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Abstract

We deal with the unique solvability of multidimensional backward stochastic differential equa-
tions (BSDEs) with a p-integrable terminal condition (p > 1) and a superlinear growth generator.
We introduce a new local condition, on the generator (see Assumption (H4)), then we show that it
ensures the existence and uniqueness, as well as the Lp-stability of solutions. Since the generator
is of super linear growth, the uniform continuity is then not satisfied. Furthermore, the (local)
monotony condition in the y-variable as well as the (local) Lipschitz condition in the z-variable
are not needed. Since the assumptions we impose on the coefficient are local in the three variables
y, z and ω, we then also cover the BSDEs with stochastic Lipschitz and/or stochastic monotone
coefficient. Although we are focused on the multidimensional BSDEs, our uniqueness and stabil-
ity results are new even in one-dimensional case. As application, we establish the existence and
uniqueness of Sobolev solutions to systems of (possibly) degenerate semilinear parabolic partial dif-
ferential equations (PDEs) having a super linear growth nonlinear term and a p-integrable terminal
condition (p > 1). We cover certain systems of PDEs arising in physics, and in particular the loga-
rithmic nonlinearity u log(|u|). The proofs we give are rather non-standard. And in particular, we
introduce a new method which consists to show by using BSDEs that the uniqueness for a system of
non-homogeneous semilinear PDEs can be derived from the uniqueness for the homogeneous PDE
satisfied by its associated linear part.

1 Introduction
Let (Wt)0 ≤ t≤T be a r-dimensional Wiener process defined on a complete probability space (Ω,F , P ).
Let (Ft)0 ≤ t≤T denote the natural filtration of (Wt) such that F0 contains all P-null sets of F , and
ξ be an FT -measurable d-dimensional random variable. Let f be an Rd-valued function defined on
[0, T ] × Ω × Rd × Rd×r such that for every (y, z) ∈ Rd × Rd×r, the map (t, ω) 7−→ f(t, ω, y, z) is
Ft-progressively measurable. The BSDE under consideration is,

(E(ξ,f)) Yt = ξ +
∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

ZsdWs 0 ≤ t ≤ T

The data ξ and f are respectively called the terminal condition and the coefficient or generator.
Since the paper [43], where the existence and uniqueness of solutions have been established for

equation (E(ξ,f)) under a uniformly Lipschitz generator f and a square integrable terminal data ξ,
the theory of BSDEs has found further applications and has become a powerful tool in many fields
such financial mathematics, optimal control, stochastic game, non-linear PDEs ... etc... The collected
texts [24] give a useful introduction to the theory of BSDEs and some of their applications. See also
[1, 2, 3, 4, 5, 6, 7, 9, 10, 16, 17, 25, 32, 37, 39, 40, 41, 42, 44, 45, 47] and the references therein.
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Recently, the link between the solution of BSDEs and the "Lp−theory of viscosity solution" for PDEs
with measurable coefficients ([18, 19]) has been established in [7].

It should be noted that, in contrast to the one dimensional case, a few results are known in multi-
dimensional BSDEs with local assumptions on the generator f . This is partly due to the two following
facts :

(i) The comparison methods which are the main tool in one dimensional BSDEs do not work in
multidimensional case.

(ii) The usual localization procedure (by stopping times) is ineffective, especially for the z-variable.
The first results which deal with the existence and uniqueness of solutions to multidimensional BSDEs
with local assumptions on the coefficient f have been established in [1, 2, 3].

This paper is a detailed and completed version of [4]. The first part of the paper constitute a natural
continuation and developments of our previous works [1, 2, 3]. It consists to establish the existence and
uniqueness as well as the Lp-stability of strong solutions for BSDE (E(ξ,f)) when the terminal datum
ξ is p-integrable (p > 1) [condition (H0)], the generator f is of superlinear growth in (y, z) [condition
(H3)] and satisfies a new local assumption [condition (H4)]. The conditions we impose on the generator
go beyond all existing ones in the literature of multidimensional BSDEs. For instance, we cover the
nonlinearities y log(|y|) and h(y)z

√
| log(|z|)| which are, in our knowledge, not covered by the previous

paper. Many other examples are listed in the second section of the paper. Actually, we allow to the
generator to have the strictly sub-quadratic growth

| f(t, y, z) | ≤ ηt+ | y |α + | z |α
′
,

for some 0 < α,α′ < 2 and some q−integrable process η with some q > 1.
Due to the local assumptions on the generator, the usual techniques of BSDEs do not work in our

situation. In the other hand, due to the superlinear growth of the generator, the techniques used in
[1, 2] no longer work. Our approach, consists to establish a non standard a priori estimate between
two solutions as follows : We consider two solutions (Y 1, Z1) and (Y 2, Z2) associated to suitable
parameters (ξ1, f1) and (ξ1, f1), then we prove that for every ε > 0 there exists Nε ∈ N such that for
every f satisfying our assumptions (see pp. 4 and 5 below for the assumptions),

E( sup
0≤t≤T

|Y 1
t − Y 2

t |β) + E
( ∫ T

0

|Z1
s − Z2

s |2ds
) β

2

≤ ε + Nε
[
E(|ξ1 − ξ2|β) + E

∫ T

0

(
sup

|y|,|z|≤Nε
(f1 − f) + sup

|y|,|z|≤Nε
(f2 − f)

)
(s, y, z)ds

]
where β ∈]1, 2[ is some constant.
The previous estimate allows to treat simultaneously the existence and uniqueness as well as, the
Lp-stability of solutions. For instance, the existence (of solutions) is deduced by using a suitable
approximation (ξn, fn) of (ξ, f) and an appropriate localization procedure which is close to those given
in [1, 2, 3]. However, in contrast to [3], we don’t use the L2-weak compactness of the approximating
sequence (Y n, Zn). Here, we directly show that the sequence (Y n, Zn) strongly converges in some Lq
space (1 < q < 2) and, the limit satisfies the BSDE (E(ξ,f)). Thus we can dispense both with weak
convergence and the non-constructive choice of weakly convergent subsequences. We first establish the
result for a small time duration, then for an arbitrary prescribed one.

To deal with the PDEs part, we start with the following example. Let a(t, x) ≥ 0 and consider the
following semilinear Cauchy problem,

∂u

∂t
− a(t, x)∆u+ u log |u| = 0 on (0, ∞)× Rd

u(0+) = ϕ > 0
(1.1)

If we try to solve this PDE (1.1) by mathematical analysis methods, the nonlinear term u log |u| leads
to difficulties that render ineffective the standard arguments, see e.g. [20, 31]. In the other hand, since
the coefficient a can vanish, the solutions of PDE (1.1) will not be smooth enough, and therefore the
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uniqueness is rather hard to establish. The approach we present in this paper, to treat this kind of
PDEs, is probabilistic and uses the BSDEs. The link between the strong solutions of BSDEs and the
Sobolev solutions of semilinear PDEs was firstly established in [10] in the case where the nonlinear term
F is at least uniformly Lipschitz and with sub-linear growth.

In this paper, we are concerned with the following system of (possibly degenerate) parabolic PDEs

(P(g,F ))

{
∂u(t, x)
∂t

+ Lu(t, x) + F (t, x, u(t, x), σ∗∇u(t, x)) = 0 t ∈]0, T [, x ∈ Rk

u(T, x) = g(x) x ∈ Rk

where L :=
1
2

∑
i,j

(σσ∗)ij∂2
ij +

∑
i

bi∂i And σ : Rk 7−→ Rkr, b : Rk 7−→ Rk , g : Rk 7−→ Rk and

F : [0, T ]× Rk × Rd × Rdr 7−→ Rd are measurable functions.
Our main purpose consists to establish the existence and uniqueness of Sobolev solutions for the

system of PDEs (P(g,F )), in the case where F is with super-linear growth in both u and ∇u, and
satisfies the same conditions that f . This is done with g in some Lp−space, p > 1. Our result cover in
particular the logarithmic nonlinearities u log(|u|) as well as h(u)(∇u)

√
| log(|∇u|)| where h is a suitable

function. The main feature consists to develop a method which allows us to prove that the uniqueness
of the system of PDEs can be derived from the uniqueness of its associated BSDE. We first prove the
existence and uniqueness in the class of solutions which are representable by BSDEs, and next we show
that any solution is unique. To do this, we prove that 0 is the unique solution to the homogeneous linear
PDE, then we use the BSDEs to derive the uniqueness for the non-homogeneous semilinear PDE. More
precisely, we prove that the system of semilinear PDEs{

∂u(t, x)
∂t

+ Lu(t, x) + F (t, x, u(t, x),∇u(t, x)) = 0, t ∈]0, T [, x ∈ Rk

u(T, x) = g(x), x ∈ Rk
has a unique solution if and only if 0 is the unique solution of the linear system{

∂u(t, x)
∂t

+ Lu(t, x) = 0, t ∈]0, T [, x ∈ Rk

u(T, x) = 0, x ∈ Rk

The paper is organized as follows. In section 2, we present the main result on BSDEs part and some
illustrative examples. Section 3 is devoted to the proof of the result of section 2. The main result on
PDEs part as well its proof, are treated in section 4.

We now give some motivations and short explanations for some topics which can be related to the
present work.
• In terms of continuous-state branching processes, the logarithmic nonlinearity u log u corresponds

to the Neveu branching mechanism. This process was introduced by Neveu in [38], and further studied
in [11, 27, 28]. For instance, the super-process with Neveu’s branching mechanism constructed in [27]
is related to the Cauchy problem (1.1). Therefore, our result can be seen as an alternative approach to
PDE (1.1), with possibly degenerate diffusion coefficient a.
• Since the degeneracy of the diffusion coefficient, our Proposition 4.2 (below) cover the PDE studied

in [48] which arises in studying the motion of a particle acting under a force field perturbed by a noise
(see e. g. Freidlin [30, 48] and Saintier [48]). Indeed, if y(t) ∈ Rd denotes such a motion acting under
a force field G(y, y′) and W be the standard brownian motion, then y(t) satisfies the SDE

y′′(t) = G(y(t), y′(t)) +W ′(t) with y(0) = y0, y
′(0) = x0

Setting x(t) = y′(t) in the previous SDE, we obtain the system

d

dt

(
x(t), y(t)

)
=
(
G(x(t), y(t)), x(t)

)
+
(
W ′(t), 0

)
with

(
x(0), y(0)

)
=
(
x0, y0

)
The Kolmogorov operator associated to the previous system is degenerate and enter in our conditions.
• The logarithmic nonlinearities appear in some PDEs arising in physics, see e.g. [12, 13, 20, 21,

22, 31, 46, 49]. For instance, in [12] the construction of nonlinear wave quantum mechanics, based on
Schrödinger-type equation, is with nonlinearity −ku log(|u|2).
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• The method we develop to study the systems of semilinear PDEs is based on BSDEs and the
proofs are rather non-standard, especially for the uniqueness.
• Since the system of PDEs associated to the Markovian version of the BSDE (E(ξ,f)) can be

degenerate, our result also covers certain systems of first order PDEs.
• The BSDEs as well as the PDEs which we consider are interesting in themselves since the nonlinear

part f(t, y, z) can be neither locally Lipschitz in z nor locally monotone in y. Moreover, f is of a super
linear growth than y and z, and hence it is also not uniformly continuous.
• It was proved recently (in [8]) that the BSDEs with logarithmic growth |f(t, y, z)| ≤ ηt +

K|z|
√
| log |z|| (for some process η) appear in stochastic control problems.

2 First main result and some examples.
Throughout this paper, p > 1 is an arbitrary fixed real number and all the considered processes are
(Ft)-predictable.

2.1 Definition.
A solution of equation (E(ξ,f)) is an (Ft)-adapted and Rd+dr-valued process (Y,Z) such that

E
(

sup
t≤T
|Yt|p +

( ∫ T

0

|Zs|2ds
) p

2 +
∫ T

0

|f(s, Ys, Zs)|ds
)
< +∞

and satisfies (E(ξ,f)).

2.2 Assumptions
We consider the following assumptions on (ξ, f):

There exist M ∈ L0(Ω; L1([0, T ]; R+)), K ∈ L0(Ω; L2([0, T ]; R+)) and γ ∈]0,
1 ∧ (p− 1)

2
[, such that

(with λs := 2Ms +
K2
s

2γ
) we have,

(H.0) E | ξ |p e
p
2

∫ T
0 λsds <∞,

(H.1) f is continuous in (y, z) for almost all (t, ω)

(H.2) There exist η and f0 ∈ L0(Ω× [0, T ]; R+) satisfying

E
( ∫ T

0

e
∫ s
0 λrdrηsds

) p
2 <∞ , E

( ∫ T

0

e
1
2

∫ s
0 λrdrf0

s ds
)p
<∞

and such that :

for every t, y, z, 〈y, f(t, y, z)〉 ≤ ηt + f0
t |y|+Mt|y|2 +Kt|y||z|

(H.3) There exist η ∈ Lq(Ω× [0, T ]; R+)) (for some q > 1) and α ∈]1, p[, α′ ∈]1, p ∧ 2[ such that:

for every t, y, z, | f(t, ω, y, z) | ≤ ηt+ | y |α + | z |α′ .

(H.4) There exist v ∈ Lq′(Ω× [0, T ]; R+)) (for some q′ > 0) and K ′ ∈ R+ such that
for every N ∈ N and every y, y′ z, z′ satisfying | y |, | y′ |, | z |, | z′ |≤ N

〈y − y′, f(t, ω, y, z) − f(t, ω, y′, z′)〉11{vt(ω)≤N} ≤ K ′ | y − y′ |2 logAN +
√
K ′ logAN | y − y′ || z − z′ |

+K ′
logAN
AN

where AN is a increasing sequence and satisfies AN > 1, limN→∞AN = ∞ and AN ≤ Nµ for some
µ > 0.
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2.3 The main result
Theorem 2.1. Assume that (H.0)-(H.4) hold. Then, (E(ξ,f)) has a unique solution (Y,Z) which
satisfies,

E sup
t
| Yt |pe

p
2

∫ t
0 λsds + E

[ ∫ T

0

e
∫ s
0 λrdr | Zs |2 ds

] p
2

≤C
{

E | ξ |p e
p
2

∫ T
0 λsds + E

( ∫ T

0

e
∫ s
0 λrdrηsds

) p
2 + E

( ∫ T

0

e
1
2

∫ s
0 λrdrf0

s ds
)p}

for some constant C depending only on p and γ.

We shall give some examples of BSDEs which satisfy the assumptions of Theorem 2.1. In our
knowledge, these examples are not covered by the previous works in multidimensional BSDEs.

2.4 Examples.
Example 1. Let f(y) := −y log | y | then for all ξ ∈ Lp(FT ) the following BSDE has a unique solution

Yt = ξ −
∫ T

t

Ys log | Ys |ds−
∫ T

t

ZsdWs.

Indeed, f satisfies (H.1)-(H.3) since 〈y, f(y)〉 ≤ 1 and | f(y) |≤ 1 +
1
ε
| y |1+ε for all ε > 0. In

order to verify (H.4), thanks to triangular inequality, it is sufficient to treat separately the two cases:

0 ≤| y |, | y′ |≤ 1
N

and
1
N
≤| y |, | y′ |≤ N .

In the first case, since the map x 7→ −x log x increases for x ∈]0, e−1], we obtain for N > e

|f(y)− f(y′)| ≤ |f(y)|+ |f(y′)|

≤ 2
logN
N

In the second case, the finite increments theorem applied to f shows that

|f(y)− f(y′)| ≤ (1 + logN) | y − y′ | .

Hence (H.4) is satisfied for every N > e with vs = 0 and AN = N .

Example 2. Let g(y) := y log
| y |

1+ | y |
and h ∈ C(Rdr; R+)

⋂
C1(Rdr − {0}; R+) be such that

h(z) =
{
|z|
√
− log |z| if |z| < 1− ε0

|z|
√

log |z| if |z| > 1 + ε0

where ε0 ∈]0, 1[. Finally, we put f(y, z) := g(y)h(z). Then for every ξ ∈ Lp(FT ) the following BSDE
has a unique solution

Yt = ξ +
∫ T

t

f(Ys, Zs)ds−
∫ T

t

ZsdWs.

It is not difficult to see that f satisfies (H1). We shall prove that f satisfies (H2)-(H4).

(i) Since g is continuous, g(0) = 0 and |g(y)| tends to 1 as |y| tends to ∞, we deduce that g is
bounded. Moreover, g satisfied 〈y − y′, g(y) − g(y′)〉 ≤ 0. Indeed, in one dimensional case it is not
difficult to show that g is a decreasing function. Since, −〈y, y′〉 log |y|

1+|y| ≤ −|y||y
′| log |y|

1+|y| (because
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log |y|
1+|y| ≤ 0), we can reduce the multidimensional case to the one dimension case by developing the

inner product as follows,

〈y − y′, g(y)− g(y′)〉 ≤ |y|2 log
|y|

1 + |y|
+ |y′|2 log

|y′|
1 + |y′|

− |y||y′|(log
|y|

1 + |y|
+ log

|y′|
1 + |y′|

)

= (|y| − |y′|)(|y| log
|y|

1 + |y|
− |y′| log

|y′|
1 + |y′|

)

= 〈|y| − |y′|, g(|y|)− g(|y′|)〉
≤ 0

(ii) The function h(z) satisfies for all ε > 0

0 ≤ h(z) ≤M +
1√
2ε
| z |1+ε, where M = sup

|z|≤1+ε0

| h(z) |

The last inequality follows since
√

2ε log |z| =
√

log |z|2ε ≤ |z|ε for each ε > 0 and |z| > 1. (H3)
follows now directly from the previous observations (i) and (ii). (H2) is satisfied since 〈y, f(y, z)〉 =
〈y, g(y)〉h(z) ≤ 0. To verify (H.4) it is enough to show that for every z, z′ such that | z |, | z′ |≤ N

| h(z)− h(z′) |≤ c
(√

logN | z − z′ | +logN
N

)
for N large enough and some positive constant c. This can be proved by considering separately the

following five cases, 0 ≤| z |, | z′ |≤ 1
N

,
1
N
≤| z |, | z′ |≤ 1 − ε0, 1 − ε0 ≤| z |, | z′ |≤ 1 + ε0 and

1 + ε0 ≤| z |, | z′ |≤ N .

In the first case (i.e. 0 ≤| z |, | z′ |≤ 1
N ), since the map x 7→ x

√
− log x increases for x ∈ [0, 1√

e
],

we obtain |h(z)− h(z′)| ≤ |h(z)|+ |h(z′)| ≤ 2
1
N

√
− log

1
N
≤ 2

1
N

logN for N >
√
e.

The other cases can be proved by using the finite increments theorem.

Example 3. Let (Xt)t≤T be an (Ft)−adapted and Rk−valued process satisfying the forward stochastic
differential equation

Xt = X0 +
∫ t

0

b(s,Xs)ds+
∫ t

0

σ(s,Xs)dWs

where X0 ∈ Rk and σ, b : [0, T ]×Rk → Rkr×Rk are measurable functions such that ‖σ(s, x)‖ ≤ c and
|b(s, x)| ≤ c(1 + |x|), for some constant c.

It is known from forward SDE’s theory that there exist κ > 0 and C > 0 depending only on c, T, k
such that

E exp (κ sup
t≤T
| Xt |2) ≤ C exp(C | X0 |2).

Consider the BSDE

Yt = g(XT ) +
∫ T

t

| Xs |q Ys − Ys log | Ys |ds−
∫ T

t

ZsdWs.

where q ∈]0, 2[ and g is a measurable function satisfying | g(x) |≤ c exp c | x |q′ , for some constants
c > 0, q′ ∈ [0, 2[.
The previous BSDE has a unique solution (Y,Z) which satisfies: for every p > 1 there exists a positive
constant C such that

E sup
t
| Yt |p +E

[∫ T

0

| Zs |2 ds

] p
2

≤ C exp (C | X0 |2).
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Indeed, one can show that
i) 〈y, f(t, y)〉 ≤ 1+ | Xt |q| y |2
ii) Using Young inequality we obtain, for every ε > 0 there is a constant cε > 0 such, that

| f(t, y) |≤ cε(1+ | Xt |qcε + | y |1+ε)

iii) f satisfies assumption (H.4) with vs = exp | Xs |q and AN = N .

The following example shows that our assumptions enable to treat BSDEs with stochastic monotone
coefficient

Example 4. Let (ξ, f) satisfying (H.0)-(H.3) and

(H ′.4)



There are a positive process C satisfying E
∫ T

0

eq
′Csds <∞ (for some q′ > 0) and K ′ ∈ R+

such that:

〈y − y′, f(t, ω, y, z)− f(t, ω, y′, z′)〉 ≤ K ′ | y − y′ |2 {Ct(ω)+ | log | y − y′ | |}

+K ′ | y − y′ || z − z′ |
√
Ct(ω)+ | log | z − z′ | |.

In particular we have for all z, z′

|f(t, ω, y, z)− f(t, ω, y, z′)| ≤ K ′ | z − z′ |
√
Ct(ω)+ | log | z − z′ | |.

Therefore, the following BSDE has a unique solution

Yt = ξ +
∫ T

t

f(s, Ys, Zs)ds−
∫ T

t

ZsdWs.

To check (H.4), it is enough to show that for some constant c we have

〈y − y′, f(t, y, z)− f(t, y′, z)〉 ≤ c logN
(
| y − y′ |2 +

1
N

)
|f(t, y, z)− f(t, y, z′)| ≤ c

√
logN

(
| z − z′ | + 1

N

)
whenever vs := eCs ≤ N and | y | , | y′ |, | z |, | z′ | ≤ N .
These two inequalities can be respectively proved by considering the following cases

| y − y′ |≤ 1
2N

,
1

2N
≤| y − y′ |≤ 2N.

and
| z − z′ |≤ 1

2N
,

1
2N
≤| z − z′ |≤ 2N.

Example 5. Let (Xt)t≤T and ξ be as in example 3, let F (t, x, y, z) be such that
i) F (t, x, .) is continuous
ii) |F (t, x, y, 0)| ≤ C exp(C | x |q̂)+ | y |α, for some q̂, α ∈]0, 2[ and C > 0,
iii) 〈F (t, x, y, z)− F (t, x, y′, z′), y − y′〉 ≤ K ′ | y − y′ |2 +K ′ | y − y′ || z − z′ |.
Let q, q′, q” ≥ 0 such that q + q” < 2 and q′ + q” < 1, the following BSDE has a unique solution

Yt = ξ +
∫ T

t

|Xs|q”F (s,Xs, |Xs|qYs, |Xs|q
′
Zs)ds−

∫ T

t

ZsdWs.
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3 Proof of Theorem 2.1
We first give some a priori estimates from which we derive a stability result for BSDEs and next we
use a suitable approximation of (ξ, f) to complete the proof. The difficulty comes from the fact that
the generator f can be neither locally monotone in the variable y nor locally Lipschitz in the variable
z and moreover, it also may have a superlinear growth in its two variables y and z.

3.1 Estimates for the solutions of equation (E(ξ,f)).
In the first step, we give estimates for the processes Y and Z.

Proposition 3.1. Let Λt := |Yt|2et + 2
∫ t

0

esηsds+ (
∫ t

0

e
1
2
s f

0
s ds)

2 and et := exp
∫ t

0
λsds.

Assume that (H.2) hold and E( sup
0≤ s≤T

|Yt|p e
p
2
t ) <∞.

Then, there exists a positive constant C(p,γ) such that

E sup
0≤ s≤T

Λ
p
2
s + E

(∫ T

0

es|Zs|2ds

) p
2

≤ C(p,γ)EΛ
p
2
T .

To prove this proposition we need some lemmas.

Lemma 3.1. For every ε > 0, every β > 1 and every positive functions h and g we have∫ T

t

(h(s))
β−1

2 g(s)ds ≤ ε sup
t≤s≤T

| h(s) |
β
2 +ε1−β

(∫ T

t

g(s)ds

)β
.

Proof. Let ε > 0 and β > 1. Using Young’s inequality we get for every δ and δ′ such that 1
δ + 1

δ′ = 1∫ T

t

(h(s))
β−1

2 g(s)ds ≤ 1
δ
ε

(β−1)δ
β sup

t≤s≤T
| h(s) |

(β−1)δ
2 +

ε
(1−β)δ′

β

δ′
( ∫ T

t

g(s)ds
)δ′

We now choose δ = β
β−1 and use the fact that δ, δ′ > 1.

Lemma 3.2. If (H.2) holds then for every β > 1 +2γ there exist positive constants C(β,γ)
1 , C

(β,γ)
2 such

that for every ε > 0, every stopping time τ ≤ T and every t ≤ τ

Λ
β
2
t +

∫ τ

t

Λ
β−2

2
s es|Zs|2ds ≤ ε sup

t≤s≤τ
Λ
β
2
s + ε(1−β)C

(β,γ)
1 Λ

β
2
τ − C(β,γ)

2

∫ τ

t

Λ
β
2−1
s es〈Ys, ZsdWs〉.

Proof. Without loss of generality, we assume that η and f0 are strictly positives.
It follows by using Itô’s formula that for every t ∈ [0, τ ],

|Yt|2 et +
∫ τ

t

|Ys|2 λsesds = eτ |Yτ |2 + 2
∫ τ

t

es〈Ys, f(s, Ys, Zs)〉ds−
∫ τ

t

es | Zs |2 ds

− 2
∫ τ

t

es〈Ys, ZsdWs〉.

Again Itô’s formula, applied to the process Λ, shows that

Λ
β
2
t + β

∫ τ

t

Λ
β
2−1
s

(
1
2
|Ys|2 λses + esηs + f0

s e
1
2
s

[∫ s

0

f0
r e

1
2
r dr

])
ds

= Λ
β
2
τ + β

∫ τ

t

Λ
β
2−1
s 〈esYs, f(s, Ys, Zs)〉ds−

β

2

∫ τ

t

Λ
β
2−1
s |Zs|2 esds

− β
∫ τ

t

esΛ
β
2−1
s 〈Ys, ZsdWs〉 − β(

β

2
− 1)

∫ τ

t

e2
sΛ

β
2−2
s

r∑
j=1

(
d∑
i=1

Y isZ
i,j
s

)2

ds

8



Observe that
r∑
j=1

(
d∑
i=1

Y isZ
i,j
s )

)2

≤ |Ys|2|Zs|2 ≤ e−1
s Λs |Zs|2 then use the assumption (H.2) to get

Λ
β
2
t +

β

2
(1− 2γ − (2− β)+)

∫ τ

t

Λ
β
2−1
s es |Zs|2 ds

≤ Λ
β
2
τ + β

∫ τ

t

Λ
β
2−

1
2

s f0
s e

1
2
s ds− β

∫ τ

t

Λ
β
2−1
s 〈esYs, ZsdWs〉.

It follows from Lemma 3.1 with g(s) = f0
s e

1
2
s , since

(∫ τ

t

f0
s e

1
2
s ds

)β
≤ Λ

β
2
τ , that for every ε > 0

∫ τ

t

Λ
β
2−

1
2

s f0
s e

1
2
s ds ≤ ε sup

t≤s≤τ
Λ
β
2
s + ε1−βΛ

β
2
τ

Since β > 1 + 2γ implies that 1− 2γ − (2− β)+ > 0, Lemma 3.2 is proved.

Lemma 3.3. Let (H2) be satisfied and assume that E(sup0≤s≤T |Yt|
p
e
p
2
t ) <∞.

Then,
1)There exists a positive constant C(p,γ) such that for every ε > 0, we have

E
∫ T

0

Λ
p−2
2

s es|Zs|2ds ≤ εE( sup
0≤s≤T

Λ
p
2
s ) + ε(1−p)C

(p,γ)
1 E(Λ

p
2
T ).

2) There exists a positive constant C(p,γ) such that

E
( ∫ T

0

es|Zs|2ds
) p

2 ≤ C(p,γ)E( sup
0≤s≤T

Λ
p
2
s ).

Proof. The first assertion follows by a standard martingale localization procedure. To prove the
second assertion, we successively use Lemma 3.2 (with ε = 1 and β = 2), the Burkholder-Davis-Gundy
inequality, the fact that es|Ys|2 ≤ Λs and Young’s inequality to obtain

E
( ∫ T

0

es|Zs|2ds
) p

2 ≤ C(p,γ)
1 E

(
sup

0≤s≤T
Λ
p
2
s

)
+ C

(p,γ)
2 E

(
|
∫ T

t

es〈Ys, ZsdWs〉|
p
2
)

≤ C(p,γ)
1 E

(
sup

0≤s≤T
Λ
p
2
s

)
+ C

(p,γ)
2 E

(
|
∫ T

0

e2
s|Ys|2|Zs|2ds|

p
4
)

≤ C(p,γ)
1 E

(
sup

0≤s≤T
Λ
p
2
s

)
+ C

(p,γ)
2 E

(
|
∫ T

0

Λses|Zs|2ds|
p
4
)

≤ C(p,γ)
1 E

(
sup

0≤s≤T
Λ
p
2
s

)
+ C

(p,γ)
2 E

[
( sup
0≤s≤T

Λ
p
4
s )(
∫ T

0

es|Zs|2ds)
p
4
]

≤
[
C

(p,γ)
1 + +2(C(p,γ)

2 )2
]
E( sup

0≤s≤T
Λ
p
2
s ) +

1
2

E
[
(
∫ T

0

es|Zs|2ds)
p
2
]

≤ [2C(p,γ)
1 + 4(C(p,γ)

2 )2] E( sup
0≤s≤T

Λ
p
2
s ).

Lemma 3.3 is proved.

Lemma 3.4. Let the assumptions of Lemma 3.3 be satisfied. Then, there exists a constant C(p,γ) such
that

E( sup
0≤s≤T

Λ
p
2
s ) ≤ C(p,γ)E(Λ

p
2
T ).
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Proof. Lemma 3.2 and the Burkholder-Davis-Gundy inequality show that there exists a universal
positive constant c such that for every ε > 0 and t ≤ T

E sup
0≤s≤T

Λ
p
2
s ≤ εE( sup

0≤s≤T
Λ
p
2
s ) + ε(1−p)C

(p,γ)
1 E(Λ

p
2
T )

+ cC
(p,γ)
2 E

( ∫ T

0

Λp−2
s (|Ys|2es)es|Zs|2ds

) 1
2 .

Young’s inequality gives, for every ε′ > 0,

E( sup
0≤s≤T

Λ
p
2
s ) ≤ εE( sup

0≤s≤T
Λ
p
2
s ) + ε(1−p)C

(p,γ)
1 E(Λ

p
2
T )

+ ε′E( sup
0≤s≤T

Λ
p
2
t ) +

[
cC

(p,γ)
2

]2
ε′

E
∫ T

0

Λ
p−2
2

s es|Zs|2ds.

Applying Lemma 3.3, we get for every ε” > 0

E( sup
0≤s≤T

Λ
p
2
t ) ≤ (ε+ ε′ +

[
cC

(p,γ)
2

]2
ε”

ε′
)E( sup

0≤s≤T
Λ
p
2
s )

+ (ε(1−p)C
(p,γ)
1 +

[
cC

(p,γ)
2

]2
C

(p,γ)
1 (ε”)(1−p)

ε′
)E(Λ

p
2
T ).

A suitable choice of ε, ε′, ε” allows to conclude the proof.

Proof of Proposition 3.1. It follows from Lemma 3.3 and Lemma 3.4.

Proposition 3.2. If (H.3) holds then,

E
∫ T

0

|f(s, Ys, Zs)|β̂ds ≤ 9p+q(1 + T )
[
1 + E

∫ T

0

ηqsds+ E sup
0≤s≤T

|Ys|p + E(
∫ T

0

|Zs|2ds)
p
2
]

where β̂ :=
2
α′
∧ p

α
∧ p

α′
∧ q.

Proof. We successively use Assumption (H.3), Young’s inequality and Hölder’s inequality to show that

E
∫ T

0

|f(s, Ys, Zs)|β̂ds ≤ E
∫ T

0

(ηs + |Ys|α + |Zs|α
′
)β̂ds

≤ 3β̂E
∫ T

0

(ηβ̂s + |Ys|αβ̂ + |Zs|α
′β̂)ds

≤ 3β̂E
∫ T

0

((1 + ηs)
β̂ + (1 + |Ys|)αβ̂ + (1 + |Zs|)α

′β̂)ds

≤ 3β̂E
∫ T

0

((1 + ηs)
q + (1 + |Ys|)p + (1 + |Zs|)p∧2)ds

≤ 3β̂3p+qE
∫ T

0

(1 + ηqs + |Ys|p + |Zs|p∧2)ds

≤ 3β̂3p+q
[
T + E

∫ T

0

ηqsds+ TE sup
0≤s≤T

|Ys|p + T
2−(p∧2)

2 E(
∫ T

0

|Zs|2ds)
p
2
]

≤ 9p+q(1 + T )
[
1 + E

∫ T

0

ηqsds+ E sup
0≤s≤T

|Ys|p + E(
∫ T

0

|Zs|2ds)
p
2
]
.

Proposition 3.2 is proved.
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3.2 Estimate of the difference between two solutions.
The next proposition gives an estimate which is a key tool in the proofs.

Lemma 3.5. Let (ξi, fi)i=1,2 satisfy (H.3) (with the same η, α and α′) and let (Y i, Zi) be a solution
of (E(ξi,fi)). Then, there exist β = β(p, q, α, α′) ∈]1, p ∧ 2[, r = r(p, q, α, α′,K ′, µ, q′) > 0 and a =
a(p, q, α, α′,K ′, µ, q′) > 0 such that for every u ∈ [0, T ], u′ ∈ [u, T ∧ (u+ r)], N > 0 and every function
f satisfying (H.4)

E( sup
u≤t≤u′

|Y 1
t − Y 2

t |β) + E
∫ u′

u

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ NA
1+ β

2
N

[
E(|Y 1

u′ − Y 2
u′ |β) + E

∫ T

0

ρN (f1 − f)s + ρN (f2 − f)sds

]

+
1
AaN

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

where
ρN (fi − f)(t, ω) := sup

|y|,|z| ≤ N

|f(t, ω, y, z)− fi(t, ω, y, z)|

and

Θi
p := E(sup

t
|Y it |p) + E

(∫ T

0

|Zis|2ds

) p
2

.

Proof. Let q be the number defined in assumption (H3) and q′,K ′, µ those defined in assumption

(H4). Let γ > 0 be such that 1 + 2γ < β̂ :=
2
α′
∧ p
α
∧ p

α′
∧ q and set K” := K ′+

K ′

4γ
. Let β ∈]1 + 2γ, β̂[

and ν ∈]0, (1− β

β̂
)(1 ∧ q′)[. Let r ∈]0,

ν

µβ̂K”
∧ 1

2K”
∧ 1[.

For N ∈ N, we set

et := (AN )2K”(t−u) and ∆t := {
∣∣Y 1
t − Y 2

t

∣∣2 + (AN )−1}et.

Using Itô’s formula, we show that for every stopping time τ ∈ [u, u′] and every t ∈ [u, τ ]

∆
β
2
t + 2 log(AN )K”

∫ τ

t

es∆
β
2
s ds+

β

2

∫ τ

t

es∆
β
2−1
s

∣∣Z1
s − Z2

s

∣∣2 ds
= ∆

β
2
τ − β

∫ τ

t

es∆
β
2−1
s 〈Y 1

s − Y 2
s ,
(
Z1
s − Z2

s

)
dWs〉

+β
∫ τ

t

es∆
β
2−1
s 〈Y 1

s − Y 2
s , f1(s, Y 1

s , Z
1
s )− f2(s, Y 2

s , Z
2
s )〉ds

−β(β2 − 1)
∫ τ

t

e2
s∆

β
2−2
s

r∑
j=1

(
d∑
i=1

(Y 1
i,s − Y 2

i,s)(Z
1
i,j,s − Z2

i,j,s)

)2

ds

= ∆
β
2
τ − β

∫ τ

t

es∆
β
2−1
s 〈Y 1

s − Y 2
s ,
(
Z1
s − Z2

s

)
dWs〉+ βI1 − β(

β

2
− 1)I2,

(3.1)

where
I1 :=

∫ τ

t

es∆
β
2−1
s 〈Y 1

s − Y 2
s , f1(s, Y 1

s , Z
1
s )− f2(s, Y 2

s , Z
2
s )〉ds
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and

I2 :=
∫ τ

t

e2
s∆

β
2−2
s

r∑
j=1

(
d∑
i=1

(Y 1
i,s − Y 2

i,s)(Z
1
i,j,s − Z2

i,j,s)

)2

ds.

In order to complete the proof of Lemma 3.5 we need to estimate I1 and I2.

Estimate of I1. Let Φ(s) := |Y 1
s | + |Y 2

s | + |Z1
s | + |Z2

s | + vs. Since 11{Φs ≤ N} ≤ 11{vs ≤ N} and f
satisfies (H4), then a simple computation shows that

〈Y 1
s − Y 2

s ,f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s )〉

≤ e
−1
2
s ∆

1
2
s |f1(s, Y 1

s , Z
1
s )− f2(s, Y 2

s , Z
2
s )|11{Φs>N}

+ 2N [ρN (f1 − f)s + ρN (f2 − f)s]11{vs≤N}

+ [K” log(AN )e−1
s ∆s + γ

∣∣Z1
s − Z2

s

∣∣2]11{Φs ≤ N}

Therefore, using Lemma 3.1 with hs = ∆s, we get

I1 ≤
∫ τ

t

e
1
2
s ∆

β−1
2

s |f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s )|11{Φs>N}ds

+ 2N
∫ τ

t

es∆
β
2−1
s [ρN (f1 − f)s + ρN (f2 − f)s]11{vs≤N}ds

+
∫ τ

t

es∆
β
2−1
s [K” log(AN )e−1

s ∆s + γ
∣∣Z1
s − Z2

s

∣∣2]11{Φs ≤ N}ds

≤ ε sup
s∈[u,u′]

∆
β
2
s

+ ε(1−β)e
β
2
u′

∫ u′

u

|f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s )|β11{Φs>N}ds

+ 2N
∫ τ

t

es∆
β
2−1
s [ρN (f1 − f)s + ρN (f2 − f)s]11{vs≤N}ds

+
∫ τ

t

es∆
β
2−1
s [K” log(AN )e−1

s ∆s + γ
∣∣Z1
s − Z2

s

∣∣2]11{Φs ≤ N}ds

Estimate of I2. Since

r∑
j=1

(
d∑
i=1

(Y 1
i,s − Y 2

i,s)(Z
1
i,j,s − Z2

i,j,s)

)2

≤
∣∣Y 1
s − Y 2

s

∣∣2 ∣∣Z1
s − Z2

s

∣∣2 ≤ e−1
s ∆s

∣∣Z1
s − Z2

s

∣∣2
then

I2 ≤
∫ τ

t

es∆
β
2−1
s

∣∣Z1
s − Z2

s

∣∣2 ds.
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Now, coming back to equation (3.1) and taking into account the above estimates we get for every ε > 0,

∆
β
2
t +

β

2
(β − 1− 2γ)

∫ τ

t

es∆
β
2−1
s

∣∣Z1
s − Z2

s

∣∣2 ds
≤ e

β
2
τ |Y 1

τ − Y 2
τ |β +

e
β
2
u′

A
β
2
N

+ βε sup
s∈[u,u′]

∆
β
2
s

+βε(1−β)e
β
2
u′

∫ u′

u

|f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s )|β11{Φs>N}ds

+2Nβe
β
2
τ A

1− β2
N

∫ τ

u

ρN (f1 − f)s + ρN (f2 − f)s11{vs ≤ N}ds

−β
∫ τ

t

es∆
β
2−1
s 〈Y 1

s − Y 2
s ,
(
Z1
s − Z2

s

)
dWs〉.

(3.2)

For a given ~ > 1, let τ~ be the stopping time defined by

τ~ := inf{s ≥ u, |Y 1
s − Y 2

s |2 +
∫ s

u

|Z1
r − Z2

r |2dr ≥ ~} ∧ u′,

Choose τ = τ~, t = u, then pass to the expectation in equation (3.2) to obtain, when ~→∞,

β

2
(β − 1− 2γ)E

∫ u′

u

es∆
β
2−1
s

∣∣Z1
s − Z2

s

∣∣2 ds
≤ e

β
2
u′E(|Y 1

u′ − Y 2
u′ |β) +

e
β
2
u′

A
β
2
N

+ βεE( sup
s∈[u,u′]

∆
β
2
s )

+βε(1−β)e
β
2
u′E

∫ u′

u

|f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s )|β11{Φs>N}ds

+2Nβe
β
2
u′A

1− β2
N E

∫ u′

u

ρN (f1 − f)s + ρN (f2 − f)s11{vs ≤ N}ds.

(3.3)

Return back to (3.2) and use the Burkholder-Davis-Gundy inequality to show that there exists a uni-
versal constant c such that

E( sup
u≤t≤T

∆
β
2
t ) ≤ e

β
2
u′E(|Y 1

u′ − Y 2
u′ |β) +

e
β
2
u′

A
β
2
N

+ βεE( sup
s∈[u,u′]

∆
β
2
s )

+ βε(1−β)e
β
2
u′E

∫ u′

u

|f1(s, Y 1
s , Z

1
s )− f2(s, Y 2

s , Z
2
s )|β11{Φs>N}ds

+ 2Nβe
β
2
u′A

1− β2
N E

∫ u′

u

ρN (f1 − f)s + ρN (f2 − f)s11{vs ≤ N}ds

+ cβE(
∫ T

u

e2
s∆

β−2
s

r∑
j=1

[
d∑
i=1

(Y 1
i,s − Y 2

i,s)(Z
1
ij,s − Z2

ij,s)]
2ds)

1
2 .
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But, there exists a positive constant Cβ depending only on β such that

cβE(
∫ u′

u

e2
s∆

β−2
s

r∑
j=1

[
d∑
i=1

(Y 1
i,s − Y 2

i,s)(Z
1
ij,s − Z2

ij,s)]
2ds)

1
2

≤ 1
4

E( sup
u≤t≤u′

∆
β
2
t ) + CβE

∫ u′

u

es∆
β
2−1
s |Z1

s − Z2
s |2ds.

Use (3.3) and take ε small enough to obtain the existence of a positive constant C = C(β, γ) such that

E( sup
u≤t≤u′

∆
β
2
t ) + E

∫ u′

u

es∆
β
2−1
s |Z1

s − Z2
s |2ds

≤ C

e β2u′E|Y 1
u′ − Y 2

u′ |β +
e
β
2
u′

A
β
2
N

+ e
β
2
u′ sup

i
E
∫ u′

u

|fi(s, Y is , Zis)|β11{Φs>N}ds

+Ne
β
2
u′A

1− β2
N E

∫ u′

u

ρN (f1 − f)s + ρN (f2 − f)s11{vs ≤ N}ds

]
.

We shall estimate J := supi E
∫ u′

u

|fi(s, Y is , Zis)|β11{Φs>N}ds, i = 1, 2.

Using the fact that 11{Φs>N} ≤ 11{vs>5−1N}+11{|Y 1
s |>5−1N}+11{|Y 2

s |>5−1N}+11{|Z1
s |>5−1N}+11{|Z2

s |>5−1N}

and 11{a>b} ≤
aν

bν
for every a, b, ν > 0, we show that for every N > 1

J ≤
(

5
N

)ν
sup
i

E
∫ u′

u

|fi(s, Y is , Zis)|βvνsds

+
(

5
N

)ν
sup
i

E
∫ u′

u

|fi(s, Y is , Zis)|β |Y 1
s |νds

+
(

5
N

)ν
sup
i

E
∫ u′

u

|fi(s, Y is , Zis)|β |Y 2
s |νds

+
(

5
N

)ν
sup
i

E
∫ u′

u

|fi(s, Y is , Zis)|β |Z1
s |νds.

+
(

5
N

)ν
sup
i

E
∫ u′

u

|fi(s, Y is , Zis)|β |Z2
s |νds.

using Young’s inequality, one can prove that there exists a positive constant C such that for every
N > 1

J ≤ C

Nν

{
1 + Θ1

p + Θ2
p + sup

i
E
∫ u′

u

|fi(s, Y is , Zis)|
β( q′
q′−ν∨

2
2−ν∨

p
p−ν )

ds+ E
∫ u′

u

vq
′

s ds

}
.

where Θi
p := E(supt |Y it |p) + E

(∫ T

0

|Zis|2ds

) p
2

.

Using Proposition 3.2, we get (since β( q′

q′−ν ∨
2

2−ν ∨
p

p−ν ) ≤ β̂)

J ≤ C

Nν

{
1 + Θ1

p + Θ2
p + E

∫ T

0

|ηs|qds+ E
∫ u′

u

vq
′

s ds

}
.
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Hence, for a := ( νµ ∧
β
2 )− βrK” and N large enough we get (since AN ≤ Nµ by assumption {bf(H.4)),

E sup
u≤t≤u′

∆
β
2
t + E

∫ u′

u

es∆
β
2−1
s |Z1

s − Z2
s |2ds

≤ NA
1+ β

2
N

[
E|Y 1

u′ − Y 2
u′ |β + E

∫ T

0

ρN (f1 − f)s + ρN (f2 − f)s11{vs ≤ N}ds

]

+
1
AaN

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

Lemma 3.5 is proved.
As a consequence of lemma 3.5, we have

Lemma 3.6. Let (ξi, fi)i=1,2 satisfies (H.3) (with the same η, α and α′) and let (Y i, Zi) be a solution
of (E(ξi,fi)). Then, there exists β = β(p, q, α, α′) ∈]1, p∧ 2[ such that for every ε > 0 there is an integer
Nε = Nε(p, q, α, α′,K ′, µ, q′, ε, (AN )N ) such that for every function f satisfying (H.4)

E( sup
0≤t≤T

|Y 1
t − Y 2

t |β) + E
∫ T

0

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ Nε

[
E|ξ1 − ξ2|β + E

∫ T

0

ρNε(f1 − f)s + ρNε(f2 − f)sds

]

+ ε

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

Proof. Let (u0 = 0 < ... < u`+1 = T ) be a subdivision of [0, T ] such that for every i ∈ {0, .., `}

ui+1 − ui ≤ r

From lemma 3.5 we have : for all ε > 0 there is an integer Nε such that for every function f satisfying
(H.4)

E( sup
u`≤t≤T

|Y 1
t − Y 2

t |β) + E
∫ T

u`

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ Nε

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε(f1 − f)s + ρNε(f2 − f)sds

]

+ ε

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

Assume that for some i ∈ {0, .., `} we have for all ε > 0 there is an integer Nε such that for every
function f satisfying (H.4)

E( sup
ui+1≤t≤T

|Y 1
t − Y 2

t |β) + E
∫ T

ui+1

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ Nε

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε(f1 − f)s + ρNε(f2 − f)sds

]

+ ε

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.
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Then, for every ε′ > 0 there is an integer Nε′ such that for every function f satisfying (H.4)

E( sup
ui≤t≤T

|Y 1
t − Y 2

t |β) + E
∫ T

ui

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ E( sup
ui≤t≤ui+1

|Y 1
t − Y 2

t |β) + E
∫ ui+1

ui

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

+Nε′

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε′ (f1 − f)s + ρNε′ (f2 − f)sds

]

+ ε′

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

Using Lemma 3.5 we obtain; for every ε′, ε” > 0 there exist Nε′ > 0 and Nε” > 0 such that for every
function f satisfying (H.4)

E( sup
ui≤t≤T

|Y 1
t − Y 2

t |β) + E
∫ T

ui

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ Nε”

[
E(|Y 1

ui+1
− Y 2

ui+1
|β) + E

∫ T

0

ρNε”(f1 − f)s + ρNε”(f2 − f)sds

]

+Nε′

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε′ (f1 − f)s + ρNε′ (f2 − f)sds

]

+ 2ε′
[

1 + Θ1
p + Θ2

p + E
∫ T

0

ηqds+ E
∫ T

0

vq
′

s ds

]
≤ Nε′Nε” E(|ξ1 − ξ2|β)

+ (Nε′Nε” + 2Nε′) E
∫ T

0

ρ(Nε′Nε”)(f1 − f)s + ρ(Nε′Nε”)(f2 − f)sds

+ (2ε′ + ε”Nε′)

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

For ε > 0, let ε′ :=
ε

4
and ε” :=

ε

2N( ε4 )
, we then deduce that there exists an integer Nε such that for

every function f satisfying (H.4)

E( sup
ui≤t≤T

|Y 1
t − Y 2

t |β) + E
∫ T

ui

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

≤ Nε

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε(f1 − f)s + ρNε(f2 − f)sds

]

+ ε

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

We complete the proof by induction

Proposition 3.3. Let (ξi, fi)i=1,2 satisfies (H.3) (with the same η, α and α′) and let (Y i, Zi) be a
solution of (E(ξi,fi)). Then, there exists β = β(p, q, α, α′) ∈]1, p ∧ 2[ such that for every ε > 0 there is
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an integer Nε = Nε(p, q, α, α′,K ′, µ, q′, ε, (AN )N ) such that for every function f satisfying (H.4)

E( sup
0≤t≤T

|Y 1
t − Y 2

t |β) + E

(∫ T

0

|Z1
s − Z2

s |2ds

) β
2

≤ Nε

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε(f1 − f)s + ρNε(f2 − f)sds

]

+ ε

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
,

where Θi
p := E(supt |Y it |p) + E

(∫ T

0

|Zis|2ds

) p
2

.

Proof. Using Hölder’s inequality, Young’s inequality and the fact that
β

2
< 1, we obtain for all ε′ > 0

E

(∫ T

0

|Z1
s − Z2

s |2ds

) β
2

≤ E
{[∫ T

0

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

] β
2

sup
s≤T

(
1 + |Y 1

s − Y 2
s |2
)(1− β2 ) β2

}

≤

[
E
∫ T

0

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

] β
2 (

1 + E(sup
s≤T
|Y 1
s − Y 2

s |β)
) 2−β

2

≤

[
E(sup
s≤T
|Y 1
s − Y 2

s |β) + E
∫ T

0

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

] β
2

+

[
E( sup

0≤t≤T
|Y 1
t − Y 2

t |β) + E
∫ T

0

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

]

≤ ε′ + (1 + ε
′ β−2
β )

[
E( sup

0≤t≤T
|Y 1
t − Y 2

t |β) + E
∫ T

0

|Z1
s − Z2

s |2

(1 + |Y 1
s − Y 2

s |2)1− β2
ds

]
.

Use lemma 3.5 to conclude that for every ε′, ε” > 0

E

(∫ T

0

|Z1
s − Z2

s |2ds

) β
2

≤ ε′ + (1 + ε
′ β−2
β )Nε”

[
E(|ξ1 − ξ2|β) + E

∫ T

0

ρNε”(f1 − f)s + ρNε”(f2 − f)sds

]

+ ε”(1 + ε
′ β−2
β )

[
1 + Θ1

p + Θ2
p + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

Letting ε′ =
ε

2
and ε” =

ε

2(1 + ( ε2 )
β−2

2 )
, we finish this proof of proposition 3.3.

Remark 3.1. The uniqueness of equation (E(ξ,f)) follows by letting f1 = f2 = f and ξ1 = ξ2 = ξ in
Proposition 3.3.

The following stability result follows from propositions (3.3), (3.2) and (3.1)
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Proposition 3.4. Let (ξ, f) satisfies (H.0)-(H.4) and (ξn, fn)n satisfies (H.0)-(H.3) uniformly on
n. Assume moreover that

(a) ξn → ξ a.s. and supn E
(
|ξn|p exp(p2

∫ T
0
λsds)

)
<∞

(b) For every N ∈ N∗, limn ρN (fn − f) = 0 a.e.

(c) for every n ∈ N∗, the BSDE (E(ξn,fn)) has a solution (Y n, Zn) which satisfies,

supn E(supt≤T |Y nt |pe
p
2

∫ T
0 λsds) <∞.

Then, there exists (Y,Z) ∈ Lp(Ω; C([0, T ]; Rd))× Lp(Ω; L2([0, T ]; Rdr)) such that

i) E(sup
t
| Yt |p e

p
2

∫ t
0 λsds) + E

[∫ T

0

e
∫ s
0 λrdr | Zs |2 ds

] p
2

≤ Cp,γ
E(| ξ |p e

p
2

∫ T
0 λsds) + E

(∫ T

0

e
∫ s
0 λrdrηsds

) p
2

+ E

(∫ T

0

e
1
2

∫ s
0 λrdrf0

s ds

)p
ii) for every p′ < p, (Y n, Zn) −→ (Y, Z) strongly in Lp′(Ω; C([0, T ]; Rd))× Lp′(Ω; L2([0, T ]; Rdr)).

iii) for every β̂ <
2
α′
∧ p

α
∧ p

α′
∧ q, lim

n→∞
E
∫ T

0

|fn(s, Y ns , Z
n
s )− f(s, Ys, Zs)|β̂ds = 0

Moreover, (Y, Z) is the unique solution of (E(ξ,f)).

Proof. From Proposition 3.1, Proposition 3.2 and Proposition 3.3, we have

a′)

E(supt |Y nt |pe
p
2

∫ t
0 λsds) + E

(∫ T

0

e
∫ t
0 λsds|Zns |2ds

) p
2


≤ Cp,γ supn

E(| ξn |p e
p
2

∫ T
0 λsds) + E

(∫ T

0

e
∫ s
0 λrdrηsds

) p
2

+ E

(∫ T

0

e
1
2

∫ s
0 λrdrf0

s ds

)p
:= D.

b′) E
∫ T

0

|fn(s, Y ns , Z
n
s )|β̂ds ≤ C(1 +D +

∫
η̄qsds).

c′) There exists β > 1 such that for every ε > 0 there exists Nε > 0:

E(sup
t
|Y nt − Y mt |β) + E

(∫ T

0

|Zns − Zms |2ds

) β
2

≤ NεE

[
|ξn − ξm|β +

∫ T

0

ρNε(fn − f)s + ρNε(fm − f)sds

]

+ ε

[
1 + 2D + E

∫ T

0

ηqsds+ E
∫ T

0

vq
′

s ds

]
.

We deduce the existence of (Y,Z) ∈ Lp(Ω; C([0, T ]; Rd))× Lp(Ω; L2([0, T ]; Rdr)) such that

i) E(sup
t
| Yt |p e

p
2

∫ t
0 λsds) + E

[∫ T

0

e
∫ s
0 λrdr | Zs |2 ds

] p
2

≤ Cp,γ
E(| ξ |p e

p
2

∫ T
0 λsds) + E

(∫ T

0

e
∫ s
0 λrdrηsds

) p
2

+ E

(∫ T

0

e
1
2

∫ s
0 λrdrf0

s ds

)p
ii) for all p′ < p, (Y n, Zn) −→ (Y,Z) strongly in Lp′(Ω; C([0, T ]; Rd))× Lp′(Ω; L2([0, T ]; Rdr)).

Let us prove iii). Set a := lim supn→∞ E
∫ T

0

|f(s, Y ns , Z
n
s )− f(s, Ys, Zs)|β̂ds. Consider a subsequence

n′ of n such that a := limn′→∞ E
∫ T

0

|f(s, Y n
′

s , Zn
′

s )− f(s, Ys, Zs)|β̂ds and, (Y n
′
, Zn

′
)→ (Y,Z) a.e.

Assumption (H.3) and the continuity of f ensure that a = 0. It remains to prove that
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lim sup
n→∞

E
∫ T

0

|fn(s, Y ns , Z
n
s )− f(s, Y ns , Z

n
s )|β̂ds = 0

We use Hölder’s inequality, the previous claim b’), Proposition 3.2 and Chebychev’s inequality to get

E
∫ T

0

|fn(s, Y ns , Z
n
s )− f(s, Y ns , Z

n
s )|β̂ds

≤ E
∫ T

0

ρN (fn − f)β̂s ds+ (E
∫ T

0

|fn(s, Y ns , Z
n
s )− f(s, Y ns , Z

n
s )|rβ̂ds) 1

r (E
∫ T

0

1|Y ns |+|Zns |≥Nds)
r−1
r

≤ E
∫ T

0

ρN (fn − f)β̂s ds+
C(r)

N
(r−1)(p∧2)

r

,

for some reel r > 1 such that rβ̂ <
2
α′
∧ p

α
∧ p

α′
∧ q.

We successively let n −→∞ and N −→∞ to derive assertion iii). Proposition 3.4 is proved

3.3 Approximation
We shall construct a sequence (ξn, fn) which converges in a suitable sense to (ξ, f) and which has
good properties. With the help of this approximation, we can construct a solution (Y,Z) to the BSDE
(E(ξ,f)) by using Proposition 3.4.

Let ht is a predictable process such that 0 < ht ≤ 1 and set Λt := ηt + ηt + f0
t +Mt +Kt + 1

ht

Proposition 3.5. Assume that (ξ, f) satisfies (H.0)–(H.3). Then there exists a sequence (ξn, fn)
such that
(a) For each n, ξn is bounded, |ξn| ≤ |ξ| and ξn converges to ξ a.s.
(b) For each n, fn is uniformly Lipschitz in (y, z).
(c) |fn(t, ω, y, z)| ≤ 11{Λt ≤ n, |y|≤n, |z|≤n}{ηt+ | y |α + | z |α′ +2pht} ≤ 2p+ 3np.
(d) < y, fn(t, ω, y, z) > ≤ 11{Λt ≤ n}{ηt + f0

t |y|+Mt|y|2 +Kt|y||z|+ 10ht}.
(e) For every N , ρN (fn − f)(t, ω) −→ 0 as n −→∞ a.e (t, ω).
(f) For every N , ρN (fn − f)(t, ω) ≤ 2{ηt +Nα +Nα′ + 2pht}.

Proof. Let ψ : R −→ [0,
exp(−1)

c1
] defined by:

ψ(x) :=

{
c−1
1 exp (− 1

1− x2
) if |x| < 1

0 else

where c1 =
∫ 1

−1

exp (− 1
1− x2

)dx.

Let m :=
n2p

ht
. the sequence (ξn, fn) defined by : ξn := ξ1{|ξ|≤n} and

fn(t, y, z) =(c1e)211{Λt ≤ n}ψ(n−2|y|2)ψ(n−2|z|2)×

m(d+dr)

∫
Rd

∫
Rdr

f(t, y − u, z − v)Πd
i=1ψ(mui)Πd

i=1Πr
j=1ψ(mvij)dudv,

satisfies the required properties. Indeed, (a) is obvious. (e) follows from the definition of fn. (f)
follows from assumption (H.3) and assertion (c). We shall prove assertions (b), (c) and (d).

(b) For a fixed t and ω, fn(t, ω, ., .) is smooth and with compact support in [−n, n]d+dr. Moreover

| ∇y,zfn(t, ω, y, z) |≤ Cn2p+2,

where ∇ denotes the gradient and C is a positive constant.
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(c) For all (t, ω, y, z) such that Λt ≤ n, | y |≤ n and | z |≤ n we obtain, by using assumption
(H.3), that

| fn(t, y, z) |≤m(d+dr)

∫
Rd

∫
Rdr
| f(t, y − u, z − v) | Πd

i=1ψ(mui)Πd
i=1Πr

j=1ψ(mvij)dudv

≤ ηt+ | y |α + | z |α
′

+md

∫
Rd

(
| y − u |α − | y |α

)
Πd
i=1ψ(mui)du

+mdr

∫
Rdr

(
| z − v |α

′
− | z |α

′
)

Πd
i=1Πr

j=1ψ(mvij)dv

≤ ηt+ | y |α + | z |α
′

+α(n+
ht
n2p

)α−1 ht
n2p

+ α′(n+
ht
n2p

)α
′−1 ht

n2p

≤ ηt+ | y |α + | z |α
′

+2pht

(d) For all (t, ω, y, z) such that Λt ≤ n, | y |≤ n and | z |≤ n we obtain, by using assumptions
(H.2)− (H.3), that

〈y, fn(t, y, z)〉 ≤(c1e)2ψ(n−2|y|2)ψ(n−2|z|2)×

m(d+dr)

∫
Rd

∫
Rdr
〈f(t, y − u, z − v), y − u〉Πd

i=1ψ(mui)Πd
i=1Πr

j=1ψ(mvij)dudv

+m(d+dr)

∫
Rd

∫
Rdr
| f(t, y − u, z − v) || u | Πd

i=1ψ(mui)Πd
i=1Πr

j=1ψ(mvij)dudv

≤ ηt + f0
t |y|+Mt|y|2 +Kt|y||z|+ 10ht

Remark 3.2. Theorem 2.1 follows now from Proposition 3.4 and Proposition 3.5.

4 The second main result : Systems of degenerate PDEs
In this section, we consider the system of semilinear PDEs associated to the Markovian version of the
BSDE (Eξ,f)), for which we establish the existence and uniqueness of a weak (Sobolev) solution. In
particular, we introduce a new method of proving, by means of BSDE, that uniqueness to a system of
inhomogeneous semilinear PDE results from the uniqueness of its associated homogeneous system of
linear PDE.

4.1 Formulation of the problem.
Let σ : Rk 7−→ Rkr, b : Rk 7−→ Rk , g : Rk 7−→ Rk, and F : [0, T ] × Rk × Rd × Rdr 7−→ Rd be
measurable functions. Consider the system of semilinear PDEs

(P(g,F ))

{
∂u(t, x)
∂t

+ Lu(t, x) + F (t, x, u(t, x), σ∗∇u(t, x)) = 0 t ∈]0, T [, x ∈ Rk

u(T, x) = g(x) x ∈ Rk

where L :=
1
2

∑
i,j

(σσ∗)ij∂2
ij +

∑
i

bi∂i.

The diffusion process associated to the operator L satisfies,

Xt,x
s = x+

∫ s

t

b(Xt,x
r )dr +

∫ s

t

σ(Xt,x
r )dWr, t ≤ s ≤ T

We assume throughout this section that σ ∈ C3
b (Rk,Rkr), and b ∈ C2

b (Rk,Rk).

We define,

H1+ :=
⋃

δ≥0,β>1

{
v ∈ C([0, T ]; Lβ(Rk, e−δ|x|dx; Rd)) :

∫ T

0

∫
Rk
|σ∗∇v(s, x)|βe−δ|x|dxds <∞

}
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Definition 4.1. A (weak) solution of (P(g,F )) is a function u ∈ H1+ such that for every t ∈ [0, T ] and
ϕ ∈ C1

c ([0, T ]× Rd)∫ T

t

< u(s),
∂ϕ(s)
∂s

> ds+ < u(t), ϕ(t) >= < g,ϕ(T ) > +
∫ T

t

< F (s, ., u(s), σ∗∇u(s)), ϕ(s) > ds

+
∫ T

t

< Lu(s), ϕ(s) > ds

where < f(s), h(s) >=
∫

Rk f(s, x)h(s, x)dx.

Observe that an integrating by part shows that,

< Lu(s), ϕ(s) > = −
∫

Rk

1
2
〈σ∗∇u(s, x);σ∗∇ϕ(s, x)〉dx − < u(s), div(b̃ϕ)(s) >

where b̃i := bi −
1
2

∑
j

∂j(σσ∗)ij

4.2 Assumptions
Consider the following assumptions:

There exist δ ≥ 0 and p > 1 such that

(A.0) g(x) ∈ Lp(Rk, e−δ|x|dx; Rd)

(A.1) F (t, x, ., .) is continuous for a.e. (t, x)

(A.2)


There are η′ ∈ L

p
2∨1([0, T ]× Rk, e−δ|x|dtdx; R+)),

f0′ ∈ Lp([0, T ]× Rk, e−δ|x|dtdx; R+)), and M,M ′ ∈ R+ such that

〈y, F (t, x, y, z)〉 ≤ η′(t, x) + f0′(t, x)|y|+ (M +M ′|x|)|y|2+
√
M +M ′|x||y||z|

(A.3)


There are η′ ∈ Lq([0, T ]× Rk, e−δ|x|dtdx; R+)) (for some q > 1), α ∈]1, p[
and α′ ∈]1, p ∧ 2[ such that

|F (t, x, y, z)| ≤ η′(t, x) + |y|α + |z|α′

(A.4)


There are K, r ∈ R+ such that for every N ∈ N and every x, y, y′, z, z′

satisfying : er|x|, | y |, | y′ |, | z |, | z′ |≤ N,

〈y − y′;F (t, x, y, z)− F (t, x, y′, z′)〉 ≤ K logN
(

1
N

+ |y − y′|2
)

+
√
K logN |y − y′||z − z′|.

4.3 Existence and uniqueness for (P(g,F ))

Theorem 4.1. Let p ∈]α ∨ α′, p[ if M ′ > 0 and p = p̄ if M ′ = 0. Under assumption (A.0)-(A.4) we
have

1) The PDE (P(g,F )) has a unique (weak) solution u on [0, T ]

2) For every t ∈ [0, T ] there exists Dt ⊂ Rk such that

i)
∫

Rk
11Dct dx = 0 , where Dc

t := Rk \Dt.

ii) for every t ∈ [0, T ] and every x ∈ Dt, the BSDE (E(ξt,x,ft,x)) has a unique solution (Y t,x, Zt,x) on
[t, T ]
where ξt,x := g(Xt,x

T ) and f t,x(s, y, z) := 11{s>t}F (s,Xt,x
s , y, z)
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3) For every t ∈ [0, T ] (
u(s,Xt,x

s ), σ∗∇u(s,Xt,x
s )
)

=
(
Y t,xs , Zt,xs

)
a.e.(s, x, ω)

4) There exists a positive constant C depending only on δ,M,M ′, p, p̄, |σ|∞, |b|∞ and T such that

sup0≤t≤T

∫
Rk
| u(t, x) |p e−δ

′|x|dx+
∫ T

0

∫
Rk
| σ∗∇u(t, x) |p∧2 e−δ

′|x|dtdx

≤ C
(

11[M ′ 6=0] +
∫

Rk
| g(x) |p dx+

∫
Rk

∫ T

0

η′(s, x)
p
2∨1dsdx+

∫
Rk

∫ T

0

f0′(s, x)pdsdx

)

where δ′ = δ + κ′ + 11[M ′ 6=0] and κ′ :=
ppM ′T

(p− p)
sup(4, 2p

p−1 ).

4.4 Proof of Theorem 4.1.

A) Existence.

Lemma 4.1. 1) There exists κ > 0 depending only on |σ|∞, |b|∞ and T such that

sup
t,x

E[exp(κ sup
t≤s≤T

| Xt,x
s − x |2)] <∞. (4.0)

In particular, for every r > 0 there is a constant C(r, κ) such that for each (t, x)

E[exp(r sup
t≤s≤T

| Xt,x
s |)] ≤ C(r, κ) exp(r | x |)

2) For every δ ≥ 0 there exists a constant Cδ,T > 1 such that for every ϕ ∈ L0(Rk), t ∈ [0, T ] and
s ∈ [t, T ]

C−1
δ,T

∫
Rk
|ϕ(x)|e−δ|x|dx ≤ E

∫
Rk
|ϕ(Xt,x

s )|e−δ|x|dx ≤ Cδ,T
∫

Rk
|ϕ(x)|e−δ|x|dx. (4.2)

Moreover for every δ ≥ 0 there exists a constant Cδ,T > 1 such that for every ψ ∈ L0([0, T ] × Rk),
t ∈ [0, T ] and s ∈ [t, T ]

C−1
δ,T

∫
Rk

∫ T

t

|ψ(s, x)|dse−δ|x|dx ≤ E
∫

Rk

∫ T

t

|ψ(s,Xt,x
s )|dse−δ|x|dx ≤ Cδ,T

∫
Rk

∫ T

t

|ψ(s, x)|dse−δ|x|dx.

Proof. The first assertion is well known. Its particular case follows by using triangular and Young’s
inequalities. Indeed

E[exp(r sup
t≤s≤T

| Xt,x
s |)] ≤ exp(r | x |)E[exp(r sup

t≤s≤T
| Xt,x

s − x |)]

≤ exp(r | x |)E[exp(
r√
κ

√
κ sup
t≤s≤T

| Xt,x
s − x |)]

≤ exp(
r2

κ
) exp(r | x |)E[exp(κ sup

t≤s≤T
| Xt,x

s − x |2)].

For the second assertion, see [40].
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Lemma 4.2. Let p ∈]α∨α′, p[ if M ′ > 0 and p = p̄ if M ′ = 0. Let t ∈ [0, T ]. There exists Dt ⊂ Rksuch
that
i)
∫
Dct

1 dx = 0

ii) for every x ∈ Dt

E(| g(Xt,x
T ) |p e

p
2

∫ T
t
λt,xs ds) + E

(∫ T

t

η′(s,Xt,x
s )e

∫ s
t
λt,xr drds

) p
2

+ E

(∫ T

t

f0′(s,Xt,x
s )e

1
2

∫ s
t
λt,xr drds

)p
+ E

∫ T

t

η′(s,Xt,x
s )qds < +∞,

where λt,xs := (M +M ′|Xt,x
s |) sup(4, 2p

p−1 ).

Proof . Using Hölder’s inequality, Young’s inequality and Lemma 4.1 we get

E(| g(Xt,x
T ) |p e

p
2

∫ T
t
λt,xs ds) + E

(∫ T

t

η′(s,Xt,x
s )e

∫ s
t
λt,xr drds

) p
2

+E

(∫ T

t

f0′(s,Xt,x
s )e

1
2

∫ s
t
λt,xr drds

)p
+ E

∫ T

t

η′(s,Xt,x
s )qds

≤ C

(
E(| g(Xt,x

T ) |p) + E
∫ T

t

η′(s,Xt,x
s )

p
2∨1+ E

∫ T

t

f0′(s,Xt,x
s )p + E

∫ T

t

η′(s,Xt,x
s )qds+ 11[M ′ 6=0]e

κ′|x|

)
for some constant C depending only on M,M ′, p, p̄, |σ|∞, |b|∞ and T .

We put,

Γt,x := C
(
E(| g(Xt,x

T ) |p)+E
∫ T

t

η′(s,Xt,x
s )

p
2∨1+E

∫ T

t

f0′(s,Xt,x
s )p+E

∫ T

t

η′(s,Xt,x
s )qds+11[M ′ 6=0]e

κ′|x|).
Using Lemma 4.1-2) and assumptions (A.0)-(A.3), one can show that∫

Rk
Γt,xe−δ

′|x|dx < ∞

where δ′ = δ + κ′ + 1. The set Dt := {x; Γt,x <∞}. Lemma 4.2 is proved.

Lemma 4.3. Assume (A.0)-(A.4). Let p ∈]α∨α′, p[ if M ′ > 0 and p = p̄ if M ′ = 0. Then, for every
t ∈ [0, T ] and every x ∈ Dt, the BSDE (E(ξt,x,ft,x)) has a unique solution (Y t,x, Zt,x) which satisfies,
for every t ∈ [0, T ] and every x ∈ Dt,

E
(

sup
t≤s≤T

| Y t,xs |p
)

+ E
( ∫ T

t

| Zt,xs |2 ds
) p

2

≤ C
[
E(| g(Xt,x

T ) |p)+ E
∫ T

t

η′(s,Xt,x
s )

p
2∨1ds+ E

∫ T

t

f0′(s,Xt,x
s )pds+ 11[M ′ 6=0]e

κ′|x|] (4.3)

for some constant C depending only on M,M ′, p, p̄, |σ|∞, |b|∞ and T .

Proof. For every t ∈ [0, T ] and x ∈ Dt, (ξt,x, f t,x) satisfies (H.0)-(H.4) with γ = inf{1
4
,
p− 1

4
},

Ms = M + M ′|Xt,x
s |, Ks =

√
M +M ′|Xt,x

s |, ηs = η′(s,Xt,x
s ), f0

s = f0′(s,Xt,x
s ), ηs = η′(s,Xt,x

s ),
vs = exp(r|Xt,x

s |) and AN = N . Hence, Lemma 4.3 follows from Theorem 2.1 and Lemma 4.2.

Set,
gn(x) := g(x)11{|g(x)|≤n},

Fn(t, x, y, z) := (n2pe|x|)(d+dr)(c1e)211{η′(t,x)+η′(t,x)+f0′ (t,x)+|x|≤n}ψ(n−2|y|2)ψ(n−2|z|2)×∫
Rd

∫
Rdr

F (t, x, y − u, z − v)Πd
i=1ψ(n2pe|x|ui)Πd

i=1Πr
j=1ψ(n2pe|x|vij)dudv,
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ξt,xn := gn(Xt,x
T )

and
f t,xn (s, y, z) := 11{s>t}Fn(s,Xt,x

s , y, z).

It is not difficult to see that the sequence (gn, Fn) satisfies (A.0)-(A.3) uniformly in n. Hence (ξt,xn , f t,xn )
satisfies (H.0)-(H.3) uniformly in n. Moreover, for every n ∈ N∗, (ξt,xn , f t,xn ) is bounded and f t,xn is
globally Lipschitz.
Let (Y t,x,n, Zt,x,n) be the unique solution of BSDE (E(ξt,xn ,ft,xn )). Let p ∈]α∨α′, p[ if M ′ > 0 and p = p̄
if M ′ = 0. Arguing as in Lemma 4.3, we show that for every t, x ∈ Dt and every n ∈ N∗

E( sup
t≤s≤T

| Y t,x,ns |p) + E
( ∫ T

t

| Zt,x,ns |2 ds
) p

2 ≤ C
(

E
∫ T

t

e−( p2∨1)|Xt,xs |ds+ E(| g(Xt,x
T ) |p)+

+E
∫ T

t

η′(s,Xt,x
s )

p
2∨1ds+ E

∫ T

t

f0′(s,Xt,x
s )pds+ 11[M ′ 6=0]e

κ′|x|
) (4.4)

for some constant C = C(p̄) not depending on (t, x, n). To see this, use proposition 3.5 (with hs :=
e−|X

t,x
s |), Proposition 3.1 and the proof of proposition 3.4-a).

According to [10], we have

Lemma 4.4. There exists a unique solution un to the problem,

(P(gn,Fn))

{
∂un(t, x)

∂t
+ Lun(t, x) + Fn(t, x, un(t, x), σ∗∇un(t, x)) = 0, t ∈]0, T [, x ∈ Rk

un(T, x) = gn(x), x ∈ Rk

such that for every t

un(s,Xt,x
s ) = Y t,x,ns and σ∗∇un(s,Xt,x

s ) = Zt,x,ns a.e (s, ω, x).

From Proposition 3.4-(ii) we have

Lemma 4.5. (Stability) For every t ∈ [0, T ], x ∈ Dt and p′ < p̄,

lim
n

E( sup
0≤s≤T

| Y t,x,ns − Y t,xs |p
′
) + E

(∫ T

t

| Zt,x,ns − Zt,xs |2 ds

) p′
2

 = 0.

Using Lemma 4.1−2), inequality (4.4), Lemma 4.4, Lemma 4.5 and the Lebesgue dominated con-
vergence theorem, we obtain

Lemma 4.6. (Covergence of PDE) For every p′ < p̄,

lim
n,m

sup
0≤t≤T

∫
Rk
| un(t, x)− um(t, x) |p

′
e−δ

′|x|dx = 0

lim
n,m

∫ T

0

∫
Rk
| σ∗∇un(t, x)− σ∗∇um(t, x) |p

′∧2 e−δ
′|x|dtdx = 0.

Using Lemma 4.1, Lemma 4.6 and the fact that H1+ is complete, we prove that exists u ∈ H1+ such
that for every p′ < p̄,

i) sup0≤t≤T
∫

Rk | u(t, x) |p′ e−δ′|x|dx+
∫ T

0

∫
Rk | σ

∗∇u(t, x) |p′∧2 e−δ
′|x|dtdx <∞

ii) limn sup0≤t≤T
∫

Rk | u
n(t, x)− u(t, x) |p′ e−δ′|x|dx = 0
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iii) limn E
∫

Rk

(∫ T
t
| σ∗∇un(s,Xt,x

s )− σ∗∇u(s,Xt,x
s ) |2 e−δ′|x|ds

) p′
2
dx = 0 ∀t ∈ [0, T ]

iv) (u(s,Xt,x
s ), σ∗∇u(s,Xt,x

s )) = (Y t,xs , Zt,xs ) a.e.

In another hand, from Proposition 3.2 and Proposition 3.4 we respectively have for every t ∈ [0, T ]
and x ∈ Dt

E
∫ T

t

|Fn(s,Xt,x
s , un(s,Xt,x

s ), σ∗∇un(s,Xt,x
s )|β̂ds ≤ C

(
1 + Θt,x,n

p + E
∫ T

t

|η′(s,Xt,x
s )|qds

)
and

lim
n

E
∫ T

t

|Fn(s,Xt,x
s , un(s,Xt,x

s ), σ∗∇un(s,Xt,x
s ))− F (s,Xt,x

s , u(s,Xt,x
s ), σ∗∇u(s,Xt,x

s ))|β̂ds = 0

where β̂ is some real in ]1,∞[, C is some constant not depending on (t, x, n) and

Θt,x,n
p = E sups |Y t,x,ns |p + E

( ∫ T

t

|Zt,x,ns |2ds
) p

2 .

We deduce from Lemma 4.1, the Lebesgue dominated convergence theorem and inequality (4.4) that

lim
n

∫ T

0

∫
Rd
|Fn(s, x, un(s, x), σ∗∇un(s, x))− F (s, x, u(s, x), σ∗∇u(s, x))|β̂e−(1+δ′)|x|dxds = 0.

As a consequence of Lemma 4.3 and the proof of Proposition 3.4, we get the following existence
result for the problem (P(g,F )).

Proposition 4.1. Under assumptions (A.0)-(A.4), the PDE (P(g,F )) has a unique solution u such
that u(s,Xt,x

s ) = Y t,xs and σ∗∇u(s,Xt,x
s ) = Zt,xs . Moreover, letting p ∈]α ∨ α′, p[ if M ′ > 0 and p = p̄

if M ′ = 0, then there is a constant C depending only on δ′,M,M ′, p, p̄, |σ|∞, |b|∞ and T such that

sup0≤t≤T

∫
Rk
| u(t, x) |p e−δ

′|x|dx+
∫ T

0

∫
Rk
| σ∗∇u(t, x) |p∧2 e−δ

′|x|dtdx

≤ C
(

1 +
∫

Rk
| g(x) |p dx+

∫
Rk

∫ T

0

η′(s, x)
p
2∨1dsdx+

∫
Rk

∫ T

0

f0′(s, x)pdsdx

)

where δ′ = δ + κ′ + 1 and κ′ :=
ppM ′T

(p− p)
sup(4, 2p

p−1 ).

B) Uniqueness.

Due to the degeneracy of the diffusion coefficient, the solution of the homogeneous linear PDEs is
not sufficiently smooth and hence we can not use it as a test function. In order to construct a suitable
test function, we need the following lemma. This lemma is interesting in itself since it gives a uniform
estimate for a regularized degenerate PDE.

LetW1,2
q ([0, T ]×Rd) denotes the Sobolev space of all funcions u(t, x) defined on R+×Rd such that

both u and all the generalized derivatives Dtu, Dxu, and D2
xxu belong to Lq([0, T ]× Rd).

Lemma 4.7. Let ε ∈]0, 1[, g ∈ C∞c ([0, T ]× Rk; R). Then, the PDE

(Pε(g))

{
∂φε(t, x)

∂t
− 1

2
div(σσ∗∇φε)− ε4 φε(t, x) + 〈b̃(x);∇φε(t, x)〉 = g(t, x)

φε(0, x) = 0 x ∈ Rk
has a unique solution φε which satisfies :

(i) φε ∈
⋂
q> 3

2

W1,2
q ([0, T ]× Rk; R) ∩ C1,2([0, T ]× Rk; R)

(ii) sup
(ε,t,x)

{
|∂φ

ε

∂t
(t, x)|+ |∇φε(t, x)|+ |φε(t, x)|

}
<∞.

25



Proof. The existence and uniqueness, of the solution φε, follow from [34] (p. 318 and pp. 341− 342).
We shall prove an uniform estimates for φε and for their first derivatives. These estimates can be
established by adapting the proofs given in Krylov [33] pp. 330 − 344. However, we give here a
probabilistic proof which is very simple. We assume that the dimension k is 1. Let Xε

t (x) denotes the
diffusion process associated to the problem (Pε(g)). For simplicity, we assume that g does not depend
from t and the drift coefficient of Xε

t (x) is zero. The process Xε
t (x) is then the unique (strong) solution

of the following SDE

Xε
t (x) = x+

∫ t

0

σε(Xε
s (x))dWs, 0 ≤ t ≤ T

Let M := sup(ε,t,x)(|g′(Xε
t (x))|+ |σ(t, x)|+ |σ′(t, x)|). Since the coefficients σε is smooth and uniformly

elliptic, then the solution φε belongs to C1,2. Hence, Itô’s formula shows that,

φε(t, x) = −E
∫ T

t

g(Xε
s (x))ds.

Since g ∈ C∞c , we immediately get

sup
(ε,t,x)

{
|∂φ

ε

∂t
(t, x)|+ |φε(t, x)|

}
<∞.

Since σε ∈ C3
b , we can show that

|∂φ
ε(t, x)
∂x

| ≤ME
∫ T

t

|∂X
ε
s (x)
∂x

|ds

It remains to show that sup
(ε,t,x)

E(|∂X
ε
t (x)
∂x

|) <∞.

Since |σ′ε(t, x)| ≤ |σ′(t, x)| ≤ sup(t,x) |σ′(t, x)| ≤M , we have

E(|∂X
ε
t (x)
∂x

|2) ≤ 1 + E
∫ t

0

|σ′ε(Xε
s (x))|2|∂X

ε
s (x)
∂x

|2ds

≤ 1 +M2E
∫ t

0

|∂X
ε
s (x)
∂x

|2ds

The Gronwall Lemma gives now the desired result.
In multidimensional case, the proof can be performed similarly since it is based on the fact that the
first derivative of σε is bounded uniformly in ε, which is valid in multidimensional case also, see Freidlin
[29], III § 3.2, pp. 188-193. Lemma 4.7 is proved.

Remark 4.1. (i) According to Krylov estimate (because σε is uniformly elliptic), the previous proof
(in dimension one) remains valid also when the coefficients σ and b are Lipschitz only.

(ii) Since in our situation σ ∈ C3
b (Rk,Rkr) and b ∈ C2

b (Rk,Rk), we can estimate also the second
derivative of φε. More precisely we have

sup
(ε,t,x)

{
φε(t, x)|+ |∂φ

ε

∂t
(t, x)|+ |∇φε(t, x)|+ |D2φε(t, x)|

}
<∞.

Proof of Remark 4.1 . Let Bt be a d-dimensional Wiener process stochastically independent of Wt

and consider the SDE :

Xt,x
s (ε) = x+

∫ s

t

b̄(Xt,x
r (ε))dr +

∫ s

t

σ(Xt,x
r (ε))dWr +

√
2ε(Bs −Bt), t ≤ s ≤ T
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where b̄(x) := b̃(x)− 1
2

∑
j

∂j(σσ∗).j(x) = b(x)−
∑
j

∂j(σσ∗).j(x)

Itô’s formula shows that,

φε(T − t, x) = E
∫ T

t

g(r,Xt,x
r (ε))dr

Then

∂iφ
ε(T − t, x) = E

∫ T

t

〈∇g(r,Xt,x
r (ε)); ∂iXt,x

r (ε)〉dr

and

∂2
ijφ

ε(T − t, x) = E
∫ T

t

〈∇g(r,Xt,x
r (ε)); ∂2

ijX
t,x
r (ε)〉+ 〈D2g(r,Xt,x

r (ε)) ∂iXt,x
r (ε); ∂jXt,x

r (ε)〉dr

On other hand,

∂i(Xt,x
s )k(ε) = δik +

∫ s

t

〈∇b̄k(Xt,x
r (ε)); ∂iXt,x

r (ε)〉dr +
∑
n

∫ s

t

〈∇σkn(Xt,x
r (ε)); ∂iXt,x

r (ε)〉dWn
r

and

∂2
ij(X

t,x
s )k(ε) =

∫ s

t

〈∇b̄k(Xt,x
r (ε)); ∂2

ijX
t,x
r (ε)〉dr +

∑
n

∫ s

t

〈∇σkn(Xt,x
r (ε)); ∂2

ijX
t,x
r (ε)〉dWn

r

+
∫ s

t

〈D2b̄k(Xt,x
r (ε))∂jXt,x

r (ε); ∂iXt,x
r (ε)〉dr

+
∑
n

∫ s

t

〈D2σkn(Xt,x
r (ε))∂jXt,x

r (ε); ∂iXt,x
r (ε)〉dWn

r

Itô’s formula gives

E|∂i(Xt,x
s )k(ε)|4 = δik + 4E

∫ s

t

〈∇b̄k(Xt,x
r (ε)) ; ∂iXt,x

r (ε)〉 (∂i(Xt,x
r )k(ε))3dr

+6
∑
n

E
∫ s

t

|〈∇σkn(Xt,x
r (ε)) ; ∂iXt,x

r (ε)〉|2 (∂i(Xt,x
r )k(ε))2dr

≤ δik + supx (2|∇b̄k(x)|+
∑
n

|∇σkn(x)|2)
∫ s

t

E|∂iXt,x
r (ε)|4dr

and

E|∂2
ij(X

t,x
s )k(ε)|2 = 2E

∫ s

t

〈∇b̄k(Xt,x
r (ε)); ∂2

ijX
t,x
r (ε)〉 ∂2

ij(X
t,x
r )k(ε)dr

+
∑
n

E
∫ s

t

|〈∇σkn(Xt,x
r (ε)) ; ∂2

ijX
t,x
r (ε)〉|2dr

+2E
∫ s

t

〈D2b̄k(Xt,x
r (ε)) ∂jXt,x

r (ε) ; ∂iXt,x
r (ε)〉 ∂2

ij(X
t,x
r )k(ε)dr

+
∑
n

E
∫ s

t

|〈D2σkn(Xt,x
r (ε)) ∂jXt,x

r (ε) ; ∂iXt,x
r (ε)〉|2dr

≤ supx (2|∇b̄k(x)|+ 2|D2b̄k(x)|+
∑
n

|∇σkn(x)|2)E
∫ s

t

|∂2
ijX

t,x
r (ε)|2dr

+ supx (|D2b̄k(x)|+
∑
n

|D2σkn(x)|2)
∫ s

t

E|∂jXt,x
r (ε)|4 + E|∂iXt,x

r (ε)|4dr
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We deduce that

E|∂i(Xt,x
s )(ε)|4 ≤ k2 + k2

∑
j supx (2|∇b̄n(x)|+

∑
n

|∇σjn(x)|2)
∫ s

t

E|∂iXt,x
r (ε)|4dr

≤ k2ek
2T
∑
j supx (2|∇b̄n(x)|+

∑
n |∇σjn(x)|2) (Gronwall’s Lemma )

and

E|∂2
ij(X

t,x
s )(ε)|2 ≤ k supx (2|∇b̄k(x)|+ 2|D2b̄k(x)|+

∑
n

|∇σkn(x)|2)E
∫ s

t

|∂2
ijX

t,x
r (ε)|2dr

+k3T supx (|D2b̄k(x)|+
∑
n

|D2σkn(x)|2)k2ek
2T
∑
j supx (2|∇b̄n(x)|+

∑
n |∇σjn(x)|2)

≤ k3T supx (|D2b̄k(x)|+
∑
n

|D2σkn(x)|2)k2ek
2T
∑
j supx (2|∇b̄n(x)|+

∑
n |∇σjn(x)|2)

× ekT supx (2|∇b̄k(x)|+2|D2b̄k(x)|+
∑
n |∇σkn(x)|2) (Gronwall’s Lemma )

Since g ∈ C∞c , σ ∈ C3
b (Rk,Rkr) and b ∈ C2

b (Rk,Rk) we get

sup
(ε,t,x)

{
φε(t, x)|+ |∂φ

ε

∂t
(t, x)|+ |∇φε(t, x)|+ |D2φε(t, x)|

}
<∞.

Lemma 4.7 is proved.

Lemma 4.8. 0 is the unique solution of the PDE

(P(0,−div(b̃)(x)y))

{
∂w(t, x)
∂t

+ Lw(t, x) + div(b̃)(x)w(t, x) = 0 t ∈]0, T [, x ∈ Rk

w(T, x) = 0 x ∈ Rk

satisfying for some β > 1

sup
0≤t≤T

∫
Rk
| w(t, x) |β + | w(t, x) | dx+

∫ T

0

∫
Rk
| σ∗∇w(t, x) |β + | σ∗∇w(t, x) | dtdx <∞. (4.1)

Proof. Let w be a solution of (P(0,−div(b̃)(x)y)) satisfying (4.1) and consider wn ∈ C∞c (Rk) such that∫ T

0

∫
Rk
|w(s, x)− wn(s, x)|dxds+

∫ T

0

∫
Rk
|σ∗∇(w(s, x)− wn(s, x))|dxds→ 0.

Let ε ∈]0, 1[, g ∈ C∞c ([0, T ]× Rk; R) and consider the unique solution φε ∈ ∩q> 3
2
W1,2
q ([0, T ]× Rk; R) ∩

C1,2([0, T ]× Rk; R) of the following problem

(Pε(g))

{
∂φε(t, x)

∂t
− 1

2
div(σσ∗∇φε)− ε4 φε(t, x) + 〈b̃(x);∇φε(t, x)〉 = g(t, x)〉

φε(0, x) = 0 x ∈ Rk

The existence and uniqueness of φε follows from Lemma 4.7.

Let (ψi)i∈N ⊂ C∞c (Rk) be such that ψi ∈ [0, 1], ψi → 1 uniformly on every compact set and ∇ψi → 0
uniformly on Rk. By considering φεψi as a test function, we have

∫ T

0

∫
Rk

[
w
∂φε

∂t
+

1
2
〈σ∗∇w;σ∗∇φε〉+ w〈b̃;∇φε〉

]
ψidxdt+∫ T

0

∫
Rk

[
1
2
〈σ∗∇w;σ∗∇ψi〉+ w〈b̃;∇ψi〉

]
φεdxdt = 0.
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Introducing wn and integrating by part we obtain∫ T

0

∫
Rk
wnψi

[
∂φε

∂t
− 1

2
div(σσ∗∇φε) + 〈b̃;∇φε〉

]
dtdx = χε,i1 (n) + χε,n2 (i),

where

χε,i1 (n) := −
∫ T

0

∫
Rk

[
(w − wn)

∂φε

∂t
+

1
2
〈σ∗∇(w − wn);σ∗∇φε〉+ (w − wn)〈b̃;∇φε〉

]
ψidxdt

and

χε,n2 (i) := −
∫ T

0

∫
Rk
〈1
2
φεσσ∗∇w + φεwb̃− 1

2
wnσσ

∗∇φε ; ∇ψi〉dxdt.

From Lemma 4.7, we have

sup
ε

sup
(t,x)

{
|∂φ

ε

∂t
(t, x)|+ |∇φε(t, x)|+ |φε(t, x)|

}
<∞.

Hence
sup
ε,i
|χε,i1 (n)| −→n→∞ 0

and
sup
ε,n
|χε,n2 (i)| −→i→∞ 0.

Observe that an integrating by part shows that
∫ T

0

∫
Rk wnψi 4 φεdxdt = −

∫ T
0

∫
Rk ∇(wnψi)∇φεdxdt,

then use the Lebesgue dominated convergence theorem to deduce that∫ T

0

∫
Rk
wg(t, x)dxdt = lim

n
lim
i

lim
ε

∫ T

0

∫
Rk
wnψi(g(t, x) + ε4 φε)dxdt

= lim
n

lim
i

lim
ε

(χε,i1 (n) + χε,n2 (i))

= 0.

Lemma 4.8 is proved.

Proof of uniqueness for (P(g,F )). The proof is divided into three steps.

Step1. 0 is the unique solution of (P(0,0)) satisfying the inequality (4.1) Lemma 4.8.

Let w1 be a solution of (P(0,0)) satisfying the inequality (4.1) Lemma 4.8. Then, by Lemma 4.8
it is also the unique solution of (P(0,divb̃(x)y−divb̃(x)w1(t,x))) satisfying the inequality (4.1) Lemma 4.8.
Indeed, if u is a solution of (P(0,divb̃(x)y−divb̃(x)w1(t,x))), then u − w1 is a solution of (P(0,divb̃(x)y)) and
hence u− w1 = 0 by Lemma 4.8.
From Proposition 4.1, the process (w1(s,Xt,x

s ), σ∗∇w1(s,Xt,x
s )) is the unique solution of BSDE

(E(0,divb̃(Xt,xs )y−divb̃(Xt,xs )w1(s,Xt,xs )). Thanks to the uniqueness of this BSDE and Lemma 4.1-2), we get
w1 = 0.

Step2. 0 is the unique solution of (P(0,0)).

Let w1 be a solution of (P(0,0)). Since w1 ∈ H1+, then there exist β′ > 1, δ′ ≥ 0 such that,

sup
0≤t≤T

∫
Rk
| w1(t, x) |β

′
e−δ

′|x|dx+
∫ T

0

∫
Rk
| σ∗∇w1(t, x) |β

′
e−δ

′|x|dxdt <∞.

Let δ > δ′ and set w̃1 := w1f(x) where f ∈ C2(Rk; R∗+) such that f(x) = e−δ|x| if | x |> 1.
By Lemma 4.8, w̃1 is the unique solution to the PDE
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(P(0,0)
1 )

{
∂w(t, x)
∂t

+ Lw(t, x) + div(b̃)(x)w(t, x) +H(x)w̃1(t, x) + 〈H(x), σ∗∇w̃1(t, x)〉 = 0

w(T, x) = 0

satisfying the inequality (4.1) Lemma 4.8, where H and H are some bounded and continuous functions.
Proposition 4.1 implies that (w̃1(s,Xt,x

s ), σ∗∇w̃1(s,Xt,x
s )) is the unique solution of the BSDE

(E(0,div(b̃)(Xt,xs )y+H(Xt,xs )w̃1(s,Xt,xs )+〈H(Xt,xs ),σ∗∇w̃1(s,Xt,xs )〉)). Hence w̃1 = 0, which implies that w1 = 0.

Step 3. (P(g,F )) has a unique solution if and only if 0 is the unique solution of (P(0,0)).

By Proposition 4.1, there exists a unique solution u of the problem (P(g,F )) such that, u(s,Xt,x
s ) =

Y t,xs and σ∗∇u(s,Xt,x
s ) = Zt,xs .

Let u′ be another solution of (P(g,F )) and set

F̂ (t, x) = F (s, x, u(s, x), σ∗∇u(s, x))− F (s, x, u′(s, x), σ∗∇u′(s, x)).

The function w := u− u′ is then a solution of the problem

(P(0,F̂ ))

{
∂w(t, x)
∂t

+ Lw(t, x) + F̂ (t, x) = 0 t ∈]0, T [, x ∈ Rk

w(T, x) = 0 x ∈ Rk

In other hand, since (0, F̂ ) satisfies assumptions (A.0)-(A.4), then Proposition 4.1 ensures the existence
of a unique solution ŵ to the problem (P(0,F̂ )) such that, ŵ(s,Xt,x

s ) = Ŷ t,xs and σ∗∇ŵ(s,Xt,x
s ) = Ẑt,xs ,

where (Ŷ t,xs , Ẑt,xs ) is the unique solution of

Ŷ t,xs =
∫ T

s

F̂ (r,Xt,x
r )dr −

∫ T

s

Ẑt,xr dWr

The uniqueness of (P(0,F̂ )) (which follows from step 2) allows us to deduce that

u′(s,Xt,x
s ) = Y t,xs − Ŷ t,xs and σ∗∇u′(s,Xt,x

s ) = Zt,xs − Ẑt,xs .

This implies that u′(t,Xt,x
s ) is a solution to BSDE (E(g,F )). The uniqueness of this BSDE shows that

u′(t,Xt,x
s ) = u(t,Xt,x

s ). We get that u(t, x) = u′(t, x) a.e. by using Lemma 4.1-2). Theorem 4.1 is
proved.

As consequence, we have : Let g ∈ Lp([0, T ] × Rk, e−δ|x|dx; Rd) for some p > 1 and δ ≥ 0. Let
A : [0, T ] × Rk −→ Rd×d, B : [0, T ] × Rk −→ (Rd)dr and C : [0, T ] × Rk −→ Rd×d be measurable
functions which satisfy :

There exists a positive constant K such that for all (t, x)

‖A(t, x)‖+ ‖B(t, x)‖2 ≤ K(1 + |x|), ‖C(t, x)‖ ≤ K and C(t, x) ≥ 0.

We then have

Proposition 4.2. Let g ∈ Lp([0, T ]×Rk, e−δ|x|dx; Rd) for some p > 1 and δ ≥ 0. Let A : [0, T ]×Rk 7−→
Rd×d, B : [0, T ] × Rk 7−→ (Rd)dr and C : [0, T ] × Rk 7−→ Rd×d be measurable functions. Assume that
there exists a positive constant K > 0 such that for every (t, x), 0 ≤ C(t, x) ≤ K and,
‖A(t, x)‖+ ‖B(t, x)‖2 ≤ K(1 + |x|), ‖C(t, x)‖ ≤ K
Then, the PDE{
∂w(t, x)
∂t

+ Lw(t, x) +A(t, x)w(t, x) + 〈〈 B(t, x); σ∗∇w(t, x) 〉〉 − C(t, x)w(t, x) log |w(t, x)| = 0,

w(T, x) = g(x) x ∈ Rk

has a unique solution w and (w(s,Xt,x
s ), σ∗∇w(s,Xt,x

s )) is the unique solution of

E

(
g(Xt,xT ), A(s,Xt,xs )y+〈〈B(s,Xt,xs );z〉〉−C(s,Xt,xs )y log |y|

)
,

where 〈〈B; z〉〉 :=
d∑
i=1

r∑
j=1

BijZij .
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Set F (t, x, y, z) := A(t, x)y + 〈〈B(t, x); z〉〉 − C(t, x)y log |y|.
Arguing as in the introductory examples, we show the following claims 1)–3). The claim 2) follows by
using Young’s inequality.
1) 〈y, F (t, x, y, z)〉 ≤ K + (K +K|x|)|y|2 +

√
K +K|x||y||z|

2) for all ε > 0 there is a constant Cε such that

|F (t, x, y, z)| ≤ Cε(1 + |x|Cε + |y|1+ε + |z|1+ε)

3) for every N > 3 and every x, y, y′ z, z′ satisfying e|x|, | y |, | y′ |, | z |, | z′ |≤ N :

〈y − y′;F (t, x, y, z)− F (t, x, y′, z′)〉 ≤ K ′ logN
(

1
N

+ |y − y′|2
)

+
√
K ′ logN |y − y′||z − z′|,

where K ′ := 1 + 4Kd+K2.

So assumptions (A.0)-(A.4) are satisfied for (g, F ).

Acknowledgments. We are grateful to Etienne Pardoux for various discussions about this work.

Supports. The first author is partially supported by CMEP, PHC Tassili n◦ 07MDU705 and Marie
Curie ITN n◦. 213841-2.
The second author is partially supported by Ministerio de Educacion y Ciencia, grant number SB2003-
0117 and CMIFM, PHC Volubilis n◦ MA/06/142. He would like to thanks the "Centre de Recerca
Matemàtica" for their kind hospitality.
The third author is partially supported by CMIFM, PHC Volubilis n◦ MA/06/142 and Marie Curie
ITN n◦. 213841-2.

References
[1] K. Bahlali, Backward stochastic differential equations with locally Lipschitz coefficient, C. R. Acad.

Sci., Paris, 333, no. 5, 481–486, (2001).

[2] K. Bahlali, Existence and uniqueness of solutions for BSDEs with locally Lipschitz coefficient.
Electron. Comm. Probab., 7, 169–179, (2002).

[3] K. Bahlali, E.H. Essaky, M. Hassani, E. Pardoux, Existence, uniqueness and stability of backward
stochastic differential equations with locally monotone coefficient. C. R. Acad. Sci., Paris 335, no.
9, 757–762, (2002).

[4] K. Bahlali, E.H. Essaky, M. Hassani, Multidimensional BSDEs with superlinear growth coefficient.
Application to degenerate systems of semilinear PDEs. Comptes Rendus Mathematique 348, Issues
11-12, 677-682, (2010).

[5] K. Bahlali, E. Essaky, B. Labed, Reflected backward stochastic differential equation with superlin-
ear growth. Proceedings of the International Conference on Stochastic Analysis and Applications,
199–216, Kluwer Acad. Publ., Dordrecht, (2004).

[6] K. Bahlali, B. Mezerdi, M. N’zi, Y. Ouknine, Weak solutions and a Yamada-Watanabe theorem
for FBSDEs. Random Oper. Stoch. Equ., 15 , no. 3, 271–285, (2007).

[7] K. Bahlali, A. Elouaflin, E. Pardoux, Homogenization of semilinear PDEs with discontinuous
averaged coefficients. Electron. J. Probab., 14, no. 18, 477–499, (2009).

[8] K. Bahlali, I. El Asri, Stochastic contrôl and BSDEs with logarithmic growth, Preprint, Prépubli-
cations Laboratoire IMATH, USTV, (2011).

31



[9] V. Bally, E. Pardoux, L. Stoica, Backward stochastic differential equations associated to a sym-
metric Markov process. Potential Anal., 22, no. 1, 17–60, (2005).

[10] G. Barles, E. Lesigne: SDE, BSDE and PDE, "Backward Stochastic Differentail Equations", N. El
Karoui and L. Mazliak, editors, Pitman Research Notes in Math. Series. 364, Longman, 1997.

[11] J. Bertoin, J. F. Le Gall, The Bolthausen-Sznitman coalescent and the genealogy of continuous-
state branching processes. Probab. Theory Related Fields, 117, no. 2, 249–266, (2000).

[12] I. Bialynicki-Birula, J. Mycielski, Wave equations with logarithmic nonlinearities. Bull. Acad.
Polon. Sci. Sér. Sci. Math. Astronom. Phys., 23, no. 4, 461–466, (1975).

[13] I. Bialynicki-Birula, J. Mycielski, Nonlinear wave mechanics. Ann. Physics, 100, no. 1-2, 62–93,
(1976).

[14] I. Bialynicki-Birula, T. Sowin’ski, Solutions of the logarithmic Schrödinger equation in a rotating
harmonic trap. Nonlinear waves: classical and quantum aspects, 99–106, NATO Sci. Ser. II Math.
Phys. Chem., 153, Kluwer Acad. Publ., Dordrecht, (2004).

[15] J. M. Bismut, Conjugate Convex Functions in Stochaastic Optimal Control. J. Math. Analy. Appl,
44, 384-404, (1973).

[16] Ph. Briand, B. Delyon, Y. Hu, E. Pardoux, L. Stoica, Lp solutions of backward stochastic differ-
ential equations. Stochastic Process. Appl., 108, no. 1, 109–129, (2003).

[17] R. Buckdahn, H.J. Engelbert, A. Rascanu, On weak solutions of backward stochastic differential
equations. Teor. Veroyatn. Primen. 49 (2004), no. 1, 70–108; translation in Theory Probab. Appl.
49 (2005), no. 1, 16–50

[18] Caffarelli, L., Crandall, M.G., Kocan, M., Świech, A. On viscosity solutions of fully nonlinear
equations with measurable ingredients. Comm. Pure Appl. Math. 49, 365-397, (1996). MR1376656

[19] Crandall, M.G., Kocan, M., Lions, P. L., Świech, A. Existence results for boundary problems
for uniformly elliptic and parabolic fully nonlinear equations. Electronic Journal of Differential
equations., No. 1-20, (1999). MR1696765

[20] T. Cazenave, A. Haraux, Équations d’évolution avec non linéarité logarithmique. (French) Ann.
Fac. Sci. Toulouse Math. (5) 2 (1980), no. 1, 21–51.

[21] M. Davidson, Physica, 96A, (1979) 465.

[22] M. Davidson, J. Math. Physics, 20, (1979) 1865.

[23] R. Darling, É. Pardoux, Backward SDE with monotonicity and random terminal time, Ann. of
Probab. 25, 1135-1159, (1997).

[24] N. El Karoui, L Mazliak Edts, Backward Stochastic Differentail Equations", Pitman Research
Notes in Mathematics, Series 364, N. El-Karoui and S. Mazliak edts. (1997).

[25] N. El Karoui, S. Peng and M.C. Quenez, Backward stochastic differential equations in finance.
Mathematical Finance. 7, 1-71, (1997).

[26] S-J. Fan, L. Jiang, Uniqueness result for the BSDE whose generator is monotonic in y and uniformly
continuous in z. To be appear in Comptes Rendus Mathematique, Paris, Serie I, 2009.

[27] K. Fleischmann, A. Sturm, A super-stable motion with infinite mean branching. Ann. Inst. H.
Poincaré Probab. Statist. 40 (2004), no. 5, 513–537.

[28] K. Fleischmann, V. Wachtel, Large scale localization of a spatial version of Neveu’s branching
process. Stochastic Process. Appl. 116 (2006), no. 7, 983–1011.

32



[29] M. Freidlin, Functional integration and partial differential equations. Annals of Mathematics Stud-
ies, 109, Princeton University Press, Princeton, (1985).

[30] M. Freidlin, Some remarks in the Smoluchowski-Kramers approximations, J. stati. Physics, 117
(3-4), 617-634, (2004).

[31] A. Haraux, Nonlinear evolution equations, Global behaviour of solutions Lect. notes. Math., 841,
Springer-Verlag, Berlin Heidelberg New York, 1981.

[32] M. Hassani, Y. Ouknine, On a general result for backward stochastic differential equations. Stochas-
tic and Stochastic Reports,, 73 , no. 3-4, 219-240, (2002).

[33] N. V. Krylov, Nonlinear Elliptic and Parabolic Equations of the Second Order, D.Reidel Publishing
Company.

[34] O. A. Ladyženskaja, V. A. Solonnikov, N. N. Ural’ceva, Linear and Quasilinear Equations Of
Parabolic Type. Translation of Mathematical Monographs. AMS, Providence, RI.

[35] A. Lejay, A probabilistic representation of the solution of some quasi-linear PDE with a divergence
form operator. Application to existence of weak solutions of FBSDE. Stochastic Process. Appl. 110
(2004), no. 1, 145–176.

[36] P. Malliavin, The canonic diffusion above the diffeomorphism group of the circle. C. R. Acad. Sci.
Paris Sér. I Math. 329 (1999), no. 4, 325–329.

[37] X. Mao, Adapted solutions of backward stochastic differential equations with non-Lipschitz coeffi-
cient. Stoch. Proc. Appl. 58, 281-292, (1995).

[38] J. Neveu, A continuous state branching process in relation with the GREM model of spin glasses
theory, Technical Report Rapport interne 267, Ecole Polytechnique, Palaiseau Cedex, 1992.

[39] M. N’Zi, Y. Ouknine, A. Sulem, Regularity and representation of viscosity solutions of partial
differential equations via backward stochastic differential equations. Stochastic Process. Appl. 116
(2006), no. 9, 1319–1339.

[40] Y. Ouknine, I. Turpin, Weak solutions of semilinear PDEs in Sobolev spaces and their probabilistic
interpretation via the FBSDEs, Stoch. Analy. Appl., 24, 871-888, 2006.

[41] E. Pardoux, Homogenization of linear and semilinear second order parabolic PDEs with periodic
coefficients: a probabilistic approach. J. Funct. Anal. 167 (1999), no. 2, 498–520.

[42] E. Pardoux, BSDE’s, weak convergence and homogenization of semilinear PDEs, in Nonlin. Analy.,
Diff. Equa. and Control, F. Clarke and R. Stern (eds), Kluwer Acad. Publi., Dordrecht, 503-549,
(1999).

[43] E. Pardoux, S. Peng, Adapted solution of a backward stochastic differential equation. System
Control Lett. 14, 55-61, (1990).

[44] E. Pardoux, S. Peng, Backward stochastic differential equations and quasilinear parabolic partial
differential equations. Stochastic partial differential equations and their applications (Charlotte,
NC, 1991), Lecture Notes in Control and Inform. Sci., 176, 200–217, Springer, Berlin, 1992.

[45] S. Peng, Probabilistic interpretation for systems of quasilinear parabolic partial differential equa-
tions. Stochastics Stochastics Rep., 37, no. 1-2, 61–74, (1991).

[46] A. D. Polyanin, V. F. Zaitsev, Handbook of Nonlinear Partial Differential Equations , Chapman
& Hall, CRC, Boca Raton, 2004.

[47] A. Rozkosz, Backward SDEs and Cauchy problem for semilinear equations in divergence form.
Probab. Theory Related Fields 125 (2003), no. 3, 393–407.

33



[48] N. Saintier, Schauder estimates for degenerate elliptic and parabolic equations in RN with Lipschitz
drift. Differential Integral Equations 20 (2007), no. 4, 397–428.

[49] S. Weinberg, Phys. Rev. lett.. 62, (1989) 485

[50] E. Zuazua, Log-Lipschitz regularity and uniqueness of the flow for a field in (Wn/p+1,p
loc (Rn))n, C.

R. Math. Acad. Sci. Paris 335 (2002), 1, 17-22.

34


