EEL 5542 — Fall 2001
HOMEWORK #6

Solution of Problems

35 a) E[M,] = 2E[X1 + Xp + ... + X, = %X = g[x]

Cu(n, k) = E[(M, - E(X))( M) — £(X))]
- ¢ [%[s,. - n£(X)]%[Sk - kS[X]]]

- %g[(s,, — E[Sa))(Sk — EISi])]

1 1
= EECS(n’ k)= ;Emm(n, k)o%

1

VAR(M,) Cm(n,n) = ;a}

: . 1 1 . N
’_ b) Since M, — M, = i Xn — mM"’ M,, does not have indep. increments.

6.27 a) (I)sn(w) — @X(w)" — (e—alwl)n — e—nalwl
_ nalw

b) Since S, has independent and stat. increments
FniSusrs W1,92) = f5.(¥1) Fsppncn(¥2 — 91)

na/w ka/n
(v + n?a?) ((y2 — 1) + k?a?)




6.48 a) From Example 4.32 we know that Z(t) = X(t) — aX(t — s) is a Gaussian RV since
X(t) and X (t— s) are jointly Gaussian. Therefore we need only find mz(t) and VAR[Z(t)]

b)

rnz(t)
VAR[Z(t)]

VAR[Z(t)]

fz()(2)

mz(t)
Cz(t1,t2)

1 | N | R | B |

EX(¢)] —allX(t—35)] =0

E[(X(t) — aX(t - 5))’]

E[X3(t)) — 2E[X (1) X (t — 3)] + a*E[X?(t — 8)]
at — 2a(a(t — s)) + a*a(t — s)

at(l — 2a + a®) + 2aas — d*as

at(a— 1) — aas(a - 2)

exp {~ watmmy )
V21V AR|Z(t)]

E[X(t)—aX(t—3)]=0

E[{Z(t1) — m(t2) HZ(t2) — m(t2)}]

E[{X(t2) — aX(t1 — s)H{X(t2) — aX(t2 - 5)}]
amin(ty,t;) — aamin(t; — s,t3)
—aamin(ty,t; — s) + a®amin(ty, t;)



8.54 Assume X, is discrete-valued, for simplicity, so that we can work with pmf’s. Consider
the third-order joint pmf of Y,: for n; < n; < n3 we need to show that for all 7 > 0

(*) P[K‘l = Y1, Yo, = Y2, Yoy = y3] = P[}/ﬂ:+‘r = Y1, Yogtr = Y2, Yogpr = y3]

Express the above probabilities in terms of the X,,’s:

P[Y;'u =Y, Yn2 = Y2, },na = y3]
1 1 1
=P [§(Xn1 + Xni-1) = Y1, 5(Xng + Xnp-1) = 42, 5(Xng + Xng-1) = ya]

1 1
=P [§(X2 + X1) = y1, E(Xm—nl-*'? + Xnp-ni41) = ¥,
1 .
E(Xna—n1+2 + Xna—ﬂ1+1) = y3]

Since the joint pdf of (Xn,—1, X, , Xny—1, Xng s Xns—1, X», ) is identical to that of (X1, X3, Xn,—n, +1,
Xna—ny+29 -+ Xng—ns +2) if Xy, i3 a stationary process.
Similarly we have that

P[Yn1+or = ylv}f'n2+‘r = yz,}/na-b-‘r — yS]
1 1
=P [E(Xﬂ;l-{-'r + Xn1+'r—1) = Y1, ...E(an_'_r + Xn3+‘r—l) — y3]

1 1 1 .
=P [§(X2 +X1) =y, §(Xna—m+2 + Xny—ny+1) = Y2, '2'(Xﬂa—ﬂ1+2 + Xng-m+1) = ys]

.. (%) holds if X, is a stationary random process and in particular if X,, is an iid process.

EY()] = EIX() - aX(t+ )] = EX()] — a€[X(t +)]
= mx(l —a) since X(t) is WSS
Cr(ti,ts) = E[Y (L)Y (t2)] —mk(1—a)*
= E[X(t)X(t2)] - a€[X (4 + )X (t2)]
—a€[X(t2 + 8)X(t1)] + *E[X(t1 + 8) X (t2 + 3)] — m% (1 — a)?
= Cx(t1,t2) +a*Cx(t1 + s,t2 + 3) — aCx(t1 + s,t3)
—aCx(t2 + s,t1)
Cy(ti,t2) = (1+a?)Cx(tz —t1) —aCx(ta —t1 —s) — aCx(tz — t; + )
= Cy(ts —t1) = Y(t) is WSS
VAR[Y(t)] = Cy(t,t) = (1+ a*)Cx(0) — aCx(—s) — aCx(s)
= (1 + az)Cx(O) - 200){(8)

6.56 a)

b)

= Y(t) is a Gaussian random process with mean (1 — a)mx and variance (1 +
a"')Cx(O) - 2aCX (8)



8.71 Rx(7) = 0%™*"", Rx(t1,t;) = o2 o1t}
a) Yes since Rx(7) is continuous at .

b) Yes since Rx(7) has derivatives of all orders at 7 = 0.

E[%X(t)] - %[E[X(t)]]:O, because E[X(2)] = constant
RXI(T) = —%Rx(’r)

= 200%™ (1 — 2ar?)

c) Yes since Rx(7) is M.S. continuous.
t

Consider Y (t) = / X(t)dt.
0

E[Y(t)] = /0 " E[X(t))dt = mxt
Ry(tl, t2) = [:1 /C.t2 RX(U, v)dudv

Ift, <ty

t1 17
Ry (t1,t2) = /0 /0 Rx(u — v)dudv

0 9 2 t1—t2 2 2
= / (t2+ 7)oe " dr +/ tyoe™ " dr
t2 0
1 9 2
. : + (t1 — 7)o%e " dr
t1~12



2, [° —ar? 02 [0 ar 2, g, [UTH o2
= Utg/ e dr+—/ e dat +o-t2/ e~ dr
—t3 2a —t2 0
t1 2 0'2 t1 2
+02t1/ e " dr — —/ e % dor?
t1—t2 2a t1—t2
t1—t2 2 0’2 2
= 0'2t2/ e dr — —(t — e™%%)
2a

_tz

2 “ —ar? 0-2 —at? - —t3)2
+o” +1 e dr 4 —(e7* — gmo(ti—t2)%)
t1~t 2a

If ta >4

to—11 t2

Ry(tl,t;)) = 0'2t1/ e“‘”zdr

e~ dr + 02t2/

t t2~11

2

+2U—a(—1 +e ot 4 gm0t _ goti-t))

d) The fact that the autocorrelation has the shape of a Gaussian pdf does not imply
that the process is Gaussian.

7]
6.76 Rxx/(t1,ts) = b't—RX(tl,tz)
2
7]
= a_tzRX(tl —t3)
= —dRX(T), T=t1—t2
dr
Rx(t) < Rx(0), Rx(0) is the max of Rx(r)
de(T)
s T 5 = 0
dr T7=0

ie., Rxxl(t,t) =0



