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1 Introduction

In a recent paper, Karni and Safra (2000) extends the theory of von Neumann and Mor-
genstern by relaxing the mixture space structure of the decision set. The purpose of this
paper is to offer a more complete extension along the lines of the standard axiomatization
for decision sets with the mixture space structure. We do so by relaxing several assumptions
made in the Karni and Safra paper. For the main result of the present paper, the state space
is no longer required to be finite; the feasible outcome set in each state is no longer required
to be compact; and the binary preference relation is no longer required to be continuous.
We also strengthen one of the statements in the Karni and Safra paper by showing that the
expected utility function representation is unique up to positive linear transformations.
The axiomatization used here follows very closely the standard one for decision sets with
the mixture space structure. In fact four of the five axioms used for the main result in
the present paper (Completeness, Transitivity, Constrained Archimedean, Constrained In-
dependence) have corresponding axioms for such decision sets (Completeness, Transitivity,
Archimedean, Independence). The key contribution of this paper lies in replacing the conti-
nuity assumption of Karni and Safra (2000) with the Constrained Archimedean axiom. Our
Constrained Archimedean axiom is a weakened form of the standard Archimedean axiom
used for decision sets with the mixture space structure. The final axiom (non-degeneracy for
every state of the world) corresponds to the coordinate essentiality used by Karni and Safra.
In a Lemma used to establish our main result, we show that if this last Axiom is removed,
the existence of an expected utility function is still assured. In the same Lemma, we also
show that even though uniqueness up to positive linear transformations can fail once the
non-degeneracy axiom is removed, a property closely related to the uniqueness still holds.
In a second Theorem, we show that the expected utility function representation can be
shown to be continuous if, in addition to the five axioms indicated above, an additional
closedness axiom is added. This second Theorem is closer to the result obtained by Karni
and Safra (2000). It requires that the state space is finite; and that the set of consequences



in each state is (i) a subset of a finite dimensional Euclidean space; and (ii) the union of
finitely many connected components.

2 The Model

2.1 States
There is a (non-empty) set of states of the world €.

2.2 Simple Probabilities

Let Q == {q:Q — Ry|)  cqq(w) = 1}. For every ¢ € Q, let C(q) := {w € Qlq(w) > 0}.
The set of simple probabilities on  is defined by A(Q2) := {qg € Q|FIr € R : #[C(q)] < r}.
A simple probability ¢ € A(Q) assigns a positive probability to a finite subset of states in
(2. For any state w, the probability ¢ € A(Q2) for which i(w) = 1 is denoted 4,,.

2.3 Consequences

For every state w € €2 there is an associated (non-empty) set of consequences Y (w).

2.4 Acts

The set of acts is defined as the product space Y :=[] .Y (w). Each act hence associates
with every state w € {2 a consequence y(w) € Y (Q).

2.5 Lotteries

The set of lotteries is defined as A(Q2) x Y. Each lottery (q,y) € A(€2) x Y hence consists
of a simple probability ¢ on the state space and an act y. The intended interpretation of
lottery (gq,y) is that it realizes consequence y(w) € Y (w) with probability ¢(w). Lotteries
(¢,y1) and (q,y2) that a) assign identical probabilities to the states ; and b) assigns the
same consequences to all states with positive probabilities [y1(C(q)) = y2(C(q))] are to be
regarded as equivalent. A further discussion of this is contained in the next subsection.

2.6 Preferences over Lotteries

There is a (binary) preference relation > on the set of lotteries A(2) xY". Let ¢ € A(R2). Then
whenever y1(C(q)) = y2(C(q)), it will be assumed throughout that for any (¢/,y’) € A(Q)xY,

[(d,y") = (g, y)] < (¢, Y) = (g, 92)]-



3 Rational Decision Making under Risk

3.1 Axioms for Rational Decision Making under Risk

Axiom 1 (Completeness). For every set of elements (q,y) and (¢',y") in A(Q) XY, it follows
that either [(¢,y) = (¢',9)] or [(¢',¥) = (¢, 9)].

This standard axiom states that rational decision makers should either rate (¢, y) at least
as highly as (¢/,9/), or (¢/,y') at least as highly as (¢, y). Reflexivity is a related concept that
is often discussed in the literature. As shown below, reflexivity is implied by Axiom 1.

Definition 1. The preference relation > is said to be reflexive if for every ¢ € A(Q2), and
every set of acts y1,y2 € Y for which [y1(C(q)) = y2(C(q))] it follows that [(q,y1) ~ (g, y2)]-

Fact 1. Every preference relation satisfying axiom 1 is also reflexive.

Proof: Let ¢ € A(Q) and y1,y2 € Y satisfy the property that [y1(C(q)) = y2(C(q))]. From
axiom 1 it follows that (q,y1) = (q,y1). Likewise, we have (q,y2) = (q,y2). By definition

(See above), it then follows that (Q7y1) t (qv ?/2) and (Q7y2) i (qv yl) Hence (q7y1) ~ (q7 y?)
Q.ED.

Axiom 2 (Transitivity). For every set of elements (q,y), (¢',vy), and (¢",y") in A(Q) XY,
[(q,9) = (dy), (¢',9) = (¢",y")] implies [(q,y) = (¢",y")]-

This is a standard axiom that is needed in order to avoid circularity of reasoning.

Axiom 3 (Constrained Archimedean Axiom). Let yi,y2 € Y. If q1,q2,q3 € A(Q) such that
(q1,91) > (q2,y2) = (q3,y1) then there exists a, 3 € (0,1) such that (aqy + (1 — a@)q3,y1) >
(q2,y2), and (q2,y2) = (Bar + (1 — B)gz, y1)-

This is a weakened form of the standard Archimedean axiom that is standard in axiom-
atizations for decision sets with the mixture space structure. Note that the axiom only is
applied when the mixture operation is defined.

Axiom 4 (Constrained Independence). Let (q1,y1) ~ (q2,vy2). Then for all q,q" € A(2) and
any o € (0,1), [(q,31) = (¢, y2)] & [(ag + (L = a)qu, 1) = (aq + (1 — a)ga, y2)].

This is the axiom introduced by Karni and Safra (2000). Their remark 2 contains a
brief discussion concerning the need for this axiom. Note that it is a modified form of the
independence axiom that is standard for choice sets with the mixture space structure.

Axiom 5 (Non-Degeneracy). For every w € €, there exists y,y € Y such that (i,,y) >
(1w, y')-

This axiom is required in order to establish that the expected utility function is unique up
to positive linear transformations. As our Lemma 1 illustrates, it is not needed to establish
the existence of an expected utility function representation.

Our final axiom will only be applied when the set Y (w) is a subset of a finite dimensional
Euclidean space endowed with the usual topology. In those instances, it will also be assumed
that Y is endowed with the product topology.
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Axiom 6 (Closedness). Letw € Q and (¢*,y") € A(Q)XY. Fizy(Q\{w}) € [T, co Y (W)

Then the sets
{y(w) € Y(w)|(iwd, y) = (a5 y")}

{y(w) e Y(W)l(¢" y") = (i, y)}
are both closed in Y (w).

3.2 Representation of Preferences by an Expected Utility Func-
tion

Definition 2. A function U : A(2) x Y — R is a utility function representation of the
preference relation > if for any pair of elements (q,v), (¢,vy') € A(Q) x Y,

[(¢,9) = (¢, 9)] = [U(g,y) > U(d,y)]

Definition 3. A function U : A(2) x Y — R is an expected utility function representation
of the preference relation > if (i) it is a utility function representation of »=; and (ii) there
exists a function u : U,eq({w} x Y(w)) — R such that for every (q,y) € A(Q) x Y,

Ulgy) = Y qw)uw,yw))

weC(q)

Fact 2. If #[Q] = 1, then an expected utility function representation of > exists whenever
there exists a utility function representation of >.

Theorem 1 (Expected Utility Function Representation). If #[Q] > 2, then preference
relation = satisfies axioms Al — A5 if and only if there exists a function u : Uyeq({w} X
Y (w)) — R, nonconstant for every w, such that

(g9) = (@) 1D qwulwyw) > > d@ulwy W)

wel(q) weC(q')

Moreover, another function v : Uyeq({w} X Y(w)) — R has the same properties if an only
if there is a,b (b > 0) such that v = a + bu.

We now turn to several examples that illustrates the method of proof, the role of the
non-degeneracy axiom, and an instance where preferences are representable by an expected
utility function despite discontinuity of the preference relation.

Theorem 2 (Continuous Expected Utility Function Representation). Assume that 2 <
#[Q] < M, and that for every w € Q, Y(w) is (i) a subset of a finite dimensional Euclidean
space; and (ii) the union of finitely many connected components. Then preference relation
= satisfies arioms Al — A6 if and only if there exists a continuous function, non-constant
for every w, u : Uyeq({w} X Y(w)) — R such that

(@9) = (¢ )< [ ) qwuwyw) > Y d@ulwy W)
weC(q) weC(q’)

Moreover, another function v : Uyeq({w} X Y(w)) — R has the same properties if an only
if there is a,b (b > 0) such that v = a + bu.



Lemma 1. If #[Q] > 2, then preference relation = satisfies axioms Al — A4 if and only if
there ezists a function u : Uyeq({w} x Y(w)) — R such that

[(g,9) = (@) & [ D awulw,yw@) > Y d@ulw,y (W)
weC(q) weC(q")
The function U : A(Q) x Y — R defined by U(q,y) = > cc(q 4(@)u(w,y(w)) has the
property that for any (q,y),(¢,y") € A(Q) XY for which (q,y) > (¢',y') it follows that U is
onto the interval [U(¢',y'),U(q,y)]. Moreover,

(i) if there does not exist distinct elements wi, w3 of Q and y* in'Y such that [(q,y) #
(iwg, y")] = [qg(w}) > 0] then another function v : Uyco({w} X Y(w)) — R has the same
properties if an only if there is a,b (b > 0) such that v = a + bu; and

(i) if there does exist distinct elements wi,wi of Q and y* in Y such that [(q,y) #
(iwg,¥*)] = [q(w}) > 0] then another function v : U,eo({w} X Y(w)) — R has the same
properties if and only if there is a, by, by(by > 0,by > 0) such that:

v(w, y(w)) = a+ bifu(w, y(w)) — u(ws, y"(w))] if (iw,y) = (twg,y7)
’ a+ balu(w,y(w)) — u(ws, y*(w*))] otherwise
Lemma 2. Assume that 1 < #[Q] < M, and that for every w € Q, Y (w) is (i) a subset of a
finite dimensional Euclidean space; and (ii) the union of finitely many connected components.

Then preference relation > satisfies axioms 1 —4 and 6 if and only if there exists a continuous
function u : Uyeq({w} X Y(w)) — R such that

(g.9) = (¢ )< [ ) dwuwyw) > Y d@ulwy W)

weC(q) wel(q")

Moreover,

(i) if #[Q > 2 and there does not exist distinct elements wi,ws of Q and y* in'Y such
that [(q,y) 7 (iws, y")] = lg(wy) > 0] then another function v : Uycq({w} X Y(w)) — R has
the same properties if an only if there is a,b (b > 0) such that v = a + bu; and

(i) if #[Q2] > 2 and there does exist distinct elements wi,wi of Q and y* in'Y such that
[(q,y) # (iws,y*)] = [q(w]) > 0] then another function v : Uyea({w} X Y(w)) — R has the
same properties if and only if there is a, by, by(by > 0,by > 0) such that:

_ a + bl[u<w7y<w>> - u(w;y*(W*))] Z.f (iway> = (iw§‘>y*)
v(w yw)) = { a+ bo[u(w, y(w)) — u(ws, y*(w*))] otherwise

Lemma 3 (Utility Function Representation). Let X be (i) a subset of a finite dimensional
FEuclidean space; and (i) the union of finitely many connected components. If = is a (binary)
preference relation on X, then = is complete, transitive, and closed if and only if it is
representable by a continuous utility function.

4 Proofs

4.1 Fact 2

Proof of Fact 2: Let U be a utility function representation of >. Denote by w* the unique
element of Q. For every (q,y) € A(2) XY, set u(w*,y,) = U(q,y). Then for every (q,y) €
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AQ)xY, U(q,y) = u(w*, Yur) = D peq ¢(w) *u(w, y,,) demonstrating that U is an expected
utility function representation. Q.E.D.

4.2 Theorem 1

Proof of Theorem 1: Given Lemma 1, it suffices to show that we are in part (i) of the
moreover statement. But this follows immediately from Axiom 5. Q.E.D.

4.3 Theorem 2

Proof of Theorem 2: Given Lemma 2, it suffices to show that we are in part (i) of the
moreover statement. But this follows immediately from Axiom 5. Q.E.D.

Hence we see that Lemma 2 is crucial in establishing Theorem 2.

4.4 Lemma 3

Fact 3 (Property for Unions of Connected Sets). Let C; and Cy be two non-empty connected
subsets of a Fuclidean space. If C} U Cs is disconnected, it follows that every limit point for
Cl n Cl U OQ is in Cl \ Cz.

Proof of Fact 3: Let x be a limit point for C;. Suppose x € C5. Since C; U Cj is
disconnected, there exists a separation Dy, Dy of C; UCs. Suppose without loss of generality
that © € D,. Since Cy is connected, it must be that Cy C Dy (otherwise Di,Dy would
form a separation for Cy). It follows that Dy N C} # () (otherwise D;,Dy could not form a
separation for C; U Cy). Let y € D; N Cy. Since C} is connected, we must have that y € D,
(otherwise Dy,Dy would form a separation for C). It then follows that x is a limit point for
Dy contained in D, a contradiction to the definition of a separation. Q.E.D.

Fact 4. Let {Cy}rer be a finite collection of connected subsets of a Euclidean space with
the property that no union of two distinct elements of the collection forms a connected set.
Let {z;}2, be a sequence of points in Uye,Cy that converges to a point € C. Then there
exists L such that [ > L implies x; € (Y.

Proof of Fact 4: Suppose not. Then infinitely many elements of the sequence {x;}°,
are contained in [Uge,Cy| \ C1. Since the collection 7 is finite, there exists k # 1 such that
infinitely many elements of the sequence {x;}72, are contained in Cj. But then it follows
that 7 is a limit point for C}, contained in C;, a contradiction to Fact 3. Q.E.D.

Fact 5. Let {Cy}re, be a finite collection of connected subsets of a Euclidean space with
the property that no union of two distinct elements of the collection forms a connected set.
Then a function U defined on U, Cy is continuous if an only if it is continuous on every
element C}, of the collection.

Proof of Fact 5: Clearly, continuity on Uge,C} implies continuity on every element Cj
of the collection. Consider now any function U that is continuous on every element C} of
the collection. Let {x;}7°, be a sequence converging to some point T € Uge,Ck. Suppose
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without loss of generality that z € C). From Fact 4, we know that there exists L such that
[ > L implies z; € Cy. Then it follows from the continuity on C that lim;_., U(z;) = U(T)
as required for continuity. Q.E.D.

Fact 6. Let {Cy}re, be a finite collection of connected subsets of a Euclidean space with
the property that no union of two distinct elements of the collection forms a connected set.
Let = be a (binary) preference relation on Uye,C). satisfying completeness, transitivity, and
closedness. Assume furthermore, that for every Cy in the collection, [zq,29 € Cy| = [x1 ~
xo]. Then there exists a continuous function V' : Uye,Cr — R that represents the preferences
on Uge,Ch.

Proof of Fact 6: From every C}, in the collection, pick a single element z}. Since the
collection {7} }re- is finite, it is well known that under the present assumptions, there exists
a continuous function V* : Uge,{zx} — R that represents the preferences on the restriction
of the preference relation to Uge, {xr}. From fact 3, it follows that we can define a unique
function V, constant on every Cy, that corresponds to V* (i.e., x € Cp = V(z) = V*(z})).
We claim that V' : Upe,Cr — R is the required continuous function.

To see that V represents the preferences on Uy, Cly, consider any x1, s € Upe,Cl. Sup-
pose without loss of generality that x; € Cy and x9 € Cy. (i) Whenever z; = o, it
follows that x} ~ x; = x93 ~ x},. From completeness and transitivity it then follows that
xy = xy, which in turn implies V(z1) = V(2}) > V(z},) = V(xq). Likewise, (ii) whenever
V(z1) > V(xg), it follows that V(z}) = V(z1) > V(xg) = V(X},. This in turn implies
x1 ~ x) > x3, ~ To. Again, from completeness and transitivity, it follows that z; = z,.
Hence V represents preferences on Uge,Cy.

To see that V' is continuous, note that V' is constant on every Cj. Hence it follows from
Fact 5 that V is continuous on Ui, Ci. Q.E.D.

We are now ready to turn to the proof of Lemma 3. The Proof will follow the method of
proof of Debreu (1959) to establish the result when X is a connected set.

Proof of Lemma &: Throughout, we will make use of a finite collection {C}}re, of con-
nected subsets of X whose union is X. If complete indifference holds on X, the preference
relation is clearly complete, transitive and closed and any constant function (clearly contin-
uous) represents the preferences. Hence this case is easily disposed off. For the rest of our
proof, we therefore assume the existence of z, 2’ € X such that x = 2'.

Our proof is divided into 4 steps. In step 1, we carefully construct a function V* defined
on X. In step 2, we show that the constructed function V* is (i) continuous; and (ii)
represents the preferences on each of the elements C}, of the finite collection. In step 3, we
use V* to construct a new function U that is both continuous and represents preferences on
all of X. In Step 4 finally, we show that the existence of a continuous utility function implies
completeness, transitivity, and closedness.

Step 1: Let {ék}ke% be a finite collection of connected subsets of X whose union is
X. Merge any sets whose union is connected until no more distinct sets whose union is
a connected set remains. It has been shown (see Berge [1963, p.72]) that in the resulting
collection of sets {Cy}rer, the merged sets must be disjoint. From Fact 4 it then follows
that whenever {z;}2, is a sequence of points in Uge,Cj that converges to a point T € Cs,
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it follows that there exists L such that [ > L implies x; € Cj«. From completeness, it follows
that we can partition 7 into sets 7y and 7o, where (i) [k € 7| & [~3x, 2’ € Cy : z = 2'[;
and (ii) [k € m] & [Fz,2’ € C, : x > 2']. From Fact 6, it follows that whenever 7 is
nonempty, there exists a function V* that represents the restriction of the preferences to
Uger, Ck. Since any such function can obtain at most a finite number of values, the function
must also obtain both its maximum and minimum on Uge,, Cy. Denote by a* and b* the
maximum and minimum values for V* on Uge,, C;. Without loss of generality, we assume
that V* takes on only rational values. Now, let a < b be any two real numbers satisfying the
following additional properties whenever 71 is nonempty: (i) If Uge,, Cy contains an element
that is a least preferred element for X, then a = a*, otherwise a < a*; and (ii) if Uger, Ci
contains a most preferred element for X, then b = b*, otherwise b* < b.

As noted by Debreu (1959) section 1.6, every subset X of a finite dimensional Euclidean
space contains a countable set X that is dense in X. Hence, we can select a countable subset
X of Uger, Ck that is dense in Uge,,Cr. Let D be such a set. Since D is dense in C} for
every k € 7, it follows that for every x € C}, there are points in D arbitrarily close to z.
Due to Fact 4, it must also be that for every k € 7o, D N C} is a countable set that contains
points arbitrarily close to every element of Cy. Now, remove from D any elements that are
maximal or minimal elements for one of the sets {Cj }rer, and denote the remaining set D'.
Since for every k € 1, each C}, is connected and contains points z, 2’ such that x = 2/, it
can easily be seen that it follows from ((2), p.57) of Debreu (1959) that for every k € 7,
D' N C}, is a nonempty countable set that contains no greatest and no least element. It can
also easily be seen that for every k € 75, D' N Cy must contain contain an infinite number of
indifference classes.

We first extend the function V* to DU (Uger, Ck). Since D' is countable, its elements can

be ranked, (2!, 2%,..., 2P, ...); this ranking is unrelated to the pre-ordering =. Similarly, the
set of rationals, QQ’, of the interval (a,b) is also countable, and its elements can be ranked
(rt,r? ...,r% ...); this ranking is unrelated to the ordering >. The elements of D’ will be

considered in succession; with x? will be associated an element r% € ()’ in such a way that
the preordering is preserved, and every element of )’ is eventually taken. For every k € 7,
let yi be in C). Denote by K; then number of element in 7.

Consider z'; the set D’ is partitioned into the following sets: the finite number of indif-
ference classes of y1, s, ..., yx (the number of different sets so obtained is at most K), and
the associated intervals that fall above, between, and below those indifference classes. Note
that there are at most K; + 1 such intervals (see Debreu (1959)). If 2! ~ y;, for some k, set
V*(x') = V*(y, which by assumption is a rational number. If z! is instead in one of the
intervals, consider the corresponding interval in @)’, and select in it the rational of least rank
ri; set V*(z') = ra.

Consider z?; the set D’ is partitioned into the following sets: the finite number of in-
difference classes of y1,¥s, ..., yx (the number of different sets so obtained is at most K);
the finite number of indifference classes of 21, 2o, . . ., 2,1 (the number of different additional
sets so obtained is at most p — 1); and the associated intervals that fall above, between,
and below the indifference classes. There are at most K + 1 + p such intervals(see Debreu
(1959)). If 27 ~ g, for some k, set V*(z') = V*(yy, which by assumption is a rational num-
ber. If 27 ~ z, for some p’ < p, set V*(2P) = V*(z,. If 2? is instead in one of the intervals,
consider the corresponding interval in @), and select in it the rational of least rank r%; set



V*(2P) = r%. It is clear that the function V* is increasing. It is easy to check that the least
rank condition implies that every element of @)’ is eventually taken (if not, at least one of
the sets D’ N Cy would either contain a maximum, a minimum, or violate (2) in Debreu).

4.5 Lemma 2

In order to establish Lemma 2, we first establish two claims that will be used in the proof.

Claim 1. Let w € Q and y1,y2 € Y satisfy (iv,y1) = (iw, y2) and let (¢*,y*) € A(Q) x Y
satisfy (i, y1) = (¢, y*) = (in, Y2). Assume furthermore that there exists a connected subset
of Y(w), denoted D(w,y1,y2), containing both yi(w) and ya(w). Then Fy" € D(w,y1,y2)
such that (i,,y") ~ (¢*, y*).

Proof of Claim 1: Fix y(Q\{w}) € [,ca\ (v ¥ (w'). We note that it follows from Fact 1
that (i, y1(w), y(Q\{w'})) ~ (iw,11) = (¢",y7) = (i, y2) ~ (i, y2(w), y(2 \ {w'})). Denote
by D(w,y1,y2) a connected subset of Y (w) containing both y;(w) and yo(w).

Let Wl = {y(w) € D(waylay2)|<iW7y) -~ (q*ay*)}a W2 = {y(W) € D(way17y2)|(q*7y*) -~
(iw,y)}, and W3 = {y(w) € D(w,y1,42)|(¢*,y*) ~ (iw,y)}. By definition, these sets are
disjoint. We note that W; and W, are nonempty since y;(w) € Wp and ys(w) € Wy, From
Axiom 1, it follows that Y (w) = W7 U Wy U W3. It now suffices to show that Ws # ().

Suppose W5 = (). From Axiom 6, it follows that the sets

D(w,y1,92) \ W1 = {y(w) € D(w,41,92) (4", y") = (i, y) }; and
D<w7y17y2> \ W2 = {y<w) S D(w7y17y2>|(iw7y> t (q*ay*)}

are closed. But then we know that W/, and W5 are nonempty disjoint open sets such that
D(w,y1,y2) = W1 UW,. Hence the pair of sets W; and W form a separation for D(w, y1, y2).
But D(w, y1,92) is a connected sets. A contradiction. Hence W3 # () and there exists 3y’ € YV
such that (i,,y") ~ (¢*,y*). Q.E.D.

Claim 2. The function u given in Theorem 1 satisfies the property that for every w € 0 and
any y1,y2 € Y for which (i,,y1) > (iw, y2), it follows that for every o € [u(w, y2(w)), u(w, y1(w))]
there ezists y* € Y such that u(w, y*(w)) = a.

Proof of Claim 15: Let w € Q and y;,y, € Y satisfy the property that (i,,y1) > (i, y2)
and let a € [u(w, ya(w)), u(w, y1(w))]. (1) If @ = u(w,y1(w)), then we can set y* = y; and we
are done since o = u(w, y*(w)). (ii) Likewise, if a = u(w, y2(w)), then we cans set y* = y
and we are done since a = u(w, y*(w)). (iii) If u(w, y2(w)) < a < u(w, y1(w)), we know that
w0, 91(9)) = S, 1l 1 (1)) and that w(w, g2(@)) = Seors,) 1)l g2().
Hence o € (3_,ccqi,) Hw)u(w', y2(w')), Yo ueoq,) Hw)ulw’, y1(w'))). But then we know from
the onto property stated in Theorem 1 that there exists (¢*,y*) € A(Q2) X Y such that o =
>wecg O (@)u(w' y*(w')). From representation, it then follows that (iu,y1) = (¢",y*) ~
(1w, y2). Then it in turn follows from Claim 14 that there exists y” € Y such that (i, y") ~
(¢*,y*). But then we must have

ww,y" W) = Pecn, wl@,y" (W)
= Dec) Uy (W)



as required.

Q.E.D.

will make use of Lemma 1, Debreu’s (1959) classical result on the representability of an
ordering, and the following two Claims.

Proof of Lemma 2: We divide our argument into three steps. In step 1, we show that
the Axioms implies the existence of a continuous expected utility representation. In step 2,
we show that a continuous expected utility representation implies the Axioms. In order to
complete the proof we then show, in step 3, that the moreover statement holds.

Step 1: Show that the Axioms implies existence of a continuous expected utility function.

For each w € Q, define a preference relation =, on Y such that [y >, '] < [(iw,y) =
(1w,7")]. Since > satisfies axioms A2, A4, and A6 it follows that =, is complete, transitive,
and closed. From Debreu’s result, it then follows that there exists an continuous function
v, : Y — R such that [v,(y) > v,(¥')] © [y =u ¢']. The rest of step 1 will be broken into
two parts. In step 1A, we show that the result holds when #[Q2] = 1 and in step 1B, we
show that it holds when #[Q)] > 2.

Step 1A: Show that a continuous expected utility function exists if #[Q] = 1.

Denote by w* the unique element of 2 and by i, the unique element of A(f2). Define
a function u : {w*} x Y(w*) — R by u(w*,y) = v,+(y). Since v is continuous, it follows
that u is continuous. Then it follows that the function U : A(2) x Y defined by U (i,+,y) =
> e, b (W)u(w, y(w)) also is continuous as required. Now, we also have

(iw*v y) t (iw*v y/)

i}
Yy Zor Y

)

Vo (y) = v (YY)
i}

u(wty) > u(why)
)
>

Zwe(}(iw*) iw* (w’)u(w/, y) Zw’eC’(iw*) iw* (W’)U/(w/7 y/)

as required. Hence the desired continuous expected utility function exists.
Step 2: Show that a continuous expected utility function exists if #[Q] > 2.

Let u : Uyea({w} X Y(w)) — R be the function given in Theorem 1. It suffices to show
that for every w € €, u(w,.) is continuous.

For each w € Q define A(w) := {r € R|Jy € Y : v,(y) = r}. We note that for every
y € Y, there exists uniquely r; € R such u(w,y(w)) = r;. Furthermore, whenever v,(y) =
v, (y') we know that ry = ry,. We can hence define uniquely a function w, : A(w) — R such
that w,(r) = r* if and only if there exists y € Y such that v,(y) = r and u(w, y(w)) = r*.
We claim that for every w, the function w,, is continuous.
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Indeed, let {rr}32, be a sequence of elements of A(w) such that r, — 7 where 7 € A(w).
It suffices for us to show that limy_. w,(ry) = w, (7). If limy o wy,(rg) # wy(T), there are
two possible cases:

(i) There exists ™ < w,(7) such that for infinitely many elements of the sequence
{wy,(rr) }32,, it follows that w,(ry) < r*. We note that this implies the existence of y € Y
and for every k, y, € Y such that for infinitely many element of the sequence {w,(rr)}%2,
we have w, (1) = u(w,yp(w)) < r* < u(w,y(w)) = w,(7). From claim 15 it follows that
there exists y* € Y such that u(w,y*(w)) = r*. But then we must have that for infinitely
many element of the sequence {7}, v = vw(Yr) < v,(¥*) < v,(¥) = 7. But then it can
not be that r, — 7, a contradiction.

(ii) There exists r* > w,(F) such that for infinitely many elements of the sequence
{wy, () }32,, it follows that w,(rx) > r*. We note that this implies the existence of 7 € Y
and for every k, yx € Y such that for infinitely many element of the sequence {w,(rx)}%2,
we have w,(ry) = u(w, yp(w)) > r* > u(w,y(w)) = w,(7). From claim 15 it follows that
there exists y* € Y such that u(w,y*(w)) = r*. But then we must have that for infinitely
many element of the sequence {ri}2,, rx = vu(yr) > vu(y*) > v,(y¥) = 7. But then it can
not be that r, — 7, a contradiction.

Since neither (i) nor (ii) can hold, we can hence conclude that limy . wy, (%) = w,(7)
which in turn implies that for every w, the associated function w,, is continuous. We now
simply note that for every w € Q, we have that for every u(w, y(w)) = w,(v,(y)). Since both
v, and w,, are continuous functions, it follows that u(w,.) also is continuous as required.

Step 2: Show that the existence of a continuous expected utility function implies Axioms
A1-A6.

Step2A: Show that if # = 1, then every preference relation satisfying axioms A2 — A3
also satisfies axioms Al, A4, and A5.

Suppose #) = 1 and denote by w* the unique element of 2. We note that [y(w*) =
y'(w*)] = [y = ¢/]. But then it follows from A2 and A3 that (iy«,y) ~ (iw+,y') so Al holds.
We also not that #A(2) = 1. But then it again follows from A2 and A3 that there does
not exist y; € Y and ¢q,q3 € A(Q) such that (¢1,v1) > (g3, y3). Hence A4 must be satisfied.
Finally, let (g1, 41), (g2, y2) € A(Q) x Y satisty (q1,41) ~ (go,y2). Since #A(Q) = 1, it follows
that for every ¢*, ¢** € A(Q), (¢*,v1) = (q1,v1) and (¢™,y2) = (¢2,y2) and it hence follows
that (¢*,y1) ~ (¢**,y2). Consider any ¢,q € A(Q2) and o € (0,1). Then we must have both
(q,y1) ~ (¢,vy') and (ag+ (1 — a)q1,y1) ~ (¢’ + (1 — @)ga, y2). Hence A5 is satisfied.

Step 2B: Show that if the preference relation in representable by a continuous utility
function representation it follows that axioms A2, A3, and A6 are satisfied.

(i) Note that for any pair (¢,y),(¢',¥') € A(Q) x Y, either 3 o, ¢(w)u(w, y(w)) >
5 ety €. (@), 08 Ecor) 4600, 0/()) > e alo)u(@,u(w). By repre-
sentation, this implies (q,y) = (¢, ¢') or (¢',y') = (¢,y). Hence A2 holds.

(ii) Let (q,v), (¢, ¢), (¢",y") € A(Q) x Y satisfy the properties that (¢,y) = (¢/,y) and
(d,v) = (¢",y"). By representatlon it follows that ZweC’ (@ A@u(w, y(w)) = D o) € (Wu(w, y'(w))
and > o ¢ Wu(w,y' (W) = 3 e €' (W)u(w,y"(w)). By the properties of the real

number line, it follows that > o ¢(w)u(w,y(w)) = >° ey ¢ (w)u(w,y"(w)). By repre-
sentation, it then follows that (q,y) = (¢",y"). Hence A3 holds.
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* *

(ilia) Let {yx}32, be any sequence of elements in the set {y € Y|(in,y) = (¢*,y*)} such
that y, — 7. From representatmn we know that for every k, we have ), ¢, i (w')u(w', yp(w')) >
Yowea @ (Wu(w', y*(w')). From continuity, it then follows that »_ ., i (w)u(w’, y(w')) >
Yowea @ (Wu(w', y*(w')). Then it in turn follows from representation that (i, %) = (
Hence the set {y € Y|(iw,y) = (¢%,y*)} is closed.

(ilia) Let {yx}32, be any sequence of elements in the set {y € Y|(¢*,y ) (i
that y, — . From representation, we know that for every k, we have ) ¢ iu (W )u(w', yp(w')) <
Y oweq € (Wu(w' y*(w')). From continuity, it then follows that ) , ¢ i, (w)u(w',7(w')) <
Yowea @ (Wu(w',y*(w')). Then it in turn follows from representation that (¢*,y*) = (i, ¥).
Hence the set {y € Y|(¢*,y*) = (iw,y)} is closed.

We can then conclude from steps (i)-(iii) that axioms A2, A3, and A6 all hold.

G y)} such

Step 2C: Show that axioms Al, A4, and A5 all hold.
If #Q = 1, this follows from step 2A. If # > 2, then it follows from Theorem 1.

Step 3: Show that the moreover remark holds.
This is an immediate consequence of Theorem 1.
Q.E.D.

4.6 Lemmal

4.6.1 Some Preliminary Results

Lemma 4 (Mixture Monotonicity). Let y € Y be fized. Then for any q1,q2 € A(R), and
any a, 8 € [0,1], where (q1,y) = (q2,9) and o < B, (Bq1+ (1= B)az,y) = (aq1 + (1 —a)ge,y).

Proof of Lemma 4: (i) Suppose a = 0. Note that ¢; = 8¢1 + (1 —)q1 and ¢2 = Bga+ (1 —
B)qz obviously. Now, by A5, [(¢1,y) > (g2, y)] = [(Bar +(1=B)ar,y) = (B +(1—B)gz, y)] as
we have 3g; on both sides. But by A5 again, (8¢ + (1 —8)g2,y) = (Bg2 + (1 — )2, y) as we
now have (1 — /) in common on both sides. But note that this implies (3¢1 + (1 — 3)ge,y) >
(q2,y) = (g1 + (1 — a)g2,y) when o = 0, and we are done. (ii) Suppose o > 0. Now recall
from (i) that (8q1 + (1= 8)qz,y) > (g2, y). Thus defining g3 = 8q1 + (1 — 3)qe, then (gs,y) >
(42,y). Now, define v = §. Then (ygs + (1 —7)qs,y) > (a2,y). But as (¢3,9) > (¢2,9), then
by A5, (vgs+ (1 —7)gs, ) (7gs + (1 —7)q2,y) where ~gs is in common on both sides. Or,
by definition of g3, (7q3—|—( Mz, y) = (Y(Bar+ (1= 05)q2) + (1 —7)go, y). Then rearranging,
(vqs + (1 — v)gs3,v) >E, (vBaq1 + (1 — 57)q2,y). But by the definition of v, 74 = «, thus
(Va3 + (1 =7)gs,y) = (aqu + (1 — a)ga,y). But as g3 = vg3 + (1 —v)gz = Bq1 + (1 — B)g2 by
definition, then (Gq; + (1 — 8)g2,y) = (a1 + (1 — @)q2,y). Q.E.D.

Lemma 5 (Unique Solvability). Let yi,y2 € Y. If ¢1,q2,q95 € A(Q) such that (q1,y1) =
(g2,y2) = (g3,v1) and (q1,y1) = (g3,v1) then there exists a unique o € [0,1] such that

(g2, Yy2) ~ (a*q1 + (1 — a™*)gqs, y1).

Proof of Lemma 5 (i) If (q1,91) ~ (g2,¥2), then a* = 1 and we are done. (ii) If

(g2,y2) ~ (g3,91), then o* = 0 and we are done. (iii) if (q1,41) > (g2,%2) > (g3,v1), then
define the set @ = {a € [0,1]|(¢g2, ¥2) = (aq:1 + (1 — g3, y1)}. This set is nonempty because

a = 0 is an element of it and it is bounded above by a = 1. Thus there is a supremum of Q.
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Let o* := sup ). We claim that (go, y2) ~ (a*q1 + (1 —a*)g3,41). Indeed, suppose not. Since
(g2, Y2) = (aq1+ (1 —a)gs, y1), we must then have (q1,71) > (g2, 92) > ("1 + (1 —a*)gqs, y1).
Then by A4, thereis a 5 € (0, 1) such that (g2, y2) = (B(a* 1+ (1 —a*)g3)+(1—B)q1,v1). Or
rearranging, (g, y2) > ((1—0B(1—a*))g1 +B(1 —a*)gs,y1). But as (1 —a*) < (1 —a*), then
(1—p3(1—a*)) > a*. But then a* is not a supremum of ). A contradiction. Consequently,
it must be that (g2, y2) ~ (a*q1 + (1 — a*)gs, 7). Finally, by Lemma 1, o* is unique. Q.E.D.

Let A be a subset of A(Q2) x Y.

Lemma 6 (Order-Preservation). If a function f represents the preferences on A and is
affine, then g = a+0bf where b > 0 also (i) represents the preferences on A and (ii) is affine.
Furthermore, if the function f is onto the interval [f(q2,v2), f(q1,y1)] then (i) the function

g 1s onto the interval [g(qe, y2), 9(q1,v1)]-

Proof of Lemma 6: For any (q,y),(¢,y') € A, [(¢.y) = (¢, ¥)] < [f(a,y) = f(d',y)] by
the representation of f. Thus, if b > 0, then this implies that [a+bf(q,y) > a+bf(¢,y)] <
[(¢,y) = (¢,y")]. Thus [g(q,y) > 9(¢'sy")]  [(¢,y) = (¢, ¥')] by definition. (ii) As f is affine,
it follows that for any (¢,9),(¢',y) € A, flag+ (1 —a)d,y) = af(qy) + (1 —a)f(,y)
whenever (ag+ (1 —a)¢,y) € A. Now, by definition, g(ag+ (1 —a)q',y) = a+bf(ag+ (1 —
a)d,y) = a+blaf(qy) + (1 —a)f(d,y)]=aa+ (1 —a)a+baf(qy)+bl—a)f(d,y) =
ala +bf(q,y)]l + (a — &)a+0f(¢',y)] = ag(q.y) + (1 — a)g(¢',y). To see that g is onto
the interval [g(q2,¥2),9(q1,y1)] whenever f is onto the interval [f(q2,v2), f(q1,v1)], pick any
o € [9(q2,92),9(q1,y1)] and define 3 := ¢3¢, We note that:

f(g2,92) g(qz,y%

AN A
Q
.
i)
=
<
=
T
i)

Hence 3 € [f(g2, y2), (g1, y1)]. Since f is onto the interval [f (g2, y2), f(q1,41)], it follows
that there exists (¢,y) € A such that f(q,y) = 5. Hence it follows from the definition of ¢

that g(q,y):a+b*6:a+b*@:a. Q.E.D.

4.6.2 Representation and affinity for mixture intervals

Consider any y; € Y, and any ¢1,q2 € A(Q) such that (g1,41) = (q2,91). Define I :=

{(g,9) € AQ) x Y|(a1,5) =% (¢:9) = (a2,5)}. For each (q,y) € I, define f(g,y) as a
number such that (¢,y) ~ (f(¢,v)q1 + (1 — f(p))g2, 1) If the assumptions of Lemma 2 are

satisfied, then such a f(q,y) exists and is unique. We now make two claims:

Claim 3 (Representation on I). f(.) represents preferences on I, i.e., for all (q,vy),(q,y’) €
I, fla,y) = f(d\y) if an only if (flg,y)an + (1 — fla,9)az ) = (f(d,y)a + (1 -
', y))az ).

13



Proof or Claim 1: Consider that by mixture monotonicity (Lemma 1), (q1,%1) > (g2, 1)

and f(q,y) > f(¢',y') implies that (f(¢.y)q1 + (1 — f(¢. )@, 1) = (f(d ¥ ) + (1 —
f(d,y'))a2,y1). But by the definition of f(q,y) and f(¢', %), (i.e., (¢.4) ~ (f(¢,y)qr + (1 —

fla,y)az, 1) and (¢, y') ~ (f(d', ¢ )ar + (1 = f(d',9'))a2, y1) ), we can note immediately by
transitivity A3 that this implies that (¢,y) >= (¢, ¥'). The same argument works in reverse.

Thus, [f(¢,v) > f(d,v)] < [(¢,y) = (¢,y')], i.e., f(.) represents the preferences on I, and
we are done. Q.E.D.

Claim 4 (Affinity on I). Let y € Y. Then f(.,y) is affine for all q,q' € A(Q) such that

(q,9), (¢ y) € I, i.e. flag+ (1 —a)d,y)=af(qy)+ (1 —a)f(¢,y). The function f(.) is
furthermore onto the interval [f(q2, 1), f(q1,y1)]-

Proof of Claim 2: Consider any y € Y and any ¢q,¢ € A() such that (¢,v),(¢,y) € I
and define ¢" = ag+(1—a)q’. We note that it follows from the definition of f(.) and A5 that
(ag+(1—a)q,y) ~ (a(f(g,y)a+ (1= g y)a) + (1 =) (f(d, y)a + (1= f(d, ¥))a2), y1).
Rearranging, we have (ag+(1—a)q,y) ~ ([af(q,y)+(1—a)f(¢,y)]la+[1—[af(g,y)+ (1
) f(d',y)]]g2, y1). From mixture monotonicity (Lemma 1), we have (q1,41) = ([ef (g, y)+(1—

a) (¢ y)la+[1 = [af(g,y) + (1 =a)f(¢,y)]laz v1) = (g2, 41). From transitivity, A3, it then
follows that (q1,y1) = (ag+(1—a)q,y) = (g2, y1). Hence (¢",y) € I for any a € (0,1). Note

from above that (¢",y) ~ ([af (¢, y)+ (1 =) f(¢", y)la+[1=[ef (¢, 9) + (1=a) f(d", y)]]az. y1)-
By the unique solvability (Lemma 2), it must be that o* := f(¢",y) = [af(q,y) + (1 —

@) f(¢';y)], or by the definition of ¢", f(ag+(1—a)q,y) = af(q,y)+(1—a)f(¢',y). Thisis
the definition of affinity. To see that the function is onto, pick any a € [f(q2,v1), f(q1,v1)]-
We note that « is actually in the interval [0, 1], since it follows from how the function was
defined that f(go, 1) = 0 and f(q1,y1) = 1. Then f(agi+ (1 —a)gs, y1) = a by the definition
of f. Q.E.D.

4.6.3 Properties of intersections and unions of intervals

Consider any y1,y2, %5, %,y € Y, and any q1, q;, G2, G5, G, ¢ € A(Q2) such that:
(1) (qlayl) = (67?7) ~ (g7g> = (qaayl)a and

(ii) (g2, 92) = (@, 9) = (¢, ¥) = (g3, ¥5)-

Define I, and I respectively by I) := {(q,y) € A(Q) xY|(q1,41) = (¢,y) = (¢}, 1)} and
Iy :=A{(q,y) € AQ) x V(a2 92) = (¢,9) = (43, 95)}-

Let fi and f> be affine representations of the preferences on I; and I, respectively satis-

fying the properties that (iii) f1(7,7) = f2(q,7); and (iv) fi(¢,y) = fa(q,y). We make the
following claim.

Claim 5 (Coincidence on I} N Is). f1 and fy coincides on I N I5.
Proof of Claim 4: Let (q,y) € I, N I,. Since (q,y) € I, it follows from unique solvability

and mixture monotonicity that there exists uniquely @, a (@ > «), and « € [0, 1] such that
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(a) (@p+(1-a)d,y1) ~ (7,7); (b) (aqi+(1—a)qi, v1) ~ (¢, ¥); and (c) (aq+(1—a)q), y1) ~
(¢,y). We now consider each of the three possible cases:

Case 1: (aq + (1 —@)qy, 1) = (aqi + (1 — @)qy, 1) = (ag + (1 — a)qy,91). Then by
unique solvability, there exists o* € [0, 1] such that (aq; + (1 — a)¢,y1) ~ (o*(ag + (1 —
@)qy) + (1 —ao*)(ag + (1 —a)q)),y1). It then follows that:

file,y) = filag + (1 —a)qy, 1) (by representation and (c))
= filo*(@q + (1 - @)q;)
+(1 —a*)(ag + (1 —a)qy),y1)  (by representation and definition of a*)
= o fil@g + (1 =@)q, u1)

+(1 —a*) filaq + (1 —a)qy, v1) (by affinity of fi)
= o fi(q,9) + (1 —a*) filg, y) (by representation and definitions
of @ and «)
= o fo(q,7) + (1 — a*) fa(q, y) (by (iii) and (iv))
= o folag + (1 —aQ)qy, 1) (by representation and definitions
+(1 —a”) folag + (1 — a)qi, 1) of @ and «)

= fola*(@q + (1 —a)q)
+(1 = a*)(aq + (1 — a)q)), v1) (by affinity of f5)
= folag + (1 —a)di,v1) (by representation and definition of o*)
= falq,v) (by representation and (c))

Case 2: (aqi + (1 —a)q,31) = ([@q + (1 =@)g1, 1) = (agi + (1 = @)gy,91). Then again
by unique solvability, there exists a* € (0, 1) such that (g, + (1 —@)q’,y1) ~ (o*(ag + (1 —
a)g;) + (1 —a*)(aq + (1 — a)dy), y1). It then follows that:

(@, y) = fl@ap+ (1 —a)d,y1) (by representation and (a) )
= file*(aq + (1 —a)q)
+(1—a®)(agp + (1 —a)qy),y1)  (by representation and definition of a*)
= o filaq + (1 —a)q1, 1)
+(1—a") filag + (1 — a)qi, y1) (by affinity of fi)
= o filqy) + (1 —a*) fi(g, y) (by representation, (b), and (c))

Rearranging, we have

fi(q, )—( )[fl( 7) — (1—04)f1(2 Q)]

By the same token, we have

f(0,9) = folag + (1 —@)d,y1) (by representation and (a) )
= fola*(aq + (1 —a)q)
+(1—a*)(ap+ (1 —a)q)),y1)  (by representation and definition of o*)
= a*folaq + (1 — a)qy, y1)
+(1—a) falag + (1 — a)qi, y1) (by affinity of f5)
= o folq,y) + (1 —a*) falg, y) (by representation, (b), and (c))
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Again, after rearranging, we have

Pla.w) = COLRET) — (1 - 0*) g, )]

From the two above rearranged equalities, it then follows that:

fley) = (IA(@T) - A —-a)fi(gy)]  (from first equality)
= (R@7) — 1 -a)fagy) (from (iii) and (iv)
= falq,y) (from second equality)

as required.

Case 3: (g1 + (1 —@)q1,51) = (ag + (1 —a)gi, y1) > (equ + (1 — a)qi, 41). Then again
by unique solvability, there exists a* € (0, 1) such that (ag; + (1 —a)q’,y1) ~ (o*(ag + (1 —
@)qy) + (1 —o*)(ag + (1 —a)g)),y1). It then follows that:

file,y) = filag + (1 —a)d, ) (by representation and (b))
= fila*(@q + (1 —@)q)
+(1—a®)(ag + (1 —a)qy),y1)  (by representation and definition of a*)
= o fi(@q + (1 —a)q), v1)
+(1 — o) filag + (1 — @)q, 1) (by affinity of f;)
= o f1(q,9)+ (1 —a®) fi(q,v) (by representation, (a), and (c))

Rearranging, we have

1
filg,y) = 1—a [f1(g,y) — a" f1(q,7)].
By the same token, we have
flq,y) = folag + (1 —a)d 1) (by representation and (b) )

= fola*(@ag + (1 —@)q)

+(1—a®)(ag + (1 —a)qy),y1)  (by representation and definition of a*)
= a fo(aq + (1 —@)qy, 1)

+(1 — o) folagr + (1 — @)q}, 1) (by affinity of f5)
= o f2(q,7) + (1 —a*) fa(q,y) (by representation, (a), and (c))

Again, after rearranging, we have

f2(q,y) = [f2(q,y) — " f2(q, 7))

(1-a%)

From the two above rearranged equalities, it then follows that:

filg,y) = ﬁ[ fi(q, 7)) (from first equality)
y) — " f2(q, 7)) (from (iii) and (iv)
= falq,y) (from second equality)
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as required. Q.E.D.

Consider any (g1, 1), (1, %1), (42, ¥2), (65, ¥5), (@, 7). (¢, y) € D such that:
(i) (q1,91) = (@ 9) = (¢, y) = (q1,%1); and
(ii) (g2,92) = (7, 7) = (¢,y) = (g5, y3)-

Define I), and I respectively by I1 := {(q,y) € A(Q) xY|(q1, 1) = (¢,y) = (¢}, v1)} and
I :=={(q,y) € A(Q) X Y[(g2,y2) = (¢,9) = (g5, %5)}-

Let f; and f5 be affine representations of the preferences on I; and Iy respectively with
the further property that f; coincides with fy on I; N I,. We make the following claim.

Claim 6 (Representation on I; U Iy). The function f that coincides with f1 on Iy and fs on
15 represents preferences on Iy U I5.

Proof of Claim 5: Assume without loss of generality that (q1,v1) = (g2, y2). We consider
all of three possible cases. (i) If (¢, y5) = (¢i,y;) then I, C I;. Thus Iy U I, = [, and
flq,y) = fi(q,y) for all (¢,y) € I U I. Hence, we are done since f; represents preferences
on I;. (ii) If (q1,v)) = (dh,v5), and (g2,%2) = (q1,%1), then the present assumption implies
that Iy C Iy. Thus [; U Iy = I, and f(q,y) = f2(q,y) for all (¢,y) € I U I,. Hence, we are

done since fy represents preferences on Is.

(i) (q1,91) = (92,%2) = (@, 9) = (¢,y) = (@1, 91) = (¢, y1)-

Step 1: Show that [(¢,y) = (¢, ¥)] = [f(¢,9) = f(¢,¥/)]. Pick any (¢, y), (¢,y) € LUI,
such that (¢,y) = (¢, v'). (1a) If (g2, y2) = (q,y) then (q,y) and (¢, ') are both in I. Hence
it follows from the assumption that f; represents preferences on I that fo(q,y) > fa(¢',v').
But from the definition of f it then it also follows that f(q,y) > f(¢,v). (1b) If (¢,v') =
(4}, v}), then (¢q,y) and (¢’,y’) are both in I;. Hence from the assumption that f; represents
preferences on I it follows that fi(q,y) > fi(¢’,y’). But from the definition of f it then also
follows that f(g,y) > f(¢,1/). (1¢) (¢.0) > (a2.30) = @7) = (@.9) = (€os) = (@-0).
Then (q,y) € I1, and ¢, y’) € I,. But then it follows that:

fla,y) = fi(g,y)  (from definition of f)
> fi(q,y) (from properties of fi)
= falg,y) (by assumption)
> fy (a’ Ly ) (from properties of f5)
= f(¢,y’) (from definition of f)

as required.

Step 2: Show that [f(q,y) > f(d',11)] = [(a,y) € L].

Pick any (q,y) € I U I such that f(q,y) > f(¢',y;). Clearly, it suffices to show that
[(¢:9) € I.] = [(¢,y) € I]. We note that [(q,y) € D] < [(a2,52) = (¢,y) = (g5, 5)]. Since
fo represents preferences on I, and f coincides with fo on Iy, it follows that [f(gs,y2) >
flq,y) > f(dh,v5)]. Likewise, we note that since f; represents preferences on I, and f
coincides with f; on Iy, it follows from the present assumption that f(qe,y2) > f(qy,v)) >
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f(g5,v5). Combining these with the present assumption that f(q,y) > f(¢,y1), it follows
that f(q2,v2) > f(q,y) > f(qy,v)) > f(db, ). But then it follows from the facts that f,
represents preferences on I and that f coincides with fy on I that (qo,y2) = (¢,v) = (¢}, y})-
Combining this with the fact that (¢i,y1) = (go,y2) then implies that (¢1,y1) = (q,y) =

(q1,v). Hence (q,y) € 1.

Step 3: Show that [f(q2,42) = f(q,y)] = [(¢.y) € L.
Pick any (q,y) € I; U I3 such that f(g2,92) > f(q,y). Clearly, it suffices to show that

[(¢.y) € Il = [(¢,y) € Io]. We note that [(¢,y) € ] & [(q1,41) = (¢.y) = (¢}, ¥})]. Since
f1 represents preferences on I;, and f coincides with f; on I3, it follows that [f(q1,y1) >
flq,y) > f(q1,v})]. Likewise, we note that since fy represents preferences on I, and f
coincides with fy on Iy, it follows from the present assumption that f(q1,y1) > f(qo, y2) >
f(d},y)). Combining these with the present assumption that f(q2,v2) > f(q,y), it follows
that f(q1,v1) > f(g2,y2 > f(q,y) > f(qy, ;). But then it follows from the facts that f;
represents preferences on I; and that f coincides with fi on I that (qo,y2) = (¢,v) = (¢}, y})-
Combining this with the fact that (¢},v;) > (b, v5) then implies that (g, y2) = (¢,y) =

(Qéayé) Hence (q>y) € [2'

Step 4: Show that [f(q,y) > f(¢,v)] = [(¢,v) = (¢, V).
y

Pick any (¢,y),(¢,y") € Iy U I such that f(q,y) > f(¢,y'). (4a) If f(q2.v2) > f(q.v)
then we know from step 3 that both (q,y), and (¢

q',y') are in Iy. But then we are done since
fo represents preferences on Iy and f coincides with fo on I,. (4b) If f(¢',y') > f(q},¥))
then we know from step 2 that both (¢, y), and (¢’,4’) are in ;. But then we are done since
f1 represents preferences on I; and f coincides with f; on I1. (4¢) f(q,y) > f(q2,y2) >
f(q1,v) > f(¢',y'). Then we know from step 2 that (q,y) € I, and from step 3 that
(¢,y') € I. Since f; represents preferences on I; and f coincides with f; on I;, we have
(¢,y) > (g2,y2). Likewise, since f, represents preferences on I, and f coincides with fo

on I, we have (q},y;) = (¢/,¥’). But under the present assumptions it then follows that
(@,9) = (42,92) = (d1:91) > (¢,y') as required. Q.E.D.

Claim 7 (Affinity on Iy U I). Let y € Y. Then the function f that coincides with f; on I
and fo on Iy is affine on Iy U Iy for any q,q¢ € A(Q) such that (¢,v), (¢',y) € [ U L.

Proof of Claim 6: Pick any y € Y, and any ¢, ¢ € A(Q) such that (¢,v), (¢',y) € [ U I5.
Without loss of generality, assume that (¢,y) = (¢,y). (i) If (¢,y) and (¢, y) are both
in [;, then we are done since f; is affine and f coincides with f; on I;. (ii) If (¢,y) and
(¢',y) are both in Iy, then we are done since f; is affine and f coincides with fy on Is.
(iii) (q,y) ¢ L, (¢,y) ¢ Is. It follows from completeness, transitivity, and the present
assumptions that (g2, v2) = (¢,¥) > (q1,91) = (@ 7) = (¢.¥) = (g5 v2) = (¢, v) = (d), )
Define I3 := {(¢",y") € Dl|(q,y) = (¢",y") = (¢',y)} and using unique solvability , define
a function fg Iy — R by f3(¢",y") = agn o where a7, . is the unique element of [0, 1]
for which (o, nq+ (1 —ag ,n)q',y) ~ (¢",y"). From Claim 1, we know that f; represents
preferences on I 3, from Claim 2, we know that f3 is affine, and from Claim 3, we know that
for any a, b where (b > 0), the function g := a + bf both represents preferences on I3 and is

= = [f@9)—f(g,v)] [f@9)—f(g,p)]
affine. Let a = f(q, y) — m f3<q y) and let b = m > 0. Then we have
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e @S (aw TR
on the one hand that g(,7) = f(@,7) ~ (jg—rooay * F5(@T) + (ompia * f3(T.7) =
f(@9) = [1(@,9) = f2(q,y). Likewise, we have that g(¢,y) = f(7,7)— [,[3;

=

3,9)—f(ay)]
7.9)—f3(a.y)] *f3(@,9)+

% * f3(¢,y) = f(q,y) = fi(¢,y) = f2(q,y). But then it follows from claim 4 that

g (a) coincides with f, and hence with f, on I3 N I;; and (b) coincides with f5, and hence
with f, on ]3 N ]2. But 13 C ]1 U ]2 1mphes that 13 = 13 N (]1 U _[2) = (]3 N ]1) U (13 N ]2)
Hence we can conclude that f coincides with ¢ on I3. But then we are done since ¢ is affine
on 3.

(iv) (q,y) ¢ I, (¢',y) ¢ I,. Tt follows from completeness, transitivity, and the present
assumptions that (q1,v1) = (¢,¥) > (g2,92) = (@ 7) > (¢,¥) = (¢, 1) = (¢, y) = (g3, v2)-
Define I := {(¢",y") € Dl|(q,y) = (¢",y") = (¢',y)} and using unique solvability , define
a function fg 1 I3 — R by f3(¢",y") = ajn o where a7, ., is the unique element of [0, 1]
for which (o, vq+ (1 —aju 0)q,y) ~ (¢",y"). From Clalm 1, we know that f3 represents
preferences on I 3, from Claim 2 we know that f3 is affine, and from Claim 3 we know that for
any a, b where (b > 0), the function g := a+bf both represents preferences on I3 and is affine.

= = [f@9)—f(g,v)] [f(@9)—f(a,v)]
Let a = f(q, y) — m fg(q, ) and let b = m > (. Then we have, on the

. U@ @) | o, G .
one hand that (7, 7) = f(3.7) — (- eg iy * 5@ 1) + (g —pioy * f5(0,7) = £(@,9) =

/1@7) = £(3,9). Likewise, we have that g(q,y) = f(@,9) — (Hog—pily + f5(77) +

% * f3(¢,y) = f(q,y) = fi(¢,y) = f2(q,y). But then it follows from claim 4 that

g (a) coincides with f, and hence with f, on I3 N I;; and (b) coincides with f5, and hence
with f, on ]3 N ]2. But 13 C ]1 U ]2 1mphes that 13 = ]3 N (]1 U [2) = (]3 N ]1) U (13 N ]2)
Hence we can conclude that f coincides with ¢ on I3. But then we are done since ¢ is affine
on I3. Q.E.D.

4.6.4 Definition and properties of a basis interval

Let A be a subset of A(2) xY with the property that [(q,y), (¢/,y) € A] = [Va € (0,1), (ag+
(1 —a)d,y) € Al. Let (3,9),(q,y) € A satisfy the property that (,7) = (¢,y). Define
={(q,y) € Al(7.9) = (¢,9) = (¢, 9)}-

Definition 4. I* is a basis interval for A if it satisfies the following three criteria:

*

(i) there exists an affine function f*: I

onto the interval [f*(q,y), f*(7,7)];
(ii) for every (qi,y1) € A such that (¢,y) > (q,7), there exists (qf,v), (¢i*,y;) € A such

that (qT7yT) ~ (Chayl) ~ (qa y) - (QT*ayT) = (g7 y)a and
(iii) for every (g2,12) € A such that (q,y) > (g2, ¥2), there exists (¢5,95), (¢5%,%5) € A such
that (7,9) = (¢3,43) = (¢,9) = (a2, 42) ~ (65", 3).

— R that represents the preferences on I* and is

We now turn to a couple of additional claims. Let I* := {(q,y) € A|(q,7) = (¢,y) =
(¢,y)} be a basis interval for A and let f* be an affine representation of the preferences on
I* such that f* is onto the interval [f*(q,y), [*(7.%)]. Let (qu,%1), (¢, 1) € A satisfy the
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property that (q1,91) = (,7) = (¢,y) = (q1,v1) and let I := {(q,y) € Al(q1, 1) = (¢,¥) =
(5 91)}

Claim 8 (Representation of I*). There ezists uniquely an affine representation f of the
preferences on I such that a) f coincides with f* on I*, and b) f is onto the interval

[f(q/h yi)v f(Qh yl)]

Proof of Claim 7: Define I := {(q,y) € Al(q1,v1) = (¢,y) = (q,y)}. We divide the rest
of our proof into two steps. -

Step 1: Show that there exists uniquely an affine representation f; of the preferences on
I{ such that a) fi coincides with f* on I*; and b) f; is onto the interval [fi(q,v), fi(q1,v1)]-

(i) If (q1,91) ~ (G,7), then it follows from completeness and transitivity that I =1TI.
Since f; must coincide with f* on I*, it follows that the only function satisfying the desired
properties is the function for which fi(q,y) = f*(q,y) for every (q,y) € I*.

(ii) If (g1, y1) > (g, y) we know from the definition of a basis that there exists (¢}, v7), (¢1*, v}) €
A such that (¢7,y7) ~ (a1, 1) = (@) = (4" y7) = (¢ y)- Let I = {(q,y) € Al(¢7,91) =
(¢,9) = (&% 91)} = {(q,y) € Al(q1,1) = (¢:y) = (¢i",¥7)}. By mixture monotonicity, we
know that for every (q,y) € I, there exists uniquely o} € [0, 1] such that (o} qi + (1 —

a; )@, yr) ~ (¢,y). Hence we can define a function g : Iy — R by g(q,y) = o} ,. From
Claims 1 and 2, we know that ¢ is an affine representation of the preferences on I} with the
further property that it is onto the interval [g(¢1*, v7), 9(¢f, v7)] = [9(¢7*, v7), 9(q1, y1)]. Let
a = f*( T*yik) _ [f*(@ﬂ)—f*(qf*ayi“)]

*k * _ [f*(@ﬂ)—f*(q**,y*)] R
v@mn -9 v 9(ai", 1) » b= [9(6@)—9(111‘*17311‘)1] , and define /o := a + bg.

From Claim 3, we know that h is an affine representation of the preferences on I} that is
onto the interval [h(¢i*, y7), h(q1,v1)]. We note that h(q,7) = f*(¢i*, y7) — [f[gg:%:g(;?}ﬁ)l]ﬂ *
g(ai,yp) + LEDTU] o (G, ) = £+(3,7)- Likewise, we have h(qi™, v}) = f*(i", vi) —
[f* (@y)—f*(a1* w1

[g(avy)_g(ql Y1 [f*(,f) f*( sk *)]
pan-sta] *9W U+ gy *9(aui) = f*(ai", vi)- From Claim 4, it then

follows that f* and h coincide on I* N I3.

We claim that h is the only affine representation off preferences on I} that also coincides
with f* on I* N I5. Indeed, let A’ be another such affine representation. Since (g,7), and
(q,y) are both elements of I*, we must have h'(q,y) = h(q,y) and h'(q,y) = h(q,y). But
then all the assumptions of claim 4 are satisfied, so k' and h coincide on Ij N I, = Ij.Hence
h' = h.

Let f1: I"UI; — R be the function that coincides with f* on I* and with h on [;. From
claims 5 and 6, it follows that f; is an affine representation of the preferences on I*U I}, = I7.
We claim that f; is the only affine representation of the preferences on I] that coincides with
f* on I*. Indeed, let f{ be another such representation, Then it must coincide with f; on
I*. Since it is affine, the restriction of f] to I) must then also be an affine representation of
the preferences on I}. But then we know from above that the restriction must coincide with
h (and hence with f;) on I}. But then it coincides with f; on I* U I, = I7.

To see that f; is also onto the required interval, note that [f1(q,v), fi1(¢,v)] = [[*(¢,v), [*(q,7)|U
(g™, y), (g1, 91)]. We know that f* is onto the interval [f*(q,y), f*(g,7)] and that h is
onto the interval [h(q:*, yt), h(q1,1)]. But since f; coincides with f* on I* and with  on I
it must be that f; is onto both intervals and hence onto the interval [fi(q,y), fi1(q,y)].

Step 2: Show that there exists uniquely an affine representation f of the preferences on
I such that a) f coincides with f* on I*; and b) f is onto the interval [f(q},v}), f(q1, v1)]-
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(i) If (¢1,v1) ~ (q,y), then it follows from completeness and transitivity that I = I.
Since f must coincide with f; on I7, it hence follows that the only function satisfying the
desired properties is the function f for which f(q,y) = fi(q,y) for every (q,y) € I = 1.

(ii) If (¢,y) > (q1,9;), we know from the definition of a basis that there exists (g3, 5), (¢5%, ¥5) €
A such that (7,y) = (¢5,93) = (¢,y) = (¢ ¥1) ~ (63", y3). Let I3 := {(q,y) € Al(43,93) =
(¢.9) = (" 93)} = {(¢.y) € Al(&3,93) = (¢,y) = (g1, %))} By mixture monotonicity,
we know that for every (q,y) € I3, there exists uniquely a; , € [0,1] such that (o} ,¢5 +
(1 —a;,)a"ys) ~ (¢,y). Hence we can define a function go : Iy — R by ga(q,y) =

ay,- From Claims 1 and 2, we know that g, is an affine representation of the prefer-

ences on [} with the further property that it is onto the interval [g2(g5*, y3), g2(q5, y5)] =

I " _ [F*(a5,95)— " (a:9)] _ [r(e3.y3) -1 (g:y)]
[QQ(Q1>y2)792(QQ>y2)]' Let a = f (@y) - l92(a3,u3)—92(q,y)] * 92(27@ ) b= l92(a3v3)—g2(a9)]

and define hy := a + bgs. From Claim 3, we know that hs is an affine representation of

the preferences on I} that is onto the interval [h(q],v}), ¢}, yi)]. We note that hao(qs,v3) =
(g, y) — (£ (95.93)— 1" (9:9)] [F*(a3,95) =" (a:9)]

l92(a3.y3)—92(a,y)] 92(q y) T l92(a3,3)—92(2,y)] *92(03,93) == f7(3, y3)- Likewise, we
have ha(g ) = 1*(4:9) = Gy ] * 9209 + G san) * 92(6:8) == [*(a:9).
From Claim 4, it then follows that f; and hs coincide on I;NI5. We claim that hy is the only
affine representation of the preferences on I} that coincides with f; on I]. Indeed, let hf, be
another such affine representation. Since hf and hy both coincide with f; on I, it follows
that h5(q,7) = h2(q,7) and hy(q,y) = ha(q, y) But then all the assumptions of claim 4 are
satisfied, so h}, and hs coincide on I} N I} = I;. Hence b}, = hs.

Let f: I, UI; — R be the functlon that coincides with f; on I and with hy on I3.
From claims 5 and 6, it follows that f is an affine representation of the preferences on
I U I, = I. Note also that it follows from the facts that f coincides with f; on I and f;
coincides with f* on I* that f coincides with f* on I*. We claim that f is the only affine
representation of preferences on I that also coincides with f* on I*. Indeed, let f’ be another
such representation. Then it must coincide with f* on I*. Since f’ is affine, the restriction of
f’ to I{ must then also be affine and represent the preferences on I. But we know from step
1 that f; is the only such representation of the preferences on I. Hence f’ must coincide
with f; on I]. Again, by affinity, we have that the restriction of f’ to I§ must be affine on
I%. But we know from above that hy is the only such affine representation of the preferences
on I} that also coincides with f; on I. Hence f’ must coincide with hy on I5. But then f’
coincides with f on I.

To see that f is also onto the required interval, note that [f(¢',v'), f(¢,v)] = [f1(q, y), fi1(g, y)|U
[ha(q, 0)), ha(g5, y3)]. We know that fy is onto the interval [f1(q,%), fi(q,y)] and that hy is
onto the interval [ha(q},4}), ha(q5, y3)]. But since f coincides with f; on I} and with hy on
I} it must be that f is onto both intervals and hence onto the interval [f(¢,v'), fi(q,y)]-
Q.E.D.

Let I* := {(q,y) € A|( y) = (¢,y) = (¢,y)} be a basis interval for A. Let (qi,%1),
(41, 91), (42, 92), (42, 4o) € A satisty the properties that
(1) (thl) - ( ) (qu) (QIay1>; and

= =
(i) (g2,92) = (3,7) = (¢, 9) = (43, 43)-

Define I := {(¢,y) € Al(q1, 1) = (¢,y) = (q1,91)} and I == {(q,y) € Al(q,y2) =

21



(¢,y) = (¢5,v5)}. Finally, let f; and f> be affine representations of I; and Iy respectively
such that a) f; and fy coincide with f* on I*; b) f is onto the interval [f1(q}, v1), fi(q1,v1)];
and c) fo is onto the interval [fo(qh, v5), f2(qo, y2)].

Claim 9 (Coincidence on I N I). The functions fi and fs coincide on Iy N Iy

Proof of Claim 8: Pick any (¢',y') € L N 1. (i) If (¢,y') € I* then we are done since f;
and fy both coincide with f* on I*.

(i) (¢',9) > (7). Then we must have (q1,51) = (¢',) = (7.7) and (q2,42) = (¢, y') ~
7). From the definition of a basis, it then follows that there exists (¢7, v7), (41, v7), (a5, y5)

y5) € A such that (¢7,y7) ~ (¢, 41) = (@, 7) = (&, ¢7) = (¢, y) and (g3,95) ~ (q2,92) =
€

Y

(@.9) - (5",43) = (¢,y). Define I} := {(q,y) € Al(¢7,47) = (¢,y) = (¢i",y1)} and I :
{(¢;v) € Al(&,v3) = (q,y) = (¢5",y3)}. We note that it follows from above that (¢, y)

I N 15, Define a function f] : I{ — R by f](q,y) = fi(q,y) and a function f} : I} — R by
fé(q, y) = fa(q,y). Suppose without loss of generality that (¢*,y7) = (¢3*, y5). We note the
following four properties:

a) (a1, 97) = (@, 9) = (@7, q7) = (@™, 41);

b) (63, v5) = (@,9) = (&, &) = (657, ¢5);

c) f1(@.y) = 1(6 7) = f(@,7) = f2(q.9) = f3(4,7); and

d) filgi" y7) = flai™, u1) = f(@", u1) = o™, 97) = folar™, vi)-

It follows from Claim 4 that f| and f; coincide on I{ N I5. But then we are done since
this implies fi(¢',y') = fi(¢,v') = f2(d',y') = fo(d,¥).

(iii) (¢,y) = (¢',¢). Then we must have (¢,y) = (¢',¥') = (¢;,%1) and (¢,y) = (¢, ¥) =
(¢b, 14). From the definition of a basis, it then follows that there exists (¢f, y7), (¢, y?), (q2,y2)
(¢5",y3) € A such that (7,y) = (q,47) = (¢.y) = (¢1,91) ~ (¢, ¥7) and (¢, ¥) = (45, 43) >~
(¢,9) = (45, 95) ~ (3", y3). Define IT := {(q,y) € Al(q,91) = (¢,y) = (¢, ¥71)} and
I = {(q,y) € Al(g5,v3) = (q,y) = (¢3*,v3)}. We note that it follows from above that
(¢,y') € I} N I,. Define a function f; : If — R by fi{(¢,y) = fi(¢,y) and a function
f5 I — R by fi(q,y) = fa(q,y). Suppose without loss of generality that (¢, y7) = (g5, v3)-
We note the following four properties:

(4
vi)s (g
7
-

a) (a1, 97) = (a5,93) = (¢, y) = (@, 47);

b) (a5,95) = (65, 95) = (¢, y) = (657, 5);

c) fi(e,y) = filae.y) = f(@,y) = f2(¢,y) = f5(q,y); and

d) fi(as v3) = fi(as. v3) = f(@5,935) = folas, u3) = filds, y3)-

It follows from Claim 4 that f| and f; coincide on I{ N I,. But then we are done since
this implies fi(¢,y') = fi(d",v') = f2(d,v') = f2(dy). QE.D.

We are now ready to state a key Lemma that will greatly assist us in the rest of our
proof.

Lemma 7. If a basis interval I* exists for A and f* is a representation of the preferences
on I*, then there exists an unique affine extension f, of f* to A such that f represents the
preferences on A. Furthermore, for any two elements (q,y),(¢,y") € A such that (q,y) =
(¢',y') , the representation f is onto the interval [f(q,v'), f(q,y)].
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Proof of Lemma 3: Suppose there exists a basis I* := {(q,vy) € A|(3,9) = (¢,y) = (q,y)}.
Define I, := I*, and consider an increasing sequence of intervals Iy C I, C I3... C D where
I, = {(q,y) € Allgr,ux) = (q,y) = (¢, yp)}. Let fi := f* be the affine representation of
the preferences on I;. From Claim 7, it follows that at each step, we can find a unique
representation of the preference on I such that fi is onto the interval [f(q;,v.), f(ax, yx)],
and for every k' < k, [(q,y) € Iv] = [fi(¢,y) = fi-1(@.y) = fi—2(a.y) = ... = fwla,y)].
Thus, let us define this common value fr(q,v) = fio1(q,y) := f(q,y). We can thereby
construct a function f that represents preferences on the entire set A. Since at each step,
fr is unique, it follows that the resulting function f is the only such extension of f* to A.
To see that f must be onto any interval [f(¢, '), f(q,y)], consider any sufficiently large k so
that (qr,yx) = (¢,y) = (¢,Y') = (¢k, ;). Then the onto property follows from the fact that

fx is onto the interval [f(qL, vy), f(qk, yx)]. Q.E.D.

4.6.5 Some additional preliminary results

Claim 10. Let (q,y) € A(Q2) x Y. Then there exists w,w € C(q) such that (iz,y) = (¢,y) =
(4, Y)-

Proof of Claim 9: We note that C'(¢) has only a finite number of elements. An implication
of completeness and transitivity is that there exists w,w € C(q) such that for all w € C(q),
(iz,y) = (ips y) = (iw, Y)-

(i) if (iz,y) = (iw,y), then it follows from unique solvability that for every w € C(q),
there exists uniquely o, € [0, 1] such that (aiz + (1 — a)iy, y) ~ (iw,y). Now, order the
elements of C'(q) as wy,ws, ...,wx where K := #C(q). Define for each k = 1,2,..., K an
element ¢, by:

P Zk’gk q(wr)iE,,
o Zk“gk q(wir)

We claim that for every k, (im,y) = (q},,y) = (iw,y). To see this, first note that
(a%,,y) = (iw,,y) which in turn implies that (iz,y) = (¢},,y) = (iw,y). Hence the desired
property holds for £k = 1. Consider now any k such that the desired property holds for
kK =1,,2,...,k — 1. For each such k&’ denote by fs the unique element of [0,1] (implied
by unique solvability) for which (Byiz + (1 — By )iw,y) ~" (¢, ,,y). Likewise, for each
k' =1,2,..., K denote by aj, the unique element of [0, 1] (implied by unique solvability) for
which (awiz + (1 — )i, y) ~" (iw,,,y). Then we have,
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2w <k A(wp)iny, ]
Zk”<k q(wku) ?
(wk)lwk

K <k q(wyn)) (Zk’<k q("-’k’)iwk/) ]

Zk”<k q(wku)
(Zk”<k ‘Z(Wk"
(Zk”<k q(wprr

+

[(
3
[(an<kq (wyrr) ) E%ku<k qgwkug% * (Ot g @(wprr))
_ (Wh)iwy, K <l W\Wprr *
- [<Zk”<kq wk// ) (Zk”<kq wk//)) qwk—l’y] (E ( ))
it q(w) : k! <k QW *
N [<Zk”<kq wk,, ) * (O‘wklw (1- awg)zg) + (Zk’/;k; aw) * ka_lay]
A (2 ) (i + (1 — 0w, i)
)
)

(ﬁwk 1Zw + (1 - 5wk71)i£>’y]

q(w) (Zk//<k q(wyrr)) .
N [[(Zk”gk Q(wkﬂ)) Qg (Zk”gk(%%”)) Tﬁw)k)l]zw
_ q(wk) k! <k QWi .
+[1 [(Zk”gk ‘I(wk”)) * Oy, T (Zk//zk q(wirr)) * @%71“@; y]

Letting Gy := [(%) * Ol +g’;:::+:x§ By, |, we note that the desired property

holds for any k. Now, simply note that qx = ¢q. Hence, we can let 3 = (k. But then it
follows that (q,y) ~*" (Biz+ (1 — )iy, y). This in turn implies that (iz,v) = (¢,vy) = (iu, y)
by mixture monotonicity.

(i) if (iz,y) ~ (iu,y), then it follows from completeness and transitivity that for every
E e Clq), (imy) ~ (ip,y) ~ (i, y)-

Now, order the elements of C(q) as wy,ws,...,wx where K := #C(q). Define for each
k=1,2,..., K an element ¢}, by:

— Zk/gk q(Wr )i,
o Zk“gk q(wi)

We claim that for every k, (iz,y) ~ (q5,,¥) ~ (iw,y). To see this, first note that
(a%,,y) = (iw,,y) which in turn implies that (iz,y) ~ (¢},,y) ~ (iw,y). Hence the desired
property holds for £ = 1. Consider now any k such that the desired property holds for
K=1,,2,...,k—1.

Then we have,

ok <k AWp )iy, ]
ku<kq (wprr)

q(wg l‘*’k
Zku<kq wyrr)

(55
(
( 2wk )iy,
S S
SSwomem)

+(Zk//<kQ(wk//)) (ke <n AW )iy ) ]
(Zk//SkQ(Wk”)) (Zk//<kQ(Wk”)) ’
+ 1 (

Zk”<kq wy))

S ep @) dwn 1Y)

)
)
) * iy, +
)

2ok <k A(wprr)

A~ Q(wk) (Ek”<k q(wyrr)) q ]
S <k a(n) (Serseaon) ™ Lo Y
it qlwr) : k! <k 9W
Zk”<k q(wk//) * Z + (Zk”gk q(wk//)) Zw’ y]

But then it follows from completeness and transitivity that (iz,y) ~ (¢,,y) ~ (i, y)-
Hence the desired property holds for every k. Now, simply note that qx = ¢. Hence

(iz,y) ~ (¢, y) ~ (iw, y)- QED,
Claim 11. Let wy and wy be distinct elements of ) and let y; and yo be elements of Y. Then
there ezists y* € Y such that (i, y*) ~ (iwy, Y1) and (iwy, Y*) ~ (i, Y2).
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Proof of Claim 10: Let y*(w) = ya(w) if w = wy and let y*(w) = y1(w) otherwise. Then
it follows from Al that (i,,, y*) ~ (i, y1) and (i, ¥*) ~ (iw,, y2). Q.E.D.

4.6.6 Special Case 1:

Claim 12. If there exists wy,wq,ws,ws € Quw # wz,w1 # wy,wy # ws,wy # wy] and
Y1, Y2, Y3, ya € Y such that (iy,,y1) = (iwy,y2) and (iws,ys) = (iw,,Ys), then there exists
(7,79), (¢,y) € A(Q) X Y such that:

(Z) ( ) (Zw17y1> (iw2>y2) = (Qa Q):
(“) (G, y) = (iwgv yS) (ZW4ay4) (ﬂ Q):

(i11) the preferences on the interval I* := {(q,y) € A(R2) x Y|(q,7) = (g,
representable by an affine function f that is onto the interval [f(q,y), f(q,y :

(iv) the interval I* is a basis.

Moreover, if g is another affine representation of the interval I* then there is a,b (b > 0)
such that g = a + bf.

Proof of Claim 11: Step 1: Establish (i)-(iii) and show that the moreover statement
holds.

Assume without loss of generality that (iy,,y1) = (iws, Y3)-

18) TF iy, 9) = (isg>9s) 56t (3,5) = (iuy, 92) a1 (g, ) = (i ys)- Then we have,

it

(@,7) = (iwy, Y1) =" (fwy, Y2) = (twy, ys) = (¢, y); and

(67 @) (Zwl ) yl) (Zwsv y3> (iw“ y4) = (27 Q)

Hence (i) and (ii) are both satisfied. '
Now, since w; # wy, it follows from claim 10 that there exists y* € Y such that

(iwuy*) ~ (iwuyl) - (iw27y2) = (iW47y4) ~ (Z‘wuy*)

Due to the unique solvability property, we can then define a function f : I* = R by
f(q,y) = o , where ; , is the unique element of [0, 1] for which (; ,iw, +(1—a; , )iw,, y*) ~
(q,9). From clalms 1 and 2 it follows that f is an affine representation of the preferences on
I* that is furthermore onto the interval [f(i,,y*), f(iw,,¥*)] = [f(¢,y, f(@,y]. Hence (iii)
holds.

Consider now any other affine representation of the preferences on I'*. Define

ey @B —glgy)l
©=9@N g flay) @Y nd
p.- @Y —9@yl
- f@y) - fla.y)]



Now, define h = a + bf. We know from claim 3 that h is an affine representation of the
preferences on I* that is onto the interval [h(q, y), h(q,7)]. Now, we have

h(g,y) = g(

Likewise, we have

May) = 9(@
= (¢
We know that (iv,,y*) ~ (¢,¥) and (iu,,y*) ~ (¢,y). Let I = I, == {(q,y) € A(Q) x
Y|(iwy,¥*) = (¢,y) = (iw,,y")}. Then we note that all of the assumptions of Claim 4 are
satisfied and hence h coincides with g on I N I = I*. Hence we have g = h = a4+ bf as
required.
1b) If ey, Ya) = (iwsy, Y2), s€t (§,7) = (iw,,y1) and (¢, y) = (iw,,y2). Then we have,

it

(675) = (iwnyl) = (iw37y3> - (iw4>y4) = (iw27y2) = (g;g)

so (i) and (ii) both hold. Now, since wy # wy and wy # ws, it follows from claim 10 that
there exists y; and y3 in Y such that

(ors Y1) ™~ (o, Y1) = oy Ya) ~ (lo, U7)

and

(’in,y;) ~ (iw37y3> ~ (iw27y2) ~ (iwwy;)

From unique solvability it follows that for every (q,y) such that (i,,,y7) = (¢,y) =
(4w, y7) there exist uniquely o € [0, 1] such that (o} i, +(1—0a; ), y1) ~ (¢,y). Likewise,
for every (q,y) such that (i.,,y7) = (¢,y) = (iw,, y7) there exist uniquely o , € [0, 1] such
that (8 iy + (1 — 3,).57) ~ (0,9

Hence, we can define a function fi : {(¢,y) € A(Q) XY |(iw,, 1) = (¢,y) = (iw,,¥7)} — R
by fi(q,y) = ag, and a function f> : {(q,y) € A(Q) X Y|(iy, 43) = (¢, ¥) = (i, 93)} = R
by fi(q,y) = f;,. From claims 1 and 2 it follows that f; is an affine representation of the
preferences on I, := {(q y) € A(Q) XY |(iw,y7) = (¢,y) = (tw,, y5)} such that f; is onto the
interval [f(iw,, y7), f1(iw,,y])]. Likewise, it follows that f, is an affine representation of the
preferences on Iy := {(q,y) € A(Q2) x Y|(zw3, ya) = (q,y) = (iw,,y3)} such that f, is onto the
interval [fo iy, 53), foli, )]

Let (¢",y") = (iwy,y3) and (¢"",y™) = (iw,;y4). Then we have (i, y7) = (lwy, y3) ~
(@, y") = (@, y™) ~ (twy7) and (iwg, y3) ~ (@5 y7) = (@ y") ~ (g, ¥7) = (lwy: ¥3)-
Given claim 3, we can find @ and b[b > 0] such that g = a + bfs is an affine representation
of the preferences on I which is onto the interval [g(iw,, ¥3), 9(iws, ¥3)] and that furthermore
has the properties that g(¢*, v*) = fi(¢*,v*) and g(¢**, v**) = fi(¢™, y**). From Claim 4, we
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know that g and f; coincide on I; N I5. Now, let f* be the function that coincides with f; in
I; and with g on I,. Then we know from claims 5 and 6 that f* is an affine representation
of the preferences in I; U Iy, = I* as required. Hence (iii) holds.

To see that the moreover remark holds, let g be another affine representation of the
preferences on I; U I, = I*. Define

[g(iwsa ng) - g(iwm yw4)]
[f(iwga yw,) - f(icm? yum)]

ho— [g(iwsa yws) B (Zw47 yw4)]
. [f(iwsv yws) - (Zw47 yw4)]

a = g(iw3ay3) - * f(iwsayum) ) and

Now, define h = a + bf. Then we have,

. : [9(iwg Yws) =g (iwy Yy )] [9(iwg Yws) =g (iwy Yy )] .
Wiy Yon) = Uiy Yn) ~ (i Flimgog] * f Cons Yn) (o= o) * f (s Yis)

= g(iW37 yws))
Likewise, we have
[g(lwg Yws )— g(’Lw4 yYwy ) [g(iwg yYws )7g(iw4 yYwy )]

h(2w4’ yw4) - g(lw3’ yw;;) - [f (tws Yoz ) = f (fwy Yuy)] f(Zw3’ ng) T [f (lws Yoz ) = f (twy Yo y)] * f(@w4, yw4)
= g(iw4 » Yy ))

We note that h and g are both affine representations of I*. An implication of claim 4 is
that the restrictions of h and g to I := {(q,y) € A(Q) X Y|(lwys Yur) = (¢:Y) = (lwgs Yuus) }
must coincide. Likewise, it is also an implication of claim 4 that the restrictions of h and
g tol == {(q¢,y) € AQ) X Y|(iws,Yus) = (¢,y) > (iwy,Yu,)} must coincide. But then
g=h=a+bf as required.

Step 2: Show that (i)-(iii) implies that I* is a basis.

2A) Show that property (ii) from the definition of a basis holds.

Pick any (¢}, 44) € A(Q) x ¥ such that (¢}, 4}) = (.7).

From Claim 9, we know that there exist @ € A(Q2) such that (iz,v}) = (q),v]). Since
we # wy, we know that either @ # wy or W # wy. Without loss of generality, assume that
W # wy. Then we know from Claim 10 that there exists y* € Y such that (iz, y*) ~ (iz, ¥})
and (ig,, ") ~ (iw,, y2). Then we have,

(i, y") ~ (im91) = (a1, 91) = (@ 9) = (g, 91) = (an, ¥2) ~ (lun, ¥7) = (¢ Y)
From unique solvability, it follows that there exist uniquely a* € [0, 1] such that (a*ig +

(1 —a*)ig,,y") ~ (q1,y)) Now, let (¢*,y*) = (a™ig+ (1 — )iy, y*) and (¢**, y™) = (iw,, ¥*).
Then we have

(@ y") ~ (a1, 1) = @ 7) = (s 1) = (wg,y2) ~ (797 = (@)
as required.

2B) Show that property (iii) from the definition of a basis holds.
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Pick any (g5, y5) € A(R2) x Y such that (q,y) > (g5, y5)-

From Claim 9, we know that there exist w € A(Q) such that (¢b,v}) = (iw,5). Since
w1 # w3, we know that either w # w; or w # ws. Without loss of generality, assume that
w # wy. Then we know from Claim 10 that there exists y* € Y such that (i, y*) ~ (iw,, y1)

and (iy, ¥*) ~ (iw, y5). Then we have,

(@9) = (l,y") ~ (i, 51) = (@:9) = (92,9) ~ (i, ¥2) ~ (i, y")

From unique solvability, it follows that there exist uniquely 5* € [0, 1] such that (3*i,, +

(1—=05")iw, y*) ~ (g5, y5). Now, let (¢*,y*) = (iw,,y*) and (¢**, y™*) = (5%w, + (1 — 8" )iw, ¥*).
Then we have

(@9) = (¢ y") = (¢ y) = (¢, 95) ~ (¢, ")

as required.
Q.E.D.

Lemma 8. If there exists wy,wq,w3,wy € Qi # w3, w; # wy,ws # ws,wy # wg| and
Y1, Y2, Y3, Ya € Y such that (i, Y1) = (lwy, Y2) and (i, ys) = (iw,,Ya), then there exists an
affine representation U : A(Q) x Y — R of the preferences on A(Q) X Y with the further
property that for any (q,vy),(¢,y") € A(Q) X Y for which (q,y) = (¢,y") the function is
onto the interval [U(q,y'),U(q,y)]. Moreover, if V. : A(Q) x Y — R is another affine
representation, then there is a,b (b > 0) such that V = a + bU.

Proof of Lemma 4: From claim 11, we know that there exists a basis interval I* with an
affine representation f*. The basis interval furthermore has the property that if ¢g* is another
affine representation of I*, then there exists a,b, [b > 0] such that ¢* = a + bf*. From
Lemma 3, we know that there exists uniquely an affine extension f of f* to A(Q2) x Y with
the properties that f represents preferences on A(€2) x Y and b) that f is onto the interval
[f(q,y), f(¢',y/)] for any arbitrary elements (q, ), (¢',y') of A(Q) x Y. Hence existence is
done.

Consider now any other affine representation g of the preferences on A(2) x Y. Denote
by ¢* the restriction of g to I*. Then we know that there exists a,b (b > 0) such that
g* = a+bf*. Define ¢ := a+ bf. Then ¢’ has the property that it coincides with ¢* on
I*. We know from claim 3 that ¢’ also represents preferences on A(2) x Y. Hence ¢ is
an affine extension of g* to A(2) x Y. But we know from Lemma 3 that only one such
extension exists. But then ¢’ must coincide with ¢ since ¢ is the unique extension of g*.
Hence uniqueness has been established. Q.E.D.

4.6.7 Special Case 2:

Lemma 9. Let wj,w; be distinct elements of 2 and let y* be an element of Y such that
[(q,y) # (iwg,y*)] = la(wi) > 0]. Then there exists (q,7), (q,y) € A(Q) X Y such that:

(i) @7) = (¢,y);

(i) The preferences on the interval I* == {(q,y) € AQ) x Y[(q,7) = (¢,y) = (¢,y)} are
representable by an affine function f that is onto the interval [f(q,y), f(q,7)]; and
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(i) the interval I* is a basis for I := {(q,y) € A(Q) x Y|(q,y) = (iuz,y")}-

Moreover, if g is another affine representation of the preferences on I* then there exists
a,b (b>0) such that g = a + bf.

Proof of Lemma 5: Step 1: Establish the result when there does not exist (q,y) €
A(2) x Y such that (q,y) = (iw;, y*).

Let (7,7) = (¢,y) = (iwy,y*). Clearly, (i) then holds. We also have I* = {(q,y) €
A(Q) x Y(q,y) ~ (iwg,y*)} = I where I is nonempty since it has (i.;,y*) as an element.
Now, define f : I* — R by f(q,y) = 0 for every (q,y) € I*. Since I* is an indifference set, it
follows that f represents the preferences on I*. f is also clearly affine and onto the interval
[f(¢,v), f(q,7)]. Hence (ii) holds. Let g be another affine representation of I*. We note that
for every (q,y) € I*, g(¢,y) = g(ws,y*). Let a := g(ws,y*) and b = 1. Define h = a + bf.
Then for every (q,y) € I*, h(q,y) = g(ws,y*) = g(q,y). Hence g = a + bf and the moreover
remark holds. We now simply note that under the present assumptions I* = I;. Hence there
neither exists (q,y) € I such that (¢,y) = (¢,y) nor (q,y) € I such that (¢,y) > (¢, 7).
Hence it follows that I* satisfies all the properties for being a a basis for I;.

Step 2: Show that when there exists (¢q,y) € A(Q2) x Y such that (¢,y) = (i, y*), then
there exists (¢,7), (¢,v), [(3,7) > (¢,v)] € A(Q) x Y such that properties (ii) and (iii) holds.

Let (q,y) >~ (zw;y_*) Then we know from claim 9 that there exists w € C(q) such that
(iw,y) = (q,y). Under the present assumptions, it must be that w = wi # wj. Hence we have,
(fwr,y) = (q,y) = (iwg,y*). But then we know from claim 10 that there exists y™* € Y such
that (iwfvy**) ~ (iwfvy) and (%;;?ﬁﬂ ~ (iwgyy*)~ Let (67 y) = (iwfay**)7 (Q’ Q) = (iwgay**)a
and I* :={(¢,v") € AQ) xY|(q,7) = (¢',v') = (¢,y)}. Clearly (i) is satisfied. By unique
solvability, we know that for every (¢',y') € I*, there exists uniquely oy, € [0,1] such
that (o ,iwr + (1 — a0 )iws, v™) ~ (¢',y'). Let f: I* — R be the function for which
f(d,y) = oy - From Claim 1, we know that this function represents preferences on I*.
From claim 2, we know that it is affine and onto the interval [f(q,v), f(7,7)]. Hence (ii)
holds. To see that the moreover remark holds, consider another affine representation g of

the preferences on I*. Let a = g(q,y) — %ﬂg,g), b= % and h =a+bf

We note that it is an implication of Claim 3 that h also is an affine representation of the
preferences on I*.
Then we have:

— [9(7,9)—9(q:)] 9(@.9)—9(a:y)] p/— —
2.9 = 9@Y) ~ fap-rew’! @Y + FGo-ren! (@)
= 9(2.7)
Likewise, we have
_ l9@y)—9(g.y)] l9@y)—9(g:)]
Mey) = 9@y ~ fap-ren’ (@Y * Fan-ran! (@Y
= 9(q,y)

Hence h and g coincides at both (g,7), and (¢,y). But then it follows from claim 4 that
h and g coincide on I* N I* = I*. Hence g = a + bf and the moreover remark holds.
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All that remains in order to show that I* is a basis is to show that for every (¢',y’) €
A(2) x Y for which (¢',y') = (ir,y*"), there exists ¢, ¢i* € A(Q) and y} € Y such that

(a1, 97) ~ (" y) = (s, ™) = (@17, y7) = (i, ¥™).

Let (¢,y') = (iw:, ™). We know from Claim 9 that there exists w € C(g) such that
(iw,y") = (¢',y'). Due to the present assumptions, we know that w = w]. Now, since
wi # w;, we know from claim 10 that there exist y** € Y such that (i,:, y™*) ~ (i.r,y) and
(Gwg, ™) ~ (iwg, ¥™*) ~ (iuz,y"). Hence, we have

***)

(s ™) = (' y') = (s, ™) = (g, ") ~ (Gwg, y™) ~ (iwg, ¥

But then it follows from unique solvability that there exists uniquely 87 € [0, 1] such
that (6;@2.&)1‘ + (1 - 6;,y)iw§7 y***) ~ (Q7 y)

*

Hence, if we set (g, y) = (By,tw; + (1 — By, )iws, y™*) and (¢, y7) = (iwg, y™"), we have
(at97) ~ (. y) = (@,7) = (¢7*, y7) ~ (¢, ) as required. Q.E.D.

Lemma 10. Let wj, w3 be distinct elements of €2 and let y* be an element of Y such that
[(q,y) # (iwg, y*)] = [g(w]) > 0]. Then there exists (3,7), (q,y) € A(2) x Y such that:

(1) @9) = (¢ y);

(ii) The preferences on the interval I* == {(q,y) € AQ) x Y[(q,7) = (¢,y) = (q,y)} are
representable by an affine function f that is onto the interval [f(q,y), f(q,7)]; and

(i) the interval I* is a basis for I := {(q,y) € A(Q) x Y|(ivz,y") = (¢,9)}-

Moreover, if g is another affine representation of the preferences on I* then there exists
a,b (b>0) such that g = a + bf.

Proof of Lemma 6: Step 1: Establish the result when there does not exist (q,y) €
A(2) x Y such that (iu;,y*) = (q,9).

Let (¢,7) = (¢,y) := (iws,y"). Clearly, (i) then holds. We also have I* = {(q,y) €
A(Q) x Y|(q,y) ~ (s, y*)} = I where I* is nonempty since it has (i,;,y*) as an element.
Now, define f : I* — R by f(q,y) = 0 for every (q,y) € I*. Since I* is an indifference set, it
follows that f represents the preferences on I*. f is also clearly affine and onto the interval
[f(¢,v), f(q,7)]. Hence (ii) holds. Let g be another affine representation of I*. We note that
for every (¢q,y) € I*, g(q,y) = g(ws,y*). Let a := g(w},y*) and b = 1. Define h = a + bf.
Then for every (q,y) € I*, h(q,y) = g(w3,y*) = g(q,y). Hence g = a + bf and the moreover
remark holds. We now simply note that under the present assumptions I* = I;. Hence there
neither exists (¢,y) € Iy such that (¢,y) > (g,7) nor (¢,y) € I such that (¢,y) > (q,v).
Hence it follows that I* satisfies all the properties for being a a basis for I.

Step 2: Show that when there exists (¢,y) € A(Q2) x Y such that (i.s,y*) > (¢,%), then
there exists (¢,7), (¢,9),[(q,7) > (¢,y)] € A(R2) x Y such that properties (ii) and (iii) holds.

Let (i, y*) = (¢,y). Then we know from claim 9 that there exists w € C(q) such that
(¢,y) = (iw,y). Under the present assumptions, it must be that w = wi # wj. Hence we have,
(fwg,¥*) = (¢,y) = (iwr,y). But then we know from claim 10 that there exists y™* € Y such
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that (waay**) ~ (%)T,ZJ) and (Zwé‘vy**> ~ (Zwé‘vy*) Let (@ y) = (iwé‘ay**)v (g7 Q) - (iwfay**)7
and I* == {(¢,v") € AQ) xY|(q,7) = (¢,¥') = (¢,y)}. Clearly (i) is satisfied. By unique
solvability, we know that for every (¢',y/) € I*, there exists uniquely oy, € [0,1] such
that (aj dw; + (1 =l )i, y™) ~ (¢,y'). Let f: I* — R be the function for which
f(d,y) = oy - From Claim 1, we know that this function represents preferences on I*.
From claim 2, we know that it is affine and onto the interval [f(q,v), f(7,7)]. Hence (ii)
holds. To see that the moreover remark holds, consider another affine representation g of

* _ 9@y —9(g.y)] _ 9@y —9(a.y) _
the preferences on I*. Let a = g(q,y) —[f(q,g)—f(g,g)]ﬂﬂ’ y), b= TG =Fawl and h =a+bf
We note that it is an implication of Claim 3 that h also is an affine representation of the
preferences on I*.

Then we have:

— = l9@y)—9(g:y)] l9(@
a9 = 9@y - Fan e/ @Y * 7q
Y

Likewise, we have

o@D —9(a)] 9@ —s(a)]
ha,y) = 9@y — fertan! (@Y + Fas—fan! (@)

g
= 9

Hence h and g coincides at both (q,7), and (g,y). But then it follows from claim 4 that
h and ¢ coincide on I* N I* = I*. Hence g = a + bf and the moreover remark holds.

All that remains in order to show that I* is a basis is to show that for every (¢',y') €
A(Q2) x Y for which (i,:,y™) = (¢',y'), there exists ¢3,¢;* € A(f2) and y5 € Y such that

(i, ™) = (03, 95) = (s, y™) = (¢ y) ~ (657, 45)

Let (iur,y™) = (¢,y'). We know from Claim 9 that there exists w € C(q) such that
(¢,vy") = (iw,y'). Due to the present assumptions, we know that w = wj. Now, since
wi # w;, we know from claim 10 that there exist y*** € Y such that (i,:, y™*) ~ (i.r,y) and
(fwg, ¥**) ~ (iwg, ™) ~ (iws,y*). Hence, we have

(iwg, y***) ~ (i(A);J Z/**) ~ (iwga Z/* - (inJ y**)(qla y/) = (iwfa y***))

But then it follows from unique solvability that there exists uniquely 3;, € [0,1] such
that (B; s + (1= By, )iwr, y™) ~ (¢, 9)- 4 ,

Hence, if we set (¢7,y5) = (iwg, ¥™) and (¢7%, y7) = (8} iws + (1 = 55, )i, y™), we have
(@,9) ~ (a5,95) = (¢, y) = (d',¥') ~ (¢5",y5) as required. Q.E.D.

Lemma 11. Let wj, w3 be distinct elements of €2 and let y* be an element of Y such that
[(q,y) # (iwg, y*)] = [q(w]) > 0]. Then there exists an affine representation U of the prefer-
ences on Iy := {(q,y) € A(Q) x Y|(q,y) = (i3, y*)} with the further property that for any
(q,9), (¢, ') € I for which (q,y) = (¢',y') the function is onto the interval [U(q',y'), U(q,v)].
Moreover, if V : I, — R is another affine representation, then there is a,b (b > 0) such that
V=a+0bU.
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Proof of Lemma 7: From Lemma 5, we know that there exists a basis interval I* for
I; with an affine representation f*. The basis interval furthermore has the property that
if g* is another affine representation of I*, then there exists a,b, [b > 0] such that ¢* =
a~+ bf*. From Lemma 3, we know that there exists uniquely an affine extension f of f* to
I with the properties that f represents preferences on I; and b) that f is onto the interval
[f(q,y), f(¢',y)] for any arbitrary elements (q,y), (¢, ") of I;. Hence existence is done.

Consider now any other affine representation g of the preferences on ;. Denote by g*
the restriction of g to I*. Then we know that there exists a, b (b > 0) such that ¢* = a+bf*.
Define ¢’ := a+bf. Then ¢’ has the property that it coincides with ¢* on I*. We know from
claim 3 that ¢’ also represents preferences on I;. Hence ¢’ is an affine extension of ¢* to I;.
But we know from Lemma 3 that only one such extension exists. But then ¢’ must coincide
with ¢ since g is the unique extension of g*. Hence uniqueness has been established. Q.E.D.

Lemma 12. Let wi,w3 be distinct elements of 2 and let y* be an element of Y such that
[(q,y) # (iwg,y*)] = lq(wi) > 0]. Then there exists an affine representation U of the prefer-
ences on I == {(q,y) € A(Q) x Y|(iwg,y*) = (q,y)} with the further property that for any
(q,9),(¢',y) € I for which (q,y) = (¢',y') the function is onto the interval [U(q',y'), U(q,y)].
Moreover, if V : I} — R is another affine representation, then there is a,b (b > 0) such that
V=a+0bU.

Proof of Lemma 8: From Lemma 6, we know that there exists a basis interval I* for
I, with an affine representation f*. The basis interval furthermore has the property that
if g* is another affine representation of I*, then there exists a,b, [b > 0] such that ¢* =
a+ bf*. From Lemma 3, we know that there exists uniquely an affine extension f of f* to
I, with the properties that f represents preferences on I and b) that f is onto the interval
[f(q,y), f(d',y")] for any arbitrary elements (q,y), (¢',y') of I,. Hence existence is done.

Consider now any other affine representation g of the preferences on I,. Denote by ¢*
the restriction of g to I*. Then we know that there exists a,b (b > 0) such that ¢g* = a+bf*.
Define ¢’ :== a+bf. Then ¢’ has the property that it coincides with ¢* on I*. We know from
claim 3 that ¢’ also represents preferences on I. Hence ¢’ is an affine extension of ¢g* to Is.
But we know from Lemma 3 that only one such extension exists. But then ¢’ must coincide
with ¢ since ¢ is the unique extension of ¢*. Hence uniqueness has been established. Q.E.D.

Lemma 13. Let wj, w3 be distinct elements of €2 and let y* be an element of Y such that
[(q,y) # (g, y*)] = lqwi) > 0. If an affine function f : A(2) x Y — R represents
preferences on A(Q2) X Y, then the function g defined by

Gy ={ ot bi[f(a,y) — fliws, y7)) if (@,y) = (iwg, y")
Y a+ba[f(q,y) — flius, y*)] otherwise

(where by > 0 and by > 0) also (i) represents preferences on A(Q) x Y; and (i) is affine.
Furthermore, if the function f is onto the interval [f(q2,v2), f(q1,v1)] then (iii) the function

g is onto the interval [9(qz, y2), 9(q1,y1)]-
Proof of Lemma 9: Let I := {(q,y) € A(Q) x Y|(q,y) = (iwg,y*)} and I := {(q,y) €

A(Q) x Y|(iws, y*) = (q,y)}. Define g1 : 1 — R by g1(q,y) = a+b1[f(q,y) — f(iw;,y*)] and
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g2 : Iy — R by 92(q,y) = a+ba[f(q,y) — f(iws, y*)]. We note that g; is simply the restriction
of g to I and that ¢, is simply the restriction of g to I5.

Step 1: Show that ¢; is an affine representation of the preferences on I;.

Denote by f; the restriction of f to I;. Since f is an affine representation of the preferences
on A(Q2) x Y, it must be that f; is an affine representation of the preferences on I;. Let
a; =a— blf(iw;, y*). Then ¢g; = a} + by fi. Hence it follows from Claim 3 that g; is an affine
representation of the preferences on I;.

Step 2: Show that g is an affine representation of the preferences on Is.

Denote by f, the restriction of f to I5. Since f is an affine representation of the preferences
on A(Q2) x Y, it must be that f; is an affine representation of the preferences on I. Let
ay = a— by f(ius,y"). Then gy = a3+ by fo. Hence it follows from Claim 3 that g, is an affine
representation of the preferences on Is.

Step 3: Show that [(¢,y) = (¢, ¥)] = [9(q, ) = 9(¢. ¥/)]-

(i) if (¢, ¥") = (iwg,y") then (q, ) and (¢',y’) are both in I;. We know that g; represents
y)
)

preferences on I;. Hence we have ¢1(q,y) > ¢1(¢’,y). But g is simply the restriction of g
to I;. Hence g(q,y) > g(¢',v'). (ii) if (iwg,y*) = (¢, y) then (q,y) and (¢',y') are both in I,.
We know that go represents preferences on I,. Hence we have g2(q,y) > g2(¢',y/). But g¢s is
simply the restriction of g to Ir. Hence g(q,y) > g(¢',v'). (iii) If (¢,y) = (iwz, y*) = (¢, %)
then we have (¢,y) € I \ Iz and (¢',y) € I\ I;. Since g; represents the preferences on Iy,
we have g1(q,y) > g1(iws,y*). Likewise, since gp represents the preferences on I, we have
91(iwg, y*) > g1(¢';y'). But g1 and gy are simply the restrictions of g to I; and I, respectively.
Hence we must have g(q,y) > g(iv;,y*) > 9(d,y').

Step 4: Show that [9(q,y) > g(iws, y")] = [(¢.y) € L]
Suppose (¢,y) ¢ I1. Then (iu;,y*) = (q,y). Since f represents the preferences on
A(2) x Y, we must then have f(iu;,y*) > f(q,y). But then we have

9(q,y) = a+baf(qy) — [liwg, y")]
< a
= a+ b2[f<iw§7y*) - f(lws,y*)]
= gliv;,y")

a contradiction. Hence (q,y) € I;.

Step 5: Show that [g(ius, ") > 9(q, )] = [(¢,y) € I2].
Suppose (q,y) & Io. Then (q,y) = (iw;,y"). Since f represents the preferences on
A(Q) x Y, we must then have f(q,y) > f(sz,y ). But then we have

9(q,y) = a+bf(ey) — fliu,y")]
> a
= a+ bl [f(zwé‘ay*) - f(lwgyy*)]
= glivs,y*)

a contradiction. Hence (¢,y) € I.
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Step 6: Show that [g(q,y) > g(¢,¥)] = [(¢.y) = (¢ V)]

(i) If g(¢',y') > gliws, y*) then step 4 implies that both (q,y) and (¢, v') are in I;. Since
g1 is the restriction of g to Iy, it follows that g1(q,y) > g1(¢’,y’). From step 1 we know that
g1 represents the preferences on I;. Hence we must then have (q,y) = (¢/,y’) as required.

(ii) If g(iws, y*) > g(q,y) then step 5 implies that both (¢,y) and (¢',%') are in I5. Since
g2 is the restriction of g to I, it follows that ¢2(q,y) > ¢g2(¢, v'). From step 2 we know that
g2 represents the preferences on I,. Hence we must then have (q,y) »= (¢/,y’) as required.

(iii) If g(q,y) > g(iws, y*) > 9(¢',y'), then we have (¢,y) € I and (¢',y') € I5. Since g is
the restriction of g to Iy, it follows that g(¢,y) > gl(zw2,y ). From step 1 we know that ¢g;
represents the preferences on ;. Hence we must then have (q,y) = (iws, y*). Likewise, since
g2 is the restriction of g to Iy, it follows that go(iuz,y*) > g2(¢',y'). From step 2 we know
that g, represents the preferences on 5. Hence we must then have (i.:,y*) = (¢',y). Then
it follows that (q,y) = (iwg,y*) = (¢, ¥') as required.

From (i)-(iii) we can then conclude that [g(q,v) > g(¢',v)] = [(q,y) = (¢, ¥')].

Step 7: Conclude from steps 3B and 6E that g represents the preferences on A(£2) x Y.

Step 8: Show that for every y € Y, the set {(¢/,y') € A(R2) x Y|y = y} is either (i) a
subset of [; or (ii) a subset of Is.

Let y € Y. If neither (i) nor (ii) held, then there exists ¢;, ¢; € A(2) such that (¢}, y) >
(fwg,y*) and (ius,9*) = (¢5,). From Claim 9, it follows that there exists w; € C(qj) and
wy € C(g5) such that (i, y) = (¢1,y) = (iws,¥") = (¢5,¥) = (iw,y). Under the present
assumptions, it must be that w; = wi and wy = wj. Hence we have (i.:,y) = (¢f,y) >
(iwg,y") = (a3,y) = (iwr,y) a contradiction.

Step 9: Show that g is affine.

Let (q,v),(¢,y) € A(Q) x Y satisfy (q,y) = (¢,y). From step 8 it follows that either
both (¢,y) and (¢',y) are in I; or both (¢,y) and (¢, y) are in I5.

(i) If both (q,y) and (q,y’) are in I, then we know from step 8 that for every o € [0, 1],
(avg+ (1 —a)q,y) € I;. Since g; is an affine representation of the preferences on I, it follows
that g1(aq+ (1 — )¢, y) = agi(q,y) + (1 — @)g1(¢’, y). But gy is simply the restriction of g
to I;. Hence we must have g(aq+ (1 —a)d’,y) = ag(q,y) + (1 — a)g(q’, y) as required.

(ii) If both (¢,y) and (q,y’) are in I, then we know from step 8 that for every o € [0, 1],
(ag+(1—a)q,y) € I. Since g is an affine representation of the preferences on Iy, it follows
that go(ag + (1 — )¢, y) = aga(q,y) + (1 — a)ga(q’, y). But go is simply the restriction of g
to I. Hence we must have g(aq + (1 — a)¢,y) = ag(q,y) + (1 — a)g(¢, y) as required.

Step 10: Show that ¢ is onto the interval [g(qa,¥2),9(q1,v1)] whenever f is onto the

interval [f (g2, y2), f(q1,y1)]-

Suppose f is onto the interval [f (g2, y2), gfh y1)]. Pick any « € [g(q2,92), 9(q1, v1)]-

a—baf(i Wi
(i) @ < g(iws,y*). Define § = w Then we have:
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9(a2,y2)—[a=b2f (i,5,y™)]

fla2, ) = 5
< a_[a_bQZ;f(iw; 7y*)]
- min{g(qlin,g(iw;i*)}—[a—bzf(iw;,y*n
- 2
= min{f(q,y1), fiw;, ¥}
< fla,y)

Hence B € [f(q2,v2, f(q1,v1]. Since f is onto the interval [f(qz,yo, f(q1, 1], it follows
that there exists (¢,y) € A(Q2) x Y such that f(q,y) = 8 < f(iws,y*). Then it follows from
the definition of g that

g(Qay) = &"i_bQ[ﬁ_f(inay*)]

. . a—la—baf(iLz.y")]
= a—baf (i, y") + bQ[Qb—z]
= a—byf(iugy") + @ — o= baflicg,y")]

= «
as required.

a—[a—by f(ix*,y*
(ii) & > g(iwy, y*). Define 8 = % Then we have:

f(q2,92) max{ f(qz, y2), f(iws, ¥*)}

max{g(a2,52).9( u)}—la—b1 i "))

b1
afa—b1 f(i; "))

IA

b
g(q1,y1)—][a—b1f(iu; )
b1

flai, 1)

Hence 8 € [f(q2,v2, f(q1,y1]. Since f is onto the interval [f(qz,yo, f(q1,y1], it follows
that there exists (¢,y) € A(Q) x Y such that f(q,y) = 8 < f(iws,y"). Then it follows from
the definition of ¢ that

9(q,y) = a+b[B— flivs,y*)]
a—la—b f (i3 "))

I IA

@ — by fling,y") + by [——5 2]
= a—bif(iug,y") + o —[a—bif (g, y")]
=

as required.
Q.E.D.

Lemma 14. Let wi,w3 be distinct elements of 2 and let y* be an element of Y such that
[(q,y) # (iwg,y*)] = lq(wi) > 0]. Then there exists an affine representation U : A(Q) XY —
R of the preferences on A(QQ) x Y with the further property that for any (q,v),(qd,y) €
A(Q) x Y for which (q,y) > (¢',y') the function U is onto the interval [U(q',y"),U(q,y)].
Moreover, if V. : A(Q) x Y — R is another affine representation of the preferences on
A(Q) x Y, then there is a, by, ba(by > 0,by > 0) such that:

_ J a+0[U(qy) = Uliug,y™)] if (¢,y) = (iwg, y")
Vig.y) = { a+by[U(q,y) — Uliwg, y*)| otherwise
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Proof of Lemma 10: Step 1: Show that Lemma 10 holds when it is false that there exists
(¢,y) € A(Q) x Y such that (i, y*) > (¢,9).

If there does not exist (¢,y) € A(Q2) x Y such that (i.s,y*) = (¢,y), then it follows that
A xY = {(q,y) € AQ) x Y|(q,y) = (iw3,y*)}. But then all the required properties
follow from Lemma 7.

Step 2: Show that Lemma 10 holds when it is false that there exists (¢,y) € A(Q2) x Y
such that (q,y) > (iwg, y").

If there does not exist (¢,y) € A(Q2) x Y such that (¢,y) > (i;,y"), then it follows that
A xY = {(q,y) € A(Q) x Y|(iw3,¥*) = (¢,y)}. But then all the required properties
follow from Lemma 8.

Step 3: Show that the Lemma holds if there exists (¢1,41), (g2, y2) € A(2) x Y such that
(q1,91) = (iwg, ¥) = (G2, Y2)-

Let 1, = {(4,5) € AQ) x Y](g,9) = (iz,5°)} and I = {(g:) € A(Q) x V|(ius 9" =
(¢,y)}. Let U; be the affine representation of the preferences on I; given in Lemma 7 and
let U; be the affine representation of the preferences on /5 given in Lemma 8. Now, let
a = U (ivg,y") — Us(ivg, y*) , b= 1, and define U, := a + bU5.

From Claim 3, we know that U, is an affine representation of the preferences on I, with
the further property that for any (q,v),(¢',y') € I such that (¢,y) = (¢',v), the function
U, is onto the interval [Ua(¢',y'), Ua(q, y)].

Step 3A: Show that U; and U, coincide on I; N I5.
Let (¢,y) € I N I,. We note that (q,y) ~ (iv;,y"). Hence by the definition of U3, and
representation on the intervals I; and I, respectively, it follows that Us(q,y) = Ua(iw;, y*) =

Ur(iws, y*) = Us (s, ) + Us (ius, ¥*) = Ui(ing, ¥*) = Ui(q, y) as required.

Now, let U : A(Q2) x Y — R be the function that coincides with U; on I; and Uy on Iy
respectively.

Step 3B: Show that [(¢,v) = (¢,v")] = [U(q,y) > U(d,y)].

(i) if (¢',¥') = (iwy,y") then (g y) and (¢',y') are both in ;. We know that U; represents
preferences on I;. Hence we have Ui(q,y) > Ui(¢,y'). But U; is simply the restriction of U
to I . Hence U(q,y) > U(¢,y'). (ii) if (iwg, y*) = ( y) then (q,y) and (¢',y’) are both in I,.
We know that U, represents preferences on I,. Hence we have Us(q,y) > Us(q',y'). But Us is
simply the restriction of U to I5. Hence U(q,y) > U(q¢',y'). (iii) If (¢,y) = (iws,¥*) = (¢, %)
then we have (q,y) € I \ Ir and (¢',y') € I\ I;. Since U; represents the preferences on
I, we have Uy(q,y) > Ui(iw;,y*). Likewise, since U, represents the preferences on I, we
have Ui (iws,y*) > Ui(¢,y'). But Uy and U, are simply the restrictions of U to I; and I
respectively. Hence we must have U(q,y) > Ul(iws,y*) > U(q', %) as required.

Step 3C: Show that [U(q,y) > U(iws, ¥")] = [(¢,y) € L1].

Suppose (q,y) & I,. Then (i;,y") = (¢,y). Since U, represents the preferences on I
and U coincides with Us on Iy, it follows that U (i.z, y*) = Ua(ius, y*) > Ua(q,y) = U(q,y) a
contradiction. Hence (q,y) € 1.

Step 3D: Show that [U(i.s,y*) > Ulq,y)] = [(¢,y) € I2].
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Suppose (¢,y) & I. Then (q,y) = (iu;,y*). Since U; represents the preferences on I
and U coincides with Uy on Iy, it follows that U (i.y;, y*) = Uy(iv;, y*) < Ui(q,y) = U(q,y) a
contradiction. Hence (q,y) € I.

Step 3E: Show that [U(q,y) > U(¢, )] = [(¢,y) = (¢, 9)].

(i) It U(qd",y') = Uliws,y*) then step 3C implies that both (¢,y) and (¢',y’) are in I;.
Since U, is the restriction of U to Iy, it follows that U;(q,y) > U1(¢',y’). From its definition,
we know that U; represents the preferences on I;. Hence we must then have (q,y) = (¢, ')
as required.

(ii) If U(iws,y*) > U(g,y) then step 3D implies that both (¢,y) and (¢',y') are in Is.
Since Uy is the restriction of U to Iy, it follows that Us(q,y) > Us(¢',y’). From its definition,
we know that U represents the preferences on I,. Hence we must then have (q,y) = (¢',v')
as required.

(iii) If U(q,y) > Uliug,y*) > U(q',y'), then it follows from steps 3C and 3D that (q,y) €
I and (¢',y') € I5. Since U, is the restriction of U to Iy, it follows that Uy (q,y) > Ui (iws, ")
From its definition, we know that U; represents the preferences on /;. Hence we must
then have (q,y) = (iv;,y"). Likewise, since U is the restriction of U to I, it follows that
Us(iws, y*) > Usz(q',y'). From its definition, we know that U, represents the preferences on Is.
Hence we must then have (i.;,y*) = (¢',%'). Then it follows that (¢,y) = (iw;,¥*) = (¢',¥')
as required.

From (i)-(iii) we can then conclude that [U(q,y) > U(¢,v")] = [(¢,v) = (¢, )]

Step 3F: Conclude from steps 3B and 3E that U represents the preferences on A(Q2) x Y.

Step 3G: Show that for every y € Y, the set {(¢’,y/) € A(R) x Y|y = y} is either (i) a
subset of I; or (ii) a subset of Is.

Let y € Y. If neither (i) nor (ii) held, then there exists ¢}, g5 € A(2) such that (¢f,y) >
(iwg,y") and (iws,y*) = (¢3,y). From Claim 9, it follows that there exists w; € C(q}) and
wy € C(g5) such that (i, y) = (¢1,y) = (iws,¥") = (¢5,¥) = (iw,,y). Under the present
assumptions, it must be that w; = wj and wy = wj. Hence we have (i.:,y) = (¢f,y) >
(fwg,¥*) = (¢3,v) = (iwr,y) a contradiction.

Step 3H: Show that U is affine.

Let (q,y),(d,y) € A(Q) x Y satisty (q,y) = (¢,y). From step 3G it follows that either
both (¢,y) and (¢, y) are in I; or both (¢,y) and (¢, y) are in I5.

(i) If both (¢,y) and (q,%’) are in I1, then we know from step 3G that for every a € [0, 1],
(avg+(1—a)q',y) € 1. Since U, is an affine representation of the preferences on Iy, it follows
that Uy (aq + (1 — )¢, y) = aUi(q,y) + (1 — a)Ui(¢',y). But Uy is simply the restriction of
U to I;. Hence we must have U(aq+ (1 — a)¢,y) = aU(q,y) + (1 — a)U(¢, y) as required.

(ii) If both (q,y) and (¢,y’) are in I5, then we know from step 3G that for every a € [0, 1],
(ag+(1—a)q,y) € I5. Since U, is an affine representation of the preferences on I, it follows
that Us(aq + (1 — a)¢',y) = als(q,y) + (1 — a)Ua(q', y). But Us is simply the restriction of
U to I. Hence we must have U(ag+ (1 —a)¢',y) = aU(q,y) + (1 —a)U(¢,y) as required.

Step 3I: Show that U is onto the interval [U(qa,y2), U(q1,v1)]-
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Let a € [U(q2,y2), U(qr, y1)]- (i) IfU(qa,y2) > Uliws, y*), then we know from step 3C that
(q1,y1) and (go, y2) are elements of I;. From its definition, we know that U; is onto the interval
[U1(q2,y2), U1(q1,y1)]. But Uy is simply the restriction of U to I;. Hence it follows that U is
onto the interval [U(qz,y2),U(qr,y1)]. (i) If U(iws,y*) > U(qu,91), then we know from step
3D that (q1,v1) and (g2, y2) are elements of I. From its definition, we know that U, is onto
the interval [Us (g2, y2), U2(q1,y1)]. But Us is simply the restriction of U to I. Hence it follows
that U is onto the interval [U(ga, y2), U(q,y1)]. (iil) If U(qu,y1) > Ulivg, y*) > Ul(ge, y2),
then we know from steps 3C and 3D that (q1,y1) € 1 and (g2, y2) € I>. From the definition of
Ui, we know that it is onto the interval [U; (iu;, y*), Ui(q1, y1)]. Likewise, from the definition
of Uy, we know that it is onto the interval [Us(q2, ¥2), Ua(ius, *)]. But Uy and U, are simply
the restrictions of U to I; and Iy respectively. Hence we know that U is onto both the
interval [U (ius,y"), U(q,y1)] and the interval [U(gs, y2), Uiz, y*)]. But then U is onto the
interval [U(qa,y2), U(q1,41)] as required.

Step 3J: Show that the moreover statement holds.

Let V : A(2) x Y — R be another affine representation of the preferences on A(Q2) x Y.
Denote by V; and V5 the restrictions of V' to I; and I5 respectively. From Lemma 7, we know
that there exists aj, by (by > 0) such that V; = a; + b,U;. Likewise, from Lemma 8, we know
that there exists ay, by (b > 0) such that Vo = ay+byUs. Let aj = ay +0,U; (ius, y*) and a3 =
ag+byUs (i, y*). Then we have Vi = a7 +by[U1—Uy(ius, y*)] and Vo = a3+ba[Us—Us (i, y*)].
Since (7w, y*) € I1 N I, we know that

a; = aj +bi[Ui(ing, y*) — Ui(ieg, v")]
= %(iwgay*)
= V(iw;,y*)
= ‘/Q(ng,y*)
= a5+ ba[Us(iwg, y*) — Ua(ing, y*)]
= as.

Let a := aj = a5. Then we have Vi = a + b1[U; — Uy(iug, y*)] and Vo = a + by[Uy —
Us(iwg, y*)]. But Vi and V3 are simply the restrictions of V' to I, and I5 respectively. Likewise,
U, and U, are simply the restrictions of U to I; and I, respectively. Hence we must have
that

Vigy) = { ¢ 0lU(@) = Uliug,y7)] if (0,9) = (g, )
e a+ba[U(q,y) — Uliug,y*)] otherwise

as required.
Q.E.D.

4.6.8 Special Case 3:

Lemma 15. If #{w € Q|3y1,y2 € Y : (iw, y1) = (9w, y2)} = 0 then there exists (4,7), (¢, y) €
A(Q) XY such that:

(i) @7) = (¢,y);
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(i) The preferences on the interval I* := {(q,y) € A(Q) x Y|(q,7)

= (¢,y) = (¢, y)} are
representable by an affine function f that is onto the interval [f(q,y), f(q,7)

|; and
(i11) the interval I* is a basis for A(Q) x Y.

Moreover, if g is another affine representation of the preferences on I* then there exists
a,b (b>0) such that g = a + bf.

Proof of Lemma 11: Step 1: Establish the result when there does not exist (¢, y), (¢, y') €
A(Q2) x Y such that (¢,y) >~ (¢, ¢).

Pick any (¢*,y*) € A(Q) x Y. Let (¢,%) = (¢,y) = (¢",y*). Clearly, (i) then holds. We
also have I* = {(q,y) € A(Q)xY|(q,y) ~ (¢*,y*} = A(Q) x Y where I* is nonempty since it
has (¢*, y*) as an element. Now, define f : [* — R by f(q,y) = 0 for every (q,y) € A(Q)xY
Since I* is an indifference set, it follows that f represents the preferences on I*. f is also
clearly affine and onto the interval [f(q,v), f(¢,7)]. Hence (ii) holds. Let g be another affine
representation of I*. We note that for every (¢,y) € I*, g(¢,y) = g(¢*, y*). Let a := g(q*,y*)
and b = 1. Define h = a + bf. Then for every (q,y) € I*, h(q,y) = g(¢*,v*) = 9(q, ).
Hence ¢ = a + bf and the moreover remark holds. We now simply note that under the
present assumptions I* = A(£) x Y. Hence there neither exists (¢,y) € A(2) x Y such
that (q,y) = (q,7) nor (¢q,y) € A(2) x Y such that (¢,y) > (q,y). Hence it follows that I*
satisfies all the properties for being a a basis for A(Q) x Y.

Step 2: Show that when there exists (q,y), (¢,y") € A(Q) x Y such that (¢,vy) > (¢,v),
then there exists (4,7), (q,v),[(7,7) = (¢,y)] € A(Q) x Y such that property (ii) and the
moreover remark holds. o

Let (¢,y) = (¢',y'). Then we know from claim 9 that there exists w; € C(q) and
wy € C(¢') such that (i,,,y) = (¢,y) = (¢,¥') = (iw,,¥y’). Under the present assumptions,
it must be that w; # wy. From claim 10 it then follows that there exists y* € Y such
that (i), y") ~ (iw,, y) and (iwy,y*) ~ (i, ¥). Let (4,9) = (iw,¥"), (¢ y) = (iwp,y"), and
I .= {(d,v) € AQ) xY|(q,9) = (¢,¥) = (¢,y)}. Clearly (i) is satisfied. By unique
solvability, we know that for every (¢",y") € I*, there exists uniquely oy, . € [0,1] such
that (agn nin, + (1 = afu o )ie,, y*) ~ (¢",y"). Let f : I* — R be the function for which
f(d"y") = oy . From Claim 1, we know that this function represents preferences on I*.
From claim 2, we know that it is affine and onto the interval [f(q,v), f(7,7)]. Hence (ii)
holds. To see that the moreover remark holds, consider another affine representation g of

the preferences on I*. Let a = g(q,y) — hﬂ y), b % nd h=a+bf

We note that it is an implication of Claim 3 that h also is an affine representation of the
preferences on I*.
Then we have:

_ l9(a, Y)
M@y = 9@y ~ FGEo-faw
Likewise, we have

hay) = glgy) — LID-seD)
g\q



Hence h and g coincides at both (g,7), and (¢,y). But then it follows from claim 4 that
h and g coincide on I* N I* = I*. Hence g = a + bf and the moreover remark holds.

Step 3: (i) Let (¢",y") = (iw,,y") = (@.7) = (¢,9) = (¢, ¥') = (¢,y) = (iwp, y"). We know
from Claim 9 that there exists w € C(¢") such that (i,,y”) = (¢”,y"). Due to the present
assumptions, we know that w # w,. We know from claim 10 that there exist yi € Y such
that (iy, y7) ~ (iw, y") and (ie,, y7) ~ (iw,, y*). Hence, we have

(1o, y1) = (0" y") = (Gwys ") > (G, ™) ~ (i, 1)

But then it follows from unique solvability that there exists uniquely 37, . € [0, 1] such
that ( ;//,y//'z.w + (1 - ﬁ;”’y”)iwg7 yr) N.(q”7 y//). . .

Hence, if we set (g7, y1) = (Bn yniw + (1= B )iy, y7) and (q7*, y7) = (iw,, Y1), We have
(a1, 97) ~ (¢",y") = (@,9) - (47", y1) ~ (¢, y) as required.

(i) Let (iw,,y") = (@9) = (¢,9) > (d"y) = (@) = (iw,y") = (¢",y"). We know
from Claim 9 that there exists w € C(q”) such that (¢”,y") *= (iu,y”). Due to the present
assumptions, we know that w # w;. We know from claim 10 that there exist y5 € Y such
that (iy,y3) ~ (iw, y") and (iy,, ys) ~ (iw,,y*). Hence, we have

(ir> 3) ~ (i, y") > (lun,y") = (¢",9") = (i, 3)

But then it follows from unique solvability that there exists uniquely 57, . € [0, 1] such
that (ﬁ;”,y”iwl + (1 — ﬁ;//,y”)iw7 y;) ~ (q”, y”).

B _Hence, if we set (¢3*,y3) = (g;//7y//iw1 +(1— 6;‘,/73/,,_)2'“,, y3) and (g5, 43) = (iu,,y3), we have
(@9) ~ (65, u5) = (¢.y) = (", y") ~ (a3%,y5) as required.
Q.ED.

Lemma 16. If #{w € QFy1,y2 € Y : (iw,v1) > (iw,y2)} = 0, then there exists an
affine representation U of the preferences on A(Q2) X Y with the further property that for
any (q,v), (¢, y) € A(Q) XY for which (q,y) > (¢',y') the function is onto the interval
U(d,y),U(q,y)]. Moreover, if V : A(Q) x Y — R is another affine representation, then
there is a,b (b > 0) such that V = a + bU.

Proof of Lemma 12: From Lemma 11, we know that there exists a basis interval I* for
A(Q) x Y with an affine representation f*. The basis interval furthermore has the property
that if ¢* is another affine representation of I*, then there exists a,b, [b > 0] such that
g* =a+ bf*. From Lemma 3, we know that there exists uniquely an affine extension f of
f*to A(Q) x Y with the properties that f represents preferences on A(£2) x Y and b) that
f is onto the interval [f(q,v), f(¢’,y')] for any arbitrary elements (q,y), (¢’,y) of A(Q) x Y.
Hence existence is done.

Consider now any other affine representation g of the preferences on ;. Denote by g*
the restriction of g to I*. Then we know that there exists a, b (b > 0) such that ¢* = a+bf*.
Define ¢’ := a+bf. Then ¢’ has the property that it coincides with ¢* on I*. We know from
claim 3 that ¢ also represents preferences on A(€2) x Y. Hence ¢’ is an affine extension of
g* to A(2) x Y. But we know from Lemma 3 that only one such extension exists. But then

¢’ must coincide with ¢ since g is the unique extension of ¢g*. Hence uniqueness has been
established. Q.E.D.
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4.6.9 Theorem 1:
Claim 13. At least one of the following three holds:

(1) There exist wy,ws, ws, wy [w1 # w3, w1 # Wa, Wy # ws,wa # wa] € S and Y1,Y2,Y3,Ys € Y
such that (i, y1) = (iwy, y2) and (iw,, ys) = (iw,, Ya)

1) There exists distinct events wj,ws € and y* € Y such that
1 Wo

[(q1,91) # (iwg, y")] = [a(w) > 0]
(7ii) There does not ezist w € Q and y1,ys € Y such that (iy,y1) > (iw, y2)-

Proof of Claim: Step 1: Show that if (i) does not hold then #{w € Q|Jy1,y2 € Y :
(iuhyl) ~ (iw7y2)} <L

Suppose not. Denote by wi,wj any two distinct elements of {w € Q|Jy;,y, € YV :
(iw,¥1) = (iw,¥2)} and by y1,92,¥3, 54 € Y any elements of Y such that (iu:,y1) = (iws,y2)
and (iyz,y3) = (iwg,ys). Now, set w; = wy = wi and w3 = wy = w;. Then wy # w3, w; #
Wy, Wws 7# w3, and we # wy. But we also have,

(twy, Y1) > (Gwy,y2) and (iw,, ys3) = (iw,,ys) which contradicts our present assumption.
Hence #{w € Q|3y1,y2 € Y : (iw, y1) = (iw,y2)} < 1.

Step 2: Show that if (i) does not hold and #{w € Q|Jy1,y2 € Y : (iw,y1) = (lw,y2)} =1
then (ii) must hold.

Denote by wi the unique element of {w € Q|3y1, 92 € Y : (i, v1) > (iw,y2)}, by wi any
other element of €2, and by y* an element of Y.

Step 2A: Show that for every w € Q\ {w}) and any ¢ € Y, it must follow that (7, y’) ~
(ng ) y*>

Suppose not. Consider any such w. Clearly, it follows from the present assumption
that w # wy. Let y7,y5,y" € Y satisfy (i, v7) = (fwy,v3) and (ie,y") # (iwg,y). (1) If
(i‘my/) - (iwé‘ay*>7 set w1 = wp = Wi, W3 = W, Wy = w§> Y1 =YY = y;7y3 = y/7 and
ys = y*. Then wy # w3, wy # wy,ws # w3, ws # wy. But we also have (iy,, 1) = (iw,, y2) and
(tws, Y3) = (wy, ya) which contradicts our present assumption. Hence (z’w2,y*) = (i, y). ()
Likewise, if (iwg,y*) = (i, y') set w1 = ws = W], w3 = w3, W4 =W, Y1 = Y7, Y2 = Y3, Y3 = ¥,
and yy = y'. Then wy # w3, w; # Wy, ws # w3, wq # wy. But we also have (iy,,y1) > (iw,, Y2)
and (7w, y3) = (iw,,y4) which contradicts our present assumption. Hence (i, y") = (iwg, y*).
Conclude from (i) and (ii) that (i.,%") ~ (iws, y*) as required.

Step 2B: Show that for every (q,y) € A(Q) x Y, [(q,y) # (ius,y")] = [g(w]) > 0] which
implies that (ii) holds.

Pick any (¢,y) € A(Q) x Y such that [(q,y) # (iws,y")]. (i) if (¢,y) = (iwg,y*), we
know from claim 9 that there exists w € C(q) such that (iy,y) = (¢,y). Hence we have
(iw,y) = (¢,y) = (iwg,y"). But then it follows from step 2A that w = wj. Hence we
have wi € C(q) which means that q(wf) > 0 as required. (ii) if (iw,%*) = (q,%), we
know from claim 9 that there exists w € C(q) such that (¢,y) = (i,,y). Hence we have
(fwg,¥*) = (¢,y) = (iw,y). But then it follows from step 2A that w = w}. Hence we have
wi € C(g) which means that ¢(w]) > 0 as required.
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Step 3: Show that if (i) is violated then either (ii) or (iii) holds.

Indeed, from step 1 we know that #{w € Q|Fy1,92 € Y : (iw,y1) > (iw,y2)} < 1. If
#{w € QIy,y2 € Y : (ig,y1) > (im,y2)} = 0 then (iii) holds. If #{w € Q|Fy;,y2 € Y :
(4w, Y1) > (iw,y2)} = 1 then it follows from step 2 that (ii) holds.

Q.E.D.

Lemma 17. There ezists an affine representation U of the preferences on A(Q) XY with the
further property that for any (q,y), (¢,y") € A(Q) XY for which (¢,y) > (¢',y') the function
is onto the interval [U(q',y'),U(q,y)]. Moreover,

(i) if there does not exist distinct elements wi, w3 of Q and y* in'Y such that [(q,y) %
(fwg, y*)] = [q(w]) > 0] then it follows that if V : A(Q) x Y — R is another affine repre-
sentation of the preferences on A(QQ) X Y, then there is a,b (b > 0) such that V = a + bU;
and

(i) if there does exist distinct elements wi,wi of Q and y* in Y such that [(q,y) #
(fwg, ¥*)] = [q(w]) > 0] then it follows that if V : A(Q) x Y — R is another affine represen-
tation of the preferences on A(2) X Y, then there is a, by, ba(by > 0,by > 0) such that:

Vig.y) = { a+ b;[U(q, y) — Ulius, y*)] otherwise

Proof of Lemma 13: From Claim 12, we know that at least one of the following holds.

(i) There exist wy,wq, w3, ws w1 # w3, w1 7# Wi, ws 7# w3, ws 7# wa] € S and y1, Yo, Y3, ys € Y
such that (iy,,y1) = (luy, ¥2) and (iu,, y3) > (iw,, Ys)

(ii) There exists distinct events wj,w; € and y* € Y such that

[(q1,91) # (iwg, y7)] = [g(w) > 0]
(iii) There does not exist w € 2 and yy,y2 € Y such that (iy,y1) > (7w, y2).

If (i) holds, then our Lemma follows from Lemma 4. Likewise if (ii) holds, then it follows
from Lemma 10. Finally, if (iii) holds, then our Lemma follows from Lemma 12.
Q.E.D.

Lemma 18. If axioms Al — A5 are satisfied, then an affine function U : A(2) x Y — R
represents the preferences on A(QQ) XY only if there exists a function u : U,eq({w}xY (w)) —

R such that for every (q,y) € A(2) XY, Uq,y) = X corp 1w)u(w, y(w)).

Proof of Lemma 14: Let U : A(2) xY — R be an affine representation of the preferences
on A(Q2) x Y.

Step 1: Show that there exists a function u* : Q x Y — R such that for every (q,y) €
AQ) x Y, Ulg,y) = Xec(q 4(@)u*(w,y).

Define u* : A(2)xY — R by u*(w,y) = U(iy, y). We use induction on the number of ele-
ments of C'(¢) to show that this function has all the required properties. Let (¢,y) € A(Q)xY
satisfy the property that #C(q) = 1. Then U(q,y) = u*(w,y) = Zwec(q)q(w)u*(w,y) by
the definition of u*. Hence the required properties are satisfied whenever #C(q) = 1.
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Suppose now that the desired properties are satisfied whenever #C(q) = n — 1 for some
n > 2. We claim that it then must hold whenever #C’(q) = n as well. Indeed, let (q,y) €
A(Q) x Y satisfy the property that #C(q) = n. Let w* € C(qg). Define ¢* € A(Q2) by
¢*(w*) = 0 and ¢*(w) = m for every other w € Q. Then #C(¢*) = n — 1 and
q = q(w*)iy + (1 — qg(w*)g*. Since U is affine, we have:

Ulg,y) = qw)Ul(iwy) + (1 —q(w))U(q",y)
= g )ur (W, y) + (1= ¢w) Ypeoin Tadsu (@, y)
= Zwec(q)Q<w)u*(w7y)

as required. Hence we conclude using induction that the desired property holds for all such
n.

a*
W'y’ (W)
Pick any (W', 9 (w')) € Upea({w}xY (w)) and any y* € Y for which y*(w') = /(). Deﬁne
O‘Z;’,y’(w’) - U*(wl,y ) Then U(lw Y ) ZwEC(z /)ZW <w) ( ) *(w’y ) = A y( )
Now, consider any y” € Y for which y”(w') = ¢/(w’). Axiom 1 states that (iw,y”) ~ (i, y*).
Since U represents the preferences on A(Q) x Y, we must have Uiy, y") = Uliw,y*). But

then we have u*(w', y") = Ui, y") = Ui, y*) = w* (W', y*) = al, () as required.

Step 2: Show that for every (v',vy'(w')) € Uyea({w} X Y(w)) there exists a number
such that [y" (') = ¢'(W)] = [u" (W', 4") = o i)

Step 3: Show that there exists a function u : Uyeq({w} X Y(w)) — R such that for every
(¢,9) € A(Q) x Y, Ulq,y) = X e0(q 1w u(w, y(w)).

From step 1, we know that there exists a function u* : Q2 x Y — R such that U(q,y) =
> wec(q) 1W)u(w, y). From step 2, we know that for every (v, y(w')) € Usea({w} x Y(w))
there exists a number o, ., such that [y"(w') = y'(w')] = [u* (W', y") = o, (] Hence,
we can define a function u : Upeo({w} x Y(w)) — R by u(w',y(w')) = ol - Then

we have U(q,y) = Zwec(q) q(w)u*(w,y) = ZWEC(Q) Q(W)O‘Z,y(w) = Zwec(q) q(w)u(w, y(w)) as
required. Q.E.D.

Claim 14. Let ¢1,q2 € A(QQ). Then for every a € (0,1), C(ag + (1 —a)q) = C(q1) UC(g2).

Proof of Claim: We note that for every w € C(q;) U C(go), it follows that ag (w) + (1 —
a)ga(w) > 0. Hence w € C(ag + (1 — a)g2). We also note that w € C(ag + (1 — a)ga)
implies that agq (w) + (1 — a)ga(w) > 0. But then either ¢;(w) > 0 or g2(w) > 0. Hence
w € C(q1) UC(gs) and we can conclude that C(aq + (1 — a)g) = C(q1) U C(g2). Q.E.D.

Proof of Theorem 1: Step 1: Show that Axioms A1-A5 implies the existence of the
function wu.

From Lemma 13, we know that there exists an affine representation U of the preferences
on A(Q) x Y with the further property that for any (q,v),(¢,v') € A(Q) x Y for which
(q¢,y) = (¢',y') the function is onto the interval [U(¢’,v'), U(q,y)]. From Lemma 14, it follows
that there exists a function u : U,ecq({w} xY (w)) — R such that for every (¢,y) € A(Q)xY,
U(g:y) = > ec(q 4@)u(w, y(w)). This function u hence has all the required properties.
Hence existence is done.

43



Step 2: Show that the only if part of the moreover statement holds.

Let v : Uyea({w} X Y(w)) — R be another function with the same properties. Define
ViAQ) xY — Rby V(g,y) = 3 co(q 4(Ww)v(w,y(w)). This function is clearly an affine
representation of the preferences on A(Q2) x Y.

(i) If there does not exist distinct elements wi,w; of  and y* in Y such that [(¢,y) #
(fwg,¥*)] = [g(wi) > 0], then we know from Lemma 13 that there is a,b (b > 0) such that
V = a+bU. Consider any (w,y(w)) € Uyea({w} xY (w)). Then there exists y* € Y such that
y*(w) = y(w). Then we must have v(w,y(w)) = V(iy,,y*) = a + bU (i, y*) = a + bu(w, y(w))
as required.

(i) If there does exist distinct elements w],ws of Q and y* in Y such that [(q,y) #
(fwg, ¥*)] = [g(w]) > 0], then we know from Lemma 13 that there is a, b1, by(b1 > 0,0, > 0)
such that:

Vigy) =4 @ 0lU@y) = Uliug, )i (0,9) = (g, 57)
’ a+ba[U(q,y) — Uliwg, y*)] otherwise

Consider any (w, y(w)) € Uyeq({w}xY (w)). Then there exists y*™* € Y such that y*™*(w) =
y(w). If (ie, y™*) = (iwg, y*) then we must have v(w,y(w)) = V(iv, ¥™*) = a + 01[U (iw, y*) —
Uliws, y")] = a + bifu(w, y(w)) — u(w*,y*(w*))] as required. Likewise, if (ivs,y*) = (iw, y*"),
we must have v(w,y(w)) = V(iw, ™) = a + b2[U (i, ™) — Uliuz, ¥*)] = a + baofu(w, y(w)) —
u(w*, y*(w*))] as required.
Step 3: Show that the if part of the moreover statement holds if there does not exist
distinct elements wy,w; of € and y* in Y such that [(q,y) # (i, y*)] = [q(w]) > 0].
Consider any function v : U,cq({w} x Y(w)) — R for which there exists a,b (b > 0)
such that v is defined by v(w,y(w)) = a + bu(w,y(w)). Define V' : A(Q) x Y — R by

V(Qa y) = ZwGC(q) Q(W)U(W, y(w)) Then

V(Q?Z/) = ZweC(q (w) ( ( ))
= Lwec(p 1W)(a+ bu(w, y(w)))
= a+ ZWEC@Q( w)bu(w, y(w))
= a+0bU(q,y).

From Claim 3, it follows that V' is an affine representation of the preferences on A(2) x Y
with the required onto property. Hence v has all the required properties.

Step 4: Show that if there exists distinct elements wj, w3 of 2 and y* in Y such that

[(q,y) % (iwz,y")] = [g(w]) > 0], then [w # wi] = [Vy € Y, u(w, y(w)) = u(ws, y*(w3))]-
Let w # wj. Then for every y € Y, it follows from the present assumption that
(i, Y(w)) ~ (iwz,y*(w3)). But then by representation, we must have

ww, (@) = Lecq) bw@ulw, y(W)
2wreciyy) by (W)W, " (W)

= u(ws, ¥ (w3))

as required.
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Step 5: Show that if there exists distinct elements wi,w; of  and y* in Y such that

[(q,9) # (iwy, y")] = [a(w]) > 0], then [(iw;, y(wi))

u(ws, y*(w3))]-
Let (iwg, y(wi)) = (g, ¥ (0

uwi, y(wi)) =
>

as required.

= (g, v (W3))] = [uwf,y(w))) =

5)). Then by representation, we must have

Zw’EC(iw) % (Wu(w', y(w'))
Sorecg s ()l 5 ()
w(ws, y*(w3))

Step 6: Show that if there exists distinct elements wi, w3 of 2 and y* in Y such that

[(¢;9) # (iwgy7)] =
(wp (wi))].
Let (i, y"(w

u(wi, y(wr))

IN

as required.

[g(w}) > 0], then [(i;,y"(w

5)) = (o, y(wi))] = [u(ws, y™(w3)) >

5)) = (1w, y(wy)) Then by representation, we must have
Zw/eC(in) ot (W (W', y(W'))

> w g (Wu(W', y* (W)
(i)
u(ws, y*(w3))

Step 7: Show that if there exists distinct elements wi,w; of 2 and y* in Y such that
(@,y) # (g y7)] = la(wi) > 0], then g(wf) > 0 implies that [(¢,y) = (iw;,y")] &

[(iwr, y(wi)) = (g, y™ (w3))]-
Indeed, from steps 4 it follows that

> veciq) 4W)u(w, y(w))]

weCiyy) bos (W)U’ (W)

Hence, when g(w}) > 0 we have
(4.y)
Y wec(q) 1wW)u(w, y(w)
u(wi, y(wi))
2owreci,y) o (W)@, y (W)

(wa ’ y(wf))

as required.

V= IV&ESIVES IVETY

(iw; ) y*>

Zw’GC(iw;) ng (W’)U(u)/? y* (w,))
u(ws, y* (w3))

2owreciyg) s (WulW', (W)

5))

(Zwé‘ ) y* (w



Step 8: Show that the if part of the moreover statement holds if there exists distinct
elements wy,w; of Q and y* in Y such that [(q,y) # (iu;,y*)] = [g(w]) > 0].

Let v @ Uyea({w} x Y(w)) — R be a function with the property that there exists
a, by, ba(by > 0,by > 0) such that:

_ Jatbifu(w,y(w) = u(ws, y™ (w)] i (i, y) = (iwg, y7)
v(w yw)) = { a+ balu(w, y(w)) — u(ws, y*(w*))] otherwise

Define V' : A(2) x Y — R by V(¢,y) = >_ co(q 1(W)v(w, y(w)). We claim that

Vigy) =4 @ b1[U(q,y) — Uiy, y)] if (¢, 9) = (iwg, y7)
9 a+ba[U(q,y) — Uliwg, y*)] otherwise

Indeed, if (q,y) = (iws,y"), it follows from steps 4,5, and 7 that

Vigy) = Yieo @v(w,y(w))
Zwec() ( )[a+b1[u( ’y<w)
= a+b1 ZWEC(Q) Q( )[U( 7y(w)
a+b1[[> co(q 1w)u(w, y(w)
a+b1[U(q,y) — Uliug, y"(w")

as required. Likewise, if (ius,4*) = (¢, ¥), it follows from steps 4,5, and 7 that

)
Vigy) = ZwEC()q( w)v(w,y(w))
ZwEC() ( )[a+62[u( W,y
= at o) coq W) |uw,y
a+b2[[> e 4(W)ulw,y
a+by[U(q,y) = Ui,

@E
*
—~
&
*
~— ~—

as required. Hence, we can conclude that

Vigy) =4 @ 0lU(@y) = Uliug, ) i (0,9) = (g, 57)
%Y a+by[U(q,y) — Uliwg, y*)] otherwise

From Lemma 9 it then follows that V' is an affine representation of the preferences on
A(Q) x Y with the required onto property. Hence v has all the required properties.

Step 9: Show that if there exists a function u : Uyeq({w} X Y (w)) — R such that

(0.9) = @ & [ awulwyw) = Y d@uwy @),

weC(q) weC(q)

then axioms A1 — A5 holds.

Let u : Uyea({w} x Y(w)) — R be such that

(g9) = (@) & 1D qwulwyw) > > ¢ @ulwy (W)

weC(q) weC(q')
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(i) Let y,y’ € Y satisfy the property that y(w) = ¢/ (w). Clearly, it then follows that

> wrec(iy) tw@uW’ y(Ww") = u(w,y(w))
= u(w,y'(w))
= Z e )Zw( ) (w//’y/(w//».

By representation, it then follows that (i,,y) = (i,,vy’) and (i,,vy") = (iv,y). In other
words, (iy,y) ~ (iy,y’). Hence Al is satisfied.

(ii) No/te that fo/r any pair (q,y), (q,’,y’) € A,(Q) x Y, either }° o, ¢(@)u(w, y(w)) =
>weciyy € Wu(w,y'(w)), or - copn @ (Wu(w,y' (W) = 3 co(q 1W)u(w, y(w)). By repre-
sentation, this implies (q,y) = (¢',v) or (¢',y) = (q,y). Hence A2 holds.

(iii) Let (q,y), (¢, y), (¢",y") € A(Q) x Y satisfy the properties that (¢,y) = (¢/,y) and
(¢',y") = (¢",y"). By representation, it follovx/fs that ZweC g(w)u(w,y(w)) > ZwEC(q’) ¢ (w)u(w,y' (w))
and 3 o ¢ Wuw,y' (W) = 3 con @' (Wu(w, y"(w )) By the properties of the real

number line, it follows that }° o ¢(w)u(w,y(w)) = >, co@n ¢ (w)u(w,y"(w)). By repre-
sentation, it then follows that (¢,y) = (¢”,y"”). Hence A3 holds.

(iv) Let y1,y2 € Y, and q1,q2, g3 € A(Q) satisfy the property that (g1,vy1) = (g2,%2) >
(g3, y1). By representation, it follows that

ZwGC(ql) q1 (w)u<w7 U1 (w>) > ZwEC(qg) Q2(w)u<w7 Yo (W))
> ZWEC((IS) Q3(w)u<w7 hn (w)>

We know by the properties of the real number line that there is an « € (0, 1) such that

of Y a@u@,n@)+1-a)] Y s@uwyn@)]> Y ewuwyw)).

wel(q1) weC(qs) weC(g2)

We note that for every w € C(q1) U C(g3), it follows that aq(w) + (1 — a)gs(w) > 0.
Hence w € Claq; + (1 — a)g3). We also note that w € C(ag; + (1 — a)gs) implies that
agr(w)+ (1 —a)gsz(w) > 0. But then either ¢;(w) > 0 or g3(w) > 0. Hence w € C(q1)UC(qgs)
and we can conclude that C'(aq + (1 — a)g3) = C(q1) U C(g3). But then we have,

OIS ety 0 ), ()]
T e e m(e)] ~ Zwect ()

ZwGC(ql)UC(qg)[O‘QI(W) + (1 — a)gs(w)|u(w, y1(w))

Zwec((p) 42 (w)u(wv Y2 (w))

Y weClag+(1-ay (@1 (W) + (1 = )gs(W)]u(w, y1(w)) > D ec(q) 2(@W)u(w, y2(w))

Y<=VE&=Ve= V

(g1 + (1 — a)gs, y1) (42, 92)

as required for A4.
Likewise, by the properties of the real number line that there is an 5 € (0,1) such that

Bl Y a@ulw,n@)+ (1 =0 Y sulw,nw)] < Y swulw,pw).

wel(q1) w€eC(q3) weC(q2)
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We note that for every w € C(q1) U C(g3), it follows that B¢ (w) + (1 — §)gs(w) > 0.
Hence w € C(Bq1 + (1 — B)g3). We also note that w € C(Bq; + (1 — ()g3) implies that
Bq1(w) + (1 —B)gs(w) > 0. But then either ¢;(w) > 0 or g3(w) > 0. Hence w € C(q1) UC(qs3)
and we can conclude that C(8q; + (1 — 3)g3) = C(q1) U C(g3). But then we have,

B e @ ¢ (w)u(w, y1(w))]
+(1 - g() [)Zwec(%) g(w)u(w, y1(w))] ZWEC(qz) G (w)u(w, y2(w))

2 wec(auc( B W) + (1 = Blgs(@)u(w, 11(w)) < YPpec(y) RW)u(w, y2(w))

2 weC(a+(1-p)g B (W) + (1 = Fgs(w)u(w, y1(w) < Xpco(g LWuw, ya(w))

Y<=ANANE=A<= A

(92, 12) (Bar + (1 = B)gs, y1)

as required for A4. Hence A4 holds.

(v) Let (q1,91) ~ (g2,92). By representation, we know that >_ -, ¢1(w)u(w, y1(w)) =
> wec(p) W)u(w, y2(w)). Consider any ¢,¢" € A(Q2) and any a € (0,1). From Claim [], we
know that C(q)UC(q1) = C(ag+ (1 —a)q1)) and C(¢')UC(q2) = C(aq + (1 —a)gz)). Then
it follows that

(¢,91) % (d,92)
Zwec(q) q(w)u(w, y1(w)) E Zwec(q/) ¢ (W)u(w, y2(w))
« ngc(q) Q(w>u(w7 U1 ((,U)) > Q Zwec(q') q/<w)u(w7 Y2 (w))
(1 =) > ec(en @ (Wuw, y1(w)) & (1= a) X ec(g) RWu(w, yo(w))
2 wec(au(|@1w) S Lwec(e)uc()|*d (W)
+(1 = a)q(w)]u(w, y1(w)) & +(1 = a)ga(w)]u(w, y2(w))
Zweo(aq+(1—a)q1)[QQ(w) > Zwec(aq/+(1_a)q2)[aq/<w)
+(1 — )1 (w)]u(w, y1(w)) & +(1 — )2 (w)|u(w, y2(w))
(ag+ (1 —a)g, ) = (g + (1 —a)gz, y2).

Hence A5 holds.

Q.E.D.

4.7 Theorem 2

Throughout this section, we take as given all the assumptions of Theorem 2.

Claim 15. Let w € Q and y1,y2 € Y satisfy (i, 1) = (iw,y2) and let (¢*,y*) € A(Q) x Y
satisfy (iw,y1) = (¢*,y*) > (iw,y2). Then Iy €Y such that (i,,y") ~ (¢*,y*).
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Proof of Claim 14: Fix y(Q\{w}) € [[,cq (wy Y (w'). We note that it follows from axiom
A1 that (i, 11(w), 5@\ L) ~ (i 1) > (6 57) > (in 90) ~ (i 12(), 52 {'}).

Let W, = {y(0) € Y(@)l(ic,9) = (6", 5")}, Ws = {9(w) € Y(@)I(@">5°) = (ic,9)}, and
Ws = {y(w) € Y(w)|(¢*,y*) ~ (in,y)}. By definition, these sets are disjoint. We note that
Wy and Wy are nonempty since y;(w) € Wi and yo(w) € Wy, From Axiom A2 it follows that
Y(w) = Wy UW, U Ws. It now suffices to show that Ws # ().

Suppose W3 = ). From Axiom A6, it follows that the sets

Y(w)\Wr = {y(w) € Y(w)l(q",y") = (iw,y)}; and
Y\ Wy = {y(w) € Y(w)|(iw,y) = (¢",y7)}

are closed. But then we know that W; and W, are nonempty disjoint open sets such
that Y (w) = W; U Ws. Hence the pair of sets W, and W, form a separation for Y (w). But
Y (w) is a connected sets. A contradiction. Hence W3 # () and there exists y” € Y such that

(1w, y") ~ (¢, y%). QE.D.

Claim 16. The function u given in Theorem 1 satisfies the property that for every w € € and
any y1,y2 € Y for which (i,,y1) > (iw, Y2), it follows that for every o € [u(w, y2(w)), u(w, y1(w))]
there ezists y* € Y such that u(w, y*(w)) = a.

Proof of Claim 15: Let w €  and yy,y, € Y satisfy the property that (i, y1) > (7w, y2)
and let a € [u(w, yo(w)), u(w, y1(w))]. (1) If @ = u(w,y1(w)), then we can set y* = y; and we
are done since o = u(w, y*(w)). (ii) Likewise, if a = u(w, y2(w)), then we cans set y* = y
and we are done since a = u(w, y*(w)). (iii) If u(w, y2(w)) < a < u(w, y1(w)), we know that
0, 91(9)) = Sorecqe, 1 (e 1 () and that w(w, g2(@)) = Seors) 1 (e, g2())
Hence o € (3_,ccqi,) Hw)u(w', 2 (W), Yo eoq,) Hw)ulw’, y1(w'))). But then we know from
the onto property stated in Theorem 1 that there exists (¢*,y*) € A(Q) X Y such that o =
>weo O (@W)u(w' y*(w')). From representation, it then follows that (iu,y1) = (¢, y*) =
(1w, y2). Then it in turn follows from Claim 14 that there exists y” € Y such that (i, y") ~
(¢*,y*). But then we must have

ww,y" (W) = Pecn, wlW ¥ (W)
2.

as required.

Q.E.D.

Proof of Theorem 2: Step 1: Show that the Axioms implies existence.

For each w € €, define a preference relation >, on Y such that [y =, ¥'| < [(iw,y) =
(iw,9y')]. Since > satisfies axioms A2, A4, and A6 it follows that =, is complete, transitive,
and closed. From Debreu’s [| Theorem, it then follows that there exists an continuous
function v, : Y — R such that [v,(y) > v, (¥)] < [y = V]

Step 1A: Show that a continuous expected utility function exists if # = 1.
Denote by w* the unique element of Q and by i,+ the unique element of A(2). Define
a function u : {w*} x Y(w*) — R by u(w*,y) = v,+(y). Since v is continuous, it follows
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that w is continuous. Then it follows that the function U : A(2) x Y defined by U (iy+,y) =
D weC(ie) bt (W)u(w, y(w)) also is continuous as required. Now, we also have

(iw*v y) t (iw*v y/)

T
Y = Y

i}

v (y) > v (Y)
T

u(w ,y) > u(why)
i}
>

Zw’eC(iu*) iw* (w/>u(u),7 y) Zw’EC(iw*) Z.w* (u)’)u(w/7 y/>

as required. Hence the desired continuous expected utility function exists.

Step 2: Show that a continuous expected utility function exists if # > 2.

Let u : Uyea({w} X Y(w)) — R be the function given in Theorem 1. It suffices to show
that for every w € Q, u(w,.) is continuous.

For each w € Q define A(w) := {r € R|Fy € Y : v,(y) = r}. We note that for every
y € Y, there exists uniquely r; € R such u(w,y(w)) = r;. Furthermore, whenever v,(y) =
v, (y') we know that ry = ry,. We can hence define uniquely a function w, : A(w) — R such
that w,(r) = r* if and only if there exists y € Y such that v,(y) = r and u(w, y(w)) = r*.
We claim that for every w, the function w,, is continuous.

Indeed, let {r;}32, be a sequence of elements of A(w) such that r, — 7 where 7 € A(w).
It suffices for us to show that limy . w,(rr) = w, (7). If img_ wy,(rx) # w,(T), there are
two possible cases:

(i) There exists ™ < w,(7) such that for infinitely many elements of the sequence
{wy,(rr) }32,, it follows that w,(ry) < r*. We note that this implies the existence of ¥ € Y
and for every k, y, € Y such that for infinitely many element of the sequence {w,(rr)}%2,
we have w,(rr) = u(w,yp(w)) < r* < u(w,y(w)) = w,(7). From claim 15 it follows that
there exists y* € Y such that u(w,y*(w)) = r*. But then we must have that for infinitely
many element of the sequence {ri}22,, rx = vu(yr) < v,(y*) < v,(y) = 7. But then it can
not be that r, — 7, a contradiction.

(ii) There exists r* > w,(7) such that for infinitely many elements of the sequence
{wy, () 1324, it follows that w,(ry) > r*. We note that this implies the existence of 7 € Y
and for every k, yp € Y such that for infinitely many element of the sequence {w,, (%)},
we have w,(r;) = u(w, yp(w)) > r* > u(w,y(w)) = w,(7). From claim 15 it follows that
there exists y* € Y such that u(w,y*(w)) = r*. But then we must have that for infinitely
many element of the sequence {ri}2,, rx = vy(yr) > vu(y*) > v,(y) = 7. But then it can
not be that r, — 7, a contradiction.

Since neither (i) nor (ii) can hold, we can hence conclude that limy . wy,(1%) = w,(7)
which in turn implies that for every w, the associated function w,, is continuous. We now
simply note that for every w € Q, we have that for every u(w, y(w)) = w,(v,(y)). Since both
v, and w,, are continuous functions, it follows that u(w,.) also is continuous as required.

Step 2: Show that the existence of a continuous expected utility function implies Axioms
A1-A6.
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Step2A: Show that if # = 1, then every preference relation satisfying axioms A2 — A3
also satisfies axioms Al, A4, and A5.

Suppose #) = 1 and denote by w* the unique element of 2. We note that [y(w*) =

y'(w*)] = [y = ¢/]. But then it follows from A2 and A3 that (iy«,y) ~ (iw+,y') so Al holds.
We also not that #A(2) = 1. But then it again follows from A2 and A3 that there does
not exist y; € Y and ¢q, g3 € A(2) such that (¢1,41) > (g3, y3). Hence A4 must be satisfied.
Finally, let (g1, 11), (g2, y2) € A(2) x Y satisty (¢1,41) ~ (go, y2). Since #A(Q) = 1, it follows
that for every ¢*, ¢** € A(Q), (¢*,v1) = (¢1,v1) and (¢™,y2) = (¢2,y2) and it hence follows
that (¢*,y1) ~ (¢**,y2). Consider any ¢,q € A(Q2) and o € (0,1). Then we must have both
(g, y1) ~ (¢',vy) and (ag+ (1 — a)q1, 1) ~ (¢’ + (1 — @)ga, y2). Hence A5 is satisfied.

Step 2B: Show that if the preference relation in representable by a continuous utility
function representation it follows that axioms A2, A3, and A6 are satisfied.

(i) Note that for any pair (¢,y),(¢',¥') € A(Q) x Y, either > o, ¢(w)u(w, y(w)) =
Ywec(q) 4 Wulw, ¥'(w)), or X eci) € (W)u(w, ¥ (W) = Y o 4W)ulw, y(w)). By repre-
sentation, this implies (q,y) = (¢,vy) or (¢,v) = (q,y). Hence A2 holds.

(i) Let (¢,v), (¢, v), (¢",y") € A(Q) x Y satisfy the properties that (¢,y) = (¢/,y) and
(d,v) = (¢",y"). By representatlon it follows that ZweC’ (@ AWu(w, y(w)) = D o) € (Wulw, y'(w))
and > o ¢ Wuw,y' (W) = 3 e €' (W)u(w,y"(w)). By the properties of the real
number line, it follows that > o ¢(w)u(w,y(w)) = >° e ¢ (w)u(w,y"(w)). By repre-
sentation, it then follows that (q,y) = (¢",y"”). Hence A3 holds.

(ilia) Let {yx}32; be any sequence of elements in the set {y € Y|(i,,y) = (¢*,y*)} such
that y, — ¥. From representation, we know that for every k, we have ) ., i, (w')u ( "y(W')) >
Y oweo @ (Wu(w', y*(w')). From continuity, it then follows that ) . i (W )u(w', g(w')) >
Y owen @ (Wu(w', y*(w')). Then it in turn follows from representation that (i, 7) = (¢*, y*).
Hence the set {y € Y|(iw,y) = (¢*,y*)} is closed.

(ilia) Let {yx}52; be any sequence of elements in the set {y € Y|(q*7y*)
that y, — ¥. From representation, we know that for every k, we have ) , i
Y oweo @ (Wu(w', y*(w')). From continuity, it then follows that > g iw(
Y owen @ (Wu(w', y*(w')). Then it in turn follows from representation that
Hence the set {y € Y|(¢*,y*) = (i, y)} is closed.

We can then conclude from steps (i)-(iii) that axioms A2, A3, and A6 all hold.

/\ E\
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Step 2C: Show that axioms Al, A4, and A5 all hold.
If #Q = 1, this follows from step 2A. If # > 2, then it follows from Theorem 1.

Step 3: Show that the moreover remark holds.
This is an immediate consequence of Theorem 1.
Q.E.D.
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