MA 355 Programming Assignment 1

Due 10/06/03 (Exam day)

General Rules

If your programs don’t compile, no partial credit!  

Keep you internal documentation strong: programs should have detailed comments (over 50% of your code should be comments, as a rule) and descriptive variable names.  Bear in mind that the programs in your book don’t always meet this criterion.

Problem:

Write, test, and debug a set of MATLAB programs to solve an N x N system of linear equations by triangular factorization using Crout’s procedure. 

To say the same thing more formally, given a matrix equation 




where A is an NxN matrix and x and b are N x 1 vectors, and given A and b, determine x.  If A is singular, detect the condition and return an error flag.  

Do this is pieces.

Part I (5 points)

Implement a backsubstitution routine.  See Program 3.1 for an working example.  Test your routine on several lower triangular systems: when you turn it in, show me your code solving the matrices




Code:

function X = backsub(A,B)

% X is the solution to AX = B

% where A is an NxN upper triangular nonsingular matrix

% and B is an Nx1 column vector

n = length(B);

X = zeros(n,1);

X(n) = B(n)/A(n,n);

for k=n-1:-1:1

   X(k) = (B(k) - A(k,k+1:n)*X(k+1:n))/A(k,k);

end

Results:

EDU» backsub(A,B)

ans =

    1.5000

    1.5000

    0.5000

    0.5000

Part II (10 points)

Implement a forward substitution routine to solve matrix equations where the matrix is known to be in lower triangular form. Test your routine on several upper triangular systems: when you turn it in, show me your code solving the matrices




Code:

function X = forsub(A,B)

% X is the solution to AX = B

% where A is an NxN lower triangular nonsingular matrix

% and B is an Nx1 column vector

n = length(B);

X = zeros(n,1);

X(1) = B(1)/A(1,1);

for k=2:n

   X(k) = (B(k) - A(k,1:k-1)*X(1:k-1))/A(k,k);

end

EDU» x = forsub(a,b)

x =

    1.0000

    0.3333

    1.3333

    1.3333

Part III (50 points)

Implement Crout’s procedure, without pivoting, to solve arbitrary matrix equations (as long as no divide by zero errors are included, anyway.)  Your routine should use the forsub and backsub routines you developed in parts I and II.

Show me your code solving the matrices




For your assistance, PDL for the algorithm is included:

% Initialize decomposition matrices: choose diagonal elements of L to be 1

% for each column j of the matrix to be decomposed


% fill the U column down to the diagonal: = A(i,j) – product of jth column of U 

% with ith row of L

% fill the L column to the bottom: = A(i,j) – product of jth column of U with

% ith row of L, divided by U(j,j)

% end for (column)

% Use forsub to solve LY = B for Y

% use backsub to solve UX = Y to find the X that solves LUX = B

Code:

function X = solver(A,B)

% X is the solution to AX = B

% where A is an NxN nonsingular matrix

% and B is an Nx1 column vector

% decompose A into upper and lower triangular matrices

% [ L U ] = decomposition

% WARNING! without pivoting, may divide by zero

n = length(B);

%Error message if matrix A is singular

error_message='This is a singular matrix.';

%Checking to see if matrix A is singular.

%If yes, print error message. If no, continue.

if det(A)==0

   error_message

else   

% initialize decomposition vectors: choose diagonal elements of L to be 1

L = eye(n,n);

U = zeros(n,n);

% the first element of U is just the corresponding element of A

U(1,1) = A(1,1);

for j = 1:n

   % fill the U column down to the diagonal

   for i = 1:j

      % multiply the jth column of U by the ith row of L: known zeros are skipped

      sum = L(i,1:i-1)*U(1:i-1,j);

  

U(i,j) = A(i,j) - sum;

   end

   % fill the L column from the diagonal to the bottom

   for i=j+1:n

  

% multiply the ith row of L by the jth column of U: known zeros are skipped

      sum = L(i,1:j-1)*U(1:j-1,j);

      L(i,j) = (A(i,j) - sum)/U(j,j);

   end

end

% now find the vector Y such that LY = B

Y = feval('forsub',L,B);

% now let UX = Y to find the solution to AX = LUX = B

X = feval('backsub',U,Y);

% test (disabled)

%A*X - B

end

Result:

EDU» solver(aa,bb)

ans =

     1

     2

     3

Part IV (35 points, but it’s easily the hardest part of the assignment)

Write a new version of your routine from part III that implements pivoting so that it can minimize roundoff errors and avoid divide by zero errors.

Solve the matrix (requires pivoting)




The PDL of part II is modified as follows:

% Initialize decomposition matrices: choose diagonal elements of L to be 1

% for each column j of the matrix to be decomposed


% fill the U column down to just above the diagonal

% U(i,j)  = A(i,j) – product of jth column of U with ith row of L

% compute and store the products of rows of L with columns of U from 

% here down, so we can decide whether or not to pivot

% Find the row which gives the biggest row-column product:

% interchange this row with the jth row in L, A, and your stored 

% row-column products.  Keep a record of what interchanges you have done

% Use the new j’th row-column product to compute U(j,j)

% Use the remaining row-column products to compute the remaining elements

% of L in this column

% end for (column)

% Use forsub to solve LY = B for Y

% use backsub to solve UX = Y to find the X that solves LUX = B

Code:

function X = pivotingsolver(A,B)

% X is the solution to AX = B

% where A is an NxN nonsingular matrix

% and B is an Nx1 column vector

% This routine is memory-inefficient: computation could be done destructive 

% in-place in A if memory was a constraint

% decompose A into upper and lower triangular matrices

% [ L U ] = decomposition

% initialize decomposition vectors: choose diagonal elements of L to be 1

n = length(B);

L = eye(n,n);

U = zeros(n,n);

ACopy = A; % we choose to work on a copy of A because we expect to do rowwise permutations,

% and it guarantees our bookkeeping stays straight, at the cost of extra memory

PermutationIndex = linspace(1,n,n);

% the first element of U is just the corresponding element of A

U(1,1) = A(1,1);

% loop over all columns of ACopy to fill in the columns of L and U, 

% pivoting when necessary

for j = 1:n

   for i = 1:j-1

      % if the row num is less than or equal to the column num, 

      % compute the row summation and fill in the missing elements of U

      sum = L(i,1:i-1)*U(1:i-1,j);

      U(i,j) = ACopy(i,j) - sum;

   end

  % We compute the row-column product common to the L and U calculation 

  % for all candidate rows of A.  We will pivot so that the one with the largest 

  % result is chosen for the diagonal element of U, but we store all the calculations 

  % to reduce our operations count later

  TempProduct= zeros(n,1);  

   for (i=j:n)     


   TempProduct(i) = ACopy(i,j) - L(i,1:j-1)*U(1:j-1,j); % NR eq 2.3.13, 2.3.12 where i=j

   end      

   % find the row index of the largest product

   maxj = j; % assume the current row until we know better

   maxVal = 0;

   for (k=j:n)

      if ( abs(TempProduct(k)) > maxVal)

         maxVal = abs(TempProduct(k));

         maxj = k;

      end

   end

   if (maxj ~= j)

      % The largest product isn't in this row: need to interchange rows (pivot)

      % interchange rows in ACopy

      dummy = ACopy(maxj,1:n);

      ACopy(maxj,:) = ACopy(j,:);

      ACopy(j,:) = dummy;

      % interchange rows in our vector of temporary calculations

      dummy2 = TempProduct(maxj);

      TempProduct(maxj) = TempProduct(j);

      TempProduct(j) = dummy2 ;

      % keep the permutation index accurate

      PermutationIndex(j) = maxj;

      PermutationIndex(maxj) = j;

      % since we have already computed all the elements of L in the preceeding columns, 

      % must swap those results, too.

      dummy3 = L(1:j-1,j);

      L(1:j-1,j) = L(1:j-1,maxj);

      L(1:j-1,maxj) = dummy3;

      % don't need to switch U, because we haven't filled in any rows of U

      % beyond this point yet

   end

   % TempPRoduct and ACopy will be pivoted now if pivoting needed: can use

   % previously computed products of rows of L with columns of U to compute

   % new elements of U, L

   U(j,j) = TempProduct(j);

   for (i=j+1:n)


   L(i,j) = (TempProduct(i))/U(j,j);            

   end

end

% test (disabled)

%L

%U

%L*U - ACopy

% We now have a an LU decomposition of a row-wise permutation of A

% We must permute B in the same manner to solve the permuted system of equations

for i=1:n

   BPerm(i) = B( PermutationIndex(i) );

end

% now find the vector Y such that LY = BPerm

Y = feval('forsub',L,BPerm);

% now let UX = Y to find the solution to AX = LUX = B

X = feval('backsub',U,Y);

% test (disabled)

%A*X - B

Results

EDU» pivotingsolver(aaa,bbb)

ans =

     1

     2

     3

EDU» 

_71549032.unknown

_71548472.unknown

_71548248.unknown

_60219512.unknown

_60219288.unknown

