September 8 MA 355

Questions about chapter 1 homework

Attendance

Today’s topic: How to find the roots of f(x) = 0, that is, the x’s where f(x) = 0

This is a good introduction to the course: it introduces, in miniature, many of the problems we will encounter.  It is also useful, although it will be easier to is easier to see applications of it later in the semester, when we have more tools.

Fields of Application: Science programming (satellite data retrieval and interpretation, GIS algorithms, etc.), navigation (space, naval, GIS), device design (circuit simulation, antenna design), economic and business modeling.

Note that while we consider f(x) = 0, we are really solving f(x) = any specified value C, because we can always solve for g(x) = 0, where g(x) = f(x) – C.
Motivation:

Let’s make the problem concrete: Calculate ranges for an artillery simulation: Simplest version first

Consider a gun firing a projectile downrange
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Start with no air resistance: then we don’t need a computer to find the exact solution:


[image: image17.wmf]
To find how far downrange the projectile goes, we find the t where y(t) goes to zero, then find what x(t) is. This requires only algebra, not any programming.
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Programming gets used when the problem is complex.  Suppose that we include a simple model for air resistance: let air resistance be proportional to velocity, so that any motion sets up an opposing force
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Then a “little" work with second order inhomogeneous differential equations shows (take it on faith)
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Solving y(t) = 0 in this case is rather hard with a pencil and paper.  But we can find several algorithms that let a computer find the correct position to an arbitrary level of accuracy.  We’ll look at one in detail.

Another example is in your book:  the annuity-due equation says that, if you make a regular monthly deposit P, into an account that pays annual interest of I every month, then after N months, you have a total amount saved of
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If you know the monthly deposit P, and the interest rate I, this is easy to solve.  If you have an amount you need to reach in a specified time(retirement, anyone?), you know A and N: then, given P how do you find the required I (rate of return)?  You want to  invert the equation, so that I appears by itself, but it’s a bear to do.  Maybe there’s another way.

Bisection Method

Given an function f(x) which has one zero at an unknown location in an interval [a,b] (so we assume f(x) is continuous, that f(a) and f(b) have opposite signs, and that we know how to evaluate f(x) at every point in the interval), we want to find where it crosses the x axis
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Pick c as the midpoint of the interval.

If f(c) = 0, that’s our root

If f(a)*f(c) < 0, the root is in the left half (opposite signs)

If f(c) *f(b) < 0, the root is in the right half

Repeat until the interval is small enough.

How long does it take/How close can you get?

After 1 iteration, the interval will have shrunk to (b-a)/2

After 2 iterations, the interval will have shrunk to (b-a)/4

After N iterations, the interval will have shrunk to (b-a)/2N.

If we call the center of the Nth interval the Nth approximation to our root, the error in finding the root is no larger than half the width of the interval.  So the error after N iterations is (b-a)/ 2N+1.

This all seems very simple, but there are some practical difficulties.  When will this algorithm run into trouble?

1. If your interval doesn’t contain a root of the equation.  This can happen if you had several roots in your original interval
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F(a) and f(c) have the same sign, and f(c) and f(b) have the same sign, because there are two roots in [a,c].  So a simple algorithm will fail at this point: which half does it go into?  Can find this sort of root, but the algorithm needs to be fairly sophisticated about detecting and handling the condition.

2. If the function touches, but doesn’t cross the axis.
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There is a root between (a) and (c) but the bisection algorithm can never find it.

3. If the initial interval contains several roots (see first diagram), the algorithm will at best find only one of them.  If you want all the roots, you need to start with a set of intervals, each of which contains exactly one root.  But how can you select such intervals since you don’t know where the roots are?

Numerical solution is not a panacea: in particular, the more you can learn about how the function behaves without a computer, the better a chance you have of not being surprised by a weakness in your algorithm.  No known root finding algorithm “always” works: this isn’t cookbook stuff.

Where do we look for roots?

The bisection algorithm needs an interval that contains one root, and has opposite signs at the endpoints: other algorithms have other requirements.   The hard part about using the bisection algorithm is that you need to know where to start looking

You can start by graphing the function:  look at where the graph crosses X-axis and decide on approximately correct intervals by eye, or you can write an algorithm to try to identify candidates.  Be wary: there are many pitfalls!  Here are a few.

1) Graphing software can get confused if the function is oscillating rapidly.
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2) Since no perfect root finding algorithm exists, how do we test that a particular algorithm found a root?  (How long do we continue the iteration?)  Two basic tests for a sequence of roots {pn}

A) Horizontal bounding: we assume that p is a root of f if |f(p)| < (.  Note that this can falsely identify curves that nearly touch the axis, and very flat curves.  Can address the very flat curve issue by adding a requirement that the slope change sign between two points, but curves that nearly touch the axis are a problem.  Physically, however, that may be good enough.

[image: image10.wmf]
B) Vertical bounding: we assume that p is a root of f if |pn – pn-1| < .  May falsely identify places where convergence is slow, but again may be good enough physically.

So, in general, 

1. Understand the expected behavior of your function

2. Check that the result you got handed is reasonable: start looking at convergence criteria, programming errors, etc. only if you don’t get a reasonable answer.

Several other methods are discussed in the book, and elsewhere in the literature.  Numerical Recipes (it’s on the web) is the standard advanced reference for this sort of work. 

Implementing the algorithm (MATLAB laboratory)

; on the end of a line suppresses printing the answer

% is the comment character

I expect good comments and variable names: the example programs in your book don’t qualify.

Functions are defined as m-files: they start with the statement


Function resultName = functionName(arguments)

they must eventually assign something to resultName

M-files should be named with functionName.

M-files, like built in functions, can be called from the main command window

X=functionName(x1)

An m-file can call another m-file, but must use feval to do it

X=Feval(“functionName”, functionArgs)

Fzero(function, a,b) is the MATLAB root finder: it’s fairly sophisticated (uses several methods to get most robust, faster possible solution.  All of the complexities we have discussed in the past still apply to it, but all the complexity lies in picking the right intervals: given those, it will do well on refining the answers.
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