Uniqueness of L? solutions for multidimensional BSDEs and
for systems of degenerate parabolic PDEs with superlinear
growth generator.

K. Bahlali' E. Essaky? M. Hassani?

L' IMATH, UFR Sciences, USVT, B.P. 132, 83957 La Garde Cedex, France.
e-mail: bahlaliQuniv-tln.fr
2 Université Cadi Ayyad Faculté Poly-disciplinaire Département de
Mathématiques et d’Informatique, B.P. 4162 Safi, Morocco.
e-mail: essaky@ucam.ac.ma, medhassaniQucam.ac.ma

Abstract

We deal with the unique solvability of multidimensional backward stochastic differential equa-
tions (BSDEs) with a p-integrable terminal condition (p > 1) and a superlinear growth generator.
We introduce a new local condition, on the generator (see Assumption (H4)), then we show that it
ensures the existence and uniqueness, as well as the LP-stability of solutions. Since the generator
is of super linear growth, the uniform continuity is then not satisfied. Furthermore, the (local)
monotony condition in the y-variable as well as the (local) Lipschitz condition in the z-variable
are not needed. Since the assumptions we impose on the coefficient are local in the three variables
Y,z and w, we then also cover the BSDEs with stochastic Lipschitz and/or stochastic monotone
coefficient. Although we are focused on the multidimensional BSDEs, our uniqueness and stabil-
ity results are new even in one-dimensional case. As application, we establish the existence and
uniqueness of Sobolev solutions to systems of (possibly) degenerate semilinear parabolic partial dif-
ferential equations (PDEs) having a super linear growth nonlinear term and a p-integrable terminal
condition (p > 1). We cover certain systems of PDEs arising in physics, and in particular the loga-
rithmic nonlinearity ulog(|u|). The proofs we give are rather non-standard. And in particular, we
introduce a new method which consists to show by using BSDEs that the uniqueness for a system of
non-homogeneous semilinear PDEs can be derived from the uniqueness for the homogeneous PDE
satisfied by its associated linear part.

1 Introduction

Let (Wy)o < <7 be a r-dimensional Wiener process defined on a complete probability space (€2, F, P).
Let (Fi)o < t<r denote the natural filtration of (WW;) such that F, contains all P-null sets of F, and
¢ be an Fp-measurable d-dimensional random variable. Let f be an R%valued function defined on
[0,T] x Q x R? x R¥" such that for every (y,z) € R? x R™", the map (t,w) — f(t,w,y,z) is
Fi-progressively measurable. The BSDE under consideration is,

T T
(E®D) Yt=£+/ f(s,Ys,Zs)ds—/ ZdW, 0<t<T
t t

The data £ and f are respectively called the terminal condition and the coefficient or generator.

Since the paper [43], where the existence and uniqueness of solutions have been established for
equation (E/)) under a uniformly Lipschitz generator f and a square integrable terminal data £,
the theory of BSDEs has found further applications and has become a powerful tool in many fields
such financial mathematics, optimal control, stochastic game, non-linear PDEs ... etc... The collected
texts [24] give a useful introduction to the theory of BSDEs and some of their applications. See also
1, 2, 3, 4, 5, 6, 7, 9, 10, 16, 17, 25, 32, 37, 39, 40, 41, 42, 44, 45, 47] and the references therein.



Recently, the link between the solution of BSDEs and the "L, —theory of viscosity solution" for PDEs
with measurable coefficients ([18, 19]) has been established in [7].

It should be noted that, in contrast to the one dimensional case, a few results are known in multi-
dimensional BSDEs with local assumptions on the generator f. This is partly due to the two following
facts :

(1) The comparison methods which are the main tool in one dimensional BSDEs do not work in
multidimensional case.

(it) The usual localization procedure (by stopping times) is ineffective, especially for the z-variable.
The first results which deal with the existence and uniqueness of solutions to multidimensional BSDEs
with local assumptions on the coefficient f have been established in [1, 2, 3].

This paper is a detailed and completed version of [4]. The first part of the paper constitute a natural
continuation and developments of our previous works [1, 2, 3]. It consists to establish the existence and
uniqueness as well as the LP-stability of strong solutions for BSDE (E(¢:/)) when the terminal datum
& is p-integrable (p > 1) [condition (HO)], the generator f is of superlinear growth in (y,z) [condition
(H3)] and satisfies a new local assumption [condition (H4)]. The conditions we impose on the generator
go beyond all existing ones in the literature of multidimensional BSDEs. For instance, we cover the
nonlinearities ylog(|y|) and h(y)z+/|log(]z|)| which are, in our knowledge, not covered by the previous
paper. Many other examples are listed in the second section of the paper. Actually, we allow to the
generator to have the strictly sub-quadratic growth

| fty,2) | < mt |yl + 2],

for some 0 < a,a’ < 2 and some g—integrable process n with some g > 1.

Due to the local assumptions on the generator, the usual techniques of BSDEs do not work in our
situation. In the other hand, due to the superlinear growth of the generator, the techniques used in
[1, 2] no longer work. Our approach, consists to establish a non standard a priori estimate between
two solutions as follows : We consider two solutions (Y1, Z!) and (Y2, Z?) associated to suitable
parameters (&1, f1) and (&1, f1), then we prove that for every € > 0 there exists N. € N such that for
every f satisfying our assumptions (see pp. 4 and 5 below for the assumptions),

T 8
E( sup Y] — ¥Y2)%) + E( / 2! — Z72Pds)*
0

0<t<T

< et NE(E -&)P) +E / (s (i-D+ s (fo—f)(sv2)ds]

lyl,|2|<Ne lyl,|2|<Ne

where § €]1,2] is some constant.

The previous estimate allows to treat simultaneously the existence and uniqueness as well as, the
LP-stability of solutions. For instance, the existence (of solutions) is deduced by using a suitable
approximation (&,, f,) of (&, f) and an appropriate localization procedure which is close to those given
in [1, 2, 3]. However, in contrast to [3], we don’t use the L2-weak compactness of the approximating
sequence (Y™, Z™). Here, we directly show that the sequence (Y™, Z") strongly converges in some L?
space (1 < ¢ < 2) and, the limit satisfies the BSDE (E¢f)). Thus we can dispense both with weak
convergence and the non-constructive choice of weakly convergent subsequences. We first establish the
result for a small time duration, then for an arbitrary prescribed one.

To deal with the PDEs part, we start with the following example. Let a(t,z) > 0 and consider the
following semilinear Cauchy problem,

O a(t,2)Au+ uloglu] = 0 on (0, o0) x B (1.1)

If we try to solve this PDE (1.1) by mathematical analysis methods, the nonlinear term ulog |u| leads
to difficulties that render ineffective the standard arguments, see e.g. [20, 31]. In the other hand, since
the coefficient a can vanish, the solutions of PDE (1.1) will not be smooth enough, and therefore the



uniqueness is rather hard to establish. The approach we present in this paper, to treat this kind of
PDEs, is probabilistic and uses the BSDEs. The link between the strong solutions of BSDEs and the
Sobolev solutions of semilinear PDEs was firstly established in [10] in the case where the nonlinear term
F is at least uniformly Lipschitz and with sub-linear growth.

In this paper, we are concerned with the following system of (possibly degenerate) parabolic PDEs

Ou(t, x)

+ Lu(t,z) + F(t,z,u(t,z),0*Vu(t,z)) =0 t€]0,T[, v € R*

(Plo:F)) {
uw(T,z) =g(z) =Rk

1
where L := 52(00*)13‘5% + Zb,ﬁi And o : R¥ — RF', b :RF — R¥ | g:R¥ — RF and

i,
F:[0,T] x R x RY x R +—— R¢ are measurable functions.

Our main purpose consists to establish the existence and uniqueness of Sobolev solutions for the
system of PDEs (P(Q’F )), in the case where F' is with super-linear growth in both u and Vu, and
satisfies the same conditions that f. This is done with g in some LP—space, p > 1. Our result cover in
particular the logarithmic nonlinearities ulog(|u|) as well as h(u)(Vu)+/|log(|Vu|)| where h is a suitable
function. The main feature consists to develop a method which allows us to prove that the uniqueness
of the system of PDFEs can be derived from the uniqueness of its associated BSDE. We first prove the
ezistence and uniqueness in the class of solutions which are representable by BSDFEs, and next we show
that any solution is unique. To do this, we prove that 0 is the unique solution to the homogeneous linear
PDE, then we use the BSDEs to derive the uniqueness for the non-homogeneous semilinear PDE. More
precisely, we prove that the system of semilinear PDEs

{ augft, x) + Lu(t,z) + F(t,z,u(t,z), Vu(t,z)) = 0, t €]0,T], = € R¥

uT,z) =g(z), xeR”
has a unique solution if and only if 0 is the unique solution of the linear system

{ a“gt’ Yy cultr) =0,  te]0,T], x € RE
u(T,z) =0, r €RF

The paper is organized as follows. In section 2, we present the main result on BSDEs part and some
illustrative examples. Section 3 is devoted to the proof of the result of section 2. The main result on
PDEs part as well its proof, are treated in section 4.

We now give some motivations and short explanations for some topics which can be related to the
present work.

e In terms of continuous-state branching processes, the logarithmic nonlinearity ulog v corresponds
to the Neveu branching mechanism. This process was introduced by Neveu in [38], and further studied
in [11, 27, 28]. For instance, the super-process with Neveu’s branching mechanism constructed in [27]
is related to the Cauchy problem (1.1). Therefore, our result can be seen as an alternative approach to
PDE (1.1), with possibly degenerate diffusion coefficient a.

e Since the degeneracy of the diffusion coefficient, our Proposition 4.2 (below) cover the PDE studied
in [48] which arises in studying the motion of a particle acting under a force field perturbed by a noise
(see e. g. Freidlin [30, 48] and Saintier [48]). Indeed, if y(t) € RY denotes such a motion acting under
a force field G(y,y’) and W be the standard brownian motion, then y(t) satisfies the SDE

y'(t) = Gy(t), y'(t)) + W'(t) with y(0) = yo, ¥'(0) = xo

Setting z(t) = ¢/(¢) in the previous SDE, we obtain the system

9 (w(1), w(1)) = (Gat), y(1)), 2(0)) + (W(1), 0) with (2(0),(0)) = (x0,0)

The Kolmogorov operator associated to the previous system is degenerate and enter in our conditions.

e The logarithmic nonlinearities appear in some PDEs arising in physics, see e.g. [12, 13, 20, 21,
22, 31, 46, 49]. For instance, in [12] the construction of nonlinear wave quantum mechanics, based on
Schrodinger-type equation, is with nonlinearity —ku log(|ul?).



e The method we develop to study the systems of semilinear PDEs is based on BSDEs and the
proofs are rather non-standard, especially for the uniqueness.

e Since the system of PDEs associated to the Markovian version of the BSDE (E¢f)) can be
degenerate, our result also covers certain systems of first order PDEs.

e The BSDEs as well as the PDEs which we consider are interesting in themselves since the nonlinear
part f(t,y,z) can be neither locally Lipschitz in z nor locally monotone in y. Moreover, f is of a super
linear growth than y and z, and hence it is also not uniformly continuous.

e It was proved recently (in [8]) that the BSDEs with logarithmic growth |f(t,y,2)| < n +
K|z|/|log |z|| (for some process 1) appear in stochastic control problems.

2 First main result and some examples.

Throughout this paper, p > 1 is an arbitrary fixed real number and all the considered processes are
(Fi)-predictable.

2.1 Definition.

A solution of equation (E(€7)) is an (F;)-adapted and R*+% _valued process (Y, Z) such that

T . T
E(sup|y;|P + (/ |Z,[2ds) ? +/ |f(s,YS7ZS)|ds) < 400
t<T 0 0
and satisfies (E(&/)).

2.2 Assumptions

We consider the following assumptions on (&, f):

IN(p-—1)

There exist M € LO(Q;LY([0,T];R,)), K € L°(Q;L?([0,7];R,)) and « €]0, 5

K2
(with A\s :=2M, + 2—5 ) we have,
g

[, such that

(H.O) E|¢/P eB Jo Asds < oo
(H.1) f is continuous in (y, z) for almost all (¢,w)

(H.2) Th;)re exist n and f0 € LO(Q x [07T];TR+) satisfying
IE(/ elo kTd?“nsds)g < 0o, IE(/ ez lo ATdrfgcls)p < oo
0 0
and such that :

for every t,y,z, (y,f(t,y,2)) < me+ fPlyl+ Mly* + Kilyl|2]

(H.3) There exist 7 € L1(Q x [0,T];R;)) (for some ¢ > 1) and « €]1,p[, &’ €]1,p A 2[ such that:
for every t.y,z, | f(t,w.y,2)| < Mt |y |* + ]2

(H.4) There exist v € LI (Q x [0, T];R,)) (for some ¢’ > 0) and K’ € R, such that
for every N € N and every y, ¢/ z, 2’ satisfying |y |, | ¢ |, | 2], | 2/ [ N

(=o', f(t,w,y,2) = ft,w, 9, 2N, wy<ny <K' [y =y P logAy + VK logAn [y —y' || 2 = 2
+K,logAN
An
where Ay is a increasing sequence and satisfies Ay > 1, limy oo Ay = 00 and Ay < N* for some
w>0.




2.3 The main result

Theorem 2.1. Assume that (H.0)-(H.4) hold. Then, (E&)) has a unique solution (Y,Z) which
satisfies,

yaa
2

T
Esup | Y; [Pe?Jo Aeds 4 JE[/ elo Adr | Z |2 ds)
¢ 0

T » T L ors
<C{E | 5 |P e%foT Asds + E(/ efos X,»drnsds)f +E(/ 65'[0 )\r,.drfs[)ds),ﬂ}
0 0

for some constant C depending only on p and ~y.

We shall give some examples of BSDEs which satisfy the assumptions of Theorem 2.1. In our
knowledge, these examples are not covered by the previous works in multidimensional BSDEs.

2.4 Examples.
Example 1. Let f(y) := —ylog| y | then for all £ € LP(Fr) the following BSDE has a unique solution

T T
Yt:g_/ Yslog|Ys|ds—/ Z.dW..
t t

1
Indeed, f satisfies (H.1)-(H.3) since (y, f(y)) < land | f(y) [ 1+ = |y [**¢ forall ¢ > 0. In
€
order to verify (H.4), thanks to triangular inequality, it is sufficient to treat separately the two cases:
1 1
0<[yl |y |s 5 and & <lyllyI<N.

In the first case, since the map = +— —x log z increases for x €]0,e~!], we obtain for N > e

1fy) = FWO < 1)+ 1f ()]
log N

<2
- N

In the second case, the finite increments theorem applied to f shows that
[f(y) = f@) < (A +1ogN) [y —y'|.
Hence (H.4) is satisfied for every N > e with v, =0 and Ay = N.

Example 2. Let g(y) := ylog 1_~|_y| | | and h € C(R¥"; R, )N CHRI — {0}; Ry ) be such that
Y

hz) — |z]\/— log | 2] if |z] <1—gg
|z]1/1og |2] if |z] > 14 ¢

where ¢g €]0,1[. Finally, we put f(y,2) := g(y)h(z). Then for every £ € LP(Fr) the following BSDE
has a unique solution

T T
}/vt:g—’—/ f(Y:sz)ds_/ stWs
¢ ¢
It is not difficult to see that f satisfies (H1). We shall prove that f satisfies (H2)-(H4).

(7) Since g is continuous, g(0) = 0 and |g(y)| tends to 1 as |y| tends to oo, we deduce that g is

bounded. Moreover, g satisfied (y — 3, g(y) — g(3’')) < 0. Indeed, in one dimensional case it is not

difficult to show that g is a decreasing function. Since, —(y,y) log 1_‘&"2}' < —lylly'|log 1_|f||y| (because




log 1J‘ry‘|y| < 0), we can reduce the multidimensional case to the one dimension case by developing the

inner product as follows,

/ / 2 ‘yl 712 |y/| / |y‘ |y/|
y—y,9() —9)) < ly|*log ——— + |y/|“ log — [ylly'|(log + log
|y , Y|
= (lyl = l¥')(ly| log —|y'| log )
1+ 1yl L+ |y

lyl =1l 9(lyl) — g(ly'])

{
0

IN

(#3) The function h(z) satisfies for all € > 0

1
0<h(z) <M+ —|z|", where M = sup |h(z) |
V 2e |z|<1l4eo

The last inequality follows since \/2clog|z| = y/log|z[? < |2|° for each ¢ > 0 and |z| > 1. (H3)
> =

follows now directly from the previous observations (i) and (ii). (H2) is satisfied since (y, f(y, 2)
(y,9(y))h(z) < 0. To verify (H.4) it is enough to show that for every z,z’ such that | z |,| 2/ |< N

| h(z) — h(z') |< ¢ <\/logN 2= | +1°]gVN>

for N large enough and some positive constant c. This can be proved by considering separately the

1 1
following five cases, 0 <| z |,| 2’ |< N N <l z|,|Z|<1—-¢e9, 1—¢e0<|z]]7|<14¢e and

N
l4+eo<|z],|2|<N.

In the first case (ie. 0 <| z |,| 2’ |< %), since the map = — z\/—logz increases for z € [O,ﬁ],

1 1 1
we obtain  |h(z) — h(2")| < |h(2)| + |h(2)] < QN”_IOgN < 2N10gN for N > \/e.

The other cases can be proved by using the finite increments theorem.

Example 3. Let (X;),<7 be an (F;)—adapted and RF —valued process satisfying the forward stochastic
differential equation

t t
Xt:XO—i—/ b(s7Xs)ds—|—/ (s, X, )dW,
0 0

where Xo € R¥ and 0,6 : [0, 7] x R¥ — R*¥" x R* are measurable functions such that || (s, )| < ¢ and
|b(s,z)| < ¢(1 + |z|), for some constant c.
It is known from forward SDE’s theory that there exist x > 0 and C' > 0 depending only on ¢, T, k
such that
Eexp (ksup | X; [*) < Cexp(C | X |?).
t<T

Consider the BSDE

T T
Yt:g(XT)—l—/ | X |EYS—Yslog\YS |ds—/ ZdWs.
t t

where g €]0,2[ and ¢ is a measurable function satisfying | g(x) |< cexpe |z [T, for some constants
c>0,7 €]0,2].

The previous BSDE has a unique solution (Y, Z) which satisfies: for every p > 1 there exists a positive
constant C' such that

s

Esup | Y [P +E
t

T 2
/ 1 Z, |2 ds] < Cexp(C| Xo ).
0



Indeed, one can show that

i) {y, f(t,y) <1+ | X |7y P
11) Using Young inequality we obtain, for every € > 0 there is a constant ¢, > 0 such, that

| f(ty) 1< 1+ ] Xe [T + [y [1F9)

i11) f satisfies assumption (H.4) with vy = exp| X, |7 and Ay = N.

The following example shows that our assumptions enable to treat BSDEs with stochastic monotone
coefficient

Example 4. Let (&, f) satisfying (H.0)-(H.3) and

T
There are a positive process C' satisfying ]E/ e? % ds < oo (for some ¢’ > 0) and K’ € R,
0

such that:

(H'.4)
(=o' ftwy 2) = f(tbwy,2)) <K' |y —y [P {Cu(w)+ [ log|y -y | |}

+E |y —y || 2= 2" | /Ci(w)+ [log| 2 — 2| |.

In particular we have for all z, 2’

[f(tw,y,2) = f(tw,y,2)| S K| 2= 2 | VCi(w)+ [log| 2 — 2/ [ .

Therefore, the following BSDE has a unique solution

T T
Yt=§+/ f(s,YS,ZS)ds—/ Z.dWw..
t t

To check (H.4), it is enough to show that for some constant ¢ we have

(y—v', f(t,y,2) — f(t,y,2)) < clogN (| y—y | +;])

009) = S )| < evIoEN (12— 4

whenever v, :=e% < Nand |y |, |y |,|2], |2 | <N.
These two inequalities can be respectively proved by considering the following cases

1 1
—y < = — <ly—1 |<2N.
|y yl_zN, 2N_Iy Y I<
and
\z—z’|<L L<|z—z’|<2N
— 2N’ 2N — - '

Example 5. Let (X;):<r and £ be as in example 3, let F'(t,z,y, z) be such that

1) F(t,x,.) is continuous

ii) |F(t,z,y,0)| < Cexp(C | z |9)+ | y |*, for some ¢, a €]0,2[ and C > 0,

iii) (F(t, 2,9, 2) — F(t,a,y',2),y—y) K | y—yf P +K |y—y | 2= |

Let ¢,q',¢" > 0 such that §+ ¢’ < 2 and ¢ + ¢ < 1, the following BSDE has a unique solution

T T
Yy =&+ / X7 (s, X, | Xa[TYo, | X, [T Z,)ds — / Z,dW..
t t



3 Proof of Theorem 2.1

We first give some a priori estimates from which we derive a stability result for BSDEs and next we
use a suitable approximation of (£, f) to complete the proof. The difficulty comes from the fact that
the generator f can be neither locally monotone in the variable y nor locally Lipschitz in the variable
z and moreover, it also may have a superlinear growth in its two variables y and z.

3.1 Estimates for the solutions of equation (E(¢7).

In the first step, we give estimates for the processes Y and Z.

t to
Proposition 3.1. Let A; := |Y;|%e; + 2/ esnsds + (/ e? fSOals)2 and ey := exp fg Agds.
0 0

Assume that (H.2) hold and E( sup \Yt|petg) < 00.
0< s<T

Then, there exists a positive constant C®7) such that

2

p T p
E sup AZ +E </ es|Zs|2ds> < C(p’W)IEA%.
0< s<T 0

To prove this proposition we need some lemmas.

Lemma 3.1. For every € > 0, every 3 > 1 and every positive functions h and g we have

T 41 P T B
/t (h(s)*F g(s)ds <& sup | h(s) % +e17 ( / g(s)ds> .

t<s<T

Proof. Let ¢ > 0 and 8 > 1. Using Young’s inequality we get for every ¢ and 4’ such that % + % =1

T B=1 1 -vs (B-1)s 5(175&, T /
| )T gsrds < 555 sup 16s) |95 S ( [ gl
t t<s<T
We now choose § = % and use the fact that 6,¢’ > 1. [ |

Lemma 3.2. If (H.2) holds then for every 8 > 1+ 2 there exist positive constants C’{ﬁ’v), C’éﬁ’v) such
that for every € > 0, every stopping time 7 < T and everyt < T

8 T B-2 B B T oB_
A? +/ As? eg|Zg)?ds < e sup A2 +€(17B)C£ﬁ’7)1\7¥ —C’éﬁ”)/ A2 163<Y3,stWs>.
t t

t<s<t

Proof. Without loss of generality, we assume that n and f° are strictly positives.
It follows by using It6’s formula that for every ¢ € [0, 7],

|Y}\2 e + /T \YS|2 Asesds = e, |YT|2 + Q/T es(Ys, f(s,Ys,Zs))ds — /T es | Zs |* ds
t t t
— 2/T es(Ys, ZsdWy).
t
Again It6’s formula, applied to the process A, shows that
A7 + ﬂ[ AZT <; Yal? Ases + exns + £ UO ff?eéer ds
_AZ +5/T AZ T Ne s, f(s,Ys, Z0))ds — g/ AET |2, euds
t t

d 2
(Z Yz ) ds

i=1

*5/ e, zaawy 50 1) / ALY
t t

Jj=1



r d 2
Observe that Z (Z Y;Z;U) < |V ?|Z4)? < €A, |Zs)? then use the assumption (H.2) to get

j=1 \i=1
s f N ) 9
At2+§(1—27—(2—6)) A2 es|Zs|"ds
t
8 H- T Rt T B_1
< A2 +ﬂ/ Az 2fseﬁds—ﬂ/ AZ (esYs, ZsdWs).
t t

1 T 1 A 8
It follows from Lemma 3.1 with g(s) = fleZ2, since </ fle2 ds) < AZ, that for every € > 0
t

T 1 g1 B 1.5, 4
A2 2fjeids < e sup AZ +e A7
t t<s<t

Since 3 > 1 + 2~ implies that 1 — 2y — (2 — 8)T > 0, Lemma 3.2 is proved. ]

Lemma 3.3. Let (H2) be satisfied and assume that E(supy< <7 |Ye|” etg) < 00.
Then,
1) There exists a positive constant C®) such that for every e > 0, we have

T 5,9 P p
E/ As? eg|Zg|?ds < eE( sup AZ) + 6(171’)05')’7)]}3(/\%).
0 0<s<T

2) There exists a positive constant C®Y) such that

T 9 P p
IE(/ es|Zs| ds) 2 < C(p’W)E( sup AZ).
0 0<s<T
Proof. The first assertion follows by a standard martingale localization procedure. To prove the
second assertion, we successively use Lemma 3.2 (with € = 1 and 8 = 2), the Burkholder-Davis-Gundy
inequality, the fact that es|Y;|?> < Ay and Young’s inequality to obtain

T
IE(/ es|Z,|?ds)
0

P P T »
* < OPVE( sup AE)+C§WE(|/ es(Ys, Z5dW,)|%)

0<s<T ¢

IN

p T P
CEP’V)E( sup AZ) +C§p’7)E(|/ e2|Y,|?|Z,|?ds|7)
0<s<T 0

P T z
SC{PW)E( sup A;)Jrcépﬁ)EU/ ASGS‘ZS|2d8|Z)
0<s<T 0

P j2 T P
< CPVE( sup A2) +CPVE[( sup A?)(/ es|Z,[2ds) %]
0<s<T 0<s<T 0

F4 1 T P
< [CP7 4 42(CPVIE( sup A2) + 51{«:[(/ es|Z,|2ds)?]
0<s<T 0

< (20" +4(Cf 7)) B( swp AY).

Lemma 3.3 is proved. u

Lemma 3.4. Let the assumptions of Lemma 3.3 be satisfied. Then, there exists a constant C®7) such
that
E( sup A2) < CPYVE(AZ).

0<s<T



Proof. Lemma 3.2 and the Burkholder-Davis-Gundy inequality show that there exists a universal
positive constant ¢ such that for every e > 0 and ¢t < T

E sup AZ < eE( sup Asg)Jr{—:(l*p)C'fpﬂ)IE(Aj%)
0<s<T 0<s<T

1
2

T
+ ccgm>1@(/ A2, Pen)esl Zo[2ds) .
0
Young’s inequality gives, for every ¢’ > 0,

)

ks

5 5 (1-p) (P:7)
E( sup A2) < eE( sup AZ) + ¢ Ci"VE(A
0<s<T 0<s<T

@]
/ 5 {002, } T 222 2
+E( sup A7) + 7/151/ As? eg|Zs|"ds.
0<s<T € o

Applying Lemma 3.3, we get for every €” > 0
2

v |:CC§p7'Y):| & N

E( sup A7) < (e+¢€ + - JE( sup AZ)

0<s<T € 0<s<T

2
[CCQ(p,W)} C{Pﬁ)(gw)(lfp)

/

n (E(l—p)CI(P;’Y) + -

A suitable choice of €,¢’,&” allows to conclude the proof. ]
Proof of Proposition 3.1. It follows from Lemma 3.3 and Lemma 3.4. [ |

Proposition 3.2. If (H.3) holds then,

T R T T
B[ 1Y Z)Pds < 900 TILHE [ mds+E sup VP E([ |2 Pd)f]
0 0 0<s<T 0

N 2
whereﬂ::—/\g/\ﬁ/\q.
o o «

/!

Proof. We successively use Assumption (H.3), Young’s inequality and Hélder’s inequality to show that

T ) T L
E / £(s,Ys, Z,)|Pds < E / (T + el + | Za|*)Pds
0 0

LT . .
< 3R / (0 + [Yal P + 2, P)ds
0
a~ T ~ A 1A
s36E/ (1 +7,)7 + (1 +[Ya)?? + (1 + |2.))° Pyds
0
. T
< 3°E / (1477,)7+ (14 [Ya)? + (1 + | Za)P"2)ds
0

. T
<FPTE [ (L nl 4 VP 4 Zds
0

- T 2—(pA2) T 2
g3ﬁ3p+Q[T+E/ 7lds +TE sup |Yi|P +T7 2 IE(/ | Z|?ds)? ]
0 0<s<T 0

T T
§9p+q(1+T)[1+E/ nids +E sup |Ys|p+E(/ |ZS|2ds)§].
0 0<s<T 0
Proposition 3.2 is proved. [ |

10



3.2 Estimate of the difference between two solutions.

The next proposition gives an estimate which is a key tool in the proofs.

Lemma 3.5. Let (&, fi)i=1.2 satisfy (H.3) (with the same 7, and o') and let (Y, Z*) be a solution
of (F EE 50 ) Then, there exist B = B(p,q, o, ') €]L,p AN2[, r = r(p,q,a,a/, K", i,¢") > 0 and a =
a(p,q, o, ', K’ u,q') > 0 such that for every v € [0,T),u' € [u,T A(u+r)], N >0 and every function

f satisfying (H.4)

v |zt - 22

I+ —v2Pp)'=

ds

=

E( sup [} - YP)P) + E /

u<t<u’

142 1 218 r
< NAYE|BOYE - Y24 [ (- D)ot pnlfa - Dads
0
1 T T
+ a5 1+®1+®2+E/ ﬁgder]E/ vl ds| .
0 0
where
pN(fiff)(tvw) = sup |f(t,w,y,z)ffi(t,w,y,z)|
lyllz] < N
and

P
2

T
©, = E(sup|Y/[") + E( / |Z;‘|2ds>
t 0

Proof. Let ¢ be the number defined in assumption (H3) and ¢', K’, i those defined in assumption
. 9 K .
(H4). Let 7 > 0 be such that 1425 < 3:= — AL AL A g and set K7 := K'+ = Let 8 €]1+27, 6]
o a o« 5
1

v
and v €]0, (1—7)(1/\q)[ Letre]O,M W/\l['

For N € N, we set

€y 1= (AN)QK”(t_u) and At = {|Y;1 - }/;2|2 + (AN)_l}Et.

Using It6’s formula, we show that for every stopping time 7 € [u,u'] and every t € [u, 7]

B8
2

A

o+

+ 2log(AN)K”/ ESAst—i—ﬁ/ e AF” Yzt - 22 ds
5/ e AT THYE S Y2 (2D - 22) aw)

45 [ @A Y2 A Y2 - fas Y2 2D 5.1)

T r d ’
L _
_5(§_1)/t ear Y <§ (Vi = Y2050 = ZQN) ds

j=1 \i=1
B
ﬂ/ eA7 1Ylfo,(Zifo)dWsHﬂIl—ﬂ(gfl)Ia,

where
8
Il . / eSA? 1<Y91 - Y52a fl(S, }fslv Z;) - f2(87Y927 Zz)>ds
t

11



and

d 2
(Z(}/z}s - 1/i?s)(Zil,j,s - Zz’%j,s)) ds.

=1

T B8 _ T
I ::/ 2Ny
t

j=1

In order to complete the proof of Lemma 3.5 we need to estimate I; and I5.

Estimate of I ;. Let ®(s) := [V!| + |Y2| + |Z1| + |Z2| + vs. Since Lyp, < Ny < Ly, < ny and f
satisfies (H4), then a simple computation shows that

<Ysl - Y527f1(57Y51’ Z;) - f2(575/;2a Z§)>
-1 1
< e AZ|fi(s, Y, ZY) — fos, Y2, Z2) | 1ia, >y
+2N[pn(f1 = f)s + pn(fa = fs]Liv,<n)
+ K7 log(An)e; ' Ay + 7|2 — 22 |1ia, < w

Therefore, using Lemma 3.1 with hy = Ag, we get
ToLa e 1 51 2 72
L < / CEFAVE |f1(S=Ys 7Zs) - fz(S,YS 7Zs)|]l{<1>s>N}dS
t

+ QN/tTeSAg_l[PN(fl — s+ pn(fo = sl <nyds

[ . __1 — |1 212
+ esA2 [K7log(An)e, AS+7|ZS 7Z3| e, < nyds
t

u/
[ 100,02 = ol Y2, 22)P e,y ds
u
T 8_
+2N/ esAS 1[PN(f1_f)s+pN(f2_f)s]Il-{vS§N}dS
¢
[ . __1 — |1 212
+ esA2 [K7log(An)e, AS+7|ZS 7Z3| e, < nyds
t

Estimate of I,. Since

r d 2
5 (zm: 2y —zzj,g) VP |2 - 2P <etal |- 22

=1 \i=1

then
T B8_
Igg/ e A2zl — 72 ds.
t

12



Now, coming back to equation (3.1) and taking into account the above estimates we get for every ¢ > 0

8 T B8_
A7 +§(ﬁ—1—2ﬁ)/ e A2zl - 727 ds
t

B
-2
2|Y1 y2‘ﬂ+€7u§’+ﬁg sup A7
Alj\/ s€[u,u’]
5 3.2
—i—ﬁg(l—ﬁ)éj// (5, Y, Z5) = fo(s. Y2, Z2)P Lgw, > vy ds o
u

B q_8 [T
NgeE AL E [ on(fi = Pt o = D, < wyds
T B_
5 [(al T v 2 - Z2)aw).
t
For a given h > 1, let 75 be the stopping time defined by
T = inf{s >u, |V} Y2 +/ |Z} — Z2)%dr > b} A/,

Choose T = 7, t = u, then pass to the expectation in equation (3.2) to obtain, when h — oo

’

“w 8 _
g(ﬂ —1- 27)1@/ e A2zl — 727 ds
8 E% 8
< eZE(Y) —Y21P)+ =4 + BeE( sup AZ)
AE] s€lu,u’]

(3.3)
8 o
+p0-PERE / (5. Y2, 2 — fols, V2, 22)P e, 5 nyds

u

’

LaNgEd Al / o Dt o — P, < yds.

Return back to (3.2) and use the Burkholder-Davis-Gundy inequality to show that there exists a uni-
versal constant ¢ such that
[f
8 8 1 9 8
E( sup A?) < e2E(|Y,) — Y2|P) + —% + BeE( sup A?Z)
< A2 s€u,u’]

4 BeU-PEiE / (s, YR ZY) — fals, Y2, 22)P1jo,onyds

1 aNges Al / px(fr = Ds b pn(fo— Flello, < nyds

d
—i—cﬁIE/ SAan QZZ Y2 2L, — 23 ,)2ds)*.
Jj=1

i=1

13



But, there exists a positive constant Cj3 depending only on 3 such that

d

cPE( /“ 22AP- 222 Y2) (2. — 25 )1 ds)?
“ j=1 i=1

’

1 B u B8 _
< JE( suwp Af)+05“*3/ eA |zl - 22,

u<t<u’

Use (3.3) and take ¢ small enough to obtain the existence of a positive constant C' = C(3,7) such that

/

g v 2-1,1 212
E( sup A?)+E esAZ |Z; — ZZ|ds
u<t<u’ u
8

B 1 €2 B8 o’ S
< C |e2E|Y, — |ﬁ —5 +e ,SupE/ |f,-(s,YZ7Z;)|BIL{¢S>N}dS
Az u

/

B 1_8 w
+Neg Ay ZJE/ pn(fr = f)s +on(fa = fslio, < N}dS] -

We shall estimate J := supl]E/ |fi(s, Y Zi)|ﬁ]1{q> snyds, i =1,2.
Using the fact that Tip,>ny < Il{v >5- 1]v}+]].{|yl|>5 1N}+]].{‘y2|>5 1N}+Il{‘zl|>5 1N}+ﬂ{‘z2‘>5 1N}

and Tyq5p) < m for every a,b,v > 0, we show that for every N > 1

J < ( ) supE/ |fz(s,)/;,Z§)|Bv;’ds
5 o
SUP]E |fz(8,321,Z§)|5|5§1\”d5

(N) u

) i N2y
N supIE |fi(s,Y;,ZS)| |Ys‘ dS
) i N3] 1w
N |fi(57)/saZs)| |Zs‘ ds.

using Young’s inequality, one can prove that there exists a positive constant C such that for every
N>1

J < Ng {1 +0)+e? +supIE/ |fi(s’Ki72;)|ﬁ(q,Q_UV%vp%)ds+]E/ vglds}.

where ©} := E(sup, |Y/[?) + E ( |Z] ds)

Using Proposition 3.2, we get (since 3( q v 2V pf%y) <B)

C T, u’ ,
JgNlI{l—i-@Il,—F@IQ,—FE/O |773|qu—|—E/u vgds}.
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Hence, for a := (ﬁ A g) — OrK” and N large enough we get (since Ay < N* by assumption {bf(H.4)),

’

8 w B_
E sup A} +IE/ 2, AZ N ZE - Z22ds

u<t<u'

148
< NAY®

T
E|Y, *Y3/|’B+]E/O pn(fi = f)s +pn(fo— sl < nyds

_|_

T T
1+@;+®§+E/O ﬁgds+E/0 v? ds

Ay
Lemma 3.5 is proved.

As a consequence of lemma 3.5, we have

Lemma 3.6. Let (&', fi)i=1.2 satisfies (H.8) (with the same 7], and o) and let (Y*, Z*%) be a solution

of (E(gi’fi)). Then, there exists 5 = 8(p, q,a, &) €]1,p A 2] such that for every e > 0 there is an integer
N. = N.(p,q,,,K', i, ¢, e, (An)n) such that for every function f satisfying (H.4)

T 21 — 72|
B s (V) - V2")+E [ s
n<iT 0 (1+[v) - vz

T
S Ns [E|£l _52‘ﬂ+E‘/0 PNE(fl —f)s+pN€(f2—f)sd31

+e€

T T
1+@,1,+@,2,+]E/ ﬁgderE/ fug'ds].
0 0

Proof. Let (ug =0 < ... < ugy1 =T) be a subdivision of [0, 7] such that for every i € {0, .., ¢}
Ujp1 — Uy ST

From lemma 3.5 we have : for all € > 0 there is an integer N such that for every function f satisfying
(H.4)

T 1 212
YA
E( sup |)t1_}t2|ﬂ) ]E/ 12 : 1_Eds

uestsT we (1 + l}sl - 352‘2) 2

T
< N: [E(|§1§2’6)+E/0 PNg(flf)s+PN€(f2f)sd$]

+e€

T T
1+®,§+6§+]E/ ﬁgderE/ ug'ds] .
0 0
Assume that for some i € {0,..,£} we have for all ¢ > 0 there is an integer N. such that for every
function f satisfying (H.4)

T

ds

Zl _ Z2 2
B swp | -¥2)+E 2 = Z,|
w41 <t<T Uit1 (]_ + |Y51 _ Y'S2|2)17

T
< N: [E(Kl_gﬁ)“‘E/o pNa(fl_f)S+pNa<f2_f>Sds]

B
2

+e€

T T
1+@§,+@§+1E/ ﬁgds—l—IE/ vglds].
0 0

15



Then, for every €’ > 0 there is an integer N, such that for every function f satisfying (H.4)

T 1 212

7l -7

E( sup |Y27Y£|">+E/ TR —"
Wi <t<T wi (14 Y3 —y2[2)'~

2

Uit1 217Z22
<B( sw [ v +E [ 2 = Z:I” 44

wsts W (Y- vER)E

+N5’

T
E(|¢' — £%)7) +E/0 pn. (fi — f)s +on., (f2 — f)sdsl

+¢€

T T
1+®,1,+®f,+]E/ ﬁgdsHE/ vg/ds].
0 0

Using Lemma 3.5 we obtain; for every &’,&” > 0 there exist N > 0 and N.» > 0 such that for every
function f satisfying (H.4)

T 1 2|2

Z;—7Z

E( sup |Y£—Yf|ﬁ>+E/ 2 = 2],
u; <t<T ug (1+‘§/;1_y52|2)1*5

< NE”

T
E(Y,,,, — Y2, ") +E /0 pne (fi = f)s + pnee (f2 — f)st]

+ N

T
E(j¢" — &%F) +E/O pn. (fi = f)s +pn., (f2 — f)sdsl

T

T
+2¢' 1+®;+@§+E/ ﬁqu—i—IE/
0 0

vg/ds]
< N Ne» E(|fl - 52‘5)

T
+ (Ne'No» 4 2N,/) ]E/ PN Ny (1 = s + pvo Ny (f2 = fsds
0

+ (26" +€"Ny)

T T
1—1—@11)—&-@12]4—[[3/ ﬁgds—FE/ Ugldsl.
0 0

For e > 0, let ¢’ := Z and ¢” := 2]\? , we then deduce that there exists an integer N. such that for
(%)
every function f satisfying (H.4)
T 1 2|2
YA
E( sup thl*Yf"B)#*E/ | s s‘ BdS
wSI<T w1+ V2 - V2R

T
< Ne []E(Iél - &) +E/0 PN (fr = f)s +pn.(f2 = f)st]

+e€

T T
1+®}D+®f,+]E/ ﬁgderE/ ug'ds].
0 0

We complete the proof by induction [ |

Proposition 3.3. Let (¢%, f;)i—12 satisfies (H.8) (with the same 7, and o) and let (Y, Z") be a
solution of (E€"J?)). Then, there exists § = B(p,q,a,a’) €]1,p A 2[ such that for every e > 0 there is
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an integer N. = N.(p,q, o, o', K', u, ¢’ &, (AN)N) such that for every function f satisfying (H.4
1

8

2

T
E( sup [¥; — Y2|%) +E < / 2! Zf|2ds>
0<t<T 0

T
< N, lE(Kl *52\'6)+E/0 pn.(fr — f)s + on.(f2 f)st]

T T
+e 1+®Il,+@]2,+]E/ ﬁgds—HE/ Ugdsl,
0 0

(NS}

T
where O}, := E(sup, |Y/|?) + E (/0 |Z§|2ds>

Proof. Using Holder’s inequality, Young’s inequality and the fact that g < 1, we obtain for all & > 0

8

T 2
E (/ |zl — Z§|2ds>
0

8
T 1 212 2
g1 _ 5 _B\NB
S ]E{ / | s S| BdS] sup (1+ |Y'Sl _1/52|2)(1 2)2 }
0 (1+|Y1-v22)'? o=
B8 2—p
T 1 2|2 2 oz
77 2
< ]E/ | s 5| ﬁd5‘| <1+E(SUPY91Y3|B)>
0 (L4 V) - v2p)E T
8
T 1 22 2
Z, — 7
< [Bmpmr v [t
o<T O e &
T 1 2|2
Z,— 7
i ]E( sup |Yt1—Yt2"6)+E/ | s s‘ 1_§d8
0<t<T 0 (1 + |Y;1 _}/82|2) 2

< 4 (14

T 121 — 72|
B s (V) - V2')+E [ s s
o<reT 0 (14 |vi-v2p)?

Use lemma 3.5 to conclude that for every ¢’,&”7 > 0

T
E (/ |z} — Z§2ds>
0

1 B—2

< & 4+ (1+e77 )N

B
2

T
E(|¢' — £2)%) ‘HE/O PN (fr — )s +pno. (f2 — f)st]

1 B—2

T T
p (14 1+@;+@§+E/ ﬁgderE/ vg/ds].
0 0

€ € . .
Letting &' = 3 and €” = ———————, we finish this proof of proposition 3.3. [ |

20+(3) )

Remark 3.1. The uniqueness of equation (E&1)) follows by letting f1 = fo = f and & = & = € in
Proposition 3.3.

The following stability result follows from propositions (3.3), (3.2) and (3.1)
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Proposition 3.4. Let (&, f) satisfies (H.0)-(H.4) and (§7, fn)n satisfies (H.0)-(H.3) uniformly on
n. Assume moreover that

(a) & — & as.  and sup, E(|&,|P exp(E fOT Asds)) < oo

(b) For every N € N*, lim, pn(fn — f) =0 a.c.

(c) for every n € N*, the BSDE (E€"-f»)) has a solution (Y™, Z™) which satisfies,
sup,, E(sup;<; [¥*[Pe Jo A+d5) < oo,

Then, there exists (Y,Z) € LP(;C([0,T); R?)) x LP(;1L2([0, T); RI")) such that

b

T 2
/ el | Z, | ds]
0
T b T P
< CPYQE(|E|P e lo Mds) LB (/ elo ’\r‘i’”nsds> +E (/ erlo ATfh"ﬁ)cls)
0 0

i) for every p' <p, (Y",Z") — (Y, Z) strongly in L¥ (Q;C([0,T];R%)) x L¥' (Q;1.2(]0, T]; R¥")).

i) E(sup|Y, [P eblord) + R
t

.2 T ;
i) for every f < —//\B/\E//\q, lim IE/ |f(s, Y, Z0) — f(s5,Ys, Z)|Pds = 0
o o« n—oco  Jo

Moreover, (Y, Z) is the unique solution of (E&1)).

Proof. From Proposition 3.1, Proposition 3.2 and Proposition 3.3, we have
p

T 2
@) [Blsup, [Vpet i deio) 4 B ( [ e Asdﬂzgzds)
0
ya
2

IN

T
cpY sup,, IE(| £ |p e% Ir )\Sds) +E (/ ej(f dernSd8>
0

= D.

T P
+E </ ez o )‘Tdrfgds>
0

T R
¥) B [ hls Y0 20 < 0D+ [ atds)
0

¢’)  There exists 8 > 1 such that for every € > 0 there exists N. > 0:

2

T T
B(sup |¥;" — 7)) +E (/0 1Z¢ - Z§”I2d5> < N.E llf” —&m)P +/0 PN (fr = s + PN (fm — f)st]

+ €

T T ,
1+2D+IE/ ﬁ‘gds+E/ vlds| .
0 0

We deduce the existence of (Y, Z) € LP(Q;C([0,T]);R?)) x LP(Q;L2([0, T]; R9")) such that

P
T 2
i) E(sup |Y;|Pe2lorsd) 4| / elo Xdr | 712 ds
t 0

p
T 2 T p
<CPYLE(| € eblo Aeds) L E (/ elo )‘Tdrnsds> +E (/ ez /o ATd"f?ds)
0 0
i) for all p’ < p, (Y™, Z") — (Y, Z) strongly in L” (Q;C([0, T]; RY)) x L (; L2([0, T]; R")).

T .
Let us prove iii). Set a := limsup,,_, E/ |f(s, Y, Z) — f(s,Ys, Z,)|Pds. Consider a subsequence
0

T N
n' of n such that a := limnrHOOE/ (s, Y, Z) = f(s,Ys, Z)|Pds and, (Y™, Z") — (Y, Z) a.e.

0
Assumption (H.3) and the continuity of f ensure that a = 0. It remains to prove that

18



n—oo

T R
limsupE [ [, (5. Y7, 22) = £(5,Y7', 20)Pds =0
0

We use Hélder’s inequality, the previous claim b’), Proposition 3.2 and Chebychev’s inequality to get

T “
E / Fals, Y, Z0) — f(s, Y7, 2| ds
0

T . T . T _
SE/ pN(fn_f)gds+(E/ |fn(vasnvz;l)_f(vasnvzgl)rﬁds)%(E/ 1|Ys"|+\Z£L|ZNdS)T1
0 0 0
T

5 Cl(r
gE/ pN(fn—f)de%’
0 N—/

A2
for some reel » > 1 such that r3 < —,/\B/\ﬁ//\q.
o a o«

We successively let n — oo and N — oo to derive assertion iii). Proposition 3.4 is proved [ |

3.3 Approximation

We shall construct a sequence (€7, f,,) which converges in a suitable sense to (£, f) and which has
good properties. With the help of this approximation, we can construct a solution (Y, Z) to the BSDE
(E(&9) by using Proposition 3.4.

Let hy is a predictable process such that 0 < hy <1 and set A :=ny +7, + fP + My + K; + h%

Proposition 3.5. Assume that (&, f) satisfies (H.0)—(H.3). Then there exists a sequence (£", fr)
such that

(a) For each n, " is bounded, |£™| < |€| and €™ converges to € a.s.

(b) For each n, f, is uniformly Lipschitz in (y, z). ,

(@ |fultw,y,2)l < W, < w0 jyi<n, 1< 1Y 1%+ 12 [ +2phe} < 2p+ 302
d) <y faltwy,2)> < Lz, o o dme+ flyl + Mely® + Kelyl|z] + 107 }.

(e) For every N, pn(fn — f)(t,w) — 0 asn — o0 a.e (t,w).

(f) For every N, pn(fo—f)(t,w) < 2{7, + N*+ N® + 2ph,}.

, exp(fl)]
¢

Proof. Let ¢y : R — [0 defined by:

1
V(@) = { cflexp(—1 fo) if |z] <1

0 else

1
1
where ¢; = /71 exp (— =7 Ydx.

2p
Let m := nh— the sequence (£", f,,) defined by : " := £1y¢|<yy and
t

Falty,2) =(@e)Lg, < b 2yPe(n2l=P)x

m(d+dr) /Rd - fty—u,z— U)Hlew(mui)ﬂleH;le(mvij)dudv,

satisfies the required properties. Indeed, (a) is obvious. (e) follows from the definition of f,. (f)
follows from assumption (H.3) and assertion (c¢). We shall prove assertions (b), (c¢) and (d).
(b) For a fixed t and w, f,(t,w,.,.) is smooth and with compact support in [—n,n]?*9". Moreover

| Voo fult,w,y, 2) |< Cn2PF2,

where V denotes the gradient and C' is a positive constant.
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(¢) For all (t,w,y,z) such that Ay < mn, |y|<nand|z|<n we obtain, by using assumption
(H.3), that

| fult,y, 2) |§m(d+d7") /.1 /d | f(t,y —u, 2 —v) |H?:W(mui)H?:1H§:1¢(mvij)dudv
R4 JRAT
<t Lyl et [ (= ul = 1y ) smd

et [ (1 LG e
hy

n2p

e

o' —1
)T

! ht
— « « a—1 /
<+ lyl*+ 2] —i—a(n—i——n%) o + o (n+
<TAly |+ 12 1% +2ph

(d) For all (t,w,y,z) such that A; < n, |y|<nand]|z|<n we obtain, by using assumptions
(H.2) — (H.3), that

(Y, falt,y, 2)) <(cre)*(n~2[y[*)(n=2|z[*)x

m(d+dT) ‘/Rd /Rd <f(ta Yy—u,z— U)7 Y- u>H§i:1w(mui)ngzll_[;:lw(mvij)dU’dv

+ mldtdr) /Rd /Rd- | ft,y —u,z—v) || u] H?Zlw(mui)Hleﬂgzlz/}(mvij)dudv

<+ flyl + My + Kqly||2| + 10k,

Remark 3.2. Theorem 2.1 follows now from Proposition 3.4 and Proposition 3.5.

4 The second main result : Systems of degenerate PDEs

In this section, we consider the system of semilinear PDEs associated to the Markovian version of the
BSDE (E¢7)), for which we establish the existence and uniqueness of a weak (Sobolev) solution. In
particular, we introduce a new method of proving, by means of BSDE, that uniqueness to a system of
inhomogeneous semilinear PDE results from the uniqueness of its associated homogeneous system of
linear PDE.

4.1 Formulation of the problem.

Let 0 : RF —— RF", b :RF —— RF | g:R¥ — R*¥ and F : [0,7] x RF x R x R*" —— R¢ be
measurable functions. Consider the system of semilinear PDEs

L 2) | () + F(t 2 ult, 2), 0" Va(t,2) = 0 £ €]0,T], = € RF

uw(T,z) =g(z) =Rk

(Plo-)) {

1
where £ := 3 ;(oa*)ijﬁfj + XZ: b;0;.
The diffusion process associated to the operator £ satisfies,

X = [ [ o(ximaw,  t<s<T
t t

We assume throughout this section that o € C3(R*¥, R*¥"), and b € CZ(R¥, RF).
We define,

T
H't = {UGC([O,T];Lﬁ(Rk,eMldx;Rd));/ / |U*Vv(s,a:)ﬁe‘slmlda:d$<oo}
0 R*

§>0,8>1
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Definition 4.1. A (weak) solution of (P9F)) is a function u € H'* such that for every t € [0,T] and
¢ € CL([0,T] x RY)

T T
/t < u(s), &g(j) > ds+ < u(t),p(t) >= < g,0(T) > —l—/t < F(s,.,u(s),0"Vu(s)),o(s) > ds

T
Jr/t < Lu(s),¢(s) > ds

where < f(s), h(s) >= [pu f(s,2)h(s, z)dzx.

Observe that an integrating by part shows that,

< Lu(s),p(s) > = — /R (0" Vs, 2): 0" Vipls, )i — < uls), din(p)(s) >
- 1 *
where b; 1= b; — 3 ;33‘(00 )i

4.2 Assumptions
Consider the following assumptions:
There exist § > 0 and p > 1 such that
(A.0) g(z) € LP(R* e=%1*ldz; R?)
(A.1) F(t,z,.,.) is continuous  for a.e. (¢, )

There are ' € LzY1([0,T] x R¥, e~ dtdz; R ),
(A.2) f2 e LP([0,T] x R¥,e~1=ldtdz; R, )), and M, M’ € R, such that

(y. F(t.a,y,2)) <o () + £ (8, 2)lyl + (M + M |z))ly[+ /M + M'[a|y]|=|

There are 77’ € LI([0, T] x R* e~®l*ldtda; R ) (for some ¢ > 1), o €]1, 5[
and o €)1, A 2[ such that

(A.3)
|F(t,2,y,2)] <77 (tx) + |yl + 2]
There are K,r € Ry such that for every N € N and every z,y, v, z, 2’
satisfying : e"1*l, [y [, |y |, [ 2], | 2/ [< N,
(A.4)

1
(y—y's F(t,z,y,2) — F(t,z,y,2")) < Klog N (N + 1y — y’2> + VKlog Nly —y'||z — 2/|.

4.3 Existence and uniqueness for (P)

Theorem 4.1. Letp €laV o/, p[ if M' >0 and p =p if M’ = 0. Under assumption (A.0)-(A.4) we
have

1) The PDE (P9F)) has a unique (weak) solution u on [0, T]
2) For every t € [0,T] there exists Dy C RF such that

i) / Ipe dz =0, where Df:=RF\ D,.
Rk

ii) for every t € [0,T] and every x € Dy, the BSDE (E€""-f"")Y has a unique solution (Y'*,Z%*) on
[t, T

where §t7$ = g(X;lx) and ft,:c(s’ Y, Z) = ]1{s>t}F($a Xz’m7 Y, Z)
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3) For every t € [0,T]

(u(s, X2®), 0*Vu(s, XL7)) = (Y*, ZL7) a.e.(s,r,w)

4) There exists a positive constant C depending only on 6, M, M',p, P, |0|cc, |b|eo and T such that

T
SUp0<t<T/ | u(t, ) [P e=®1"lda +/ / | o*Vul(t,z) [P e~ 1" dtda
- JRFk 0o JRk

T _ T
<C (ﬂ[M/;ﬁow [1s@ Paes [ [ st asaas [ [0 <s,x>pdsdx>
RF Rk JO Rk JO

ppM'T

e R

» p—1

where ¢' = § 4+ &' + pppzo) and &'

4.4 Proof of Theorem 4.1.

A) Existence.

Lemma 4.1. 1) There exists k > 0 depending only on |0, |blec and T such that

supIE[eXp(/-@ sup | X0 — 2 |?)] < oo. (4.0)
t<s<T

In particular, for every r > 0 there is a constant C(r, k) such that for each (t,x)

Elexp(r sup | X [)] < C(r,r) exp(r | 2 |)
t<s<T

2) For every § > 0 there exists a constant Csp > 1 such that for every p € LO(R¥), t € [0,T] and
set,T)
Cit [ o@le¥ldn <B [ [o(Xim)e s < Cor [ Ipta)le iz (42
’ Rk Rk Rk

Moreover for every § > 0 there exists a constant Csr > 1 such that for every ¢ € L°([0,T] x R¥),
te€[0,T] and s € [t,T)]

6T/ / (s,z)|dse” Jlxldz<E/ / s, XL |dse™ 5|“"d:p<C’5T/ / (s, 2)|dse™ 1" da.

Proof. The first assertion is well known. Its particular case follows by using triangular and Young’s
inequalities. Indeed

Elexp(r sup | X" |)] < exp(r | z |)E[exp(r sup | XL — )]
t<s<T t<s<T

-
_ Xt,a:_
\/E‘/EQLE)T' )]
2

,rl xT
< exp(—) exp(r | z |)E[exp(r s, | XE* —a |?)).
t<s<

<exp(r |z |)E[exp(

For the second assertion, see [40]. [
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Lemma 4.2. Letp €|laVva/,plif M' >0 andp=p if M' = 0. Let t € [0,T]. There exists D; C RFsuch
that

i) / ldz =0
D;
1) for every x € D

T
E(| g(Xg®) [P €8 17 2"d) + B (/ 0 (s, X0")eld x;wdrd8>
t

p
2

T p T
+E (/ fo,(s,Xg’z)e% e ATdrds) —|—E/ 7' (s, X5")9ds < +o0,
t t
where AG® i= (M + M'|X5%]) sup(4, 22).

Proof . Using Hdolder’s inequality, Young’s inequality and Lemma 4.1 we get

T P
E(| g(X7") [P €3 I Aotdsy L B (/t (s, X0%)eld Aﬁ-’xdrds>

T ’ 1 s yt,x b T
+E (/ 7O (s, Xb®)ez JO A drds> +]E/ 7' (s, X5")ds
t t

2

T _ T B T /
<c (H«:( g0 P+ [ ol (5, XEE B [P s XEP A E [ (s X0+ Biagsge” 'I>
t t t
for some constant C' depending only on M, M, p,p, |0, |b|ec and T
We put,
B T _ T B T )
D i C(B( 9(X) P)+E [ (s, X0 E B [ (5, XEP4E [ (s, X015 D).
t t t

Using Lemma 4.1-2) and assumptions (A.0)-(A.3), one can show that
/ e 1?ldy < oo
Rk

where 0’ = § 4+ k' + 1. The set D; := {z; TI'*" < co}. Lemma 4.2 is proved. |

Lemma 4.3. Assume (A.0)-(A.4). Let p €laVv o/, pl if M' > 0 and p = p if M’ = 0. Then, for every
t € [0,T] and every x € Dy, the BSDE (E€""1"")) has a unique solution (Y, Z") which satisfies,
for every t € [0,T] and every x € Dy,

b
2

T
IE( sup | Y2 |P ) +IE(/ | Zbe |2 ds)
t<s<T ¢ (4.3)

T _ T _ ,
< CIE( (X P+ B [ (s, XEDE s+ B [ 5, X075+ D]

for some constant C' depending only on M, M’ p, P, |0|co, [bloc and T .

1 p-1
Proof. For every t € [0,7] and x € Dy, (£8%, f©%) satisfies (H.0)-(H.4) with v = inf{i, pT}’

M, = M+ M'|XE®|, Ky = /M + M/|XS7], ny = 0/(s, X07), [0 = fO(s, X7), 1, = 7/ (s, X1),

vs = exp(r|X5*]) and Ay = N. Hence, Lemma 4.3 follows from Theorem 2.1 and Lemma 4.2. [ |

Set,
gn(x) = g(2)L{1g(z)|<n}

Fu(t,,y,2) = (0T (1)1 oo 0 () e <m0 (07 2y )b (2 2)7) x

/Rd /Rdr F(t, T, Y — U,z — ’U)ch'lzl1/)(n2pe‘w|ui)nglngzlw(nzpelIlUij)dudv,

23



E;’x = Ugn (X;“’LE)
and

'rtL,x(Sv Y, Z) = ]1{s>t}Fn(sa X;’ma Y, Z)

It is not difficult to see that the sequence (g, F,) satisfies (A.0)-(A..3) uniformly in n. Hence (4%, f1*)
satisfies (H.0)-(H.3) uniformly in n. Moreover, for every n € N*, (¢4%, f1%) is bounded and f5* is
globally Lipschitz.

Let (Y5®n, Z4%:m) bhe the unique solution of BSDE (E€w"/2™)). Let p €]aV o/, p[if M’ > 0 and p = p
if M’ = 0. Arguing as in Lemma 4.3, we show that for every ¢, € D; and every n € N*

T » T 5 ‘o _
E( sup | Y55 P) 4 E / | Zbwn P2 ds>2<0(1E / e BVDIXl g 1 B(| g(X57) [P)+
t t

t<s<T

. T B / (4.4)
+E / 7 (s, X57)8V1ds + E / £ (s, XE)Pds + U pgpope” “”')
t t

for some constant C' = C(p) not depending on (¢,z,n). To see this, use proposition 3.5 (with hy :=
e"X;'m|), Proposition 3.1 and the proof of proposition 3.4-a).

According to [10], we have

Lemma 4.4. There exists a unique solution u™ to the problem,

oun(t
(P(g",Fn)> { M + Lu™(t, ) + Fo(t, z,u™(t, ), 0c*Vu"(t,x)) =0, t€]0,T], x € R¥

u(T,z) = gn(z), xcRF
such that for every t

u(s, XL") = YIS and  o*Vu"(s, X0T) = ZLT a.e (s,w,x).

From Proposition 3.4-(ii) we have

Lemma 4.5. (Stability) For every t € [0,T], x € D, and p’ < p,

. z
lim |E( sup | Viom —yhe |P/>+E</ | Zbor — 20 2d5> -
n 0<s<T t

Using Lemma 4.1—2), inequality (4.4), Lemma 4.4, Lemma 4.5 and the Lebesgue dominated con-
vergence theorem, we obtain

Lemma 4.6. (Covergence of PDE) For every p’ < p,

lim sup / | u™(t,z) —u™(t,a) [P ez =0
n,m OStST Rk

T
lim/ / | o*Vu'(t,x) — o*Vu(t, z) [P e~ 1l dtdz = 0.
o Jre

n,m

Using Lemma 4.1, Lemma 4.6 and the fact that H'T is complete, we prove that exists u € H'T such
that for every p’ < p,
i) SUpg<i<r Jor |ult,z) [P e 1oldy + fOT Jor | 0*Vu(t,z) [P'72 eIl dtdr < oo

i) limy, supg<ycr frr | u(t 2) —u(t,z) [P e ¥1ldz = 0
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»’
2

iii) limy, E [, (ftT | oVl (s, X17) — o*Vu(s, X1¥) 2 e_‘s/|l‘|d3) dr =0 Vtel0,T]
i) (u(s, XH%),0*Vu(s, XL%)) = (YI®, ZH%)  ae.

In another hand, from Proposition 3.2 and Proposition 3.4 we respectively have for every t € [0,T]
and z € Dy

T ) T
IE/ |F (s, X0% um(s, X0, 0*Vu" (s, X0®)|Pds < C (1 + 057" + E/
t t

In’(s,X£’f>Ist>
and
T R
lim]E/ |F (s, X0% u™(s, X7, 0*Vu" (s, X0%)) — F(s, X0 u(s, X0"), 0*Vu(s, X1®))|Pds = 0
n t
where £3 is some real in ]1, 0], C is some constant not depending on (¢, z,n) and

T p
OLmn = Esup, [YIo"|P + IE(/ | ZL™ds)?.

S

t
We deduce from Lemma 4.1, the Lebesgue dominated convergence theorem and inequality (4.4) that
T A ’
lim/ / | (s, x,u™(s, ), 0*Vu" (s, x)) — F(s,z,u(s, z),0*Vu(s, x))[Pe” T2l dpds = 0.
" Jo JRre

As a consequence of Lemma 4.3 and the proof of Proposition 3.4, we get the following existence
result for the problem (P(:F).

Proposition 4.1. Under assumptions (A.0)-(A.4), the PDE (P9F)) has a unique solution u such
that u(s, X0") = Y5* and o*Vu(s, X07) = ZL®. Moreover, letting p €]aV o, pl if M’ >0 andp =p
if M’ =0, then there is a constant C' depending only on 6', M, M’ ,p, P, |0|cc, |b|eo and T such that

T
SupOStST/k | u(t,z) |P e? mdm—i—/ /k | o*Vu(t, z) P2 e % 1®ldtda
RF o Jre

T - T
<C (1 —|—/ | g(z) |P dx+/ / (s, )%V dsdx + / / f° (s,x)pdsdar>
R¥ R’k Jo R’k Jo

pM'T

where 8 =5+ k" +1 and &' : |

B) Uniqueness.

Due to the degeneracy of the diffusion coefficient, the solution of the homogeneous linear PDEs is
not sufficiently smooth and hence we can not use it as a test function. In order to construct a suitable
test function, we need the following lemma. This lemma is interesting in itself since it gives a uniform
estimate for a regularized degenerate PDE.

Let WE2([0, T] x R?) denotes the Sobolev space of all funcions u(t, z) defined on Ry x R? such that
both u and all the generalized derivatives Dyu, D,u, and D2 u belong to L([0, T] x R9).

Lemma 4.7. Let ¢ €]0,1[, g € C°([0,T] x R¥;R). Then, the PDE
az@»{ D) L ain(o0™Vee) — & & 6°(1,2) + (b(a); V9% 0,0)) = g(t,2)
¢*(0,2) =0 =z €RF

has a unique solution ¢° which satisfies :

(i) ¢ € () Wr2(0,T] x R R) N CH2([0,7] x RN R)

3
q>3

N d¢° . .
() sup {1585 0.0)| 19660+ o7 (1.0)] | < o

(e,t,x
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Proof. The existence and uniqueness, of the solution ¢¢, follow from [34] (p. 318 and pp. 341 — 342).
We shall prove an uniform estimates for ¢° and for their first derivatives. These estimates can be
established by adapting the proofs given in Krylov [33] pp. 330 — 344. However, we give here a
probabilistic proof which is very simple. We assume that the dimension k is 1. Let X§(z) denotes the
diffusion process associated to the problem (P.(g)). For simplicity, we assume that g does not depend
from ¢ and the drift coefficient of X{(z) is zero. The process X{(z) is then the unique (strong) solution
of the following SDE

t
Xf(x):H/ oo (XE(@))dW,,  0<t<T
0

Let M = sup(.; ., (9" (X{ (@) +[o(t, )| + [0’ (¢, z)]). Since the coefficients o, is smooth and uniformly
elliptic, then the solution ¢° belongs to C''2. Hence, Itd’s formula shows that,

P°(t,x) = —E/t g(XE(x))ds.

Since g € C°, we immediately get

sup {ng (t,z)| + |¢5(t,w)|} < 00.

(e,t,x)

Since 0. € C}, we can show that

00° (t, x) /7 0X:(x)
L 2 <
| | < ME ) | - |ds

T

XE
It remains to show that sup ]E(\MD < 00
(o) 0T

Since |oL(t,x)| < |o’(t, )| < sup , |0’ (t,2)] < M, we have

OX§ (v ¢ . OXE(x
B <1k [ o T s
t €
< 1+M2E/ \Mﬁds
0 aflf

The Gronwall Lemma gives now the desired result.

In multidimensional case, the proof can be performed similarly since it is based on the fact that the
first derivative of o, is bounded uniformly in e, which is valid in multidimensional case also, see Freidlin
[29], III § 3.2, pp. 188-193. Lemma 4.7 is proved. [ |

Remark 4.1. (i) According to Krylov estimate (because o is uniformly elliptic), the previous proof
(in dimension one) remains valid also when the coefficients o and b are Lipschitz only.

(i4) Since in our situation o € C3(R¥,R*") and b€ CZ(R*,R¥), we can estimate also the second
derivative of ¢¢. More precisely we have

dp°
at

sup {o°(t.0)| + |- (t, )| + Ve (t, )| + | D?° (t,2) |} < oo

(e,t,x

Proof of Remark 4.1 . Let B; be a d-dimensional Wiener process stochastically independent of W;
and consider the SDE :

X)) =a+ / b(XE"(e))dr + / o(X5%(e))dW, + V2e(Bs — By), t<s<T
t t
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where b Z 0j(oc™ Z 0j(oc™

1t6’s formula shows that

T
(T —t,x) = E/t g(r, X5%(e))dr

Then

0;0°(T —t,x) = E/t (Vg(r, X5"()); 0; X5 (e))dr

and

T
05¢°(T — t,x) = E/t (Vg(r, X% (€)); 03, X717 (e)) + (D?g(r, X7 (€)) i X" (€); 0, X70% (e))dr

On other hand,

and

0K ule) =+ | (VB (X1 (2)); 0,X0 () dr + 3 / (Vo (X1 (2)); XL () AW

% (XL )k(e) = /S<v5k(Xﬁ@(s));a§ij dr+Z/ (Vo (X)7(€)); 05, X1 () dW,!
+ [ DX )0, X0 0.0 )

+Z/ 20kn (X1 (£))0; X107 (£); 0, X107 (2)) AW

Ito’s formula gives

S

E|0;(X0w(e)l* = i +4E [ (Vh(X27(e)) 3 0: X707 (e)) (0u(X1")n(e)) dr

HLE / (Voun (XE7(6)) 5 X5 )] (Du(XE)(e))dr

IA

i + sup,, (2| Vb (x |+Z|V0kn / E|9; X" (e)| dr

and

|07 (X7)k(e)* = QE/S<V5k(Xﬁ’””(E));3?]-Xﬁ""”(€)> 07 (X ") (e)dr

+YE [ (Vo (XE7(2)) ; 0%,X5% (2)) dr
8 [ (0 UDPB(XE(0)) 0, X57(e) DXL (0)) (X )u(e)dr
# 3 [ D 0w (X17(€) 8K XL @

sup. (2AV0()| + D (0)| + 2 Vo (o) / 102, X1 (&) dr

IA

+sup,, (|D?by(z |+Z|D20kn / E|0; X527 (e)[* + E|0; X" (e)|*dr
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We deduce that

El9;(X:7)(e)|t < K2+ K> sup, (2|Vb,(2)| + Z |Von(x / E|0; X5 (e)|*dr
< R2eF T I sup, VE(@)HE,, lv"”(z)l ) (Gronwall’s Lemma )

and

EJ03(X09)(@) < ksup, (2IVhi(x)| + 21Dy (a |+Z|v% / 02, X1 (e) [2dr

+k3T sup,, (| Dby (z \+Z|D T (2)[2)k2eF° T Z 5 5uPe 2IVba (@) [+, [V (2)*)

IN

k3T sup, (| D%bg(z |+Z|D Ton () [2) k26 T Ly 89P0 2IVBa (@) +X . [Von (@)])

X ekTsupz (2|ka(z)‘+2|D bk(x)H'Zn |V‘77€n(z)|2) (Gronwau’s Lemma )

Since g € C2°, o € C}(R*,R*") and b € CZ(R*,R¥) we get

{0

(e,t,x)

9 (1) + [ (0,2)] + D% 1 w>|} .
Lemma 4.7 is proved. [ |

Lemma 4.8. 0 is the unique solution of the PDE

Ow(t, x)

(P(o,,dw(g)(m)y)) { + Lw(t,x) + diu(l;)(x)w(t,x) =0 t€)0,T],z¢€ R*
w(T,z) =0 =z cR*

satisfying for some B > 1

T
sup / | w(t, z) \ﬁ+|w(t,x)|dx+/ / | " Vu(t, z) | + | oVt z) | dtdz < oo, (4.1)
0<t<T JRk 0 RF

Proof. Let w be a solution of (P(0, —div(b)(x)y)) satisfying (4.1) and consider w,, € C°(R¥) such that

T T
/ |w(s, ) — wp (s, z)|dxds + / |o*V(w(s,x) —wn(s,z))|dzds — 0.
o Jrk o Jrk

Let ¢ €]0,1[, g € C°([0,T] x R¥;R) and consider the unique solution ¢° € ﬁq>%W;’2([0, T) x RE:R) N
CY2([0,T] x R¥;R) of the following problem
0¢°(t,z) 1 . TN, _
(P-(g)) { g~ 5dw(eoTVe) —e A ¢*(t ) + (b(x); VE£(t 7)) = g(t, @)
¢*(0,7) =0 =z €RF
The existence and uniqueness of ¢¢ follows from Lemma 4.7.

Let (1;)ien C C°(RF) be such that v¥; € [0,1], 1; — 1 uniformly on every compact set and ~ Vp; — 0
uniformly on R*. By considering ¢°1); as a test function, we have

T s
/ / {w 1 (0*Vw; 0*V¢F) + w(b; V¢€>} Pidxdt+
0o Jre "2

/ / [ " Vw; " Vi) +w(b; vw»} ¢*dadt = 0.
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Introducing w,, and integrating by part we obtain

£ 1 - .
[ s [~ Jainto0 ) + (596 ate = x5 0) + 267,
Rk
where

/T/ 8¢E 1 * * £ 7 5
_ {(w — wn)—at + 5(0 V(w —wy); 0"V )+ (w — wy)(b; Ve >} Yidxdt
o Jre

and
T 1 1
—/ / <§¢EUU*VUJ + ¢Fwb — §wnaa*v¢€ ; Vb ydadt.
]Rk

From Lemma 4.7, we have

sup sup {56 (0.0)| + [V6(0,2)] + 160,/ } < o
€ (t,x)

Hence '
sup X7 (M) —n—oo 0
£,1

and

sup | x5 (1)| —i—oo 0.
g,n

Observe that an integrating by part shows that fOT S wntbi A ¢Fdxdt = fo Jrr V(wnths) Vo< dadt,
then use the Lebesgue dominated convergence theorem to deduce that

/ / wg(t, x)dxdt = hmhmhm/ / wpi(g(t, x) + € A ¢°)dxdt
Rk
— limim im(x () + x5 (1)
n (3 €
=0.

Lemma 4.8 is proved. u

Proof of uniqueness for (P(ng )). The proof is divided into three steps.
Stepl. 0 is the unique solution of (P(%9)) satisfying the inequality (4.1) Lemma, 4.8.

Let w; be a solution of (P(0:0)) satisfying the inequality (4.1) Lemma 4.8. Then, by Lemma 4.8
it is also the unique solution of (P(0-divb(z)y—divb(z)wi(t.2))) gatisfying the inequality (4.1) Lemma 4.8.
Indeed, if u is a solution of (P(O:dwb(@)y—divb(@)wi(t:2))) “then u — w; is a solution of (P-4 e(=)v)) and
hence u — w; = 0 by Lemma 4.8.
From Proposition 4.1, the process (w;(s, X&), 0* Vi (s, X[*)) is the unique solution of BSDE
(E(O’d“’b(xz’z)y_di”b(x?z)“’1(S’X?I)). Thanks to the uniqueness of this BSDE and Lemma 4.1-2), we get
w1 = 0.

Step2. 0 is the unique solution of (P9)),
Let w; be a solution of (P(®9). Since w; € H'*F, then there exist 3’ > 1,4’ > 0 such that,
! ! T ’ !
sup / | wy (t,z) |® e™° ‘xldaz—i—/ / | o*Vw (t,z) % e 1*ldadt < oo.
0<t<T JRE 0o Jrr

Let 0 > ¢ and set 10 := wy f(z) where f € C2(R¥;R%) such that f(z) = e 01l if | 2 |> 1.
By Lemma 4.8, w; is the unique solution to the PDE
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ow(t, L . — -
(Pl(o,o)) % + Lw(t,z) + div(d)(x)w(t,z) + H(x)w(t,x) + (H(z),c* Vi (t,x)) =0
w(T,z) =0

satisfying the inequality (4.1) Lemma 4.8, where H and H are some bounded and continuous functions.
Proposition 4.1 implies that (w; (s, X5%),0*Vwy (s, X57)) is the unique solution of the BSDE
(OB (XE Dy 1K (5 X1+ (), D10 X5 0)  Hence 1y = 0, which implies that w; = 0.
Step 3. (P has a unique solution if and only if 0 is the unique solution of (P(*:0)).

By Proposition 4.1, there exists a unique solution u of the problem (P@¥)) such that, u(s, X>*) =
Y5® and o*Vu(s, XL*) = ZL*.

Let u’ be another solution of ‘(P(Q’F)) and set

F(t,x) = F(s,z,u(s, x),0*Vu(s,z)) — F(s,z,u/(s,2),0"Vu/(s,z)).

The function w := u — ' is then a solution of the problem

ow(t,x) -

(P(O’F)) { o + Lw(t,z)+ F(t,z) =0 t€]0,T], z € RF
w(T,z) =0 zcRF

In other hand, since (0, F) satisfies assumptions (A.0)-(A.4), then Proposition 4.1 ensures the existence

of a unique solution w0 to the problem (P©O-F)) such that, (s, X1*) = Y% and o*Va(s, X1%) = 267,
where (Y1, Z%®) is the unique solution of

~ T A~ T A
Vie = / E(r, Xb%)dr — / Z0T AW,

S
The uniqueness of (P©)) (which follows from step 2) allows us to deduce that

u' (s, X"y =Y — ?St’x and o*Vu' (s, X0*) = ZL" — ZA};”

S

This implies that u'(t, X%®) is a solution to BSDE (E(9¥)). The uniqueness of this BSDE shows that
' (t, X5%) = u(t, X5®). We get that u(t,z) = u/(t,x) a.e. by using Lemma 4.1-2). Theorem 4.1 is
proved. [ |

As consequence, we have : Let g € LP([0,7] x R, e=%l#ldz; RY) for some p > 1 and § > 0. Let
A [0,T) x RF — R4 B [0,T] x RF — (R} and C : [0,T] x R¥ — R¥*? be measurable
functions which satisfy :

There exists a positive constant K such that for all (¢, )

JA(t, )| + | B(t,2)|> < K(1+ |z]), [|C(t, )| <K and C(t,z) > 0.
We then have

Proposition 4.2. Let g € LP([0, T] xR*, e~ %*ldz; RY) for some p > 1 and § > 0. Let A : [0, T] xRF —
R4 B :[0,T] x RF +— (RY" and C : [0,T] x RF —— R¥*? be measurable functions. Assume that
there exists a positive constant K > 0 such that for every (t,z), 0 < C(t,z) < K and,
JAGE )| + 1B o) < K+ lal), 1C@ 9] < K
Then, the PDE
ow(t,x)
{ —5 + Lw(t,z) + A(t,x)w(t, z) + (( B(t,x); o*Vw(t,x) )) — C(t,2)w(t, z) log |w(t, z)| = 0,
w(T,z) = g(x) xcRF

has a unique solution w and (w(s, X5%),0*Vw(s, X7)) is the unique solution of

B (957, Al X7y +{(B(s,X17)i2) =C(s, X0y logly)

d r
where ((B;z)) := ZZBUZU’

i=1 j=1
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Set  F(t,z,y,2) i= A(t,2)y + ((B(t,2); 2)) — C(t,2)ylog]yl.

Arguing as in the introductory examples, we show the following claims 1)-3). The claim 2) follows by
using Young’s inequality.

1) {y. F(t.z,y,2)) < K + (K + Klo|)|y]? + /K + Klally||2

2) for all € > 0 there is a constant C. such that
(6 2,y 2)] < Ce(1+ |2 + [yF2 4 [2]1F9)

3) for every N > 3 and every x,y, 3 z, 2 satisfying e/*l, |y |, |y |, | 2|, | 2/ |< N :

1
=5 F(t.002) = 6y ) < Ko N (4= o'? )+ VRNl = s~ <.
where K’ := 1+ 4Kd + K?.
So assumptions (A.0)-(A.4) are satisfied for (g, F). [ |
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