Midterm Exam ||
EEL 5542 — Fall 2002

Ingtructor: Georgios C. Anagnostopoulos, Ph.D.

Name:

(please print your name)

I nstructions

For each problem show your work in detaill and circle your find answer. Also dtart each
problem on a new sheet. This exan condsts of 5 problems;, each is worth 20 points.
When you turn in your exam, please sgple the 3 pages of this document to your work.
Midterm Exam | is due by Wednesday, November 21% 2001 at 12:00pm. For students
that take this course from remote Stes. please fax or send your work via mail by the
aforementioned deadline. For dl other dudents please turn in your work to the
department office (Room 407, CEBA-I building) by the aforementioned deadline and
have one of the adminidrative assdants date your work and place it into my mailbox. If
you have any questions concerning this exam, don't hedtate to get in touch with me.
Please refer to my contact information at

http://www.geocities.com/eg 5542/contact_info.htm

Good Luck!

Please, read carefully, then date and sign the following statement:

Pertaining to this take-home exam | have received no help from any other than the
instructor of my class.

Signature: Date:




Problem 1
A WSS random process X(t) features amean np and an autocorrelation of Ry(t).

a) Find an upper bound for the probability Pr{|X(t)-mf® &, where e>0.

b) Find an upper bound for the probability Pr{|X(t + T)-X(t)P &, where for >0.
In both cases the upper bound is a function of autocorrdation function valuesand e

Problem 2
Assume the X(t) is a WSS, zero mean, differentiable in the mean square sense random
process.

dX(t
a) Show that X(t) and X@):# are uncorrelated.

b) Let the output of a system be

_ dX(t)
YO = X0+

Find the power spectrum of Y(t) and show that it is the sum of the power spectra of X(t)
and X¢t).

Problem 3
A WSS, zero mean, Gaussan random process X(t) acts as an input to a system giving an
output of Y(t)=h(X(t)), where

a) Show that E{ Y(t)}=0.
b) Next, show that the autocorreation function of Y(t) isgiven as

R/ (t) =Pr{X(t+t)X(t) >0} - P{X(t+t)X(t) <0}



Problem 4

Let Xi(t) and Xa(t) be two jointly WSS and jointly Gaussan random processes. Each
process acts as an input to a different linear time invariant system. X;(t) enters a system
with impulse response function hy(t) and transfer function Hi(f)=F{hi(t)} giving as an
output a random process Yi(t). Smilaly, X, acts as an input for a sysem with impulse
response function hy(t) and trandfer function Hxo(f)=F{h,(t)} giving as an output a random
process Ya(t). Here, F{ } denotes the Fourier Transform operator.

a) Find the cross-correlation and the cross-power spectral dengty of Yi(t) and Ya(t).
b) Show that Y;(t) and Yx(t) are jointly WSS and jointly Gaussian random processes.

C) Assume that the transfer functions of the two systems have no overlapping spectra, that
is, Hi(F)|[H2(F)FO for every f. Show that Yi(t) and Y,(t) are independent random
Processes.

d) If Xa(t) and Xy(t) were non-dationary jointly Gaussan random processes, would the
above reaults (b) and (c) till hold?

Problem 5
Consder a discrete time system described by the following difference equation

X,=aX,,;+W, n30

where |aj<1 and W, is white Gaussan noise with zero mean and vaiance of s’
Furthermore, the initid condition X1 is normdly didributed with mean mand variance
s 42 and isindependent of W, for dl values of n.

a) Show that X, isnot stationary in any sense.
Hint: Fra solve the difference equation, which will give you X, as a function of X; and
lagged versons of W, (that is, Wh, Wi-1, €tc.).

b) Show that X, becomes WSS asn® ¥.

Hint: One of the things you have to show is tha the autocorrdation R((n,m) of X,
depends only on the difference k=m-n as n® ¥. Or you can show the same thing for the
autocovariance Cy(n,m) of X, which is dightly esder (it involves less cdculations). In
any cae though, be aware of the fact that by definition R«(h,m)= R((m,n) as wdl as
Cx(n,m)= Cx(m,n) for dl n and m.

o) If ad1, is there any posshility that X, might be Sationary, when n® ¥ ? Why or why
not?



d) Show that X, becomes an AR(1) (firs-order autoregressive) random process for n® ¥.
Hint: If Y, is an AR(1) process, then it is described by Y, = bYn.1 + Vi, where p|<1 and
V, is a white Gaussian process with zero mean and variance s2. Most importantly, it
satisfies E{ Y,,} =0 and

R, (K) =s°

1- b?

€) Find the pdf of X, as n® ¥ (determine type of pdf as well as what its parameters
vaues are).

Note: Baffled by the fact that a linear time-invariant (LTI) sysem with WSS input might
give you a nondationay output? The above equation describes a firg-order Gauss-
Markov, which resembles a firs-order autoregressve (AR(1)) modd except that the
output X, starts at n=0 with someinitid condition X 1 and therefore X, may not be WSS.
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