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NSW HSC 4 Unit Mathematics Examination 1990

1. (a) Let z = a + ib, where a and b are real numbers and a # 0.
(i) Express |z| and tan(arg z) in terms of a and b.

(ii) Express in the form x + iy, where x and y are real.

(b) (i) If w = Y3 show that w® = —1.

(ii) Hence calculate w?°.

(c) If z = 5 — 54, write z, 2% and % in modulus-argument form.

(d) Let w and v be two complex numbers, where u = —2 + ¢, and v is defined by
lv| = 3 and argv = %.
(i) On an Argand diagram plot the points A and B representing the complex num-
bers u and v respectively.

(ii) Plot the points C' and D represented by the complex numbers u — v and iu,
respectively.

Indicate any geometric relationships between the four point A, B, C, and D.

2. (a) Find the exact values of: (i) [ =2l dr (i) f/* VA~ 22 dr.

(b) Find: (i) [ (mﬂ)d(% (ii) [cos®z dz, by writing cos® z = (1 —sin® x) cos z,
or otherwise.

(c) Let I,, = [ (1 +t*)" dt,n=1,2,3,....

Use integration by parts to show that [,, = ﬁ(l + 22)" + %In—l-

Hint : Observe that (1 +¢2)"~! +¢2(1+t3)"1 = (1 + %)™
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3. The region under the curve y = e~*" and above the z axis for —a <z <ais
rotated about the y axis to form a solid.

(i) Divide the resulting solid into cylindrical shells S of radius ¢ as in the diagram.

Show that each shell S has approximate volume 6V = 2rte~t" 6t where 8t is the
thickness of the shell.

(ii) Hence calculate the volume of the solid.
(iii) What is the limiting value of the volume of the solid as a approaches infinity?
(b) Consider the functions f, g defined by f(z) = ﬁ—j_é for x #£ —2,

g(x) = [f (@)

(i) Sketch the hyperbola y = f(x), clearly labelling the horizontal and vertical
asymptotes and the points of intersection with the z and y axes.

(ii) Find all turning points of y = g(x).

(iii) Using the same diagram as used in (i), sketch the curve y = g(z) clearly
labelling it.

(iv) On a separate diagram sketch the curve given by y = g(—x).

f

4. (a) The diagram shows the graph of the e
function f, (12.3)
(14— 3t

for0<t<6 7 3 wir !
where f() = 4 \/
t — 10, —d

(6=4)
( for 6 < ¢ < 12.
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The function F is defined for 0 < 2 <12 by F(z) = [ f(t) dt.

(i) Calculate F(6) and F(12).

(i) Calculate those values of = for which F(z) = 0.

(iii) Find all turning points of F.

(b) Let L1 =4x — 5y + 1 and Ly = 2z + 3y — 5.

(i) Find the point P of intersection of the two straight lines L; = 0 and Ly = 0.

(ii) In the Cartesian plane draw the lines L1 = 0 and Ly = 0,Ly = 6,Ly = 7,
marking the point P.

Explain why these four lines define a parallelogram.

(iii) If a and b are constants, not both zero, explain why aL; + bLy = 0 defines a
straight line through P.

(iv) Using part (iii), or otherwise, prove that the diagonal through P of the paral-
lelogram defined in part (ii) has equation: 7L, — 6Ly = 0.

5. (a) ¥

P
T
8 X
D /\
The figure shows the hyperbola 2—3 — Zb’—j = 1 and the circle 22 + y? = a2, where
a,b > 0. The point 7' lies on the circle with ZT'Oz = 6, where 0 <0 < 7.

The tangents to the circle at T' meets the z axis at M; M P is perpendicular to Ox
and P is a point on the hyperbola in the first quadrant.

(i) Show that P has coordinates (asecf,btan®).
(ii) Suppose that @ is a point on the hyperbola with coordinates (asec ¢, btan ¢).

If 0 +¢ = %, and 0 # 7, show that the chord PQ has equation ay = b(cosf +
sinf)x — ab.

(iii) Show that every such chord PQ passes through a fixed point and find its



coordinates.

(iv) Show that as 6 approaches 7 the chord PQ approaches a line parallel to an
asymptote.

(b) (i) How many different five figure numbers can be formed from the digits
1,2,3,4,5 without repetition?

(i) How many of these numbers are greater than 453217

(iii) How many of these numbers are less than 453217

6. (a) (i) Write down the relations which hold between the roots «, 3,7 of the
equation ax® + bz? + cx +d = 0, (a # 0), and the coefficients a, b, c, d.

(ii) Consider the equation 3623 — 1222 — 112 + 2 = 0. You are given that the roots
a, 3, of this equation satisfy a = # + 7. Use part (i) to find a.

(iii) Suppose that the equation x> + pz? + gz +r = 0 has roots A, u, v which satisfy
A = i+ v. Show that p? — 4pg + 8r = 0.

(b) In the diagram, AB is a fixed chord of
a circle, P a variable point in the circle and
AC and BD are perpendicular to BP and
AP respectively. Copy this diagram.

P

(i) Show that ABCD is a cyclic quadrilateral
on a circle with AB as diameter.

(ii) Show that the triangles PCD and APB
are similar.

A

(iii) Show that as P varies, the segment
CD has constant length.

(iv) Find the locus of the midpoint of C'D.
7. (a) A mass of m kilograms falls from a stationary balloon at height h metres

above the ground. It experiences air resistance during its fall equal to mkv?, where
v is its speed in metres per second and k is a positive constant.

Let x be the distance in metres of the mass from the balloon, measured positively
as it falls.

(i) Show that the equation of motion of the mass is # = g — kv?, where g is the
acceleration due to gravity.

(ii) Find v? as a function of z. Hint: & = £ (10?) =02,

(iii) Find the velocity V as the mass hits the ground in terms of g, k and h.

(iv) Find the velocity of the mass as it hits the ground if air resistance is neglected.
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Consider the graph of the function y = /z.

(i) Show that this curve is increasing for all = 0.
(ii) Hence show that 1+ 2+ -+ /n > fon VT dr = %n\/ﬁ

(iii) Use mathematical induction to show that v1+ v2+ .-+ /n < 2253 /i for
all integers n = 1.

(iv) Use parts (ii) and (iii) to estimate v/1 + v/2 + --- + /10 000 to the nearest
hundred.

8. (a) You are given that 2 cos Asin B = sin(A + B) — sin(A — B).
Let S =14 2cosf + 2cos 26 + 2 cos 36.

. 0 70
(i) Prove that S'sin § = sin .

(ii) Hence show that if § = 2%, then 1 + 2cos + 2 cos 20 + 2 cos 3 = 0.

(iii) By writing S in terms of cos 6, prove that cos 2 is a solution of the polynomial

7
equation 823 + 4z% —4x — 1 = 0.
(b) Consider the curve defined parametrically .
by x = t?,y = t3. P(""']

Let P(t3,t3) and Q(t3,t3) be two distinct
points on the curve.

(i) Write down the equation of the curve in . s
terms of x and y only. Q{r, "‘)

(ii) Show that the equation of the chord PQ is
given by (t; +to)y — (t3 + t1ta + t3)x + t3t3 = 0.




(iii) Hence, or otherwise, show that the equation of the tangent to the curve at a
point corresponding to ¢, where t # 0, is given by 2y — 3tz + 3 = 0.

(iv) Let R(zo,y0) be a point in the plane such that xj > y2 > 0. Prove that there
are precisely 3 tangents from R to the curve and sketch this on a diagram.
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1. (a) Find: (i) [t dt  (ii) [ % dx, using the substitution u = e®.

. 1
(b) (l) Evaluate fO m dt

do

(ii) By using the substitution ¢ = tan ¢ and (i), evaluate foﬂ/Q Tsmotdcosd”

(c) Let I, = foﬂ/ ?sin™ z dx where n is a non-negative integer.
(i) Show that I, = (n — 1) 077/2 sin" "%z cos? x dr when n > 2.
(ii) Deduce that I, = “=11, 5 when n = 2.
(iii) Evaluate I,.
2. (a) Plot on an Argand diagram the points P, and R which correspond to the
complex numbers 2iv/3 — i, and —v/3 — i, respectively.
Prove that P,@Q and R are the vertices of an equilateral triangle.
(b) Let 21 = cosfy + isinfy and zo = cosfy + isin b, where 61 and 6, are real.
Show that: (i) i = cosfy —isinb
(i) 2122 = cos(61 + 02) + isin(6; + 62).
(c) (i) Find all pairs of integers z and y such that (z + iy)? = —3 — 4i.
(ii) Using (i), or otherwise, solve the quadratic equation 22 — 2z + (3 +1i) = 0.

(d) In the Argand diagram, ABCD is

a square and OF and OF' are parallel and
equal in length to AB and AD respectively.
The vertices A and B correspond to the
complex numbers w; and ws respectively.

[

(i) Explain why the point E corresponds F
to wo — wy. A

(ii) What complex number corresponds to }/E
the point F'?

(iii) What complex number corresponds to
the vertex D?

3. (a) The hyperbola H has equation zy = 4.

(1) Sketch H and indicate on your diagram the positions and coordinates of all points
at which H intersects the axes of symmetry.

(ii) Show that the equation of the tangent to H at P(2t,2/t), where t # 0, is
x + t2y = 4t.
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(iii) If s # 0 and s? # t2, show that the tangents to H at P and Q(2s,2/s) intersect
at M (355 547)-

(iv) Suppose that in (iii) the parameter s = —1/t. Show that the locus of M is a
straight line through, but excluding, the origin.

(b) Let C; =22+ 3y? — 1,0y = 422 + y* — 1, and let X be a real number.

(i) Show that C7 + ACy = 0 is the equation of a curve through the points of inter-
section of the ellipses C; = 0 and C5 = 0.

(ii) Determine the values of A for which C; + ACy = 0 is the equation of an ellipse.

4. (a) ¥

N\
%

s
\*':
h
L
i _
=]
—
/H
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.

The diagram is a sketch of the function y = f(z).
On separate diagrams sketch:
D y=—fx) @()y=I[f» (Gi)y=rf(z)) (@@v)y=sin"'(f(2)).
) ) 4% — 6e 2 for x = 0;
(b) The even function g is defined by g(z) =
g(—x) for z < 0.
(i) Show that the curve of y = g(x) has a maximum turning point at (In3,2/3).

(ii) Sketch the curve y = g(x) and label the turning points, any points of inflexion,
asymptotes, and points of intersection with the axes.

(iii) Discuss the behaviour of the curve y = g(z) at x = 0.

5. (a) In the diagram, the circles X PY'S and
XY RQ intersect at the points X and Y, and
PXQ,PYR,QSY,PST and QTR are straight

lines.

(i) Explain why ZSTQ = ZY RQ + LY PS.
(i) Show that /TRQ + LY PS + ZSXQ = .
(iii) Deduce that STQX is a cyclic quadrilateral.
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(iv) Let ZQPY = a and ZPQY = (3. Show that ZSTQ = o + 5.

(b) A drinking glass having the form of a right circular cylinder of radius a and
height h, is filled with water. The glass is slowly tilted over, spilling water out of it,
until it reaches the position where the water’s surface bisects the base of the glass.
Figure 1 shows this position.

Mowe: EG LCH mt F

Note: FH || CO, CO = a, and OD = h

In Figure 1, AB is a diameter of the circular base with centre C,O is the lowest
point on the base, and D is the point where the water’s surface touches the rim of
the glass.

Figure 2 shows a cross-section of the titled glass parallel to its base. The centre of
this circular section is C” and EFG shows the water level. The section cuts the lines
CD and OD of Figure 1 in F' and H respectively.

Figure 3 shows the section COD of the tilted glass.
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(i) Use Figure 3 to show that FFH = % (h — ), where OH = .
(ii) Use Figure 2 to show that C'F = % and ZHC'G = cos™! ().
(iii) Use (ii) to show that the area of the shaded segment EGH is

@ feos (7) - (D1 ()7

(iv) Given that [cos™' 60 df = 6O cos™' 0 — /1 — 62, find the volume of water in the
tilted glass of Figure 1.

6. (a) A nine-member Fund Raising Committee consists of four students, three
teachers and two parents. The Committee meets around a circular table.

(i) How many different arrangements of the nine members around the table are
possible if the students sit together as a group and so do the teachers, but no
teacher sits next to a student?

(ii) One student and one parent are related. Given that all arrangements in (i) are
equally likely, what is the probability that these two members sit next to each other?

(b) When a jet aircraft touches down, two different retarding forces combine to
bring it to rest. If the aircraft has mass M kg and speed v m/s there is a constant
frictional force of M /4 newtons and a force of Mv?/108 newtons due to the reverse
thrust of the engines. The reverse thrust of the engines does not take effect until 20
seconds after touchdown.

Let x be the distance in metres of the jet from its point of touchdown and let ¢ be
the time in seconds after touchdown.

(i) Show that ‘ng = —% for 0 < t < 20 and that for t > 20, and until the jet stops,

2
2 = — (274 v?).

(ii) Prove the identity Cng =dv — pdv,

(iii) If the jet’s speed at touchdown is 60 m/s show that v=>55 and x = 1150 at the
instant the reverse thrust of the engines takes effect.

(iv) Show that when ¢ > 20,z = 1150 + 54{In(27 + 552) — In(27 + v?)}.

(v) Calculate how far from the touchdown point the jet comes to rest. Give your
answer to the nearest metre.

7. (a) (i) By assuming that cos(A + B) = cos Acos B — sin Asin B, prove the

identity cos® A — 2 cos A = 1 cos 3A.

(ii) Show that x = 2v/2cos A satisfies the cubic equation 2® — 62 = —2 provided
cos3A = —1/(2/2).

(iii) Using (ii), find the three roots of the equation z3 — 6x + 2 = 0. Give your
answers to four decimal places.
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(b) Let = a be a root of the quartic polynomial P(x) = z* + Ax® + Bx? + Az + 1
where (2 + B)? # 4A2,

(i) Show that a cannot be 0,1 or —1.
(ii) Show that z = 1/« is a root.
(iii) Deduce that if « is a multiple root, then its multiplicity is 2 and 4B = 8 + A2,

sine  for 0 < o < 7/2;

8. (a)Letf(fB):{lm for x = 0.

(i) Find the derivative of f for 0 < z < 7/2 and prove that f’ is negative in this
interval.

(ii) Sketch the graph of y = f(z) for 0 £ x < 7/2 and deduce that sinz 2 2z /7 in
this interval.

(b) (i) Suppose z > 0,y > 0. Prove that = + 1 > 2 where s =z + y.

1
Y
Hint: Consider f(z) = 1 + -1

T s—x°

(ii) Suppose x; > 0 for i = 1,2,...,n where n = 2.

Show by mathematical induction, or otherwise, that % + L4+ 4 wi > ”?2 where

T2
s denotes the sum x1 + o + - - - + .
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1. (a) Find: (i) [tanfsec? 0 df  (ii) [ 225 da.

(b) Evaluate f%% m by using the substitution u = z — 2.

(c) Evaluate fol % dt.

(d) (i) Find [ze” dz  (ii) Evaluate fol 203e* du.

2. (a) The points A and B represent the complex numbers 3 — 2 and 1 + i respec-
tively.

(i) Plot the points A and B on an Argand diagram and mark the point P such that
OAPB is a parallelogram.

(ii) What complex number does P represent?
(b) Let 2z = a + ib where a? + b* # 0.

(i) Show that if S(z) > 0 then I(1) < 0.

(ii) Prove that |1| = ‘71|
(c) Describe and sketch the locus of those points z such that:
(i) [z —i| = |z +4] (i) |z —i| = V2 |z +1].

(d) Tt is given that 1 + i is a root of P(z) = 223 — 322 + rz + s where r and s are
real numbers.

(i) Explain why 1 — 1 is also a root of P(z).

(ii) Factorize P(z) over the real numbers.

3. (a) The ellipse € has equation 1%20 + % =1.

(i) Sketch he curve &, showing on your diagram the coordinates of the foci and the
equation of each directrix.

(ii) Find the equation of the normal to the ellipse at the point P(5,7.5).

(iii) Find the equation of the circle that is tangential to the ellipse at P and
Q(5,—7.5). A

(b) In the diagram, the bisector AD of ZBAC has been

extended to intersect the circle ABC' at E.

Copy the diagram.

B
(i) Prove that the triangles ABE and ADE are similar. ‘ A
(ii) Show that AB.AC = AD.AFE.
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(iii) Prove that AD? = AB.AC — BD.DC.

4. (a) Each of the following statements is either true or false. Write TRUE or
FALSE for each statement and give brief reasons for your answers. (You are not
asked to find the primitive functions.)

(i) [2 sin"6 df =0 (ii) [ sin” 6 df = 0.

2
(iii) [*, e dz =0 (iv) [ (sin® 0 — cos® 6) df = 0
(v) Forn=1,2,3,..., 01 11’; < 01 H‘Zifﬂrl.

(b) Let f(x) =In(14z) —In(1 — ) where —1 <z < 1.
(i) Show that f/(z) >0 for —1 <z < 1.
(ii) On the same diagram sketch y = In(1 + ) for x > —1.
y=1In(l —z) for x < 1.

and y = f(x) for -1 <z < 1.
Clearly label the three graphs.
(iii) Find an expression for the inverse function y = f~!(x).
5. (a) The solid 8§ is a rectangular prism of dimensions a X a X 2a from which right
square pyramids of base a x a and height a have been removed from each end. The

solid T is a wedge that has been obtained by slicing a right circular cylinder of radius
a at 45° through a diameter AB of its base.

Consider a cross-section of 8§ which is parallel to its square base at distance z from
its centre, and a corresponding cross-section of J which is perpendicular to AB and
at distance x from its centre.

(i) The triangular cross-section of T is shown on the diagram on the next page.
Show that it has area 1(a® — z?).

(ii) Draw the cross-section of 8§ and calculate its area.
(iii) Express the volumes of § and T as definite integrals.

(iv) What is the relationship between the volumes of 8§ and T7 (There is no need
to evaluate either integral.)
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NOT TO SCALE

(b) An object is fired vertically upwards with initial speed 400m/s from the surface
of the Earth.

Assume that the acceleration due to gravity at height x above the Earth’s surface is

10/[1+ %}2 m/s” where the radius of the Earth, R = 6.4 x 106 m.

(i) Show that £ (1v%) = —10/[1+ %}2 where v is the speed of the object at height
x. (Neglect air resistance.)

(ii) Calculate the maximum height the object reaches. Give your answer to the
nearest metre.

6. (a) T

The diagram shows a model train T that is moving around a circular track, centre O
and radius @ metres. The train is moving at a constant speed of u m/s. The point
N is in the same plane as the track and is x metres from the nearest point on the
track. The line NO produced meets the track at S.

Let ZTNS = ¢ and LTOS = 0 as in the diagram.

. do -
(i) Express % in terms of a and u.
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(ii) Show that asin(@ — ¢) — (r + a)sing = 0. and deduce that
do u cos(0—¢)
‘dt — (z+a)cos ¢+acos(0—¢)

(iii) Show that % = 0 when NT is tangential to the track.

(iv) Suppose that = = a.

Show that the train’s angular velocity about N when 6 = 7 is % times the angular

velocity about N when 6 = 0.
(b) Let n be an integer with n > 2.
(i) For i = 1,2,...,n suppose x; is a real number satisfying 0 < x; < .

Use mathematical induction to show that there exist real numbers ai,as,...,a,
such that |a;| < 1 for i = 1,2,...,n, and such that sin(zq; + z2 + -+ + x,,) =
ai;sinxy + assinxg + - - - 4+ a, sinx,.

(ii) Deduce that sinnz < nsinx whenever 0 < x < 7.

7. (a) The diagram shows the road grid __#_ AT
of a city. ,
Xl X
Ayrton drives exactly 10 blocks from his North

<
=

home, A, to his workplace, B, which is &
6 blocks south (S) and 4 blocks east (E).
The route on the diagram is SESSSEEESS.

4+

(i) By how many different routes can Ayrton | e

-
drive to work? T

(ii) By how many different routes can
Ayrton drive to work on those days that he B
wishes to stop at the shop marked M?

(iii) The street marked AA’ is made one-way westward. How many different routes
can Ayrton follow if he cannot drive along AA’?

(iv) Suppose that instead of AA’ the street marked X X’ is made one-way westward.
How many different routes can Ayrton follow if he cannot drive along X X'?

(b) Suppose that 27 = 1 where z # 1.
(i) Deduce that z3+22+z+1+%+z%+zi3 =0.

(ii) By letting x = z + % reduce the equation in (i) to a cubic equation in x.

(iii) Hence deduce that cos Z + cos 2F + cos 3T = 1.

8. (a) Consider the function f(x) = em(l — 1%)10

(i) Find the turning points of the graph of y = f(x).
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(ii) Sketch the curve y = f(x) and label the turning points and any asymptotes.

iii) From your graph deduce that e* < (1 — & 10 for ¢ < 10.
Y g 10
(iv) Using (iii), show that (%)10 <e< (%)10.

(b) Let n be a positive integer and let x be any positive approximation to /n.
Choose y so that xy = n.

(i) Prove that ¥ > \/n.

(ii) Suppose that = > \/n.

Show that mTer is a closer approximation to y/n than z is.
(iii) Suppose x < /n.

How large must x be in terms of n for mTer to be a closer approximation to y/n than
x is?
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1. (a) Evaluate dx by using the substitution z + 1 = u2.

Js et
3 (z+1)—vz+1
(b) fo 2+cose by using the substitution ¢ = tan s

(c) Evaluate f(f sin~!x du.

(d) (i) Find real numbers a,b and ¢ such that (m2f16)4zi+2) = ggi’l’ + 255

(ii) Hence find [ m dx.

2. (a) (i) On an Argand diagram shade in the region determined by the inequalities

2§%(z)§4andg§argz§%.

(ii) Let zo be the complex number of maximum modulus satisfying the inequalities
of (i). Express zg in the form a + ib.

(b) Let @ be a real number and consider (cos 6 + isin 6)3.

(i) Prove cos 30 = cos® @ — 3 cosfsin® 6.

(ii) Find a similar expression for sin 36.

(c) Find the equation, in Cartesian form, of the locus of the point z if (%) = 0.
(d) By substituting appropriate values of z; and zy into the equation arg‘z—; =

—11

arg z1 — arg zz show that 7 = tan~!2 — tan 3-

(e) Let P,@ and R represent the complex numbers wi,ws, and ws respectively.
What geometric properties characterize triangle PQR if wy — w; = i(ws — wy)?
Give reasons for your answer.

3. (a) Consider the point P (ct, %), where t # £1, which lies on the rectangular
hyperbola zy = c2.
(i) Show that the equation of the tangent to the hyperbola at P is x + t?y = 2ct.

(ii) Let the tangent to the hyperbola at P intersect the coordinate axes at A and
B. Show that PA = PB.

(iii) Let the normal to the hyperbola at P meet the axes of symmetry of the hyper-
bola at C' and D. Show that PC = PD = PA.

[You may assume that the equation of the normal is t3z — ty = c(t* — 1).]
(iv) Sketch a graph of the hyperbola showing the results proved so far.
(v) Explain why A, B,C and D must be the vertices of a square.
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(b) Let R(xo,y0), P(x1,91), and Q(x2,y2) be points on the circle 22 + y? + 2gx +
2fy+c=0.

(i) If d is the distance between the points R and P, show that

d2

Y = xox1 + Yoy1 + 9(xo + x1) + f(yo +y1) +c

(ii) Suppose @ is also distance d from R. Explain why the equation of the chord
PQ is
d2
—5 = 2oz + Yoy + g(wo + ) + f(yo +y) +c.

4. (a) Let f(z) = 1=%. On separate diagrams sketch the graphs of the following
functions.

For each graph label any asymptote.
Hy=fle) G)y=f(=) G)y=e@  (iv) y* = f(o).
Discuss the behaviour of the curve of (iv) at x = 1.

= where 0 < x <

(b) Suppose k is a constant greater than 1. Let f(z) = m

SIE]

[You may assume f (%) = 0.]
(i) Show that f(z)+ f(3 —z) =1for 0 <z < 3.
(ii) Sketch y = f(z) for 0 <z < 7.

[There is no need to find f’(x) but assume y = f(z) has a horizontal tangent at
x = 0. Your graph should exhibit the property of (b) (i).]

dzx

(iii) Hence, or otherwise, evaluate [ T Gan ) -

5. (a) The diagram shows a simple pendulum consisting
of a particle P, of mass m kg, which is attached to a
fixed point F' by a string of length [ metres. The particle
P moves along a circular arc in a fixed vertical plane
through F'. The point O is the lowest point of the arc,
ZOFP =6, and the arc length OP = s metres. The
time ¢ is measured in seconds and g m/s? is the constant
gravitational acceleration.

(i) Sd};OW that the tangential acceleration of P is given by % =1 d%(%éz), where
0= <.
dt
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(ii) Show that the equation of motion of the pendulum is [-% (%02) = —gsind.

(iii) Suppose the pendulum is given an initial angular velocity of \/? radians/second
at 6 = 0.

Show that %192 = g(cos@ — %)

Hence deduce that the maximum value of § attained by the pendulum is %.

(iv) Suppose that on the initial upward swing the angular velocity is better approx-
imated from the equation $16% = g(cosf — 3) — <% (2sind — 6).

Use one application of Newton’s method to find the maximum value of 6 attained
s

by the pendulum. Take 6 = % as the first approximation.

(b) (i) If a is a multiple root of the polynomial equation P(z) = 0, prove that
P'(a) = 0.

(ii) Find all roots of the equation 1823 + 3% — 28x + 12 = 0 if two of the roots are
equal.
!

6. (a) G

The solid S is generated by moving a straight edge so that it is always parallel to a
fixed plane P. It is constrained to pass through a circle C and line segment [. The
circle C, which forms a base for §, has radius a and the line segment [ is distance d
from C. Both C and [ are perpendicular to P and sit on P in such a way that the
perpendicular to C at its centre O bisects .

(i) Calculate the area of the triangular cross-section FFG which is parallel to P
and distance x from the centre O of C.

(ii) Calculate the volume of S.
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(b) In the diagram ABCD is a cyclic
quadrilateral and P, @, R and S are the
incentres of triangles ABC, BCD,CDA and
D AB respectively. The incentre of a

triangle is the point of intersection of the
bisectors of its three angles. Thus, for
example, BP bisects ZABC and CP bisects
/AC B; similarly BQ bisects Z/DBC and C'Q
bisects ZDCB.

A

(i) Copy the diagram
(ii) Prove that ZPBQ(= ZPBC — ZQBC) = LZABD.

(iii) Prove that ZPCQ = ZPB(Q and hence explain why BCQP must be a cyclic
quadrilateral.

(iv) Prove that ZSPQ = ZBAS + ZBCQ.
(v) Deduce that SPQR is a rectangle.
7. (a) In the next 7 days, called day 1, day 2, ..., day 7, Esther and George must

each take 3 days in a row off work. They choose their consecutive 3 days randomly
and independently of each other.

. o1 . 1
(i) Show that the probability that they both have day 1 off together is 5.

(ii) What is the probability that day 2 is the first day that they both have off
together?

(iii) Find the probability that Esther and George have at least one day off together.

(b) Forn=1,2,3,...,let s, =1+ > %
r=1

(i) Prove by mathematical induction that e — s, = e fol %e_m dz.
(ii) From (i), deduce that 0 < e — s, < ﬁ forn=1,2,3,....
[Remember that e < 3 and e™* < 1 for z > 0.]

(iii) By using the inequality of (ii), deduce that (e — s, )n! is not an integer for
n=2734....

(iv) Show that there cannot exist positive integers p and ¢ such that e = g.
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8. (a) Let the points Ay, As, ..., A, represent the nth roots of unity, wq, wa, . .., wy,,
and suppose P represents any complex number z such that |z| = 1.

(i) Prove that wy +we + -+ 4+ w, = 0.
(ii) Show that PA? = (z —w;)(z —w;) for i = 1,2,...,n.
(iii) Prove that Y PA? = 2n.

i=1

(b) Let f(x) = 1+ 22 and let z; be a real number. For n = 1,2,3,..., define

Tp+1 = Tp — J{/((ZZ)) .

[You may assume that f'(z,) # 0.]
(i) Show that |z,41 — x| >1forn=1,2,3,....
(ii) Graph the function y = cot 6 for 0 < 6 < .

(iii) Using your graph from (ii), show that there exists a real number 6,, such that
x, = cot 8, where 0 < 6,, < .

(iv) Deduce that cot 8,1 = cot 20, for n =1,2,3,....

2tan 6 ]

[You may assume that tan 20 = ;=323

(v) Find all points z; such that, for some n,xy = x,41.
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1. (a) Find (i) [ % dx (ii) [ m dz.

(b) Evaluate f%?’ V9 —u? du. (c) Evaluate ff 7(%?1;(23’5_” dt.

(d) Evaluate [ e**sinz dx.

2. (a) Let z = a + ib, where a and b are real. Find:

(i) &(4i — 2)

(ii) (3iz) in the form x + iy, where z and y are real

(iii) tan @, where 6 = arg(z?).

(b) Express in modulus-argument form:

(i) —1+4 (ii) (=1 + )™, where n is a positive integer.

(c¢) (i) On the same diagram, draw a neat sketch of the locus specified by each of
the following;:

() |z—(3+2i)|=2 (B) |z+3]=1]z—5|

(ii) Hence write down all the values of z which satisfy simultaneously

|z —(342i)|=2 and |z+3|=|z—5]

(iii) Use your diagram in (i) to determine the values of k for which the simultaneous
equations |z — (34 2i)| = 2 and |z — 2i| = k have exactly one solution for z.

3. (a) The hyperbola H : 162% — 9y* = 144 has foci S(5,0) and S’(—5,0).

[S1{Ne)

The directrices are x = % and z = —
(i) Find the equation of each asymptote of H.

(ii) Sketch H and indicate on your diagram the foci, directrices, and asymptotes.
(iii) By differentiation, find the gradient of the tangent to H at P(3secf,4tan).
(iv) Show that the tangent to H at P has equation 4z = (3sinf)y + 12 cos 6.

(v) Given that 0 < § < 7, show that @, the point of intersection of the tangent to

12—20cos @

H at P and the nearer directrix, has y coordinate =<5

(vi) Calculate the gradient of SP and SQ.
(vii) Determine whether ZPSQ is a right angle.
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(b) The graph shows part of the curve whose ¥4
parametric equations are E /
r=t24+t-2,y=1t3—1t,t>0.

(i) Find the values of ¢ corresponding to points

O and F on the curve.

(ii) The volume V of the solid formed by rotating
the shaded area about the y axis is to be calculated
using cylindrical shells.

l:l:ﬂ'—lg .G

E
L e
-+

Express V in the form I
V =2r [*f(t) dt. -2 2 4 & 7

T

Specify the limits of integration a and b and
function f(t). You may leave f(t) in unexpanded form.
Do NOT evaluate this integral.

4. (a) Find « and 3, given that 23 + 32 + 2i = (z — a)?(z — 3).

(b) Alex decides to go bungy-jumping. This involves being tied to a bridge at a
point O by an elastic cable of length [ metres, and then falling vertically from rest
from this point.

After Alex free-falls [ metres, she is slowed down by the cable, which exerts a force,
in newtons, of Mgk times the distance greater than [ that she has fallen (where M
is her mass in kilograms, g m/s? is the constant acceleration due to gravity, and k
is a constant).

Let x m be the distance Alex has fallen, and let v m/s be her speed at x. You may

assume that her acceleration is given by % (%v2).

(i) Show that - (1v?) = g when z <,
4 (102) = g — gk(z — ) when z > [.
(ii) Show that v? = 2gl when Alex first passes = = .

(iii) Show that v? = 2g2 — kg(x — 1)? for x > I.

(iv) Show that Alex’s fall is halted first at @ =1 + + + /2L + (%)2

(v) Suppose + = L.

Show that O must be at least 2] metres above any obstruction on Alex’s path.
5. (a) Let f(x) = % for x # 5.

(i) Show that f(z) = —z — 4+ 2.
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(ii) Explain why the graph of y = f(x) approaches that of y = —x — 4 as © — o
and as * — —o0.

(iii) Find the values of = for which f(z) is positive, and the values of = for which
f(z) is negative.

(iv) Using part (i), show that the graph of y = f(x) has two stationary points.
(There is no need to find the y coordinates of the stationary points.)

(v) Sketch the curve y = f(z). Label all asymptotes, and show the x intercepts.

(b) A jar contains w white and r red jellybeans. Three jellybeans are taken at
random from the jar and eaten.

(i) Write down an expression, in terms of w and r, for the probability that these 3
jellybeans were white.

Gary observed that if the jar had initially contained (w + 1) white and r red jelly-
beans, then the probability that the 3 eaten jellybeans were white would have been
double that in part (i).

s w?—w—2
(ii) Show that r = “=—2==.

(iii) Using part (a) (v), or otherwise, determine all possible numbers of white and
red jellybeans.

6. (a) (i) Given that sinz > 2% for 0 < z < Z, explain why
. 3
e” ST dx < fe_%/” dz.
0

ST

o 3
(ii) Show that [e™ 5% dz = [e™ 5% dx.
x 0

2

(iii) Hence show that [e™s"% dz < Z(e —1).
0
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(b)

Circles PABC and PM NO intersect at P, and APM, BPN, and C PO are straight
lines. BA and M N produced meet at X,C'A and MO produced meet at Y, and
CB and NO produced meet at Z, as in the diagram. Let /Y AX = «.

(i) Prove that ZBPC = a.

(ii) Prove that ZOMN = a.

(iii) Prove that XY AM is a cyclic quadrilateral.
(iv) Prove that ZXY M = ZBCP.

(v) Prove that XY, and Z are collinear.

7. (a) (i) It is known that if f'(x) > 0 and f(0) =0, then f(z) > 0 for z > 0.
Show that sinxz — z + % > 0 for x > 0, and hence show that % >1-— %ﬁ for z > 0.

Let the points Ag, A1, As, ..., A,_1 represent the nth roots of unity on an Argand
diagram, where A represents cos 2’“7“ + ¢ sin 2’“7“

Let P be the regular polygon AgAy---A,_1.

(ii) Show that the area of P is % sin 2T,

(iii) Using part (i), or otherwise, show that for all n > 26, P covers more than 99%
of the unit circle.



(b) For all integers n > 1, let t,, = 25 + 75 + - + 5707 + 30

2n—1
That is: tlzé
=141
=i+i+d

(ii) 'z NOT TO SCALE

e

&

1
— =1
|

a n A+l a+d in-1 2n E 4

The diagram above shows the graph of the function y = % for n <z < 2n.
Use the diagram to show that ¢, + % > In 2.

[Note that it can similarly be shown that ¢,, < In2.]

(iii) For all integersn > 1,let s, =1— 2+ % — 1+ + 535 — 5.

That is: s1 =1 —%

Prove by mathematical induction that s, = t,.

(iv) Hence find, to three decimal places, the value of 1— 1 + % — b4

1

27

9999 ~ 10000
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8. (a) Suppose a > 0,b > 0,¢ > 0.
(i) Prove that a? + b > 2ab.
(ii) Hence prove that a? + b + ¢ > ab + be + ca.

(iii) Given a® + b + ¢ — 3abc = (a + b+ ¢)(a® + b* + ¢ — ab — bc — ca)
prove that a® + b3 + ¢ > 3abc.

In parts (iv) and (v), assume x > 0,y > 0,z > 0.
(iv) By making suitable substitutions into (iii), show that z +y + z > 3(zyz)/5.

(v) Suppose (1 +z)(1 +y)(1 + z) = 8. Prove that xyz < 1.
(b) Let 2 = a be a root of the quartic polynomial &

P(z) = 2* + Az® + Ba® + Az + 1, where A and B |
are real. Note that a may be complex. ' P~

(i) Show that a # 0. : 4

(ii) Show that x = « is a root of 6T
Qz)=2>+ L +A(z+1)+B. '

(iiif) With v = 2 + 1, show that Q(x) becomes i

R(u) = u? + Au+ (B — 2). j:u-‘“'"!
]
(iv) For certain values of A and B, P(z) has no . ‘.
real roots. Let D be the region of the AB plane 7 A
where P(x) has no real roots and A > 0. =¥

The region D is shaded in the figure. Specify the bounding straight-line segment ¢
and the curved segment c. Determine the coordinates of T



