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The numerical investigation of the radiation emission by a system of two magnetically coupled, long
Josephson junctions is reported. Time-dependent synchronized voltage response in the flux-flow
regime is analyzed for the case of in-phase and out-of-phase oscillations in the junctions.
Simulations show that Josephson junctions operating in the in-phase flux-flow mode may generate
rf radiation power by a factor of more than 4 larger than that of a single Josephson junction. The
radiation in the out-of-phase flux-flow mode is characterized by nearly completely suppressed
amplitudes of odd harmonics and considerably damped even harmonics as compared to that of a
single barrier junction. The dependence of the radiation power on the parameter spread between the
junctions is investigated. The advantages of using stacked Josephson junctions as oscillators for the
sub-mm wave band are discussed. 1896 American Institute of Physics.
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I. INTRODUCTION whereas in practice it is more appropriate to compare it with
the power of the single, uncoupled LJJ with the same param-
Long Josephson junctiondJJ9 operated in the flux- eters. Below we will see that this difference is crucial.
flow mode were found to be attractive for applications suchStacked LJJs can be described by the model used in Ref. 7
as sub-mm wave-band tunable local oscillaftidhe per-  with the magnetic coupling parametar<0. The opposite
formance of such an oscillator is limited by the rf power sign of the coupling parametex>0,” which results in the
available for pumping a nonlinear detector, e.g., an SlS‘hyperradiance” effect, is physically irrelevant for stacked
mixer. It is well known that one can achieve higher radiationjunctions. In this paper we report on enhanced superradiance
power using an array of coherently operating devices. It hafor in-phase locked LJJ stacks and propose an explanation
been shown theoreticaflyand experimentalfy that, in a  different from that of Ref. 7.
stack of magnetically coupled LJJs, chains of fluxons mov-  The paper is organized in the following way: The basic
ing in different layers can be mutually phase locked. equations describing the physical system are introduced in
In the simplest case of the twofold Josephson tunneBec. Il, followed by a presentation of the simulation tech-
junction stack, both the in-phase and out-of-phase lockediques in Sec. lll. In Sec. IV, simulation results for flux-flow
modes can be realizédBoth these modes have been ob-modes in single uncoupled Josephson junctions and for
served experimentally in NHAI/AIO ,—Nb), stacks It has  double junction stacks are presented. Finally, conclusions are
been predicted that the in-phase flux-flow mode multiplieggiven in Sec. V.
the power of flux-flow oscillator§’ whereas using the out-
of-phase mode can double the main radiation frequency of. THEORETICAL MODEL

the oscil!ator‘? _ _ _ The theoretical model describing the dynamicNefold

In this work we report systematic, numerical studies Ofgiacks of magnetically coupled LJJs was developed by Sakai,
the ac response of twofold stacked oscillators. The first threg,4in  and Pedersehin the present work we apply their
harmonics of ac voltage are investigated for both the iny,qel to twofold stacks and extend it including the case of
phase and out-of-phase flux-flow modes and compared Wit} ;35 with arbitrary parameters. The system of partial differ-

that of a single LJJ. Moreover, we study the dependence Qfpia| equation¢PDES describing the dynamics of the stack
the ac voltages and its harmonic content on the spread ¢f

parameters such as damping and critical current density of
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SuperscriptA and B refer either to the junctiond andB,

called J4 and J9% subsequently, or to the bottom and top ~ t=wpt; X=X/\5; y= jJ—A; ®
superconducting electrode. The subscriptandt indicate ¢

partial derivatives. Each equation in the above system of L 1 1

PDEs resembles the usual sine-Gordon equation but includes ahlB= 2|B A 9
an additional coupling term proportional to the second de- Ye ‘/'8 RAIB /277 JAIBCA|B

rivative of the phase in the neighboring LJJ. The spatial co- R @,

ordinatex and timet in Eq. (1) are given in conventional The normalized boundary conditions in the case of annular
physical units. The paramet&f/® is the Josephson penetra- geometry can be written as

tion depth of the junctiom or B, wA® and w?/® are the AlB AlB AlB
plasma frequency and the characteristic frequency, respec- ¢ x=0= " |z — 27N
tively, d'AB is the magnetic thickness of the corresponding A\B| A|B| (10)
JJ. These parameters are given by the relations x=0 =
wherel =L/\;, with L being the junction lengtkcircumfer-
NAlB= [%o ?) ence. For the linear geometry the boundary conditions in
27 uo JABd’AB' real units are
27 A8 A _2m oA
“’QlB: (}Toé—cAr; 3 ¢x|x:o,L—30 HA®,
11
AB_2T _ABAB. o _OL:Z—W HAB .
e _30 RN c 4 X IX=0, (I)O '
AL gm where
d’'AB= )\(coth—+coth—) (5) gm qAB
AAB=)\ tanh - +tanh——|. (12
where the superscriph refers to the middle electrode and
d*BIm corresponds to the electrode thickness. The dimenmtroducing the normalized units as above we have
sionless coupling paramet8r(— 1<S<0) is defined in the ~
following way: $xlx-01=H;
- dB B _AB~_AB~ (13)
smh— sinh— $xlx-01=3a H= 1= H,
JTd’B dA+ @ dram ©  where
sinh sinh
A ~ 27, o, 2H
wheres,,= — \/sinh(d™/\). If the junctions are identical, the H= D, ATAH= HA, (14
conditiond’*=d’® holds and the above definition &co- . . L
incides with that of Ref. 3. For the sake of simplicity we Is the normalized magnetic field and
rewrite the primary system of PDE4) in dimensionless dA
form normalizing all quantities to the parameters df. Js- \/@ \/COth +coth =
suming that the spatial coordinakeis normalized by the HC1 A = (15
Josephson penetration deptfi and timet is normalized by mA )\J T\ Ko tanh—+tanhd—
the inverse plasma frequencyu@/, we can rewrite Eg1) in
the form is the first critical field of the single uncoupled®JJn order
1 R . A A to simplify the analysis of flux-flow voltages and to avoid
- d3z=sin "+ b7 +aA¢?— y complicated interplay between fluxon locking and cavity
resonances, we from now on focus on the annular geometry.
drA S B
81— Px% ll. NUMERICAL PROCEDURE
Jc d'A 1 Jc (@) In experiment, the radiation power of a flux-flow oscil-
BgB1_S2 ¢XX =sin ¢8+ 5 CA ¢> ~ lator is expected to be proportional to the square amplitude
Jc Jc of the ac voltage at the edge of the LJJ facing an rf coupling
j@ RA 5 j@ circuit, typically, a superconducting microstrip life[see
+-5 RE aAqS; -7 Fig. 1(@]. For a conventional linear LJJ of the lendtia<<1,
le Je the ac voltage at the junction edge is rather complicated due
jé dA2 s to the superposition of fluxon oscillations with cavity reso-
A . . . . . .
+ j_B VFW <5 nancegFiske §tep}sm the junction. Eor very long junctions
¢ (la>1) used in nonresonant practical oscillatbnly the
where we introduced the new variables flux-flow voltage itself is important. In order to save simula-
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(a) Ac voltages were analyzed by simulating the time de-
pendence of the local normalized voltage§®(t) = ¢?'® at
an arbitrarily chosen point= x,, for annular geometry and at
the edgex=L of the stack for linear geometfgee Figs. (a)
and 1b)]. To perform spectral analysis of the radiated
power, we Fourier transformed the calculaté(t) signal
using an FFT algorithm. The FFT transforms were done us-
ing 4096 data points acquired at a normalized rate of
stripline 1/6t=40, wheredt is the time step between subsequently
sampled points. This choice provided a maximum normal-
(b) ized Nyguist frequency op,,,,=20, which avpided aIiasing
effects in the spectra. To enhance the amplitude resolution of
the obtained spectra, a peak broadening techfiquih a
Gaussian window function was employed. The chosen win-
dow function provided a peak amplitude resolution better
than 1% and still kept sufficient frequency resolution.

The solutions of the coupled PSGE system were ana-
lyzed in the range of € y<2. At y=0 the simulations were
started with the initial phase distribution of the static case.
Then, in each sequential point of theV curve, the initial
conditions were taken from the stationary state achieved in
the previous point. Stationary states were reached by subse-
guently prolonging the time interval over which the voltage
FIG. 1. () In a typical experiment, radiation occurs at the edge of a stackeqygg averaged until the difference from the previous interval

linear oscillator coupled to a microstrip linga) In simulations, we calculate . P _
the time-dependent voltage in an arbitrarily chosen pwink, of an annu- was less than 0.01 normalized voltage units. On the reso

lar stacked junction. The sketch shows a twofold Josephson stack of annuig@Nces this limit was always met after less than 100 normal-

geometry with fluxons moving out of phase. ized time units. All voltages are given in normalized units
according toV=(d¢/dt). Due to the increased computa-
tional power needed to calculate the Fourier transforms, we

tion time and simultaneously avoid cavity resonances Wéimited ourselves to a discretization step in the bias current
. ) ously e AVILY i -~ of Ay=0.05. TheyvsV points presented subsequently were
carried out most simulations with relatively short junctions

- interpolated linearly to enhance readability of the plots,
(1=5) of annular geometry. An example of a twofold StaCkwhich therefore have a ragged appearance in a few cases.

of this geometry containing out-of-phase, locked fluxons

fluxon fluxon
generation annihilation

(represented by circulating currents shown Fig. 1b).

. . . . IV. RESULTS

For simulations we rewrote E{7) using the notations
R=RARB, J=j4/j8, c=CB/C* andD’=d'*/d'® as the We performed a series of simulations of annular stacks
measures of the differences in junction parameters which wi both in-phase and out-of-phase flux-flow modes. Our main
want to investigate: interest was to analyze the influence of the parameter spread

(such as dampinga”+#a® and critical current density
j2#i8) on the in-phase and out-of-phase locking of junc-
tions. In addition, similar runs were carried out for single
S uncoupled LJJs which were used for comparison. Results
+\D’ > 4,%; presented in this paper are based on the following set of
1-S parameters of the JJs: the lengthLis 51/ (I=5), the num-
1 1 (16)  ber of fluxons trapped in each JIN&'=3 andNB=3. In
D’ - b2 =3 sin ¢B+ C¢—f~’? + RaAd,% —y annular stacks the number of fluxons is preserved due to the
periodic boundary conditions, whereas in linear stacks it is
S A determined by the applied magnetic fié¢ld Unless specified
1-& b3%- differently, the coupling parameter was always chosen to be
S=-0.4, which accounts for a moderate coupling. The
Equations(16) was solved numerically together with the pe- damping parametes” was set to 0.1. The dynamics of the
riodic boundary conditiong10) or (13) using an explicit single uncoupled JJ with parameters being equal to those of
method treatinggzx with a five-point, 77 with a four-  JJ were simulated by settin§=0. In this case, the coupling
point, and¢7 with a three-point symmetric finite difference term disappears from E@7) and one obtains two indepen-
scheme. Numerical stability was checked by doubling andient, perturbed sine-Gordon equations.
dividing in half the spatial and temporal discretization steps In Fig. 2 the current—voltage characteristiogV)
AX andAt and checking the influence on the fluxon profiles, (IVCs) are shown for a single annular junction and for an
both in real space and in Fourier space. Stable solutions weannular stack of identical junctions. The asymptotic voltage
achieved forAX=0.02 andAt=0.005. of the single uncoupled junctiof8UJ) shown by the dashed

1
1-%°

A —ain AAL AA A A
b3z =sSin "+ ¢y ta ¢y —y

++D’
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FIG. 2. |-V characteristics of a single uncoupled junctidashed lingand FIG. 3. Dc voltageV, (solid line) and amplitudes of the first three harmon-
a stack of two identical coupled junctiorisolid lineg. Thick solid lines ics Vq, V,, andV3 (dash—dotted lingsvs normalized bias current for a
show the total voltage on the stab =V4+ V8. single, uncoupled, annular LJJ.

o ) . ) proaches the Swihart velocity. The asymptotic voltage of
line is determined by, =Ncy27/L, whereN is the number o resonance/=2mNcy/L corresponds tai=c,. For ap-

of fluxons andcy is the limiting propagation velocity of elec- plications, a working point on the—V curve which guaran-
tromagnetic wavesSwihart velocity in the junction. In nor- - yoe5 the highest possible radiation power and narrow
malized unitsc, is equal to unity. In the stack witB#0,Co  |inewidit? has to be chosen at the flux-flow resonance. The
splits into two different velocities;, andc_ . One can infer spectrumV(») of the ac voltage at the bias poikit (see Fig.

the corrgsp_onding Iimit_ing .voltages of the stack from the3) is shown in Fig. 4. Since we do not include any noise
IVC (solid line) shown in Fig. 2. The lower asymptotic dc o rces in the simulations, the spectrum is discrete and
voltage of the single coupled junctiof6CJ is given by  ghqy19 display zero linewidth for all harmonics. The finite
V_=Nc_2m/L. The characteristic propagation velocity in hoyer hetween the harmonics is a result of the Gaussian
thec_ (out-of-phasgmode i$

e
c_=—=<Cq. 17) 100.
s 0 (
The asymptotic dc voltag¥ , =Nc, 2#/L corresponds to
the high-velocityc, (in-phasé mode of fluxon motion and is 10.

characterized by the limiting velocity® l 0 1

~ = o

[\

¢, (norm. units)

(=]

C, \/1TS>C°' (19
The dc voltage on the junction is given by the “0”th har-
monic of the voltageV/(t). The amplitude of this harmonic
V, is proportional to the fundamental frequency of the fluxon
oscillations through the Josephson relation. In the subsequent
sections we analyze the harmonic content of these voltage 1 5
oscillations.

0 1 2 3 4 5 6
t (norm. units)

—_
[\

V (norm. units)
e

A. Single uncoupled junction (SUJ) ()
0.001
In this section we present in detail the characteristics of 0 1 2 3 4

single junctions in order to facilitate coming discussion of v (norm. units)
stacked junction properties. The simulated é&/ character-
istics VO( 7) of the sing|e-|ayer, annular, uncoup|ed LJJ areFIG. 4. The voltage spectrum of the single uncoupled annular LJJ at the bias
shown in Fig. 3 by the solid line. The vertical part of this POMtM (y=0.5 shown in Fig. 3. The integer numbers are indexing the

. N orderk of the harmonics. The solid line follows the exponential decay of
IVC, called flux-flow resonance, is due to relativistic behaV'harmonic amplitudes fok=1. In the inset the voltage oscillationgt) at

ior that takes place when the velocity of fluxomsap-  x=x, are shown.
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FIG. 6. The amplitude of the first harmoni¢, at constant levels of vs

FIG. 5. Dc voltageV, and the first harmonic amplitudé, vs bias currenty damping parametee for a single, uncoupled, annular L1J

for a single, uncoupled, annular LJJ with damping parameie®.05, 0.10,
0.15, and 0.20.

L [ 2
window employed here. The maxima of the Gaussian peaks £= N_)\JZZKK(I() 1-u% (20)

correspond to the harmonic amplitudes. The time-dependent o ,
voltage signaN/(t) is shown as an inset. The amplitudes 0fK(k) andE(k) are the complete elliptic integrals of the first

all harmonics apparently decrease exponentially with thei!Slnd seco.nd kind anﬂj is the fluxon spacing in the j“”C“P”-
orderk, whereas the dc voltag&k0) is fixed by the Jo- The first harmonic amplitud¥, (Fig. 5 decreases with

sephson relation. The exponential decay of the harmonic arﬁgcrefsr:ngda’ asdexpected. In Flga'?f one ]Eandseel n mfore
plitudes is an intrinsic feature of the solutions to the unper- etail the depen gnce o O.n a.or : e_ren_t Ixed values o
turbed sine-Gordon equation. v. V, decreases linearly with increasingin a range ofy
When moving the working poirt (Fig. 3 upwards to relatively close to unity. For lower driving currents the de-
the top of the resonance, the fluxon voltage pulses are naPendence is nonlinear. Linear extrapolationVa{«) in the
rowing due to the relativistic Lorentz contraction. Accord- rangea<0.075 resuilts in a limiting first harmonic amplitude

ingly, the amplitudes of all harmonics in Fig. 4 are increas-&t Vl:S n the- I|m”|t of a—0. This feaTure 'E ra(;her m_1po|r— d
ing. The dependence of the lowest three harmonic voltag nt, because It allows us to extrapolate the data simulate

amplitudesV,, V,, and V5 (dash—dotted lindson 7 is or @~0.1 to values ofwe<<0.01 that are more relevant for

shown in Fig. 3. Thus, plots in Fig. 3 account for the IVCs of YPiCal experiments.

the first four(Oth, 1st, 2nd, and 3jdspectral components of

the voltage oscillations in the LJJ. We stress that the spec2. Influence of the critical current density

trum has a high second and third harmonic content near Tg evaluate the influence of spread in critical currents in
y=1. This is due to the strongly anharmonic voltage oscillathe coupled system we simulated also the influence of varia-
tions of the fluxons moving close to the limiting velocity. tign of j. on the ac voltage in SUJs. This was done by choos-
These harmonic amplitudes are reference values for latghg S=0 andJ+1 in Eq.(16) and analyzing the voltages in

comparison to amplitudes of the stacked system. JP. SincejE=j21J, the effective critical current in 33dif-
fers from J3 by a factor of 13. The dc voltage and the first
1. Influence of the damping parameter three harmonics are shown in Fig. 7. For each valug ibie

characteristics are plotted up to the current at which the junc-
tion switches from the flux-flow resonance to higher voltages
(McCumber branch We observe that this switching current
scales with 1] as expected from Eq%16). Moreover, the
fluxons move at higher speeds for lowjgrat the samey.

The dependence of the first harmonic amplitude ah 4t/
different values of driving current is presented in Fig. 8. We

Figure 5 shows the dependence of the amplitugeand
V; on yfor different values of the damping parametefThe
slopeAl/AUx1/Ry of the IVC at low y is proportional to
the damping parameter as expected. The simulated IVCs
for different values ofa are in good agreement with the
theoretical model by Marcus and Imty:

4a E(k) 1 note that the voltage amplitude only weakly depends dn 1/
YT Tk ﬁ (19 at constant values of driving currenBO.S_in the _studied
range 0.52J<2.0. For large 11 the amplitudes increase
The modulusk of E(K) is given by the equation with the switching current. In higher harmonics, the junction
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996 Wallraff, Goldobin, and Ustinov 6527
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a stacked flux-flow oscillator operating in the out-of-phase

2 =05 _’ /’ =l mode was proposéetHere we examine the harmonic content
e ! i of voltage oscillations in detalil.
| In the flux-flow resonance, the voltage oscillatiofyt)
! in J3* and VB(t) in J? at an arbitrary poink=x, of the
/ stack are periodic in time. Thus/A(t) and VE(t) can be
/ expanded into Fourier series:
/ [e2]
VA(t)= >, Vi cog w kt+ of); (21)
k=0
VB(t)= >, VE coq wBkt+ ¢P), (22)
=0 k=0
k=1 whereV£'® are the amplitudes ang'® the phases of thieth
lﬁfg harmonics. The fundamental angular Josephson frequencies
— are given byw”B.

0 1 2 3 4 5 6 7 If the junctions are frequency locked, their fundamental
angular frequencies are identicaf'= w®= . Accordingly,

Vi (norm. units) the sum of the two voltages can be expressed as

FIG. 7. The dc voltag®/, and the first three harmonic amplitudés, V., e
ar_1dV3 'S normaliz_e_d bias current for the sing/iejBuncoupIed, annularflJ Vz(t) — 2 |VE|COS{wkt+ ), (23)
with «=0.1 and critical current parameteds-jc/jc=0.50 and 2.00. Ar- K=0
rows indicate switching to higher voltages.
where

312\ /A% | /B2 A\/B

with lower j . exhibits larger amplitudes at the same driving ViI*=Vid +Vid +2Vi Vi codAgy) (24)
current. This is because the fluxons in this junction reach thés the square of the total amplitude of thkéh harmonic,
limiting velocity at lower normalized driving current, as can depending on the respective junction harmonic amplitudes
be seen from the d-V characteristics in Fig. 7. Ve and VP and their phase differenc& o, = of— ¢f. The
initial phased, fixes the phase relation between the harmon-
ics of the total voltaged, is not important to determine the
harmonic content of the signal, but necessary to reconstruct

The qualitative features of the time-dependent dynamicshe wave form.
of symmetric stacks for both the in-phase and out-of-phase . )
modes have been investigated earlier in Ref. 3. Later, thé- Equal junction parameters

idea of doubling the frequency of Josephson radiation using _First, for the sake of simplicity, we assume that the junc-
tions have identical properties so thaf=VP=V, and

ol=eB=@,. In out-of-phase mode the voltage®(t) is

B. Out-of-phase mode

7 shifted in time relative tov(t) by one-half of the funda-
G/@ mental periodl =27/ w:
6 N -
_ VA(t)= XV cog wkt+ey), (25
2 o
g VB(t)= >, V, cod wk(t+T/2)+ ¢]
. 4 k=0
E oo
S A, A — A\ —
E 3l aAB—AASM DA A _kZO V, coq wkt+ g+ 7K). (26)
>
5 —-£— y=03 —H- y=09 With A= 7wk and Eq.(24) the total amplitudeS/E can be
A- y=05 —6- y=15 calculated as

! IVE|2=V2+VZ+2V2 cog k) = o KLeS
W k k™ Vk k 4VZ, k=246....
0 (27)

05 075 1 125 15 175 2 As a result all odd harmonics cancel and the amplitudes of
1/ all even harmonics become twice as large as the amplitudes

FIG. 8. The amplitudes of the first harmonig at constantyvs 10=j%j»  in a single, coupled junctiofSCJ of the stack. The resulting
for the single, uncoupled, annula’®Jk=0.1). voltage can be expressed as
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. s s FIG. 10. Spectrum of the voltage oscillations with harmonic amplitudes
FIG. 9. The time-dependent voltagé(xo,t), V¥(xo.t), andV*(xo.t) &t shown by open circlesv(™®) and small solid circlegtotal voltageV}) at
the arbitarily chosen coordinatg in a stack with equal junction parameters ,—0.7. Numbers indicate the harmonic index
at y=0.5.

w shown that the harmonic contetior k=1) of the two pro-
VE(t)= D, 2V, o 2wkt+ ). (2g) files is almost equivalent fos= —0.4 andy=0.3. Thus, for
k=0 coupling constant$S|=0.4, in case oiN®=0, we can ap-

Thus one would expect enhanced yield at the second haProximately express the image profile in junctiBrinduced
monic. In a subsequent section we will analyze the effect oPY JunctionA as
differences in junction parameters b (t). BP(x)~const- ed™(x) (29)

In Fig. 9 the voltage®”(t), VB(t), andV>(t) of a stack X @
with equal junction parameters at=0.5 are plotted versus where € is a constant close to but always less than unity.
time. One recognizes that*(t) is governed by a small am- Now, supposing the existence of fluxons also if, dde ob-
plitude oscillation at twice the fundamental Josephson fretain in zeroth order approximation
guency of the stack. The corresponding spectrum of the stack
biased aty=0.7 is shown in Fig. 10. We note that all odd
harmonics of the total voltage™ attain zero amplitudes, in 1
agreement with Eq27). The amplitudes of all even harmon- A.B r
ics are doubled with respect to the SCJ, but they are much
smaller than those of the SUJ. The second harmonic ampli- 0.8 A+B /'/SUJ
tudes of an SUJdashed ling an SCJ(solid line), and the i
stack (thick solid line in dependence on the bias current
are shown in Fig. 11. The second harmonic of the SCJ is 0.6
very much smaller than the second harmonic of the SUJ.
This result deserves a more detailed discussion. >

Let us compare the spectra shown in Figs. 4 and 10 in 0.4
more detail. It can be easily noted that the odd harmonic -
amplitudes of the SUJ are smaller than those of the SCJ. In
contrast, the even harmonics in the spectrum of the SCJ are
considerably suppressed in comparison to the SUJ. This fea-
ture is related to the magnetic coupling between the junc-
tions. Qualitatively, the mechanism responsible for this phe-
nomenon is the following. Due to the coupling, the fluxons :
moving in J4, with magnetic field profilepi(x), create the 0 05 1 LS 2 25 3
image profilep?(x) in JP. An example of such an image for V2 (norm. units)
N”=3 andN®=0 is shown in Fig. 12. We note that the field _ o
profiles are almost identical except for the constant compof': 11. The amplitudes of the second harmawjors bias current of the
nent and the inverted polarity of the profiie Fourier analy- stack of identical junctions synchronized in out-of-phase mode. The dashed

_ ) - - - ‘ line showsV, from Fig. 3 of the single uncoupled juncti¢g®UJ for com-
sis of the profiles in the master and the image junction hasgarison.

0.2
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2. Spread in junction parameters

15

Simulations of stacks with different junction parameters
were analyzed in detail. We note that in case of large differ-
ences in parameters the mutual phase locking can be difficult
or even impossible to achieve. In simulations one can “arti-
ficially” lock the junctions in some parameter range by
choosing appropriate initial conditions. In experiment, phase
locking can be facilitated by using an independent magnetic
field control for each junction, as demonstrated in Ref. 8.

In the simulations of the out-of-phase flux-flow mode for
different junction parameters, the odd harmonics of the total
voItageVE(t) attain nonzero amplitudes. The even harmonic
amplitudes become smaller than in the case of equal param-
eters. This can be explained by considering the general Eq.
(24) and allowing different harmonic amplituda4'® and

Ox (norm. units)

10 the phases:ﬁ'B. The resulting amplitudes in the out of phase
0 1 ) 3 2 5 mode are then given by
X (norm. units) VE12= V" + VE + 2VAVE cogkar+ 8p)

FIG. 12. Magnetic field profiles of the two junctions in the out-of-phase
mode biased ay=0.7. There are three fluxons trapped ift; 0P contains
no net flux.

[V VE-2VRVE cog bgy), k=135...
VA VB L oVAVE cog 5py), K=2,46...
(32)

BB(x)~ BB(X) + FA(X)~ $B(x) — eph(x) +const (30  Where

and a similar expression fap2(x). Taking into account the o= Ay k. (32
phase difference in the out-of-phase mog&(x)=¢2(x  Thus, the total voltage is determined by the different ampli-
—T/2) and using the Fourier series expansiom@fone can  tudes ofVA‘B(t) and the phase shifts between them. For
easily compute the harmonic amplitudes and get expressionidentical junctionsdée, vanishes.
similar to Eqs.(25)—(28). First, all odd harmonics ofZ(x) a. Spread in damping.Simulations of the out-of-phase
increase by a factor of#e. In contrast, all even harmonics mode were performed for variol®s# 1, i.e., different damp-
of ¢2(x) obtain very small amplitudes of the order of 2in  ing coefficients of the two junctionsee Eq(16)]. The cur-
comparison to the SUJ. Due to the fact thﬁ‘i'B(x,t) de- rent range at which the phase locking of the junctions takes
scribes traveling waves with the argumekk{-ut), one ob-  place is strongly dependent on the ratio of damping param-
tains VAB(t)«HAB(x), thus the above treatment is appli- eters of the junctions. A more detailed analysis of this de-
cable to the time-dependent voltages as well. The abovpendence will be presented elsewhtt@he data presented
considerations well explain the features of the time-here refer to the phase-locked range on the flux-flow reso-
dependent voltage signdl>(t) in Fig. 9 and the voltage nances.
spectrumV(v) presented in Fig. 10. In general, a spread in damping coefficients leads to an
Quantitatively, one would have to solve the self- additional decrease of the second harmonic amplitude of the
consistent problem for the magnetic field distribution. Thestack. There are two contributions to be considered. First, the
analytical expression for the image profiles, derived in Reffluxon velocity in the coupled system decreases at a given
12 using the perturbation technique, is proportionabtior ~ when the damping parameter irPJ3 increased. This con-
|S|<0.1. Consequently, all spectral components of the imagéribution is found to be rather small. Second, additional
profiles are proportional t& in that range. We have found phase shift\ ¢, occur between harmonics of the SCJs. As
from numerical simulations of the image profiles that foran example we discuss the cd®e 1.5. Figure 13 displays
|S/=0.2 all harmonic amplitudes are constrained byV%, V5, andV5 in dependence on, the sum of the first
0.9ve<VE<V} at y=0.3. This implies that the factar in- harmonicsV% is shown for comparison. The harmonic am-
troduced above is always larger than 0.9. Therefore, thelitudes of each single junction in the stack are identisak
above considerations are appropriate for all experimentallyFig. 13. In general, we found that the SCJ harmonics are
relevant coupling parameters. almost identical in two junctions for arfy examined. Hence,
We conclude for equal junction parameters that all harthe very small value oi/% has to be the result of an addi-
monics (except the dc amplitud¥,) of an SCJ in the out- tional phase shifid, betweenV4 and V5 as given by Eq.
of-phase flux-flow mode are much smaller in amplitude than(32). In the example given in the inset of Fig. 13, the phase
the corresponding harmonics of an SUJ. For odd harmonicshift assumes a valuée,=7/2, such thatv5<V5B. The
this phenomenon can be explained by the out-of-phase volphase in the first harmonigp, is shifted as well. As a result,
age summation and for even harmonics by the out-of-phaste first harmonic amplitude is even larger than the second in
magnetic coupling. this case(see Fig. 13
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FIG. 13. Solid lines show?, V5 (thin line) and V5 (thick line) as a func-
tion of y. Vi (dotted ling is plotted for reference. The voltage profiles

VA(Xo,1), VB(Xo,t) andV*(x,,t) at y=0.5 are shown in the inset. FIG. 15. The first harmonic amplitudag"® and V7 plotted vsy for J=2

(solid lineg andJ=1 (dashed lines

b. Spread in critical current density.The effect of dif- _ .
ferent critical currents of the two junctions on the out-of- dependence ory. The harmonic amplitudes of the fluxon

phase mode was investigated for €.5=j%/j<2.0 with oscillations in each single junction far=1 are equal, as
the fixed coupling strengtis= —0.4. The calculations for €xpected. We found from simulations that fb+2 and for
J#1 have shown features similar to the behaviorBot1  all other values ofl investigated the ratio of the harmonic
discussed above. In Fig. 14 the time-dependent voltage pr@mplitudes at resonant voltages is almost equal to unity
files VAB(t) andV*(t) are plotted forjA=2jE. Apparently, VA
the amplitude of the oscillations in each junction are almost —éml.
identical at this bias current. The Fourier components at the 1
fundamental frequency?, V&, andV7 are shown in Fig. 15. At low bgias currents this ratio agrees with the value ex-
The data are plotted fod=j%/jB=1 andJ=j%/jB=2 in pected from the perturbation theory.
In order to discuss Fig. 15 in more detail, we refer to Eq.
(31) for k=1. Accordingly, the first harmonic amplitudé;

(33

is given by
10
A+B IVE2=VA 4+ VE®— 2VAVB cog s¢,). (34)
8 A \ A \ Exact out-of-phase addition of the first harmonic of the two
JAY lArLL junctions Vi=V}—V?% takes place forép,=0. Thus, for
- 617N |\ / | A / \ junctions with equal critical current¥;'=V® and the sum of
=i \\ v\ / \\ / \\ / \y the voltages isVi=0 (see Fig. 1% In the case)#1, the
g 4 \/ \Y/ \/ / \ \y/ harmonicsV7 and V% differ from one another by less than
= /( i /)‘\ /\ /< i\ 5%. Additionally, o, may attain nonzero values. We found
§ 2 / \\ /\ / I\ // \ /\ that 6¢,=<5° for 0.5<J<2.0 by solving Eq(34) for 8¢, and
= ¥/ v/ \\/ \ /I \ \\ / \ using the simulated values o}, V8, and Vi. Thus,
hd \\/" \/ ~ \/ Vi~|V}2—VE| can be applied to all simulated valuesbf
/ Similarly, the second harmonic amplituklé is given by
2
A B IV3[2= VA + VB + 2VAVE cog 8¢,). (35)
-4 Numerical simulations reveal that only fde=1 the second
5 : 5 3 y 2 harmonic voltages of the two junctions add up in phase

t (norm. units)

FIG. 14. The evolution of/*B(x,,t) andV(x,,t) in time forJ=j4/jB=2

at y=0.5.

J. Appl. Phys., Vol. 80, No. 11, 1 December 1996

(69,=0) in the full current range. As observed also R¥ 1,

o, may attain nonzero values for a spread in critical cur-
rents. ForJ=1.10 we observed a transition frofy,~0 at
v~0.3 to 5¢p,~ at y~0.8 while increasing bias current. For
larger spreadJ=1.30) the second harmonic amplitudes are
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FIG. 17. Normalized magnetic field profiles of junctioAsandB at y=0.7

in the in-phase mode foN*=3 and NB=0 with coupling constants

FIG. 16. The second harmonic amplitudeé$® and V5 plotted vsy for =-04.
J=1 (dashed linesandJ=2 (solid lines.

ics. As an example, the voltage profile$(t) andVE(t) of
. equal amplitudes shown in Fig. 18 add up in phase to the
out of phase(dp,~m) in the full range of the locked state voltage profileVZ(t) of a larger amplitude.
stability, |.e.,\_/§§|V§—V§|. An example is given in Fig. 16 Expanding the voltage oscillations in each single junc-
for J=2 (solid lines. The second harmonic amplitude is o into a Fourier series and summing the voltages for the
suppressed substantially by the occurring shélts which i hhase mode, the amplitudes of the resulting signal can be

are induced by the spread in critical curredts expressed afsee Eqs(21)—(24)]
The presented results suggest that stacked flux-flow os- ) ,
cillators operating in out-of-phase mode do not possess any |Vi|?=Ve +VE +2VAVE cog s¢y), (37
advantages over single, uncoupled LJJ oscillators. We note, A B
however, that our model neglects the surface loggderm) 50k= i~ Pic - (38)

and the nonlinearity of quasiparticle conductivityat high  Here 5¢, is the deviation from exact phase matching of each
frequencies. A correction to the model with=const could  harmonic.

be including a damping terna®'®(x,t) depending on the
amplitude of the local time-dependent voltay@'8(x,t).

However, such an extension of the model is not very likely 15
to lead to an increase of harmonic amplitudes since the
damping increases with frequency. We found this effect in
preliminary simulations with nonlinear quasiparticle losses.

A+B

C. In-phase mode 10

For equal JJ parameters, the phases of two junctions bi- -
ased in the in-phase mode are identi¢&(x) = #5(x) .>° An
analysis using magnetic images equivalent to that of the out-
of-phase mode can be applied here as well. In Fig. 17 the
magnetic image in §Jnduced by fluxons in $Jis shown. In
zeroth order approximation, its amplitude obeys the relation
P~ epl—const, where &e<1. Accordingly, the profile 0
#2(x) in JF is given by

B~ pB(X) + A (X) ~ $B(x) + ep’(X) — const. (36)

We point out that the summation of the fluxon and the image
profile is less accurate than in the out-of-phase case due to
the high amplitudes of boti2(x) and ¢4 (x). The identical
voltages of individual junctions add up in the in-phase statepg, 18. The time dependent voltagé&(x,,t), VB(x,t) andV=(xo.t) at
which results in an increase of the amplitudes of all harmon+=0.5 in in-phase mode.

O¢ (norm. units)
(¥,
\\
//
~-
//
~
.
~ ~
-
~

0 1 2 3 4 5 6
t (norm. units)
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FIG. 19.V,, V,, andV; of a stack of identical junctionghick lineg and of  F|G. 20. V¥ at fixed bias valuey vs the ratio of quasiparticle resistances
the SUJ(thin lines vs bias currenty in the in-phase flux-flow mode. R=R*/R® for the in-phase flux-flow mode.
1. Equal junction parameters can be argued that the junctions do not lock in phase any-

The simulated dependence \éf, V3, andV% on yfor  more because the fluxon velocities in the two junctions con-
the stack of two identical junctions is shown in Fig. 19. Forsiderably differ from each other at constantNevertheless,
comparison, the SUJ amplitud¥s, V,, andV; are plotted in simulations phase-locking can still be achieved by using
as well. Vi(y) is nearly equal to the first harmonic ampli- the appropriate initial conditions. Thus, the limited stability
tude V4(y) of the SUJ aty=~0.45 and becomes approxi- range is a disadvantage of the in-phase mode as compared
mately 2.2 times larger thawi, (y) at y=1. The amplitude of ~ with the out-of-phase mode. By increasing the coupling pa-
the second harmoni¢; of the stack is equal t¥, of SUJ at  rameterS one can achieve more stable locking even for a
y~0.6 and become‘s@wl.b\/2 at y=1. Finally, the ampli- larger spread.
tudes of the third harmonic are approximately equal in the b. Spread in critical current density Simulations of the
SUJ and the stack. We like to emphasize that, at the top dh-phase mode witll+# 1 revealed a similar behavior of volt-
the resonance, the first harmonic ampliuM% is about a age amplitude$Eq. (33)] as discussed above for the out-of-
factor of 2 larger thatV,, i.e., the radiation power is larger phase mode. The voltage profil&é\(t), VE(t), and V(t)
by a factor greater than 4. We suppose that this oversuperréer J=2 are illustrated in Fig. 21. The amplitud®§, Vg,
diant effect is due to the redistribution of power betweenandV; are plotted in Fig. 22 fod=2, data forJ=1 are also
high and low harmonics for SCJs as compared with SUJs. shown as a reference. We note that the upper delocking cur-

In addition to the gain in amplitudes, in the in-phaserent of the stack is reduced due to the twice-lower critical
mode we have an increase in frequengy = w(l)/ J1+S  current of J9. In general, the upper delocking currgpg, in
> ) of all harmonics due to the higher propagation velocitythe in-phase mode always assumes a value between the
in thec_. mode. The increase in frequency is determined viasingle junction critical currentg: andj2. Thus, forJ>1 the
the Josephson relation by the dc voltage of the @88 Fig. . IS decreased, whereas fd< 1 thej .. is increased. As
2). For S=—0.4, the voltage is a factor of {1+S ~ 1.3  can be seen in Fig. 22, the dependence/pfon the bias
larger due to the enhanced Swihart velodty>c,. currenty is almost identical for the two values d&=1 and
J=2. Hence the only substantial change in harmonic ampli-
2. Spread in junction parameters tude arises from the modified locking range of the stack. This

a. Spread in damping.The dependence of the first har- behavior was observed for all valuesbihere 0.5J=<2.
monic amplitude on the spread in quasiparticle resistanceiSigure 23 illustrates the dependence\tff on the spread in
R=R"/R® of the two coupled junctions is plotted in Fig. 20. critical currentsJ at constanty. The qualitative behavior is
In the studied parameter range, the amplitt@eat constant very similar to that of single junctions. Fdk 1 we naturally
currenty decreases linearly with increasiRy As the ampli-  observed an additional increase\ﬁ mainly due to the en-
tudes in J9 decrease with respect to"Jdue to larger damp- hancedj,,, of the stack.
ing, the total amplitudé/% of the coupled system decreases In contrast to the out-of-phase mode, no substantial
as well. In contrast, foR*<R® the amplitudev; increases. phase shiftsSe, that would influence the harmonic content

In the case of large sprea®%1.2), the in-phase locked of V*(t) were found in the in-phase mode. As a conse-
state was found to be impossible to achieve by cyclimigh qguence, all higher harmonics add in phase, which results in a
increasing and decreasing through the hysteretic IVC. It doubling of SCJ amplitudes. In comparison to the SUJ, some
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FIG. 21. The temporal evolution &f*®(t) andV*(t) in the in-phase flux- FIG. 23. V5 as a function of the parametdrat constant levels of.

flow mode aty=0.5 is plotted forJ=jA/jE=2.

) ) o amplitude by a factor of between 2 and 1 and the gain is
gain of the stacked oscillator in in-phase mode can be obgecreasing with the order of the harmonic. The dependence
served forv; andV3 as well (see Fig. 19 of the gain in the first harmonic amplitude on the spread in

The use of LJJ stacks operating in the in-phase flux-flowgyitical currents is rather weak, whereas a spread in quasipar-
mode is promising for applications since it increases the anyjcje resistances leads to a decrease in gain.
plitudes of all harmonics. The comparison of the total volt-

age spectrum across the stack with the voltage spectrum
an SUJ shows that, due to the in-phase summation and tr?é CONCLUSION
magnetic coupling, the first harmonic will be enhanced by a  The ac voltage spectra of double-barrier, stacked LJJs in
factor of more than 2. Lower harmonics show an increase ifn-phase and out-of-phase flux-flow modes are studied. In the
frame of the theoretical model with frequency independent
damping and absence of surface current losses, the out-of-
phase flux-flow mode is found to be not feasible for oscilla-
1 ! / tor applications due to low power of all harmonics. Instead,
/ the in-phase flux-flow mode is found to be of high interest
/ / for applications that require enhanced power and frequency
/ / The harmonic content of radiation from a twofold
7 coupled stack is governed by the magnetic coupling between
junctions, which is inducing magnetic images, and the phase-
0.6 A—/«—B dependent summation of single junction voltages. We have
> A+B pointed out the important features of the voltage spectra of
the stack in in-phase and out-of-phase modes taking into
0.4 account differences in the junctions’ critical currents and
quasiparticle resistances.

The in-phase flux-flow mode provides the possibility to
0.2 ——= J=l obtain larger power for various harmonics in Josephson ra-
— J=2 diation. This mode has limited stability and is less robust
than the out-of-phase mode with respect to the parameter

0 spread. In experiment it may be stabilized by an accurate
0 2 4 6 8 10 12 tuning to achieve lockin§ According to our simulations, the
V; (norm. units) in-phase flux-flow mode can be obtained reliably even with
rather large spread in critical currents of the junctions. For
FIG. 22. The first harmonic amplitudes of each single junctigfi®) and e>0.1, a spread in df"‘”?p'r.‘g coefficients Of a.bOUt 10% can
of the stack (%) are plotted as a function of for J=1 (dashed linesand ~ 0€ tolerated. These limitations can be satisfied by modern
J=2 (solid lines. Nb/AIO, technology. Reliability of in-phase locking can be
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