt —&(7)) _ (11)

Zyt<g(7) (g — &(7)) — Zytzg(ﬂ (y: — &(7))

Thus an expectic may also be based on the 7 — th quantile, in which case we
will call it a 7—expectic and write it as

TE(y: —&(1) = |0 = I(ge = &(7))| (e — &(7)),  t=1,...T, (12)

where @ is defined by (11). The constancy of a particular quantile can be
tested by using the 7-expectic to construct a statistic analogous to (10),
denoted 7,.(F). In section 5 we compare the power properties of this test
with the one based on quantics for various distributions.

Finally, expectile tests could be made robust by Winsorizing the obser-
vations, that is observations greater in absolute value than a tail quantile
are set equal to that quantile. A simple procedure is as follows: (i) estimate
the T—quantile; (ii) Winsorize the observations using a robust measure of
range; (iii) find w and carry out the expectic test. The precise way in which
Winsorizing is carried out may vary with 7.



4 Properties of the tests

We now compare the performance of quantic and expectic tests for the model

yt:ut+€t7 :ut:ut—l_'_nt? t= 17"'7T7 (13)

where ¢, is strictly stationary with zero median, while 7, «~ NID(0,07).
Since the distribution of ¢; is time invariant, the (time-varying) quantiles
of y;, defined as the corresponding quantiles of ¢; plus p,, are a constant
distance apart and each corresponds to an expectile. The null hypothesis for
all tests corresponds to 03, =0.

For the quantic tests, the model can be regarded as the same as (3) with
, being the median, £(0.5), and &,(7) being the median plus a constant,
while &;(7) is equal to &;, minus the same constant. Thus in terms of (4),
0727(7) = a%, and, for a given 7, we could think of the stationarity test as
testing Hy : o7 > 0. The probability of rejection
(possibly size corrected) can then be formally interpreted as power.

For a Gaussian series the quantic test for 7 = 0.5 is less powerful than
the standard stationarity test. This is hardly surprising since the latter is
LBI and it is shown in DAS that the asymptotic distributions under the
alternative are different. The extent of the difference can be seen in the
simulations in DAS. On the other hand heavy-tails can favour the indicator
test and the interesting question is then whether some kind of robustification
can swing the balance back to a residual based test. We seek to investigate
this matter for a range of 7.

Linton and Whang (2007) study the quantilogram, the plot of the auto-
correlations calculated from the quantics, and investigate the performance
of Box-Ljung tests for a range of 7. Assuming symmetry, they show that
the statistic constructed from 7—quantics, which we denote as BL,(P), has
the usual asymptotic x% distribution, where P is the number of lags in the
autocorrelations. They find a fall in power towards the tails, that is as 7
approaches zero and one. One could extend their ideas by constructing the
‘expectilogram’ and Box-Ljung statistics from the expectics. Our main in-
terest, though, is in seeing how the expectic stationarity tests behave as we
move towards the tails. Note that, for the model under consideration, the
probability of rejection with the BL,(P) test is likely to be somewhat be-
low that of the corresponding stationarity test. From Harvey and Streibel
(1998), the stationarity test statistic can be written n = —T7~'>", kry,where

() = 0 against H; : 0727(

7)
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ri is the lag k& sample autocorrelation, showing the importance of high order
autocorrelations.

4.1 Monte Carlo simulations under the random walk
plus noise data generating process

A limiting representation of the statistics 1. (Q) and 7,.(F) under the I(1)
data generating process (13) is given in the working paper version Busetti
and Harvey (2007): in particular, it is showed that both statistics are of
O,(T') which demonstrate the consistency of the tests against the I(1) al-
ternative. Here we present finite sample Monte-Carlo evidence on the size
and power properties of the quantic and expectic tests under the same data
generating process (13). The statistics 7, (Q) and 7, (E) are constructed for
the case of IID errors under the null, i.e. the long-run variance estimator is
replaced by the sample variance of the quantic/expectic. To shed light on
the behaviour of the tests with respect to fat tails, three cases are considered
for the noise process®, &;: (i) N(0,1), (ii) t-distribution with three degrees of
freedom, (iii) Cauchy distribution. In all cases the random walk component
is driven by a Gaussian disturbance with variance equal to 03] = ¢*/T?, for
c = 0,2.5,5,10,25,50. The quantic and expectic tests are compared with
the quantic Box-Ljung statistic, introduced by Linton and Whang (2007).
Tables 3,4 and 5 contain the rejection frequencies of the tests for the case
T = 200 (and 50,000 replications); additional results for other sample sizes
are available upon request. Because of symmetry, we only present results for
7 <0.5.

The main conclusions for the Gaussian case, reported in Table 3, are as
follows.

(a) Except when 7 = 0.01, the empirical sizes of the quantic and expectic
tests are very close to the nominal 5%; on the other hand a test based only
on the first autocorrelation coefficient, denoted BL(1), does not appear to
control size very well in the tails.

(b) As expected, power? increases with ¢ for all tests.

(c) Power falls off as we move towards the tails.

3DAS put the same distribution on the disturbance driving the random walk.
4Power here means the proportion of rejections; no attempt has been made to correct
for size.
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(d) The IE test is more powerful than 1Q, except when 7 = 0.01 (when
the IE test is very undersized).

(e) The IQ stationarity test is generally far more powerful than the Box-
Ljung test of Linton-Whang with 5 autocorrelations, BL(5), except when ¢ =
50 when the rejection probabilities are close to one (using 10 autocorrelations
would give a little more power, with a gain of the order of 1% to 5%). BL(1)
is clearly dominated.

The IKPSS test (with m = 0) of DAS corresponds to our IQ test for
7 = 0.5 and the simulation results in their table 3 for T' = 200 are consistent
with the rejection frequencies of our table 1 (note that their A = 0.01 would
imply ¢ = 20).

The results for ¢(3) errors are reported in Table 4. The IQ and IE tests
still appear to control size well, except in the tails when they are somewhat
undersized, particularly IE. The main difference® with table 1 is that I(Q is
now more powerful than /F. (This remains true even with size correction).
Finally, when errors are taken from a Cauchy distribution the /@) test still
appears to control size well and display good power properties at least in
the central quantiles; see table 5. The expectic test is not valid in this case,
and is undersized. (The extent of the undersizing for 7 = 0.5 is the same as
reported by DAS). The rejection frequencies under the alternative are very
low.

4.2 Serial correlation

Correcting the 1Q and IE tests to allow for weakly dependent errors im-
plies the usual trade-off between size and power, as shown in Kwiatkowski
et al. (1992) for the standard KPSS test. Table 6 presents Monte Carlo
evidence for a data generating process® made up of a random walk plus an
AR(1) process with parameter ¢ = 0.5. The disturbances are either N(0,1)
or scaled” Cauchy, with the random walk component scaled by a factor
o, = q = 0,.0001°,.001-°,.01°,.1°,1. The sample size is T = 200 with

®Power is slightly lower than in Gaussian case, but the variance of the t3 distribution
is three and so the signal-noise ratios are smaller.

6The experimental design is as in DAS and our results for 7 = 0.5 correspond to those
contained in their table 1 (lower part) and in their table 4 (except that they present
size-adjusted power, while we give rejection frequencies).

""Scaled Cauchy" means a Cauchy random variable multiplied by 0.1, so that the noise
is not too small or large and hence rejection frequencies take meaningful values.
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the lag truncation parameter m = int (4 (T/100)" 4) = 5. With this choice

of m, both tests are generally oversized, the worst case being the I() test
with Cauchy errors. Under Gaussianity, the rejection frequencies under the
alternative largely mirror the 11D case, with the I E test being more power-
ful. The results for the Cauchy distribution are rather surprising, however,
since although the IE test is not valid, it is less oversized than the IQ test
and the rejection frequencies are much higher than in the IID case.

Even the standard KPSS test is oversized with the above DGP. The over-
sizing of all tests becomes greater as ¢ moves towards one, though since the
aim is to detect slowly near persistent movements this is not necessarily a
bad thing.

Table 7 shows result for the stationary component following an MA(1)
with negative first-order correlation of —0.4 (the parameter ¢ is -0.8). In
contrast to the previous table the tests are now undersized, particularly for
expectics. Nevertheless, in the Gaussian case, the I E test dominates the 1Q)
test even for the smallest g considered. With (scaled) Cauchy disturbances,
the rejection frequencies are well below those of the I() test except when ¢
is high.

In section 2 we showed that serial correlation tends to fall as 7 moves
towards zero or one. This suggests that it might be useful to adopt a rule
that gives lower values of m for such values.

4.3 Multivariate tests

Simulation evidence (not reported here) shows that there is no power gain
from considering many quantiles (with respect to just considering the me-
dian) when the data is generated from a random walk plus noise. This is
to be expected since all the quantiles and expectiles follow exactly the same
path, differing only by a constant. On the other hand the power does not
appear to fall as more tests are combined. Thus a failure to reject can be
confidently interpreted as time invariance rather than low power against a
time series that is nonstationary in the level.

To illustrate, we generated 500 observations from a scale mixture of two
Gaussian distributions with time-varying weights and variances chosen so as
to keep the overall variance constant over time. Figure 2 shows the absolute
values of the series and 98%, 90% and 50% quantiles, corresponding to 1%,
5% and 25% in the original series. The 98% and 90% quantiles diverge,
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Figure 2: A tail of two quantics

reflecting the changing behaviour in the tails. The IQ test statistics for
7 = .98 and 0.9 were .214 and .594 respectively, so only the second rejects
at the 5% level, though not at the 1% level. The joint test statistic is 1.265,
which clearly rejects at the 1% level (the 5% critical value is .748, while the
1% is 1.074). The reason is that the correlation between the two quantics
under the null is 0.44 but in this series the quantiles head off in different
directions.

Adding the 50% quantics gives a joint test of 1.633. The individual test
statistic for the 50% quantics is 0.311; this is not significant at the 10% level,
which is hardly surprising given that the 50% quantile shows little movement.
However, incorporating the 50% quantics into the joint test appears to have
little adverse effect since the 1% critical value is 1.359.

5 Empirical illustration: GM stock returns

Test statistics for the daily GM returns of figure 1 are shown in table 2 for
a range of quantiles and various values of m in the nonparametric estimator
of the long-run variance. All the quantic stationarity tests, including the
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median, reject the null hypothesis of time invariance at the 1% level of sig-
nificance when m = 0. However, the test statistic for 7 = 0.01 (not reported
in the table) is only 0.289 which is not significant at the 10% level. Similarly
the statistic is 0.354 for 7 = 0.99 which is only just significant at the 10%
level. The values of the test statistics fall as m increases, but they all still
reject at the 5% level of significance. In a situation where independence is a
reasonable assumption under the null hypothesis, this fall is to be expected
given what is known about the estimator of the long-run variance in other
contexts; see, in particular, the Monte Carlo results for the median indicator
test in DAS.

The expectic tests, 1, (F), do not reject for 7 < 0.5, except in one case
where the test just rejects at the 10% level. There are more rejections for
7 > 0.5, but rarely at the 1% level. The outlying values around the time of the
stock market crash of 1987 probably account for the low power. Robustifying
the tests, by setting the observations less than the 0.01 quantile or greater
than the 0.99 quantile equal to the corresponding quantile (Winsorizing),
leads to far more rejections, but in most cases the test statistics are still less
than the corresponding quantile statistics. This is perhaps a little surprising.

The Box-Ljung statistics are based on quantiles and here m is the number
of lags in the autocorrelations, except that the column headed 0 refers to one
lag. There are clear rejections in the tails, particularly 7 = 0.05 and 0.1, but
not at the quartiles. The 5% critical values for 1,8,17 and 25 lags are 3.84,
15.5, 27.6 and 37.7 respectively.

6 Contrasts

A quantile contrast is a linear combination of quantiles. The contrasts be-
tween complementary quantiles, that is

De(1) =&,(1 — 1) —&(7), 7 < 0.5, t=1,..,T (14)
yield measures of dispersion. For a symmetric distribution
Se(r) = &(7) + &1 —7) — 2£,(0.5) (15)

is zero for all t =1, .., T, so a plot of this contrast shows how the asymmetry
captured by the complementary quantiles changes over time.
A test based on a quantic contrast,

alQy, — £(m1)) + bIQy, — &(12)),  t=1,..,T,
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where a and b are constants, can be useful in pointing to specific departures
from a time-invariant distribution. The corresponding population quantile
indicator contrast has a mean of zero and a variance® that can be obtained
by using the formula

cov(I1Q(y: — &(71)), 1Q(y: — &(72)) = T1(1 — 72), Tg > T1, (16)

derived in appendix B. Tests statistics analogous to n,.(Q) and n,(Q;m) can
be constructed from the sample quantic contrasts. Under the conditions of
proposition 1 applied to each quantile, they have the CvM distribution when
the observations are, respectively, I1D or strictly stationary. Similar tests
can be constructed using expectics.

6.1 Dispersion

A test of constant dispersion can be based on the complementary quantic
contrast

DIQy(r) = 1Q(y; — £(1 — 7)) — IQ(y: — &(7)),  7<05  (17)

This mirrors the quantile contrast, £(1 — 7) — £(7), used as a measure of
dispersion. It follows from (16) that the variance of the population quantic
contrast is 27(1 — 27). The test statistic will be denoted 7,.(DQ).

A complementary expectic contrast, denoted DI E;(w), can be constructed
in a similar way. The contrast can be matched to a given 7 and hence de-
noted DIFE;(7). Values of w and 1 — w are obtained from (11); they could be
constrained to add to one if desired. The statistic will be denoted 7, (DE).

A test of constant dispersion can be constructed using the quantics from
the (1 — 27)th quantile for the absolute values, |y;|, when the median is
zero. For known quantiles, it is shown in appendix D that DIQ;(7) is equal
to IQ(|lys] — &£(1 — 27)) when there is symmetry. Thus any difference in
performance comes from enforcing the restriction that & (7) 4+ £ (1 — 1) = 0.

For known expectiles, DIF;(w) is not, in general, equal to I E(|y,| —
€(1 — 27)). Forming expectics from the mean of absolute values gives the
stationarity test of Nyblom and Mékeldinen (1983) which Harvey and Streibel
(1998) find to be more powerful than a test based on squared observations

81If neither E(T> nor E(l — 7) coincides with an observation or observations, the sample
and population covariances are exactly the same, as are the variances.
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for detecting stochastic volatility. Note that for a Gaussian distribution, the
mean of absolute values, y/2/7, corresponds to the complementary quantiles
at 7 = 0.288 in the original series.

6.1.1 Monte Carlo experiments for the stochastic volatility model

Here we consider the stochastic volatility model

v = erexp(0.5h), e «~ NID(0,1) (18)
ht = ¢ht,1 + Kt, Ry N[D(O, O'i) (19)

with hy = 0. Table 8 reports Monte Carlo simulated percentage rejections
for tests, all with m = 0, based on the following statistics: (i) single quantile
tests, 1,.(Q) and n_(E); dispersion tests 1, (DQ) and n.(DE); n,_,,.(Q) and
My _o.(F) computed from |y,|.

The figures are for a sample size T' = 1000, ¢ = 1 (integrated volatility)
and o, set to 0, .005, .01, .02, .03, .05. Because of symmetry we only report
results for 7 < 0.5. As in the earlier tables, the number of replications is
50,000. The main findings are as follows.

(a) The n.(Q) tests reject the null hypothesis of constancy with increasing
frequency as 7 moves towards zero or one. The expectic tests, n_(E), display
similar behaviour, except that the rejection frequencies are essentially the
same for 7 = 0.15 and 0.05.

Although y; is not strictly stationary when there is integrated stochastic
volatility, the sizes of the quantic and expectic tests for 7 = 0.5 are affected
very little; even with o, = 0.05, they are still below 0.06. This is consistent
with the theoretical analysis in Cavaliere and Taylor (2005).

(b) Power is monotonically increasing with o,.

(c) The expectic test, n.(E), appears to be more powerful than the quantic
test, 1.(Q), except in the tails.

(d) As expected, the dispersion tests, 7.(DQ) and n_(DFE), reject more
frequently than the corresponding single quantile tests, 1,(Q) and 71, (E).
The expectic dispersion tests show a clearer domination over the dispersion
quantic tests than do the corresponding single quantile tests. Furthermore,
for the range of 7’s that we consider, the power of 7_(DQ) continues to
increase as we move towards the tails, while that of n_(DFE) falls off slightly.
The best choice for the expectic test seems to be a value of w corresponding
to 7 = 0.25.
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(e) The rejection probabilities for the quantic tests based on absolute
values are very close to those of the 7_(DQ) tests. The earlier theoretical
analysis indicated that the statistics are identical for known quantiles and it
appears that enforcing the symmetry restriction when estimating quantiles
makes little or no difference. On the other hand, the expectic tests based
on absolute values do behave somewhat differently from the 7, (DE) tests.
They are more powerful for 7 = 0.15 and 7 = 0.05, but less powerful for
7 =0.25 and 7 = 0.33. The best tests against stochastic volatility appear to
be the ones based on 7, (DE) with 7 equal to 0.25 and the absolute value
expectic test with 7 = 0.15.

(f) We confirmed (in experiments not reported here) that all the tests
display a tendency to reject the null hypothesis for very persistent but sta-
tionary volatility, for example, ¢ = 0.99; see Harvey and Streibel (1998).
However for ¢ = 0.95, we found rejection frequencies close to the nominal
size of 0.05.

The results for heavy-tails disturbances, generated by &; having a t-
distribution with three degrees of freedom, are presented in Table 9. As
with Gaussian disturbances, the test sizes are all close to the nominal. The
main differences are as follows.

(a) The power of the single quantile test is now maximized at 7 = 0.15
rather than 7 = 0.05. The power of the expectic test is also maximized at
7 =0.15.

(b) The quantic tests are more powerful than the corresponding expectic
tests for all 7. Even though 2 = 3, rather than one, the rejection frequencies
for quantic tests are actually higher than those for Gaussian disturbances.
On the other hand the rejection frequencies for expectic tests are lower.

(c) As regards the dispersion tests, the rejection frequencies for expectics
are higher than those of quantics for 7 = 0.33, but smaller for 7 = 0.15 and
7 =0.05.

(d) In contrast to the Gaussian case, the absolute value expectic test is
now more powerful than the n_(DE) test for all quantiles. The best choice
seems to be 7 = 0.25. However, the absolute value quantic test - and the
very similar 7, (DQ) test - has higher rejection frequencies for 7 = 0.15 and
7 = 0.05. If heavy tails are a possibility, a quantic dispersion test based on
7 = 0.15 might be the best option.
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6.1.2 Financial time series

For GM, the test statistics 7. (DQ) for the interquartile range and the 5%/95%
range are 3.589 and 3.210 respectively. Thus both decisively reject. The cor-
responding expectic statistics, n.(DFE), are 2.567 and 0.506. The failure to
reject for 7 = 0.05 is consistent with the Monte Carlo results of the previous
sub-section.

6.2 Asymmetry

A test of changing asymmetry may be carried out using the quantic contrast

SIQi(r) =IQ(y: — €1 — 7)) +IQy, — &(7)),  7<05  (20)

The variance of the population contrast is 27 and it is uncorrelated with
the population contrast corresponding to DIQ(7). The sample values are —1
when 3, < £ (), 1 when y, > £(1 — 7) and zero otherwise. The test statistic
will be denoted 7. (5SQ).

For GM returns the asymmetry test statistics are 0.133 and 0.039 for
7 = 0.25 and 7 = 0.05 respectively. Thus neither rejects at the 10% level of
significance. The same is true of the expectic tests where the test statistics
are 0.061 and 0.069. However, changing skewness may be a feature of some
financial time series, as shown in Harvey and Siddique (1999).

6.3 Combined tests

A multivariate test statistic for a pair of complementary quantics, denoted
Na(r) (@), contains information on changing dispersion and asymmetry. In fact
since the population quantile indicator contrasts corresponding to DIQ(T)
and SIQ(7) are mutually uncorrelated, it follows that, if the variances and
covariances in the test statistics are set equal to population values, then

Mo (Q) = n(DQ) +n.(5Q),  7<0.5. (21)

This will be approximately true when the long-run variance is estimated. For
expectiles, the population variables corresponding to DIQ(7) and SIQ(7) are
only uncorrelated if the distribution is symmetric.

For GM, the multivariate test statistic, 7,,(Q), based on the 0.25 and
0.75 quantics is 3.722, which is exactly equal to the sum of the dispersion
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and asymmetry test statistics, 3.589 and 0.133. This clearly rejects as the 1%
critical value is 1.074. The corresponding multivariate statistic for expectiles,
Na(ry(E), is 2.669 which, although not equal to the sum of the dispersion and
asymmetry test statistics, 2.567 and 0.061 respectively, is not too far away.

7 Relative time invariance

In looking at quantic and expectic tests so far it has been assumed that the
location, that is the median and/or mean, is constant. Our main concern in
this section is when the median and/or mean might be changing over time.
The aim is to test time invariance of aspects of the distribution apart from
its location. An example is provided by monthly U.S. inflation, as measured
by the first difference of the logarithm of the personal consumer expenditure
deflator (all) from 1959(1) to 2005(6); see Stock and Watson (2007) . The
level was obtained by fitting a random walk plus noise using the STAMP 7
package of Koopman et al (2006). The signal-noise ratio was estimated by
maximum likelihood as ¢ = 0.074. The smoothed level is clearly not constant
(indeed stationarity tests on all quantiles reject as one would expect), but
there may be issues of changing dispersion, as highlighted recently by Stock
and Watson (2007), and asymmetry.

7.1 Residuals and tests

We first consider testing the null hypothesis of the time-invariance of a given
quantile with respect to the median, that is

(1) =a, +6(05), t=1,..,T (22)

where ., is a constant. Thus in (3) &;(7) = £,(0.5) — a.. The model therefore
corresponds to the alternative hypothesis used for the investigation in section
5.

_ Quantic tests may be carried out by estimating the time-varying median,
€,(0.5), as in De Rossi and Harvey (2006), and then constructing the 1Q(y; —
Et(T))/S, where Et(’i') = Q4,+&,(0.5) and @, is the 7—th quantile of the residuals
from the median, y,—&,(0.5). Expectics, ]E(yt—gt(T)) in the notation of (12),
could be computed for given quantiles and the corresponding tests carried
out as usual.
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Quantic tests, and the corresponding T—expectic tests, can also be based
on the quantiles computed from the residuals from the time-varying mean,
that is y; — 11,(0.5),¢t = 1,...,T. This raises an immediate issue, which is that
when a signal plus noise model with a unit root is fitted, the residuals are
strictly non-invertible. As a consequence, the long-run variance is zero. This
non-invertibility does not carry over to the median indicators because as was
shown in section 2 the correlations are all closer to zero. As 7 moves to-
wards the tails, the correlations become even smaller in absolute value. The
same is true for the expectics, but the reductions are smaller. This weaken-
ing of the autocorrelations is more pronounced for negative autocorrelations
and for a strictly non-invertible process, with spectrum at zero frequency,
> re, p(k) = —0.5, and so negative values dominate. For example, (in a dou-
bly infinite sample) the residuals from a (correctly specified) random walk
plus noise follow a strictly non-invertible ARMA(1,1) process in which all
the autocorrelations are negative. The non-invertibility of the residuals from
the mean may therefore be of little practical importance. Note that because
the operation used to estimate a time-varying median is a nonlinear one, it is
difficult to determine the properties of the corresponding residuals. Indeed,
the fact that they do not apparently follow a linear process when the origi-
nal process is linear (after differencing) may be a cause for concern. But, of
course, the linearity of the original is itself a convenient fiction.

Tests can also be based on the standardized innovations (one-step ahead
prediction errors) from the Kalman filter. If the model is Gaussian and
correctly specified, the standardized innovations will be normally distrib-
uted and serially independent with mean zero and constant variance. Hence
the tests may be applied with no correction for serial correlation (m = 0).
However, given model uncertainty, it might be better to correct for serial
correlation, particularly if the procedure is robustified in the way suggested
in sub-section 7.3. Tests constructed from innovations may have better size
properties, but the question is whether a price is paid in terms of power.

7.2 Simulation evidence

For a Gaussian random walk plus noise model with stochastic volatility in
the noise, as in sub-section 6.1, we computed Monte Carlo rejection fre-
quencies of the dispersion tests for relative invariance, that is 7. (DQ) and

~

n.(DE), based on the quantics and expectics constructed as 1Q(y; — &,(7))
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and I E(y, — Et(r)), where Et(T) = a, + 11,(0.5) and @, is the 7 — th quantile
obtained from the residuals, y; — 12,(0.5), from the time-varying mean. The
data generating process is the same as the one in Table 8, except that a
random walk component is included with innovation standard deviation o,
equal to either 0.1 or 1.The estimated mean is obtained by Kalman smooth-
ing, with signal-noise ratio fixed at its value under the null. Table 10 provides
the percentage rejections for 7 = 0.05,0.25, T = 1000 and m = 7, based on
10,000 replications.

The empirical size of the 1, (DQ) and n_(DFE) tests is still close to the
nominal 5% (although unreported results for the single quantile tests 7,(Q)
and 7, (E) would display some undersizing for small values of o,,). As regards
power, in the case of small random walk component (o, = 0.1) the rejection
frequencies for both tests are not far from those reported of table 8, just
a few percentage points smaller (e.g. 67.7% against 71.7% for the n.(DQ)
test when o, = 0.03). The power loss from estimating the underlying time-
varying mean turns out to be increasing with the size of the random walk: for
o, = 1 the tests rejects the null hypothesis with significantly lower frequency,
around 20% lower when o, = 0.03.

7.3 Robustness

Fitting a (time-varying) mean requires finite second moments for the distur-
bances in both the level and noise. A (time-varying) median requires finite
second moments only for the disturbances in the level, together with assump-
tion 1 on the noise. However, expectic tests computed from the residuals from
a fitted median still need finite second moments for the noise.

In order to make the procedure robust we suggest proceeding as follows:

i) estimate the time-varying median;

ii) Winsorize the residuals (using a robust estimator of range);

iii) add the Winsorized residuals to the median and estimate the time-
varying mean;

iv) compute quantiles from the residuals and carry out quantic and T—expectic
tests.

Step (iii) is effectively a time series M —estimator; see Huber (1981). It
could be iterated, with the range re-estimated at each iteration.
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7.4 Misspecified detrending

The need to identify a suitable model for detrending prior to testing for rel-
ative time invariance may be source of unease. However, misspecification of
such a model need not have serious consequences as the following proposition
makes clear.

Proposition 4 If the true model is a linear process after differencing d
times, and the fitted model is a linear process after differencing d times, the
modified test statistics, 1.(Q) and n.(E), constructed from the residuals will
still have an asymptotic CvM distribution under the null hypothesis provided
that d > d.

The result may be shown by using the Wiener-Kolmogorov formula to
find the properties of the residuals. Suppose that the true process is such
that Ay, = ¢(L)v;, where ¢(L) is a polynomial in the lag operator with
all roots outside the unit circle and v, is white noise with variance o2. If the
fitted UC model is of the form y; = u, + &;, where the estimated variance
of the white noise process ¢, is 02, and its reduced form is Ady, = ¢(L)v,

where the variance of 7, is &2, the process followed by the extracted residuals
in a doubly infinite sample is

L _ct1-n'a- L o1 L) - LY
Uy T PRLR(LY)

(Note the simplification if the model is correctly specified.) Clearly d > d
is needed if the process is to be stationary. Although the process is strictly
non-invertible, the weakening of the autocorrelation structure for quantics
and expectics means that the nonparametric correction in the test statistics
can be legitimately employed. More generally, if ¢; is modeled as a stationary
process, the same conclusions hold.

V(L)

7.5 US inflation

Fitting a random walk plus noise model to US inflation results in some resid-
ual serial correlation in the innovation residuals, in particular the first-order
autocorrelation is 0.14. The residual autocorrelation can be removed by fit-
ting a stochastic cycle or low order autoregressive model. However, the result
on misspecified trends in the previous sub-section indicates that this is not
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necessary. Indeed the first-order autocorrelation for the smoothed residuals
from the random walk plus noise model is not strongly negative, presumably
because of the misspecification.

A full set of results for the test statistics, as in table 2, is available on
request. The main features are that the 7, (DQ) test statistics for 7 = 0.05,
0.10 and 0.25 are 0.444, 0.636 and 0.273 respectively while the corresponding
figures® for n_ (DE) are 0.247, 0.469 and 0.612; the statistics are computed
with m = 8. There is clear evidence for changing dispersion and the statistics
are consistent with the results of table 8 in that the quantic statistics are
higher in the tails and lower for the interquartile range. There is no indication
of changing asymmetry.

The tests based on innovations tell a similar story. The 7 (DQ) test
statistics for 7 = 0.05, 0.10 and 0.25 are 0.538, 0.393 and 0.417 respectively
while the corresponding figures for 1, (DFE) are 0.247, 0.352 and 0.447. Again
the asymmetry test statistics are small and statistically insignificant at the
10% level.

Finally we fitted an integrated random walk plus noise model and found
the maximum likelihood estimate of the signal-noise ratio to be 0.0007. The
n.-(DQ) test statistics for 7 = 0.05, 0.10 and 0.25 were 0.598, 0.288 and 0.200
respectively while the corresponding figures for 1, (DE) were 0.240, 0.425 and
0.550. These test statistics are not too different from those obtained with
the random walk plus noise model.

8 Conclusion

We have shown how tests of time invariance may be constructed from what
we call quantics or expectics. The former are based on weighted indicators
obtained from an estimated quantile while the latter are based on residuals
weighted differently according to whether the observation is above or below
the quantile. The serial correlation structure is weakened by transforming
to quantics or expectics with autocorrelations moving closer to zero as the
quantile moves towards either of the tails. Stationarity test statistics con-
structed from quantics or expectics are shown to have the usual Cramér von
Mises distribution, asymptotically, under the null hypothesis of time invari-
ance. Our simulation results confirm certain prior expectations such as the

9As expected from table 8 these figures are bigger than the corresponding figures for
test statistics on individual quantics and expectics.
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higher power of expectic tests for Gaussian series for most quantiles, coupled
with a tendency for the quantic tests to do better when there are heavy tails
(where power is generally lower). A compromise is to robustify the expectic
tests, but this does not always produce an improvement over the quantic
tests. Multivariate tests, combining the information in a set of quantics or
expectics, appear to be useful as general tests of time invariance.

Tests based on contrasts can be used to detect changing dispersion and
asymmetry. Dispersion tests are based on complementary quantics or expec-
tics. Alternatively tests can be based on absolute values (about the mean
or median), though for quantics the tests are essentially the same when the
distribution is symmetric. With expectics, a good test against changing
volatility is the one based on the quartile contrast, though with heavy tails
(but still finite variance) the corresponding test based on the mean of ab-
solute values seems preferable. If there are concerns about the existence
of moments, a quantic dispersion test constructed using the 15% and 85%
quantiles is good choice.

Testing for relative time invariance introduces some new issues. Our rec-
ommendation is to estimate a stochastic trend or level as for a Gaussian
model, possibly with prior treatment of potential outliers, and then to pro-
ceed to compute quantics and expectics by fitting quantiles to the residuals.
Even if the fitted model is misspecified, the smoothed residuals are stationary
and serial correlation not accounted for by the model will be accommodated
by the nonparametric estimator of the long run variance; all that is required
is that the number of unit roots in the fitted model is at least as great as in
the true model.

There are a number of other open problems. For example, more work
needs to be done on the effectiveness of methods for dealing with relative time
invariance, including the treatment of time trends, and on robustification.
Tests for movements in the tails, reflecting changing kurtosis, can be based
on the outer quantiles, but an allowance needs to be made for changing
dispersion and this requires some investigation.

APPENDICES
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A Autocorrelations of quantile indicators

The autocorrelation of the 7-th quantile indicator corresponding to p,, the au-
tocorrelation of the covariance stationary process, y;, at any lag k = 1,2, ....,

: BUQ (g — (1) 1Q (5 — £(7))]
prley) = Var(lQ (=€)

The denominator is 7(1 — 7), while the numerator is

7 Pr (ye > &(7), Yoo > &(7)) + (7 — 1)2 Pr (y; < &(7), yer < &(7))
+7(7 = 1) Pr(ye > &(7), yer <&(7)) +7(1 = 1) Pr(y: < &(7), yer > &(7))

But

Pr(y: > &(7), yer < &(7)) + Pr(y: < &(7), yer > &(7))
= 1=Pr(y: > &(7), Yk > &(7)) = Pr(ye > &(7), yeor > E(7))

So the numerator becomes
TPr (g > E(7), v > E(T)+(1=7) Pr(ye > —&(7), yei > —E(7))+7° =7

Hence (2) is obtained.

B Correlations between quantics

Tests involving more than one quantic need to take account of the correlation
between them. To find the covariance of the 7; and 75 population quantics
with 79 > 71, their product must be evaluated and weighted by (i) 7; when
Yy < &(11), (i) 79 — 71 when y; > £ (71) but y; < £(72), (ili) 1 — 72 when
Y > & (19) . This gives

(TQ—].)(7'1—1)T1+(72—].)7'1(7'2-7'1)—}-7'27’1(1-7’2) :7'1(]_—7'2)
and on collecting terms we find that
cov(IQ(y, — £(11)), IQ(yy — &(72))) = T1(1 — 72), Ty > Tq. (23)

It follows that the correlation between the population quantics for 71 and 75

1S
7'1(1 —’7’2)

\/7'1(1 — Tl)Tg(l — 7'2)7
26
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The correlation between the complementary quantile indicators, IQ(y; —
€(7)) and IQ(y; —&(1 — 7)), is simply 7/(1 — 7). This is 1/3 for the quartiles
and 1/9 for the first and last deciles.

C Distribution of the expectic test

Newey and Powell (1987) establish consistency and asymptotic normality of
the sample expectile fi(w) for iid random variables with continuous density
and finite moments of order slightly higher than four. Given their results
(and recalling that 1i(w) is obtained by setting (8) equal to zero) it follows
that

1B (4~ i (@) = wn(w) (- () ~ T3

") (5~ (@) + 0,0,
where w;(w) = |w — I(y — 1 (w) < 0)]. The first term in the expression above
is just the expectile indicator that has zero mean and finite variance v,,(£;0).
The invariance principle clearly holds and thus 72 ZE;TI] IE (yy — p(w)) =
v, (E;0)Y2 (W (r) —rW (1)), r € [0,1], where = denotes weak convergence.
By consistency of 7, (F;0) and an application of the continuous mapping
theorem, we then obtain that the limiting distribution of the test statistic
is CvM. For serially correlated observations the previous arguments need
to be modified replacing v,(F;0) by the long run variance of the expectile
indicator.

D Dispersion and absolute values

Assume the quantiles are known. Let ny be the number of observations
greater than or equal to £(1 — 7), np the number of observations less than or
equal to £(7) and n¢ the number of observations less than £(1 —7) or greater
than (7). Then

DIQ(T)=(1—=7)na+ (1 —7)ng — 7(np +nc) — 7(na + ne)

For a symmetric distribution and £(1 — 7) — £(0.5) = —&(7) 4+ £(0.5) and
these are equal to the quantile at 1 — 27 for |y, — £(0.5)|. Hence

[Q(l—QT) = (1—2T)(TLA+7”LB)—2TTLC
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which on re-arrangement is seen to be the same as the previous formula.
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Table 1. Autocorrelations for population quantics and expectics from a Gaussian time series.

t for quantics w(t) for expectics
ry 0.50 0.33 0.25 0.10 0.05 0.248(0.33) 0.153(0.25) 0.034(0.10) 0.012(0.05)
0.80 0.59 0.58 0.56 0.50 0.45 0.77 0.74 0.63 0.55
0.50 0.33 0.32 0.30 0.24 0.20 0.47 0.43 0.31 0.23
0.25 0.16 0.15 0.14 0.10 0.07 0.23 0.20 0.12 0.08
-0.25 -0.16 -0.15 -0.13 -0.07 -0.04 -0.22 -0.18 -0.08 -0.04
-0.50 -0.33 -0.29 -0.24 -0.10 -0.05 -0.42 -0.34 -0.14 -0.07

-0.80 -0.59 -0.45 -0.32 -0.11 -0.05 -0.66 -0.52 -0.20 -0.10




Table 2. Quantic, Expectic and Box-Ljung Indicator test for GM returns (2000 observations)

t m=0 m=8 m=17 m=25

Quantic test

0.05 1.823 1.349 1.138 1.025
0.10 1.425 1.115 0.871 0.741
0.25 1.026 0.949 0.823 0.743
0.33 0.799 0.782 0.705 0.648
0.50 2.532 2.667 2.621 2.437
0.67 0.660 0.649 0.601 0.579
0.75 1.544 1.347 1.206 1.142
0.90 1.389 1.088 0.918 0.832
0.95 1.350 1.136 0.983 0.902
Expectic test
0.05 0.116 0.081 0.077 0.077
0.10 0.301 0.209 0.187 0.180
0.25 0.350 0.295 0.251 0.232
0.33 0.203 0.197 0.171 0.160
0.50 0.074 0.090 0.085 0.083
0.67 0.462 0.533 0.501 0.487
0.75 0.715 0.751 0.682 0.649
0.90 0.906 0.811 0.698 0.648
0.95 0.578 0.509 0.440 0.410
Expectic-robust test
0.05 1.047 0.877 0.787 0.769
0.10 1.189 0.968 0.813 0.747
0.25 0.749 0.718 0.604 0.544
0.33 0.394 0.416 0.366 0.337
0.50 0.064 0.075 0.072 0.070
0.67 0.489 0.523 0.490 0.475
0.75 0.819 0.802 0.727 0.690
0.90 1.412 1.262 1.091 1.007
0.95 1.241 1.137 0.997 0.922
Box-Ljung test
0.05 3.547 40.694 54.174 79.925
0.10 1.539 38.747 64.821 92.909
0.25 0.123 7.927 22.389 35.324
0.33 0.045 6.865 17.686 33.029
0.50 0.526 8.776 13.888 24.229
0.67 0.785 10.523 20.706 24.217
0.75 2.116 11.809 19.042 24.523
0.90 4.843 19.019 35.425 39.768

0.95 8.117 16.496 35.239 41.228




Table 3. Percentage rejection frequencies. Errors N(0,1). The random walk under the alternative is gaussian with innovation standard deviation equal to ¢/T. T=200.

c=0 c=2.5 c=5 c=10 c=25 c=50
t IQ E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r@d) 0Q@-5)| 10 IE (1) Q(-5)
0.05 4.9 4.9 7.0 6.3 6.2 8.6 7.3 6.5 11.2  19.0 8.4 8.0 258 434 121 138 | 578 789 299 430 | 770 934 587 771
0.15 4.9 4.9 2.9 4.5 7.6 10.6 2.8 4.9 17.2 258 3.5 6.2 40.0 54.2 7.8 147 | 76.3 872 408 623 | 914 969 826 94.0
0.25 5.2 5.1 5.1 5.1 9.4 11.6 5.3 5.0 199 285 6.0 6.8 456 578 113 170 | 813 89.1 555 713 | 944 978 927 97.2
0.33 5.1 5.2 4.4 5.0 9.4 12.2 4.4 5.0 213 299 5.3 6.6 481 592 112 188 | 832 898 587 748 | 953 981 945 98.2
0.50 5.0 5.3 4.5 5.2 9.6 12.6 4.8 5.4 22.3 307 5.3 6.5 494 602 128 208 | 843 905 635 781 | 959 983 961 98.7




Table 4. Percentage rejection frequencies. Errors t(3). The random walk under the alternative is gaussian with innovation standard deviation equal to c/T. T=200

c=0 c=2.5 c=5 c=10 c=25 c=50
t IQ E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r@d) 0Q@-5)| 10 IE (1) Q(-5)
0.05 4.6 3.9 6.7 5.6 4.8 4.4 6.8 5.6 5.9 6.1 7.0 5.9 9.6 12.2 7.5 7.0 289 380 127 154 | 538 653 303 425
0.15 5.0 4.3 2.4 4.2 6.5 5.8 25 4.6 11.2 103 2.7 4.9 256 25.1 4.4 8.2 609 600 226 377 | 835 843 621 795
0.25 4.9 4.5 5.5 4.9 7.4 6.7 5.4 4.9 150 132 5.6 5.3 36.6 31.8 8.6 108 | 725 689 398 554 | 903 896 822 914
0.33 5.3 4.6 4.4 5.3 8.5 7.4 4.3 5.5 178 151 4.5 5.9 413 356 8.7 144 | 772 730 456 63.0 (| 925 916 869 9438
0.50 5.0 4.7 4.6 5.2 9.5 7.8 4.6 5.2 205 16.2 5.2 6.1 450 384 101 164 | 802 753 522 684 | 939 928 908 96.5




Table 5. Percentage rejection frequencies. Errors Cauchy. The random walk under the alternative is gaussian with innovation standard deviation equal to c/T. T=200

c=0 c=2.5 c=5 c=10 c=25 c=50
t IQ E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r(1) Q@-5)| 1Q E  r@l) 0Q@-5)| 10 IE (1) Q-5)
0.05 4.5 2.0 6.7 6.1 4.6 2.0 6.5 6.0 4.5 2.0 6.5 6.0 4.7 21 6.5 6.0 6.0 2.6 6.8 6.3 9.6 4.1 7.7 7.6
0.15 5.1 2.3 2.6 4.7 5.3 2.3 2.6 4.8 6.2 2.4 2.7 4.9 9.8 2.7 2.8 5.3 27.7 4.6 5.5 9.9 538 10.1 200 324
0.25 5.2 24 5.5 5.1 6.2 25 5.7 54 9.5 2.6 5.6 54 210 3.1 6.1 6.6 53.1 6.5 175 270 | 776 146 525 67.0
0.33 5.2 25 4.5 5.2 7.0 2.6 4.5 5.2 12.8 2.8 4.7 5.6 29.6 3.5 6.2 8.7 64.5 7.8 258 400 | 849 173 657 811
0.50 5.2 2.7 4.7 5.3 8.2 2.8 4.8 5.8 16.8 3.1 4.9 6.2 38.1 4.0 7.3 11.3 | 72.7 9.2 356 526 | 894 194 763 894




Table 6. T=200. The d.g.p. is Gaussian random walk plus AR(1) with f =0.5. Disturbances driving the AR(1)are either N(0,1) or (scaled) Cauchy; q is the standard deviation of the AR(1) innovations.

g=0 g=.0005".5 g=.001".5 g=.01"5 g=.175 g=1
Normal Cauchy Normal Cauchy Normal Cauchy Normal Cauchy Normal Cauchy Normal Cauchy
t IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE

0.05 5.4 4.5 7.3 3.8 7.1 7.2 7.9 4.5 9.2 9.9 8.6 5.0 326 347 175 115 | 557 615 341 274 | 56.6 654 46.0 454
0.15 6.8 6.8 8.8 6.2 | 106 115 184 90 | 146 163 241 112 | 480 515 525 273 | 739 774 687 501 | 769 820 737 681
0.25 7.6 7.9 9.5 72 | 123 138 320 122 | 170 194 417 153 | 523 569 693 36.6 ( 798 831 801 617 | 849 886 833 784
0.33 7.7 8.3 9.7 75 | 133 147 402 136 | 183 208 507 176 | 550 588 756 413 | 821 852 838 672 | 8.5 903 859 819
0.50 7.8 87 101 79 | 135 156 476 150 [ 19.0 218 575 196 | 561 61.0 793 453 | 836 867 860 712 | 881 914 874 845




Table 7. T=200. The d.g.p. is Gaussian random walk plus MA(1) with g=-0.8. Disturbances driving the MA(1)are either N(0,1) or (scaled) Cauchy; q is the standard deviation of the MA(1) innovations.

g=.0005".5 g=.001"5 g=.01"5 g=.175 g=1
Normal Cauchy Normal Cauchy Normal Cauchy Normal Cauchy Normal Cauchy Normal Cauchy
t IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE IQ IE

0.05 4.2 3.6 4.7 1.7 7.4 7.1 55 23 | 106 107 6.6 3.0 | 402 431 213 101 | 656 69.2 450 228 | 620 695 51.7 402
0.15 4.1 3.2 4.2 08 | 11.7 148 276 63 | 184 240 398 99 | 594 662 696 282 | 814 852 757 494 | 800 842 759 675
0.25 3.3 1.7 3.8 02 | 146 227 553 123 | 241 359 654 183 | 662 766 825 442 | 8.0 892 849 668 | 8.3 895 849 801
0.33 2.7 0.5 2.7 01 | 163 300 661 16.7 | 27.2 448 743 245 | 697 813 859 544|871 908 868 753 | 880 909 868 848
0.50 1.8 0.0 2.0 00 | 184 391 740 213 | 306 544 801 316 | 721 852 876 629|882 915 884 808 | 89.0 921 882 882




Table 8. Percentage rejections against Stochastic Volatility data generating process
with Gaussian innovations. Sample size T=1000.

0 0.005 0.01 0.02 0.03 0.05

Quantic test

t: 0.05 4.64 9.39 21.71 48.02 65.08 82.76
0.15 5.13 8.34 18.60 42.56 60.66 81.03
0.25 4.94 6.58 12.52 30.74 46.98 68.93
0.33 5.09 5.67 8.37 19.15 31.59 52.70
0.50 5.08 5.09 5.11 5.18 5.24 5.74

Expectic test :

t: 0.05 4.69 9.19 21.65 47.26 63.34 80.08
0.15 4.67 9.26 21.27 47.20 63.90 81.81
0.25 4.57 7.43 14.91 36.16 52.43 72.21
0.33 4.60 6.08 9.93 23.05 36.74 55.76
0.50 4.82 4.85 4.87 5.00 5.01 4.89

Quantic dispersion test (DQ)

t: 0.05 5.02 14.60 35.65 65.31 79.99 92.64
0.15 5.07 13.87 33.15 63.29 79.16 92.58
0.25 5.01 10.91 25.75 54.33 71.74 88.51
0.33 5.08 8.77 19.08 43.17 61.82 81.69

Expectic dispersion test (DE)

t: 0.05 4.97 15.59 36.83 66.69 80.86 92.25
0.15 4.98 19.20 43.94 73.45 86.36 96.01
0.25 5.13 19.29 44.43 74.01 87.23 96.31
0.33 5.02 19.23 43.96 73.63 86.88 96.12

Dispersion test (IQ absolute deviations from median)

t: 0.05 4.94 14.58 35.43 64.94 80.10 92.56
0.15 5.14 13.96 33.02 63.28 79.54 92.52
0.25 4.79 10.64 25.65 54.43 71.50 88.53
0.33 5.26 8.92 19.22 43.38 61.44 81.71

Dispersion test (IE absolute deviations from mean)

t: 0.05 5.04 17.12 39.75 69.93 83.41 94.07
0.15 5.01 19.62 44.79 74.29 87.21 96.39
0.25 4.85 17.08 40.06 70.22 84.69 95.22
0.33 4.77 13.73 32.71 63.08 79.06 92.32




Table 9. Percentage rejections against Stochastic Volatility data generating process

with t(3) innovations. Sample size T=1000.

0 0.005 0.01 0.02 0.03 0.05

Quantic test

t: 0.05 4.92 9.86 23.86 51.22 68.11 83.84
0.15 4.65 11.29 28.94 58.01 73.89 88.82
0.25 4.33 8.98 21.87 48.75 66.21 83.58
0.33 4.99 7.15 14.31 35.10 51.92 72.73
0.50 5.01 5.03 5.03 5.21 5.52 6.87

Expectic test :

t: 0.05 4.19 6.73 13.43 32.44 47.73 66.90
0.15 4.33 7.87 17.63 40.15 57.07 74.65
0.25 4.43 6.91 14.00 33.48 49.09 66.37
0.33 4.54 6.04 9.67 21.95 32.68 43.89
0.50 4.94 4.87 4.93 4.59 4.15 3.59

Quantic dispersion test (DQ)

t: 0.05 4.66 16.30 38.01 67.90 82.47 93.41
0.15 5.05 20.57 46.71 75.84 88.05 96.53
0.25 4.89 18.24 42.09 72.62 85.91 95.56
0.33 5.07 14.16 34.75 64.87 80.29 92.92

Expectic dispersion test (DE)

t: 0.05 4.50 9.86 23.46 49.18 65.72 82.64
0.15 4.22 15.67 37.36 66.49 81.33 92.82
0.25 4.46 18.96 42.58 72.15 85.28 94.98
0.33 4.48 20.09 44.53 74.39 86.79 95.74

Dispersion test (IQ absolute deviations from median)

t: 0.05 4.55 16.37 38.16 68.26 82.52 93.40
0.15 4.84 20.81 46.74 75.94 88.11 96.52
0.25 5.01 18.22 42.16 72.71 85.81 95.49
0.33 4.90 14.56 34.95 64.71 80.40 92.78

Dispersion test (IE absolute deviations from mean)

t: 0.05 4.39 11.56 28.74 56.04 72.25 87.51
0.15 4.44 19.77 44.19 74.12 86.63 95.76
0.25 4.81 22.02 48.27 78.02 89.06 96.90
0.33 4.75 20.60 45.45 75.45 87.81 96.24




Table 10: Percentage rejections of the dispersion tests of relative invariance (T=1000, m=7)

Sy 0 0.005 0.01 0.02 0.03 0.05

Quantic dispersion test (DQ)
sp=1 t=.05 51 14.0 33.7 61.7 76.2 89.5
t=.25 4.8 10.1 23.9 51.0 67.7 84.3
sp=1 t=.05 5.2 9.0 19.9 43.4 59.9 78.0
t=.25 5.5 7.7 15.1 34.0 49.6 69.3

Expectic dispersion test (DE)
sp=1 t=.05 4.8 14.7 35.2 62.4 76.7 88.5
t=.25 5.2 18.1 41.7 70.2 83.3 93.2
sp=1 t=.05 51 9.1 20.5 44.6 60.7 77.9
t=.25 5.5 10.9 25.2 51.3 67.7 84.0




