MA 355 Differential Equations: Part II

In our last lecture, we introduced Euler’s method for finding the solution to an initial value problem
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Namely, we generated a series of points using the relation
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and referred to the curve so generated as the solution to the initial value problem.

We then looked at Runge-Kutta methods, specifically, 
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Advanced Methods: Predictor-Correctors

Euler’s mothod and Runge-Kutta methods are both called single-point methods, because they evaluate the function only within the step.  It is possible to get fewer function evaluations (more efficiency) and lower error (larger steps, again implying more efficiency, with a predictor corrector algorithm.  This algorithm marries curve fitting to Taylor’s Series: the derivation is beyond us, but the result is easy enough to explore.

In words, what we do is take the last few points of the solution, and use them to construct an extrapolating polynomial using the Lagrange polynomials.  The extrapolating polynomial is used to predict the next value of the solution.  Once we have this prediction, we can use it, and the differential equation, to compute a final value for the solution on this iteration, called the corrector step.

In pictures, we reprise Figure 9.10.

The result is that to compute the k+1’th term in the series, one first constructs, from the previously located values, the predictor
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We then use this predictor to evaluate the differential equation at the new point,
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yielding the final corrected value
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This method is O(h5), rather than O(h4) for RK, and it actually runs faster, since the function needs to be evaluated twice per step, rather than four times.  However, you need the first three points to start the method: usually, RK is used to set the PC up, then PC is used for the rest of the trajectory.

Higher-Order differential equations

So far, we have only tried to handle differential equations involving the first derivative.  Most useful differential equations, however, involve second order derivatives (or sometimes higher).  Newton’s law comes to mind.  A second-order differential equation will frequently often contain first order derivatives as well, so one might see something like
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Following your book, we have changed from y to x for a reason that will soon be clear.  More generally, a second order equation will look like
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This is a more complex function, depending on three things (t, y, and y’) rather than two.  You might therefore guess (and it is true) that you need more information to “nail down” the specific curve out of all the possibilities: we need one extra initial condition (usually the value of the first derivative at our starting position) to completely specify the curve we’re looking for.  
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But how do we solve this?  We could try to go all the way back to the Taylor’s Series and derive a new formula (which would be complex) but there is a faster way: we can convert this problem into a set of first order equations, which we already know how to solve!  We create a new function y(t), which we define to be 
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Now x’’ = y’, and our earlier equation becomes the pair of equations
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But this is just two first order initial value problems!  We solve both equations, one step at a time, using any method we already know (Euler, Runge-Kutta, Predictor-Corrector), then use the values we found on that step for our next step, as before.

In other words, we take
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in the Euler Formulation, or a similar formulation using Runge-Kutta (See Sect 9.7, equation 8)

Example Second-Order system

Let’s set up the problem
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We take x’=y, and we get
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So, with h=0.1, we would get
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etc.  The x sequence is the trajectory/solution we want to our original differential equation, and the y-sequence is just something we accumulated along the way to help us calculate the x!

Boundary Value Problems

So far, we have used the function value and slope value at some point to start calculating a trajectory.  Sometimes, however, we just want to say that the trajectory goes through two points, and not specify the initial derivative

For example, suppose we’re designing a suspension bridge: we want to specify the heights of the suspension towers and the length of the suspension cable, and we need to do so in such a way that we can control the height of the roadbed, which will lie along the minimum of the resulting curve.  But what is that curve?
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We could figure out the differential equation by consulting a good physical, mechanical, or civil engineer, but we want to specify two points the curve goes through (the tower tops), and solve for the shape of the curve, rather than somehow figure out what slope it has at either tower! 

For now, let’s look at strategies to solve this type of problem in general, and their pitfalls. 

Linear Shooting method.

Suppose we are looking for a solution to a differential equation of the form
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How could we find the specific curve, having the general shape defined by the equation, that goes through both endpoints?   It’s not particularly obvious, but let’s try to turn our BVP, which we don’t know how to solve, into two IVP’s, which we do know how to solve.

The first is to solve the IVP
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We can do this, because we know how to solve IVP’s.  We’ll see how this helps us in a minute.

We also need to solve the IVP 
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Again, since this is an IVP, we can solve it, using RK, or whatever other method we like.  Now that we have these two solutions to two IVP’s, we can construct a solution to the BVP we are trying to solve as follows:
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where C is an as yet undetermined constant.  If we substitute this back into the differential equation, we should get a solution, since u(t) is already a solution, and v(t) is a solution when r(t) = 0, and can therefore be added to the u(t) solution without breaking the equation.  We can prove this with a little algebra:
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Since the last line is our original differential equation, if we can solve the two IVP’s, we can solve the BVP.  In fact, we have nearly done so: all we need to do, other than solve the IVP’s, is pick C so that the boundary conditions are satisfied.  At t=a, we have
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Once we have the solutions u(t) and v(t), we know u(b) and v(b) and can solve the bottom equation for C: specifically


[image: image22.wmf])

(

)

(

)

(

)

(

b

v

b

u

C

b

Cv

b

u

-

=

+

=

b

b


And now we’re done.

For example, to set up the solution of the problem
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we would set up the machinery in the following way: we define  
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Now we define the initial value problems
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and
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Next, we have to solve both IVP’s on the interval [0,4].  We’ll set up the first one, getting the pair of first order equations
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This pair, and a similar pair for v, are now solved with RK or some other ODE solver, yielding a set of t-u and t-v pairs, including u(b) and v(b).  Using those last two points, we can find C, and now construct a set of X’s that satisfy both the DE and the boundary conditions.

Finite Difference Methods

There is another way to approach BVP’s which probably works slightly less accurately than the Linear Shooting method, but which is usually faster, and which extends much more easily to partial differential equations, so we’ll mention it here.

Rather than try to convert the BVP 
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into two IVP’s as in Linear Shooting, we go back to numerical differentiation and substitute in the second order numerical derivative formulas
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where we have used the notation subscript-j to indicate a function evaluation at the j’th time interval.

If we substitute these back into our DE, we get
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This is, if we look at it closely, an N-row matrix equation involving one row for each interior point on the interval: to see this we write the first few rows out (using the left end boundary condition and the right end boundary condition in the right hand side of the first and last rows)
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Note that so far we have left the first and last rows along, as these involve the boundaries x(a) = x(t0) and x(b) = x(tN).

Since we know that x(a) = , we know that the first row (j=1) should look like
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So we can fill in the top and bottom rows to get
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This matrix equation can be solved for the solution vector [x], which is the desired solution to the BVP if the matrix is not singular.

Note that this matrix has a special form: only the main diagonal, and the two diagonals to either side, are non-zero.  Such a matrix has a special name: it is called a tridiagonal matrix.  Tridiagonal matrices arise frequently in finite-difference approximations, because special, faster solution routines can be developed for them.  Crout’s procedure was N3/3, while a good tridiagonal solver is of order N.  Since the number of rows is equal to the number of points taken to spawn the range, the improved scaling is obviously significant, and their use is effectively universal in this application.  I don’t want to get distracted by deriving the algorithm here: it is enough to know that Program 9-11 in your book implements a tridiagonal solver, and that MATLAB implements one as . . . 

So the Finite Difference method for boundary value problems involves building a very large tridiagonal matrix and solving it as a set of simultaneous difference equations.  It runs very quickly, unless the storage required exceeds available memory, but it is only second order (while linear shooting can be fourth order.  As we shall see next week, it also extends well to more complex partial differential equations, and is therefore widely used.  

Example:
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Suppose our stepsize is 0.1: then we will have 39 interior points, and N = 39.  We start by converting the DE to the standard form we mentioned earlier,
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We have
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Now we plug into the matrix equation, getting
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(I have also gone back to the equation for the first row and made the appropriate substitutions).

Now that we have the matrix equation set yp, we solve it like any other, and our solution vector x will have 41 rows, containing the solution vector from x(2) to x(6).
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