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Chapter 1

Introduction

The Finite Element Analysis Program FEAP may be used to solve a wide variety of problems
in linear and non-linear solid continuum mechanics. This report presents the background
necessary to understand the formulations which are employed to develop the two and three
dimensional continuum elements which are provided with the FEAP system. Companion
manuals are available which describe the use of the program [21] and information for those
who wish to modify the program by adding user developed modules [20].

In this report, Chapters 2 and 3 provide an introduction to problem formulation in both
a strong and a weak form. The strong form of a problem is given as a set of partial differential
equations; whereas, the weak form of a problem is associated with either variational equations
or variational theorems. Vainberg’s theorem is introduced to indicate when a variational
theorem exists for a given variational equation. A variational statement provides a convenient
basis for constructing the finite element model. The linear heat equation is used as an
example problem to describe some of the details concerning use of strong and weak forms.

Chapters 4 and 5 provides a summary of the linear elasticity problem in its strong and
weak forms. Chapter 6 discusses implentation for displacement (irreducible) based finite
element methods. Chapters 7 and 8 then discuss alternative mixed methods for treating
problems which include constraints leading to near incompressibility. General mixed and
enhanced strain methods are presented as alternatives to develop low order finite elements
that perform well at the nearly incompressible regime. Special attention is given to methods
which can handle anisotropic elastic models where the elasticity tangent matrix is fully
populated. This is an essential feature required to handle both inelastic and non-linear
constitutive models.

Chapter 9 presents a generalization of the linear elastic constitutive model to that for
linear viscoelasticity. For applications involving an isotropic model and strong deviatoric
relaxation compared to the spherical problem, a situation can arise at large times in which
the response is nearly incompressible — thus requiring use of elements that perform well in this
regime. Alternative representations for linear viscoelastic behavior are presented in the form
of differential models and integral equations. The latter provides a basis for constructing an
accurate time integration method which is employed in the FEAP system.

Chapter 10 presents the general algorithm employed in the FEAP system to model plas-
ticity type presentations. A discussion is presented for both rate and rate independent
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models, as well as, for a generalized plasticity model. Full details are provided for the case
of isotropic models. The formulation used is based on a return map algorithm for which
analytic tangent matrices for use in a Newton solution algorithm can be obtained.

Chapter 11 discusses methods used in FEAP to solve constraints included in a finite
element model. Such constraints are evident in going to the fully incompressible case, as
well as, for the problem of intermittant contact between contiguous bodies. The simplest
approach is use of a penalty approach to embed the constraint without the introduction of
additional parameters in the algebraic problem. An extension using the Uzawa algorithm for
an augmented Lagrangian treatment is then considered and avoids the need for large penalty
parameters — which can lead to numerical ill-conditioning of the algebraic problem. A final
option is the use of Lagrange multipliers to include the constraint. All of these methods are
used as part of the FEAP system.

Chapter 12 presents a discussion for extension of problems to the fully transient case. The
Newmark method and some of its variants (e.g., an energy-momentum conserving method)
are discussed as methods to solve the transient algorithm by a discrete time stepping method.

Finally, Chapter 13 presents a summary for extending the methods discussed in the first
twelve chapters to the finite deformation problem. The chapter presents a summary for
different deformation and stress measures used in solid mechanics together with a discus-
sion on treating hyper-elastic constitutive models. It is shown that general elements which
closely follow the representations used for the small deformation case can be developed using
displacement, mixed, and enhanced strain methods.



Chapter 2

Introduction to Strong and Weak
Forms

2.1 Strong form for problems in engineering

Many problems in engineering are modeled using partial differential equations (PDE). The
set of partial differential equations describing such problems is often referred to as the strong
form of the problem. The differential equations may be either linear or non-linear. Linear
equations are characterized by the appearance of the dependent variable(s) in linear form
only, whereas, non-linear equations include nonlinear terms also. Very few partial differential
equations may be solved in closed form - one case being the linear wave equation in one space
dimension and time. Some equations admit use of solutions written as series of products of
one dimensional functions for which exact solutions may be constructed for each function.
Again, in general it is not possible to treat general boundary conditions or problem shapes
using this approach. As an example consider the Poisson equation

Pu  0%u
@—i_a—yQ = q(z,y) (2.1)

defined on the region 0 < z < a, 0 <y < b with the boundary condition © = 0 on all edges.
This differential equation may be solved by writing u as a product form

=33 sin(m;m) sin(mgy)umn (2.2)

which when substituted into the equation yields

Xm: Zﬂ: {(?)2 n (n_bﬂ)Q] Sin(m;fx) sin(n—zy)umn = q(z,y) (2.3)

The solution may now be completed by expanding the right hand side as a double sine series
(i.e., Fourier series) and matching terms between the left and right sides. Evaluation of the

3
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solution requires the summation of the series for each point (z,y) of interest. Consequently,
it is not possible to get an exact solution in closed form. Indeed, use of a finite set of terms
leads to an approzriamte solution with the accuracy depending on the number of terms used.

More general solutions may be constructed using separable solution; however, again, the
solutions are obtained only in series form. In the sequel, we will be concerned with the
construction of approximate solutions based on the finite element method. This is similar to
a series solution in that each mesh used to construct an FE solution represents a particular
number of terms. Indeed, if sequences of meshes are constructed by subdivision the concept
of a series is also obtained since by constraining the added nodes to have values defined by
a subdivision the results for the previous mesh is recovered - in essence this is the result
for fewer terms in the series. Meshes constructed by subdivision are sometimes referred to
as a Ritz sequence due to their similarity with solutions constructed in series form from
variational equations. It is well established that the finite element method is one of the
most powerful methods to solve general problems represented as sets of partial differential
equations. Accordingly, we now direct our attention to rewriting the set of equations in a
form we call the weak form of the problem. The weak form will be the basis for constructing
our finite element solutions.

2.2 Construction of a weak form

A weak form of a set of differential equations to be solved by the finite element method is
constructed by considering 4 steps:

1. Multiply the differential equation by an arbitrary function which contracts the equa-
tions to a scalar.

2. Integrate the result of 1. over the domain of consideration, 2.
3. Integrate by parts using Green’s theorem to reduce derivatives to their minimum order.

4. Replace the boundary conditions by an appropriate construction.

2.3 Heat conduction problem: Strong form

The above steps are made more concrete by considering an example. The governing partial
differential equation set for the transient heat conduction equation is given by

d

6qi . oT
_;axi + Q = pc 5 (2.4)

where: d is the spatial dimension of the problem; ¢; is the component of the heat flux in
the x; direction; @) is the volumetric heat generation per unit volume per unit time, T is
temperature; p is density; c is specific heat; and ¢ is time. The equations hold for all points
x; in the domain of interest, (2.
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The following notation is introduced for use throughout this report. Partial derivatives
in space will be denoted by

()= S (25)
and in time by
. or
T == (2.6)

In addition, summation convention is used where

With this notation, the divergence of the flux may be written as

d

Iq;

=1

Boundary conditions are given by

T(x;,t) = T (2.9)

where T is a specified temperature for points x; on the boundary, I'r,; and

In = qini = qn (2.10)
where gn,, is a specified flux for points x; on the flux boundary, I'y, and n; are direction
cosines of the unit outward pointing normal to the boundary. Initial conditions are given by

T(x;,0) = To(x;) (2.11)
for points in the domain, 2, at time zero. The equations are completed by giving a relation-
ship between the gradient of temperature and the heat flux (called the thermal constitutive
equation). The Fourier law is a linear relationship given as

g = — kT, (2.12)

where k;; is a symmetric, second rank thermal conductivity tensor. For an isotropic material
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kij = ko (2.13)

in which 6;; is the Kronecker delta function (6;; = 1 for i = j; = 0 for i # j). Hence for an
isotropic material the Fourier law becomes

The differential equation may be expressed in terms of temperature by substituting Eq.
2.14 into Eq. 2.4. The result is

(KT:); + Q = pcT (2.15)

The equation is a second order differential equation and for isotropic materials with constant
k is expanded for two dimensional plane bodies as

o1 o
ox? 03

) + Q = pca—T (2.16)

ot

We note that it is necessary to compute second derivatives of the temperature to compute
a solution to the differential equation. In the following, we show that, expressed as a weak
form, it is only necessary to approximate first derivatives of functions to obtain a solution.
Thus, the solution process is simplified by considering weak (variational) forms. The partial
differential equation together with the boundary and initial conditions is called the strong
form of the problem.

2.4 Heat conduction problem: Weak form

In step 1, we multiply Eq. 2.4 by an arbitrary function W (x;), which transforms the set of
differential equations onto a scalar function. The equation is first written on one side of an
equal sign. Thus

9W.giT) = W(ai) (ol = Q + qii) = 0 (2.17)

In step 2 we integrate over the domain, 2. Thus,

GO T) = [ W) (o = Q + )2 = 0 (2.18)

In step 3 we integrate by parts the terms involving the spatial derivatives (i.e., the thermal
flux vector in our case). Green’s theorem is given by
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[ 6sa0 = [ omar (2.19)

Normally, ¢ is the product of two functions. Thus for

o = VU (2.20)
we have
/ (UV).d2 = / (U V)madl (2.21)
Q r
The left hand side expands to give
/ UV + U V]dQ = / (U V)nydl (2.22)
Q r
which may be rearranged as
Q Q r

which we observe is an integration by parts.
Applying the integration by parts to the heat equation gives

G(W.q,T) = /W(l‘i) (e — Q)22 — /W,iqidg
Q Q
r

Introducing g, the boundary term may be split into two parts and expressed as

/andF = Waq,dl' + Wq,dl’ (2.25)
r I'r

Ty

Now the boundary condition Eq. 2.10 may be used for the part on I'; and (without any loss
in what we need to do) we can set W to zero on I', (Note that W is arbitrary, hence our
equation must be valid even if W is zero for some parts of the domain). Substituting all the
above into Eq. 2.24 completes step 4 and we obtain the final expression

GW,q,T) = /QW(xz) (ch — Q) dQ) — /QWiqidQ

+ [ Wgdl = 0 (2.26)

Ly
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If in addition to the use of the boundary condition we assume that the Fourier law is satisfied
at each point in €2 the above integral becomes

G = /W (pet — @)an + /WikfidQ
Q Q

+ [ Wg.dr = 0 (2.27)

Fq
We note that the above form only involves first derivatives of quantities instead of the
second derivatives in the original differential equation. This leads to weaker conditions to
define solutions of the problem and thus the notion of a weak form is established. Further-

more, there are no additional equations that can be used to give any additional reductions;
thus, Eq. 2.27 is said to be irreducible [26, Chapter 9].

2.5 Approximate solutions: The finite element method

For finite element approximate solutions, we define each integral as a sum of integrals over
each element. Accordingly, we let

Nel
QO Q= > Q (2.28)
e=1

where €}, is the approximation to the domain created by the set of elements, €2, is the domain
of a typical element and N, is the number of nodes attached to the element. Integrals may
now be summed over each element and written as

/Q(-)dQ ~ /Qh(-)dQ - i/e(-)dﬁ (2.29)

Thus our heat equation integral becomes

Nel Nel
G~ G = Z/ W<ch' . Q)dQ - Y [ Wigde
e=1 e e=1 Qe
Nei
+ > | Wgdl =0 (2.30)
e=1 Leg
Introducing the Fourier law the above integral becomes
Nel Nel
GrG =S | W (ch _ Q) a2+ > | WT.de
e=1 e e=1 Qe
Nel
+ > [ Wgdl =0 (2.31)
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In order for the above integrals to be well defined, surface integrals between adjacent
elements must vanish. This occurs under the condition that both W and T are continuous
in 2. With this approximation, the first derivatives of W and T may be discontinuous in €.
The case where only the function is continuous, but not its first derivatives, defines a class
called a C° function. Commonly, the finite element method uses isoparametric elements to
construct C° functions in €)),. Standard element interpolation functions which maintain C°
continuity are discussed in any standard book on the finite element method (e.g., See [26,
Chapter 7]). Isoparametric elements, which maintain the C° condition, satisfy the conditions

Nel
ro= > Ni(&)af (2.32)
I=1
for coordinates and
Nel
T = ) N(&T'(t) (2.33)
=1

for temperature. Similar expressions are used for other quantities also. In the above, I refers
to a node number, N; is a specified spatial function called a shape function for node I, &
are natural coordinates for the element, ! are values of the coordinates at node I, T (t) are
time dependent nodal values of temperature, and nel is the number of nodes connected to
an element. Standard shape functions, for which all the nodal parameters have the value of
approximations to the variable, satisfy the condition

SoNiE) = 1 (234

This ensures the approximations contain the terms (1, x;) and thus lead to convergent solu-
tions. In summation convention, the above interpolations are written as

r; = Nj(€)a! (2.35)
and
T = N/(&T'(t) (236)

The weight function may also be expressed as

W = N (&W! (2.37)

where W are arbitrary parameters. This form of approximation is attributed to Galerkin (or
Bubnov-Galerkin) and the approximate solution process is often called a Galerkin method.
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It is also possible to use a different approximation for the weighting functions than for the
dependent variable, leading to a method called the Petrov-Galerkin process.

The shape functions for a 4-node quadrilateral element in two-dimensions may be written
as

Ni(e) = 0 + d&)0 + g6) (239)

where & are values of the natural coordinates at node I. Later we also will use an alternative
representation for these shape functions; however, the above suffices for most developments.
Derivatives for isoparametric elements may be constructed using the chain rule. Accordingly,
we may write

aN[ aN] al’j 8]\71
= = . 2.
8@ 82Uj (9@ 8:cj Jﬂ ( 39)

where the Jacobian transformation between coordinates is defined by

(9xj
9
The above constitutes a set of linear equations which may be solved at each natural co-

ordinate value (e.g., quadrature point) to specify the derivatives of the shape functions.
Accordingly

% — aNIJfl
8xj (951 It

(2.41)

Using the derivatives of the shape functions we may write the gradient of the temperature
in two dimensions as

Ta,

T

Similarly, the gradient of the weighting function is expressed as

W,
W,

Finally the rate of temperature change in each element is written as

m} T'(#) (2.42)

NIx I
AW 2.43
[N} (2.43)

T = N (&) T ¢t) (2.44)
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With the above definitions available, we can write the terms in the weak form for each
element as

/ WopcTdQ = WIM; T’ (2.45)
Qe

where
M;; = g NrpeNydSQ) (2.46)
defines the element heat capacity matrix. Similarly, the term
) W, kT;dQ = W K;; T’ (2.47)
where
K;; = g Niik Ny, dQ (2.48)

defines the element conductivity matrix. Finally,

WQd) — / W G, dlU = W'F; (2.49)
Qe Feq
where
F; = / NrQdQ) — Ny @, dI’ (2.50)
Qe Tegq
The approximate weak form may now be written as
Nei
Gy = Y W(MyT + KiyT) - F) = 0 (2.51)

e=1
and since W/ is an arbitrary parameter, the set of equations to be solved is

Nel
> (M T + KiyT! — Fr) =0 (2.52)

e=1
In matrix notation we can write the above as

MT + KT = F (2.53)

which for the transient problem is a large set of ordinary differential equations to be solved
for the nodal temperature vector, T. For problems where the rate of temperature, T, may
be neglected, the steady state problem

KT = F (2.54)

results.
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2.6 Implementation of elements into FEAP

The implementation of a finite element development into the general purpose program FEAP
(Finite Element Analysis Program) is accomplished by writing a subprogram named ELMTnn
(nn = 01 to 50) [26, 27, 20]. The subroutine must input the material parameters, compute
the finite element arrays, and output any desired quantities. In addition, the element routine
performs basic computations to obtain nodal values for contour plots of element variables
(e.g., the thermal flux for the heat equation, stresses for mechanics problems, etc.).

The basic arrays to be computed in each element for a steady state heat equation are

K]J - / NLZ'I{ZNJJ dQ (255)
Qe

and

F o= /NIQdQ - / Np Gy dT (2.56)
Qe Feq

For a transient problem is is necessary to also compute

M[J = N[pCNJdQ (257)

Qe

The above integrals are normally computed using numerical quadrature, where for example

K = ZNI,i(fl)kNJ,i(él)j(El)wl (2.58)

=1

where j(&) is the determinant of J evaluated at the quadrature point €, and w; are quadrature
weights.

FEAP is a general non-linear finite element solution system, hence it needs to compute
a residual for the equations (see FEAP User and Programmer Manual for details). For the
linear heat equation the residual may be expressed as

R =F — KT — MT (2.59)

A solution to a problem is achieved when

R =0 (2.60)

Each array is computed for a single element as described in the section of the FEAP Pro-
grammer Manual on adding an element. The listing included in Appendix A summarizes
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an element for the linear heat transfer problem. Both steady state and transient solutions
are permitted. The heat capacity array, M, is included separately to permit solution of the
general linear eigenproblem

K® = M®A (2.61)

which can be used to assess the values of basic time parameters in a problem. The routine uses
basic features included in the FEAP system to generate shape functions, perform numerical
quadrature, etc.

An example of a solution to a problem is the computation of the temperature in a
rectangular region encasing a circular insulator and subjected to a thermal gradient. The
sides of the block are assumed to also be fully insulated. One quadrant of the region is
modeled as shown by the mesh in Figure 2.1.

Figure 2.1: Mesh for thermal example

The top of the region is exposed to a constant temperature of 10C° and the symmetry
axis is assumed to be at zero temperature. The routines indicated in Tables A.1 to A.5 are
incorporated into FEAP as a user element and the steady state solution computed. The
contour of temperatures is shown in Figure 2.2.
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Figure 2.2: Temperature contours for thermal example

14



Chapter 3

Introduction to Variational Theorems

3.1 Derivatives of functionals: The variation

The weak form of a differential equation is also called a variational equation. The notion of
a variation is associated with the concept of a derivative of a functional (i.e., a function of
functions). In order to construct a derivative of a functional, it is necessary to introduce a
scalar parameter which may be used as the limiting parameter in the derivative [10]. This
may be done by introducing a parameter n and defining a family of functions given by

T"(x) = T(x) + n7(x) (3.1)

The function 7 is an arbitrary function and is related to the arbitrary function W introduced
in the construction of the weak form. The function 77 is called the variation of the function
T and often written as 07 (7(x) alone also may be called the variation of the function) [10].

Introducing the family of functions 7" into the functional we obtain, using the steady
state heat equation as an example, the result

G" = GW,T") = /WlkT?dQ - /WQdQ
Q Q

+ [ Wgdr (3.2)

Fq
The derivative of the functional with respect to n now may be constructed using conventional
methods of calculus. Thus,

-~ - lim—2_ (3.3)

where G is the value of G" for n equal to 0. The construction of the derivative of the func-
tional requires the computation of variations of derivatives of T'. Using the above definition
we obtain

AT, d
o= Tty =7 (3.4)

15
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With this result in hand, the derivative of the functional with respect to 7 is given by
d
dn Q

The limit of the derivative as 1 goes to zero is called the variation of the functional. For
the linear steady state heat equation the derivative with respect to n is constant, hence the
derivative is a variation of G. We shall define the derivative of the functional representing
the weak form of a differential equation as

dG

an AW, ) (3.6)

This is a notation commonly used to define inner products.

3.2 Symmetry of inner products

Symmetry of inner product relations is fundamental to the derivation of variational theorems.
To investigate symmetry of a functional we consider only terms which include both the
dependent variable and the arbitrary function. An inner product is symmetric if

AW, ) = A(r,W) (3.7)

Symmetry of the inner product resulting from the variation of a weak form is a sufficient
condition for the existence of a variational theorem which may also be used to generate a
weak form. Symmetry of the functional A also implies that the tangent matrix (computed
from the second variation of the theorem or the first variation of the weak form) of a Bubnov-
Galerkin finite element method will be symmetric.

A variational theorem, given by a functional II(7"), has a first variation which is identical
to the weak form. Thus, given a functional II(T") we can construct G(W,T) as

U
lim L_[(T )

lim =, = = G(.T) (3.8)

Note that use of Eq. 3.1 leads to a result where 7 replaces W in the weak form. Thus, for
the variational equation to be equivalent to the weak form 7 must be an arbitrary function
with the same restrictions as we established in defining WW. Variational theorems are quite
common for several problem classes; however, often we may only have a functional G and
desire to know if a variational theorem exists. In practice we seldom need to have the
variational theorem, but knowledge that it exists is helpful since it implies properties of the
discrete problem which are beneficial (e.g., symmetry of the tangent matrices, minimum or
stationary value, etc.). Also, existence of a variational theorem yields a weak form directly
by using Eq. 3.8.

The construction of a variational theorem from a weak form is performed as follows [24]:

1. Check symmetry of the functional A(W, 7). If symmetric then to to 2; otherwise, stop:
no varitational theorem exists.
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2. Perform the following substitutions in G(W,T)

W(x) — T(x,t) (3.9)

T(x,t) — nT(x,t) (3.10)
to define G(T',nT)
3. Integrate the functional result from (b) with respect to n over the interval 0 to 1.

The result of the above process gives

(T = /0 1 G(T,nT)dy (3.11)

Performing the variation of II and setting to zero gives

"
lim dn(r)
n—0 dn

- G(r,T) = 0 (3.12)

and a problem commonly referred to as a wvariational theorem. A variational theorem is a
functional whose first variation, when set to zero, yields the governing differential equations
and boundary conditions associated with some problem.

For the steady state heat equation we have

G(T,nT) = /TiknfidQ - /TQdQ + / T G, dl’ (3.13)
Q Q Ty
The integral is trivial and gives
1
I(r) = —/TszZdQ - /TQdQ + / Tq,dl’ (3.14)
2 Jo Q r,

Reversing the process, the first variation of the variational theorem generates a variational
equation which is the weak form of the partial differential equation. The first variation is
defined by replacing T by

T =T + nr (3.15)

and performing the derivative defined by Eq. 3.12. The second variation of the theorem
generates the inner product

A(r,7) (3.16)

If the second variation is strictly positive (i.e., A is positive for all 7), the variational theorem
is called a minimum principle and the discrete tangent matrix is positive definite. If the
second variation can have either positive or negative values the variational theorem is a
stationary principle and the discrete tangent matrix is indefinite.
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The transient heat equation with weak form given by

G = /W (ch _ Q)dQ n /W,ikT,idQ
Q Q
+ [ wg,dar = o (3.17)
Fq

does not lead to a variational theorm due to the lack of the symmetry condition for the
transient term

A= (T, m) + (g7, T) (3.18)

If however, we first discretize the transient term using some time integration method, we
can often restore symmetry to the functional and then deduce a variational theorem for the
discrete problem. For example if at each time ¢,, we have

T(t,) ~ T, (3.19)

then we can approximate the time derivative by the finite difference

Tn+1 - Tn

tn-‘,—l - tn

T(t,) ~ (3.20)

Letting t,,1 —t, = At and omitting the subscripts for quantities evaluated at t,.1, the rate
term which includes both 7" and 7 becomes

A= (%,m) - (”éj) (3.21)

since scalars can be moved from either term without affecting the value of the term. That
is,

A=T,n7)= 0T, 1) (3.22)

3.3 Variational notation

A formalism for constructing a variation of a functional may be identified and is similar to
constructing the differential of a function. The differential of a function f(z;) may be written
as

of
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where x; are the set of independent variables. Similarly, we may formally write a first
variation as

oIl oIl
ou ﬁu,i

Su; 4 - (3.24)

where u, u; are the dependent variables of the functional, du is the variation of the variable
(i.e., it is formally the n7(z)), and 611 is called the first variation of the functional. This
construction is a formal process as the indicated partial derivatives have no direct definition
(indeed the result of the derivative is obtained from Eq. 3.3). However, applying this con-
struction can be formally performed using usual constructions for a derivative of a function.
For the functional Eq. 3.14, we obtain the result

1 0 0
N = 5 [ o AT = [ G Q)i
o .. _

Performing the derivatives leads to

1

S = 5/(% + T, k) 6T, dS —/QéTdQ +/ G 6T dT (3.26)
Q Q r

q

Collecting terms we have
oll = /5TZkTZdQ — /QéTdQ + /q‘néTdF (3.27)
Q Q Lq

which is identical to Eq. 3.2 with 07 replacing W, etc.

This formal construction is easy to apply but masks the meaning of a variation. We
may also use the above process to perform linearizations of variational equations in order to
construct solution processes based on Newton’s method. We shall address this aspect at a
later time.



Chapter 4

Small Deformation: Linear Elasticity

A summary of the governing equations for linear elasticity is given below. The equations are
presented using direct notation. For a presentation using indicial notation see [26, Chapter
6]. The presentation below assumes small (infinitesimal) deformations and general three
dimensional behavior in a Cartesian coordinate system, x, where the domain of analysis is
) with boundary I'. The dependent variables are given in terms of the displacement vector,
u, the stress tensor, o, and the strain tensor, €. The basic governing equations are:

1. Balance of linear momentum expressed as
V.o + pb, = pi (4.1)

where p is the mass density, b,, is the body force per unit mass, V is the gradient
operator, and 1 is the acceleration.

2. Balance of angular momentum, which leads to symmetry of the stress tensor

o= o’ (4.2)

3. Deformation measures based upon the gradient of the displacement vector, Vu, which
may be split as follows

Vu = V&u + v@u (4.3)
where the symmetric part is
Viu = % [Vu + (Vu)”] (4.4)
and the skew symmetric part is
V@u = % [Vu — (Vu)”] (4.5)
Based upon this split, the symmetric part defines the strain

e = V®u (4.6)

20
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and the skew symmetric part defines the spin, or small rotation,
w = V@u (4.7)

In a three dimensional setting the above tensors have 9 components. However, if the
tensor is symmetric only 6 are independent and if the tensor is skew symmetric only 3
are independent. The component ordering for each of the tensors is given by

011 012 013
g — 0921 0292 093 (48)
031 032 033
which from the balance of angular momentum must be symmetric, hence
Oij = 04 (49)

The gradient of the displacement has the components ordered as (with no symmetries)

Ui U2 U3
Vu — U211 U2 U23 (410)
| U3,1 U322 U33

The strain tensor is the symmetric part with components

€11 €12 €13
E — €91 €929 €23 (411)

€31 €32 €33
and the symmetry condition
€ij = €5 (412)

The spin tensor is skew symmetric,thus,

Wiy = Wy (413)
which implies w17, = wey = w33 = 0. Accordingly,
w11 Wiz wis 0 W12 w3
w — W21 W2 Wa3 = —W12 0 Wa3 (414)
W31 W3z Ws3z —wiz —wey 0

The basic equations which are independent of material constitution are completed by
specifying the boundary conditions. For this purpose the boundary, I', is split into two
parts:

e Specified displacements on the part I[',, given as:
u=1u (4.15)

where 1 is a specified quantity; and
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e specified tractions on the part 'y, given as:
t =o0" =t (4.16)
where t is a specified quantity.

In the balance of momentum, the body force was specified per unit of mass. This may
be converted to a body force per unit volume (i.e., unit weight/volume) using

pb, = b, (4.17)

Static or quasi-static problems are considered by omitting the acceleration term from the
momentum equation (Eq. 4.1). Inclusion of intertial forces requires the specification of the
initial conditions

u(x,0) = do(x) (4.18)

u(x,0) = vp(x) (4.19)

where d is the initial displacement field, and v is the initial velocity field.

4.1 Constitutive Equations for Linear Elasticity

The linear theory is completed by specifying the constitutive behavior for the material. In
small deformation analysis the strain is expressed as an additive sum of parts. We shall
consider several alternatives for splits during the course; however, we begin by considering
a linear elastic material with an additional known strain. Accordingly,

e = €" + € (4.20)

where €™ is the strain caused by stresses and is called the mechanical part, € is a second
part which we assume is a specified strain. For example, €” as a thermal strain is given by

€ =" = al - Tp) (4.21)

.LP where T is temperature and Ty is a stress free temperature. The constitutive equations
relating stress to mechanical strain may be written (in matrix notation, which is also called
Voigt notation) as

o = De" = D(e — € (4.22)
where the matrix of stresses is ordered as the vector
T
o = [011 022 033 012 023 031} (4.23)

the matrix of strains is ordered as the vector (note factors of 2 are used to make shearing
components the engineering strains, ;)

T
€ = [611 €29 €33 2612 2623 2631} (424)
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Tensor Matrix Index

Index 11213 |14|5]6

ab 111221331223 |31
2113213

Table 4.1: Transformation of indices from tensor to matrix form

and D is the matrix of elastic constants given by

Dll D12 D13 D14 D15 -D16

D = . (4.25)

Assuming the existence of a strain energy density, W(e™), from which stresses are computed
as

ow
w = — 4.26
Oab oem (4.26)
the elastic modulus matrix is symmetric and satisfies
Dij = Dj; (4.27)

Using tensor quantities, the constitutive equation for linear elasticity is written in indicial
notation as:

oar = Caped€ca — €0g) (4.28)

The transformation from the tensor to the matrix (Voigt) form is accomplished by the index
transformations shown in Table 4.1
Thus, using this table, we have

Ciin1 — Dy ; Chiass — Dys ;5 etc. (4'29)

The above set of equations defines the governing equations for use in solving linear elastic
boundary value problems in which the inertial forces may be ignored. We next discuss some
variational theorems which include the elasticity equations in a form amenable for finite
element developments.

For the present, we assume that inertial forces may be ignored. The inclusion of inertial
forces precludes the development of variational theorems in a simple form as noted in the
previous chapter. Later, we can add the inertial effects and use time discrete methods to
restore symmetry to the formulation.



Chapter 5

Variational Theorems: Linear
Elasticity

5.1 Hu-Washizu Variational Theorem

Instead of constructing the weak form of the equations and then deducing the existence of a
variational theorem, as done for the thermal problem, a variational theorem which includes
all the equations for the linear theory of elasticity (without inertial forces) will be stated.
The variational theorem is a result of the work of the Chinese scholar, Hu, and the Japanese
scholar, K. Washizu [25], and, thus, is known as the Hu-Washizu variational theorem. The
theorem may be written as

I(u,0,€) = %/ETDECZQ — /eTDeon
Q Q

+ /GT(V(S)u — €)d) — /uTbde
Q Q

— / u’tdll — / t"(w — a)dl' = Stationary (5.1)
It u

Note that the integral defining the variational theorem is a scalar; hence, a transpose may
be introduced into each term without changing the meaning. For example,

I = /adeQ = /(aTb)TdQ = /bTadQ (5.2)
Q Q Q

A variational theorem is stationary when the arguments (e.g., u, o, €) satisfy the conditions
where the first variation vanishes. To construct the first variation, we proceed as in the
previous chapter. Accordingly, we introduce the variations to the displacement, U, the
stress, S, and the strain, E, as

u = u+ nU (5.3)
o’ = o + 1S (5.4)

24
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€ =€ + nE (5.5)
and define the single parameter functional
I" = I(u", 0" €") (5.6)

The first variation is then defined as the derivative of I with respect to n and evaluated at
17 = 0. For the Hu-Washizu theorem the first variation defining the stationary condition is
given by

dr
dn

= / E'Ded) — / E'De%d0
Q

+ /ST(V<8>u — €)dQ + /UT(V(S)U — E)d
Q Q

/ UTb,d) — / UTtdr
Q Iy
— / n’S(u — u)dl' — / t"Udl’ = 0 (5.7)

The first variation may also be constucted using 3.23 for each of the variables. The result is

0l = /66TDedQ — /66TD60dQ
Q Q

+ / 60T (VPu — €)dQ + / o’ (VEsu — de)d
Q Q

— / su'b,dQ — sultdl
Q

Iy

— / n"do(u — w)dl — / tToudl = 0 (5.8)

and the two forms lead to identical results.

In order to show that the theorem in form 5.7 is equivalent to the equations for linear
elasticity, we need to group all the terms together which multiply each variation function
(e.g., the U, S, E). To accomplish the grouping it is necessary to integrate by parts the
term involving V®U. Accordingly,

/ oc'vVOUdQ = — / U’V - odQ + / tTUdl + / tTUdr (5.9)
Q Q Ft u
Grouping all the terms we obtain

drm

— = /ET[D(e — €% — o]

+ /ST(V(S)u — €)d — /UT(V«U + b,)d
Q Q

+ Ul (t — t)dl' — / n’S(u — w)dl' = 0 (5.10)

It u
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The fundamental lemma of the calculus of variations states that each expression multiplying
an arbitrary function in each integral type must vanish at each point in the domain of the
integral. The lemma is easy to prove. Suppose that an expression does not vanish at a
point, then, since the variation is arbitrary, we can assume that it is equal to the value of
the non-vanishing expression. This results in the integral of the square of a function, which
must then be positive, and hence the integral will not be zero. This leads to a contradiction,
and thus the only possibility is that the assumption of a non-vanishing expression is false.

The expression which multiplies each variation function is called an Fuler equation of the
variational theorem. For the Hu-Washizu theorem, the variations multiply the constitutive
equation, the strain-displacement equation, the balance of linear momentum, the traction
boundary condition, and the displacement boundary condition. Indeed, the only equation
not contained is the balance of angular momentum.

The Hu-Washizu variational principle will serve as the basis for most of what we need
in the course. There are other variational principles which can be deduced directly from
the principle. Two of these, the Hellinger-Reissner principle and the principle of minimum
potential energy are presented below since they are also often used in constructing finite
element formulations in linear elasticity.

5.2 Hellinger-Reissner Variational Theorem

The Hellinger-Reissner principle eliminates the strain as a primary dependent variable; con-
sequently, only the displacement, u, and the stress, o, remain as arguments in the functional
for which variations are constructed. The strains are eliminated by developing an expression
in terms of the stresses. For linear elasticity this leads to

e =€ + Do (5.11)

The need to develop an expression for strains in terms of stresses limits the application of the
Hellinger-Reissner principle. For example, in finite deformation elasticity the development
of a relation similar to 5.11 is not possible in general. On the other hand, the Hellinger-
Reissner principle is an important limiting case when considering problems with constraints
(e.g., linear elastic incompressible problems, thin plates as a limit case of the thick Mindlin-
Reissner theory). Thus, we shall on occasion use the principle in our studies. Introducing
5.11 into the Hu-Washizu principle leads to the result

I(u,0) = 1 eTDe’d) — 1 o’D todQ
2 Ja 2 Ja
— / ol ed) + / oTVHudQ — / u’b,dQ
Q Q Q
— /uTEdF — /tT(u — u)dl’ (5.12)
Ft Fu

The Euler equations for this principle are

Vlu = & + Do (5.13)
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together with 4.1, 4.15 and 4.16. The strain-displacement equations are deduced by either
directly stating 4.6 or comparing 5.11 to 5.13. The first term in 5.12 may be omitted since
its first variation is zero.

5.3 Minimum Potential Energy Theorem

The principle of minimum potential energy eliminates both the stress, o, and the strain,
€, as arguments of the functional. In addition, the displacement boundary conditions are
assumed to be imposed as a constraint on the principle. The MPE theorem may be deduced
by assuming

e = V&u (5.14)
and
u=nu (5.15)

are satisfied at each point of 2 and I', respectively. Thus, the variational theorem is given
by the integral functional

M) = 5 [(VODEIwie — [ (v Dean

/ u’b,dQ — / u’tdl (5.16)
Q It

Since stress does not appear explicitly in the theorem, the constitutive equation must be
given. Accordingly, in addition to 5.14 and 5.15 the relation

o = D(e — €) (5.17)
is given.

The principle of minimum potential energy is often used as the basis for developing a
displacement finite element method.



Chapter 6

Displacement Finite Element Methods

A variational equation or theorem may be solved using the direct method of the calculus of
variations. In the direct method of the calculus of variations the dependent variables are
expressed as a set of trial functions multiplying parameters. This reduces a steady state
problem to an algebraic process and a transient problem to a set of ordinary differential
equations. In the finite element method we divide the region into elements and perform the
approximations on each element. As indicated in Chapter 2 the region is divided as

Mel
Qr Q=) Q (6.1)
e=1

and integrals are defined as

/Q(-)dQ /Qh(~)dQ _ §/6(~)d9 (6.2)

In the above M,; is the total number of elements in the finite element mesh. A similar con-
struction is performed for the boundaries. With this construction the parts of the variational
equation or theorem are evaluated element by element.

The finite element approximation for displacements in an element is introduced as

Q

(e, ) =3 Nal€) u(t) = Na(€) u () (6.3)

where N, is the shape function at node «, & are natural coordinates for the element, u® are
the values of the displacement vector at node « and repeated indices imply summation over
the range of the index. Using the isoparametric concept

x(§) = Na(§)x* (6.4)

where x are the cartesian coordinates of nodes, the displacement at each point in an element
may be computed.

In the next sections we consider the computation of the external force (from applied
loads) and the internal force (from stresses) by the finite element process.

28
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6.1 External Force Computation

In our study we will normally satisfy the displacement boundary conditions u = 1 by
setting nodal values of the displacement to the values of u evaluated at nodes. That is, we
express

u = No(§)u*(t) (6.5)

and set

u’(t) = u(x",1) (6.6)

We then will assume the integral over I', is satisfied and may be omitted. This step is
not necessary but is common in most applications. The remaining terms involving specified
applied loads are due to the body forces, b,, and the applied surface tractions, t. The terms
in the variational principal are

I; = / uTbUdQJr/ u’tdl (6.7)
Qe Fta

Using Eq. 6.3 in Eq. 6.7 yields

I; = (u*)” UQ N,b,dQ + Nafdr] = (u)'F, (6.8)

Fte

where F,, denotes the applied nodal force vector at node o and is computed from

F, = / Nob,dQ + N, tdrl (6.9)
Qe

Fte

6.2 Internal Force Computation

The stress divergence term in the Hu-Washizu variational principle is generated from the
variation with respect to the displacements, u, of the term

I, = / (Vo) od = > / (VPu)T o dQ (6.10)
Q. — Ja.
Using the finite element approximation for displacement, the symmetric part of the strains
defined by the symmetric part of the deformation gradient in each element is given by
VEu = €(u) = B,u” (6.11)

where B, is the strain displacement matrix for the element. If the components of the strain
for 3-dimensional problems are ordered as

GT = [611 €29 €33 2612 2623 2631] (612)
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and related to the displacement derivatives by

el = [ul,l Ugo uszs (uro+usy) (ugs+ uss) (U3,1+U1,3)] (6.13)

the strain-displacement matrix is expressed as:

(N,1 O 0
0 Na2 O
- 0 0 Nag
B, = Nus Nay 0 (6.14)
0 Na,3 Na,2
_Na,3 0 Na,l_
where
ON,
Ny = 6.15
P 5 (6.15
For a 2-dimensional plane strain problem the non-zero strains reduce to
ET = [611 €99 €33 2 612] (616)
and are expressed in terms of the displacement derivatives as
T _
€ = [U171 U2 0 (UJLQ + Ugjl)} (617)
thus, B, becomes:
No1 O
- 0  Nag
B, = 0 0 (6.18)
Na,Z Na,l

Finally, for a 2-dimensional axisymmetric problem (with no torsional loading) the strains
are

ET = [611 €929 €33 2612] (619)
and are expressed in terms of the displacements as

e = [U1,1 Ugo U1/Ty (U1,2+U2,1)] (6.20)

The strain-displacement matrix for axisymmetry, B,, becomes:

Nai O
B 0 Nao
Bo = |n /e 0 (6.21)

Noe,Q Na,l
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where z1, x5 now denote the axisymmetric coordinates r, z, respectively?
The stress divergence term for each element may be written as

I, = (ua)T/Q (B,)" o dQ (6.22)

In the sequel we define the variation of this term with respect to the nodal displacements,
u®, the internal stress divergence force. This force is expressed by

P.(o) = /Q(Ba)TadQ (6.23)

which gives
I, = (u")"P,(o) (6.24)

The stress divergence term is a basic finite element quantity and must produce a response
which is free of spurious modes or locking tendencies. Locking is generally associated with
poor performance at or near the incompressible limit. To study the locking problem we split
the formulation into deviatoric and volumetric terms.

6.3 Split into Deviatoric and Spherical Parts

For problems in mechanics it is common to split the stress and strain tensors into their
deviatoric and spherical parts. For stress the spherical part is the mean stress defined by

1 1

For infinitesimal strains the spherical part is the volume change defined by
0 = tT’(E) = €Lk (626)

The deviatoric part of stress , s, is defined so that its trace is zero. The stress may be
written in terms of the deviatoric and pressure parts (pressure is spherical part) as

o =s+ pl (6.27)
where, 1 is the rank two identity tensor, which in matrix notation is given by the vector
m” = [1110 0 0 (6.28)

In matrix form the pressure is given by

1
p = §mTa' (6.29)

!For axisymmetry it is also necessary to replace the volume element by dQ2 — z1 dz; dos and the surface
element by dI' — 1 dS where dS is an boundary differential in the x; - x2 plane.
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thus, the deviatoric part of stresses now may be computed as

1 1
s = o0 — gmmTa = (I — gmmT> o (6.30)

where, in three dimensions, I is a 6 x 6 identity matrix. We note that the trace of the stress
gives

m'oc =3p=m’s + pm’m = m’s + 3p (6.31)
and hence
m’s = 0 (6.32)

as required.
For subsequent developments, we define

1
Tjw = 1 — 5mmT (6.33)

as the deviatoric projector. Similarly, the volumetric projector is defined by

1
Lo = gmmT (6.34)

These operators have the following properties

I = Luw + Ly (6.35)
Idev = Idev Idev = (Idev)m (636)
Ivol = Ivol Ivol - (Ivol)m (637)
and
Ivol Idev = Idev Ivol =0 (638)

In the above m is any positive integer power. We note, however, that inverses to the projec-
tors do not exist.

Utilizing the above properties, we can operate on the strain to define its deviatoric and
volumetric parts. Accordingly, the deviatoric and volumetric parts are given by

e =c+ 01 (6.39)
where e is the strain deviator and 6 is the change in volume. Using matrix notation we have
0 = m’e (6.40)

we obtain

e = Ijpe ; mie =0 (6.41)
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The strain-displacement matrix also may now be written as a deviatoric and volumetric
form. Accordingly, we use the strain split

6(11) = Boc u® = (Bdev)a u® + (Bvol>a u“ (642)

where
Bdev == IdevB (643)

and
1

Bvol - IvolB - gmb (644)

where
b=m'B ; m'By,, =0 (6.45)

For 3-dimensional problems
ba - [le Na,2 Na73:| (646)

is the volumetric strain-displacement matrix for a node « in its basic form. In 2-dimensional
plane problems the volumetric strain-displacement matrix is given by

b, = [Na,l Na,2j| (6.47)
and for 2-dimensional axisymmetric problems
bo = [Nag+ No/z1 Napgl (6.48)

The deviatoric matrix By, is constructed from Eq. 6.39 and yields for the 3-dimensional
problem

2Na,1 Va2 T 4Va,3
—iVa,l 2Na,2 —4iVa,3

_ L |=Nar —Naz 2Nz
Bdev - 5 3Na,2 3Na71 0 (649)
0 3Na3 3 Nyo
| 3 Najs 0 3 Na,1 |
and for the 2-dimensional plane problem
2 Na,l —4iVa,2
1 | =
By = » | ot 2Na2 (6.50)
3 TV, 1l T 4Va,2
3Na2 3 Naa

Finally, the deviatoric matrix for the 2-dimensional axisymmetric problem is given by:

(2 Na,l - Na/ml) Va2

1 —(NQJ + Na/lj) 2Na72
3 <2Na/m1+Na,1) Va2
3Na,2 3Na,1

By, = (6.51)
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6.4 Internal Force - Deviatoric and Volumetric Parts

The above split of terms is useful in writing the internal force calculations in terms of
deviatoric and volumetric parts. Accordingly,

P, = / BlodQ = /BZ (s + pm) dQ (6.52)

€ e

which after rearrangement gives

P, = / BlsdQ + / Bl mpdQ (6.53)
Qe Qe
If we introduce
1
B = Bdev + Bvol - Bdev + gmb (654)

and use the properties defined above for products of the deviatoric and volumetric terms,
then

P, = / (BL,)asdQ + / b? pdQ (6.55)

Since the volumetric term has no effect on the deviatoric stresses the residual may also be
computed from the simpler form in terms of B, alone as

P, = / BlsdQ + / bl pdQ (6.56)
Qe Qe

Thus, the internal force is composed of the sum of deviatoric and volumetric parts.

6.5 Constitutive Equations for Isotropic Linear Elas-
ticity
The constitutive equation for isotropic linear elasticity may be expressed as
o = Alitr(e) + 2pue (6.57)

where A and p are the Lamé parameters which are related to Young’s modulus, F, and
Poisson’s ratio, v, by
vE E

AT O oa -z M T aa s (6.58)

For different values of v, the Lamé parameters have the following ranges

0 <v < ;0 <A< (6.59)

N =
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and
0<y<1-€>u>E (6.60)
- -2 2 -3
For an incompressible material v is %; and A is a parameter which causes difficulties since it
is infinite. Another parameter which is related to A and p is the bulk modulus, K, which is

defined by

2 E

K:)\+§u:m (6.61)
We note that K also tends to infinity as v approaches %
The constitutive equation for an isotropic material is given in indicial form by
Oij = ANOjjepr + 2[€; (6.62)
and for a general linear elastic material by
Oij = Cijkl €kl (6.63)

where c¢;ji; are the elastic moduli. For an isotropic material the elastic moduli are then
related by

Cijtt = N0y Ok + (0 05t + 6 ) (6.64)

We note that the above definition for the moduli satisfies all the necessary symmetry condi-
tions; that is

Cijkl = Cklij = Cjikl = Cijlk (665)

The relations may be transformed to matrix (Voigt) notation following Table 4.1 and ex-
pressed as

o = De (6.66)
where the elastic moduli are split into
D = AD, + uD, (6.67)
with
[1 11 0 0 0]
111000
|1 110 0 0] _ T
D)\ = 0 0 0 O O O = mim = BIvol (668)
0 00O0O0OT© 0
00 00 0 0
(2 0 0 0 0 O]
020000
002000
D ="10001 00 (6.69)
000010
00000 1
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used as non-dimensional matrices to split the moduli.?
If the moduli matrices are premultiplied by I, and I, the following results are obtained

LaDy = D, (6.70)
I,,,D, = 0 (6.71)
2 2
LuD, = ~mm’” = -D, (6.72)
3 3
and
4 -2 =2 0 0 0]
-2 4 -2 000
1 (-2 -2 4 0 0 0
D;L Idev - Idev D,u — 5 0 0 0 300 = Ddev (673)
0O 0 0 030
0 0 0 0 0 3]
Once Dy, has been computed it may be noted that
Idev Ddev = Ddev Idev = Ddev (674)
Ivol Ddev = Ddev Ivol =0 (675)

and, thus, it is a deviatoric quantity.
In the following section, the computation of the element stiffness matrix for a displace-
ment approach is given and is based upon the above representations for the moduli.

6.6 Stiffness for Displacement Formulation

The displacement formulation is accomplished for a linear elastic material by noting that
the constitutive equation is given by (for simplicity €® is assumed to be zero)

o = De (6.76)
The strains for a displacement approach are given by
e = Byu’ (6.77)

where u” are the displacements at node f3.
Constructing the deviatoric and volumetric parts may be accomplished by writing

S = IdevU = IdeUDG = Idev()\D)\ + MDH)G (678)
and

pm = LaDe = Ivol()‘D)\ + MDM)G (679)

“Note that in D,, the terms multiplying shears have unit values since engineering shear strains are used
(i.e., Yij = 2€ij)-
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If we use the properties of the moduli multiplied by the projectors, the above equations
reduce to

s = Dgeve = pDye = uD,(Bgey)su’ (6.80)
and
pm = (A + ;u)D,\e = KDye = Km(m'e) = Km¢ (6.81)
Thus, the pressure constitutive equation is
p = K0 (6.82)
Noting that the volumetric strain may be computed from
0 = bgu”’ (6.83)
the pressure for the displacement model may be computed from
p = Kbyu’ (6.84)

We recall from Section 6.2 that
P, = / (BL,)asdQ + / bl pdQ (6.85)
Using the above definitions and identities the internal force vector may be written as

P, = / 1 (BL,)a D, (Buew)sdQu’ + / Kb, b} dQu’ (6.86)
Qe Qe

and, thus, for isotropic linear elasticity, the stiffness matrix may be deduced as the sum of
the deviatoric and volumetric parts

Kaﬁ = (Kdez))aﬁ + (Kvol>aﬂ (687)

where
(Kiew)ap = / 1 (Bl )aD, (Baew)sdQ = / 1 BI Dy, BgdQ (6.88)

and

(Koot)ag = / Kb,bidQ = / KBID,B’dQ (6.89)
Qe Qe
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6.7 Numerical Integration

Generally the computation of integrals for the finite element arrays is performed using numer-
ical integration (i.e., quadrature). The use of the same quadrature for each part of the stress
divergence terms given above (in P and K) leads to a conventional displacement approach for
numerically integrated finite element developments. The minimum order quadrature which
produces a stiffness with the correct rank (i.e., number of element degree-of-freedoms less
the number of rigid body modes) will be called a standard or full quadrature (or integra-
tion). The next lowest order of quadrature is called a reduced quadrature. Alternatively, use
of standard quadrature on one term and reduced quadrature on another leads to a method
called selective reduced quadrature.

A typical integral is evaluated by first transforming the integral onto a natural coordinate
space

ROEE / F(x(€))7(€) de (6.90)

where [ denotes integration over the natural coordinates &, d¢ denotes d¢;dés in 2-dimen-
sions, and j(&) is the determinant of the jacobian transformation

ox
J(§) = %€ (6.91)
Thus
j(&) = detJ(§) (6.92)

The integrals over O are approximated using a quadrature formula, thus

L

/D FxE)IE)dE ~ 3 F(x(E))J(€) w (6.93)

=1

where &; and w; are quadrature points and quadrature weights, respectively. For brick elements
in three dimensions and quadrilateral elements in two dimensions, the integration is generally
carried out as a product of one-dimensional Gaussian quadrature. Thus, for 2-dimensions,

RGN / 1 9(€) dé; d&s (6.94)

[ = [ / 1 / 9(€) de; d&, de; (6.95)

Using quadrature, the stress divergence is given by

and for 3-dimensions

P, = ZBa(fl)TU(sz)j(sz)wl (6.96)
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and the stiffness matrix is computed by quadrature as

Kos = ZBa(fl)TD (51)Bﬁ(€z)j(€z) wi (6-97)

Similar expressions may be deduced for each of the terms defined by the deviatoric/volu-
metric splits. The use of quadrature reduces the development of finite element arrays to an
algebraic process involving matrix operations. For example, the basic algorithm to compute
the stress divergence term is given by:

1. Initialize the array P,
2. Loop over the quadrature points, [

e Compute j(&)w, = ¢
e Compute the matrix in the integrand, (e.g., B,(&,))T o1 = A,).

e Accumulate the array, e.g.,
P, « P, + A,c (6.98)

3. Repeat step 2 until all quadrature points in element are considered.

Additional steps are involved in computing the entries in each array. For example, the
determination of B, requires computation of the derivatives of the shape functions, N,
and computation of o requires an evaluation of the constitutive equation at the quadrature
point. The evaluation of the shape functions is performed using a shape function subprogram.
In FEAP, a shape function routine for 2 dimensions is called shp2d and is accessed by the
call

call shp2d( xi, x1, shp, xsj, ndm, nel, ix, flag)

where
Xi natural coordinate values (&1,&:) at quadrature
point (input)
x1 array of nodal coordinates for element

(x1(ndm,nen)) (input)

shp array of shape functions and derivatives
(shp(3,nen)) (output)

xsj  jacobian determinant at quadrature point
(output)

ndm  spatial dimension of problems (input)

nel number of nodes on element (between 3 and
9) (input)

ix array of global node numbers on element
(ix(nen)) (input)

flag flag, if false derivatives returned with
respect to x (input); if true
derivatives returned with respect to &.



CHAPTER 6. DISPLACEMENT METHODS 40

The array of shape functions has the following meanings:

shp(1,A) is Ny,
shp(2,A) is Nyo
shp(3,A) is Ny

The quadrature points may be obtained by a call to int2d:
call int2d( 1, lint, swg )
where

1 -number of quadrature points in each direction
(input).

lint -total number of quadrature points (output).

swg -array of natural coordinates and weights (output).

The array of points and weights has the following meanings:

swg(1,L) is&p
swg(2,L) is&y
swg(3,L) iswp

Using the above two utility subprograms a 2-dimensional formulation for displacement
(or mixed) finite element method can be easily developed for FEAP. An example, is element
elmt01 which is given in Appendix B.



Chapter 7

Mixed Finite Element Methods

7.1 Solutions using the Hu-Washizu Variational Theo-
rem

A finite element formulation which is free from locking at the incompressible or nearly
incompressible limit may be developed from a mixed variational approach. In the work
considered here we use the Hu-Washizu variational principle, which we recall may be written
as

1
[I(u,o,€) = E/ETDedQ — /GTDeOdQ
Q Q

+ /UT(V(s)u — €)dQ — /uTbde
Q

Q

/ u’ tdl —/ t"(u — @) dl = Stationary (7.1)
It u

In the principle, displacements appear up to first derivatives, while the stresses and strains
appear without any derivatives. Accordingly, the continuity conditions we may use in finite
element approximations are C° for the displacements and C~! for the stresses and strains (a
C~! function is one whose first integral will be continuous). Appropriate interpolations for
each element are thus

u(é) = Ni(&)u'(t) (7.2)

(&) = da(§) () (7.3)
and

€(§) = va(§)€*(t) (7.4)

where ¢, (&) and 1,(&) are interpolations which are continuous in each element but may be
discontinuous across element boundaries.! The parameters o® and € are not necessarily
nodal values and, thus, may have no direct physical meaning.

1Strictly, ¢ and v, need only be piecewise continuous in each element; however, this makes the evaluation
of integrals over each element more difficult and to date is rarely used.

41
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If, for the present, we ignore the integral for the body force, and the traction and dis-
placement boundary integrals and consider an isotropic linear elastic material, the remaining
terms may be split into deviatoric and volumetric parts as

1
I(u,o,e) = = /,ueTDdevedQ — /,ueTDdeveOdQ
2 Jo Q
+ /ST[e(u) — €|dQ (7.5)
Q

4 l/m%m —/Keeodsz +/p[e<u> — 040
2 Jo Q Q
where
e(u) = I, V®u (7.6)
and
O(u) = tr(VWu)=V-u (7.7)

are the strain-displacement relations for the deviatoric and volumetric parts, respectively.
Constructing the variation for the above split leads to the following Euler equations which
hold in the domain 2:

1. Balance of Momentum
V-(s+1p) + b, =0 (7.8)
which is also written as

div(s + 1p) + b, = 0 (7.9)

2. Strain-Displacement equations

e(u) —e =0 (7.10)
fu) — 6 = 0 (7.11)

3. Constitutive equations
iDgeye —s =0 (7.12)

K6 —p=0 (7.13)
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In addition the boundary conditions for I', and I'; are obtained.
Using the interpolations described above, the Hu-Washizu variational theorem may be
approximated by summing the integrals over each element. Accordingly,

[M(u,o,€) ~ I;(u,o,¢€) ZH u,0,¢€) (7.14)

If the deviatoric part is approximated by taking
e = e(u) (7.15)

for each point of €, this part of the problem is given as a displacement model. The variational
expression Eq. 7.5 becomes

H<u7p76) = 1 //LG ( )Ddev ( )dQ - /M€T<U)Ddev€0dQ
+ /K92dQ — /K@QOdQ

+ / (u) — 0]d2 (7.16)
Q
which may be split into integrals over the elements as

I(u,p,0) ~ II(u,p,0 ZH u,p, 0 (7.17)

A mixed approximation may now be used to describe the pressure and the volume change
in each element. Accordingly, we assume

p(€) = ¢a(&)p*(t) = d(&)p (7.18)

0(&) = 0a(£)0°(t) = 9(£)0 (7.19)

where it is noted that the same approximating functions are used for both p and theta. If
the material is isotropic linear elastic, the use of the same functions will permit an exact
satisfaction of the constitutive equation, Eq. 7.13 at each point of the domain of an element.
For other situations, the constitutive equation may be approximately satisfied. Recall that
the strain-displacement equations for a finite element approximation are given by

e(u) = Bru’ (7.20)

Thus, the finite element approximation for the mixed formulation may be written as

1
M. (u,p,0) = (u) {—/ MB?DdeUBJdQuJ—/
Qe

L BIT D,., € dQ}
2 Q.

Tl T N T 10
+ 0 {Q/QEKQ’)qbdQO /Qngz’)QdQ}

+ p’ [/Q ¢T b, dQu’ — /Q ¢T¢d99} (7.21)
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If we define the following matrices:

k = K ¢" ¢ dQ

Qe

w’ = / K ¢" 6°dQ
Qe

h = o' ¢ dQ

Qe

g = / " by dO
Qe
and recall that the deviatoric stiffness is defined as
(Kdev)IJ - / B? Ddev BJ s
Qe
and denote the effects of initial deviatoric strains as

(P

where €° are the deviatoric initial strains. The mixed variational terms become
1
He(u,p,e) = (uI)T |:§ (Kdev)IJ uJ - (Pgev

1
+ 6" {5 ko — WO]
+ pT [gJuJ — hO]
If we denote the variations of pressure and volume change as

pyp = p + nll

9,]:9—1—77@

the first variation of Eq. 7.28 may be written in the matrix form

dIl T T (Kdev)IJ gJ 0
L juyme) (| & 0 -n
" 0 ~h k
(PGt
— 0

7.‘.0

dev)f = / ,UB? Dey € dQ) = / [IIB"}1 DM e’ dQ

g
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(7.22)

(7.23)

(7.24)

(7.25)

(7.26)

(7.27)

(7.28)

(7.29)

(7.30)

(7.31)
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or in variational notation as

(Kaew)rs g7 0 u’
oI, = [(6u”)”,6p",60"] g’ 0 -h p
0 —h k 0
(Pev)1
— 00 (7.32)
0

We note that the parameters p and 6 (and their variations IT and @) are associated with a
single element, consequently, from the stationarity condition, the last two rows of the above
matrix expression must vanish and may be solved at the element level. The requirement for
a solution to exist is that?

ng > ny, (7.33)

where ng and n, are the number of parameters associated with the volume change and
pressure approximations, respectively. We have satisfied this requirement by taking an equal
number for the two approximations. Also, since we used the same functions for the two
approximations, the matrix h is square and positive definite (provided our approximating
functions are linearly independent), consequently, we may perform the element solutions by
inverting only h. The solution to Eq. 7.32 is

6 = h'g;u’ (7.34)
and the solution to the third row is
p=h'k6 - n° (7.35)

Substitution of the above results into the first equation gives

dII, e
dn = (UI)T ([(Kdev)IJ + g}rh 'kh 1&7} u’
- (Pg)r — grha?) (7.36)

Finally, by defining a modified volumetric strain-displacement matrix as

b] = h_1 g (737)

the above simplifies to

dll, - _
T (UN" [((Kgew)rs + b] kby) u’/ — (PY.,);r — b n°] (7.38)
The volumetric stiffness for the mized formulation is given as
(Kvol)IJ - B?kBJ (739)

2This is a mized patch test requirement. See [26, Chapter 12].
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and the volumetric initial force by
(Poo)r = by @ (7.40)
The stress divergence term for the mixed model formulation is computed from

P, = / Bf(s + pm)dQ (7.41)

e

where the deviatoric stress is expressed by the displacement approximation as
s = uDg(Byu’ — €°) (7.42)
and the pressure is expressed by the mixed approximation as

p = ¢Eh (ko — =) (7.43)

7.2 Finite Element Solution for Mixed Formulation

The mixed finite element solution for the linear elastic problem requires selecting a set
of approximating functions for ¢. The number of ¢ functions will affect the rank of the
volumetric terms. The modified volumetric stiffness has a rank which is given by

rank(K,o) = min ( rank(b),rank(k) ) (7.44)

Provided the approximations for ¢ are linearly independent, and the number is small com-
pared to the number of degrees-of-freedom on the element, the rank will normally be that
of k. For example, 4-node quadrilateral or 8-node brick elements can use a single function

o1 =1 (7.45)

for the approximating space. This gives a rank of 1 for the volumetric stiffness. The require-
ment for the approximation is guided by the principle that: (1) we use the minimum number
of functions which make K have correct rank for a single element, and (2) the functions
produce an element which is invariant with respect to the input data. For example, if we
show that two functions are sufficient for a 2-dimensional element, use of

=1 5 ¢ = & (7.46)

would not be good since the element is not invariant with respect to a permutation in the
definition of & and &. Several alternatives are possible, one being

=15 ¢ = & + & (7.47)

another is to use 3 functions with

o= 1 5 ¢ = & 5 ¢3 = & (7.48)

The actual functions selected must be subjected to further evaluations to decide which best
meets the objectives of the problem solution.

An algorithm to implement the above mixed model for linear elasticity where D is con-
stant in each element may be summarized as:
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1. Initialize arrays: g;, h, k, w°. FEAP will initialize K and the element residual.
2. Loop over quadrature points, [

(a) Compute shape functions: In 2-d problems FEAP uses,

Ni(&) = shp(3,1,1) (7.49)

Npi€) = shp(i,T,1) (7.50)
(b) Compute the volume element times the quadrature weight
jl w; = dV(l) (751)

3. Loop over quadrature points, [
(a) Compute the volumetric strain matrices, g; and h.

4. Invert h and compute b;

b; = h''g; (7.52)

5. Loop over quadrature points, [

(a) Compute strain-displacement matrix, B, and strains, €
1 _
€ = [liewBr(§;) + 3 m ¢(&;) b, u’ (7.53)

(b) Compute quadrature stresses and 7°
o, = D(g — € (7.54)

(c) Compute the residual

lint

R, = F; — Y Bi(&)ai&)W (7.55)

=1

(d) Compute the deviatoric tangent, Kge,

(e) Compute the volumetric local tangent, k

6. Compute the tangent, K

K = Ky, + b'kb (7.56)
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7.3 Mixed Solutions for Anisotropic Linear Elastic Ma-
terials

A more general form of the Hu-Washizu principle is needed to consider either anisotropic lin-
ear elastic materials or inelastic materials in which there is coupling between volumetric and
deviatoric effects. In this section we construct the form of the functional for an anisotropic
linear elastic material. Accordingly, we have

o = Dle — € (7.57)

where D is a symmetric matrix in which there may be coupling between the deviatoric
and volumetric strain effects. It is now assumed that a finite element solution will be con-
structed in which deviatoric strains, e, are computed directly from the displacements but
the volumetric strain, 6, is computed from a mixed form. Accordingly,

1
€ = Ig,€(un) + §m9 (7.58)

A stress may be computed from € as

o = Dllu(e(w) — ) + zm(@ — ¢°) (7.59)
where ° = m”e€’. The stress may be split into deviatoric and pressure parts as
6 =S+ mp (7.60)
where
S = Lo D[l (ew) — &) + m(s — ) (7.61)
and
p = m D) — &) + sm(® ~ &) (7.62)
If we define
Daev = Liey D1gey (7.63)
d = .I,Dm (7.64)
dyot = %mTDm (7.65)

" = — Dy, € — d° (7.66)
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and
PP = —d"e — dyt’ (7.67)
then the stress may be written as
7 = Dyye(u) + df + %m(dTe(u) + dyot0) + 8% + mp° (7.68)

This form of the stress may be multiplied by the virtual € and integrated over the domain
to obtain part of the variational equation associated with the strain energy. Subsequently,
adding the terms associated with the mixed volumetric pressure and volume change Vain-
berg’s theorem may be used to obtain a variational theorem. Alternatively, the stress and
strain splits may be substituted into 7.1. The result is

1 Dy, d | [e(u)
I(u,p,0) = 5 /Q [e(u) 9} [ ar dwl} { 0 d)
+ / (e(u)s® + 6p°)dQ
Q
+ / plo(u) — 0]dQ + Il (7.69)
Q
This form of the variational principle is equivalent to 7.16 which was deduced for isotropic
materials. The added terms in 7.69 are all associated with d which defines a coupling between
deviatoric and volumetric strains. For isotropy d is zero.
If we introduce finite element interpolations using standard displacement interpolation

together with the pressure and volume interpolations given by 7.18 and 7.19, the first vari-
ation of 7.69 for a single element is

T T !
ol = |sad 50] /Q {{BqéT]?idTeqfaBJ ; disz] ﬁ‘)]
e i
y Lﬁp”dQM"/"b b e [
T
o [y o] [, [55] ane o o

The variational equation 7.70 may be expressed in terms of stresses by substituting the
interpolations into 7.61 and 7.62 resulting in

_ . T BTs
ol = [oad 50"] /Q e [ quﬁ] a0
~T T B ﬁ:.]
+ op o ¢' [bs —o] dQ [0}

T
+ [m? 59T] /Q [_b;bq(? ¢] dQp + 0lew (7.71)
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Since the interpolations for the pressure and volume change are associated with a single
element it is possible to solve for their parameters at the element level. Accordingly, the
multiple of 0p yields

/ ¢ b, d20,; = / " $dQO = ho (7.72)
Qe Qe

which yields
0 = B[ﬁ[ = hilg]ﬁ[ (773)

where h and g; are as defined in 7.24 and 7.25, respectively. similarly, the equation multi-
plying 00 yields the equation

ol pdQ = o' pdQ2p = hp (7.74)
Qe Qc

Using these results, the first integral in the variational equation defines the stress divergence
terms

SIl, = oar U BT s5d0) + b?/ qude] (7.75)
Q Q

which upon use of the definitions for the mixed pressure, p, and the mixed volumetric strain
displacement equation, by, yields

6, = oar / BY [s + mp] dQ (7.76)
Q

The stress of the mixed method is defined as
o =S+ mp (7.77)

and, in general, is not equal to . The stress &, however, is the stress which is computed
from the constitutive equation for each material. Thus, when we later consider other mate-
rial models (e.g., viscoelasticity, plasticity, etc.) the effective material moduli are the ones
computed by linearizing the constitutive equation expressed in terms of the o stresses. The
residual for a finite element formulation is most efficiently computed from the mixed stress
and we note the result is identical to the form of the standard displacement model except
for the stress expression used.

The tangent matrix may be expressed in terms of the displacements alone by writing the
variational equation 7.70 as

7 (Kdev)IJ k; gy
o, = [saf 66" op7| | ki ko —h
g’ —h O

+ Oy + 0Tl (7.78)

LRSS
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Using the solutions to 7.72 and 7.74 the dependence of 7.78 on 6 and p may be eliminated
to give

S, = daf Kyyty + 6y + Mgy (7.79)
where
K;;y = (Kaew)rs + kiby + bik] + bik,uby (7.80)

The algorithm for the development of a mixed element based upon the above may be
summarized as:

1. Numerical integration of strain matrices

(a) Compute ¢ = [1,&,&, -] (for the 4-node element ¢ = 1
(b) Compute arrays

h = o' ¢ dQ (7.81)

Qe

g = / o'b;dQ (7.82)
Qe

2. Mixed volumetric strain displacement matrix
(a) Compute by = h~'g;
3. Constitution computation for each quadrature point

(a) Compute

€ = B[ﬁ[ (783)

0 = ¢(&)b; 1y (7.84)
_ 1

€ = Ij,€ + gmﬁ (7.85)

& = Dle — € (7.86)
_ L 7

p=zmao (7.87)

T o= o' pdQ (7.88)
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4. Mixed Pressure
(a) Compute p = ¢(&)h~'xw
5. Residual and Stiffness Integrals
(a) Compute mixed stress o = Iz, 6 + mp
(b) Compute
R — / BY o dQ (7.89)
(Kdev)IJ — / B? Ddev BﬂQ (790)
Qe
k; / Bfd ¢d (7.91)
Qe
Kool " dyoy ¢ dQ (7.92)
Qe

6. Stiffness assembly

(a) Compute

Ki; = (Kgew)rs + kiby + bk} + bl ke by (7.93)

7.4 Hu-Washizu Variational Theorem: General Prob-
lems

The finite element approximation for the mixed formulation of a general linear elastic mate-
rial (i.e., anistotropic behavior) may be written for a typical element as

1
—/ e’ Ded) — / e’ D e dD
2 Ja, Q.

+ p(V-u — 0)dQ

e (u,p,0)

(7.94)

Using the approximations introduced for the isotropic model for the displacement and mixed
volume change gives

1
€ = IdevBIuI + —m¢(€)9

. (7.95)
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which when introduced into the variational theorem gives

1

1 T
[(u,p,0) = 3 / {IdevBIuI + gmcﬁ(ﬁ)e] D [L, B;u’

+ 1mgb(»;r)e] 0 — / [I Buf+1m¢(g)0rDe°dQ
3 o dev DT 3

+ p’ U o' b, dQu’ — / ¢T¢d99] (7.96)
Qe Qe
For symmetric D, we can define the following matrices:
(Kdev)IJ = / B? Idev D Idev BJ <2 (797)
1
(Kco)J = g / d)T mT D Idev BJ dQ (798)
Qe
1
k = §/ o' m” Dm ¢ dQ (7.99)
Qe
0 1 T 0
T = —/ ¢ mDe d (7.100)
3 Ja.
h = / o' P d (7.101)
Qe
g = ¢ by dS) (7.102)
Qe

and denote the effects of initial deviatoric strains as

(Pgev)f = / B? Lieo D 60 dQ (7103)
Qe
The mixed variational terms become
1
He(u, P, 9) = 5 [(UI)T(Kdev)[J u‘] + 2 HT (KCO>J U.J —+ GT kH]
(u)" (PY,);r — 6"7" + p'giu’ — p"hé (7.104)
The first variation of Eq. 7.104 may be written in the matrix form
dIl P (Kaew)rs g1 (Keo)r u’
o = (U)ot el gJ 0 —h P
1 (KL); —h Kk 0
(Pen)1
- 0 (7.105)
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Recall that the terms which multiply the variations in pressure, Il, and the variation in the
volume change, ®, are associated with individual elements, and, thus, the second row of Eq.
7.105 may be solved at the element level to give the parameters for the volume change, 6, as

= h'g;u’ (7.106)
and the solution to the third row is
p = h'[(K,),u’ + k6 — =¥ (7.107)
Defining a modified volumetric strain-displacement matrix as
b; = hlg; (7.108)

Substitution of the above results into the first equation gives

dIl, _ _ I
i = (U ([Kaew)rs + b] Keo)s + (KL)bs + by kb;] u’
— (P, — bjn°) (7.109)

Thus, the stiffness matrix for the general anisotropic linear elastic formulation is given by
Ky = Kiw)s + by (Keo)s + (Ki,)by + by kb, (7.110)

This operation may be performed after all the integrals over the element are evaluated.
The matrices which involve the elastic moduli may be simplified by defining some reduced
terms. Accordingly, we let?

1
d = ;Dm (7.112)
Also, define
1 T 1 T
dyyy = —m"'Dm = -m'd (7.113)
9 3
Then
DI, = D — dm” (7.114)
or
I.,D = D — md” (7.115)

3If D is not symmetric, equations Eq.7.112 through Eq.7.117 must be modified. Essentially, this requires
a computation of two d terms as

dp. = Dm ; d; = D'm (7.111)

and using these in the remaining equations instead of d (note, when D is symmetric the dg and dj, terms
are equal).



CHAPTER 7. MIXED FINITE ELEMENT METHODS 55

which gives
1 1 T
gIdeva = §<D — md )Il’l =d — dygym = dge (7116)
Finally, the deviatoric part of the modulus is now defined in terms of the above as
Ddev = Idev D Idev =D — me - de + dvol mmT (7117)

For isotropy, the above expressions reduce to:

dpoy = K (7.118)
T
d=[K K K 00 0] (7.119)
dje, = O (7.120)
and
(4 -2 —2 0 0 0]
-2 4 =2000
1 -2 =2 4 000
Dyev = 3E 10 0 0 300 (7.121)
0 0 0 030
0 0 0 00 3]

The matrices for the mixed treatment of the symmetric D anisotropic case are computed
as:

(Kaew)rs = / B Dy, B;dQ (7.122)
(Keo)y = o' dl B;dQ (7.123)
Qe
and
k = / dyor @ ¢ dS (7.124)
Qe

The matrix for the initial strains is computed as
' = / o' d” €2 d (7.125)
Qe

which is a 1 x 6 vector.
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7.4.1 Example: Interpolations linear for u and constant ¢

As an example, we consider the case where the set of shape functions for the displacements
is the tri-linear interpolation

1 +&8&)0 + &80 + &&) (7.126)

ol —

Nl(é) =

where &/ are the values of the natural coordinates at the I-node. The interpolation for the
pressure (and volume change) is constant

¢ =1 (7.127)

This element is often called B1-P0O (order 1 interpolations for the brick element, order 0
for the pressure/volume change). In 2-dimensions the element is Q1-P0, for the order 1
quadrilateral. Higher order elements are also defined, for example, the Q2-P1 element uses
quadratic interpolation for displacements (Lagrange interpolations) and linear for the pres-
sure with

o€ = [1 & &] (7.128)
Alternatively, it is possible to use the interpolations
d(&) = [1 x1(§) w2(8)] (7.129)

The matrices for the B1-P0 (or Q1-P0) element reduce to
(Ke)y = / d’_, B, d (7.130)

which is a column vector (of size 1 x 24). For isotropy, this matrix is zero. The volume
stiffness becomes:

K = / oy dS) (7.131)
Qe

which is a 1 x 1 matrix and for constant d,,; becomes
k = koot = dyor 26 (7.132)

where (2. is the volume of the element. For isotropy k,, is the bulk modulus times the
element volume. The other matrices in the stiffness are

h =h = / aQ = Q. (7.133)

and

gr = / b dQ (7.134)
Qe
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which gives the modified volumetric strain-displacement equation

= = = — Q
b; Q. gr Q. o, brd

The initial strain term is computed as

= / d” €2 d0
Qe

For the mixed element the internal force is computed using

P, = /Q BT (s(u) + pm)dQ

57

(7.135)

(7.136)

(7.137)

where the deviatoric part of the stress is computed from the displacement form, and the

pressure is computed from the mixed form

1

p = ([(KCO)J + kvol BJ] uJ - Tro)

Q.

(7.138)



Chapter 8

Enhanced Strain Mixed Method

8.1 Hu-Washizu Variational Theorem for Linear Elas-
ticity

An alternative to the mixed finite element method discussed previously is given by the
enhanced strain method [16]. The enhanced strain method is related to earlier works
which utilized incompatible displacement modes; however, the method does not have the
deficiencies which are present in the earlier works. Enhanced strains provide great flexibility
in designing accurate finite element models for problems which have constraints or other
similar types of difficulties. In the enhanced strain method we again use the Hu-Washizu
variational principle, which we recall may be written for linear elasticity as

1
I(u,o,e = —/eTDedQ — /GTDGOdQ
2 Ja Q

+ /JT(V(S)u — €)dQ — /uTbde
Q

Q

/ u’ tdl — / t' (u — w)dl' = Stationary (8.1)
Ty u

The strain tensor is expressed as an additive sum of the symmetric gradient of the displace-
ment vector, V®)u, and the enhanced strains, €, and written as

e(u, &) = VPu + &) (8.2)

If we again ignore the integral for the body force and the traction and displacement boundary
integrals, upon use of Eq. 8.2 the remaining terms become

1
N(u,0.€) = / (VEPu + &TD(VWu + &) dn
Q
- /(v% + &'Ded0 — /aTédQ (8.3)
) )
Introducing the variations for each function as
u, = u + nU (8.4)

58
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o, = o + 1S (8.5)
and
€&, = € + nE (8.6)

the variation for the above enhanced principle is given by

dll

— = /(V(S)U)TD(V(S)u + & — €d0
dn Q

+ /ET D (VPu + &€ — €) - a]dQ — /STédQ (8.7)
Q Q
After integration by parts of the variation of the displacement gradient term (and also

considering the body force term), the following Euler equations are obtained for the domain
Q:

1. Balance of momentum

E =0 (8.9)

3. Constitutive equations

D(VPu + & - €) —o =0 (8.10)

In addition the boundary conditions for I', and I'; are obtained. We note Eq. 8.9 implies
that, at the solution, the enhanced strains must vanish. Substitution of this result into
the remaining equations yields the appropriate displacement equations of equilibrium and
constitutive equation for linear elasticity, from 8.8 and 8.10, respectively. While the enhanced
strains vanish pointwise at a solution, in an approximate scheme based upon the enhanced
strain method this is not the case. The enhanced strains will only vanish in some integral
sense over each element, just as the balance of momentum and constitutive equations are
approximated by finite element solutions.

In the enhanced strain principle, displacements appear up to first derivatives, while the
stresses and enhanced strains appear without any derivatives. Accordingly, the continuity
conditions we may use in finite element approximations again are C° for the displacements
and C'~! for the stresses and enhanced strains. Appropriate interpolations for displacements
and stresses are the same as given previously for each element, and are thus

u(é) = Ni(€)u'(t) (8.11)

and

o(§) = ¢.(8) () (8.12)
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respectively. The choice of appropriate approximating functions ¢, will be affected by the
strain approximation, as will be shown below. From Eq. 8.2, the strain approximations are
now given by

e(u, &) = VOu + &) (8.13)
where the approximations for the enhanced strains are assumed as
€&) = Pa(§)e(t) (8.14)

It should be noted that different interpolations are introduced for the stress and the enhanced
strain terms.

Using the interpolations described above, the Hu-Washizu variational theorem may be
approximated by summing the integrals over each element. Accordingly,

M(u,0,€) = M(u,0,€) ~ Zﬂe(u,a,e) (8.15)

The variational expression in each element becomes

. (u,0,€) = E Veu + &'D (VWu + €)dQ
2
— /(v% + &TDed0 — / ol ed (8.16)
Qe Qe

Substituting the approximations for displacements, stresses, and enhanced strains and re-
placing with

ué =u + U’ (8.17)

o, = o% + nS° (8.18)
and

& = & + nk° (8.19)

gives the first variation in each element as
. K;y Ts 0 u’ PY
- (UI)T,(E“)T,(S“)T} I, Hy Qus| |€°] - |7 (8.20)
0 Qi 0] [e°] [0

dIl,
dn

where

K;; = / B DB, df (8.21)
Qe
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Loy = /ﬂ P DB, dQ (8.22)
H,; = /Q Pr Dp,ydSQ (8.23)
Qs = [ #lwin (8.24)
Py = /Q BT D€’ dQ (8.25)
7 = ) I D e dQ (8.26)

The discrete Euler equation generated by the third equation of Eq. 8.20 is given in each
element by

Qus€’ = 0 (8.27)
There are at least three possible ways this may be used:

1. The €° are zero, which is not a useful result.

2. The interpolations for ¢, are orthogonal to the interpolations 14, which means that

Qo = 0 (8.28)
which is the solution to be followed here. This is not perfect since we will not obtain
a method to compute the o? directly from the variational formulation.

3. A combination of options (a) and (b).

For a formulation which satisfies Eq. 8.28, the variational equations in each element
dll,

reduce to
v lorer) ([ g 8] - [F]) e

Since the interpolations for the enhanced strains are assumed for each element independently,
the second of Eq. 8.29 may be solved at the element level giving

LA W (8.30)
which may be substituted into the first equation to give
dIl, - .
= (UK u” — Py (8.31)
dn
where
~ ~T ~ _ ~
K;; = K;y — Ty (Hys) ' Toy (8.32)
and
~ ~T ~

P} = P} — Ty (Hyp) ' 7o (8.33)
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8.2 Stresses in the Enhanced Method

Since the stresses based upon the mixed approximation are no longer available an alternative
is needed for computations. Simo and Rifai suggest using a least square projection technique
to obtain the stresses; however, the stresses which are directly utilized in the variational
equation Eq. 8.7 may be deduced as

6 =D(VWu + e - € (8.34)

In subsequent development we shall use these stresses for all calculations of arrays, as well
as, for outputs and stress projections to nodes. Thus, the variation in each element may be
written

dIl,
dn

= / (VO &d0 + / ET & d0 (8.35)

n=0

It is noted that the orthogonality condition
/ STedQ = 0 (8.36)

has been incorporated in the above variation.
With the above description, the residual in each element becomes:

R, = F; — / BT ¢ dQ (8.37)
Qe

for the contribution in the element to the global residual. Similarly, the residual for the
enhanced modes is computed from

R, = — | v¥Llé&dn (8.38)
Qe

Note that the residual for the enhanced modes will vanish at a solution since it belongs to a

single element.

8.3 Construction of Enhanced Modes

The construction of the enhanced modes depends crucially on the orthogonality requirement
being satisfied for each element. Based upon the study of the shape functions using the
alternative representation we recall that the gradient of the displacement involves a constant
part and a part which depends only on the determinant of the jacobian matrix, j(£€), the
constant part of the jacobian matrix, Jy, and gradients of local coordinates, &. Accordingly,
it is useful to express the enhanced strains in a similar form. Using tensor notation we
introduce the representations

I S
€ = g BO (8.39)
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which represents a transformation of the local enhanced strains, E, expressed on the bi-
unit square to the global strains, €, using the transformation defined at the element center.
The weighting by the jacobian determinant terms is motivated by the gradient of the shape
functions. Similarly, a transformation of the local stresses, 3, on the bi-unit square element
to the global stresses, o, is given by

o= Jy2(&JIL (8.40)
These transformations have the property that

. Jo

tr(c€) = —tr(SE 8.41
(0 €) G (X E) (8.41)
The transformations may also be written in matrix form as
. Jo mo1g
e = —=<F, E¢ 8.42
jO T
e o (€) (8.43)
where for 2-dimensional problems
E" = [En By Ess 2E12] (8.44)
= [Sn B By Yo (8.45)

and € and o have similar ordering. The matrix Fy is given by

(U JRJE 0 2 i
om0 agp
F, = 0 0 1 0 (8.46)
SR IR0 JRIE 4 R
In matrix form Eq. 8.41 may be written as
oTe = ST 8.47
J(§) (347
The integral over the element becomes
/ oledQ = jj / STEdO = 0 (8.48)
. ]

Thus, the satisfaction of the orthogonality condition may be accomplished by constructing
the interpolations in the natural coordinate system and transforming to the global frame
using Eq. 8.42 and Eq. 8.43. A number of alternatives are discussed in the paper by
Simo and Rifai [16]. Here we consider the simplest form, which indeed is identical to the
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modified incompatible mode formulation [22]. It should be noted however, that no ad-hoc
assumptions are required in the enhanced formulation, contrary to what is necessary when
using incompatible modes.

For the simplest form, the interpolations

1 00 o] [
s froe f o
000 1| |[x*
for the stress and
& 0 0 0 E!
s (1500l o0

0 0 & & [E

for the enhanced strains are used. The integrals of natural coordinates over the bi-linear
(2-dimensional) element obey the following properties

/Sﬁ’dD = {04 i p odd (8.51)
O

1 if p even

Thus, the interpolations given by Eqs. 8.49 and Eqgs. 8.50 contain only linear polynomials
in & and, thus, satisfy the orthogonality condition Eq. 8.48. These interpolations have
been incorporated into the element routine elmt04 which has been developed for a linear
elastic-viscoelastic material, as well as, for non-linear materials.

8.4 Non-Linear Elasticity

For a non-linear, hyperelastic material the stresses are computed from a strain energy density
function, W (e), through

ow
= — 8.52
7 Oe (8:52)
The partial derivative is understood in terms of components, where
ow
o= 8.53
Oij 8 €ij ( )
We note that for the linear material model discussed previously that
1
Wi(e) = EGTDE — e'Dée° (8.54)
For the enhanced formulation the computation of stresses is given by
ow
g = — 8.55
o e (8.55)

e =V0©u + €
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In subsequent development we shall use these stresses for all calculations of arrays, as well
as, for outputs and stress projections to nodes. Thus, for the enhanced formulation the
variation in each element may be written as (see Egs. 8.35 to 8.38)

dIl,
dn

= / (VEOUY &d0 + / E” & d0 (8.56)
In a manner identical to the linear elastic material, the residual in each element becomes:

R; = F; — / B & d (8.57)
Similarly, the residual for the enhanced modes is computed from

R, = — [ ¥ ed0 =0 (8.58)

Qe

We note above that at a solution the residual, R., should vanish independently in each
element.

8.5 Solution Strategy: Newton’s Method

The solution to a non-linear problem is commonly computed using a sequence of linear
approximations. A popular scheme is Newton’s method, which may be summarized as:

1. Given the set of equations
f(x) =0 (8.59)
where x are the dependent variables.

2. Construct the linear part of f about a current point x* as

. , of ;
£~ £ 4 x| dxD = 0 (8.60)
where dx*1 is an increment of x.
3. Solve the linear problem
, . . , of
dxD = — (FO7LE®O . O = — (8.61)
8X x=x(©)
and update the solution as
xH) = x(O 4 gx(+D (8.62)

In the above, F(, is the Jacobian or tangent matrix for the equations.
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4. Repeat steps b.) and c.) until the solution converges to within a tolerance, tol.
Convergence may be assessed from

| dx"Y | < tol | x0T | (8.63)
where | x | is the length of the vector, x.

Using Newton’s method on the set of equations defined by Eq. 8.57 and Eq. 8.58 above
gives the problem

o I A A N
R+ R 7 i) deBu+D
5 (i+1)
= [RIO ] (8.64)

In the above, the terms in the Jacobian are defined as

OR; (@)

(@) _
K;, = — T (8.65)
which expands to
: 95| de i
K\) = / B —| —dQ = / B, D" B, d) 8.66
J o, I De ou’ ) I J ( )
where
o 96 |@
DY = == 8.67
t 86 ( )
define the tangent moduli for the material. For the non-linear elastic material
. aQW (@)
D" = .
K Oe Je (8.68)
Similarly,
' — | 4’DPB, 0 (8.69)
Qe
and
H,) = /Q i DY 4, dQ (8.70)

Since the second equation in Eq. 8.64 is complete at the element level, we may perform a
partial solution by static condensation. Accordingly,

de?i ) — (HD)TVRY — TV du’ 0] (8.71)
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which may be substituted into the first equation to give

R = R — K qu/0+D (8.72)
where
R = Ry — TG7T (HJ) 'R (8.73)
and
K{) = K{) - ) (1)) (8.74)

The reduced first equations may be assembled into the global equations. Thus after adding
any nodal forces, Fy, the assembled equations become

SR’ = N RY 4+ Fy (8.75)

€ €

which may be solved for the incremental nodal displacements, du’+Y. After the solve, the
new nodal displacements are updated

W) = @O L gyl (8.76)

The incremental displacements also may be substituted back into Eq. 8.71 to compute the
increments to the enhanced modes; these may then be used for the update

PG _ gB6) L geBlit) (8.77)

It should be noted that these last steps may not be performed until after the element arrays
are assembled and the resulting global problem is solved for the incremental nodal displace-
ments. Consequently, for this algorithm, it is necessary to save the arrays used in Eq. 8.71
for the later update of the enhanced modes. In the enhanced element for 2-dimensional plane
strain applications in FEAP, the arrays are moved into history arrays using a pmove routine.
This requires additional storage for the enhanced formulation with respect to that needed
for a displacement or a mixed B-bar type of formulation. It is possible to modify the above
algorithm such that the additional storage is reduced to saving only the current values of
the enhanced mode parameters, €@,

The alternate algorithm is given by linearizing the residual, R.,, with respect to €’ only.
Accordingly, with u’(i) known we enter each element calculation with the enhanced strain
parameters at the values €?~1 and perform the following steps.

1. For kK =0 set
eBlk) _ eBi-1) (8.78)

where a single superscript i denotes the value of €° computed in the last global iteration.
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2. Compute the linear part of R, as

S N ~06(i ‘1 (1,k) 1~8(i
R, (u’ (i), &) — AP e+ = o (8.79)
where now
HP = / YL DI 4 dQ) (8.80)
Qe
with
. 06
pih = 2 (8.81)
€ |grum + &R

3. Solve for the increment

~3(i 1 (LE)\—1 D (4
AP = (HP) TR (8.82)
4. Update the solution
éﬂ(’i,kJrl) — éﬁ(l,k) + déﬁ(i,kJrl) (883)

5. Set k « k + 1 and repeat Steps 2. to 4. until convergence achieved (or a set number
of k-steps is completed).

6. Set
Pl — ghflik+1) (8.84)

and save for the next global iteration, as well as use for subsequent steps for the global
i-iterations or to compute stresses.

The only information to be stored is the €. The algorithm requires repeated computation
of Rg’k) and Hg’ﬁk); however, using only 2 or 3 iterations generally suffices (even though
convergence may not be achieved for the first few values of the i-global iterations). Once the
k-iteration is completed, linearization with respect to both u’ and €® is performed, leading
to Eq. 8.72 to Eq. 8.75 for the global steps. If the k iteration is converged, the Rg) is zero
in Eq. 8.72 to Eq. 8.75 thus simplifying slightly the steps involved.

While the above process has been illustrated for the non-linear elastic material, it may be
directly extended to any material for which we can iteratively compute the stresses, &, and
the tangent moduli, ]ND,@. In subsequent presentations we shall discuss the construction of
these steps for linear viscoelastic materials, elasto-plastic materials, and a class of viscoplastic
materials.

In FEAP, the u’(i) nodal displacement vector and the Au”(i) and du’(i) nodal incre-
mental vectors are retained in global arrays. The global arrays are passed to each element
in a local array, ul (ndf,nen,i). The definitions of the entries in the local array are given
in Table 8.1.

The array ul contains information for the current element according to the definitions in
Table 8.2.
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Vector Definition Description
u’ (i) Current solution value
at each node, J.
Au’(i) = u’(i) —u’/(t,) | Difference between current
and previous solution
du’(i) = u’/(i) —u’(i — 1) | Increment from last iteration
Table 8.1: Element Local Arrays
Array Description Problems
ul (ndf,nen,1) | local u’(i) All
ul (ndf ,nen,2) | local Au’(7) All
ul (ndf ,nen,3) | local du’(i) All
ul (ndf ,nen,4) | local u’(7) Transient
ul (ndf,nen,5) | local u’/(i) Transient
ul (ndf,nen,6) | local u/(i — 1) Transient
ul (ndf ,nen,7) | used for b.c. on u’(i) | All!

Table 8.2: Element Local Arrays



Chapter 9

Linear Viscoelasticity

9.1 Isotropic Model

The representation of a constitutive equation for linear viscoelasticity may be in the form of
either a differential equation or an integral equation form. In the discussion to be presented
here we assume the material is linear and isotropic. Accordingly, in matrix form the stress
and strain may be split as

o =s+ mp (9.1)
and

1
€ = e + ng (9.2)

where o is the Cauchy stress, s is the stress deviator, and p is the mean (pressure) stress
defined in matrix form as

1
p = nga (9.3)

€ is strain, e is the strain deviator, and @ is the volume change defined in matrix form as
0 = m’e (9.4)

In the presentation given here we assume that the pressure-volume parts of the behavior are
governed by a linear elastic model

p = K0 (9.5)

where K is the bulk elastic modulus defined in terms of Young’s modulus and Poisson’s ratio
as

E
K= 3(1—2v) (9.6)

The deviatoric parts are assumed to satisfy a linear viscoelastic model.

70
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Linear viscoelastic behavior may be stated in the form of differential equation models or
in the form of integral equations. In the differential equation model the constitutive equation
may be written as

P(s) = 2GQ(e) (9.7)

where P and () are differential operators expressed as

am 8m71
P—pmat—m‘f‘pm—lw-l- SR 7)) (9.8)
am am—l
Q—Qmm—m+Qm—1W4- o+ Qo (9.9)
and
E
- 1
¢ 2(1+v) (9.10)

is identical to the elastic shear modulus. Alternatively, the operator may be written as

N

s = 2G(me + Y piq') (9.11)
=1
./L' ]- l .

a + d =e (9.12)

This form of the representation is equivalent to a generalized Mazwell model (a set of Maxwell
models in parallel). The set of first order differential equations may be integrated for specified
strains, e. The integral for each term is given by the homogeneous differential equation
solution, qf,

. —t
q,(t) = C exp (9.13)
and variation of parameters on C to give
- t t—1T .
q'(t) = / exp —— é(r)dr (9.14)
—00 1

An advantage to the differential equation form is that it may be easily extended to include
aging effects by making the parameters time dependent.

An alternative to the linear viscoelastic model in differential form is to use an integral
equation form. The integral form equivalent to the above is expressed in terms of the
relaxation modulus function. The relaxation modulus function is defined in terms of an
idealized experiment in which, at time labeled zero (¢ = 0), a specimen is subjected to
a constant strain, ep, and the stress response, s(t), is measured. For a linear material a
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unique relation is obtained which is independent of the magnitude of the applied strain.
This relation may be written as

s(t) = 2G(t)eg (9.15)

where G(t) is defined as the shear relaxation modulus function. Using linearity and super-
position for an arbitrary state of strain yields an integral equation specified as

t
s(t) = / G(t—r71)eé(r)dr (9.16)
It is noted that the above form is a generalization of the Maxwell material. Indeed the
integral equation form may be defined as a generalized Maxwell model by assuming the
shear relaxation modulus function in the Prony series form

N
—t
Git) = G G; — 9.17
© = G+ X Grew g (9.17)
or the alternate form
al —t
G(t) = G(uo + ; pi exp ) (9.18)
where
N
po + > =1 (9.19)
i=1

With this form the integral equation form is identical to the differential equation model for
the generalized Maxwell material. In the subsequent discussion we will consider the general-
ized Maxwell material and let N be 1 (i.e., the standard linear solid). The addition of more
terms may be easily accommodated based upon the one term representation. Accordingly,

G(O) = G + mexp ) (9.20)

where
po + p1 =1 (9.21)

In applications involving a linear viscoelastic model, it is usually assumed that the ma-
terial is undisturbed until a time identified as zero. At time zero a strain may be suddenly
applied and then varied over subsequent time. The integral representation for the the model
may be simplified by dividing the integral into

ot

/_too(~)d7 = /_: ()dr + /_ () dr + /Oi (-)dr (9.22)
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The first term is zero, the second term includes a jump term associated with ey at time zero,
and the last term covers the subsequent history of strain. The result of this separation when
applied to Eq. 9.16 gives

s(t) = 2G(t)ey + 2 / Gt — ) e(r) dr (9.23)

where subsequently the 0 limit on the integral is understood as 0%.
Substitution of Eq. 9.20 into Eq. 9.23 gives

s(t) = 2G[uoe(t) + exp;—f(eo + /0 exp%é(T) dr)] (9.24)

It remains to evaluate the integral. Accordingly, we divide the integral as

/Ot(-)dT _ /Ot” (Ydr + /t:(-)dr (9.25)

If we define the integral as

t
() = / exp L &(r) dr (9.26)
0 A1
the above separation gives
t T
il(t) = i'(t,) + / exp 3~ é(r)dr (9.27)
tn 1
Including the negative exponential multiplier term gives
-1
h' = exp—i (9.28)
A
and then
—At
h'(t) = exp ;) h! + Ah (9.29)
1
where
—t [t T .
Ah = exp— exp — é(7)dr (9.30)

The strain rate is now approximated as constant over each time increment ¢, to ¢, thus
e(t) —e,
elT7T) ~ ——mm )
(7) A7
where e,, denotes the value of the strain at time ¢,, and At denotes the time increment ¢ —¢,,.

A numerical approximation to Ah may be employed and one proposal uses a midpoint
(one-point) approximation for the integral as [§]

tm < 7 <t (9.31)

2\

t
Ah = exp (e —ey,) (9.32)
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The recursion then becomes
t .1

t
/ expldT ~ At exp "t (9.33)
tn A1 A1

where ¢, 1 denotes the time %(tn +t). Thus, the recurrsion is now given in the form

At

! A L ep 2o — 6y (9.34)
38

h'(t) = exp)\—lil(t) = exp N

and simplifies to

—At[ _ At
oA PN

h'(t) = exp h! + (e — e,)] (9.35)
This form requires only one evaluation of an exponential term. Furthermore, a zero value
of the time step produces a correct answer, as well as, a very large value of the time step
producing a zero value. Thus, the form is doubly asymptotically accurate. The use of finite
difference approximations on the differential equation form directly does not produce this
property.

While the above form is easy to evaluate it has problems when the size of the time step
is changed. Thus, a more stable form is used in FEAP where the integral over the time step
is evaluated in closed form [23]. The result gives

Ah — i—lt (1 ~ exp AAt> (e—e) (9.36)
This approximation produces a singular ratio for zero time steps; however, the limit value is
well behaved at a unit value. For very small time steps a series expansion may be used to
yield accurate values. This form gives a recursion which is stable for small and large time
steps and gives smooth transitions under variable time steps. It may also be extended for
use with thermorheologically simple materials.

The constitutive equation now has the simple form

s(t) = 2Guoelt) + puihi(t)] (9.37)

The inclusion of more terms in the series reduces to evaluation of additional h'(¢) integral
recursions. The required storage is increased by a need to preserve the h? for each quadrature
point in the problem and each term in the series.
The implementation of the viscoelastic model into a Newton solution process requires
the computation of the tangent tensor. Accordingly, we need to compute
Js Js Oe Js
= = 2= = Zl. (9.38)
Oe de Oe Oe
where 14, is the deviatoric operator identified previously. The partial derivative with respect
to the deviatoric stress is given by

Js oh'
e 2G (oI + %] (9.39)
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If we let
Ah' = Ahl(At) (e — e,) (9.40)

the derivative of the last term in Eq. 9.39 becomes

Oh!
— = ARY(AY),I 9.41
o (A1), (9.41)
Thus, the tangent tensor is given by
Os 1
a = ZG[,UO + j25% Ah (At)] Idev (942)

The only modification from a linear elastic material is the substitution of the factor
Gm'sc = G [[L[) + M1 Ahl(At)] (943)

for the elastic shear modulus. Again we note that for zero At the full elastic modulus is
recovered, whereas for very large increments the equilibrium modulus 4§ is used. The above
formulation is incorporated into the subroutine viscoe. Note the simplicity of the additional
coding needed to include the linear viscoelastic formulation. Since the material is linear, use
of the consistently derived tangent modulus terms leads to convergence in one iteration (the
second iteration produces a zero residual).



Chapter 10

Plasticity Type Formulations

10.1 Plasticity Constitutive Equations

The constitutive equations for a material which behaves according to a plasticity type for-
mulation for deformation states which exceed the elastic limit may be expressed by assuming
that the strains are decomposed according to

€ = € + € (10.1)

where €° are the elastic strains and €” are the inelastic strains. If the material is non-linear
hyper-elastic we may deduce the stress from the expression for the elastic strain energy as

ow
= — 10.2
7 Oe |.. (102)

€

where W is the strain energy density and is expressed as a function of the elastic strains
and o and €° are stress and strain energy conjugates. For a linear hyper-elastic material the
stress to elastic strain relation is given by

o =De =D(e — € — €) (10.3)

In the following discussion we limit our comments to linear elastic materials and also set
€’ zero. The inelastic component of the strain rate is related to the gradient of a loading

function with respect to stress. Accordingly,
& = 4L (10.4)

where f is a loading function and ¥ is a scalar rate term called the plastic consistency
parameter. The plastic consistency parameter, *, is zero for elastic behavior and positive
for plastic behavior. A back stress is defined as o which is related to the plastic strain rate
through

2 2 of
v = S Hyun€ = - Hyny oo 10.5
« 3 kin € 3 k '76 ( )

76
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where Hy;, is a kinematic hardening modulus. The yield surface is defined in an associative
manner, using the same function as the loading function, and is expressed as

flo,a,e?) = F(X) — Y(eP) (10.6)
where the stress and back stress appear in the form
Y =0 - « (10.7)
and
Y(e) = Yo + Hisl® (10.8)

is a function which measures the size of the current yield surface. Commonly, Yj is related
to o, the yield stress in uniaxial tension. The isotropic hardening behavior of the material
is included in Y through an effective or accumulated plastic strain defined by

t 2 %
& — /0<§ép~ép) dr (10.9)

In Eq. 10.8 H;s, is an wsotropic hardening modulus. In the present study both the isotropic
and the kinematic hardening moduli will be assumed as constants. Using the definition of
the plastic strain rate the effective plastic strain may also be written as

tr20f Af\?
el = ylo=— - - =— | dt 10.10
‘ /0 7 (3 oo (’90’) ( )
thus it is evident that éP is dependent on the integral of 4 and the particular loading/yield
function used to describe the material.
Generally, the model is completed by describing a scalar function, g, which describes the
limit behavior of the model. Different limit equations may be written for rate independent

plasticity, rate dependent plasticity, and generalized plasticity models. The simplest relation
is for classical, associative, rate independent plasticity where

g = flo,e") <0 (10.11)

is used. Later alternative forms will be introduced to represent other types of material
behavior.

10.2 Solution Algorithm for the Constitutive Equa-
tions

The solution of the above set of equations may be effected numerically using a variety of
algorithms. A very effective method to integrate plasticity equations is the operator split
method with a return map concept [17, 18, 3, 4] the algorithm may be extended to include
a variety of modeling concepts for the limit behavior; however, for the present we restrict
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our attention to plasticity as defined by Eq. 10.11 above. Accordingly, a discrete solution
at time ?,, is defined in terms of the state o, o, €, and €£. The solution is then advanced
to time t¢,,+1 by specifying the strain, €,.

To initiate the solution at ¢, a trial state is computed assuming the step is entirely
elastic. Recall that a step is elastic when 7 is zero. This implies that there will be no change
to €7, a, or eP during an elastic increment. The step is initiated by taking the trial values
for plastic quantities

el = e (10.12)
ol = a, (10.13)
et = e (10.14)
and
=0 (10.15)
Thus for linear elasticity
oty = D(enns — €y (10.16)

The trial stress given by Eq. 10.16 is checked in Eq. 10.6 and Eq. 10.11 to determine if
the step is elastic or whether inelastic terms should be active. If the state at ¢, is elastic
the stresses (as well as other state variables) are set equal to the trial value; otherwise, a
correction is required to include the inelastic terms.

For an inelastic step the stresses must satisfy (1.2) for the time ¢, 17 which requires the
rate equations for €? and « to be integrated over the time increment. Accordingly, integrating
non-linear terms using a backward Euler implicit method between ¢,, and ¢, 1, the plastic
strain is given by

0
e =€ + M\ a—i (10.17)
n+1
and the back stress by
N of
Oéiﬂ = o + Hpin Mt 9o . (10.18)

where Hyi, is a constant kinematic hardening parameter and the integral of the consistency
parameter is given by

Akl = Yntl — T (10'19)

Similarly, evaluating Eq. 10.11 at ¢,,.1 gives

gn+1 = Jonr1 = 0 (10.20)
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Finally, integration of Eq. 10.4 produces
- 390f of

14 — ZP —
Cht1 = Cn + )"fl-i-l(

590 80_)5 (10.21)

n+1

The set of equations Eqgs. 10.3, 10.18 and 10.20 constitute a set of non-linear equations
in terms of the values of 0,1, a,1 and \,,; which must be solved for each stress point
and each time step of interest. A Newton method may be used to solve the equations.
To simplify the notation the subscripts on n + 1 are omitted. The iteration counter is
shown as a superscript (j) and initial iterate values are taken as the trial stress and zero
M0). The iterative solution is continued until the norm the residuals are within acceptable
tolerance values (e.g., normally, half machine precision relative to the initial iterate values are
used since Newton’s method then guarantees that machine precision is achieved if the next
iteration is checked). Before proceeding with Newton’s method we note that the following
relations hold

of _ ofox _ of

9o ~ 0% 90 0% (10.22)
and

of afox  of

da S - o3 (10.23)

Thus, treating the equations Eq. 10.18 and Eq. 10.20 as residual equations, in the form

, , of
RY — € — ¢ — D1agW — \ZL 10.24
{ € — € o 75 (10.24)
. 5 of ;
) — =L — o
R} o, + Hp,A\ B> o (10.25)
and
Rgcj) = — f(eD,a & (j)) (10.26)

we may linearize the equations to obtain (note the iteration counter j is omitted in the
coefficient array for simplicity)

G A 50 | [det] R
—Hkgﬁa—zé (I + ]_{;c;nT)\a—gJ;) —Hin s (VL) céc:((j:)) = T((j) (10.27)
J
o > —A Rj
where
Y OeP
A= o (10.28)

der X
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and

) 02 f
C=D"'"+x_ 10.29
822 ( )
The solutions to Eq. 10.27 are computed and added to obtain the next iterates. Accord-

ingly,

Ut — ) 4 gglth) (10.30)

ot = q0) 4 gaU+) (10.31)
and

AGHD A0 1 gpU+D (10.32)

define the next iterates. The solution is terminated whenever the norms of the residuals are
smaller than a selected small tolerance.

Once convergence is achieved for each stress point evaluation (i.e., to compute the stress
at each Gauss point for a given strain), the stresses may be used in the finite element to
compute each element residual. In addition it is necessary to compute the tangent moduli,
Dy, for use in the element stiffness matrix (if one is used) for the next iteration on the
momentum balance equation. That is we need to perform a new solution to see if the strains
we used to compute the stresses are correct. This is accomplished, as before, by solving

> Kyu' =F + > Ry (10.33)

where K;; and R; are the element stiffness and residual, respectively. The computation
of the tangent moduli may be obtained by noting that the computation of the last stress
increment in the Newton solution of Eq. 10.27 may be written as

. - o2 f o [\ Of -1 (7)
da-(]A-Fl) R C " —%\ 752 o X ()\ 8_2) ) Ro-]
da | = = H A3 (1 + Hun M 55h) = Him 25 (A 55) T | (10.34)
d\U+D g_éT _ g_gT _A R;J)

At convergence for the given strain, €, the residuals will vanish; however, if we now consider
a linearization with respect to strain only R, contributes to the change. The linearization
of the residuals with respect to an increment of strain yields

R, =de ; R, =0 : R =0 (10.35)

Denoting the inverse matrix as

~ ~ ~ A 2 -1

]?11 P12 913 ) C of _A>‘ %82]‘ Aa% (g‘ %)W

]?21 ]?22 ]?23 = —Hkm? 5 I+ Hkm? o57)  —Heingy (A 55) (10.36)
D31 Dsz D 0f — 9 —A

£ ox
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The final result for the linearization with respect to strain gives

dO'(j+1) ]511 de
daitD | = |Dy de (10.37)
AN+ f)31 de

thus, the tangent moduli for the next momentum iteration is
D, = Dy (10.38)

Except for giving the form of f this completes the specification of the general algorithm.
Multiple yield surfaces may be included by modifying Eq. 10.4 to

K

. . Of
& = Z%a—; (10.39)
k=1

with each part of the yield surface described by a separate function
g = [rlo,a,e”) < 0 (10.40)

An active condition for each surface is denoted when 45 > 0. Thus, usually only 1 or 2 of
the surfaces are active at any time.

As constitutive equations become complex the specification of the parameters is more
difficult. A systematic procedure for determining the parameters from experimental data is
given by Ju, et. al. [13]. The method provides the best estimates for the parameters and
their sensitivities to errors or inconsistencies in the data.

10.3 Isotropic plasticity: J, Model

As in previous developments, the strain is again split into deviatoric, e, and volumetric
(spherical), 0, parts and expressed in matrix notation as

1
€ = e + gmﬁ (10.41)
where
0 = m’e (10.42)

For our study on inelastic behavior, the decomposition into elastic and plastic parts may
now be expressed as

e = e + € (10.43)
and

0 = 6° + o7 (10.44)
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The stress also is split into the deviatoric, s, and pressure (spherical) parts as
o =s+ mp (10.45)
where

1
p = nga (10.46)

With the above splits the isotropic linear elastic constitutive equations are given by

p = K@ — 0°) (10.47)
and

s = 2G(e — €) (10.48)

In the developments below we restrict plasticity to the deviatoric part only. Thus 6” vanishes
and the yield function can depend only on the deviatoric part of the stress. For isotropic
materials the yield and loading function may be expressed in terms of the invariants of stress
and back stress. The invariants of s are denoted as J;, J,, and J3 and given by

Jy=ml's =0 (10.49)
L 7
Jy = 5SS (10.50)
and
J3 = det(s) (10.51)

The simplest formulation is where the function depends only on J,. We write this model
using

V2T = (sTs): = |s| (10.52)
and including the back stress, the limit equation as
g = fs,a,é?) = ||s — al|| —Ye? <0 (10.53)

where Y is the radius of the yield function which is related to the uniaxial yield stress, oy,
through

2
y — \/; (0, + Hiwe) (10.54)

and, thus, includes the effects of linear isotropic hardening. The back stress adjusted value
3 is given by

Y =s - « (10.55)
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A simple calculation shows that

of _of, o or _ojos _op of _ojos __of
do ~ 9s " 7 0s  9xds 09X ' da 0% da 0% ‘
(where we recall that Iz, = I — %mmT), and
of b)) of
e = 2 10.57
= = - " oo (10.57)
Thus, the evolution of the back stress satisfies
. 2 .0 2 .
a = ngm’ya—j_ = ngm'yn (10.58)

Noting that at the initial state « is zero, we can conclude that the back stress evolves such
that it is a purely deviatoric quantity. thus,

m'a = 0 (10.59)
With this fact we then have the following important properties

m’Y =0 ; mn=0; n'n=1 (10.60)

?

Based upon the above all aspects of the J, plasticity model are restricted to deviatoric
components only. Thus, our model is completed by giving the evolution equations for plastic
strain and effective plastic strain in the form

¢ = 4n (10.61)

b2
& = / \ﬁydf (10.62)
0 3

The discrete form of the isotropic J; model is given by the equations

pn+1 — K9n+1 (1063)
Snp1 = 2G (epp1 — €).y) (10.64)
e, =€ + NNy (10.65)
2
apr1 = Oy + §Hkin)\n+1 Ny (1066)
=P oP 2
€hi1 = €, + = At1 (10.67)
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In+1 = || En-{—l || - Yn+1 <0 (1068)
2n+1 = Sp+1 — Opy1 (1069)
and
2 L 2
Yn+1 = g (Uy + H’L’so en—i—l) - Yn + gHiso )\n+1 (1070)

The solution of the J; model is straight forward and may be accomplished by solving only
a scalar equation in A,y;. The solution is performed using a trial state based upon the

assumption that A%, is zero. Accordingly,
TR . TR __ . pTR
ey =¢€ ; oay, =0, ; e =¢é (10.71)
This yields the trial deviator stresses
5251 = 2G (eny1 — eiﬁ?) = 2G(eps1 — €) (10.72)

which may be used to check the limit equation, g,.1. If the limit equation is satisfied then
the trial values define the solution at ¢, ;. If the trial values violate the limit equation, it
is necessary to perform the second part of the algorithm. The second part of the algorithm
solves the discrete rate equations using the trial values as initial conditions. Accordingly,
using Eqgs. 10.65, 10.71 and 10.72 in Eq. 10.64 gives

Snt1 = Sy — 2G A1y (10.73)

Next subtracting Eq. 10.66 from Eq. 10.73 gives

1
En—i—l = Sp+1 — Opy1 = ngl - Oy — 2(G + gH}mn) )\n—f—l Ny (1074)
Noting that £,11 = || £y11 || nu41 Eq. 10.74 gives also that sI, — a, is in the direction
n,1, and may be written as the scalar equation
1
H Zn—f—l “ - “ ngl H + 2(G + ngm) )‘n-i-l Npt1 = 0 (10-75)

that is, the coefficient must vanish to obtain a solution. In the above
s o= st - a, (10.76)
Combining Eq. 10.75 with Eq. 10.68 and Eq. 10.70 yields the scalar equation,
TR 1
| ") — Y, = 2[G + 3 (Hiso + Hpin)] Ant1 (10.77)

Once A\,41 is known it may be combined with the result

T el T RTE '
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to give the stress as
Spn+1 = SZ;fl — 2 G)\n+1 Ny (1079)

as well as the plastic strain and the back stress. In practice A\, is reduced slightly to that
Sne1 is always slightly outside the limit yield condition. Accordingly, the solution to Eq.
10.78 is perturbed as

IS - Va1 tol)
”Jr Q[G + %(Hiso + szn)]

(10.80)

where tol is a small value, say 1078,

The solution of the problem, as shown above, does not require a linearization or an
iteration process. If non-linear isotropic hardening is included or alternative forms for the
limit equation are employed, the equation equivalent to Eq. 10.77 will be nonlinear in A, 1,
and a linearization and iteration process are required to obtain a solution. Similarly, if
non-linear kinematic hardening is introduced the reduction to a scalar equation may also be
complicated.

Once the converged value for A,,.; is known and the stress state determined, a check on
satisfaction of the momentum equation must be made. If the momentum equation is not
satisfied for the current time, ¢, 1, another iteration is necessary to improve the estimate for
the state of strain, €,,1. If a Newton type solution method is used it is necessary to compute
an appropriate tangent modulus matrix for each stress point in the analysis. For the solution
process developed here, this may be achieved by selecting as primary dependent variables the
stress, s,11, the back stress, a1, and the consistency parameter, A\,,;. Writing appropriate
residual equations as

1
Rs:e—eﬁ—ﬁs—)\nzo (10.81)
2
R, = a - «a, — g/\Hkmn =0 (10.82)
and
2
Rf =Y, + gHiso)‘ - || by || =0 (1083)

In the above we have deleted specific reference to the values at t,.1, to avoid added com-
plexity in the linearization performed below. It should be understood that A denotes the
value of the solution in the ¢, step, i.e., previously given as A, 1, and etc. for all the other
variables. We note that for the current strain, e, the above equations are satisfied; however,
to proceed to the next iteration of the momentum equation we consider a linearization of
the above equations with respect to a change in the strain also, which we denote by de.
Accordingly, the linearization n becomes

on 1 ) 1

— = — (I — nn = —N 10.84
oz~ T3 =1 (10.84)



CHAPTER 10. PLASTICITY TYPE FORMULATIONS 86

Using this result, the linearization of Eqs. 10.81 to 10.83 yields the set of equations

1 by A
G 1 ;L N - =T N n ds de
2A Hyip 2AHyin 2 _
N 3||2k|| N I+ 3\\5\\ N —$Hypn| |do| = |0 (10.85)
nT _nT —2 Hiso dA 0

3

The inverse to the coefficient matrix may be computed by first solving the first two equation
for ds and da in terms of d\ and de, and then substituting the result into the third equation
to obtain a final expression for d\ in terms of de. This also permits the substitution of
alternative limit equations without changing the solution to the first part. Accordingly, we
consider

1 I A N Y

2a A ] [ds} _ {ds - ndw 1056)
kin kin _ 2 .

B 3=TH| N 1+ 3= N doc 3 sznnd)\

The solution to this equation is*

ds| _ [2G(I — BN) BN de — ndA (10.87)
da| 2GCN I - CN —%Hkmnd/\ ’
where B and C' are given by
2G A 2G A 2 Hpin A 2 Hpin A
B = = ;o O = = (10.88)
=D =T 3IZ D 3=
and where we have noted that
i~ A =
D=1+ 2(G + ) = (10.89)
3= [
This result may be substituted into the third equation in Eq. 10.85 to obtain
1
2Gn"de = 2[G + 3 (Hiso + Hpin)] dA (10.90)

Substituting this result back into the first of equation Eq. 10.87 yields the incremental
equation which yields the tangent modulus matrix for the algorithm. Thus, we obtain

ds = 2G[I — B(I — nn’) — Ann’]de (10.91)

where

G
A = 10.92
G + % (Hiso + szn) ( )

Finally, for the differential strains, de, the tangent becomes

ds = 2G [Idev — B(I4ey, — nn') — AnnT} de (10.93)

'See Appendix E for a discussion on the inverse of this type of matrix.
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10.4 Isotropic viscoplasticity: J> model

The previous section presented the formulation and solution algorithm for a Jy classical
plasticity model. In this section we show how such a formulation may be easily extended to
include rate effects in the inelastic behavior. The model selected for exposition is classical vis-
coplasticity as introduced by Prager for one-dimension and extended to full three-dimensional
form by Perzyna [15].

For the viscoplastic model considered here, the only modification to the formulation is the
replacement of the limit equation for g. Indeed, other models representing the problems of
generalized plasticity and generalized viscoplasticity can also be developed by such replace-
ment. In viscoplasticity, the relationship for g becomes a constitutive equation describing the
evolution for the consistency parameter, 4. Accordingly, we write

g = ®[f(s,a,e”)] — ¢ <0 (10.94)
where the yield condition, f, still is given by
f(s,a,e”) = ||s — af — Yeé (10.95)

with Y the radius of the yield function which is related to a uniaxial yield stress, o, through

>
y = \/g (0, + Hisé?) (10.96)

and, thus, includes the effects of linear isotropic hardening. For viscoplasticity, ¥ and o,
relate to the inelastic behavior in the limit as % tends to zero (the rate independent limit).
For loading rates which are finite, the stress state may lie outside the yield surface. The
function ® together with the parameter ( determine the rate dependency of the model.
Perzyna considers alternatives for representing ®; however, here we restrict our attention to
the simple case given by

o(f) = ()" (10.97)

where m is a positive integer power. Other functional forms for ® may be considered without
conceptual difficulty. All the other equations for the model remain as given in Section 10.3.

For trial stress values for which the yield function defined by Eq. 10.95 exceeds zero,
the behavior is inelastic and the return map solution for the viscoplastic model is given by
Egs. 10.63 to 10.67, 10.69 and 10.70. The formulation is completed by integration of the
constitutive equation Eq. 10.94 for the time interval ¢, to t,.1 (i.e., At) using a backward
Euler evaluation of the integrals to obtain

AL P [f (Spr1, 041,85 41)] — (A = 0 (10.98)

The discrete consistency parameter may be obtained by combining the scalar coefficient from
Eq. 10.75 with Eq. 10.98 to obtain a single nonlinear equation in A, ;. Accordingly, we
obtain

1
Atq)[” ZTR ” - Yn - 2(G + g(Hiso + Hk;'m)) )\n—l—l] - CAn—‘,—l =0 (1099)
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For the simple model used here for ®, the above becomes

1 m
At (|| TR — v, - 2[G + g(H,-SO + Hpin)] )\n+1) — CAy1 = 0 (10.100)
In general, the above equation is nonlinear and must be solved numerically. For the case
where m = 1 the equation is linear and has the solution
At(| = = Y (1 + tol

C + 2At [G + §(Hiso + szn)]

Comparing Eq. 10.101 to Eq. 10.80 we can observe that the limit solution for ( zero is
identical to the classical plasticity problem. The stress, back stress, plastic strain, and
effective plastic strain are computed using the same expressions as for the classical plasticity
model. For nonzero (, the presence of At in Eq. 10.101 implies a rate dependency, with
results depending on time durations for applying and changing loads on the body. The
extension to higher powers of m may be constructed using a Newton solution scheme to
solve the non-linear scalar equation.



Chapter 11

Augmented Lagrangian Formulations

11.1 Constraint Equations - Introduction

The solution of many problems requires imposition of constraints as part of the formulation.
For example, if it is desired to solve the incompressible equations for linear elasticity it is
necessary to impose the constraint

tr(e) = m'e = 0 (11.1)

Another type of constraint is to impose boundary conditions on a node, where we wish to
impose the condition for node I that

u = o (11.2)

in which @ denotes a specified value. This type of constraint can be made more general by
letting the degrees-of-freedom be associated with a rotated local coordinate system (e.g., a
spherical coordinate frame) where now

w' = T;u = o/ (11.3)

in which T; is an orthogonal rotation matrix which transforms the degrees-of-freedom from
the global Cartesian to the prime system. Many other conditions could be given; however,
the above suffice for the present. The inclusion of the constraints into the finite element
problem may be performed by several different approaches. For constraints of the type Eq.
11.2 it is easy to directly eliminate the variables associated with u’, as is done in FEAP. On
the other hand the inclusion of Eq. 11.1 or Eq. 11.3 presents more difficulty to implement.
Thus, an alternative method is needed to implement general types of constraints. A common
approach is to use penalty methods; however, these are sensitive to the value of the penalty
parameter selected. A better approach, which is numerically superior, is to use an augmented
Lagrangian approach. This method is an extension to the penalty method and uses values
for the penalty parameter which lead to a better conditioned numerical problem. In the
sequel we first consider penalty methods, based upon a mixed formulation. Subsequently,
we show how to extend the mixed penalty treatment to the augmented Lagrangian algorithm
which is based on an iterative update procedure generally attributed to Uzawa [1].
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11.2 Mixed Penalty Methods for Constraints
Consider a general constraint equation expressed as
g(u) =0 (11.4)

which is to be imposed for some part of the domain, €2.. The constraint may be included as
part of the problem formulation by supplementing the variational problem, IT(u), with the
term

M(w,A) = / AT g(u) dO (11.5)
Qc
Define the variations as
u, = u + nU (11.6)
and
Ay = A+ A (11.7)

The variation of the integral gives the added terms

I
dlle| / ATgu)d2 + [ UTGTAdQ (11.8)
dn 77:() c Qe

where

0g
_ o8 11.
G Ta (11.9)

The Euler equation for the first integral leads to the constraint equation.
g(u) =0 (11.10)

for each point in €., and the second equation leads to a term which is combined with the
variation of the original variational theorem to generate revised Euler equations for the
problem.

In a finite element matrix setting we can approximate the X in each element as

A = NMx)A® (11.11)

and use the usual isoparametric interpolations for u. Thus, Eq. 11.8 generates the matrix
problem

G = %nzo = [(AMT (UHT] E’,%] (11.12)
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where

P} = Z/ N} g(u) dQ (11.13)

and
P = Z/ N; GT X d (11.14)

For non-linear constraint equations it is necessary to linearize this expression for combination
with the remaining part of the problem. Performing the linearization leads to the problem

wr w8, 5[]
where
K}y = Z/ N;G'' Nj dQ) (11.16)
K), = ) ) N)GN;dQ = (K5,)T (11.17)
and
K}, = Z j N XS ag - N, dQ = Z 5 ATaG N, dQ (11.18)

The difficulty with the above formulation lies in the fact that there are no terms in Eq.
11.15 which are associated with the diagonals for the A degrees-of-freedom. Moreover, if
the constraints are linear there are no terms on the diagonals for any of the degrees-of-
freedom. This greatly, complicates a solution process since for a direct solution the equations
must be ordered to eliminate the displacement equations prior to the Lagrange multiplier
equations. Furthermore, iterative methods are even more difficult to consider. The deficiency
associated with the diagonals for the Lagrange multiplier equations may be removed by
adding a regularization term to Eq. 11.5. The modification to the variational term considered
takes the form

IM.(u, ) = / A g(u)dQ — / %AT)\dQ (11.19)

where k is a penalty parameter introduced such that in the limit as k& goes to infinity the
original problem is recovered.
dll,,
dn

1
= / AT (g(u) — EA) dQ + U" G XdQ (11.20)
n=0 c

Qe



CHAPTER 11. AUGMENTED LAGRANGIAN FORMULATIONS 92

The Euler equation for the first integral now gives the constraint equation.

g(u) — %A ~ 0 (11.21)

for each point in §2.. It is evident that the solution converges to satisfy the constraint only
in the limit when £ is infinity. The linearization of Eq. 11.20 gives the matrix problem

K, K)1 [d)\°
AT (UH)T { 57 QJ} [ 11.22
[( ) ( )] K?ﬁ K%‘J du‘] ( )
where
1
A A A
Ky = S j/Q N2 L 1N} dO (11.23)

Many cases for constraints permit the elimination of the equations for A® at a local level.
Thus, if a Newton solution scheme is employed the residual equations may be written as

R) [Py + KA Ky K, a1 o
R;(u) + R}| Riw — P} K}y K + Kpy| [du/| — |0
(11.24)

This gives the set of equations to solve for the increment as

R 72 A B DA A B
K Koy V] 2 [-PL + KA (11.25)
KI,@ K[J + K]J du R[(u) - PI

Solving the first row of Eq. 11.25 gives
A\’ = (Kpp) ' [Py + K, du’] — N (11.26)
Since the residual equation for A? is linear it may be solved to give
M= (K),) T P) (11.27)
and this simplifies Eq. 11.26 to
AN = (K);) ' KD, du’ (11.28)

which when substituted into the second of Eq. 11.25 once again yields a displacement model
for the problem which is expressed as

K;;du' = R;(u) — P} (11.29)
where

5 -1
K, = Ky + Ky + Ky (K))  K), (11.30)
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The above solution process defines a perturbed Lagrangian form of the penalty solution
process. In order to yield a solution which provides an adequate satisfaction of the constraint
equation, fairly large values for the penalty parameter should be used (generally on the
order of about half machine precision, e.g., 10% or 107). The values used then yield stiffness
modifications for the second term on the right hand side of Eq. 11.30 which are several
orders larger than components appearing in the stiffness, K;;. If the values are too large, ill
conditioning for the solution to the linear equations will result; if too small, the constraint
may be violated by an unacceptable amount. Furthermore, iterative solutions become very
difficult for these large penalty values. Consequently, an alternative approach is needed. In
the next section, the augmented Lagrangian method is introduced as an alternative.

11.3 Augmented Lagrangian Method for Constraints

The augmented Lagrangian strategy presented is a simple modification to the perturbed
Lagrangian form which now becomes

I(u, A\, Ay) = /Q A + A" gu)dQ — /Q %)\T)\ dQ (11.31)
where A4 is the augmented term. 'fhe variation to Eq. 11.31 givces
o) _ / AT <g(u) _ 1 )\) i + / UTGT (A + Ay dQ  (11.32)
dn 1, Q. k Q.
+ /Q Al g(n) dQ (11.33)
The Euler equation for the variation of A gicves the equation
g(u) — %)\ =0 (11.34)
which may be used to compute A. The variation for A4 gives the constraint equation
g(u) =0 (11.35)

and, thus, the constraint equation is satisfied independently of the value of the penalty
parameter, k, and we also conclude that A must vanish at the solution. Using, these facts
we also note that the algorithm merely reduces to the original Lagrange multiplier method,
but with A4 used as the multiplier. The method may be made computationally viable by
making the determination of A4 an iterative algorithm. The Uzawa algorithm is the simplest
algorithm which may be considered. In the Uzawa algorithm we introduce an outer iteration
loop for the augmentation. For each step in the analysis we assume:

1. Let j be the augmentation iteration counter. For each time, t,.1, set j to zero and
take the initial value of the augmented multiplier as

N = N (¢,) (11.36)

where the dependence on the n 4 1 step on the left side is implied. Let )\Z(O) = 0.
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2. Solve the non-linear problem

B S ] - BN - T e

Ky, K + K3y |du’/
(11.37)
where
o= (KT P (11.38)
and
P} = > [ NGTNN + Ay (11.39)

e QCC
In the above the iteration aspects for the incremental problem are not shown.

3. After the iteration for the incremental problem converges update the augmented pa-
rameters using

AJD 8O 88 (11.40)

where

-1

No= (K);) P (11.41)

«
is computed using the converged solution from step 2.

4. Check convergence for the augmented step. If the constraint is satisfied to within a
specified tolerance, or the change in the A° is less than some tolerance times )\Z(J 1)

proceed to the next time and repeat steps 1 to 3.

If not converged increase the j counter and repeat steps 2 and 3.

To perform the above algorithm it is necessary for the penalty parameter k£ to be large
enough for the iteration to converge. All that is required is that the terms in the added
stiffness be somewhat larger than the original stiffness terms. The convergence rate for the
augmented iteration is generally linear, not quadratic as in a Newton solution. The larger &
is made the more rapid the convergence. Thus, it is desirable for the value to be at least one
or two orders in magnitude larger than the conventional stiffness terms (as compared with
the six or seven used in a penalty approach). Use of values with this range in magnitudes
leads to 3-6 augmented steps for most problems. The number of non-linear iterations will
decrease for the later augmented steps since the violation in the constraint is becoming less
and less.

Using the above augmented Lagrangian approach to satisfy the incompressibility con-
straint leads to a particularly simple update. For the constant pressure/volume element
there is only one equation for each element. Thus the equations to be solved are scalar. For
the enhanced element there is one equation at each Gauss point so it is also easy to modify.
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For more complex situations, involving multi-point constraints, the situation is slightly more
complex. Augmented approaches have been used to solve a variety of problems in finite
element methods. In some cases (for example, frictional contact problems) it is possible to
augment in a way which renders a problem which originally has an un-symmetric tangent
matrices to one which is symmetric. In general, the method is the one of current choice
since, as a special case, it also includes an option of penalty solution through the perturbed
Lagrangian approach (merely omit all augmented steps!).



Chapter 12

Transient Analysis of Non-Linear
Problems

12.1 Adding the transient terms

The variational equation for a quasi-static problem solved by the finite element method is
expressed as

dIl,,

@ => uh” UQ Bl &d0 — N;b,dQ — thdr} =0 (12.1)

n=0 e e Qe Te

where & is computed for a displacement, mixed, or enhanced method as described in previous
chapters. In order to extend the variational equation to accommodate transient analysis,
the body force vector, b,, is replaced by

b, « b, — pu (12.2)
in which 1 is the acceleration vector. With this replacement the variational equation becomes

dt,
dn

= > uh” U BledQ + NypidQ — N;bdo

77:0 e e Qe Qe

— NItdF] =0 (12.3)

Te

which leads to the residual equation for each node
R; = F; — Z/ BiGdQ — ) [ NipiidQ (12.4)
e e e Qe

The last term is the inertia contribution to the momentum equation. For continuum problems
the acceleration is computed from the isoparametric interpolations as

i = Ny(x)i’(t) (12.5)

96



CHAPTER 12. TRANSIENT ANALYSIS 97

thus, the inertia term may be written as
> /Q NypindQ = My, i’ (12.6)
where M is the mass matrix for the problem. If we define
Pi(6) = > / B; & df (12.7)

the residual equation becomes
R; = F; — P;(6) — My i’ (12.8)
or, by ignoring the nodal indices, in the total matrix form as
R =F - P(6) - Mu (12.9)

In general, the above equation is a non-linear set of ordinary differential equations. The prac-
tical solution of the equations is accomplished using a time marching scheme, as described
in the next section.

12.2 Newmark Solution of Momentum Equations

In this section we illustrate the solution of Eq. 12.9 by a time marching process using the
classical Newmark method of solution [14]. The Newmark method is a one-step method
which may be used to advance a solution from time ¢, to time t,.;. The method is self
starting, consequently, given the initial conditions,

u0) = dy ; w0) = vy (12.10)

where dy and v, are the initial displacement and velocity vectors, the solution at the first
increment may be determined. The Newmark method uses approximations to the displace-
ments, velocities, and accelerations and these are given as:

u, ~ u(t,) (12.11)

v, ~ u(t,) (12.12)
and

a, ~ u(t,) (12.13)

The initial state is completed by solving the residual equation at time zero. Accordingly,

RO = FO — P(&O) — Mao =0 (1214)
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which yields the solution
ag = M [Fy — P(dy)] (12.15)
this is combined with the initial conditions
w =dy ; vy = Vo (12.16)

to give a complete state at time zero.
The Newmark formulas to advance a solution are given by

1
W1 = u, + Atv, + A#? (5 — Ba, + Bans (12.17)

and
Vor1r = Vo + A1 — y)a, + ya,i1] (12.18)

in which 3 and v are numerical parameters which control the stability and numerical dis-
1

sipation, respectively. For v = % there is no numerical dissipation, whereas for v > 3
numerical dissipation is introduced. The values of 5 control primarily the stability but also
influence the form of the matrix problem. A [ of zero leads to a formulation which is called
explicit, where for no damping, the solution for the acceleration, a,;, involves only the
mass matrix. For a diagonal mass this solution step is very efficient; however, in general the
method is only conditionally stable and very small time steps are needed. For (3 non-zero,
the method is implicit and a solution step normally involves linearization of the momentum
equation and an iterative solution process based on Newton’s method. The advantage of
implicit solutions is improved stability, where quite large time steps may usually be taken.
For example, for 3 = 0.25, the method for linear problems is unconditionally stable. This
method is commonly called trapezoidal rule or constant average acceleration. Values of 3 less
than 0.25 should not be used since they are only conditionally stable with allowable time
steps not much larger than the explicit scheme.

The advancement of a solution from one step to the next is completed by combining Eq.

12.17 and Eq. 12.18 with the momentum equation written at time ¢,,1. Accordingly,
Ry = Foyr — P(0ny1) — May, = 0 (12.19)

In order to advance the solution to the next time it is necessary to recast the problem in
an iterative form. This involves selecting appropriate values for the variables to initiate the
step, linearization of the equations, solution of the linearized equations, and updating of the
variables. Since the Newmark formulas are linear and have scalar coefficients they may be
directly used in the momentum equation to reduce the primary unknowns to a single vector.
This vector may be the displacements, u,,11, the velocities, v, 1, or the accelerations, a, .
For the explicit case the only viable choice is accelerations. In the sequel we will address the
implicit case and use the displacements, u,.1, as the primary unknowns. For an implicit
solution it is best to select the initial value for the iterate as

u,.,0) = u, (12.20)
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Any other choice may perturb the displacements in such a way to cause false inelastic values,
especially near boundaries, which impede convergence of the Newton method. With the
choice Eq. 12.20, the values of the initial state which satisfy the Newmark formulas are
given by

vi,0) = (1 - 1) v, + At (1—1) (12.21)

g 23
and
( 1 1
0) = ——=——v, 1—-— 12.22
an-‘rl ) 5At Vp + ( 25) ( )
Linearizing the Newmark formulas leads to the results
dul't) = pAdally (12.23)
and
dvi D = yAtdal't) (12.24)

Thus the appropriate update formulas (which also satisfy the Newmark formulas) are given
by

uily = ull, + dully (12.25)
i+1 i 0 (41
V’I(l-‘rl) = V’I(l-)i-l + /BAt d n+1) (1226)
and
) ) 1 )
i+1 7 i+1
a7(1+1) = 37(111 + mdu,(@:l) (12.27)

The linearization of the momentum equation leads to

K" dul) = Ry, (12.28)
where
- OR OR Ov OR Oa
K@ = e 12.2
t ou + Ov ou + Da du ( 9)
or
- 1
K® - K, + —)—C, + —M 12.

In Eq. 12.30, K, is the tangent stiffness matrix as computed for the quasi-static problem,
C,; is a tangent damping matrix, and M is the mass matrix introduced above.
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12.3 Hilber-Hughes-Taylor (HHT) Algorithm

The Newmark algorighm given in the previous section can be altered by considering the
residual for the momentum equation to be given by

Rn+a = Fn+1 — P(un+a,vn+a> - Man+1 =0 (1231)

where the displacement at the intermeiate point is given by

Ui = (l—a)u, + au,y (12.32)

and the velocity by

Vita = (1—a) v, + avyy (12.33)

In the above t,., = (1 — a)t, + at,;1. This algorithm is called the Hilber-Hughes-Taylor
a-method or, for short, the HHT-method [9] and has been analysed extensively for stability
and dissipative properties by Hughes [12]. To reduce the properties to a single parameter,
the relations,

2
«
= — 12.34
5=1 (12.34)
and
3
oty = 5 (12.35)
are employed.
Linearization of 12.31 gives the tangent matrix
1 oy
K* = M+ —C K 12.36
gae Y T aac e (12.36)

for use in the Newton method

K* dun+1 = Rn+a (1237)



Chapter 13

Finite Deformation Formulations:
Elasticity

13.1 Kinematics and Deformation

The basic equations for solid mechanics may be found in standard references on the subject
(e.g., see Chadwick [2] or Gurtin [7]). Solution by finite element methods is considered
by Crisfield in [3], by Curnier in [5], and by Zienkiewicz and Taylor in [27].. Here only a
summary of the basic equations is presented. A body B has material points whose positions
are given by the vector X in a fixed reference configuration!, )y, in a three dimensional space.
In Cartesian coordinates the position vector may be described in terms of its components
as:

XS = XAEA ) A = 1,3 (131)

where E 4 are unit base vectors. After the body is loaded each material point is described
by its position vector, x, in the current configuration, {2. The position vector in the current
configuration may be given in terms of its components as

X = T,€, ; a = 1,3 (13.2)

where e, are unit base vectors for the current time. In our discussion, common origins and
directions are used for the reference and current coordinates. The position vector at the
current time is related to the reference configuration position vector through the mapping

x = ¢(X,t) (13.3)

When common origins and directions for the coordinate frames are used, a displacement
vector, u, may be introduced as the change between the two frames. Accordingly,

x =1X + u (13.4)

L As much as possible we adopt the notation that upper case letters refer to quantities defined in the
reference configuration and lower case letters to quantities defined in the current configuration. Exceptions
occur when quantities are related to both the reference and current configurations.
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is used. In the above 1 is a rank two shifter tensor between the two coordinate frames, and
is given by

1 = 6,Ae,EY ; a, A =13 (13.5)

where 0,4 is a Kronecker delta quantity such that

1 ifa=A
dar = { 0 ifa+A (13.6)
In component form we then have
Ty = OgaXa + ug (13.7)

A fundamental measure of deformation is described by the deformation gradient relative
to X given by

O¢
F = 13.
0X (13.8)
subject to the constraint
J = detF > 0 (13.9)

to ensure that material volume elements remain positive. The determinant of the deformation
gradient maps a volume element in the reference configuration into one in the reference
configuration, that is

dv = detFdV = JdV (13.10)

where dV is a volume element in the reference configuration and dv its corresponding form
in the current configuration.

The deformation gradient relates the current configuration to the reference configuration,
consequently it has components defined as

F = Foae,E} (13.11)

The deformation gradient may be expressed in terms of the displacement as

ou

F—1+ 22
T X

(13.12)
Using F directly complicates the development of constitutive equations and it is common to
introduce deformation measures which are related completely to either the reference or the
current configurations. Accordingly, for the reference configuration, the right Cauchy-Green
deformation tensor, C, is introduced as

C = F'F (13.13)
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Alternatively the Green strain tensor, E (do not confuse with the base vectors), is introduced
as
1

E=_(C-1L) (13.14)

where 1 is the rank two identity tensor with respect to the reference configuration and is
given by

1o = d.pEsEL (13.15)

and d4p is a Kronecker delta for the reference configuration. The Green strain may be
expressed in terms of the displacements as

E = % ng_; + (g—;)Tl - (%)Tg—; (13.16)
Defining the displacement vector for the reference configuration as
U= 1u (13.17)
with components
Usr = Oaaty (13.18)
the components of the Green strain may be written in the familiar form
B = 3 (5% * o, * 7% o) 13.19)

In the current configuration a common deformation measure is the left Cauchy-Green
deformation tensor, b, expressed as

b = FF’ (13.20)

The Almansi strain tensor, e, may be expressed in terms of b as
(1, — b (13.21)

e —

where 1, is the rank two identity tensor with respect to the current configuration and is
given by

1, = Speqef (13.22)

and 4, is a Kronecker delta for the current configuration.
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13.2 Stress and Traction Measures

Stress measures the amount of force per unit of area. In finite deformation problems care
must be taken to describe the configuration to which stress is measured. The Cauchy stress,
o, and the Kirchhoff stress, 7, are measures defined with respect to the current configuration.
They are related through the determinant of the deformation gradient as

T = Tpe.ef = Jo = Joge, el (13.23)

The second Piola-Kirchhoff stress, S, is a stress measure with respect to the reference con-
figuration and has components

S = SusEsEL (13.24)
The second Piola-Kirchhoff stress is related to the Kirchhoff stress through
T = FSF’ (13.25)
Finally, the first Piola-Kirchhoff stress, P, is related to S through
P =FS = Pe,E} (13.26)
which gives
T = PF’ (13.27)

For the current configuration traction is given by
t = o'n (13.28)

where n is an unit outward pointing normal to a surface defined in the current configuration.
This form of the traction may be related to reference surface quantity through force relations

defined as
tds = tgdS (13.29)

where ds and dS are surface elements in the current and reference configurations, respectively,
and ty is traction on the reference configuration. Note that the direction of the traction
component is preserved during the transformation and, thus, remains related to the current
configuration forces. The reference configuration traction is deduced from the first Piola-
Kirchhoff stress through

t, = PN (13.30)

where N is an unit outward pointing normal to the reference surface. Using the definition
for traction and stresses we obtain

F'nds = JNdS (13.31)

and
ds = J [N - (C'N)] %ds (13.32)

to relate changes in the surface area and transformation of the normals.
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13.3 Balance of Momentum

The balance of momentum for a solid body consists of two parts: balance of linear momen-
tum; and balance of angular momentum. The balance of linear momentum may be expressed
by integrating the surface and body loads over the body. Accordingly, for a body force per
unit mass, b,, the resultant force, R, acting on a body is given by

/pbmdv + / tds = R (13.33)
Q o0

where rho is the mass density per unit volume and 0f2 is the surface area of the body, both
for the current configuration. The mass density in the current configuration is related to the
reference configuration mass density, rhog, through

po = Jp (13.34)

The total linear momentum of the body is given by

p = /pvdv (13.35)
Q

The balance of linear momentum describes the translational equilibrium of a body (or any
part of a body) and is obtained by equating the resultant force, R, to the rate of change of
the body momentum, p. Accordingly,

/pbmdv + / tls = /deU (13.36)
Q o0 Q

Introducing the relationship between traction and stress and using the divergence principal
leads to the balance of linear momentum relation

/ dive + p(by — )] dv = 0 (13.37)

where div is the divergence with respect to the current configuration, that is,

8Jab

dive = e (13.38)

a

Since the above result must hold for any part of a body a local form for balance of linear
momentum may be deduced as

dive + pb, = pv (13.39)

This relation is also called the local equilibrium equation for a body.
Similar relations may be constructed for the balance of angular momentum and lead to
the requirement

o= o’ (13.40)
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that is, the Cauchy stress tensor is symmetric and, thus, has only six independent compo-
nents.

The balance of momentum may also be written for the reference configuration using
results deduced above. Accordingly, we may write the integrals with respect to the reference
body as

Qo Qo Qo

where the definitions for rho, o and n ds in terms of reference configuration quantities have
been used. Using the divergence principle on the traction term leads to the result

/ [DivP + po (b, — V)] dV = 0 (13.42)

which has the local form
DivP + pob,, = pov (13.43)

In these relations Div is the divergence with respect to the reference configuration coordinates

(13.44)

We also note that the symmetry of the Cauchy stress tensor, o, leads to the corresponding
requirement on P

FP" = PF’ (13.45)
and subsequently to the symmetry of the second Piola-Kirchhoff stress tensor

S = s* (13.46)

13.4 Boundary Conditions

The basic boundary conditions for a solid region consist of two types: displacement boundary
conditions and traction boundary conditions.

Boundary conditions are defined on each part of the boundary for which a component
or components of a vector may be specified without solution of any auxiliary problem. The
conditions are usually given in terms of their components with respect to a local coordinate
system defined by the orthogonal basis, €/, a = 1,2,3. At each point on the boundary one
(and only one) boundary condition must be specified for all three directions of the basis
e/ . Generally, these conditions may be a mixture of displacement and traction boundary
conditions.

For displacement boundary conditions, components of the position vector, x, may be

expressed with respect to the basis as

x = 2, € (13.47)
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Boundary conditions may now be given for each component by requiring?

o =z (13.48)

for each point on the displacement boundary, 0€2,. The boundary condition may also be
expressed in terms of components of the displacement vector, u. Accordingly,

u=x-1X = u, €, (13.49)

define components of the displacement with respect to the prime coordinates. Thus, bound-
ary conditions may now be given for each displacement component by requiring

W, = i, (13.50)

In general, the boundary condition is non-linear unless points in the reference configuration
can be identified easily (such as fixed points).

The second type of boundary condition is a traction boundary condition. Using the
orthogonal basis described above, the traction vector t may be written as

t = t.e (13.51)

a ~a

Traction boundary conditions may be given for each component by requiring
t =1 (13.52)

for each point on the boundary, 0.

13.5 Initial Conditions

Initial conditions describe the state of a body at the start of an analysis. The conditions
describe the initial kinematic state with respect to the reference configuration used to define
the body and the initial state of stress in this position. In addition, for constitutive equations
the initial values for internal variables which evolve in time must be given.

The initial conditions for the kinematic state consist of specifying the position and velocity
at time zero. Accordingly,

x(0) = $(X,0) = do(X) (13.53)

and

v(0) = ¢(X,0) = %o(X) (13.54)

are specified at each point in the body.
The initial conditions for stresses are specified as

o(0) = &y (13.55)

at each point in the body.

2A specified quantity is indicated by a superposed bar, (7).
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13.6 Material Constitution - Finite Elasticity

The equations are completed by specifying a material constitution. As an example, we
consider a finite deformation form for hyperelasticity. Thus, we postulate the existence of a
strain energy density function, W, from which stresses are computed by taking a derivative
with respect to a deformation measure. For a strain energy density expressed in terms of
the right Cauchy-Green deformation tensor, C, the second Piola-Kirchhoff stress tensor is
computed as

ow

S = 2— 13.56

50 (13.56)
For an isotropic material the strain energy density depends only on the three invariants of
the deformation. Here we consider the three invariants as

1, ) 1
I]C = i(lc - tTC) = i(CKKCLL - CKLCLK) (1358)
and
e = detC = J? (13.59)

and write the strain energy density as
W(C) = W(lg, 1, J) (13.60)

We select J instead of Ill- as the measure of the volume change. Thus, the stress is computed
as

oW 91, oW Ol oW 0J
_ W ole ) OW , OW 0J 13.61
S 29I, 0C T “9m.oc T "7 aC (13.61)

The derivatives of the invariants may be evaluated as

dlc

7Cc -~ 1 (13.62)
381_]00 = Ic1ly — C (13.63)
g—é = JC! (13.64)
Thus, the stress is computed to be
S = 22—?;10 + QSI—VJ‘VC(IC“ — C) + %—ijcl (13.65)
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The second Piola-Kirchhoff stress may be transformed to the Kirchhoff stress using Eq.
13.25, and gives

oW oW oW
AL b — 1) + 2% 13.
T =25+ 2 e e (13.66)

As an example, we consider the case of a Neo-Hookean material which includes a compress-
ibility effect. The strain energy density is expressed as

1
W(lg,J) = p(lc — 3 — 2InJ) + 5A(J — 1) (13.67)

The material constants A and p have been selected to give the same response in small
deformations as a linear elastic material using the Lamé moduli. Substitution into Eq. 13.65
gives

S =2u(ly - CYH +AxJ(J - 1CH (13.68)
which may be transformed to give the Kirchhoff stress
T =2pub —-1)+AXJJ - 1)1 (13.69)
The Cauchy stress is then obtained from

o = - (13.70)

Some formulations require computation of the elastic moduli for the finite elasticity model.
The elastic moduli with repect to the reference configuration are deduced from

0*W
C=4-=- 13.71
9CoC (13.71)
The spatial elasticities related to the Cauchy stress, o, are obtained by the push forward
1
Gije = 7 Fir Fjg Py Pl Crike (13.72)

For the Neo-Hookean model the material modul with respect to the reference configuration
are given as

Croxr = NI NCOx — 2w — AJ(J — 1))CraC5} (13.73)
Transforming to spatial quantities gives

Cijkl = A (2 J_l) 5ij6kl — 2 (% — A (J - 1)) 5ik5jl (1374)
Other forms of constitutive equations may be introduced using appropriate expansions of
the strain energy density function. As an alternative, an elastic formulation may also be
expressed in terms of the principal stretches (which are the sqare root of the eigenvalues of
C); however, the computations are quite delicate (see [19]).
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13.7 Variational Description

A variational theorem for finite elasticity may be written in the reference configuration as

[I(u) = W(C(u))dV — /

u’ pob,, dV — / u’ tydS (13.75)
Qo Q0

0ot

where ty denotes the specified tractions in the reference configuration and 9t is the traction
boundary for the reference configuration. In a finite element formulation, the basic element
arrays evolve from the balance of linear momentum equations written as a variational equa-
tion. Accordingly, in the reference configuration a variational equation is defined from Eq.
13.75 as®

S = g—vgaCdv - / sulpyb,, dV — / sutodS = 0 (13.77)
Qo Qo 0ot

where du is a variation of the displacement (often called a virtual displacement) which is
arbitrary except at the kinematic boundary condition locations, 0€2,, where, for convenience,
it vanishes. Since a virtual displacement is an arbitrary function, satisfaction of the varia-
tional equation implies satisfaction of the balance of linear momentum at each point in the
body as well as the traction boundary conditions. We note that using Eq. 13.26, Eq. 13.56
and constructing the variation of C, the first term reduces to

oW 1 .
G 0C = 580C = F'P (13.78)

Furthermore, by introducing the inertial forces through the body force as
b, — b, — v =b, — X (13.79)

where v is the velocity vector, the variational equation may be written as

SI = / sul pyvdV + / SFTPdV (13.80)
Qo QO
— / su’py by, dV — / sul'tydS = 0 (13.81)
Qo 0Qo

This is the variational equation form of the equations which is used for subsequent devel-
opment of the finite element arrays. The first term side represents the inertial terms. For

3Since the notation for finite deformation includes use of upper and lower case letters, the notation for a
variation to a quantity is written as §. Thus,

U, — u + ou (13.76)

Furthermore, matrix notation is used as much as possible to express the variational equation.
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static and quasi-static problems this term may be neglected. The second term is the stress
divergence term which also may be given in terms of the second Piola-Kirchhoff stress as

1
SFTP = fFTFS = 5cscs = JES (13.82)

where symmetry of the second Piola-Kirchhoff stress is noted. The third and fourth terms
of the variational equation represent the effects of body and surface traction loadings.
The above variational equation may be transformed to the current configuration as

S = /5quVdv + /V((su)Ta] dv (13.83)
Q Q

— /5qubmdv — sultds = 0 (13.84)
Q o0,

The last result is identical to the conventional, small deformation formulation found in earlier
chapters and in finite element texts (e.g., see Hughes [12] or Zienkiewicz and Taylor [26, 27])
except that integrals are performed over the deformed current configuration.

Representations with respect to a fixed reference configuration are introduced to simplify
the development of the basic relations. Some authors refer to the case where the reference
configuration is the initial description of the body (at time zero) as a total Lagrangian
description and to one which is referred to the previous computed configuration as an updated
Lagrangian description. For the development considered here it is not important which is
selected since ultimately all integrations are carried out over the current configuration; and,
either a total or an updated description can be transformed to the current state.

13.8 Linearized Equations

The stress divergence term may be written in many forms, as shown above. To solve a
boundary value problem the nonlinear equations may be linearized and solved as a sequence
of linear problems. The linearization should be considered in a reference configuration rep-
resentation. In this section it is expedient to again use a tensor form of the equations
instead of the matrix form used above. Accordingly, a formulation based upon the second
Piola-Kirchhoff stress and written in tensor form is considered for the linearization step.

/ tr (SFTFS)dV = / tr (SFSF1)dv (13.85)
Qo Qo

which are equivalent forms. In the above, the trace operation denotes the following step
(reference configuration tensors are used as an example, but other forms also hold)

tr (AB) = A[JBJ[ (1386)

Note that in the reference configuration the domain, €2y is fixed (i.e, does not change) which
is not true for a formulation considered directly in the current configuration. Consequently,
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a linearization may be written as
A (/ tr (SFSFTdv) = / tr SFSAFT)dV + / tr (SFASFT)dV  (13.87)
Qo Qo Qo

We also note that for a continuum problem A (6F) vanishes, which is not true for problems
in beams, plates and shells and, thus, additional terms are necessary. The linearization may
be transformed to the current configuration and expressed in terms of quantities associated
with the Cauchy stress. Accordingly, using

§F = V(6u)F (13.88)

and a similar expression for AF gives

N /Q tr (GFSFT dV) — /Q tr (V (5u) o V (Au)T) do

+ +/ tr (V (du) Ao) dv (13.89)
Q
where
1

Ao = 5 F ASFT (13.90)
The first term on the right hand side leads to the geometric stiffness term in a finite element
formulation, whereas, the second term depends on the material constitution and leads to the

material part of the stiffness.
The material part involves AS which is computed for each particular constitutive relation.

This will be discussed later for a particular constitutive equation; however, in general we
seek an expression of the form

AS = CAE (13.91)

where € are the material moduli for the material constitution expressed in the reference
configuration. When used with the definition of Ao this may be transformed to the current
configuration as

Ao = fAe (13.92)

where k are the material moduli expressed in the current configuration. The moduli are
related through

Jt = FFCF'F” (13.93)

In the above Ae is the symmetric part of the gradient of the incremental displacement. It is
expressed as

Ae = —[VAu + (VAu)] (13.94)

DO | —

Substitution of the above into the term for the material part of the stiffness yields

/ i (V (5u) A) dv — / r (SebAe)) du (13.95)

which we note is also identical to the form of the linear problem.
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13.9 Element Technology

A finite element discretization may be constructed by dividing the body into finite elements.
Accordingly, we have

Qr Q=) Q (13.96)

where (). is the domain of an individual element, e, and €2, is the domain covered by all
the elements. We note that in general €2, is an approximation to the domain of the real
body since the elements only have mapped polygonal shapes. With this approximation the
integrals in the variational equation may be approximated as

/Q(-)dvz/gh(-)dvzze:/e(-)dv (13.97)

Using this approximation the variational equation become

Z {/ sul pvdv +

e

vV (ou)' o d’u] =

Qe

> {/ su’ pb,, dv + / (5uTtds} (13.98)
e 8Qet

e

An approximate variational solution may be developed by writing trial solutions and test
functions for the motions and virtual displacements, respectively. Adopting an isoparametric
formulation (e.g., see [12, 26, 27]) we may write for a typical element

X = N(@X' ; I = 1,2, ,nen (13.99)

where nen is the number of nodes defining an element, I are node labels for the element,
N (&) are shape functions for node I which maintain suitable continuity between contiguous
elements and X’ are the coordinates for node I. Similarly, we may write approximations for
the current configuration as

x = Ny(&)x'(t) (13.100)
the displacements as
u = N(&)ul(t) (13.101)
the incremental displacements as
Au = N;(€)Aul(t) (13.102)
and the virtual displacements as
su = N;(&)ou’ (13.103)

Time dependence is included in the nodal parameters for the current position and displace-
ments.
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13.10 Consistent and Lumped Mass Matrices

Using the above approximations we may discretize the terms in the variational equation for
each element. Accordingly, the first term becomes

/ oul pvdv = (5uT)f/ N;pNydvl, %’ (13.104)
Qe Qe

where summation convention is implied for the a and b indices. The integral for the shape
functions defines the consistent mass matriz for the analysis which may be written as

M[J = / N]pNJdU ]-t (13105)
Qe

For procedures to construct a lumped mass see either [26, Appendix 8] or [11].

13.11 Stress Divergence Matrix

The stress divergence term may be expanded by noting symmetry of o to give

/tr[V(éu)a]dv = / tr [0eo| dv (13.106)

e

where de is given by

de = = [V (0u) + (V(6u))"] (13.107)

(NN

Introducing matrix notation for o and e as
T
g = [011 0922 033 012 0293 0'31} (13108)
and
de = [5611 5622 5633 2(5612 2(5623 2(5631]T (13109)

the stress divergence term may be written as
/ Se’ o dv (13.110)
Qe

Expressing the de in terms of the virtual displacements gives

_ Odu;  Odus  Oduz  Odui Odus  Odus Odusz  Odus Aduy T
o€ = [89&1 ox2 Oxs Oxa + ox1 oxs + Ox2o ox1 + Ox3 } (13111)

Using the interpolations for the virtual displacements in each element leads to the matrix
relation
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Nrp O 0
O NLQ O I
0 0 N[g 5u} I
Je = ’ duy| = Bjrdéu (13.112)
Nroa Nri O sul
0 Nisz Nia 3
Nz 0 Npg
In the above, the notation
ONy
Ny = —= 13.113
I1 8%1 ( )

has been used for conciseness. The B; matrix describes the transformation from the virtual
displacements, du’ to the de. The stress divergence term may now be written as

/ Selodv = (5uI)T/ BY o dv (13.114)
Qe Qe

The above expressions are identical to results obtained for the linear problem except that
all calculations are based upon coordinates in the current (deformed) configuration.

13.12 Geometric stiffness

The geometric stiffness for a finite element formulation is obtained by substituting the in-
terpolations described above into the geometric term for a single element. Accordingly,

/ tr (V(6u)o V(Au)")dv = (5uI)T/ tr (VN{ o VN;) dv Au’ (13.115)

e

Evaluation of the right hand side of the above expression leads to the geometric stiffness
matrix which is given by

(K9, = / tr (VNI o VN;)dv1, (13.116)
In component form the expression for the geometric stiffness is given as
ON 0N,
(Kzgj)IJ = L o dv 0ij (13.117)

Qe (9xk al'l

13.13 Material tangent matrix - standard B matrix for-
mulation

The material tangent matrix is deduced from the term

/tr(V(5u)Aa)dv = / tr (0eEAe) dv (13.118)
Qe Qe
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which is evaluated for a typical element. In matrix notation the right hand side becomes
/ tr (0etAe)dv = / S’ D Aedv (13.119)
Qe Qe

where D denotes the material moduli in the current configuration given in the matrix repre-
sentation introduced for the linear problem. Furthermore, substitution of the finite element
interpolations into the incremental strain term leads to the result in matrix form

Ae = B;Au’ (13.120)

Thus, the material tangent is computed from
/ Se"' D Aedv = (ou’)” / BT DB, dv Au’ (13.121)
and the material tangent matrix is given by
(K™ = / B DB, dv (13.122)

which again is identical to the linear problem except that all steps are performed for the
current configuration.

13.14 Loading terms

The right hand side terms may be discretized by introducing the interpolations for the virtual
displacement. Accordingly, the body force may be given as

/ sulpb,,dv = (6u’)” / N pb,, dv (13.123)
Qe Qe
and the boundary loading is

sul tds = (su’)’ Nrtds (13.124)
00 Ot

13.15 Basic finite element formulation

Accumulating all terms together, the variational equation may be written as

Z(&uI)T {Mm‘d 1 / Bfodv — ff} =0 (13.125)
Qe

e

where f; is the sum of the body and surface traction terms.

Qe 0Nt
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Since du! is arbitrary, the variational equation leads to the discrete balance of linear
momentum equations

> [M,Jj'c’ + / Bl odv — fl] =0 (13.127)
Qe

e

which may be written in the compact matrix form
Mx + N(o) = f (13.128)

where N(o) is the stress divergence vector.

Solution of this set of equations together with satisfying the material constitution and
the displacement boundary conditions, yields the solution to a problem. A common solution
procedure is to use a Newton type solution method and solve a sequence of linear problems.
Accordingly, in a Newton Method we write the momentum equation as

R=f—- Mx - N(o) =0 (13.129)
A linearization of this set of equations gives the result
MAu + K;Au = R (13.130)
where
K, = K" + KY (13.131)

The above description is for a standard displacement type formulation. We refer to the
method as the standard B-matrix formulation.

13.16 Mixed formulation

In the mixed formulation used, a modified deformation gradient, (as described in [19]), is
used. The mixed formulation is used to permit solution of incompressible and nearly incom-
pressible materials, as well as, compressible solutions which can be treated by a standard B
matrix formulations. Thus, the modified deformation gradient is based upon a separation
into volumetric and deviatoric parts as

F = FoFue (13.132)

where F,, measures volumetric part and Fg., the deviatoric part of deformation. Since
det F measures the volumetric part we have

J = detF = detF,, det Fy., (13.133)
which leads to the result

detFo,y = J (13.134)
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and
detFapy = 1 (13.135)
This may be accomplished by using
Foy = Jil (13.136)
for the volumetric part which gives
Foo = J 2F (13.137)

for the deviatoric part. The modified deformation gradient may then be constructed by
replacing the volumetric part by a mized treatment. Accordingly, we define

F = (%) F (13.138)

as the modified tensor. In the above expression, 6 is a mixed representation for the deter-
minant of the deformation gradient. The modified right Cauchy-Green deformation tensor
is then computed from

C = F'F (13.139)
with similar definitions for E and b. The virtual modified deformation gradient is now given
by

- 00 1 .
A three field variational statement of the problem is completed by adding to the motion,
¢, and mixed determinant of the modified deformation gradient, 6, the mixed pressure, p.

(u,0,p) = / W<C<u,9)) v + / p(J — 0)dV (13.141)
QU QO
- / quObde—/ u’ tydS (13.142)
Qo 00t

A variational equation including the effects of inertia may be constructed following steps
above and written as (see, [19])

/5quVdv + /V(SuT (Gager + ply)dv = /
Q Q

su’pb,, dv + / su’ tds (13.143)
Q

o

for the linear momentum equation,

/59(”—” ~Dyaw =0 (13.144)
Q
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for the relationship between the mixed pressure and the trace of the stress, and

/Q(Sp(l — %)dv =0 (13.145)

for the relation between the mixed and the determinant of the deformation gradient. In the
above, the modified Cauchy stress, o, and the modified Kirchhoff stress, 7, are related to
the modified second Piola-Kirchhoff stress by

Jé = 7 = FSFT (13.146)

where S is computed using C as the deformation measure. The deviatoric part of the stress,
O 4ev, 1S then computed using

1
Gagew = (I — 3L 1) = Iy, 0 (13.147)

where I is a rank four identity tensor. The spherical part of the stress is given by the mixed
pressure, p, not tre. The mixed pressure p is computed from tro using the variational
equation given above. Thus, the stress in this approach is computed using

o = pl, + Gue (13.148)

A finite element implementation for the above may be deduced using the isoparametric
interpolations given above for X, x, u, and du. In addition interpolations for €, 46, p, and
Op must be given. In the low order elements the above functions are all taken as constant in
each element. Discretization of the modified momentum equation gives

where the stress divergence vector for a typical node is given by
N (Gger + pLi) = > / B! (64w + ply)dv (13.150)
e Qe

The pressure, p, appearing in the above relations may be obtained by first computing the
mixed volume, 6, using the third variational equation. Accordingly, for each element (with
the constant interpolations for § and p) integration of the third variational equation yields
a solution

QC
QeO

for each element, where €2, is the volume of the element in the current configuration and §2.
is the volume in the undeformed reference configuration. The # may now be used to define
the modified deformation quantity and the modified stress state, & may be determined in
each element. Finally, use of the second variational equation yields the mixed pressure as

0:

(13.151)

p =
QeO Qe
in each element. This may be combined with the deviatoric part of o to define the mixed
stress, o, in each element. A tangent matrix may be computed for the mixed formulation.
Details for the construction are included in [19].
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Appendix A

Heat Transfer Element

This appendix contains a FEAP user subprogram to formulate the finite element arrays
needed to solve two-dimensional plane or axisymmetric linear heat transfer problems. Table
A.1 is the interface program to FEAP and Table A.2 is the subprogram to input material
parameters for the type of region, thermal conductivity, heat capacity, and density for an
isotropic Fourier material model. Table A.3 presents the routine used to compute the element
tangent and residual arrays and Tables A.4 and A.8 the routines to output numerical values
and nodal projections for the heat flux. Nodal projections of the heat flux may then be
plotted in graphics mode by FEAP. Table A.6 defines the Fourier model and Table A.7
a routine to compute coordinates in elements. The heat capacity array has been coded
separtately in (Table A.8) to permit solution of general linear eigenproblem.
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subroutine elmt02(d,ul,x1,ix,tl,s,r,ndf,ndm,nst,isw)
c Two dimensional heat transfer element
implicit none

include ’cdata.h’
include ‘’eldata.h’
include ’prstrs.h’
include ’comblk.h’

integer ndf,ndm,nst,isw, ix(*)
real*8 d(*) ,ul(ndf,*) ,x1(ndm,*),tl(*),s(nst,*),r(*),shp(3,9)

c Input material properties
if(isw.eq.1) then
call inpt02(d)

c Check of mesh if desired (chec)
elseif (isw.eq.2) then
call ckisop(ix,x1,shp,ndm)

c Compute conductivity (stiffness) matrix
elseif(isw.eq.3 .or. isw.eq.6) then
call stif02(d,ul,x1l,ix,s,r,ndf,ndm,nst)

c Compute heat flux and print at center of element
elseif (isw.eq.4) then
call strs02(d,ul,xl,ix,ndf,ndm)

c Compute heat capacity (mass) matrix
elseif (isw.eq.5) then
call capa02(d,xl,ix,s,r,ndf,ndm,nst)

c Compute nodal heat flux for print/plots
elseif (isw.eq.8) then
call stcn02(ix,d,x1,ul,shp,hr(nph) ,hr(nph+numnp),
& ndf ,ndm,nel,numnp)
endif

end

Table A.1: Element Routine for Heat Transfer
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2000

subroutine inpt02(d)
implicit none
include ’iofile.h’

logical errck, tinput, pcomp, rflag
character namex*15, wlab(2)*6

realx*8 d(*),td(1)

data wlab/’ Plane’,’Axisym’/

Input material parameters

d(4) 1.d0
rflag = .true.
do while(rflag)
errck = tinput(name,1,td,1)
if (pcomp (name,’cond’,4)) then
d(1) = td(1)
elseif (pcomp(name,’spec’,4)) then
d(2) = td(1)
elseif (pcomp(name,’dens’,4)) then
d(3) = td(1)
elseif (pcomp(name,’plan’,4)) then
d(4) = 1.40
elseif (pcomp(name,’axis’,4)) then
d(4) = 2.40
elseif (pcomp (name,’ ’,4)) then
rflag = .false.
endif
end do ! while
if (ior.1t.0) write(*,2000) d(1),d(2),d(3),wlab(int(d(4)))
write(iow,2000) d(1),d(2),d(3),wlab(int(d(4)))
d(2) = d(2)*d(3)
d(5) = 2 ! number of quadrature points/direction

format (5x, ’Linear Heat Conduction Element’//
& 5x,’Conductivity ’,el12.5/5x,’Specific Heat’,el2.5/
& b5x,’Density ’,e12.5/5x,a6,’ Analysis’)

end

Table A.2: Input Routine for Heat Transfer Element
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subroutine stif02(d,ul,x1l,ix,s,r,ndf,ndm,nst)
implicit none

include ’eldata.h’
include ’eltran.h’

integer ndf,ndm,nst, i,j, 1,lint, ix(*)

real*8 xsj, al,a2,a3, tdot, radil2

real*8 d(*) ,ul(ndf,*),x1(ndm,*),s(nst,*) ,r(ndf,*)
real*8 shp(3,9),sg(3,9), gradt(2),flux(2)

c Compute tangent matrix (linear), and residual

1 = nint(d(5))

call int2d(1,lint,sg)

do 1 = 1,1int
call shape(sg(1,1),sg(2,1),x1,shp,xs]j,ndm,nel,ix,.false.)
call flux02(d,shp,ul,ndf,nel, gradt,flux,tdot)
if(nint(d(4)).eq.2) xsj = xsj*radiO2(shp,x1,ndm,nel)
do j = O,nel-1

al = d(1)*shp(1,j+1)*xsj*sg(3,1)
a2 = d(1)*shp(2,j+1)*xsj*sg(3,1)
a3 = d(2)*shp(3,j+1)*xsj*sg(3,1)

r(1,j+1) = r(1,j+1) - al*gradt(l) - a2*gradt(2) - a3*tdot
do i = O,nel-1
s(i*ndf+1, j*ndf+1)

s(i*ndf+1, j*ndf+1)

& + (al*shp(l,i+1) + a2*shp(2,i+1))*ctan(l)
& + a3*shp(3,i+1)*ctan(2)
end do
end do
end do
end

Table A.3: Stiffness for Heat Transfer Element
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2001

2002

subroutine strs02(d,ul,xl,ix,ndf,ndm)
implicit none

include ’bdata.h’
include ’cdata.h’
include ‘’eldata.h’
include ’fdata.h’
include ‘’iofile.h’

integer ndf,ndm, ix(*)
real*8 XX,yy, xsj, tdot, radil2
real*8 d(*) ,ul(ndf,*) ,x1(ndm,*) ,gradt(2) ,flux(2),shp(3,9)

Compute thermal gradient and heat flux

call shape(0.0d0,0.0d0,x1,shp,xsj,ndm,nel,ix,.false.)
call flux02(d,shp,ul,ndf,nel, gradt,flux,tdot)

mct =mct - 1
if(mct.le.0) then
write(iow,2001) o,head
if(ior.1t.0 .and. pfr) write(*,2001) o,head
mct = 50
endif
xx = radi02(shp,x1(1,1),ndm,nel)
vy radi02(shp,x1(2,1) ,ndm,nel)
write(iow,2002) n,ma,xx,yy,flux,gradt
if(ior.1t.0 .and. pfr) write(*,2002) n,ma,xx,yy,flux,gradt

format(al,20a4//5x,’element flux’//’ elmt matl 1-coord 2-coord’
& ,? 1-flux 2-flux 1-grad 2-grad’)
format (2i5,2f9.3,4e12.3)

end

Table A.4: Output Routine for Heat Transfer Element
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subroutine stcn02(ix,d,x1,ul,shp,dt,st,ndf,ndm,nel,numnp)
implicit none

integer ndf,ndm,nel,numnp, j,1,11,lint, ix(*)

real*8 xsj,xg, tdot

real*8  dt(numnp),st (numnp,*),x1(ndm,*),shp(3,4),d(*)
real*8  gradt(2),flux(2),ul(ndf,*),sg(3,9)

c Lumped projection routine

1 = max(2,nint(d(5)))

call int2d(1,lint,sg)

do 1 =1,1int
call shape(sg(1,1),sg(2,1),x1,shp,xs]j,ndm,nel,ix,.false.)
call flux02(d,shp,ul,ndf,nel, gradt,flux,tdot)

xsj = xsj*sg(3,1)
do j = 1,nel
11 = iabs(ix(j))

if(11.gt.0) then

Xg = xsj*shp(3,j)
dt(11) = dt(11l) + xg
st(11,1) = st(11,1) + flux(1)*xg
st(11,2) = st(11,2) + flux(2)*xg
endif
end do
end do

end

Table A.5: Flux Projection Routine for Heat Transfer Element
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subroutine flux02(d,shp,ul,ndf,nel, gradt,flux,tdot)
implicit none

include ’cdata.h’

integer ndm,nel, i

real*8 tdot
real*8 d(*),shp(3,*) ,ul (ndf ,nen,*) ,gradt (x) ,flux (*)

gradt (1) = 0.0d0

gradt(2) = 0.0d0

tdot = 0.0d40

do i = 1,nel
gradt (1) = gradt(1) + shp(1,i)*ul(l,i,1)
gradt(2) = gradt(2) + shp(2,i)*ul(1l,i,1)
tdot = tdot + shp(3,i)*ul(1,1i,4)

end do

flux(1) = -d(1)*gradt(1)

flux(2) = -d(1)*gradt(2)

end

Table A.6: Thermal Gradient and Flux

function radiO2(shp,x1l,ndm,nel)
implicit none

integer 1i,ndm,nel
real*8 radiO2, shp(3,*), x1(ndm,*)

c Compute element coordinate value
radi02 = 0.d0
do i = 1,nel
radi02 = radi02 + shp(3,i)*x1(1,1i)
end do

end

Table A.7: Coordinate in Element
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subroutine capa02(d,x1,ix,s,r,ndf,ndm,nst)
implicit none
include ‘’eldata.h’

integer ndf,ndm,nst, i,j, 1,lint, ix(*)
real*8 xsj, shj, radiO2
real*8 d(*),x1(ndm,*) ,s(nst,*),r(ndf,*), shp(3,9),sg(3,9)

c Compute heat capacity matrix

1 = nint(d(5))
call int2d(1,lint,sg)
do 1 =1,1int
call shape(sg(1,1),sg(2,1),x1,shp,xsj,ndm,nel,ix,.false.)
xsj = xsj*sg(3,1)
if (nint(d(4)) .eq.2) xsj = xsj*radi02(shp,x1l,ndm,nel)
do j = O,nel-1
shj = d(2)*shp(3, j+1) *xsj
r(1,j+1) = r(1,j+1) + shj
do i = O,nel-1
s(ixndf+1, j*ndf+1) = s(i*ndf+1, j*ndf+1) + shj*shp(3,i+1)
end do
end do
end do

end

Table A.8: Heat Capacity Routine for Heat Transfer Element



Appendix B

Solid Elements

B.1 Displacement elements

Displacement elements are computed using the virtual work equation written in terms of as-
sumed element displacments. All elements for continuum (solids) analysis use isoparametric
displacement fields expressed as

u=> N/(&u (B.1)

where N(€) are shape functions and u; are nodal displacements. Computation of the deriva-
tives appearing in the strain-displacement matrices is performed as described in Appendix
D.

The strain-displacement matrices for each node are given by:

1. Three dimensional problems

T
€= [ €z € € Yoy Vyz Vew } (B.2)
[Ny 00
0 N, 0
o 0 N
B; = Ny Ni. 0 (B.3)
0  Ni. Niy
L Nl,z N],x ]

2. Two dimensional plane problems

T
€= [ €2 € € Vay ] (B.4)
Nio O
B 0 Ny,
B; = 0 0 (B.5)
N[,y NI,J:

130



APPENDIX B. SOLID ELEMENTS 131

3. Two dimensional axisymmetric

€= [ € € €9 Vra ]T (B.6)
N, 0
0 Ny,
Br=| n é (B.7)

T

NI,z NI,'r



Appendix C

Structural Elements

C.1 Truss elements

C.2 Frame elements

The current frame elements permit analysis of small displacement, second order displace-
ment, and finite displacement theories. Each element is a two node element with linear
displacement interpolations in each element.

C.2.1 Small displacement element
The strain-displacement relations for the small-displacement theory for plane bending in the

1 — 2o global coordinate frame are given as

ui(z1,20) = ui(z1) — 220(21)
us(z1,22) = ua(z1) (C.1)

where z; and 2, are coordinates and uq, us and 6 are displacement functions along the z;-axis
of the frame element.
These displacements give non-zero strains on each cross section expressed by

€1 € — 29K w1 — 220,
= = = ’ ' C.2
¢ { Y12 } { Y } { up, 1 —0 } ( )

where € is the axial strain, x the change in curvature and + is the transverse shearing strain
for the cross section.
Two types of material constitution are considered:

1. Resultant theory where

N EFA 0 0 €
M ) = 0O FEI 0 K (C.3)
Vv 0 0 EkGA v
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2. Integration on the cross section where

{]‘]\/—; }:/A{ 212 }Ul(e—zzn)dA

C.3 Plate elements

C.4 Shell elements
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Appendix D

Isoparametric Shape Functions for
Elements

D.1 Conventional Representation

The shape functions for the bilinear quadrilateral isoparametric element are given by

Nie) = 10+ d&)0 + d&) (D.1)

Using these shape functions, the derivatives with respect to the natural coordinates are
computed to be

ON; 1, s

3—51 = Zfl (1 + &&) (D.2)
and

ON; 1

8—52 = 152[(1 + &) (D.3)

Using the shape functions, the interpolation for the global Cartesian coordinates may be
expressed in each element as

x = Ni(&)x! (D.4)

where x! are the values of coordinates at the nodes of the element and the repeated index I

implies summation over the 4 nodes describing the quadrilateral element.
The derivatives of the shape functions with respect to the global coordinates, x, are
computed using the chain rule. Accordingly,

8N[ 8902 8N1

= D.5
%, ~ o6 o D9

which may be written in direct (matrix) notation as
VeNr = VN J (D.6)
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When solved for the derivatives with respect to the global coordinates we obtain
V.N; = VN I (D.7)

In the above

V.N; = | 5% (D.8)

| 9¢2 |
and
dz1 9z
JE) = |8 582 (D.10)
& 0&

Using the shape functions D.1 for the 4-node element, the terms in J(&) have the structure

ia ¢, 4 v z; &, A o 6
where!
B = mod(a,2) + 1 (D.12)
The constant part of J is evaluated at the point & = 0 (commonly named the element
center), and is given by
= = 16 (D.13)
thus
Oox; 1 < I
Jia(0) = | 1 ;x ¢l (D.14)

describe the derivatives of the coordinates at the element center. We denote the jacobian at
the center as Jy, that is

Jo = J(0) (D.15)
The global derivatives of the shape functions at the element center become

V.N;(0) = V,iN;(0)J;! (D.16)

!Note that mod(i,j) = i — %j where % is evaluated in integer arithmetic. Thus, mod(1,2) and mod(3, 2)
are both evaluated to be 1, while mod(2,2) and mod(4,2) are 0.
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In subsequent developments we use the notation

ON.
by = —r (D.17)
3x,~ £=0
to denote the derivatives of the shape functions at the element center.
In subsequent descriptions we will define
1 « 1 o
Aig = 7D 01606y = ;) nég = A (D.18)
I=1 I=1

which is the coefficient to the spatially varying part of the jacobian transformation. That is,
the jacobian determinant may be expressed as

J11<€> JlZ(E) o (JO)H (J0)21 AJ112€2 AJ121£1
[le(ﬁ) J22(€)} B |:(J0)21 (J0>22:| + {Ajszz Aoy & (D.19)

which in matrix notation may be written as

JE = Jy + AJE (D.20)
where
- & 0
= = D.21
e (D.21)
and
AL AL
s = 3030 oz

D.2 Alternative Representation in Two Dimensions

An alternative representation for the shape functions has been proposed by Belytschko. In
the development of stabilized elements he introduced the representation

Ni(§) = 251 + Z bir (x; — 29) + T;h(€) (D.23)

where x; are the element global cartesian coordinates,

4
1
= Y alNi(0) = {(@} + af + af + af) (D.24)
I=1

are the values of the global coordinates at the element center,

hE) = & & (D.25)
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and 0; and I'; are constant parameters associated with node I. These parameters may be
evaluated by defining the shape functions at each node and using the fact that

Ni(&,) = o1 (D.26)

where 07, is the Kronecker delta function for the nodes. Evaluating the alternative shape
function expression at each node gives

2
Nil€)) = ;0 + bu(el — al) + Trn(e) (D.27)
=1

Introducing the notation

1" =111 1] (D.28)
h" = [1 -1 1 —1] (D.29)
x; = |z} 2} 2} 2} (D.30)
and the parameter vectors
6" = [01 b2 O3 64 (D.32)
I'" = [Ih Ty Ty Ty (D.33)

The shape functions at the nodes may be written in the matrix form
2

1 T 0 T T
L= 61" + ;bi(xi — 2°1)7 + Th (D.34)

Note that the rows in the expression are associated with the I in the N; shape functions,
while the columns are associated with the J where the £; are evaluated. The I'is a 4 x 4
identity matrix for the element. Using this form, the parameters é and I' may be easily
computed. First by multiplying (from the right) by 1, we obtain

I1=1=9 (D.35)
In obtaining this result we note that

171 = 4 (D.36)
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and
x; 1 = 419 (D.37)
which gives
(x; — 2P1)T1 = 0 (D.38)
Finally, we note that
h’1 = 0 (D.39)

Next by multiplying (again from the right) by h, we get

h’"h = 4 (D.40)
2
Ih = h = ) a'b; + 4T (D.41)
=1
where?

Thus, the parameters for I' are computed as

I' = -[h — 22: 2l by (D.43)

] =

It remains to compute the b;.

D.3 Derivatives of Alternative Formulation

Using the alternative expression for the shape functions, the derivatives with respect to the
global coordinates, z;, are given by

ON; oh

= b r
8@ 1 ! 8@

(D.44)

where the b;; are constant over the entire element and are computed by the conventional
expressions at the center of the element. The derivatives of the function A may also be
computed using the chain rule and are given by

Veh = VehJ™! (D.45)

2The factor x” is sometimes called an hour glass shape, and when the coordinate, , is replaced by the
displacement, u, the factor u?, defines the magnitude of the hour glass mode.
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For the specific functional expression for h, the gradient with respect to the natural coordi-
nates is given by

Veh = Eﬂ (D.46)
Furthermore, the inverse for the jacobian matrix is given by
- L [ % —8‘;%] (D.47)
i€ |~ o

where j(£) is the determinant of the jacobian transformation matrix, J. Recall that the
derivative of a global coordinate with respect to a natural coordinate has a constant and a
linear part. For the specific form of the h(&) function the product of the linear part vanishes
and the relationship for the gradient simplifies to

jO —1
V.h = =—=V¢hJ D.48
g€ " (D-48)

where jo is the value of the jacobian determinant evaluated at the element center. The
jacobian determinant at the center of the element is computed to be

Jo = (Jo)ui (Jo)a2 — (Jo)a1 (Jo)r2 (D.49)

We note also that the jacobian determinant at any location in the element may be expressed
as

J(€) = Jo + i1& + jabe (D.50)

where
= (Jo)ulAdan — (Jo)a A Ji (D.51)
J2 = AJii(Jo)ee — A Jor (Jo)iz (D.52)

With the above definitions and

b, = ﬁg} (D.53)

the gradient of the displacement may be written as
Jo
J(€)

The structure of this representation is useful knowledge when we consider the construction
of the enhanced part of the strains in Chapter 8.

V,u = V,N;u' = [bl + VehJy! FI} u’ (D.54)
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Properties for Jy plasticity models

The solution of the J; plasticity model leads to derivatives of the yield and loading functions
in the form

g—g =n (E.1)
where
b))
n = m (E.2)
and
¥ =5 - « (E.3)
We note that n has the properties
"n =0 ; n'n=1 (E.4)

In the derivation of the tangent the derivative of n leads to

O*f on 1 T
55 55 _8_2_—||E||(1_nn) (E.5)

which appears in several location in the tangent matrices. The inversion of the tangent ma-
trices may be simplified using the Sherman-Morrison- Woodbury formula which is described
on page 51 in Reference [6].

(A +UVH = A - A'uUwvTA! (E.6)
where
W= (I+ ViA'tu! (E.7)

In the above A is an ntimesn matrix, U,V are n X k matrices, where &k < n, and W is
a k x k matrix. The inverse may be proved by multiplying the results together to recover
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the identity matrix. In the case of the deviatoric model A is diagonal and U and V are
proportional to n which is rank 1, thus leading to a scalar W (i.e., a 1 x 1 matrix).
There are some properties which need to be noted:

nn’ (nn”) = nn’ (E.8)
I - nn")n =0 (E.9)
and
I - nn")T — nn’) =1 - nn’ (E.10)
E.1 Example 1
Consider the matrix
H, = AI + Bnn’ (E.11)

Using the Sherman-Morrison-Woodward formula the inverse is given by noting that U is
equal to B™ and V is equal to n, thus

_ 1 1 1
H' = ZI - (ZI) (Bn)WnT(ZI) (E.12)
where
B A
= (1 =)t = E.1
W (1 + A) A+ B (E-13)
The above simplifies to
1 B
—1 L T
H; A( i ™" ) (E.14)

E.2 Example 2
Consider the matrix

Hy, = CI + DI — nn’) (E.15)
which may be rewritten as

H, = (C + D)I — Dnn’ (E.16)

for which the solution from example 1 gives

H,' = I + gnnT) (E.17)



APPENDIX E. PROPERTIES FOR J, PLASTICITY MODELS 142

Recollecting into the original type of matrices gives

1 D

H' = el -5

- (I — nn’)] (E.18)

A slightly more general form for an inverse results in considering the case with kinematic
hardening. In this case we encounter a matrix of the form

AT+ B(I—nnT”) C (I—-nnT)
H = [ D (I—nn’) EI+ F(I—nn?) (E.19)
The inverse may be written as
1 [aI+b(I—nnT) c(I—nn')
H™ = { d(I—nn”) eI+ f(I—nn’) (E.20)
where
1 1
and the remaining coefficients obtained by solving the small matrix problem
A+ B C b c| B C| |a O
[ D E+F} [d f] = _{D F] {o e] (E-22)
The solution to (A.11b) is given by
b c| 1 \F + F -C B C| |a 0
Ll s Bk e
where
G=(A+ B)(FE + F)—-—CD (E.24)

The inverse may be proved by multiplying the two matrices together and show that the
result is an identity matrix.



Appendix F

Matrix Form for Equations of Solids

F.1 Stress and Strain

Generally the equations of mechanics are expressed using tensor forms. However, it is tra-
ditional for finite element calculations to be performed using matrix forms. This appendix
summarizes the transformation of quantities from tensor to matrix form. We begin by writ-
ing the forms for stress and strain in a matrix form involving both 9 and 6-component forms.
The advantage of using the 9-component form is not apparent until considering constitutive
equations where direct use of the transformation between the two forms avoids possibility of
errors by factors of two.

First we show the transformation for the stress and strain tensors into their matrix
representations. Here, for example, the components of the stress in tensor form may be
given as

011 012 013
Uij = 0921 0922 0923 (Fl)
031 032 033

and reordered into the 9-component vector as
T
g = [ 011 022 033 012 021 023 032 031 013 } (FQ)
Conservation of angular momentum requires the stress to be symmetric, thus satisfying
Oz’j = O'ji (FS)

This permits the independent components of stress to be written in a 6-component matrix
form as

T
0'2[011 022 033 012 023 031 } (F.4)

In the sequel we shall use an underscore to indicate a 9-component form and omit the
underscore for the 6-component form.
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The 6-component form may be related to the 9-component form using a simple projector
matrix, P, defined by

(F.5)

DO | =
O OO OO OO o
O O OO OO o N O
O OO OO OO O
OO OO, OOO
OO =, OO O oo
_——_ 0O OO 0o o oo

giving
oc=P'a (F.6)
In a similar manner we can write the components of the strain tensor as

€11 €12 €13
eij = €21 €929 €23 (F?)
€31 €32 €33

and reordered into the 9-component vector as

T
€= [ €11 €22 €33 €12 €21 €23 €32 €31 €13 } (F8)
Strain-displacement relations give symmetry of strain as
Eij = Eji (Fg)

This permits the independent components of strain to be written in a 6-component matrix
form as

T
e=[en €en €3 M2 Y3 Y3 | (F.10)
where ;;; are the engineering components of the shearing strain given by

Vij = 2€j (F.11)

F.2 Split into Deviatoric and Spherical Components

Using the matrix form we can write the split of stress and strain in their deviator and
spherical components as

(F.12)

I

I
n
+
B
3
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and

€e=e+_-meg,

Wl =

where p and ¢, are the pressure and volume change, respectively, given by

m’ o

p:

Wl =

and

T

Ey = €

=

The matrix m is a trace projector defined by
m=[11100000 0]
The splits may also be written in 6-component form as

o=s+mp

and

1

E=e+ —-—mg,

3

where
T
5= [ S11 S22 833 S12 S23 S31 }

and

T
e:[611 €2 €33 2€12 2e3 2631}
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(F.13)

(F.14)

(F.15)

(F.16)

(F.17)

(F.18)

(F.19)

(F.20)

These also are related to their 9-component form using the P projector and may be written

as

s=PTs and e=Pe

(F.21)

The 6-component projector m is likewise related to its 9-component counterpart through

m=P'm=[111000]"

(F.22)

Using the above matrix forms we can obtain expressions for the deviatoric stress and
strain matrices in terms of the full stress and strain values. Accordingly, for the stress we

have the two relations

Q

I
1]
_l’_
=
=
9

Wl

(F.23)
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and
1 T
a':s+§mma' (F.24)
which solve to give
1 T 1 T
s=c—--mm'oc=|I--mm'| o (F.25)
and
s:a—gmmTa: [I—gmmT} o (F.26)

where I and I are identity matrices of size 9 and 6, respectively. We define the two deviatoric
projectors as

1
ldev = I - mmT and Idev =1- g m mT (F27)

1
3

Similarly for strains we have the deviatoric relations

1
e=e—z mm’e=1, € (F.28)
and
1 T
e:e—gmm € =14,€ (F.29)

F.3 Linear Elastic Constitutive Equations

Let us now consider the relations for linear elastic constitutive equations. In index notation
these are expressed as

0ij = Cijul € (F.30)
where Cjji; are the elastic moduli and possess the minor symmetries
Cijrr = Cjir = Cijix (F.31)

From notions of hyperelasticity where stress is deduced from the stored energy function W (e)
as

oW
a 8615

(F.32)

Uij

the elastic constants also possess the major symmetries

Cijrr = Chiij (F.33)
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We introduce the matrix forms for linear elasticity as
oc=De (F.34)
and
oc=De (F.35)

where D is a 9 x 9 matrix of elastic constants and D is a 6 x 6 matrix of elastic constants.
Construction of D follows directly from Cjj;; using the index maps shown in Table F.1.
Applying the projector rules (which shows why we only need the two forms given above)
we obtain

oc=P'a=P'De=P'DPe=De (F.36)
which gives the relation between the two elastic moduli as
D=P'DP (F.37)

Entries in D use the index maps shown in Table F.2.

F.3.1 Example: Isotropic behavior

As an example we consider the isotropic linear elastic relations expressed in terms of the
Lame parameters as

Oij = AN0jjey + 2 11€;; (F.38)
where in index form e, = €. Writing the relationship for the constitution as
0ij = Cijkl €k (F.39)
we obtain the tensor form of the elastic moduli as

Cijit = XN 04 Oy + 2 p1 iy (F.40)

Form Index
Matrix | 1 213145671819
Tensor | 11 (2233|1221 (2313231113

Table F.1: Matrix and tensor index maps

Form Index
Matrix | 1 2 3 4 5 6
Tensor | 11 {22133 12& 21 |23 & 32| 31 & 13

Table F.2: Matrix and tensor index maps
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where I;;; is the rank-4 tensor identity. This may be directly related to a matrix form as
oc=De (F.41)
where

D= mm” +2ul

(F.42)
Applying the projector as indicated in Eq. F.37 we obtain the 6 x 6 matrix form as
D= mm” +2,P"P (F.43)

where m is given by Eq. F.22 and

200000

020000

11002000

T — -

PP=h=51000100 (F.44)

000O0T1O0

| 00000 1]
Thus we can also write Eq. F.43 as

D=Xmm’ +2x1, (F.45)

We note that this gives the shear equations with the correct factors to match the use of
the engineering components. While this may be obtained also by merely writing Eq. F.38
for each of the independent stress components and introducing the definition for engineering
shearing strain, the above process provides a direct way to construct the constitutive model
for a wide range of material behavior. One of which is classical elasto-plasticity which we
will consider later.



