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are you specidizing in the area of Communications?.
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| nstructions

Firg of dl, take a deep breath and relax. 1t won't be that hard!

This Find Exam congds of two parts. The first part titted CONCEPTS contains some trueffase
guestions and some other ones that are smple questions and which require a short answer. The
purpose of this part is, first, to warm you up and, secondly, for me to evauate how well you have
understood some important concepts related to probability, random variables and random
processes. The points you will gain for each question is clearly indicated. Notice, that not dl
questions carry the same credit.

The second pat of the Exam, titted PROBLEMS, contains 5 problems, so | can assess your
course-related, andytica skills that you have developed during this last semester. The problems
are managegble and are much easer than the ones that were part of the Midterm Exams. Each
problem is worth 20 points. Notice, that parts of the same problem may not be equaly weighted.
At the end of this handout you will find some Fourier Trandform related tables that might turn
out useful to you.

In each part of the Find Exam you will find specific ingruction. Please, follow them!

Moreover, this Find Exam is closed book and its duration is 2 hours and 50 minutes. You may
use any notes you have taken during the class and the chest-sheet that you have (hopefully)
prepared. Make sure you don't loose this cheat-sheet, Snce it may become useful to you in case
you have to teke the Electrica Engineering Qualifying Examsin the future.

And now the good news...

Don't waste your time counting the tota points of this exam. They are actualy more than 100!!!
To be more specific, if you answer everything correctly, you can get up to 130 points. The extra
30 pointswill be counted as extra credit with weight 35% of your tota grade!

Findly, let me know if you have any questions.

GOOD LUCK!



CONCEPTS

Instructions

The CONCEPTS part conssts of two segments. The first one has trueffdse questions. For each
guestion circle either TRUE or FALSE but not both. In the second segment for each question
you need to provide a short but sufficient answer. Write your answer below each question.
Totd points from Concepts. 30

|. True/False Questions

1) Two mutudly exclusve events are dways independent. (1 point)

TRUE FALSE

2) Two independent events are dways mutudly exdusive. (1 point)

TRUE FALSE

3) For events A, B and C we have that P{ACBCC}=Pr{A} Pr{B} Pr{C}. Are these events
mutudly independent? (1 point)

TRUE FALSE

4) LetF, (x) bethe CDF of X. If F,(x)=025and F,(x,)=0.5 for some x; and X, then it may be
the case that X< Xx;. (1 point)

TRUE FALSE

5) Let f, (x) be the PDF of X. If f,(x;)=0.25and f, (x,) =0.5 for some x; and Xz, then it may be
the case that x1< X». (1 point)

TRUE FALSE



6) The conditiond joint PDF f,. (x,y|Y >1) isawaysequd to zero for yE1. (1 point)

TRUE FALSE

7) Two dependent random variables X and Y have margina PDF's that are Gaussian. Are X and
Y dsojointly Gaussan? (1 point)

TRUE FALSE

8) The joint PDF of X and Y is given as f,,(xy)=Ce *?u(x- y). Therefore, X and Y are
mutudly dependent. (1 point)

TRUE FALSE

9) A random process with independent increments is not adso a process with dationary
increments. (1 point)

TRUE FALSE

10) A random process with dationary increments is not also a process with independent
increments. (1 point)

TRUE FALSE

11) Two jointly Gaussan random processes X(t) and Y(t) are uncorrdated. Then, are they aso
independent? (1 point)

TRUE FALSE

12) Two jointly Gaussan random processes X(t) and Y(t) are independent. Then, they are dso
uncorrelated? (1 point)

TRUE FALSE



13) The autocorrelation functionr, (t) of a WSS random process X(t) is dways an even function
of t. (1 point)

TRUE FALSE

14) A random process X(t) may be WSS, even if E{X3(t1)X?(t2)} is not only afunction of tp-t;. (1
point)

TRUE FALSE

15) A random process X(t) may be WSS, even if E{X3(t1)X3(t2)} is a function only of to-t;. (1
point)

TRUE FALSE

16) The power spectral densitys, (f)of a WSS random process X(t) is aways an odd function of
f. (1 point)

TRUE FALSE

<END OF TRUE/FALSE QUESTIONS>



I1. Questions with short answers
1) Lea X be a random varidble digributed uniformly in [0,1]. In this case we know that
Pr{X=2}=0 and Pr{X=05}=0, dthough X can take the vaue 0.5. How would you explain to

somebody that has not taken a course in Probability/Random Variables what the difference is
between the events { X=0.5} and { X=2}? (2 points)

2) If arandom variable X takes only the value X=-1, then f, (x) =? (2 points)

3) Under which drict condition does it hold that Pr{a<X<b}=Pr{aEX£Eb} for a random variable
X that takesvauesin (-¥ ,+¥)?(2 points)

4) Let X(t) be a WSS random process with tlgrl Ry ) =3. Then, E{X(1)}=? (2 points)



5) What are the sufficient conditions for a system to generate a WSS random process Y (t), if it
responds to an input that is a WSS random process X(t)? (2 points)

6) Two random processes X (t) and Y (t) are orthogona. Under which sufficient conditions X(t)
and Y (t) are mutualy independent? (2 points)

7) If you randomly select the answers from the true/fal se question segment above, what is the
probability that you will score more than 10 points? (2 points)

<END OF SHORT ANSWER QUESTIONS>



PROBLEMS

I nstructions

Start each problem on a new page, where you mark clearly to which problem you are referring.
Also, mark dearly the part of the problem you answer.

Show your work in detail and explain dl your answers.

Circle your find result in each part/problem.

Totd points from Problems. 100

Problem 1 (20 points total)

Box 1 contains 3 black balls and 2 white ones, while box 2 contains 3 white and 2 black bdls.
Congder the fallowing experiment: A far coin is flipped. If the outcome is heads we randomly
remove one bal from box 1, otherwise we randomly remove one from box 2. In ether case, the
bal is removed permanently from the box. Next, we toss the coin for a second time. If the
outcome is heads we pick at random abal from box 1, otherwise one from box 2.

Now, assume that we actudly perform the above experiment. We flip the coin the firg time,
remove a bal from the gppropriate box and then we toss the coin a second time and we pick
again a bal from the gppropriate box. Assume, that the bal we picked after the second coin toss
is black. What is the probability that on the second coin toss we had an outcome of heads?

Problem 2 (20 points total)

Let X be a continuous random varigble with a CDF of F, (x) that is continuous everywhere. Let
Y=g(X), where

i0 xI [0

X) =
9&) }x otherwise

a) Findthe CDF of Y, F,(y), asafunction of vaduesof F, (x). (7 points)

b) Plot F, (y), if X isuniformly digtributed in [-2,2]. (2 points)

c) Find the PDF of Y, f,(y), asafunction of valuesof f, (x) and F, (x). (7 points)
d) Plot the f, (y), if X isuniformly digributed in [-2,2]. (2 points)

€) Express Pr{Y=1} asafunction of vauesof F, (x). (1 point)
f) Express Pr{Y=0} asafunction of valuesof F, (x). (1 point)

Problem 3 (20 points total)
Let X be a random variadle uniformly digributed in [0,1]] and Y another random variable
independent of X with PDF f, (y) =e Yu(y) . Cadculate the probability Pr{o£ x +Y <1}.



Problem 4 (20 points total)
The system shown below accepts as an input a zero mean, Gaussian random process X(t), which

generates an output Y(t). The autocorrdlation function of X(t) is given a R, (t,t,) =ae 1wl

where a, b>0.
X(t) tO—>Y (1)
L ideal delay of

D seconds

a) Cdculate the cross-correation functionRy y (t;,t,) . (4 points)

b) Find the power cross-spectra density S,  (f) , if it can be defined. (4 points)
¢) Cdculate the autocorrelation functionr, (t,,t,) of Y(t). (4 points)

d) Find the power spectral dengity s, (f) of Y (t), if it can be defined. (4 points)
€) Find the PDF f,, (y) of Y (t). (4 points)

Problem 5 (20 points)
A random process X, is of the foom X, =n+w,, where W, is zero mean, Gaussan white noise

with variance s2. Furthermore, X, acts as an input to a system with output Y, that is described by
the difference equationy, = X, - ax,,_,, where a is some constant.

a) Is X, aWSS process? Why or why not? (3 points)

b) For what vdlue of aisY, a WSS process? (3 points)

¢) For the value of a you found in part (a) find the PDF f,_(y) of Y. (4 points)

d) Up to this point you have seen how to “sationarize€’ a process of the formx, =n+Ww, usng a
ample linear syssem. Now, come up with a difference equation of a linear system with output Z
that “sationarizes’v, =n? +W,_. Hint: The difference eguation will invalve Vy,, Vi1 and V.. (10
points)

<END OF PROBLEMS>



C.1 Fourier Transform Pairs

A
sinxfr , .
1. S T ¢ QAT Ar e & Arsinc fr
8
\ sin® wfr
2 _f/0 ¢ Al Br g & B onch
3. o 'u(f) 1
a + jorf
4. exp(—|tl/7) 2r
1+ @nf1)
5. exp [—=(t/r) rexp [—=( )]
1/2w
6. Wé sinc 2Wt p—TE— T e_(__lzw
7. exp[j(wot + )] oxp ( j@)3( f — f), we = 2xf;
8. cos (wt + ¢) B{( f— f.) exp (jo) + 3( f + £) exp (—jo)
9. &(t — &) exp (—j 2 fty)
0. 5 e- ) Lz A7)
M= —c0
+1, t>0 '
1. sgnt=[_1’ <0 \ _wa
1, t>0 1
‘2'”")‘{0, t<0 B+ et

13. x(f) —Jsgn(H)X( 1)




C.2 Fourier Transform Theorems

. Superposition  a;xy(f) + axo(h
2. Time delay x(t — 1)
3a. Scalechange  x(ah)

b. Time reversal  x(—t)

4. Duality X
5a. Frequency x(f)e !
translation
b. Modulation x(f) cos wpt
d"x(t)

6. Differentiation "

!
7. Integration f x(t)dr
8. Convolution f Xi(t — V)xo(t)at

a0

= f_w x(E)x(t — t)at

9. Mulitiplication x{xo(1)

aXy( F) + apXyl f)
X( f)e~*%

la| "' X(fa)

X(—f) = X(f)
x(—f)

X f— fo)wyg = 2rhy

X(F— o) + WX(F+ fo)
(jexf)Y"X( f)

(2x )X £) + 3X(0)8( f)

X)X )

f:o X f— £)X{ ') df’

= f _Z Xy )Xo F— F') of”

*All signals are assumed to be real.
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CONCEPTS

T. Twe[Fabe Questions

i) FALSE T+ is ovnl\s e i ok Qecxst ove wsent is Mfossn'blé,

PaNBY= O } = P@&)=o or AB)=0 oOv bot
P(ANB) = Pcad P(B)

Q) FaLse Tt is oy e if et Qeast ome Goemt 15 Ivapussible
(see abowe)

) FALSE  became A,B,C meed oo Yo be puiv-wise mvhally
tdepandent.

4) FALSE  becamme FE ) wust be = Wn-dec‘emhﬂ »][lmd‘l'o\o of x

S) TRUE  became thee ave mo vequivemens ov ,fx(-t) o be monstomic

L) TRVE  Simce We howe Cowditiowed oy He woat {Y>43

-.7,) FALSE si-v.ce, i smmf) uis 5 mot Hhe case

9) TRvE becanse 1+ Seems et we Gt write —Ixy(x,!a)
& X pmo\vd' ol }he _@wv) _ﬁx(«t)jﬁr@)

9) FALSE 'dee?ﬂwo"\qu Morew outs "“’P"b &"'“Howmr) inovewants
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103 TRVE P %MQ, He Cowvene 0.‘- Yue s-}a-kme«i' v Question 3
is vot vue,

11) TRoe  (see book for o detoils)
L‘Z) TRVE (see book for wiove detaids)

l?,) TRVE Since it is owe o) the progdiq of Ryl

lq) TRUE Fov a WSS RP X it wust hold
() E3X(1} = comst
() Ryelh,h) = RxCart) = ELXGIX(]

What  happas with E] X0 XQG,,)E 'S amp’e'h% ivveleyant

1) TRUE (see above)

IG) FALSE Sx®) commot be™sdd _(.vvnd'iova of -{ , othevwise we would
have SxG8)= -5 <0 omd powovr- Cavwwot be 'neJq}we
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CONCEPTS

—_—

IC Guesthiows with S)')ov"' mswend

4)

§X=2% i om iwpossible oveat while §X=05} is & rowe Queut,
whose relechive {«qvmtg of occumome goes to zewo whey Hhe
mowbar 0} Bpeimants goes Jo Mfinity,

-I: * G = S(aul)

Pr{,o“ X<b}= F(b)- K 3 = Bty must be Covitmvows af o amd b
p,§ <X b= Re(b) - fiu@)

E{xe] = J b Re> =43

Y )

The Sss'l'en) wust be Liveow Time Tvvaviomt amd i S)'-eucd3 ~stade
(l'vu'HO.Q Gonditioms | if amy, have ™Mo s {“\-F&MCE. oy Mwe)

X&) and Y@ must be foirtly Goussion RPY and ot Leash
ove o} Hew wust have 2evo wieewm

Pi$s10]= RiFss= S (9@ IO

k=0
S
2" kmo 2
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@Prob\&mﬁ
Afler igpiay Hhe dist cobn aad semving me ball fana Pre cowespm divg
box We com have +e k%wing coijuﬂd-,‘mg;

) ”L" ”&1, . PCCI') /P(3|H)
Hexds $ 1B veumoved foow 1" G [28ew | 3w2B P(H)'PCB'Q=%§=%
Howhy G L B/ removed foom't” G, |36 4w | 3w 28 Plu) Plw) =4 2=2
'CM'R,) Q LB v 0ved —FVW'\‘L‘ 43 3pew | 3w 18 P Pégl):o"%:f%,
Ty 8 AW tmoved fow d:, eew | 2wep | PO). Pz 32=3
P\f(wh“)
- PGu®y
P(BNH)+ P(BNT)
P(B)= PC(BOH)+P(BRNT)
y 4
P(BaM)= 2.P(eninGi)= 2 P(B|HC) PCHIG)R(S) -
=l 1=1 7
H)di "V)dep = P(H1G;) =P(H)
4
= P(enH) = P(H) D_P(BIHG) PCY) @
1=
ot < P(B]TE;) P @
S (Za-n&3 PCRNT) = PCT) I% Gi)
Jeiv- G D P(W =P(T) @
lf
®@ : PR |HG) PG
o —_5% PCHIE) B BIHG) G ®
i P(8IHG) P(d;)i—iPCBle;)PCC;)
O]
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Pmbab;h‘h o B il we Sk b Govlia. Gy ond Heo Lip o Hoad , Hibefoe we. don ome oy "1

P(B|#GL) = ﬁ‘ 1o
P(BIHdz)._._ ng—zg
P8l #es) = ‘3‘=%§‘
12
PCb|#a,) = %z 2
y
2 P(BlHGPCG) =
1=l
;‘: PCBITGPCG) =

0.

2o

8
0 1

P(BITG) = = 2- 2
P(8lTG,)= %=23:
P(B|TG)= i,t‘ Z_so-
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l
‘3“4- _'.S:_'_Z..‘,__'_Z_i
10 20 10 2 10

—3—+_‘_3__2_+
o 20

® ‘g‘> 1(9?%!53 _ O'GJ

2 3

- -
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@ Problowm 2

ch F._‘(\sj-f-. PriYS‘lﬂ
Becanse of %(JO'S -(»own we meed +o Cowmsidev thee coses

() Y<o Priysyl = RfX<yd= K(w

() o<yt PrfYeyt= Pe{R¢td= B
(i) 1<y Priveyl = RriX<yl=f@y

Theeloe  F = in(i) osy<d
F (y)  othevwise

4
() Fow pavt (x) we mohice et B is diseovhiyuous ot y=o,
Move P"QC"S?-(‘], E;(O')= () aud ﬁ(o): K ch)
There Jowe :
n[Y<5)= d Rk ..—--P”m\’/ | {6y = ° ocus
d\ﬂ ¥ LRy~ Fe(@] §(15) Y=0
ﬁx(\s) othevwise
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(e)" me, pauA‘ (o) ﬁ}(g) is cowhmuow ot y=1, thevefove P{Yy=13=0

(L)L From P°"+ () Rl is discowhvvew at y=0, Hheve Jove

Priv=o = [F®-f]
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@ Probl!m 3

Lob v deline 2 X+y
Bu'-nS He Sum OJ- Hwo MdCPﬁw\Mf RV%, i+ holds

+w0
.ﬁ,z (&= .L((:o *_‘fw(m = f_&(,_)@r(%_ 0 dx
X= =>
i’i 0$%$|

f vm..;om) v [U,L] = 4)((3(_):
o

1
= .{ (2) = f,,[ (2-x)dx 1
Y -
7 %= 0 = “,;‘(%)-: ezfexu(a—x)dx ®

K=o
—I\{(‘gh-‘ 5‘514.(\5)
i
Lot s delive T(=y= J‘ e u(zxdx . Tv order Yo wolake Fuis
A=0

!“"\‘{'?-37“9' we ved 4o comside ‘H\¢ -(‘0[(0"'!"\3 Hiree G sess,

M
I®=0
2
e xS X 2
(||)O$'2$1 M(!-j P ‘}’ I(&)-‘:fe dx = e -1
i i x=0
S

xX=Q
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o 2<o
f]\n Suvawiawy T =1 < _-2>

e-1 ogws<)

-4 i<z

o Z<0
= ‘LZ (,%) = i~e~3 Oge<l @

e-De 1<z

Si,ch ‘LZ(%) has "o ale&q .lvwo“'fov) MJ, ‘Hlﬂve-flm, Ez(%) wil be
Weruwhere Cowtiv vous

pfoctel- Rlocute st pfocaet
i 1 i
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20



@ froblem Y

E {XG)FO = Covist

-b -kl biel _ atn g > X W
RXGU*‘D = e ' = X€ ® Rx (@) where ¢ Y

Frow the diagvam @)= X@G)-XE-D) @
which describes o Linear Time Ivvaviant systew ( s i‘((i») WSS
- XH) wss X0), () jorly s

Theefor, Ryt = Rxy () aud Sxel6) is defined
ReGyt) = Ry and Sy is defived

(00 RX‘f GU{‘Z) = RK\‘ (2 S E{XG) Y(-H-’L)} @ ££XG‘)X({~+‘Q§ _ E{_XC‘")X("*‘C-MS-’

= Rx@ = Ryl 2 a(é“’““_ e—-bl'c-m) ®

(b)“ quGB = "I{Rx\r('t)} ©)

~blel) _ ?
Row Table €4 ’.I'{ e }- ____.L+ o N
b

Fow Table C2 Fl{en} = F{{@)] ciemd

chlzl) .2
?{C z,z_‘ b*‘ﬂf‘fz @
= 5 .
ple-bly e-jvrib
/I{C } b"ﬂl’z.ﬁz @
b
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j2ufd )

®Sg:> Sey(h) = —200-¢€
@) ® b+ L%Taiz

Y
() Ry Giyh) = Ry 2 Ll D £ XX+~ ELXG) Xate-DV] -
- E{XG-D)X({H.)} + ES,XG’"D)XGH'L—D)} -

Ru(® = Rx (€0 = Ry (24 D) + Ry () 2

) ‘x(ze-bl‘zl_ GBI hewly
4 . .

(4) ® oax -4enfDd  4enfD
S = Riy()} = 2~ e - =
+= TIR®] b+w‘(2( )

b
Yo L1- GosCam{pY] ®
ettt
b
4
@)

Xt is « Gusmion RP. = X6), XG-b) jobrty Goumina K4, D f -
O YO =XG) - XH-D)
= Y® Gawnioy RP

Eiyml € elxe] - eixe-n j—» Elywi=0 ®
EiX®i=0 V4

Var(18)= C4() B Ry @) € 24 (- ) @

®0=> 4@ ~ N (o, fexi-eoy )
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@ Roblem S

X,,’=4,,.\. Wv’ @
% @
@ BTN ] el b
E{w}=0 ¥y ot st

>
ORI LD UL N e (=edmt ot + W= oty @
j.,,,:’\')"'w‘v)

E]4.3 e (1) " + & + £{ws) -o(E{w,,,.;,} -
E{‘”“o] =0 Wy

= E{‘r,,}= (-oM 4+ &
= xX=1
Fov Y 4o be WSS E§g3= mﬁj

With &=t from @ weget Yoz L+ Wy-wy, @

Ve SHR meud do Show Hhat for et Ryloyon) = Ry =Ry Ch
Ry (o, ® E{Y”Y'f"} = 4+ Efwat- £, 1+ E{wy} + £y, 1
= EPNo W] = G} = £Wor bt 4 Ef ]
Eiw“?}:o Vo
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0 mwm
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Sioe Wiy, 1 white moise R, (w,m)= Ru (m~) = () = £ EW,,W‘, ”&
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from pot B 527 B0 | V)8 RD R )
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= E[‘Zv,l 2 M+ By D Oty 12D = Comst Wy =
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A& +dy =0 R, = =2
=D - g => ¢ ) @
X, 2%y —O &y = &,
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