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1. Introduction

Quantum dynamics is quantization of classical dynamics. In quantum theory
physicists despite several schemes of quantization. First by the restriction of smallest possible
action in nature (quantum hypothesis, Planck, 1900) and then by the transformation of
quantities to operators (Schrodinger, 1926). Transformation of classical (poisson) brackets to
quantum commutators is a further step of quantization (Heisenberg, 1927). In present paper
Schrodinger quantization rule is considered as a basic postulate for the quantization of
Newtonian, Hamilton-Jacobi and Euler-Lagrange dynamics and for other quantum problems.
Schrodinger proposed to quantize quantities to their operators by an interpretation of
Schrodinger (psi) wave. Dirac later advanced this analysis by description of bra-ket notations.
Heisenberg transformed poisson brackets to quantum commutators and putted quantum
dynamics forward with Canonical quantization. Scheme of operator representation of
dynamical properties instead of functional transformations is regarded Schrodinger
quantization rule which would be used for the construction of future dynamics following
above postulates.



2. Quantum description of systems

Quantities in quantum language are considered as the expectation of their quantum
mechanical (operator) values with description of perturbation theory

_wlAly o
@Il

with eigenvalues equation A | 1Y) =a | 1) . For the sake of complete description of systems in
configuration space we consider normalization condition

[Ty =1 (2.2)

Quantities in normalized configuration are given as expectation of their operators as follows

a=(A)= (| Al ) (2.3)

Differential study of this description with many order derivatives yield some quantum
description of systems. We must use following differential-integral rule at all

J}J.K(T,T’) dr:J‘fK(r,r’) dt (2.4)

§ 2.1. First order quantum description of systems

Differentiate (.21) w.r.t. time

—<A> < |«4W> <¢| W) <¢|«4\ w (2.1.1)

Energy eigenvalue equation

Ly—-Ligwy 5 sy (2.1.2)
Ot fi
leads
L =010+ Harvi aw - wiaip] (2.13)
t ot h
Hermiticity of Hamiltonian
(' | Al = (| HA| ) (2.1.4)



Yields
0 = PAy L
504)—( Py )+ h([H,AL) (2.1.5)

This is first order quantum description of systems. Exact prime of (.21)

dyp

—<A> < IA\¢> <¢!—W>+<¢\AI z/) (2.1.6)

Lagrangian eigenvalue equation
i 2 S
\— = \Lil)) ; <dt | h<L Y (2.1.7)
leads
@Ay = ) “A gy L[ Aoy - ) AL
=@ S ) h[<L 1 A1)~ (6 AL )] (2.18)

Hermiticity of Lagrangian
(L | Ay = (| LA|¥) (2.1.9)
Yield
d ~ dA. i, s~
—(A)=(—)——([L, A]_ 2.1.10
dt<><dt> h<[ 1) ( )

This is first order quantum description of systems. Differentiate (A) wrt, q,

$<A> <a¢ |A|¢>+<w| |w>+<w|A| s @.1.11)

0!

momentum eigenvalue equation

AN I Jo
| " h|pm> ; <6qa_ (P Y (2.1.12)

leads
—<A> <w|—|w>——[<paw|A|w> W1 A, 1] (2.1.13)



Hermiticity of momentum

(L1 ALYy =(| p Al (2.1.14)

Yields

a_<““> <—>—4<[pa,A] ) (2.1.15)
q. q

This is first order quantum description of systems. Differentiate (A) wrt, P,

7<A> <a¢|A|w> <w| |w> Wl A i (2.1.16)

a

Position eigenvalue equation

|¢ 13,0 <1/’ L@ (2.1.17)
leads

T T P

S @I+ h[<qaw|A|w> W1, 1] (2.1.18)
Hermiticity of position

(G| ALy = (] §, Al ) (2.1.19)
Yields

O ay—(PAy Les

%<A>—<6pa>+ - (q,,AL) (2.1.20)

This is first order quantum description of systems. Consider quantum description of systems
(2.1.5) and (2.1.10), one gets

0 U PP

(& dtj< )= { dJAH#[(H—L),AH (2.1.21)
Consider

W=H-L ; [2V,A]. =2V, AL (2.1.22)

One obtains



o0 d) - 0 d)\- i, o~

(2.1.23)

This is first order quantum description of systems. Consider again (2.1.5) and (2.1.10), one

gets
o0 d), - o d)\~ i~ A
—_— ={| ——— —([(H+L
(at dtj<v4> <(8t dJAHh([( +L1),A])
Consider
2W=H+1 [27, A1 =2[T, A
One obtains
o d), - o d)\~ i o~
_— ={| ——— 2—{[T
(at dtj<A> <(at dtjA>+ h<[ AL

This is first order quantum description of systems. Operate unity operator to (.,21)

IGAY = (I | A |96+ (0 | LA | ) +(3 | A | Tp)

Action eigenvalue equation
ia . _1as
|W>—%|S¢> ; Iy |= h<S V|
leads
- n il s » ~
1) =@ LA - L[ (701 A1) -1 A8 19

Hermiticity of action

(S| ALy = (| SA|9)

Yields
I(A) = (LAY — %<[§, A1)

This is zero order quantum description of systems. Differentiate (A) w.r.t. action

(2.1.24)

(2.1.25)

(2.1.26)

(2.1.27)

(2.1.28)

(2.1.29)

(2.1.30)

(2.1.31)



dy

—<A> L1 9+ <w\—w> <w\A1d¢ (2.132)

Action eigenvalue-eigenoperator equation
dz/;

——Lisyy <d¢ —— Ly (2.133)

s 0

leads

4 d= <w|—|w>——[<S*¢|A|¢>+<¢|AS|¢>] (2.134)

Hermiticity of action yields
d o~ dA 1 o -
—(A) =(—) ——(S, A], 2.1.35
dS< ) <dS> h2<[ 1. ( )

This is first order quantum description of systems. Let consider derivative of (.2() w.r.t.
action (2.1.32) with probability eigenvalue equation

—¢=—'|W> : <d¢ %Wv%l (2.1.36)
One obtains

d = dA Q[ 4 ~n

S =ES - e A - | Awl ) | (2.1.37)

Since the probability is a real aspect of nature, i.e., in operator representation, it must be
hermitian

Y| Ay = (| wA | ) (2.1.38)

which yields
d ~  dA_ i ~~
— Ay =(—)——(w, A 2.1.39
dS< ) <dS> h<[w 1 ( )
This is first order quantum description of systems.

§ 2.2. Second order quantum description of systems

Differentiate first order quantum description of systems (2.1.5) w.r.t. time and
consider (2.1.5) for operators A:=0A/0t and A = [f] ,A]_ respectively, one obtains



,;([[H a;]_ +§[Fl~2l]_ +%[FI,[FI,21]_]_]> 2.2.1)

This 1s second order quantum description of systems. Differentiate first order quantum
description of systems (2.1.10) exactly w.r.t. and consider (2.1.10) for operators A=dA/dt
and A = [LA,.,zl]_ respectively, one obtains

<[ dA %{i,ﬁ]_—%[i,[i,ﬁu_]_]> (22.2)

This is second order quantum description of systems. Differentiate first order quantum

description of systems (2.1.15) w.r.t. g, and consider (2.1.15) for operators A=0A/ aq,

and A :=[ f?a,;l]_ respectively, one obtains

0> o _ A Q[ 0AL 0 .
_ i 22.
86]2 <-/4> < o > 7 <[[pa:aqa ]— + aqa [pa 7A]— [pa:[pao ]> ( 3)

This is second order quantum description of systems. Differentiate first order quantum
description of systems (2.1.20) w.r.t. p, and consider (2.1.20) for operators A=0A/ op,,

and A= (49, .2(]7 respectively, one obtains

([[qa, +%ma,it]_+é[éa,[éa,2t]_]_]> (2.2.4)

0!

This is second order quantum description of systems. Differentiate first order quantum
description of systems (2.1.35) exactly w.r.t. action and consider (2.1.35) for operators

A:=dA/dS and A= [S ,.,zt]+ respectively, one obtains

ds2< )= <d52 <[[ [S Al - IS.8. AL L ]> (2.2.5)

This is second order quantum description of systems. Differentiate first order quantum
description of systems (2.1.39) exactly w.r.t. action and consider (2.1.39) for operators

A:=dA/dS and A= [W,fl]_ respectively, one obtains

= >—4<[[?v,%]_+j—s[fv,ﬁl_—%[fv,[?v,ﬁ]_]_]> (2.1.6)

dS ? das?

This is second order quantum description of systems.

§ 2.3. Third order quantum description of systems



Differentiate second order quantum description of systems (2.2.1) w.r.t. time and
consider first order quantum description of systems (2.1.5) for operators A ::82.21/&2,

A= [I:I, 6.,21/81]_ , A= %[FI,A]_ and A = [I:I, [I:I,,zl]_]_ respectively, one obtains
oA
o’

i ~OPA, 8~ 0A, O A -
+—<[H,—_+—H,—_+—H,A_
h [ atz] az[ az] atz[ ]

8 -
¥<«4>—< )

) 2.3.1)
il .~ ~ 0A O A O ~ ~ =
+%[[H5[H5§]—]— +[H55[H5“4]— +5[H5[H9-’4]—]—

+%[ﬁ,[ﬁ,[ﬁ,2t]_]_]_]]>

This is third order quantum description of systems. Differentiate second order quantum
description of systems (2.2.2) exactly w.r.t. time and consider first order quantum description

of systems (2.1.10) for operators .,zlzzdz.,zl/dtz, A:z[i,dﬁl/dt]f, A:z%[i,ﬂ] and
A= [i,[i, A]_ ]_ respectively, one obtains
d* o~ d*A
Z (A=
dt3< ) <dt3>
. 2 7 ) 2
—i<[[i,%]_ AT
h dt dt dt dt (2.3.2)
il ~ ~dA ~d ~ - d o~
——\IL,[L,—]_]. +[L,—[L,A]l_]_ +—[L,[L,A]_]_
h[[[dt]] [dt[ 1-1 dt[[ 1-1

_%[i,[i,[i,ﬁt]_]-]-]p

This is third order quantum description of systems. Differentiate second order quantum
description of systems (2.2.3) w.r.t. g, and consider first order quantum description of

systems (2.1.15) for operators le:=82/zl/6qi, le:=[f9a,§—“4], ./zl:=ai[f)a,.21] and
9. q

a

A= [D,,[D,> ,Zl]f ]_ respectively, one obtains



0> ~ A
A) =
6q3< / <6612>
(.. A o . oA, 8* . =
_%<[[pa’a 2 ]*+a [pa’a ]—+8 z[pa:A],
1 A 1 Za (2.3.3)

i[.. . 0A R B o . . o~
- ’ [ P 7-’47 _ — ) 7-/4, _
h[[pa (Par S g AL Pl A1)

—%ma,[ﬁa,[ﬁa,m]]]p

This is third order quantum description of systems. Differentiate second order quantum
description of systems (2.2.4) w.r.t. p, and consider first order quantum description of

oA d

systems (2.1.20) for operators le:=82/zl/8p§, le::[c}a,—]f .21:=—[Aa,.21]7 and
P, P,
A= 9,.14,, Al respectively, one obtains
o' . DA
(A =—)
P, P
if{l.. A, 8 . 8A. & . -
+E<[[Qa’8 2]—+a [qa’a ]——i_a 2[qa9A]—
pa pa pa pa (2.3.4)

i oA 0 . 0 -
+— 7 s q s _ _+ Aaa AasA_—l— Aaa AaaA_ _
h[[qa (4, o -1 +1[q . [q,,Al _8170, [9,.[9,,A]]

+é[c}a,[4a,[éa,ﬂl-]-1-]]>

This is third order quantum description of systems. Differentiate second order quantum
description of systems (2.2.5) exactly w.r.t. action and consider first order quantum

description of systems (2.1.35) for operators A=d>A/ ds?, A= [5‘,%]“

A= j—S[ﬁ,AL and A = [S, [S,le]+ ], respectively, one obtains

d> o~ d*A
A) =
dS3< ) <dS3>
1 ~ d*A d ~ dA d? .
el et s S s
(2.3.5)

1[.a,6dA vod an d & o>
_h_z[[S9[S9$]+]+ +[S,g[S,A]+]+ +$[S,[S,A]+]+

_%[5,[§,[§,A1+L1+]]>



This is third order quantum description of systems. Differentiate second order quantum
description of systems (2.2.6) exactly w.r.t. action and consider first order quantum

~

description of systems (2.1.39) for operators A=d*A/dS 2 A A=[w, %]
A= i[w Al and A= [w,[w, A] ]. respectively, one obtains
4’ A
A
a?S3< )= <dS3 )
([~ @A a ~aAd &
_E< [[ Las? pranpl _S]‘ AL
(2.3.6)
i ~ o~ ~N o~ o~
-, 5 Ssonl B M o 5 1 ,A__+_ 5 7-/4__
h[[w [w. dS] ] +[w dS[W 1] dS[W [w, A]]
i ~ ~ ~ ~
—5[w,[w,[w,A]_]_]_]] >
This is third order quantum description of systems.
3. Quantum Newtonian dynamics
Newton’s second law
)
Fta_ OV 3.1)
dt an
is given in quantum language
A d 0 A
FN="(p N=c LV 3.2
(F) dt(l?a) aqg( ) (3.2)

quantum description of systems (2.1.10) and (2.1.15) for operators A= p, and A=V

—< = <dp“>—%<u .10

(3.3)
6_< 7y = <—>——<[pa, 710)
4,

leads

10



dt h
ﬁ:_a_V'i_i[Aa’I}]f
aq,

This is quantum dynamical Newton’s second law. Its comparison yields

dp ov i
= = 4 , VL
g o [pa ( )1

a

Following L = —ifd / dt and p, =—iho/dq, (3.4) reduces to

which follow Ehrenfest theorem

j w*—¢ dr

J.Q/, (apa gj@bdrzj.@b*@_atbdf
dt dt

or
f=%J¢*ﬁa£¢ dr
f=—%jw*v}3a¢ d

(3.5) reduces to
Vp, +p,L=0

and follows Ehrenfest theorem

. OL
v

Newton’s second law

dzq
dt*

a

F=m

11

0.,d N
J@b( + tjpa dT_J‘w dtwdr

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)



is given in quantum language
. d?
<]:>=m7<éa> (3.12)

here we have assumed arbitrary (non-quantizable) mass. Second order quantum description of

systems (2.2.2) for operator A= q, leads

(Fy=m(

@i, i ([dd,  d . i
B [ ISR R TATA N N JIRERE

One obtains

f—mdzc}“ ——m[[i d‘}“] +i[13 7.1 —1[13 [L,4,]] ] (3.14)
d n gy T gt e Ty et dad '

This is quantum dynamical Newton’s second law. It reduces to

F=-"15 1 (3.15)

f:—ﬁjl W*g. Prpde (3.16)

Newton's equation of motion

2
md e OV (3.17)

dat’  oq,

is given in quantum language

d’ o
—(g ) +— ) =0 3.18
m— 7 {d) o ) (3.18)

a

quantum description of systems (2.2.2) and (2.1.15) for operators A= q, and A=V leads

d*g, ov
" +a_
e (3.19)

i ~ dq d -~ . | A S S ]
——m[L, “.+—I[L,q,]. +—I[p,, V] ——I[L,I[L,q,1 1 |=0
Pl RE e Bl UL S V0L e DR ST 2

12



This is quantum dynamical Newton's equation of motion. Following L =—ihd/df and
p, =—iho/0dq,, it reduces to

m%%f+@%=0 (3.20)
which follows Ehrenfest theorem
- £n
mj ¢*anL¢dT+J‘ V*Vp,pdr=0 (3.21)

Consider (3.5) and (3.19), one obtains

dp, dzAa
e (3.22)
L 1 T S IR LNy R R

h dt = dt Tm YT h o

This is another quantum dynamical Newtonian equation of motion. Following L =—ihd/dt
and p, =-iho/0q,, it reduces to

m%@ﬁ—ﬁ$=o (3.23)
which follows Ehrenfest theorem

mj w*éa%wdri[ % p,Lapde (3.24)

4. Quantum Hamilton-Jacobi principle
Hamilton equations

_oH . oH

y = ; = 4.1
q, . p 4.1)

are given in quantum language

=2y . Goy=—u 42)
op oq

a a

~ A

quantum description of systems (2.1.20) and (2.1.15) for operators A .= H

13



o A~ OH. i,. »
a(l‘])—(a)*rgq%af]])

G

o OH. i,. -~
o9, (H) = <%>_%<[pa’H]—>

leads

These are quantum dynamical Hamilton equations. These reduces to

. i A . i~
s __ s : L
q, 7 q, P 7 P
which follow Ehrenfest theorem
oq
— % da gy g
4. jw Py (8
pe
=\ vxLTeya
P jw Py (8
or
g, =_%j¢*ﬁga¢ dr
b =_%j¢*ﬁﬁa¢ dr
Canonical variables
_os __
Pe"a, T,
are given in quantum language
0 ,a 0 ,a
p,y=—S ; 7,)=—"—(S
(Do) aqg( ) (9a? 8pa< )

14

(4.3)

(4.4)

(4.5)

(4.6)

(4.7)

(4.8)

(4.9)



A A

quantum description of systems (2.1.15) and (2.1.20) for operators A =S

A oS i, . =
(§)= <%> _%<[pa’S]—>

0
oq,

‘ (4.10)
0 oS i, " &
@(& = <a> +g<[6]a,5]7>

leads

o 8S i A
Py ="—"--lpP,. S
oq, h
(4.11)

oS i .
s 05 i
4., o h[qa ]

a

These reduces to

. oA .
D =gSpa ; q, = (4.12)

which follow Ehrenfest theorem

P =éjw*ﬁfw dr
(4.13)
q. =ﬂw*ﬁm dr

Force and momentum

e (4.14)

F =
oq,, oq,,

are given in quantum language

(F =ai<fi> L B =2y @.15)
9, aq,

Consider p, =mgq, and quantum description of systems (2.1.15) and (2.1.20) for operator

~ A

A=L

15



& .~ oL i, . =«
@(U-(@)‘g([lﬂz,”)

& ,~ 0L i, . -
a@)—(aﬂ'%([%a”ﬁ

leads

_aqa _%[paﬂ ]—
. oL i
=—+m—[q,,L]
D 2. h[qa ]
These reduces to
.7A:—1AA : D ——miLAA
h pa 3 pa h qa

which follow Ehrenfest theorem

Follwripwar=| oLy ar
h d

. . d’\
b :—méjw*mazp dr:—mj qp*—z;]; b dr

Hamilton-Jacobi equation
a—S+ H=0
ot
is given in quantum language
0 - .
—()+(H)=0
ot
quantum description of systems (2.1.5) for operator A=S
O o 08 i, o
—(S)Y=(—)+—(H,S
at( ) <az> h<[ 1
leads

B h+ia.s =0
ot h

16

(4.16)

4.17)

(4.18)

(4.19)

(4.20)

4.21)

(4.22)

(4.23)



This is quantum dynamical Hamilton-Jacobi equation. It reduces to
H=—SH (4.24)

and follows Ehrenfest theorem

H= % I V*SH dr (4.25)

5. Quantum Euler-Lagrange principle

Euler-Lagrange equation

d 6L 6L '
—| = =0, (5.1
dt aqa aqa

is given in quantum language

d
E(—mj —@m 0. (5.2)

here Q; 1s quantum dynamical non-potential Constraint. Newton’s equation p, =mgq, and

quantum description of systems (2.1.20) and (2.1.15) for operators A =L leads
d [ oL . i, . ] i
= +=2q4,,L —=y+—(p,.L 53
m— <5pa> h([qa 1 < > <pa 1)=(Q.) (5.3)

Furthermore, quantum description of systems (2.1.10) for operators A= 6i/8pa and
A= [c}a,i]_ yields

o[(4 2t i) 12 a1 )]
a a (5.4)

AL i, .~ A
—<%> +E<[PaaL]f> =(Q,)

Again with p_ =mgq, , one obtains

17



d 8L 8L
dt 6qa an

| d . . oL
wmt[ 4q,.01 -1L £ 1L, 01 +Lp,01 =g,

a

(5.5)

This is quantum dynamical Euler-Lagrange equation. Let us discuss dissipation. Euler-
Lagrange-Rayleigh equation for dissipation

d(oL) oL oD

a\2q,) " 24, " o, >0
is given in quantum language
d( o ,:)

— -—(L +— Dy=0 5.7

dzL (L >) < ) 2a. (D)= (5.7)

here D:%Zkﬂi is Rayleigh dissipation function and F'” =-0D/dq, is dissipative

force (rather non-potential) replaced with Q' . Following (5.5) with p_, = mq, and quantum
description of systems (2.1.20) for operator A=D , one obtains

[jaaL #1021 >——<L—] + L[4, L] 11)]

(5.8)
—<—>+ <[pa,L]>+Wl<—>+m <[61a,D]> 0
which yields
dl ol ol oD
a\2oq,) aq, oq
a a a (5.9)

A

ild A ~ OL I~ ~ A 1 "
——A,L —L,—_——L,A,L__—i- Aa,'D_-i-— Aa,L_ =
mh[dt[qa L ~IE 2] <3 £ 414, B) o 1]

a

This is quantum dynamical Euler-Lagrange-Rayleigh equation. Dissipative force is given in
quantum language

A -2 p) 6.10)

Following p, = mgq, and quantum description of systems (2.1.20) for operator A:=D, one

obtains

18



ol aDA l. oy
@ mlG D 5.11
a a . i [qa ]— ( )

a

This is quantum dynamical dissipative force with quantum dynamical Rayleigh dissipative
function

A~ 1 » ih 0
D==>k,qg,=—— —— 5.12
2 Z «fa 2m “dq, (5-12)
work performed by dissipation (W) is related
aw +2D=0 (5.13)
dt
and given in quantum language
d - .
—W)Y+2(D)=0 (5.14)
dt
quantum description of systems (2.1.10) yields
IV -t =0 (5.15)
dt h
This is quantum dynamical Rayleigh dissipative work equation. It reduces to
%thﬁ:o (5.16)
which follows Ehrenfest theorem
D=—— | v*Wipdr (5.17)
2h
(5.11) reduces to
FLO Zm%ﬁéa (5.18)
which follows Ehrenfest theorem
(d) l A A 1 aé
FP=m—| Yv*Dgpdr=—k,| v*—<ydr (5.19)
h 2 4.,
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