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In information theory, thaoisy-channel coding theorenestablishes that however contaminated with noise
interference a communication channel may be,pbisible to communicate digital data (informatierfpr-free up
to a given maximum rate through the channel. Thiprising result, sometimes called fi@damental theorem of
information theory, or justShannon's theorem was first presented by Claude Shannon in 1948.

The Shannon limit or Shannon capacityof a communications channel is the theoreticalimar information
transfer rate of the channel, for a particular eadével.
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Overview

Proved by Claude Shannon in 1948, the theoremitdesahe maximum possible efficiency of error-cofirey
methods versus levels of noise interference arm datruption. The theory doesn't descitibes to construct the
error-correcting method, it only tells us how gdbdbest possible method can be. Shannon's theorem has
wide-ranging applications in both communicationd data storage applications. This theorem is ofidational
importance to the modern field of information theor

The Shannon theorem states that given a noisy ehavith information capacity C and information tsamitted at a
rate R, then if

R<C

there exists a coding technique which allows tlubability of error at the receiver to be made aabily small. This
means that theoretically, it is possible to tratsniormation without error up to a limiting rat€,

The converse is also important. If
R=>C

an arbitrarily small probability of error is nottdevable. So, information cannot be guaranteectwdnsmitted
reliably across a channel at rates beyond the eéhaapacity. The theorem does not address thesitaigion in
which rate and capacity are equal.

Simple schemes such as "send the message 3 tichesamt best 2 out of 3 voting scheme if the cogiffer” are
inefficient error-correction methods, unable torapjotically guarantee that a block of data candreraunicated
free of error. Advanced techniques such as Reeol@ni codes and, more recently, Turbo codes comé eiaser
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to reaching the theoretical Shannon limit, but ebst of high computational complexity. With Turbades and the
computing power in today's digital signal processiris now possible to reach within 1/10 of oreibel of the
Shannon limit.

Mathematical statement

Theorem (Shannon, 1948):
1. For every discrete memoryless channel, the aamapacity
C=max I[X:Y)
Fy :
has the following property. For amy> 0 andR < C, for large enougl, there exists a code of lendthand
rate> R and a decoding algorithm, such that the maxprabability of block error is €.

2. If a probability of bit erropp is acceptable, rates upR{pp) are achievable, where

-
Blp) = — =
o) = T )

andH2(pp) is thebinary entropy function

Hy(py) = — [pylog pe + (1 — ps) log(1 — py)]
3. For anypp, rates greater thdR(pp) are not achievable.

(MacKay (2003), p. 162; cf Gallager (1968), ch.Bv€r and Thomas (1991), p. 198; Shannon (1948) 1.

Outline of Proof

As with several other major results in informattbeory, the proof of the noisy channel coding teeoincludes an
achievability result and a matching converse re3iiese two components serve to bound, in this, thseset of
possible rates at which one can communicate oweisy channel, and matching serves to show thaetheunds are
tight bounds.

The following outlines are only one set of manyetiént styles available for study in informatioediny texts.
Achievability for discrete memoryless channels

This particular proof of achievability follows tistyle of proofs that make use of the Asymptoticipautition
property(AEP). Another style can be found in infatran theory texts using Error Exponents.

Both types of proofs make use of a random codiggraent where the codebook used across a chamagidemly
constructed - this serves to reduce computatiasraptexity while still proving the existence of adeosatisfying a
desired low probability of error at any data ragéolv the Channel capacity.

By an AEP-related argument, given a channel, lengttrings of source symbc_ X" , and length n strings of
channel output ’.1” , we can define pointly typical set by the following:

A = {(a™ y™) € A" x V"

£

9~ MHX)+e) < p(X) < 9—n(H(X)—e)

2—n|[H|[1r")-|—Ej < p(}rlnw:l < Z—H{H{}"j—ej

e ETEW WY . e e el W V2N A
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2 vt < p( X YT) <2 eyl ey
We say that two sequenc }Lf va}’.’l” arejointly typical if they lie in the jointly typical set defined abm
Steps

1. In the style of the random coding argument, we oanig generate'ﬂQ codewords of length n from a
probability distribution Q.

2. This code is revealed to the sender and receivisralso assumed both know the transition maufyx x) for
the channel being used.

3. A message W is chosen according to the unifornmibigton on the set of codewords. ThatRs(W=w) =2~

"Ryw=12..5R

4. The message W is sent across the channel.
T

5. The receiver receives a sequence accordilP (3| 2™ (w)) = [ | plwi|z:(w))
i=1
6. Sending these codewords across the channel, wiga}" ", and decode to some source sequence if there
exists exactly 1 codeword that is jointly typicatiwY. If there are no jointly typical codewords,ibthere are
more than one, an error is declared. An error atsuirs if a decoded codeword doesn't match thénatig
codeword. This is calletypical set decoding.

The probability of error of this scheme is dividatb two parts:

=

First, error can occur if no jointly typical X seznces are found for a received Y sequence
2. Second, error can occur if an incorrect X sequesngantly typical with a received Y sequence.

= By the randomness of the code construction, weasanome that the average probability of error awstayer
all codes does not depend on the index sent. Thtigut loss of generality, we can assume W = 1.

= From the joint AEP, we know that the probabilitatimo jointly typical X exists goes to 0 as n grdarge.
We can bound this error probability by

= Also from the joint AEP, we know the probabilityatha particula Xf':i;' and the}’.’lﬂ resulting from W = 1
are jointly typical is < 9—n(I(X;¥)—3¢),

Define: F; = {( X['(i), Y]") € Ain)},i =1,2,.., 2"

as the event that message i is jointly typical whth sequence received when message 1 is sent.

E“R

P(error) = P(error|W =1) < P(E{) + Y _P(E;)

i=2
< e+t Q—H{I{_‘{;}":I—R—BE:I
We can observe that as n goes to infinityg € 1(X;Y) for the channel, the probability of error will o O.

Finally, given that the average codebook is shawoet "good," we know that there exists a codebooiss
performance is better than the average, and ssfisatour need for arbitrarily low error probalyildommunicating
across the noisy channel.

Converse for discrete memoryless channels

Suppose a code of2 codewords. Let W be drawn uniformly over thisaetin index. Lex" andY"” be the
codewords and received codewords, respectively.
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1. nR = H(‘[.-{-’j = H{‘[:I-"D*’”j + I{‘H-—";Y”j using identities involving entropy and mutual
information

2. < H(WI|Y™) + I{ X" (W); Y™) since X is a function of W
3. <14 P;:”JHR + I(X™(W); Y™) by the use of Fano's Inequality
4. <1+ PE'E”:'?ER + nC by the fact that capacity is maximized mutual infation.

The result of these steps is t\Pﬁ'_:”;' > 1 — — — — . As the block length n goes to infinity, we obt P;:”J

is bounded away from O if R is greater than C -cae only get arbitrarily low rates of error if Rless than C.

Channel coding theorem for non-stationary memoryles channels

We assume that the channel is memoryless, bugitsition probabilities change with time, in a fashknown at the
transmitter as well as the receiver.

Then the channel capacity is given by

C' = lim inf max ! S I(X V)
p':_’{ij,p':_‘fg),... L) )

The maximum is attained at the capacity achievisgridutions for each respective channel. That is,

L 1 &

C' = lim inf — E ('; whereGj is the capacity of theti channel.
n
i=1

Outline of the proof

The proof runs through in almost the same way atsadhchannel coding theorem. Achievability follofiem
random coding with each symbol chosen randomly fiteencapacity achieving distribution for that pawtar
channel. Typicality arguments use the definitiotypical sets for non-stationary sources definedsgmptotic
Equipartition Property.

n

The technicality of lim inf comes into play wh— Z ; does not converge.
|
1=1
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External links

= On Shannon and Shannon's law (http://www.iet.ntprojects/beats/Documents/LarsTelektronikk02.pdf)

= On-line textbook: Information Theory, Inferenceddrearning Algorithms
(http://www.inference.phy.cam.ac.uk/mackay/itilal)y David MacKay - gives an entertaining and thgto
introduction to Shannon theory, including two pof the noisy-channel coding theorem. This teso al
discusses state-of-the-art methods from codingyheach as low-density parity-check codes, anddur
codes.
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