Partial Differential Equations

Partial differential equations represent a third, perhaps more, of the applications of Numerical Analysis.  We won’t do more than introduce you to the fundamentals, because it’s taken all semester to get you ready for them.

Partial Derivatives: A Review

A partial derivative is the rate of change in a function of several variables that results from only one of those variables changing.  This is often referred to as the change in the t-direction, where t is the partial derivative active variable.  The mechanics of partial derivatives are easy: the consequences are not. 

Mathematically, partial derivatives are just like ordinary derivatives, except that only the “active” variable is included in the differentiation: everything else is treated as a constant.  So, for example
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In all three examples, the function describes a two dimensional surface – the same in the first two, and a different surface in the third.  The first example gives the slope of a tangent to this surface if the tangent is parallel to the x axis, and the second example gives the slope of a tangent to this surface if the tangent is parallel to the y axis.

Partial Differential Equations

We’ll consider only the simpler PDE’s in class: we’ll see quite enough complexity in those.  In general, we’ll consider 2D second-order equations, that is, equations that can be written as
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Here we have followed standard notation in using subscripts to indicate “differentiation with respect to”.  A,B, and C are constants.  X and y are variables, which we may repalce with anything relevant to out \equation (x and t, or whatever).  F is often called a forcing function: frequently, the right hand side represents a physics equation (Columb’s law, for example) while the bounary conditions and forcing function represent the conditions of this specific problem.

We will consider three specific problems: a vibrating string with fixed endpoints; an insulated rod whose ends are held at a constant temperature, and Laplace’s equation for electrostatic potential.  We’ll solve each in two dimensions, to keep our math simple.  The extension to 3D or 4D is not terribly difficult.  We’ll use very simple boundary conditions for each one: more complex BC are commonplace in reality, and make designing good PDE code something of an art form.  But this should give you a good foundation for such work in the future.

Finally, we’ll see that even these simplified algorithms have some surprising weaknesses, that have to be coded around.  So overall, this will give a pretty good introduction.

Finally, some mathematical classification terms (although these matter more for finding analytic solutions for test purposes, than for finding good algorithms).

1) If B2-4AC < 0 (The vibrating string) the equation is called elliptic

2) If B2-4AC = 0 (the heat equation) the equation is called parabolic

3) If B2-4AC > 0 (Laplace’s/Poission’s/Helmholtz’s equations) the equation is called hyperbolic

The Vibrating string

After some physics, one can show that a vibrating string with fixed endpoints (Draw picture) has a height u(x,t) that is governed by the PDE
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Note the error in equation 5 (.   
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 and T represent the density (mass per unit length) and the tension, respectively: we can divide by the density to give
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This is a hyperbolic equation (A = c2, B=0, C=-1, f=0, so the discriminant is positive) We are assuming that the string can move only in one plane.  We furthermore assume that there is no friction or damping.  For boundary conditions, we assume that the string has endpoints at x=0 and x=a, and that the string does not move at these endpoints (u(0,t) = 0; u(a,0) = 0).  Next, for initial conditions (which are effectively boundary conditions in time) we assume that we know the initial position and velocity of the string at all locations
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Finally, we’ll assume that we want to solve for the motion of the string during a time interval starting at 0 and running to b.

We start by finite-differencing in both time and space.  That means we divide the interval 0<x<a up into intervals of width dx, and the interval 0<t<b up into intervals of width dt, producing a grid (note that the grid is rectangular, but does not have to be square)

The solution to the first row of x’s is obvious: it’s just the initial condition u(x,0) = f(x).  How can we find the other values?

Try using the central difference formulas for the partial derivatives
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which asserts that the values of u at three vertical points are related (graph)

Also, we have
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which asserts that the values of u are related at three horizontal points.  Since wer’re solving for u on a grid of x and t values, we can use i as an index in x and j as an index in t: 
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We put these two expressions together in the original differential equation and we get
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Finally, we multiply by dt2 and make the substitution
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Note that everything on the left hand side is on one row of t (all the same j) while the right hand side includes both previous rows of j.  If we ever have two rows of j together, we can use this equation to get the next, and so forth.  (Draw grid)

Since we have the first row ui,1 from the initial condition u(x,o) = f(x), we just need the second row (rather similar to how a predictor-corrector needed to be jump started).

To get it, we’ll assume that f(x) can be differentiated numerically (not a big leap unless we’re math nerds).

Taylor’s series tells us that
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So we can get an approximation for the second row (first is u(x,0); second is u(x,dt); third is u(x,2dt) . . . .) if we can get an approximation for ut(x,0) and u​tt(x,0).  Fortunately
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We put these together to get
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Now we have the first two rows, and can use the main difference equation to find all the others.

< Develop matlab code, plots onscreen.  Use program 10.1, example 10.1 values, mesh and contour functions.  Discuss rotation of mesh and surface plots, nature of contour plots)>

< introduce numerical instability: 
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.  Discuss exponential growth, need for detailed understanding of stability properties of any algorithm before use>

Could now solve other problems: string in a breeze, for example (forcing function is constant)

The Heat Equation

After some more physics, we get the 1D heat equation
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with initial conditions
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and boundary conditions
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This describes a 1D rod, whose ends are held at constant temperatures c1 and c2.  No other heat is allowed to enter or leave the rod (that would produce a nonzero forcing function, and would require appropriate modifications to the derivation).  The rod has some initial set of temperatures f(x).  c in this case is related to the specific heat of the rod, e.g., how fast heat is transferred through the rod. 

As before, we divide x and t into a rectangular grid, 0 < t < b and 0 < x < a, of size dx x dt.

And, as before, we use the finite difference formulas:
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Note that our t-approximation is only first order: we’ll return to the consequences later.  Substituting, and using our usual i-j notation, we have
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We can solve this equation for the furthest-forward row to get
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Since we used a first order formula, we don’t have to do a lot of extra work to the method kicked off: the right hand side involves only the current row, not the current row and the last row (Grid).  We used a first order formula because we can’t use the PDE to get an estimate for the second derivative, which we’d need to use a second order formula.  This means that we expect to have all kinds of trouble if dt gets very large.

<Develop codes, plot solutions.  Show relaxation>

<Show instability when r > 0.5.  Discuss unfavorable scaling of x resolution versus t resolution induced by this condition>

Improved method: Crank-Nicholson
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