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Numerical analysis of the coherent radiation emission by two stacked
Josephson flux-flow oscillators

A. Wallraff, E. Goldobin,a) and A. V. Ustinovb)
Institute of Thin Film and Ion Technology, Research Center Ju¨lich (KFA), D-52425 Germany

~Received 16 July 1996; accepted for publication 22 August 1996!

The numerical investigation of the radiation emission by a system of two magnetically coupled, long
Josephson junctions is reported. Time-dependent synchronized voltage response in the flux-flow
regime is analyzed for the case of in-phase and out-of-phase oscillations in the junctions.
Simulations show that Josephson junctions operating in the in-phase flux-flow mode may generate
rf radiation power by a factor of more than 4 larger than that of a single Josephson junction. The
radiation in the out-of-phase flux-flow mode is characterized by nearly completely suppressed
amplitudes of odd harmonics and considerably damped even harmonics as compared to that of a
single barrier junction. The dependence of the radiation power on the parameter spread between the
junctions is investigated. The advantages of using stacked Josephson junctions as oscillators for the
sub-mm wave band are discussed. ©1996 American Institute of Physics.
@S0021-8979~96!00623-8#
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I. INTRODUCTION

Long Josephson junctions~LJJs! operated in the flux-
flow mode were found to be attractive for applications su
as sub-mm wave-band tunable local oscillators.1,2 The per-
formance of such an oscillator is limited by the rf powe
available for pumping a nonlinear detector, e.g., an S
mixer. It is well known that one can achieve higher radiatio
power using an array of coherently operating devices. It h
been shown theoretically3 and experimentally4 that, in a
stack of magnetically coupled LJJs, chains of fluxons mo
ing in different layers can be mutually phase locked.

In the simplest case of the twofold Josephson tunn
junction stack, both the in-phase and out-of-phase lock
modes can be realized.3 Both these modes have been ob
served experimentally in Nb–~Al/AlO x–Nb!2 stacks.

5 It has
been predicted that the in-phase flux-flow mode multipli
the power of flux-flow oscillators,6,7 whereas using the out-
of-phase mode can double the main radiation frequency
the oscillator.8

In this work we report systematic, numerical studies
the ac response of twofold stacked oscillators. The first thr
harmonics of ac voltage are investigated for both the i
phase and out-of-phase flux-flow modes and compared w
that of a single LJJ. Moreover, we study the dependence
the ac voltages and its harmonic content on the spread
parameters such as damping and critical current density
the junctions.

The radiated power of the LJJ stack operating in th
in-phase, single-fluxon mode was investigated theoretica
by Grønbech-Jensen and Blackburn.7 They discussed only
the total emitted power, though for oscillator applications
is very important to know its spectral distribution. In add
tion, the power emitted by the stack was compared in Ref
with the power of the single, coupled LJJ of the same sta
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whereas in practice it is more appropriate to compare it w
the power of the single, uncoupled LJJ with the same para
eters. Below we will see that this difference is crucia
Stacked LJJs can be described by the model used in Re
with the magnetic coupling parameterD,0. The opposite
sign of the coupling parameterD.0,7 which results in the
‘‘hyperradiance’’ effect, is physically irrelevant for stacked
junctions. In this paper we report on enhanced superradia
for in-phase locked LJJ stacks and propose an explanat
different from that of Ref. 7.

The paper is organized in the following way: The bas
equations describing the physical system are introduced
Sec. II, followed by a presentation of the simulation tech
niques in Sec. III. In Sec. IV, simulation results for flux-flow
modes in single uncoupled Josephson junctions and
double junction stacks are presented. Finally, conclusions
given in Sec. V.

II. THEORETICAL MODEL

The theoretical model describing the dynamics ofN-fold
stacks of magnetically coupled LJJs was developed by Sak
Bodin, and Pedersen.9 In the present work we apply their
model to twofold stacks and extend it including the case
LJJs with arbitrary parameters. The system of partial diffe
ential equations~PDEs! describing the dynamics of the stack
is
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SuperscriptsA andB refer either to the junctionsA andB,
called JJA and JJB subsequently, or to the bottom and to
superconducting electrode. The subscriptsx and t indicate
partial derivatives. Each equation in the above system
PDEs resembles the usual sine-Gordon equation but inclu
an additional coupling term proportional to the second d
rivative of the phase in the neighboring LJJ. The spatial c
ordinatex and timet in Eq. ~1! are given in conventional
physical units. The parameterlJ

AuB is the Josephson penetra
tion depth of the junctionA or B, vP

AuB and vc
AuB are the

plasma frequency and the characteristic frequency, resp
tively, d8AuB is the magnetic thickness of the correspondin
JJ. These parameters are given by the relations

lJ
AuB5AF0

2p

1

m0 j c
AuBd8AuB; ~2!

vp
AuB5A2p

F0

j c
AuB

CAuB; ~3!

vc
AuB5

2p

F0
RN
AuBj c

AuB ; ~4!

d8AuB5lS cothdAuB

l
1coth

dm

l D , ~5!

where the superscriptm refers to the middle electrode and
dAuBum corresponds to the electrode thickness. The dime
sionless coupling parameterS (21,S,0) is defined in the
following way:

S5
sm

Ad8Ad8B
52A sinh

dA

l

sinh
dA1dm

l

sinh
dB

l

sinh
dB1dm

l

, ~6!

wheresm52l/sinh(dm/l). If the junctions are identical, the
conditiond8A5d8B holds and the above definition ofS co-
incides with that of Ref. 3. For the sake of simplicity w
rewrite the primary system of PDEs~1! in dimensionless
form normalizing all quantities to the parameters of JJA. As-
suming that the spatial coordinatex is normalized by the
Josephson penetration depthlJ

A and timet is normalized by
the inverse plasma frequency 1/vp

A, we can rewrite Eq.~1! in
the form
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where we introduced the new variables
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F0
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The normalized boundary conditions in the case of annu
geometry can be written as

fAuBu x̃505fAuBu x̃5 l22pNAuB;
~10!

f x̃
AuBu x̃505f x̃

AuBu x̃5 l ,

wherel5L/lJ , with L being the junction length~circumfer-
ence!. For the linear geometry the boundary conditions i
real units are

fx
Aux50,L5

2p

F0
HLA;

~11!

fx
Bux50,L5

2p

F0
HLB,

where

LAuB5lS tanhdm2l
1tanh

dAuB

2l D . ~12!

Introducing the normalized units as above we have

f x̃
Au x̃50,l5H̃;

~13!
f x̃
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LB
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LB

LA H̃,
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H̃5
2p
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A ~14!

is the normalized magnetic field and

Hc1
A 5
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pLAlJ
A 5A2F0 j c

A

plm0

Acoth
dm

l
1coth

dA

l

tanh
dm

2l
1tanh

dA

2l

~15!

is the first critical field of the single uncoupled JJA. In order
to simplify the analysis of flux-flow voltages and to avoid
complicated interplay3 between fluxon locking and cavity
resonances, we from now on focus on the annular geome

III. NUMERICAL PROCEDURE

In experiment, the radiation power of a flux-flow oscil-
lator is expected to be proportional to the square amplitu
of the ac voltage at the edge of the LJJ facing an rf couplin
circuit, typically, a superconducting microstrip line1,2 @see
Fig. 1~a!#. For a conventional linear LJJ of the lengthla,1,
the ac voltage at the junction edge is rather complicated d
to the superposition of fluxon oscillations with cavity reso
nances~Fiske steps! in the junction. For very long junctions
( la.1) used in nonresonant practical oscillators,2 only the
flux-flow voltage itself is important. In order to save simula
Wallraff, Goldobin, and Ustinov
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FIG. 1. ~a! In a typical experiment, radiation occurs at the edge of a stack
linear oscillator coupled to a microstrip line.~b! In simulations, we calculate
the time-dependent voltage in an arbitrarily chosen pointx5x0 of an annu-
lar stacked junction. The sketch shows a twofold Josephson stack of ann
geometry with fluxons moving out of phase.
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tion time and simultaneously avoid cavity resonances w
carried out most simulations with relatively short junction
( l55) of annular geometry. An example of a twofold stac
of this geometry containing out-of-phase, locked fluxon
~represented by circulating currents! is shown Fig. 1~b!.

For simulations we rewrote Eq.~7! using the notations
R5RA/RB, J5 j c

A/ j c
B, C5CB/CA, andD85d8A/d8B as the

measures of the differences in junction parameters which
want to investigate:

1

12S2
f x̃ x̃
A 5sin fA1f

t̃ t̃

A
1aAf

t̃

A
2g

1AD8
S

12S2
f x̃ x̃
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~16!
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1

J
sin fB1Cf

t̃ t̃

B
1RaAf

t̃

B
2g

1AD8
S

12S2
f x̃ x̃
A .

Equations~16! was solved numerically together with the pe
riodic boundary conditions~10! or ~13! using an explicit
method treatingf x̃ x̃ with a five-point,f t̃ t̃ with a four-
point, andf t̃ with a three-point symmetric finite difference
scheme. Numerical stability was checked by doubling a
dividing in half the spatial and temporal discretization ste
D x̃ andD t̃ and checking the influence on the fluxon profile
both in real space and in Fourier space. Stable solutions w
achieved forD x̃50.02 andD t̃50.005.
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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Ac voltages were analyzed by simulating the time d
pendence of the local normalized voltagesVAuB(t)[f t

AuB at
an arbitrarily chosen pointx5x0 for annular geometry and at
the edgex5L of the stack for linear geometry@see Figs. 1~a!
and 1~b!#. To perform spectral analysis of the radiate
power, we Fourier transformed the calculatedV(t) signal
using an FFT algorithm. The FFT transforms were done u
ing 4096 data points acquired at a normalized rate
1/d t̃540, whered t̃ is the time step between subsequent
sampled points. This choice provided a maximum norma
ized Nyquist frequency ofñmax520, which avoided aliasing
effects in the spectra. To enhance the amplitude resolution
the obtained spectra, a peak broadening technique10 with a
Gaussian window function was employed. The chosen w
dow function provided a peak amplitude resolution bett
than 1% and still kept sufficient frequency resolution.

The solutions of the coupled PSGE system were an
lyzed in the range of 0<g<2. At g50 the simulations were
started with the initial phase distribution of the static cas
Then, in each sequential point of theI –V curve, the initial
conditions were taken from the stationary state achieved
the previous point. Stationary states were reached by sub
quently prolonging the time interval over which the voltag
was averaged until the difference from the previous interv
was less than 0.01 normalized voltage units. On the re
nances this limit was always met after less than 100 norm
ized time units. All voltages are given in normalized unit
according toV5^]f/]t&. Due to the increased computa
tional power needed to calculate the Fourier transforms,
limited ourselves to a discretization step in the bias curre
of Dg50.05. Theg vsV points presented subsequently wer
interpolated linearly to enhance readability of the plot
which therefore have a ragged appearance in a few case

IV. RESULTS

We performed a series of simulations of annular stac
in both in-phase and out-of-phase flux-flow modes. Our ma
interest was to analyze the influence of the parameter spr
~such as dampingaAÞaB and critical current density
j c
AÞ j c

B! on the in-phase and out-of-phase locking of junc
tions. In addition, similar runs were carried out for singl
uncoupled LJJs which were used for comparison. Resu
presented in this paper are based on the following set
parameters of the JJs: the length isL55lJ

A ( l55), the num-
ber of fluxons trapped in each JJ isNA53 andNB53. In
annular stacks the number of fluxons is preserved due to
periodic boundary conditions, whereas in linear stacks it
determined by the applied magnetic fieldH. Unless specified
differently, the coupling parameter was always chosen to
S520.4, which accounts for a moderate coupling. Th
damping parameteraA was set to 0.1. The dynamics of the
single uncoupled JJ with parameters being equal to those
JJA were simulated by settingS50. In this case, the coupling
term disappears from Eq.~7! and one obtains two indepen-
dent, perturbed sine-Gordon equations.

In Fig. 2 the current–voltage characteristicsg(V)
~IVCs! are shown for a single annular junction and for a
annular stack of identical junctions. The asymptotic voltag
of the single uncoupled junction~SUJ! shown by the dashed

ed

ular
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FIG. 2. I –V characteristics of a single uncoupled junction~dashed line! and
a stack of two identical coupled junctions~solid lines!. Thick solid lines
show the total voltage on the stackV0
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line is determined byV05Nc̄02p/L, whereN is the number
of fluxons andc̄0 is the limiting propagation velocity of elec-
tromagnetic waves~Swihart velocity! in the junction. In nor-
malized unitsc̄0 is equal to unity. In the stack withSÞ0, c̄0
splits into two different velocities,c̄1 andc̄2 . One can infer
the corresponding limiting voltages of the stack from th
IVC ~solid line! shown in Fig. 2. The lower asymptotic dc
voltage of the single coupled junction~SCJ! is given by
V25Nc̄22p/L. The characteristic propagation velocity in
the c̄2 ~out-of-phase! mode is3

c̄25
c̄0

A12S
, c̄0 . ~17!

The asymptotic dc voltageV15Nc̄12p/L corresponds to
the high-velocityc̄1 ~in-phase! mode of fluxon motion and is
characterized by the limiting velocity:3,9

c̄15
c̄0

A11S
. c̄0 . ~18!

The dc voltage on the junction is given by the ‘‘0’’th har
monic of the voltageV(t). The amplitude of this harmonic
V0 is proportional to the fundamental frequency of the fluxo
oscillations through the Josephson relation. In the subsequ
sections we analyze the harmonic content of these volta
oscillations.

A. Single uncoupled junction (SUJ)

In this section we present in detail the characteristics
single junctions in order to facilitate coming discussion o
stacked junction properties. The simulated dcI –V character-
istics V0(g) of the single-layer, annular, uncoupled LJJ a
shown in Fig. 3 by the solid line. The vertical part of thi
IVC, called flux-flow resonance, is due to relativistic beha
ior that takes place when the velocity of fluxonsu ap-
6526 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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FIG. 3. Dc voltageV0 ~solid line! and amplitudes of the first three harmon-
ics V1 , V2 , andV3 ~dash–dotted lines! vs normalized bias currentg for a
single, uncoupled, annular LJJ.
e

proaches the Swihart velocityc̄0 . The asymptotic voltage of
the resonanceV52pNc̄0/L corresponds tou5 c̄0 . For ap-
plications, a working point on theI –V curve which guaran-
tees the highest possible radiation power and narro
linewidth2 has to be chosen at the flux-flow resonance. T
spectrumV(n) of the ac voltage at the bias pointM ~see Fig.
3! is shown in Fig. 4. Since we do not include any nois
sources in the simulations, the spectrum is discrete a
should display zero linewidth for all harmonics. The finit
power between the harmonics is a result of the Gauss
-

n
ent
ge

of
f

re
s
v-

FIG. 4. The voltage spectrum of the single uncoupled annular LJJ at the b
point M ~g50.5! shown in Fig. 3. The integer numbers are indexing th
order k of the harmonics. The solid line follows the exponential decay o
harmonic amplitudes fork>1. In the inset the voltage oscillationsV(t) at
x5x0 are shown.
Wallraff, Goldobin, and Ustinov
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FIG. 5. Dc voltageV0 and the first harmonic amplitudeV1 vs bias currentg
for a single, uncoupled, annular LJJ with damping parametersa50.05, 0.10,
0.15, and 0.20.
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window employed here. The maxima of the Gaussian pea
correspond to the harmonic amplitudes. The time-depend
voltage signalV(t) is shown as an inset. The amplitudes o
all harmonics apparently decrease exponentially with th
order k, whereas the dc voltage (k50) is fixed by the Jo-
sephson relation. The exponential decay of the harmonic a
plitudes is an intrinsic feature of the solutions to the unpe
turbed sine-Gordon equation.

When moving the working pointM ~Fig. 3! upwards to
the top of the resonance, the fluxon voltage pulses are n
rowing due to the relativistic Lorentz contraction. Accord
ingly, the amplitudes of all harmonics in Fig. 4 are increa
ing. The dependence of the lowest three harmonic volta
amplitudesV1 , V2 , and V3 ~dash–dotted lines! on g is
shown in Fig. 3. Thus, plots in Fig. 3 account for the IVCs o
the first four~0th, 1st, 2nd, and 3rd! spectral components of
the voltage oscillations in the LJJ. We stress that the sp
trum has a high second and third harmonic content ne
g51. This is due to the strongly anharmonic voltage oscill
tions of the fluxons moving close to the limiting velocity
These harmonic amplitudes are reference values for la
comparison to amplitudes of the stacked system.

1. Influence of the damping parameter

Figure 5 shows the dependence of the amplitudesV0 and
V1 ong for different values of the damping parametera. The
slopeDI /DU}1/RN of the IVC at lowg is proportional to
the damping parametera as expected. The simulated IVCs
for different values ofa are in good agreement with the
theoretical model by Marcus and Imry:11

g5
4a

p

E~k!

k

1

A12u2
. ~19!

The modulusk of E(k) is given by the equation
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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FIG. 6. The amplitude of the first harmonicV1 at constant levels ofg vs
damping parametera for a single, uncoupled, annular LJJ.
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j5
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NlJ
52kK~k!A12u2. ~20!

K(k) andE(k) are the complete elliptic integrals of the firs
and second kind andj is the fluxon spacing in the junction.

The first harmonic amplitudeV1 ~Fig. 5! decreases with
increasinga, as expected. In Fig. 6 one can see in mo
detail the dependence ofV1 ona for different fixed values of
g. V1 decreases linearly with increasinga in a range ofg
relatively close to unity. For lower driving currents the de
pendence is nonlinear. Linear extrapolation ofV1(a) in the
rangea,0.075 results in a limiting first harmonic amplitude
at V1'8 in the limit of a→0. This feature is rather impor-
tant, because it allows us to extrapolate the data simula
for a'0.1 to values ofa,0.01 that are more relevant for
typical experiments.

2. Influence of the critical current density

To evaluate the influence of spread in critical currents
the coupled system we simulated also the influence of var
tion of j c on the ac voltage in SUJs. This was done by choo
ing S50 andJÞ1 in Eq. ~16! and analyzing the voltages in
JJB. Since j c

B5 j c
A/J, the effective critical current in JJB dif-

fers from JJA by a factor of 1/J. The dc voltage and the first
three harmonics are shown in Fig. 7. For each value ofJ the
characteristics are plotted up to the current at which the jun
tion switches from the flux-flow resonance to higher voltag
~McCumber branch!. We observe that this switching curren
scales with 1/J as expected from Eqs.~16!. Moreover, the
fluxons move at higher speeds for lowerj c at the sameg.
The dependence of the first harmonic amplitude on 1/J at
different values of driving current is presented in Fig. 8. W
note that the voltage amplitude only weakly depends on 1J
at constant values of driving currentg>0.3 in the studied
range 0.5,J,2.0. For large 1/J the amplitudes increase
with the switching current. In higher harmonics, the junctio
6527Wallraff, Goldobin, and Ustinov
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FIG. 7. The dc voltageV0 and the first three harmonic amplitudesV1 , V2 ,
andV3 vs normalized bias currentg for the single, uncoupled, annular JJB

with a50.1 and critical current parametersJ5 j c
A/ j c

B50.50 and 2.00. Ar-
rows indicate switching to higher voltages.
es

n-

uct

c-
with lower j c exhibits larger amplitudes at the same drivin
current. This is because the fluxons in this junction reach t
limiting velocity at lower normalized driving current, as ca
be seen from the dcI –V characteristics in Fig. 7.

B. Out-of-phase mode

The qualitative features of the time-dependent dynam
of symmetric stacks for both the in-phase and out-of-pha
modes have been investigated earlier in Ref. 3. Later,
idea of doubling the frequency of Josephson radiation us
of
des
FIG. 8. The amplitudes of the first harmonicV1 at constantg vs 1/J5 j c
B/ j c

A

for the single, uncoupled, annular JJB ~a50.1!.
6528 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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a stacked flux-flow oscillator operating in the out-of-phas
mode was proposed.8 Here we examine the harmonic conten
of voltage oscillations in detail.

In the flux-flow resonance, the voltage oscillationsVA(t)
in JJA and VB(t) in JJB at an arbitrary pointx5x0 of the
stack are periodic in time. Thus,VA(t) and VB(t) can be
expanded into Fourier series:

VA~ t !5 (
k50

`

Vk
A cos~vAkt1wk

A!; ~21!

VB~ t !5 (
k50

`

Vk
B cos~vBkt1wk

B!, ~22!

whereVk
AuB are the amplitudes andwk

AuB the phases of thekth
harmonics. The fundamental angular Josephson frequen
are given byvAuB.

If the junctions are frequency locked, their fundament
angular frequencies are identicalvA5vB5v. Accordingly,
the sum of the two voltages can be expressed as

VS~ t !5 (
k50

`

uVk
Sucos~vkt1qk!, ~23!

where

uVk
Su25Vk

A21Vk
B212Vk

AVk
B cos~Dwk! ~24!

is the square of the total amplitude of thekth harmonic,
depending on the respective junction harmonic amplitud
Vk
A and Vk

B and their phase differenceDwk5wk
B2wk

A. The
initial phaseqk fixes the phase relation between the harmo
ics of the total voltage.qk is not important to determine the
harmonic content of the signal, but necessary to reconstr
the wave form.

1. Equal junction parameters
First, for the sake of simplicity, we assume that the jun

tions have identical properties so thatVk
A5Vk

B5Vk and
wk
A5wk

B5wk . In out-of-phase mode the voltageVB(t) is
shifted in time relative toVA(t) by one-half of the funda-
mental periodT52p/v:

VA~ t !5 (
k50

`

Vk cos~vkt1wk!, ~25!

VB~ t !5 (
k50

`

Vk cos@vk~ t1T/2!1wk#

5 (
k50

`

Vk cos~vkt1wk1pk!. ~26!

With Dw5pk and Eq.~24! the total amplitudesVk
S can be

calculated as

uVk
Su25Vk

21Vk
212Vk

2 cos~kp!5H 0, k51,3,5,... ,

4Vk
2, k52,4,6,... .

~27!

As a result all odd harmonics cancel and the amplitudes
all even harmonics become twice as large as the amplitu
in a single, coupled junction~SCJ! of the stack. The resulting
voltage can be expressed as
Wallraff, Goldobin, and Ustinov
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FIG. 9. The time-dependent voltagesVA(x0 ,t), V
B(x0 ,t), andV

S(x0 ,t) at
the arbitarily chosen coordinatex0 in a stack with equal junction parameters
at g50.5.
`

ack

y.

hed
VS~ t !5 (
k50

2V2k cos~2vkt1qk!. ~28!

Thus one would expect enhanced yield at the second h
monic. In a subsequent section we will analyze the effect
differences in junction parameters onVS(t).

In Fig. 9 the voltagesVA(t), VB(t), andVS(t) of a stack
with equal junction parameters atg50.5 are plotted versus
time. One recognizes thatVS(t) is governed by a small am-
plitude oscillation at twice the fundamental Josephson fr
quency of the stack. The corresponding spectrum of the st
biased atg50.7 is shown in Fig. 10. We note that all odd
harmonics of the total voltageVS attain zero amplitudes, in
agreement with Eq.~27!. The amplitudes of all even harmon
ics are doubled with respect to the SCJ, but they are mu
smaller than those of the SUJ. The second harmonic am
tudes of an SUJ~dashed line!, an SCJ~solid line!, and the
stack~thick solid line! in dependence on the bias currentg
are shown in Fig. 11. The second harmonic of the SCJ
very much smaller than the second harmonic of the SU
This result deserves a more detailed discussion.

Let us compare the spectra shown in Figs. 4 and 10
more detail. It can be easily noted that the odd harmon
amplitudes of the SUJ are smaller than those of the SCJ
contrast, the even harmonics in the spectrum of the SCJ
considerably suppressed in comparison to the SUJ. This f
ture is related to the magnetic coupling between the jun
tions. Qualitatively, the mechanism responsible for this ph
nomenon is the following. Due to the coupling, the fluxon
moving in JJA, with magnetic field profilef̄x

A(x), create the
image profilef̃x

A(x) in JJB. An example of such an image for
NA53 andNB50 is shown in Fig. 12. We note that the field
profiles are almost identical except for the constant comp
nent and the inverted polarity of the profileB. Fourier analy-
sis of the profiles in the master and the image junction h
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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FIG. 10. Spectrum of the voltage oscillations with harmonic amplitude
shown by open circles (Vk

A,B) and small solid circles~total voltageVk
S! at

g50.7. Numbers indicate the harmonic indexk.
ar-
of

e-

shown that the harmonic content~for k>1! of the two pro-
files is almost equivalent forS520.4 andg>0.3. Thus, for
coupling constantsuSu>0.4, in case ofNB50, we can ap-
proximately express the image profile in junctionB induced
by junctionA as

f̃x
A~x!'const2ef̄x

A~x!, ~29!

where e is a constant close to but always less than unit
Now, supposing the existence of fluxons also in JJB, we ob-
tain in zeroth order approximation
-
ch
pli-

is
J.

in
ic
. In
are
ea-
c-
e-
s

o-

as

FIG. 11. The amplitudes of the second harmonicV2 vs bias currentg of the
stack of identical junctions synchronized in out-of-phase mode. The das
line showsV2 from Fig. 3 of the single uncoupled junction~SUJ! for com-
parison.
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FIG. 12. Magnetic field profiles of the two junctions in the out-of-phas
mode biased atg50.7. There are three fluxons trapped in JJA; JJB contains
no net flux.
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fx
B~x!'f̄x

B~x!1f̃x
A~x!'f̄x

B~x!2ef̄x
A~x!1const ~30!

and a similar expression forfx
A(x). Taking into account the

phase difference in the out-of-phase modef̄x
B(x)5f̄x

A(x
2T/2) and using the Fourier series expansion off̄x

A one can
easily compute the harmonic amplitudes and get expressi
similar to Eqs.~25!–~28!. First, all odd harmonics offx

B(x)
increase by a factor of 11e. In contrast, all even harmonics
of fx

B(x) obtain very small amplitudes of the order of 12e in
comparison to the SUJ. Due to the fact thatfAuB(x,t) de-
scribes traveling waves with the argument (kx2ut), one ob-
tains VAuB(t)}HAuB(x), thus the above treatment is appli
cable to the time-dependent voltages as well. The abo
considerations well explain the features of the tim
dependent voltage signalVS(t) in Fig. 9 and the voltage
spectrumV(n) presented in Fig. 10.

Quantitatively, one would have to solve the sel
consistent problem for the magnetic field distribution. Th
analytical expression for the image profiles, derived in Re
12 using the perturbation technique, is proportional toS for
uSu!0.1. Consequently, all spectral components of the ima
profiles are proportional toS in that range. We have found
from numerical simulations of the image profiles that fo
uSu>0.2 all harmonic amplitudes are constrained b
0.9Vk

A,Vk
B,Vk

A at g>0.3. This implies that the factore in-
troduced above is always larger than 0.9. Therefore, t
above considerations are appropriate for all experimenta
relevant coupling parameters.

We conclude for equal junction parameters that all ha
monics ~except the dc amplitudeV0! of an SCJ in the out-
of-phase flux-flow mode are much smaller in amplitude th
the corresponding harmonics of an SUJ. For odd harmon
this phenomenon can be explained by the out-of-phase v
age summation and for even harmonics by the out-of-pha
magnetic coupling.
6530 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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2. Spread in junction parameters

Simulations of stacks with different junction paramete
were analyzed in detail. We note that in case of large diffe
ences in parameters the mutual phase locking can be diffic
or even impossible to achieve. In simulations one can ‘‘ar
ficially’’ lock the junctions in some parameter range b
choosing appropriate initial conditions. In experiment, pha
locking can be facilitated by using an independent magne
field control for each junction, as demonstrated in Ref. 8.

In the simulations of the out-of-phase flux-flow mode fo
different junction parameters, the odd harmonics of the to
voltageVS(t) attain nonzero amplitudes. The even harmon
amplitudes become smaller than in the case of equal para
eters. This can be explained by considering the general
~24! and allowing different harmonic amplitudesVk

AuB and
the phaseswk

AuB. The resulting amplitudes in the out of phas
mode are then given by

uVk
Su25Vk

A21Vk
B212Vk

AVk
B cos~kp1dw!

5H Vk
A21Vk

B222Vk
AVk

B cos~dwk!, k51,3,5,... ,

Vk
A21Vk

B212Vk
AVk

B cos~dwk!, k52,4,6,... ,

~31!

where

dwk5Dwk2kp. ~32!

Thus, the total voltage is determined by the different amp
tudes ofVAuB(t) and the phase shifts between them. Fo
identical junctionsdwk vanishes.

a. Spread in damping.Simulations of the out-of-phase
mode were performed for variousRÞ1, i.e., different damp-
ing coefficients of the two junctions@see Eq.~16!#. The cur-
rent range at which the phase locking of the junctions tak
place is strongly dependent on the ratio of damping para
eters of the junctions. A more detailed analysis of this d
pendence will be presented elsewhere.13 The data presented
here refer to the phase-locked range on the flux-flow res
nances.

In general, a spread in damping coefficients leads to
additional decrease of the second harmonic amplitude of
stack. There are two contributions to be considered. First,
fluxon velocity in the coupled system decreases at a giveng
when the damping parameter in JJB is increased. This con-
tribution is found to be rather small. Second, addition
phase shiftsDwk occur between harmonics of the SCJs. A
an example we discuss the caseR51.5. Figure 13 displays
V2
A, V2

B, andV2
S in dependence ong, the sum of the first

harmonicsV1
S is shown for comparison. The harmonic am

plitudes of each single junction in the stack are identical~see
Fig. 13!. In general, we found that the SCJ harmonics a
almost identical in two junctions for anyR examined. Hence,
the very small value ofV2

S has to be the result of an addi-
tional phase shiftdw2 betweenV2

A andV2
B as given by Eq.

~32!. In the example given in the inset of Fig. 13, the phas
shift assumes a valuedw2>p/2, such thatV2

S!V2
A,B. The

phase in the first harmonicdw1 is shifted as well. As a result,
the first harmonic amplitude is even larger than the second
this case~see Fig. 13!.

e
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FIG. 13. Solid lines showV2
A, V2

B ~thin line! andV2
S ~thick line! as a func-

tion of g. V1
S ~dotted line! is plotted for reference. The voltage profiles

VA(x0 ,t), V
B(x0 ,t) andV

S(x0 ,t) at g50.5 are shown in the inset.
x-
b. Spread in critical current density.The effect of dif-
ferent critical currents of the two junctions on the out-o
phase mode was investigated for 0.5,J5 j c

A/ j c
B,2.0 with

the fixed coupling strengthS520.4. The calculations for
JÞ1 have shown features similar to the behavior forRÞ1
discussed above. In Fig. 14 the time-dependent voltage p
files VA,B(t) andVS(t) are plotted forj c

A52 j c
B. Apparently,

the amplitude of the oscillations in each junction are almo
identical at this bias current. The Fourier components at t
fundamental frequencyV1

A, V1
B, andV1

S are shown in Fig. 15.
The data are plotted forJ5 j c

A/ j c
B51 and J5 j c

A/ j c
B52 in
q.

o

se

r-

e

FIG. 14. The evolution ofVA,B(x0 ,t) andV

S(x0 ,t) in time for J5 j c
A/ j c

B52
at g50.5.
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FIG. 15. The first harmonic amplitudesV1
A,B andV1

S plotted vsg for J52
~solid lines! andJ51 ~dashed lines!.
f-

ro-

st
he

dependence ong. The harmonic amplitudes of the fluxon
oscillations in each single junction forJ51 are equal, as
expected. We found from simulations that forJ52 and for
all other values ofJ investigated the ratio of the harmonic
amplitudes at resonant voltages is almost equal to unity

V1
A

V1
B'1. ~33!

At low bgias currents this ratio agrees with the value e
pected from the perturbation theory.

In order to discuss Fig. 15 in more detail, we refer to E
~31! for k51. Accordingly, the first harmonic amplitudeV1

S

is given by

uV1
Su25V1

A21V1
B222V1

AV1
B cos~dw1!. ~34!

Exact out-of-phase addition of the first harmonic of the tw
junctions V1

S5V1
A2V1

B takes place fordw150. Thus, for
junctions with equal critical currents,V1

A5V1
B and the sum of

the voltages isV1
S50 ~see Fig. 15!. In the caseJÞ1, the

harmonicsV1
A andV1

B differ from one another by less than
5%. Additionally,dw1 may attain nonzero values. We found
thatdw1<5° for 0.5,J,2.0 by solving Eq.~34! for dw1 and
using the simulated values ofV1

A, V1
B, and V1

S. Thus,
V1

S'uV1
A2V1

Bu can be applied to all simulated values ofJ.
Similarly, the second harmonic amplitudeV2

S is given by

uV2
Su25V2

A21V2
B212V2

AV2
B cos~dw2!. ~35!

Numerical simulations reveal that only forJ51 the second
harmonic voltages of the two junctions add up in pha
~dw250! in the full current range. As observed also forRÞ1,
dw2 may attain nonzero values for a spread in critical cu
rents. ForJ51.10 we observed a transition fromdw2'0 at
g'0.3 todw2'p atg'0.8 while increasing bias current. For
larger spread (J>1.30) the second harmonic amplitudes ar
6531Wallraff, Goldobin, and Ustinov
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FIG. 16. The second harmonic amplitudesV2
A,B and V2

S plotted vsg for
J51 ~dashed lines! andJ52 ~solid lines!.
he

c-
he
be

ch
out of phase~dw2'p! in the full range of the locked state
stability, i.e.,V2

S'uV2
A2V2

Bu. An example is given in Fig. 16
for J52 ~solid lines!. The second harmonic amplitude is
suppressed substantially by the occurring shiftsdw2 which
are induced by the spread in critical currentsJ.

The presented results suggest that stacked flux-flow
cillators operating in out-of-phase mode do not possess a
advantages over single, uncoupled LJJ oscillators. We no
however, that our model neglects the surface losses~b term!
and the nonlinearity of quasiparticle conductivitya at high
frequencies. A correction to the model witha5const could
be including a damping termaAuB(x,t) depending on the
amplitude of the local time-dependent voltageVAuB(x,t).
However, such an extension of the model is not very like
to lead to an increase of harmonic amplitudes since t
damping increases with frequency. We found this effect
preliminary simulations with nonlinear quasiparticle losses

C. In-phase mode

For equal JJ parameters, the phases of two junctions
ased in the in-phase mode are identicalfA(x)5fB(x).3,9 An
analysis using magnetic images equivalent to that of the o
of-phase mode can be applied here as well. In Fig. 17
magnetic image in JJB induced by fluxons in JJA is shown. In
zeroth order approximation, its amplitude obeys the relati
f̃x
A'ef̄x

A2const, where 0,e,1. Accordingly, the profile
fx
B(x) in JJB is given by

fx
B~x!'f̄x

B~x!1f̃x
A~x!'f̄x

B~x!1ef̄x
A~x!2const. ~36!

We point out that the summation of the fluxon and the ima
profile is less accurate than in the out-of-phase case due
the high amplitudes of bothf̄x

B(x) andf̃x
A(x). The identical

voltages of individual junctions add up in the in-phase sta
which results in an increase of the amplitudes of all harmo
6532 J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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FIG. 17. Normalized magnetic field profiles of junctionsA andB at g50.7
in the in-phase mode forNA53 and NB50 with coupling constantS
520.4.
os-
ny
te,

ics. As an example, the voltage profilesVA(t) andVB(t) of
equal amplitudes shown in Fig. 18 add up in phase to t
voltage profileVS(t) of a larger amplitude.

Expanding the voltage oscillations in each single jun
tion into a Fourier series and summing the voltages for t
in-phase mode, the amplitudes of the resulting signal can
expressed as@see Eqs.~21!–~24!#

uVk
Su25Vk

A21Vk
B212Vk

AVk
B cos~dwk!, ~37!

dwk5wk
A2wk

B . ~38!

Heredwk is the deviation from exact phase matching of ea
harmonic.
ly
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FIG. 18. The time dependent voltagesVA(x0 ,t), V

B(x0 ,t) andV
S(x0 ,t) at

g50.5 in in-phase mode.
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FIG. 19.V1 , V2 , andV3 of a stack of identical junctions~thick lines! and of
the SUJ~thin lines! vs bias currentg in the in-phase flux-flow mode.
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1. Equal junction parameters

The simulated dependence ofV1
S, V2

S, andV3
S on g for

the stack of two identical junctions is shown in Fig. 19. Fo
comparison, the SUJ amplitudesV1 , V2 , andV3 are plotted
as well.V1

S(g) is nearly equal to the first harmonic ampli
tude V1(g) of the SUJ atg'0.45 and becomes approxi-
mately 2.2 times larger thanV1(g) atg51. The amplitude of
the second harmonicV2

S of the stack is equal toV2 of SUJ at
g'0.6 and becomesV2

S'1.6V2 at g51. Finally, the ampli-
tudes of the third harmonic are approximately equal in t
SUJ and the stack. We like to emphasize that, at the top
the resonance, the first harmonic amplitudeV1

S is about a
factor of 2 larger thanV1 , i.e., the radiation power is larger
by a factor greater than 4. We suppose that this oversupe
diant effect is due to the redistribution of power betwee
high and low harmonics for SCJs as compared with SUJs

In addition to the gain in amplitudes, in the in-phas
mode we have an increase in frequencyv1

1 5 v1
0/A11S

. v1
0 of all harmonics due to the higher propagation veloci

in thec1 mode. The increase in frequency is determined v
the Josephson relation by the dc voltage of the SCJ~see Fig.
2!. For S520.4, the voltage is a factor of 1/A11S ' 1.3
larger due to the enhanced Swihart velocityc̄1. c̄0 .

2. Spread in junction parameters
a. Spread in damping.The dependence of the first har

monic amplitude on the spread in quasiparticle resistan
R5RA/RB of the two coupled junctions is plotted in Fig. 20
In the studied parameter range, the amplitudeV1

S at constant
currentg decreases linearly with increasingR. As the ampli-
tudes in JJB decrease with respect to JJA due to larger damp-
ing, the total amplitudeV1

S of the coupled system decrease
as well. In contrast, forRA,RB the amplitudeV1

S increases.
In the case of large spread (R>1.2), the in-phase locked

state was found to be impossible to achieve by cycling~with
increasing and decreasingg! through the hysteretic IVC. It
J. Appl. Phys., Vol. 80, No. 11, 1 December 1996
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FIG. 20. V1
S at fixed bias valuesg vs the ratio of quasiparticle resistances

R5RA/RB for the in-phase flux-flow mode.
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can be argued that the junctions do not lock in phase an
more because the fluxon velocities in the two junctions co
siderably differ from each other at constantg. Nevertheless,
in simulations phase-locking can still be achieved by usin
the appropriate initial conditions. Thus, the limited stabilit
range is a disadvantage of the in-phase mode as compa
with the out-of-phase mode. By increasing the coupling p
rameterS one can achieve more stable locking even for
larger spread.

b. Spread in critical current density.Simulations of the
in-phase mode withJÞ1 revealed a similar behavior of volt-
age amplitudes@Eq. ~33!# as discussed above for the out-of
phase mode. The voltage profilesVA(t), VB(t), andVS(t)
for J52 are illustrated in Fig. 21. The amplitudesV1

A, V1
B,

andV1
S are plotted in Fig. 22 forJ52, data forJ51 are also

shown as a reference. We note that the upper delocking c
rent of the stack is reduced due to the twice-lower critic
current of JJB. In general, the upper delocking currentjmax in
the in-phase mode always assumes a value between
single junction critical currentsj c

A and j c
B. Thus, forJ.1 the

jmax is decreased, whereas forJ,1 the jmax is increased. As
can be seen in Fig. 22, the dependence ofV1

( on the bias
currentg is almost identical for the two values ofJ51 and
J52. Hence the only substantial change in harmonic amp
tude arises from the modified locking range of the stack. Th
behavior was observed for all values ofJ where 0.5<J<2.
Figure 23 illustrates the dependence ofV1

S on the spread in
critical currentsJ at constantg. The qualitative behavior is
very similar to that of single junctions. ForJ,1 we naturally
observed an additional increase inV1

S mainly due to the en-
hancedjmax of the stack.

In contrast to the out-of-phase mode, no substant
phase shiftsdwk that would influence the harmonic conten
of VS(t) were found in the in-phase mode. As a cons
quence, all higher harmonics add in phase, which results i
doubling of SCJ amplitudes. In comparison to the SUJ, som
6533Wallraff, Goldobin, and Ustinov
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FIG. 21. The temporal evolution ofVA,B(t) andVS(t) in the in-phase flux-
flow mode atg50.5 is plotted forJ5 j c

A/ j c
B52.
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gain of the stacked oscillator in in-phase mode can be o
served forV2

S andV3
S as well ~see Fig. 19!.

The use of LJJ stacks operating in the in-phase flux-flo
mode is promising for applications since it increases the a
plitudes of all harmonics. The comparison of the total vol
age spectrum across the stack with the voltage spectrum
an SUJ shows that, due to the in-phase summation and
magnetic coupling, the first harmonic will be enhanced by
factor of more than 2. Lower harmonics show an increase
nt
-of-
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d,
st
cy

en
se-
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d

o
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st
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FIG. 22. The first harmonic amplitudes of each single junction (V1
A,B) and

of the stack (V1
S) are plotted as a function ofg for J51 ~dashed lines! and

J52 ~solid lines!.
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FIG. 23. V1
S as a function of the parameterJ at constant levels ofg.
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amplitude by a factor of between 2 and 1 and the gain
decreasing with the order of the harmonic. The dependen
of the gain in the first harmonic amplitude on the spread
critical currents is rather weak, whereas a spread in quasip
ticle resistances leads to a decrease in gain.

V. CONCLUSION

The ac voltage spectra of double-barrier, stacked LJJs
in-phase and out-of-phase flux-flow modes are studied. In
frame of the theoretical model with frequency independe
damping and absence of surface current losses, the out
phase flux-flow mode is found to be not feasible for oscilla
tor applications due to low power of all harmonics. Instea
the in-phase flux-flow mode is found to be of high intere
for applications that require enhanced power and frequen
yield.

The harmonic content of radiation from a twofold
coupled stack is governed by the magnetic coupling betwe
junctions, which is inducing magnetic images, and the pha
dependent summation of single junction voltages. We ha
pointed out the important features of the voltage spectra
the stack in in-phase and out-of-phase modes taking in
account differences in the junctions’ critical currents an
quasiparticle resistances.

The in-phase flux-flow mode provides the possibility t
obtain larger power for various harmonics in Josephson
diation. This mode has limited stability and is less robu
than the out-of-phase mode with respect to the parame
spread. In experiment it may be stabilized by an accura
tuning to achieve locking.8 According to our simulations, the
in-phase flux-flow mode can be obtained reliably even wi
rather large spread in critical currents of the junctions. F
a.0.1, a spread in damping coefficients of about 10% c
be tolerated. These limitations can be satisfied by mode
Nb/AlOx technology. Reliability of in-phase locking can be
Wallraff, Goldobin, and Ustinov
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enhanced by increasing the coupling parameterS, i.e., reduc-
ing the thickness of the middle superconducting electrode
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