MA 355 Midterm Exam #2

11/10/03

Problem 1: (15 Points)

X
-1
1
2
3
4
6

Y
0
3
4
3
0
-5

a) (10 points) The above data table represents a set of six measurements of a function f(x).  If we decide to fit f(x) by an approximating polynomial using Lagrange polynomials, we must construct all six of the Lagrange polynomials L5,k(x), where k goes from 0 to 5.  Construct L5,3(x) from the X values, making all necessary substitutions.  You may leave the numerator unsimplified.
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b) (5 points) Write down the approximating polynomial in terms of the six functions L5,k(x) and the values of Y given above.  
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Problem 2 (25 Points) 

X
0
1
2
3
4

Y
-1
3
4
3
-1

Consider the above set of five points: let us assume we have reason to believe that they represent a parabola y = ax2 +bx +c.

a) (5 points) Write down the general matrix equation which can be solved to find the coefficients for a linear fit to an arbitrary set of basis functions.  (The matrix form of the normal equations).  The matrix equation should describe how to fit N points with M arbitrary basis functions.
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b) (5 points) In the above formula, what three basis functions do we choose to perform a least squares fit to any parabola?

Since we are trying to fit the three coefficient polynomial  y = ax2 +bx +c, we look at the things that multiply our three coefficients.  C is multiplied by 1, so one basis function is f1(x) = 1.  B is multiplied by x, so our second basis function is f2(x) = x.  And a is multiplied by x2 so our third basis function is f2(x)= x2.

c) (5 points) Using those three basis functions, substitute values from the table above into the equation from part (a) to produce a matrix equation which, when solved, gives the coefficients a, b, and c.

Substituting X and Y values from the table, we have
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Several of you found the same matrix (bar row and column permutations) from the quadratic fit formula.  The difference here is that the F’F formulation is a recipe for finding the equivalent set of equations for any basis function, polynomial or otherwise.  And it is just as easy to remember, and to program.  Unsurprisingly, the set of equations it finds in the quadratic case matches the set of equations found by other means.

d) (10 points) Solve the matrix equation in problem 4c for the coefficients a, b, and c.  If you did not solve problem 4c, you may instead solve the following matrix equation for partial credit: 
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Alternatively, if one solved the partial credit matrix
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Problem 3: (20 Points)

From Taylors’ Theorem, derive the centered formula for the first derivative of a function f(x) accurate to O(h2) for an arbitrary positive stepsize h.

Use the Taylor’s series expansions about x to find f(x+/-h)
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Problem 4: (20 points)

Using a second order formula, compute the following (you may use a calculator, or leave the function unevaluated, but be clear about what evaluations you are doing if you use a calculator)

a)
[image: image9.wmf]0.1

 

h 

 

and

 

)

(

 

 where

)

1

(

3

2

2

=

=

x

e

x

f

dx

f

d



[image: image10.wmf]01

.

0

2

2

)

(

'

'

3

3

9

.

0

1

1

.

1

2

1

0

1

e

e

e

h

f

f

f

x

f

+

-

=

+

-

=

-


b)
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Problem 5: (20 Points)

The following code is intended to be a MatLab m-file that applies Simpson’s composite rule to an arbitrary function f(x) (a separate M-file).  The developer has made at least three errors: find and fix them.  Make your corrections clearly, and explain why you’ve made them in the margin.

In addition to the three algorithmic errors I introduced deliberately, I accidentally introduced two syntax errors as well.  Corrections are in red.  Congratulations to those who found them all!

Many of you appear to be confused by the handling of odd and even terms.  Note that 2*k is even for any k, regardless of where the index starts, and 2*k-1 is odd for any k, also.

Function s=compSimpson(func, leftEnd, rightEnd, numSteps)

% This function uses Simpson’s composite rule to

% compute the definite integral of a function

% to terms of order of stepsize ^ 4 

% Inputs

%
- func is a string containing the name of an m-file 

%

taking one argument (x) and returning f(x)

%
- leftEnd is the left endpoint of the interval

%
- rightEnd is the right endpoint of the interval

%
- numSteps is the number of double subintervals 

%

into which the interval will be divided.

% internal variables

%
- h: stepsize

%
- EvenSum: sum over even-numbered intervals

%
- OddSum: sum over odd-numbered intervals

% compute the stepsize

h = rightEnd – leftEnd/2;

h=(rightEnd – leftEnd)/(2*numSteps);

% sum up the odd terms

OddSum = 0;

for k=1:M

for k=1:numSteps


% find the odd x’s


x = a + h*(2*k-1);

OddSum = OddSum + feval(func,x);

End

% sum up the even terms

EvenSum = 0;

for k=1:(M-1)

for k=1:(numSteps-1)


% find the even x’s


x = a + h*(2*k-1);


x = a + h*(2*k);

EvenSum = EvenSum + feval(func,x);

End

% include the endpoints

temp = (h/3)*feval(func,leftEnd) + (h/3)*feval(func,rightEnd);

% return the result

s = (4*h/3)*(EvenSum + OddSum) + temp; 
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