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1. Introduction

Traffic processes in a Markov process are point processes associated the jump epochs
of the Markov process and their behavior can be described in terms of the characteristics
of the Markov process. The study of traffic processes is conductive to a better understand-
ing of stochastic systems and networks in manufacturing, telecommunications, computer
design and performance evaluation, etc. Since the stochastic systems and networks with
Poisson traffic processes are much more convenient to be dealt with, an important prob-
lem in this regard is: When is a traffic process Poisson ? Poisson traffic processes in a
pure jump Markov process have been discussed in the literature by using the Markov
renewal method (see Melamed (1979, 1982) and Disney and Kiessler (1987)), the filter-
ing method (see Bémaud (1981) and Varaiya and Walrand (1981)), and the time-reversal
method (see Walrand (1988) and Serfozo (1989)).

In this paper, we present conditions under which traffic processes in a pure jump
Markov process with a general state space are Poisson processes by means of the dual
predictable projections of the traffic processes and the time-reversal process, and give a
simple proof of PASTA type theorem in Melamed (1982) and Walrand (1988), which are
the subject of Section 2. In Section 3, we consider a symmetric queue with phase type
negative arrivals and show that the queue is quasi-reversible. The concept of negative
arrivals, sometimes called signals, was first introduced by Gelenbe (1991). Recently many
authors considered queueing networks with negative arrivals, but they always assumed
that the negative customers arrive at the system according to a stationary Poisson pro-
cess, see Gelenbe (1991,1993a,b), Gelenbe and Schassberger (1992), Chao and Pinedo
(1993), Chao (1995), and Miyazawa and Wolff (1996). Gelenbe (1993b) called them
Generalized networks, or G-networks for short. In Section 4, we consider a generalized
network with phase type negative arrivals and show that the network has a product-form
invariant distribution and its traffic processes which represent the customers exiting the
network are Poisson processes.

2. Poisson traffic processes in pure jump Markov processes

Given a Polish space (E, E) and a complete probability space (Ω,F ,P), let X =
{Xt}t≥0 be a right-continuous regular pure jump Markov process with left-hand limits
on (Ω,F ,P) with state space (E, E). Let {Ft}t≥0 be the natural filtration of X, i.e.

Ft = σ{Xs, s ≤ t}, t ≥ 0

( we denote by σ{. . . } the complete σ-field generated by {. . . } ).

We assume that X has standard stationary transition probabilities

Pt(x,A) = P{Xt ∈ A | X0 = x}, t ≥ 0, x ∈ E, A ∈ E ,
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and infinitesimal generatorA. Its transition rates are denoted by q(x,A)=̂A1A(x), x ∈ E,
A ∈ E , and q(x)=̂q(x,E−{x}), where 1A is the indicator function of A. We assume that
0 < q(x) < ∞. A σ-finite measure π on (E, E) is said to be invariant for X, if π solves
the following balance equations:

∫

A
π(dy)q(y) =

∫

E
π(dy)q(y, A− {y}),

for all A ∈ E .

Let {Sn}n≥1 be a sequence of jump epochs of X and put S0=̂0. Then Sn are clearly
stopping times of {Ft}. For each n ≥ 0, define Yn=̂XSn . Y = {Yn}n≥0 is said to be the
jump chain of X. We assume β=̂

∫
E π(dx)q(x) < ∞. Then the probability measure θ

defined by
θ(dx) = β−1π(dx)q(x), x ∈ E

is invariant for Y . Define N by N(C) = {number of jumps of {Xt} in the Borel set C},
i.e.,

N(C) =
∞∑

n=1

1C(Sn).

Let H be a subset of E × E − diag(E × E) and NH be the point process counting the
H-transitions of {Xt}, i.e.,

NH(C) =
∫

C
1H(Xs−, Xs)N(ds).

Then NH(C) is the number of jumps of X in the time period C from some x to some
y for which (x, y) ∈ H. Clearly, NH(C) is finite when C is bounded and maybe infinite
when C is unbounded.

Define a integer-valued random measure on R+ ×E by

µ(ds, dy) =
∞∑

n=1

δ(Sn,Yn)(ds, dy), (2.1)

where δx is the Dirac measure at x ∈ R+ ×E. Then we have

NH(C) =
∫

C

∫

E
1H(Xs−, x)µ(ds, dx). (2.2)

Note that the integer-valued random measure µ has dual Ft-predictable projection υ:

υ(ds, dx) = q(Xs−, dx)ds. (2.3)

(see Chapter 3 of Last and Brandt (1995) for the details). Let Np
H be the dual Ft-

predictable projection of NH . Then from (2.2) and (2.3), we have

Np
H(C) =

∫

C

∫

E
1H(Xs−, x)q(Xs−, dx)ds. (2.4)
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Let
ΛH(t) =

∫

E
1H(Xt−, x)q(Xt−, dx) (2.5)

for all t,

η(y) =
1

π(dy)

∫

E
1H(x, y)q(x, dy)π(dx)

for all y ∈ E, and Λ̃H(t) = η(Xt−) for all t. Then we have the following theorem.

Theorem 2.1. i) Under the initial probability measure π, the present state Xt and
the future of NH : {NH(t + u) − NH(t), u ≥ 0} are independent for all t if and only if
ΛH(t) is a fixed positive constant a for all t. In that case, NH is a Poisson process with
rate a.

ii) Under the initial probability measure π, the present state Xt and the past of NH :
{NH(u), u ≤ t} are independent for all t if and only if Λ̃H(t) is a fixed positive constant
a for all t. In that case, NH is a Poisson process with rate a.

Remark 2.1. Theorem 2.1 for Markov processes with countable state space was
given by Serfozo (1989) and he pointed out that the results can extend to Markov pro-
cesses with general state space. Now, we give another proof for general state space case.

Proof. i) If ΛH is a fixed positive constant a, then by (2.4), (2.5) and T4 theorem
(see Brémaud (1981), pp. 25), NH is a Poisson process with intensity a. For all t, we
have

E[NH(t + s)−NH(t) | σ(Xt)] = E[NH(t + s)−NH(t) | Ft]

= E[
∫ t+s

t
ΛH(u)du | Ft] = sa.

Thus, the present state Xt and the future of NH : {NH(t + u) − NH(t), u ≥ 0} are
independent for all t.

On the other hand, from the definition of NH , we know that NH is a simple point
process. By the defination of Np

H , we have ENp
H({t}) = 0 if and only if P (NH(t) 6=

NH(t−)) = 0, where NH(t)=̂NH((0, t]), for all t. From (2.4), we obtain that NH is
continuous in probability, i.e., limt→u NH(t) = NH(u), where the limit is taken in proba-
bility. By Markov property of {Xt}, NH(t+u)−NH(t) is independent of Ft for all t and
u ≥ 0. Since Ft

NH ⊂ Ft for all t, where Ft
NH is the natural filtration of NH , we have

NH(t + u) − NH(t) is independent of Ft
NH for all t and u ≥ 0. Thus NH is a Poisson

process with nonnegative deterministic cumulative intensity (compensator). Note that
X is stationary, and therefore ΛH is a fixed positive constant.

ii) By using the time-reversal of X with H̃ = {(x, y) | (y, x) ∈ H} instead of H, we
obtain the conclusion with the same argument above. 2

Define Ψ = {Ψn = (Yn, Yn+1), n ≥ 0}. Then Ψ is a discrete-time Markov process on
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Ψ = {(x, y) ∈ E2 | x 6= y}. Its one-step transition function is given by

M(x, dy) = F (x2, dy2)1y1=x2

for all x = (x1, x2), y = (y1, y2) ∈ Ψ. Assume that β=̂
∫
E π(dx)q(x) < ∞. Then

η(dx)=̂β−1π(dx1)q(x1, dx2), x = (x1, x2) ∈ Ψ

is the invariant probability measure for Ψ. Let {Tn} be a sequence of jump epoch of
{(Xt−, Xt)} in H ∈ E and define γn=̂(XTn− , XTn) for all n ≥ 1. Then {γn} is a Markov
chain on H with the invariant probability measure πH defined by

πH(dx) =
η(dx)
η(H)

1x∈H .

Assume that
λ=̂

∫

E
π(dx)

∫

E
1H(x, y)q(x, dy) > 0. (2.6)

Then {XTn−} is a discrete-time Markov process with invariant probability measure πT−
given by

πT−(dx) = λ−1π(dx)
∫

E
1H(x, y)q(x, dy), x ∈ E, (2.7)

and {XTn} is a discrete-time Markov process with invariant probability measure πT given
by

πT (dy) = λ−1
∫

E
q(x, dy)1H(x, y)π(dx), y ∈ E. (2.8)

Theorem 2.2. i) Under the initial probability measure π, the present state Xt and
the future of NH : {NH(t + u)−NH(t), u ≥ 0} are independent for all t ≥ 0 if and only
if πT− = π. In this case, NH is a Poisson process with rate λ.

ii) Under the initial probability measure π, the present state Xt and the past of
NH : {NH(u), u ≤ t} are independent for all t ≥ 0 if and only if πT = π. In this case,
NH is a Poisson process with rate λ.

Remark 2.2. Theorem 2.2 is given by Melamed (1982) and Walrand (1988) (see,
p.75). Now, we give a simple proof of it by using Theorem 2.1.

Proof. i) If πT− = π, then
∫

E
1H(x, y)q(x, dy) = λ.

It follows from (2.5) that ΛH(t) = λ. If the present state Xt and the future of NH :
{NH(t + u)−NH(t), u ≥ 0} are independent for all t ≥ 0, then by Theorem 2.1, ΛH(t)
is a fixed positive constant a, for all t, i.e.,

ΛH(t) = E[ΛH(t)] = a
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for all t. Thus, by (2.5), (2.6) and (2.7), we have πT− = π. The rest of the conclusion
comes from Theorem 2.1 .

ii) By using the time-reversal of X with H̃ = {(x, y) | (y, x) ∈ H} instead of H, we
obtain the conclusion with the same argument above. 2

Now, we consider the quasi-reversibility of a queue. The evolution of a queue is
described by a Markov process {Xt}. Its arrival process Ac and departure process Dc

correspond to certain transitions of {Xt} in the state space E, for each c ∈ C, where C
is the set of classes of customers. That is,

Ac
t =

∑

0<s≤t

1Ac(Xs−, Xs), Dc
t =

∑

0<s≤t

1Dc(Xs−, Xs),

where Ac and Dc are disjoint subsets of {(x, y) ∈ E | x 6= y}, for each c ∈ C.

Corollary 2.1. Suppose the queue is stationary with the invariant probability
measure π. Then it is quasi-reversible if and only if for all c ∈ C,

∫

E
1Ac(x, y)q(x, dy) = λc, for all x ∈ E,

and
1

π(dy)

∫

E
1Dc(x, y)q(x, dy)π(dx) = µc, for all y ∈ E,

where λc is independent of x ∈ E, and µc is independent of y ∈ E. In this case, arrival
processes are independent Poisson processes with rates λc, c ∈ C and so are the departure
processes with rates µc, c ∈ C.

Remark 2.3. Corollary 2.1 is a generalization of (3.1) and (3.2) in Walrand (1988)
(see pp. 90-91). It immediately follows from Theorem 2.1.

3. A symmetric queue with phase type negative arrivals

In this section, we consider a symmetric queue within which customers are located in
positions 1, 2, · · ·, n, where n is the total number of customers present. Assume that:

(i) Regular customers arrive at the queue as independent Poisson processes with
rate λ+

c , for class c ∈ C (a given countable set ). When a regular customer arrives, he
moves into position l, l = 1, 2, · · · , n+1, with probability γ(l, n+1); customers previously
in positions l, l + 1, · · ·, n move to positions l + 1, l + 2, · · ·, n + 1 respectively.

(ii) The distribution of the required service time of a class c customer is PH(αc, Sc)
of order m for c ∈ C.

(iii) The total service effort of the queue is dependent on the state of the queue and
is supplied at rate ψ(n).

(iv) A proportion γ(l, n) of the total service effort is distributed to the customer in
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position l, l = 1, 2, · · · , n; with his departure, customers in positions l + 1, l + 2, · · ·, n

move into positions l, l + 1, · · ·, n− 1 respectively.
(v) In addition, as soon as a class c regular customer arrives at the queue and joins

some position, a negative arrival process in this position starts. The required time until
the negative arrival occurs has a PH(βc, Uc) distribution of order m′, for c ∈ C.

(vi) For negative arrival processes, the actual total rate of progress in all positions
is dependent on the state of the queue and is equal to ψ(n). A proportion γ(l, n) of
the actual total rate of progress is distributed to the negative arrival process in position
l, 1 ≤ l ≤ n. A negative arrival in some position l results in a service completion of
the regular customer and the end of the corresponding negative arrival process in this
position. With the departure of the regular customer, customers in positions l + 1, l + 2,
· · ·, n move into positions l, l + 1, · · ·, n− 1 respectively.

(vii) All the regular customer arrival processes, the required times for negative
arrivals and the required service times are mutually independent.

These γ(l, n)’s satisfy
n∑

l=1

γ(l, n) = 1.

Let S−c be a random variable with distribution PH(βc, Uc) of order m′, and Sc be
a random variable with distribution PH(αc, Sc) of order m for c ∈ C. Then S−c ∧Sc is a
random variable with distribution PH(βc⊗αc, Uc⊗ I + I ⊗Sc) of order mm′, for c ∈ C.
Let Lc = Uc ⊗ I + I ⊗ Sc, ϕc = βc ⊗ αc. Then it is easy to know that the queue can be
described by a Markov process {Xt} with state space E = {x}, where

x = (c1, φ1; c2, φ2; · · · ; cn, φn), and φi = (φ′i, φ
′′
i ), 1 ≤ i ≤ n, (3.1)

when there are n customers in the queue, the customer in position i is of class ci with
service phase φ′′i , and the phase of negative arrival is φ′i. We define that x = 0 when
n = 0.

For each x = (c1, φ1; c2, φ2; · · · ; cn, φn) ∈ E, we define




Al
cφx = (c1, φ1; · · · ; cl−1, φl−1; c, φ; cl, φl; · · · ; cn, φn), 1 ≤ l ≤ n, n ≥ 1,

Al
cφx = (c1, φ1; · · · ; cn, φn; c, φ), l = n + 1, n ≥ 0,

Dl
clφl

x = (c1, φ1; · · · ; cl−1, φl−1; cl+1, φl+1; · · · ; cn, φn), 1 ≤ l ≤ n, n ≥ 1,

T l
φx = (c1, φ1; · · · ; cl, φ; · · · ; cn, φn), 1 ≤ l ≤ n, n ≥ 1.
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Then, the transition rate matrix of the queue Q = (q(x, y))x,y∈E is given by




q(x,Al
cφx) = λ+

c γ(l, n + 1)ϕc(φ), 1 ≤ l ≤ n + 1, n ≥ 0,

q(x,Dl
clφl

x) = γ(l, n)L0cl
(φl)ψ(n), 1 ≤ l ≤ n, n ≥ 1,

q(x, T l
φx) = γ(l, n)Lcl

(φl, φ)ψ(n)1φ6=φl
, 1 ≤ l ≤ n, n ≥ 1,

(3.2)

where L0cl
= −Lcl

e (e is the unit column vector), and q(x, y) = 0 for all other state
y ∈ E − {x}.

Let vc = (vc(φ1), vc(φ2), · · · , vc(φmm′)) be the probability distribution that solves

vc[Lc + L0cϕc] = 0,

and µ∗c=̂vcL0c, for each c ∈ C. Assume that the Markov process is irreducible. Then we
have the following theorem.

Theorem 3.1. If

lim
l→∞

1
ψ(l)

∑

c∈C

λ+
c

µ∗c
< 1

then the invariant distribution for the queue described above is given by

π(x) = b
n∏

l=1

λ+
cl
vcl

(φl)
µ∗cl

ψ(l)
, (3.3)

for all x 6= 0, and π(0) = b, where

b = (1 +
∞∑

n=1

1∏n
l=1 ψ(l)

(
∑

c∈C

λ+
c

µ∗c
)n)−1

is the normalization constant.
Furthermore, the queue is quasi-reversible when the system is in equilibrium. In

this case, the departure processes of class c, c ∈ C, regular customers are independent
Poisson processes with rates λ+

c , c ∈ C respectively.

Proof. Let Q̃ = (q̃(x, y))x,y∈E be the transition rate matrix of the time-reversal
process. It is given by





q̃(Dl
clφl

x, x) = λ+
cl
γ(l, n)ϕ̃cl

(φl), 1 ≤ l ≤ n, n ≥ 1,

q̃(Al
cφx, x) = γ(l, n + 1)L̃0c(φ)ψ(n + 1), 1 ≤ l ≤ n + 1, n ≥ 0,

q̃(T l
φx, x) = γ(l, n)L̃cl

(φ, φl)ψ(n)1φ6=φl
, 1 ≤ l ≤ n, n ≥ 1,

(3.4)

where

L̃c(φ, φ) = Lc(φ, φ)
vc(φ)
vc(φ)

, L̃0c(φ) =
µ∗cϕc(φ)
vc(φ)

, ϕ̃c(φ) =
L0c(φ)vc(φ)

µ∗c
,
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for c ∈ C and any φ = (φ′, φ′′), φ = (φ′, φ′′). To show that there is a constant b that
normalizes π given in (3.3), by Kelly’s Lemma (see Walrand (1988) p.63), one must verify
that

π(x)q(x, y) = π(y)q̃(y, x), (3.5)

for all x, y ∈ E. But this follows immediately from (3.2), (3.3) and (3.4).
The quasi-reversibility of the queue comes from Kelly’s Lemma. But we may also

verify it by using Corollary 2.1. In fact, for all x ∈ E given by (3.1),

∑

y∈E

q(x, y)1Ac(x, y) =
n+1∑

l=1

mm′∑

φ=1

q(x, Al
cφx) = λ+

c ,

and for all y = (c1, φ1; · · · ; cn, φn) ∈ E,

1
π(y)

∑

x∈E

π(x)q(x, y)1Dc(x, y) =
1

π(y)

n+1∑

l=1

mm′∑

φ=1

π(Al
cφy)q(Al

cφy, y) = λ+
c . 2

4. A generalized network with phase type negative arrivals

In this section, we consider a generalized network with J symmetric queues defined
above. Let C be the countable set of regular customer classes. We assume that regular
customers of class, c ∈ C, arrive at queue j from the outside of the network according to
independent Poisson processes with respective rate Λ+

jc. When a regular class c customer
completes his service at queue j, he goes to queue k as a regular class c′ customer with
probability pjc;kc′ , and leaves the network as a regular class c customer with probability
pjc;0. These transition probabilities satisfy

∑

k,c′
pjc;kc′ + pjc;0 = 1, 1 ≤ j ≤ J, c ∈ C.

For each j = 1, 2, · · · , J , let nj be the total number of customers in the queue j. We
assume that queue j operates in the following manner:

i) When a regular customer arrives, he moves into position l, l = 1, 2, · · · , nj + 1,
with probability γj(l, nj + 1); customers previously in positions l, l + 1, · · ·, nj move to
positions l + 1, l + 2, · · ·, nj + 1 respectively.

(ii) The distribution of the required service time of a class c customer is PH(αjc, Sjc)
of order mj , for c ∈ C.

(iii) The total service effort at queue j is dependent on the state of the queue and
is supplied at rate ψj(nj).

(iv) A proportion γj(l, nj) of the total service effort is distributed to the customer
in position l, l = 1, 2, · · · , nj ; with his departure, customers in positions l + 1, l + 2, · · ·,
nj move into positions l, l + 1, · · ·, nj − 1 respectively.

(v) In addition, as soon as a class c regular customer arrives at queue j and joins
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some position, a negative arrival process in this position starts. The required time until
the negative arrival occurs has a PH(βjc, Ujc) distribution of order m′

j , for c ∈ C.
(vi) For negative arrival processes, the actual total rate of progress in all positions

is dependent on the state of the queue and is equal to ψj(nj). A proportion γj(l, nj) of
the actual total rate of progress is distributed to the negative arrival process in position
l, 1 ≤ l ≤ nj . A negative arrival in some position l results in a service completion of
the regular customer and the end of the corresponding negative arrival process in this
position. This regular customer will either leave the network, or go to another queue
with probabilities defined above. With the departure of the regular customer in position
l, customers in positions l + 1, l + 2, · · ·, nj move into positions l, l + 1, · · ·, nj − 1
respectively.

(vii) All the regular customer arrival processes, the required times for negative ar-
rivals and the required service times are mutually independent.

These γj(l, nj)’s satisfy
nj∑

l=1

γj(l, nj) = 1.

For each j = 1, 2, · · · , J and c ∈ C, let S−jc be a random variable with distribution
PH(βjc, Ujc) of order m′

j , and Sjc be a random variable with distribution PH(αjc, Sjc)
of order mj . Then S−jc ∧ Sjc is a random variable with distribution PH(βjc ⊗ αjc, Ujc ⊗
I + I ⊗ Sjc) of order mjm

′
j . We define Ljc=̂Ujc ⊗ I + I ⊗ Sjc, ϕjc = βjc ⊗ αjc. Let

vjc = (vjc(φ1), vjc(φ2), · · · , vjc(φmjm′
j
)) be the probability distribution that solves

vjc[Ljc + Lj0cϕjc] = 0,

and µ∗jc=̂vjcLj0c, where Lj0c = −Ljce (e is a unit column vector of appropriate dimen-
sion). It is easy to know that the network can be described by a Markov process {Xt},
whose state is given by

x = (x1, x2, · · · , xJ), (4.1)

where xj denotes the state of queue j defined as (3.1), i.e.,

xj = (cj1, φj1; cj2, φj2; · · · ; cjnj , φjnj ), j = 1, 2, · · · , J.

We assume that the state process of the network is irreducible, and denote by Djc

the traffic process which represents the class c customers exiting the network from queue
j, for j = 1, 2, · · · , J and c ∈ C. Then we have the following theorem.

Theorem 4.1. If

lim
l→∞

1
ψj(l)

∑

c∈C

λ+
jc

µ∗jc
< 1, j = 1, 2, · · · , J, (4.2)

where λ+
jc is a solution of the traffic equation:

λ+
jc = Λ+

jc +
J∑

i=1

∑

c′∈C

λ+
ic′pic′;jc, (4.3)
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for c ∈ C and j = 1, 2, · · · , J . Then the invariant distribution for the state process of the
network described above is given by

π(x) =
J∏

j=1

πj(xj), (4.4)

where πj(xj) is the invariant distribution for queue j:

πj(xj) = bj

nj∏

l=1

λ+
jcjl

vjcjl
(φjl)

µ∗jcjl
ψj(l)

, (4.5)

for all xj 6= 0, and πj(0) = bj , where

bj = (1 +
∞∑

nj=1

1∏nj

l=1 ψj(l)
(
∑

c∈C

λ+
jc

µ∗jc
)n)−1

is the normalization constant.
Furthermore, when the network is in equilibrium, for all cj ∈ C and j = 1, 2, · · · , J ,

traffic processes D1c1 , D2c2 ,· · ·, DJcJ
are independent Poisson processes with rate λ+

1c1
p1c1;0,

λ+
2c2

p2c2;0,· · ·, λ+
JcJ

pJcJ ;0 respectively, and their past and the present state of the network
are independent at any time t.

Proof. From (4.2) and (4.3), it is easy to verify that (4.4) is the invariant distribution
for the state process of the network with the similar argument used in Theorem 3.1.

For all y = (y1, y2, · · · , yJ), where yj = (cj1, φj1; cj2, φj2; · · · ; cjnj , φjnj ), for each j =
1, 2, · · · , J , we have

1
π(y)

nj+1∑

l=1

mm′∑

φj=1

π(Al
jcjφj

y)γ(l, nj + 1)Lj0cj (φj)pjcj ;0

= λ+
jcj

pjcj ;0,

where

Al
jcφj

y = (y1, · · · , yj , cj1, φj1; · · · ; cjl−1, φjl−1; c, φj ; cjl, φjl; · · · ; cjnj , φjnj , yj+1, · · · , yJ),

for all cj ∈ C and j = 1, 2, · · · , J . Thus, the conclusion comes from Corollary 2.1. 2
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