MA 355 Numerical Integration

Chapter 6 Questions

Programming Assignment Questions

Differentiation & Integration: Compare and Contrast

1. To do Differentiation, had to go back to definition.  Same for Integration.

2. Did differentiation by forming an approximating polynomial, then differentiating polynomial.  Will do same for integration.

3. Only used differentiation for functions that couldn’t be written down: we use integration for anything we can’t integrate analytically.  But there is still error in the process, so we still prefer the pencil and paper solution if we can find it.

4. Differentiation was hard because of tension between roundoff error and truncation error.  Case for integration is better: less sensitive to roundoff error.

Integration: Introduction

Mostly the same info as book, but in a different order.  Specifically, I’ll cover each method from start to finish, while the book emphasizes the relations between them by deriving the first part of each method, then the second, and so on.  I won’t go into nearly as much detail about error analysis as the book does.

Numerical integration is only for definite intervals.  A definite integral measures the area under a curve, between two endpoints <picture>.  Let us return briefly to the definition of an integral: a definite integral of a function f(x) between limits a and b, is written as


[image: image15.wmf]
In pictures, this means that we divide up the area between a and b into a series of rectangles, and let the number of rectangles become infinite.
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We call each rectangle a subinterval.  As long as the rectangles are finite, there is error in the integration over each subinterval.  The standard formulas for integration were derived from this process, but not all function – not even ones composed of elementary functions – can be integrated by means of the standard formulas.  As an example, from your book, the function
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cannot be integrated by pencil and paper methods.  Functions that can’t be written down (experimentally observed functions, for example) are also impossible to integrate by pencil and paper methods.

One can instead, on a computer, approximate the rectangle construction process, using a finite number of steps of width h (still called the stepsize).  This process will obviously produce some error, but may give a satisfactory approximation.  This process is called “Quadrature”, and it looks like this:
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This simplest quadrature algorithm, which I’ll call “the naïve formula” approximates the function across the interval by the value of the function on the left, as we showed earlier.  The error in the sum can be shown to be of order h.

It is helpful to contrast this procedure’s sensitivity to stepsize to that of differentiation. Intuitively, as we make h smaller, the error from a mismatch between the function curve and the flat lines (truncation error) should get smaller.  In numerical differentiation, we quickly ran into a limit as to how small h could get for the derivative at any level, because we were dividing a small number by another small number.  In Quadrature, this issue, while present, is much less serious, because we’re doing no division, and only one of our numbers (h) is small.

However, the smaller we take our stepsize, relative to the width of our interval, the more steps we have to add up.  This can require much more time than is convenient, plus, if we take too many steps, even a small error on each individual step can add up to a large total error.  Again, we address this issue by looking for more sophisticated formulas which have less error for a given stepsize – same answer, but a different reason, and we have a little more room to maneuver.

Polynomial Quadrature formulas

For stepsizes large enough that machine roundoff error is insignificant, our error is dominated by the fact that the function changes over each subinterval.  Our simple algorithm assumed it was a constant at its starting value.  We get a more accurate answer if we don’t use a constant function to approximate our function’s value over each subinterval.

[image: image10.wmf]Many schemes of varying sophistication have been worked out over the years, and given special names:  your book defines them all at once, then derives them all at once, then applies them all at once.  Instead, we’ll take each one all the way from start to finish, in turn.

Trapezoidal Rule

The trapezoidal rule approximated the function by drawing a straight line between its’ endpoints over the subinterval;

(The trapezoidal rule derives its name from the fact that each segment is a trapezoid.)  It is more accurate that the naïve formula by the shaded area.

The definite integral of the function over a subinterval is now
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which is also the average of f over the interval. Effectively, we have taken into account the function f and it’s derivative f’ in each subinterval, and have neglected all higher-order terms in the function’s variation.

Now we take the integral of our function over a desired interval [a,b] by picking a step size, splitting the interval up into M=(b-a)/h subintervals, using the trapezoidal rule to integrate over each subinterval, and sum the result:
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It can be shown (Corollary 7.2) that the error in the sum goes as h2.  We skip the proof here: it is somewhat time-consuming.  The important thing to note is that the error decreases with stepsize, and goes as the square of the stepsize: this is better than going as the stepsize, and implies that we can get an acceptably small error for the integration with a significantly larger step.  That in turn implies that we can integrate the function faster.

Simpson’s Rule

The Trapezoidal Rule approximated the function by a straight line, e.g., it took into account f(x) != 0 and f’(x) != 0, but it assumed that all higher derivatives of f were 0.  The locaical next step is to consider the second derivative.  As we saw last chapter, that means we need a three point formula, at least. If we keep h fixed, this means that our subinterval is now two stepsizes wide, which we’ll call a “double subinterval”.  We’ll evaluate f(x) at x, x+h, and x+2h.  We fit a parabola between these three points and integrate the parabola to find the value of the integral over the double subinterval.  It is convenient to use the Lagrange polynomial to find the parabola’s coefficients.
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Now we have a better approximation for the integral of the function on each double subinterval:  We choose an h to give us 2M subintervals, or M double subintervals, and we have, when we sum over all the double subintervals, 
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It can be shown (Corollary 7.3) that the error in Simpson’s rule is of the order of h4.  To be more specific, if we used 100 steps to compute an integral using Simpson’s Rule, we would expect to need approximately 10000 to get the same accuracy using the trapezoidal rule, and 100,000,000 using our naïve initial formula.  Again, this lets us reach a given error with a bigger stepsize (e.g., fewer steps, and hence less time!)

Newton-Cotes Formulas

In deriving Simpson’s rule, we used the Lagrange polynomials to fit a polynomial through three points, which effectively let us take into account the first and second derivatives of f over the interval,, as well as its initial value.  One might expect that one could go on taking more points, to get higher order polynomial approximations, to get still more improvement.  One would be correct!  The four and five point approximations are known as Simpson’s 3/8 rule, and Boole’s rule: they are shown in Theorem 7.1  They are dervied in precisely the same way: we use the Lagrange polynomials to build an approximating polynomial over each subinterval, then integrate the approximating polynomial analytically.  

It is rare for someone to take this approach beyond the five point forumla (Boole’s rule): all the subsequent ones involve subtractions, as well as additions, in the numerators.  Since it is hard to take small differences without losing precision, they suffer from high numerical instability, just like numerical differentiation, and are rarely used.  Fortunately, there is a better way.

Adaptive Quadrature

Suppose our function is varies quickly in some places, and slowly in others (a cometary orbit, for example).  Where the function is nearly constant, we waste a lot of time taking small steps, just to make sure that our stepsize is “small enough” when we hit the fast changing areas.  

We can address this by using an adaptive stepsize, as shown in section 7.4.  The details of this are something you can look up when you need one, but we’ll cover the cartoon version of how they work in case you need to maintain one. 

What we do is to split the function into fairly large subintervals, compute the integral over each subinterval, and then test the result to see if our subinterval was small enough.  If it is small enough, we use it: if it fails the test, we halve the step size, divide our subinterval into two sub-subintervals, and repeat this algorithm on each of them.

What test do we use?  Well, we’re trying to find out if our starting stepsize was small enough to give us an accurate answer over this particular subinterval.  If it is small enough, then the integral over the entire subinterval should be equal to the interval over each sub-subinterval
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By contrast, if h is too large, it is very unlikely that this relationship would be satisfied accidentally.  So our test is that the integral over the sub interval should be within a tolerance of the sum of the integral over each subinterval
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This is a somewhat expensive test, but it can be worthwhile if the function we’re integrating has only a few areas of rapid change: it also lets us be sure we’re not guessing as to what a correct stepsize is.  As a result, you do see adaptive routines used fairly frequently.
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