EEL 5542 — Fall 2001
HOMEWORK #5

Solution of Problems

6.3 a) . n=0 n=1 n=2 ..
If § = Heads X, .. 1 -1 1 -1
If{ =Tails X, .. -1 1 -1 1

b) n even P[X‘n = 1] = P[Heads] — %

c) k even
1
P[Xn = 1aXn+k = 1] = P[Hea,ds] = §
P[Xn = =1, Xp4s = —1] = P[Tails| = %
PX,=%1,Xppx=F1] = 0
k odd

1
P[Xn = ]-aXn+k = —1] = P[Heads] = 5
P[Xp = —1,Xps =1 = P[Tails] = %
PX, = +1,Xnpx =£1] = 0
d) €[X.] =1(3) +(-10)3 =0

keven E[X,Xn.ik]=(1)22+(-1)*3=1
Fodd  EXpXase] = (D(=D3 + (“D(D)} = -1




6.6

g(t) g(t—T)
e 1 ' > 1
0 1 0 T 1 T+1
2 PY(t) = 1] = Plg(t = T) = 1]
ForO0<t<1
PYt)=0=P[t<T]|=1-t=1-P[Y(t)=1]
Forl <t<?2
PY(t)=1] = Pit<T+1]=PT>t-1=1-(t-1)
= 2—1t
PY(t)=0] = 1-PlY(t)=1]=t-1



P[X(t) = 0] P[X(t) = 1]

b) E[Y (1) = 1- PIY(t) = 1] = P[Y(¢) = 1]

BIY(W)Y()] = [ Blg(t— T)g(ts = T)IT = X fr(A)dx

A}ur—nﬂn—xmx

Il

g(t1 =) gtz — X)

tl—'l tl tz—l t2

g(tl - /\)Q(tg - A) =0 fOI’ t] < t2 -1

= Ry(tl,tz) =0 for t,—t;>1
Ift;— 1 < t, then

g(t1 — Ng(t2 —

A) = 1 t2-1<A<ty
| 0 elsewhere

Case 1

Otz—l tl 1

Ry(tl,t2)=t1—(t2—1)=1—(t2-t1) thi <1, 0<t2—1, -t <1



Case 2

Case 3

Y

Ry (t1,t2) =t

t2—-10 ¢ 1

t1 <1, t2<1, -t <1

Y

Ry (t1,t2) =2 -1t

0 ta—11

t1 >1, <2



6.10 a) P[H(t) =1] = P[X(t) > 0] = P[f cos2xrt > 0] = } = P[H(t) = —1]

EH®)] = 1-PH@) =1+ (-1)P[H()=-1]=0
Cu(t,t+7) = E[HW)H(t+ 7))
= 1. P{H@H(+7) = 1]+ (~-)PHOH( +7) = -1)
H(t) & H(t+ 1) H(t) & H(t+7)
same sign opposite sign
H()H(t+7) = 1& cos2nt and cos2n(t + 7) have same sign
H(t)H(t+71) = —1<¢ cos2rt and cos2x(t + ) have different sign
) _ 1 for t,7 such that cos2ntcos2n(t+7) =1
< Cltt+7) = { —1 for t,7 such that cos27tcos2nx(t + 7) = —1

b) P[H(t) = 1] = P[X(t) > 0] = Plcos(wt + ©) > 0] = 1 = P[H(t) = —1]

E[H()] = 1(%)+(—1)%=0

EHH{t+7)] = 1-PIX@#)X(t+7)>0]+(-1)P[X()X(t+7) <0
1-PX (8) X (t47)<0]
= 1-2P[X(£)X(t+ 1) < 0]

PX#)X(t+71)<0] = Plcos(wt+ O)cos(w(t+7)+0) <0

1
= [5 Cos wT + % cos(2wt + wr +20) < 0]
= Plcos(2wt + wT + 20) < coswr]

shaded region in figure

= 1-
2m

c) P[H(t) = 1] = P[X(t) > 0] = 1 — Fx(»(0~) = 1~ P[H(t) = —1]



E[H()] = 1-PlH(t)=1]+ (-1)P[H(t) = 1]
= 1—Fxu(07) — Fx(07)
= 1-2Fx(07)

- d) E[H)X ()] = ENX(B)]]
+X() X()>0
H(#)X(t) = { —XEt; th; < 0.

8.17 a) E[Y ()] = E[X(t) — aX(t + d)] = mx(t) — amx(t + d)

EY ()Y ()] = E((X(t) — aX(t1 +d))(X(22) — a X (22 + d))]
= E[X(t:)X(t2)] — a€[X(t1 + d) X (t2)]
—a€[X(t) X (t2 + d)] + aE[X (ty + d) X (t2 + d)]
Cy(ti,ts) = E[Y(1)Y(t2)] — my(tr)my(t2)
= Cx(t1,t2) — aCx(t,t2 + d) — aCx(t1 + d,t2) + a>Cx (81 + d, ¢z + d)

b) Since X(t) and X(t + d) are jointly Gaussian RV’s, Y (¢) is also Gaussian with
mean my(t) and variance:

oy =Cr(t,t) = o%(t) — 2aCx(t,t + d) + a*a%(t + d)

_ (y=mx(t)+amx (t+d))? }
20?,(!)

V2roy(t)

c) Y(¢) and Y (¢ + s) are jointly Gaussian RV’s defined by the linear transformation

exp
frol) = {

Y(#) = X(t)-aX(t+d)
Y(t+s) = X(t+s)—aX(t+s+d)

Fr @y +s)(y1,y2)

{ (5m52) - AL - my () va-my (o) (252EEE) )2}
exp{ —

2(1-C% (t,t+s)/0%.(t)os (t+3))

2may (t)oy (t+ s)\/1 — CE(t,t + s)/o} ()ad (t + s)

where Xy (t,t + s) is given in part a) and o} (t) is given in part b).

d) Any n time samples of Y (¢) are defined by a linear transformation of time samples -
of X(t).



6.19 £[Y(t)] = E[X?(t)] = Cx (¢, 1)
E[Y (t1)Y (t2)] = E[X3(t1) X ?(t2)]
To proceed further we need the result from Problem 4.69

Cy(tl,tg)

E[X*(t1) X (t2)
= E[Y (1Y (ts)

] = EX*(t)E[X2 (1)) + 2E[X (1) X (8)]°
] = Cx(t1,t1)Cx(ta,t2) + 2C% (41, 15)

EY (11)Y (t2)] — my (¢1)my (2)
2C%(t1,t2)



