MA 355: 11/03/03 Differential Equations

Review for Exam

1) Lagrange Polynomials
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2) Curve Fitting

A) Least Squares Fits: 

i) Use: fitting experimental curves with error, when the theoretical shape of the curve is known.

ii) Fitting a linear combination of arbitrary curves


[image: image2.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

2

1

2

2

2

2

1

1

1

2

1

1

N

M

N

N

M

M

x

f

x

f

x

f

x

f

x

f

x

f

x

f

x

f

x

f

F

L

M

L

M

M

L

L



[image: image3.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

)

(

'

2

1

1

2

2

2

1

2

1

2

1

1

1

N

M

M

N

N

x

f

x

f

x

f

x

f

x

f

x

f

x

f

x

f

x

f

F

L

M

L

M

M

L

L



[image: image4.wmf]ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

=

ú

ú

ú

ú

û

ù

ê

ê

ê

ê

ë

é

N

M

y

y

y

F

c

c

c

F

F

M

M

2

1

2

1

'

'


3) Numerical Differentiation

A) Know 1st and 2nd order formulas for 1st and 2nd derivatives

B) Derivation of 1st and 2nd order formulas 1st and 2nd derivatives from Taylor’s Series

C) Pseudocode algorithm implementation for 1st and 2nd order formulas for 1st and 2nd derivatives

4) Numerical Integration

A) Derivation of Trapezoidal and Simpson’s rule from Taylors Series

B) Pseudocode algorithm implementation for Trapezoidal and Simpson’s Rule

Differential Equations

The entire class has, in a very real sense, been building to this topic: it includes everything we learned about solving linear systems of equations, numerical differentiation, and numerical integration, in one capstone subject.

Differential equations is a fancy name for a field of math in which the derivatives of functions, as the functions themselves, appear in the equations to be solved.  Some examples would be
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Other applications include economics, business planning, stock options pricing, astronomy, geology, oceanography, electrical engineering, etc.

Differential equations, in general, are hard to solve analytically.  Entire math classes are devoted to them.  We, however, are mainly interested in writing programs to solve them.  We saw with numerical differentiation and numerical integration that the programming approach was so different from the pencil and paper approach that it wasn’t necessary to really know the pencil-and-paper rules to write the programs.  So it will be here.  The algorithms themselves aren’t too challenging to program.

The programming algorithm we’ll derive today is quite short, and simple to implement.  We’ll find more accurate ones next week.  However, you can’t write software without understanding the requirements, so we’ll talk through a lot of issues first, then find the algorithm, then work through some examples.

Initial Value Problems

No integral can be uniquely solved without some information from which the constant of integration can be derived.  Similarly, no differential equation can be solved without some information which allows us to pick the specific member of the family of solutions that solves our problem.  These are called “boundary conditions”.  The simplest boundary condition to solve is called an “initial value problem.  This concept is a little bit subtle.

Consider the orbits of planets around the sun.  These are governed by a differential equation derived from Newton’s law of motion for a small planet circling a large sun
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This differential equation is fairly nasty to solve, though hardly impossible.  It can be shown that the solutions to the differential equation are all ellipses.   Some elipses are oriented one way, and some another.  Some are big, and some are small.  But they all have the form
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The specific orbit (ellipse) of a particular planet is determined not by the differential equation (which forces it to be some ellipse) but by the boundary condition (for this problem, the planet’s initial position and speed.

The initial value determines which, of all the possible solutions allowed by the differential equation, actually appears in our problem.

Initial Value Problems
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An initial value problem is a differential equation where the boundary condition is simply the starting position specified.  In math terms, our differential equation will look like
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where f(t,y) is a known function of t and y(t), and for our initial condition, we’ll say that we know our starting position at some time
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We expect to find a solution to this differential equation, a function we’ll write as y(t) = <something>.  Any curve y(t) that satisfies the differential equation is a possible solution: one of those curves will also satisfy the initial condition, and is the curve that is our solution.  While there can be many possible curves y(t) that satisfy the differential equation, we want the one that happens to pass through y0 at time t0.

(Another way to think about differentials is to think of the differential equation as defining a slope field.  The right hand side of our differential equation is a function of y and t: and the left hand side tells us that it represents a slope of the solution curve y(t).  We can plot slopes at all possible values of y and t (draw picture).  At each point, the drawn slope gives us a clue as to where the curve is going next.  The initial value gives us the starting location that picks a particular curve

Euler’s Method

And now, enough preliminaries.  We want to find a good numerical approximation to the curve y(t) that satisfies the differential equation and the initial condition: we will settle for a series of points that the curve goes through.  We will separate those points in t by a stepsize h, so we will find the value of the function y(t) at some time t0, t0+h, t0+2h, etc.

The first point we can find is easy: we choose the time of our initial value,

Y(t0) = y0.

To find the others, we work forwards (or backwards) from this point

We do this by returning to our old friend the Taylor’s Series.

To get the value of y at t0 + h, we have
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We know the value of the first term on the right hand side from the initial value, and the second term from the differential equation itself: we get
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Everything on the right side involves things that can be found from our initial condition and the differential equation.  We use this equation to find our second point, y1 = y(t0+h).  We get our third point, y2=y(t0+2h) by repeating the process, starting over from our new point
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By repeating this process, we can build up a series of points that should approximately trace out a curve that satisfies the differential equation, and satisfies the initial condition.

Our set of points will not be perfect.  We have truncated the Taylor’s Series, so we have truncation error at each point.  Furthermore, since the first point determines the second (with error) and the second point determines the third (from an erroneous basis, and introducing still more error), errors can obviously propagate nastily in such an algorithm.  We will discuss better algorithms next lecture.

Let’s take a quick look at how big the error can get as we move along the curve..  Whenever we apply Euler’s method, we are making an error that is dominated by the first neglected term in the Taylor’s Series.
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If we consider, for a moment, that the second derivative is constant, and we apply Euler’s method N times, we get an accumulated error term that is
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or, the interval we’re working acoss times a constant times h.  This is called the Final Global Error (FGE) and, for Euler’s method, it is of O(h).

Example

Let us solve the differential equation
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using Euler’s method.

We take f(t,y) = (t-y)

If we choose a stepsize of h=0.1, we get the sequence
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etc.  In practice, the operation is clearly too tedious to work out by hand, so we write a program.  We want to give the program the right hand side of the differential equation, the starting point, the ending point, the initial value at the starting point, and the stepsize: we want to get back a vector of the points our approximate solution went through. We would write two M-files.  The first would compute the right hand side of the differential equation

function r=RHS(t,y)

r = 0.5*(t-y);

while the second would apply Euler’s equation (compare to Program 9.1):

function f=Euler(func,Ivalue,a,b,h)

% number of new points to generate

M = (b-a)/h;

% initialize results vector

Y = zeros(1,M+1);

Y(1) = Ivalue;

For i=1:M


T = a+i*h


Y(i+1) = y(i)+h*feval(func,T,Y(i))

End

F = Y

Runge-Kutta Methods

We introduced Euler’s method for finding the solution to an initial value problem
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Namely, we generated a series of points using the relation
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and referred to the curve so generated as the solution to the initial value problem.

We said at the time that this was an inaccurate method: Euler’s algorithm is only second order at each individual step, which leads to a global error that is first order in the stepsize h.  We also said we would discuss better methods later.  Now is the time.

There are many, many ways folks have tried to find good numerical solutions to initial value problems.  They have differing strengths and weaknesses: we will focus on a family of solutions known as Runge-Kutta methods. 

Runge-Kutta methods come in a variety of forms: the most popular is the 4th order Runge-Kutta method, which I’ll give you right now without proof.  We’ll then look at how to derive the second-order Runge-Kutta method, to give you an idea of where they come from.


[image: image21.wmf])

,

(

)

2

,

2

(

)

2

,

2

(

)

,

(

 where

,

6

)

2

2

(

3

4

2

3

1

2

1

4

3

2

1

1

h

f

y

h

t

f

f

h

f

y

h

t

f

f

h

f

y

h

t

f

f

y

t

f

f

f

f

f

f

h

y

y

k

k

k

k

k

k

k

k

k

k

+

+

º

+

+

º

+

+

º

º

+

+

+

+

=

+


As an example, we’ll look at our sample differential equation from last week,
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For our first point, we have y0 = 1 as before.  For our second point, with a stepsize of 0.1, we have
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Neither Euler’s method or Runge Kutta is quite right, but Runge-Kutta is much, much closer – about a factor of 100 closer.  Runge-Kutta will diverge from the true solution much more slowly as we take more steps. 

Derivation of Second-Order Runge-Kutta methods

The fourth order Runge-Kutta method is obviously somewhat more complex to program than Euler’s method, but not greatly so.  Compared to other complex methods, it is simple, reasonably accurate, reasonably robust, and not particularly prone to the numerical instabilities we’ll discuss later: it is a popular choice in the field, and widely used.  But why does it work?

The math behind it is rather tedious to go through: we’ll derive the simpler second-order Runge-Kutta method to see how it works (that will be hard enough!), and then move on.

First, we need to remember a theorem from advanced differential calculus, because we’ll need it in a minute.  The “Chain Rule”, for differentiating functions of independent and dependent variables, says that
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Now, it should come as no surprise to anyone who has stayed awake this semester what happens next.  We have a simple, low-order approximation (Euler’s method) we derived by chopping off the Taylor’s Series.  We will improve it by keeping more terms in the Taylor’s Series, as we did for differentiation and integration.  So let’s look at Taylor’s Series again: we have
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When we derived Euler’s method, we ignored the term in y’’: to improve the accuracy, we need to find some way to evaluate it instead.  That way is the chain rule.  We remember that y’(t) = f(t,y), and differentiate both sides


[image: image26.wmf]dt

dy

y

y

t

f

t

y

t

f

y

t

f

dt

d

t

y

dt

d

t

y

¶

¶

+

¶

¶

=

=

=

)

,

(

)

,

(

)

,

(

)

(

'

)

(

'

'


Now, we can substitute this value to get rid of y’’ back into Taylor’s Series, getting
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At first glance, this is not a very promising formula.  If we have an explicit form for f(t,y), we can presumably compute the partial derivatives by hand, but then our formula (and our code) will have to be modified for each new differential equation to be solved: it would be very much preferable to have a formula that could be automated for all first’order differential equations.  We’ll put this formula in a box for a moment, and come back to it.  

Instead,  we get clever and guess at the right answer.  All we really know how to calculate is f(t,y), that is, y’, at any t and y.  Having a formula in terms of other things, like partial derivatives, doesn’t help until we can write them in terms of this function f.  So we make an assumption (we’ll prove it is valid in a minute) that y(t+h) can be written as a combination of f(t,y) at various points.  Specifically, we write
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This looks very much like Euler’s method, if A=1 and B=0.  But now we’ll let A and B be arbitrary numbers (we’ll figure out exactly what soon).  What is f1?  We choose 
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Here, P and Q are arbitrary numbers again (whose value we’ll pick in a minute, but we can also look at what is happening here. f1 is an expression for the derivative of y at some new point, one which looks (if P=Q=1) like the the derivative of y at the point we would have reached if we were just using Euler’s equation.  But we still haven’t decided what A,B, P, and Q to use to make these equations more accurate that Euler’s equation, or even shown that there is such a choice!  To nail down A,B, P, and Q, we need to take one more step: namely, we write f1 as an expansion of f0, using the Taylor’s Series again.  We have to adapt it slightly for a function of two variables: we do this by computing a Taylor’s Series for f(t,y) as if it were a function only of t, and then as if it were a function only of f, and combining these.  We would get
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(The generalization of Taylor’s series to a function of two variables is obvious, if somewhat hard to prove).  Now, we substitute this formulation for f1 back into our guessed formula, writing
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Now, we compare our guessed formula to our original Taylor series expansion
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and we see, equating terms with the same partial derivatives of f, that for the two equations to be equal, the following equations must be true
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We have four unknowns (A,B, P, and Q) and three equations.  While in other circumstances this could be annoying (we don’t have enough equations) here it is positively friendly: there are many possible combinations of A,B,P,and Q that make our guessed formula accurate to second order, not just one.  

What we have done is to guess at the form of a more accurate solution, compare it to the Taylor’s Series we used to find Euler’s method, and find that we can make several choices for A,B,P, and Q that produce a formula that eliminates the second-order error term in Euler’s method.  If we pick one of the variables to be anything at all, and determine the other three from the equations above, we have a new member of “The Runge-Kutta family of second order methods”.  

To better understand why this works physically, rather than mathematically, let’s look at one choice: specifically, A=0.  Using the three constraint equations, we then know that B=1, P= 0.5, and Q = 0.5.  Then the formula becomes
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If we look at this formula more closely, this is the Euler formula, except that instead of finding the derivative at the starting point, we are taking into account that the derivative varies over our stepsize, and choosing it’s value at the midpoint of our step, rather than at the start.  This in turn means that we are using a more accurate value for the derivative over the stepsize (average deviation should be less).   We can find the midpoint in t easily, and we have very cleverly used Euler’s method to guess at where the midpoint in y is.  This gives us a more accurate result.

The fourth order Runge-Kutta formula we gave earlier,
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is a more complex development along the same lines: we use Euler’s method to generate what we are here calling f2, use f2 to generate a better guess for f3, and f3 to generate a better guess for f4.
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