MA 355 PDE II

We have looked at algorithms to find numerical solutions to the wave equation and the heat equation.  Now we continue into E&M: looking at Laplace’s equation (Electrostatics in the absence of charge) Poission’s equation (Electrostatics in the presence of charge) and Helmholtz’s equation (Electromagnetic radiation).  Hence, solutions to these equations are important to EE types for antenna design, interference calculations, etc.  To mathematicians, all of them are examples of elliptic equations.

They are written
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Here, f and g are arbitrary functions of x and y: in Poission’s equation, for example, f represents the charge density.

As we shall see, the same techniques solve all three PDE’s with relatively small modifications.

We will start by looking at cases where we want to solve the equation in a rectangle on the place, with the solution values fixed at the border.  <Draw picture>.   For example, if the walls of a box are conducting, then electrostatic fields cannot penetrate, and the electrostatic potential is zero in Laplace’s equation.  In antenna design, we obviously want to look at more complex boundaries, but when we’re done, it should be relatively obvious how we reach them.

We begin with our usual second-order approximation for the second derivative.  We have
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This relationship must be true at every point on the interior of our rectangle, although at the interior edges, we need to use the boundary conditions to compute the outer u’s.

Just as with the Crank-Nicholson method last week (second method to solve the heat equation) we can start forming a set of simultaneous equations.  For example, if we draw a 3x3 interior grid < draw figure 10.16 > we get
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If there are n interior points, we wind up with N^2 simultaneous equations to solve: these can be rearranged to look like a pentadiagonal system
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that is five diagonals are nonzero.  (Note the 1 –4 1 pattern in the center, broken only by zeros where we encounter a boundary included on the right hand side).

We can solve this matrix equation to find the interior point values p.  For smallish systems, LU decomposition is common: for a very large system (10K –1000K) interior points), specialized pentadiagonal solvers are sometimes used.

If the boundary conditions describe more complex shapes, one still holds the fixed values fixed, and builds a suitable set of equations (which will still be pentadiagonal, but have more complex sets of zeros in the diagonal rows).

Sometimes we have fixed values on boundary conditions: sometimes, instead, we have the derviative specified on the boundary, but no actual values (an insulator inside the box, for example).  This is also not particularly difficult to contend with.

Suppose we know that the perpendicular partial derivatives are zero at the boundaries: then (on the right edge of the rectangle)
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We need a solution for the interior edge point
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Here, we don’t know the value of ui+2,j, because it is in our boundary.  But we do know that the derivative vanishes here, or that
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Now we can fill in the equations in our matrix correctly.

This approach can be extended to Poission’s and Helmholtz’s equations.  In the case of Poisson’s equation, all we have to do is replace the Laplacian
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Since the g doesn’t depend on the solution we find, we just make the appropriate solutions into the right hand side of the matrix equation and solve it as before
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Helmholtz’s equation is not much trickier: we have
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so we get
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. . . and there you are.

The book discusses iterative methods to solve these equations.  These use less memory, at the cost of more CPU time.  Up to the early 90’s, they were very popular, but memory is now quite cheap, outside of the embedded space.  The only places you might see them today are in the embedded space, or in really old legacy code.  Not too complex: look ‘em up if you need ‘em.

Homework: Write a program to solve example 10.5, and verify that your solution agrees with the book’s.  And prepare questions for next week.  If there aren’t enough questions, I’ll give a lecture on fourier series and DSP.

Review For Exam

1) Bisection Algorithm

A) Describe algorithm

B) Describe limitations

2) Vectors, Matrices, and Systems of Linear Equations

A) Compute vector and matrix problems

B) Use gaussian elimination to solve systems of LE

C) Describe LU decomposition, advantages over Gaussian

3) Curve Fitting

A) Determine basis function

B) Set up matrix equations

4) Differentiation

A) Derive second order formulas

5) Integration

A) Describe various algorithms (Trapezoidal and Simpson’s)

6) Differential Equations

A) Describe Euler method

B) Discuss advantages of RK, Predictor-Corrector

C) Describe how to extend Euler, RK, PC from 1st to other orders

7) PDE’s

A) Describe finite difference algorithms

B) Discuss CFL condition, numerical instabilities.

Emphasis on same material as first two exams, but a little less emphasis on programming, more on computation (where possible) and theory.
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