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Abstract

In this paper, we present conditions under which the traffic processes in a
generalized semi-Markov process with reallocation (RGSMP) are Poison pro-
cesses, and give an easy-to-use criterion for the quasi-reversibility of queues
which can be described by RGSMP’s. By applying these results to a mul-
tiple class generalized network with general service time distributions, we
prove that its stationary state distribution is of a product-form and the traf-
fic processes which represent the customers exiting the network are Poisson
processes.
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1. Introduction

Traffic processes in queueing networks are an important operating facet of such
models, as well as valuable in the study of valid decompositions of networks. If we find
some traffic processes in a network Poisson, then it often renders the mathematical anal-
ysis tractable. Generalized semi-Markov processes (GSMP’s) have been introduced to
study insensitivity of queueing models in a unified way, see Schassberger (1977a,b, 1978,
1986), Burman (1981), Franken et al (1982), Baccelli and Brémaud (1987), Henderson
(1989), Henderson and Taylor (1991). A generalized semi-Markov process with reallo-
cation (RGSMP), which was first introduced by Miyazawa (1993), is a generalization of
GSMP and is useful for studying a wide range of stochastic models which can not be
described by ordinary GSMP’s, see Miyazawa (1991, 1993, 1994), Miyazawa et al. (1995)
and Miyazawa and Wolff (1996). Poisson traffic processes in GSMP’s have been discussed
in the literature by using the embedded Markov chain method, see Franken et al (1982)
and Baccelli and Brémaud (1987). We will now discuss traffic processes in RGSMP’s and
their networks with different method.

In this paper, we first recall the notion of an RGSMP in Section 2. Then we present
conditions under which the traffic processes in an RGSMP are Poisson processes by using
the dual predictable projections of traffic processes and their time-reversal processes, and
give an easy-to-use criterion for the quasi-reversibility of queues which can be described
by RGSMP’s, that are the subject of Section 3. In Section 4, we consider a symmetric
queue with general service time distributions and negative arrivals, and show that the
queue is quasi-reversible. Here the concept of negative arrival, sometimes called signal,
was first introduced by Gelenbe (1991). Recently many authors considered queueing
networks with negative arrivals, see Gelenbe (1991, 1992, 1993a,b), Chao and Pinedo
(1993), Chao (1995), and Miyazawa and Wolff (1996). Gelenbe (1993b) called them
Generalized networks, or G-networks for short. In Section 5, we consider a multiple
class generalized network with general service time distributions and negative arrivals,
and show that the network has a product-form stationary distribution and the traffic
processes which represent the customers exiting the network are Poisson processes.

2. Generalized semi-Markov processes with reallocation

In this section, we recall the notion and results of a generalized semi-Markov process
with reallocation (RGSMP) which are cited from Miyazawa et al. (1995). Let G, S and
D be countable sets. An element g € G is called a macrostate. With each macrostate
g € G is associated a finite subset of S, A(g), called the set of active sites for g. Each
site s € A(g) has a clock which counts the attained lifetime of the site at a given epoch.
The type of the clock at each site s € A(g) is given by a mapping v,: A(g) — D, where
D is called the set of clock types. Denote s(g)=v4(s), for simplicity. Let Hy be the



lifetime distribution for each d € D. Assume that H, is differentiable with bounded
and continuous density hg and ;= [°(1 — Hy(u))du < oo, for each d € D. We define
d(g)=1 A(g) |, i-e., the number of elements in A(g). Under the macrostate g € G, a clock
at site s € A(g) is increasing with speed 4. These speeds 74, verify the conditions

rsg > 0, if s € A(g);

> Tsg > 0.
s€A(g)

(2.1)

It means that, for each g € G, all clocks have non-negative speeds and at least one clock
is increased with positive speed. When the clock at a site s € A(g) completes its lifetime,
which is called expiry of the site, a transition of the macrostate g to a macrostate ¢’
occurs and new sites may be activated, while other clocks at sites in A(g) — {s} keep their
attained lifetimes but may be reallocated to sites in A(g’) —U’, where U’ C A(g’) denotes
the set of the new active sites activated at such a transition epoch. This reallocation is
described by a one-to-one mapping

Lygg = Alg) — {s} — A(g") = U,

such that
Yy (') = 79(1‘;919,(5’)), for all s € A(g") — U".

Let {X(t)} be a process taking values in the macrostate space G. Given that
X(t) = g and asite s € A(g) expires, the process goes to state ¢’ € G and activates the set
of new active sites U’ C A(g’) with probability p(g, s, ¢, U’). Assume that the transition
probability p(g, s,q¢’,U’) does not depend on the earlier history before the considered
jump epoch. For each time ¢, let Rs(t) > 0 be the attained lifetime of the clock at time
t on site s € A(g). Define a vector-valued variable Y () by (X(t), Rs(t); s € A(g)) for
each time ¢. It is easy to know that the joint process {Y (¢)} is a Markov process. We
call {Y'(¢)} a generalized semi-Markov process with reallocation, or an RGSMP for short.
Let E be the state space of {Y(¢)}, and we assume that the sample paths of {Y (¢)} are
right-continuous with left-limits. Given that the site s € A(g) expires, let Qs be the
transition measure of the RGSMP {Y (¢)}. Then it is given by

Qs (y7 dy/) = Z p(ga S, gla U/) H 1?/} (s/):ysf X H 19;//:0dy/1 o dyfli(gl)’
U'CA(g) s'eA(g)—{sy 9 s"eU’

for y = (g,ys55 € Alg)) € B,y = (¢' 455 € Alg)) € Eand s € Alg). If Hy is
exponential for all d € D, then {X(¢)} is a Markov process, which is often referred to
the pure Markov case.

In the pure Markov case, if {X(¢)} is irreducible positive recurrent, then a set
{n(g9); g € G} of positive numbers 7(g) with

d>onlg) =1 (2.2)

geG



gives a stationary distribution for the Markov process { X (¢)} if and only if {n(g); g € G}
is a solution of the following system of global balance equations:

n(g) D rsghsiy = d_nlg) D D Teghyeply, s g, U), (2.3)
s€A(g) g'eG s'€A(g’") UCA(g)

for every g € G. Moreover, the embedded Markov chain of {X(¢)}, considered at jump
epochs, is positive recurrent if and only if

D D Tsghsgnlg) < oo (2.4)

9€G s€A(g)

Throughout this paper we assume that (2.3) has a unique solution {n(g); g € G} with
n(g) > 0 for every g € G and > n(g) = 1.
geG

We now consider the general case of the RGSMP. Let D’ be the subset of D such
that Hy is not exponential for all d € D’. Let A'(g) = {s: s € A(g),s(g) € D'}. Consider
the following system of so-called local balance equations:

n(9)rsgtisy = >, . Y. reghsyn(gd)pld, s, g,0), (2.5)

g'eGs’'eA(g’) {U:seU}

for every g € G and every s € A'(g).

If {n(g)} satisfies the conditions (2.3), (2.4) and (2.5), then the stationary distribu-
tion of the RGSMP {Y (¢)}, =, is given by

P(X(t) = g, Rs(t) < ysis € Alg 9) 11 #s | Hyg(wdu,  (26)
s€A(g)

for all g € G and y, > 0, where Hg=1— Hy, d € D

3. Poisson traffic processes in RGSMP

Given a complete probability space (2, F,P), a family {F;};>¢ of sub-o-fields of F
such that F,, C F; whenever u < ¢ is called a filtration. If a stochastic process {Y (¢)}
is such that for all ¢, Y'(¢) is Fi-measurable, then {F;} is called a filtration of {Y'(¢)}
and {Y(t)} is said to be Fi-adapted. Let 7Y = o{Y (u),u <t} ( we denote by o{...}
the complete o-field generated by {...} ). Then {FY} is a filtration of the stochastic
process {Y'(t)} and {F;¥} is said to be the natural filtration of {Y'(¢)}.

Let {T)}n>1 be a sequence of jump epochs of an RGSMP {Y(¢)}. Then T,, are
clearly stopping times of {F} }. Define an integer-valued random measure on Ry x E by

o0

p(dt, dy) = Z (T, v (1)) (dt, dy), (3.1)



where d, is the Dirac measure at x € Ry x E. Note that the integer-valued random
measure p has the dual Fi-predictable projection v given by

o(dt,dy) = > Tex o) Qs(Y(E=), dy) As(x -y (Rs(t—))dt, (3.2)
sEA(X(t-))
where h
() ) orall z R, andd e D

Hq(z)
(see Davis (1984) and Chapter 3 of Last and Brandt (1995) for the details). Let N(t)=
Yoo 1 17, <¢ be the number of jumps in (0,¢] and assume that EN(t) < oo, for all t.
Let H be a subset of F x E — diag(FE x E) and Ny be the point process counting the
H-transitions of {Y (¢)}, i.e.,

Nut) = | L (Y (um), Y (u))N (du) -

:/Ot/Em(Y(u—),y)u(duady)-

Ny represents the number of jumps of Y in the time period (0,¢] from some z to some
y such that (z,y) € H. Let N% be the dual F;¥ -predictable projection of N (t). Then
from (3.2) and (3.3), we have

Nh#) = [ [ ) ety

:/Ot/ElH(Y(U_)ay) z TSX(u—)QS(Y(U_)ady)As(X(u_))(Rs(u—))du.

SEA(X (u—))
Let
AH(t) = / 1H(Y(t_)7 y) Z 7"sX(t—))‘s(X(t—)) (RS (t_))QS (Y(t_)a dy)
E sEA(X(t-))
Then

t
NP() = / A (u)du. (3.4)
0
When Y is stationary with the stationary distribution 7, we define

1
) = gy [, 1) 3 7 Qu(w ) (0:) (),

s€A(g)

for all x € E, and Ay (t)=((Y (t—)), for all . Then, we have the following theorem.

Theorem 3.1. i) Under the initial probability measure 7, the present state Y'(t)
and the future of Ng: {Ng(t +u) — Ng(t), u > 0} are independent for all ¢ if and only



if Ag(t) is a fixed positive constant A for all ¢. In that case, Ny is a Poisson process with
rate A.

ii) Under the initial probability measure 7, the present state Y (¢) and the past of
Ng: {Ng(u), u < t} are independent for all ¢ if and only if Ay(t) is a fixed positive
constant A for all ¢. In that case, Ny is a Poisson process with rate A.

Proof. i) If Ay is a fixed positive constant A, then by (3.4) and T4 theorem (see
Brémaud (1981), p. 25), Ny is a Poisson process with intensity A\. By Markov property
of Y, we have

E[Nu(t+u) = Nu(t) | o(Y())] = E[Ng(t+u) — Nu(t) | F']

t+u
= E| Ag(s)ds | FY] = ul.
t

Thus, the present state Y (¢) and the future of Ng: {Ng(t + u) — Ng(t), u > 0} are
independent for all .

On the other hand, from the definition of Nz, we know that Ny is a simple point
process. By (3.4) and the definition of Nf;, we obtain that Ny is continuous in probability,
i.e., limy_, Ng(t) = Ng(u), where the limit is taken in probability. By Markov property
of Y, Ng(t+u) — Ng(t) is independent of F) for all t and u > 0. Since FV7 c FY for
all t, we have Ny (t +u) — Ng(t) is independent of FN# for all t and u > 0. Thus Ng
is a Poisson process with nonnegative deterministic cumulative intensity (compensator).
Note that X is stationary, and therefore Ay is a fixed positive constant.

ii) Since Y is stationary, we may consider Y on the real line R. Let Y is the right-
continuous time-reversal of Y. Then Y is a stationary RGSMP. Define a point process
Ny on R by

Ni(€) = [ 1a(V(w), ¥ (u=))N(du), C € BR),

where B(R) is the Borel o-field on R. Then N is the time-reversal of Ny and its dual
FY -predictable projection W% is given by

N, (C) = /C Au(w)du, C € B(R).

Thus, we obtain the conclusion by applying the results in i) to Y. This completes the
proof. O

Now, we consider the quasi-reversibility of a queue. The evolution of a queue is
described by an RGSMP {Y'(¢)}. Its arrival process A° and departure process D¢ corre-
spond to certain transitions of {Y(¢)} in the state space E, for each ¢ € C, where C is
the set of classes of customers. That is,

A%t) = Y 1ae(Y(s-),Y(s)), D(t)= ) 1pe(Y(s—),Y(s)),

0<s<t 0<s<t



where A¢ and D¢ are disjoint subsets of {(v',y) € E x E |y # y}, for each ¢ € C.

Corollary 3.2. Suppose that the queue is stationary with the stationary distri-
bution 7. Then the queue is quasi-reversible if and only if for all ¢ € C,

~/E 1Ac (ylv y) Z rSQ')‘S(QI)(yg)QS (y/7 dy) = )‘07

s€A(g’)

for all ¥ = (¢',yl;s € A(¢')) € E, and

1 / / ! ! /
1pe ) Tsqg'Ws 7d >\s / sﬂ-d = Hc,
) Jp P (y y)sg(:g/) g Qs s dy) Aoy (W) m(dy') = p

for all y = (g,ys;s € A(g)) € E, where \. > 0 is independent of ' € E, and p. > 0
is independent of y € E. In this case, the arrival processes are independent Poisson
processes with rates A\., ¢ € C and so are the departure processes with rates ., ¢ € C.

Remark 3.3. Corollary 3.2 is a generalization of (3.1) and (3.2) in Walrand (1988)
(see pp. 90-91). It immediately follows from Theorem 3.1.

4. A symmetric queue with negative arrivals

In this section, we consider a queue within which customers are located in positions
1, 2, - -+, n, where n is the total number of customers in the queue. Assume that:

(i) Regular customers arrive at the queue as independent Poisson processes with
rates A\, for class ¢ € C (a given countable set). When a regular customer arrives, he
moves into position [, [ = 1,2,---,n+1, with probability §(I,n+1); customers previously
in positions [, [ + 1, - - -, n move to positions [ + 1, [ + 2, ---, n 4+ 1 respectively.

(ii) The required service time of a class ¢ customer has a general distribution H,(-).

(iii) The total service effort of the queue is independent of the state of the queue
and is supplied at rate 1.

(iv) A proportion 6(I,n) of the total service effort is distributed to the customer in
position [, [ = 1,2,---,n; with his departure, customers in positions [ + 1,1+ 2, ---, n
move into positions I, [ + 1, ---, n — 1 respectively.

(v) In addition, as soon as a class ¢ regular customer arrives at the queue and joins
some position, a negative arrival process in this position starts. The required time until
the negative arrival occurs has a general distribution G,(-).

(vi) For negative arrival processes, the actual total rate of progress in all positions
is equal to 1 and independent of the state of the queue. A proportion §(I,n) of the
actual total rate of progress is distributed to the negative arrival process in position [,
1 <1 < n. A negative arrival in position [ results in a service completion of the regular
customer and the end of the corresponding negative arrival process in this position. With
the departure of the regular customer, customers in positions [ + 1, [ + 2, ---, n move



into positions I, [ 4+ 1, ---, n — 1 respectively.
(vii) All the regular customer arrival processes, the required times for negative
arrivals and the required service times are mutually independent.

These §(I,n)’s satisfy

n

Zé(l,n) = 1.

=1

It is easy to know that the queue has the same stochastic behaviour as a modified
system without negative arrivals, where the required service time of a class ¢ customer
is replaced by the minimum of the original required service time and a random variable
with general distribution G¢(-). Thus it can be described by an RGSMP {Y'(¢)}, whose
state is

y = (9,Ys;5 € Ag)), (4.1)

or by a Markov process {Y ()}, whose state is
y=(9.ys;s € A(g) — {0}), (4.2)
where g = (c1,¢2,-++,¢,) and A(g) = {0,1,---,n}, when there are n customers in the

queue, the customer in position i is of class ¢; and the amount of service for the modified
system already performed in position ¢ is y;, for 1 < 4 < n. The site 0 corresponds
to a regular customer arrival and g represents the time since the last regular customer
arrival. We denote the state spaces of the two processes by E and E respectively. Let
Fo(z) =1— Ge(x)H(z) for all z € Ry and pf=([5° Fe(z)dz)™!, c € C.

Theorem 4.1. If 3 .c Al (pf)™! < 1, then the stationary distribution for the
queue described by the Markov process {Y (t)} is given by

. L [V
) = o) [Lo, [ Fewyta (1.3

where 7(g) is given by

ML AL
ng)=1->Y ) J[= (4.4)
ceC :LLC =1 /‘I’Ci
The probability that there are n customers in the system is
A A
(1= 293 2o (4.5)

* *
cec He cec He
Furthermore, the queue is quasi-reversible when the system is in equilibrium. In
this case, the departure processes of regular customers are independent Poisson processes

with respective rates AT, for ¢ € C.

Proof. From (2.3), (2.4), (2.5) and (2.6), we easily verify that the stationary
distribution for the RGSMP {Y(¢)} is

= — e Mo 1 yii,u u. .
) = n(o)(1 =0 [, [ Fow)a (4.2



where A\ =" cc AF and n(g) is given by (4.4). Letting yo — oo, we obtain(4.3). (4.5)
comes from (4.4).

Now, we verify the quasi-reversibility of queue when the system is in equilibrium.
For all y, = (gl)y;’ s € A(g,)) € Ea where g, = (Cllv 6/27 o )C;L)) A(g/) = {07 17 T ,7'1,}7

n+1

/ 1AC y y rsg’As(g (ys)QS y dy 25 l n+1 )‘
s€A(g")

and for all y € E given by (4.1),

1
ﬂ_(dy)/Ech(ylay) Z ng’Qs(yl,dy)AS(g,)(y;)ﬂ-(dy/)

s€A(g")

n+1
/ NF6(ln+ D) Fu(dyl) = AT,

Thus, the conclusion comes from Corollary 3.2. O

5. A multiple class generalized network

In this section, we consider a generalized network with J queues defined above. Let
C be the countable set of regular customer classes. We assume that regular customers
of different classes arrive at queue j from the outside of the network according to in-
dependent Poisson processes with rates Ajc, ¢ € C respectively. When a regular class
¢ customer completes his service at queue j, he goes to queue k as a regular class ¢
customer with probability pj.r~ and leaves the network as a regular class ¢ customer
with probability pj.o. These transition probabilities satisfy

ijc;kc/ +pjc;0 = 17 1< ] < Ja ceC.
k,c/

For each j = 1,2,---,J, let n; be the total number of customers in the queue j.
Assume that queue j operates in the following manner:

i) When a regular customer arrives, he moves into position [, [ = 1,2,---,n; + 1,
with probability ¢;(I,n; + 1); customers previously in positions [,  + 1, ---, n; move to
positions [ + 1, 1 + 2, ---, n; + 1 respectively.

(ii) The required service time of a class ¢ customer at queue j has a general distri-
bution Hje(:).

(iii) The total service effort at queue j is independent of the state of the queue and
is supplied at rate 1.

(iv) A proportion d0;(I,n;) of the total service effort is distributed to the customer
in position I, I = 1,2,---,n;; with his departure, customers in positions [ +1, [+ 2, ---,



n; move into positions I/, [ + 1, ---, n; — 1 respectively.

(v) In addition, as soon as a class ¢ regular customer arrives at queue j and joins
some position, a negative arrival process in this position starts. The required time until
the negative arrival occurs has a general distribution Gj.(-).

(vi) For negative arrival processes, the actual total rate of progress in all positions
is equal to 1 and independent of the state of the queue. A proportion §;(l,n;) of the
actual total rate of progress is distributed to the negative arrival process in position [,
1 <1 < nj. A negative arrival in position / results in a service completion of the regular
customer and the end of corresponding negative arrival process in this position. This
regular customer will either leave the network, or go to another queue with probabilities
defined above. With the departure of the regular customer, customers in positions [ + 1,
I+ 2, ---, n move into positions [, [ + 1, ---, n — 1 respectively.

(vii) All the regular customer arrival processes, the required times for negative ar-
rivals and the required service times are mutually independent.

These §;(1,n;)’s satisfy

nj
Z(Sj(l7n]):17 j:1727"'7J
=1

It is easy to know that the network can be described by a Markov process {Y(t)},
whose state is given by

3/:<Z/17y2;"'7yJ)7 (51)
where y; denotes the state of queue j defined as (4.1):

yi = (95, Yjsi s € Alg5)), (5:2)
or by a Markov process {Y ()}, whose state is given by
Y= (U192 00, (5:3)
where 7j; denotes the state of queue j defined as (4.2):
;= (9),yjs3 5 € Alg;) —{0}), (5:4)

where g; = (¢j1,¢j2, -+, ¢jn;) and A(g;) = {0,1,---,n;}, when there are n; customers in
the queue j, for j = 1,2,---,J. We denote the state space of the two Markov processes
by E and E respectively. The site 0 corresponds to a regular customer arrival and y;o
corresponds to the time since the last regular customer arrival at queue j.

Let )\;FC be solution of the traffic equations:

J
)‘;rc = A;rc + Z Z )‘;g/pic’;jca (55),
i=1ceC

10



forall c € C and j = 1,2,---,J. Let Fjc(z) = 1 — Gje(x)Hjc(x) for all z € Ry
and uj. = (fooofjc(:v)dx)_l, ceC,j=12,---,J. Let Dj. be the traffic process
which represents the customers of class ¢ exiting the network from queue j, for each
j=1,2,---,J, and ¢ € C. Then, we have following theorem:

Theorem 5.1. If N

A ]
Z i <1’]:1727"'5J7 (56)
CECMjC

then the stationary distribution of the state process of the network described by the
Markov process {Y (t)} is given by

J
m(y) = [ =@, (5.7)
j=1

where 7;(y;) is the stationary distribution for queue j:

Yji __

j
w5(@) = mi(a) T s, [ () (5.3
=1

and 7;(g;) is given by
)\Jr n; \+
jc

ni(gy) = (1= 3 HO [ 2, (5.9)

cec e it Hiey,
forj=1,2,---,J.

Furthermore, the network is quasi-reversible when the system is in equilibrium. In
this case, for each ¢ € C, traffic processes Di., Do, -+, Dj. are independent Poisson
processes with rates )\ﬂplc;o, )\;cpgc;o,‘ e )\jcpjc;o respectively, the past of them and the
present state of the network are independent for all time ¢.

Proof. By the definition of {Y (¢)}, we know that {Y'(¢)} is an RGSMP. From (5.5),
(5.6), (2.3), (2.4), (2.5), and (2.6) we easily verify that the stationary distribution for the
state process of the network described by {Y(¢)} is

J
w(y) = [T mi(y;), (5.10)
j=1

where 7;(y;) is the stationary distribution for queue j:

T R ) Yji __
ﬂ'j(yj) = Uj(gj)(l —¢€ choyjo) H M;Cji ,/0 ch]’i(u)d% (5.11)
i=1

where A\, =3 ¢ )\;FC and 7;(g;) is given by (5.9), for j = 1,2,-,J. Thus, we obtain

Jcjo

(5.7) and (5.8) with the similar argument used in Theorem 4.1.

Let y/ = (yllayéa o ayf])v where y; = (g.;ay;sa s € A(g;))7 .g; = (691’69% o 'acgnj)’ and
A(g;) =1{0,1,---,n}}, for j = 1,2,---,J. We put ¢'=(g},95, -, g). Thenforally € E,

11



we have

1 / / / / /
1D-c (y >y) Ts ’Qs Yy ady))‘s N\Ys)P 'C;OW(dy
7r(dy) IO, se%(:g/) g ( (g )( ) J )
TLj-i-l

= El /0 23051 ng + V)pjeoFje(dy}y) = Njepjeo;

where Dj. denotes the set of traffic transitions which represent the class ¢ customers
exiting the network from queue j, 57 = 1,2,---,J. Thus, the conclusion comes from
Corollary 3.2. O

12
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