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CHAPTER 1

INTRODUCTION

American options are derivative securities (i.e. their price is dependent on the price of an underlying security, in our case ever after, a stock price) that can be exercised at any time until the expiration of the contract, unlike the European options that can be exercised only at the maturity of the contract. The fact that the American option can be exercised at any time its holder thinks as the more convenient, reflects the aspects of our problem: the valuation strategy of the American options, taking into account that they are worth at least as their European counterparties, due to the “early exercise” feature that is embedded in the American options. 

It is this early exercise feature that makes the valuation of the American options very complicated. In mathematical terms speaking, these kind of problems are known as “free boundary” problems, in which part of the boundary, the “free boundary”, is known and must be determined as part of the solution. In problems with free boundaries, the boundary conditions must be sufficient to determine both the solution of a partial differential equation, and the position of the free boundary. Moreover, this solution must be unique. 

The first Partial Differential Equation (PDE) ever used in options’ valuation problem was presented by Black and Scholes (1973), in their seminal paper concerned with the valuation of European-style options and was improved by Merton (1973a) in order to include constant proportional stock dividend yields. However, there is not imposed boundary condition for the Black-Scholes PDE, thus it cannot be used directly for the valuation of the American options. At each time, we would have to check whether exercise is optimal and come up with an optimal exercise boundary that would distinguish between the continuation and the early exercise regions. 

For the last three decades, many methods have been presented regarding the valuation of American options. In some special cases, closed-form expressions for option prices have been developed. In addition, analytical expressions for the price of the American options have been found but there is no easily computable formula available. Numerical methods (such as trees, finite difference transformations, Quadrature/Integration forms or, recently, Monte Carlo methods) have, also, been employed in order to supply a solution.

Dividends make the appraisal of American options even more complicated. Merton (1973a) has shown that an American call option on a non-dividend-paying stock should never be exercised prematurely. Rational early exercise can occur for call options on dividend-paying stocks, if the annualised dividend yield received over the remaining life of the option exceeds the risk-free rate of interest. In other words, the opportunity cost of not receiving the dividend now compensates for the benefit of paying a lower present value for the stock later. Moreover, Merton (1973b) again has proved that American put options, on the other hand, can be rationally exercised prior to expiration and therefore they are more difficult to value than European puts: at every instant the American put has a positive probability of early exercise. This is because, as long as the interest rate is positive, the exercisable proceeds of the put option can be invested at a positive rate of interest! If the exercise is deferred indefinitely, interest is being forgone. In the case that the stock pays cash dividends, as most of the stocks do, the American put option holder is in a dilemma: if he continues to hold the put, he forgoes the interest, but if he exercises immediately he will not profit from the discrete upward jump in the exercisable proceeds of the put, when it goes ex-dividend. 

The main task of this paper is to investigate the functionality of alternative valuation methods. We are going to interpret four, basically, American options’ valuation methods. First, we are going to present the main drawbacks and advantages of each valuation technique and then we will generate some numerical results for different sets of input parameters (interest rates, volatility, maturity, dividends etc.) and compare the results obtained with each method. 

The structure of the paper is as follows: in Chapter 2 we are conducting a literature review, covering the main methods developed on the valuation of American options up to nowadays, weighting and focusing more on the main methods that we are going to analyse. Chapter 3 contains the numerical results for both American calls and puts, obtained using each and every valuation method, for different sets of parameters and continuous dividend yields. We are going to be using a certain technique as a “benchmark method”, with which we will compare the results obtained with the other methods. Chapter 4 interprets the case where there are discrete dividends paid by the stock and investigates the convergence (or divergence) of the results obtained with the alternative methods. Finally, Chapter 5 contains the aggregate concluding remarks, based on the results generated in the previous chapters.     

