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1 Introduction

Bayesian statistics is built around the concept of posterior probability. First proposed by
Bayes (1763) and Laplace (1785, 1810) in the 18th century, calculations of posterior proba-
bilities requires integration of complex high-dimensional integrals. Except for the simplest
of models, there are no reliable analytical or numerical integration techniques available for
such models.

Monte Carlo simulation (see e.g., Metropolis and Ulam (1949), Eckhardt (1987) and
Fishman (1999)) offers a possible alternative integration technique. The simplest forms of
Monte Carlo simulation involves generating independent and identically distributed draws
from the densities of interest. Most of these exact sampling procedures make use of either
the inverse transform method or von Neumann’s (1951) accept-reject procedure. In Bayesian
statistics, exact Monte Carlo sampling procedures have largely been limited to models with
natural conjugate priors (Raiffa and Schlaifer, 1961). Models with natural conjugate priors
have posterior densities of the same functional form as the prior density. The adaptive
rejection sampling Algorithm (Gilks and Wild 1992, Gilks 1992) and Adaptive Rejection
Metropolis Algorithms (Gilks, Best and Tan 1995) make efficient use of von Neumann’s
accept-reject procedure in the univariate case and has been implemented as part of Gibbs
sampling procedures (Geman and Geman 1984, Gelfand and Smith 1990). These algorithms
gradually construct an improved approximation to the full conditional posterior density by
using tangents to the full conditional posterior density.

The innovative Gibbs sampling procedures considered by Gelfand and Smith (1990) in
the context of a hierarchical random effects model have proven useful for large classes of
models and is at the heart of the Bugs (Bayesian Inference Using Gibbs Sampling) Software.
Two recent papers by Nygren (2003a, 2003b) derives efficient exact sampling procedures
for a large class of generalized linear models with non-conjugate priors. In this paper, we
extend most of the results in Nygren (2003b) to the corresponding hierarchical models. Our
results are naturally divided into those dealing with models with normal data and models
with log-concave likelihood functions.

The first model considered is a hierarchical random effects model with normal data. It
includes the balanced hiearchical random effects model considered by Gelfand and Smith
(1990) as a special case. We derive an exact sampling procedure for this model. The result
for this basic model is then extended to a hierarchical random effects model with multivari-
ate normal data and to a hierarchical Bayesian regression model. While the procedures for
the normal and multivariate normal models work in general, the procedure for the hierar-
chical Bayesian regression model works only if certain full rank conditions are satisfied. The
expected number of draws required before acceptance depends on the number of individuals
modelled and the dimensionality of the hierarchical model. We compare our acceptance rates
for the basic random effects model to the bounds obtained by Jones and Hobert (2004) for
the rate of convergence of the Gibbs sampler for the same model.

We next consider hierarchical random effects models with log-concave likelihood functions
and show that likelihood subgradient densities (Nygren 2003a) can be used in order to sample
from the posterior density resulting from such models. Likelihood subgradient densities make
use of subgradients for the negative of the likelihood function at some point 3. Our result
requires that the subvector of the subgradient which corresponds to the random effects



parameters is a vector of zeros. This identifiability condition essentially requires that a
conditional maximum is obtained for the likelihood function. In other words, conditional on
the other parameters, the random effects parameters must maximize the likelihood function.
The derived procedure should prove useful for hierarchical Poisson, hierarchical Logit, and
hierarchical survival models. The efficiency of the derived procedure can likely be improved
further through the use of Mixture Generalized Likelihood subgradient densities as in Nygren
(2003b).

The rest of this paper is organized as follows. In section 2, we derive the exact sampling
procedures for hierarchical models with Normal and Multivariate Normal data. Section 3
derives the sampling procedure for the hierarchical random effects models with log-concave
likelihood functions. In section 4, we provide explicit examples of how the procedure would
be implemented for the hierarchical Poisson and hierarchical Logit models. Section 5, finally,
contains some concluding discussion.

2 Generalized Linear Models with Normal and Multi-
variate Normal Data

2.1 A Hierarchical Normal Population Model

We first consider a Hierarchical Bayesian model of a normal population. Specifically, we
consider the following:

UIQDOP ~ Inverse — Gamma(mg/2, moVarg pep/2)
w ~ Normal(v,og)
B; ~ Normal(p, JIQDOP),Z' =1,...,m.

Ohata ~ Inverse — Gamma(ng/2, 10V are pata/2)

and for all i =1,... ,myq,
yi; ~ Normal(f;, a,%am),j =1,...,n;.

Here y represents an observed data vector. We note that this is a non-conjugate model. A
balanced version of this model was considered by Gelfand and Smith (1990) in their seminal
paper on the Gibbs Sampler. Geometric Ergodicity of the Gibbs sampler under certain
assumptions has been established by Hobert and Geyer (1998). Jones and Hobert (2003)
provide sufficient burn in iterations for the Gibbs Sampler under similar assumptions.

In order to develop an exact sampling procedure for this model, we introduce the following
fictitious model (Model A):



m1

mi1 N
b e ~ Inverse — Gamma((ng + Z(nZ —1))/2, (noVare pop + Z Z(y” —7.)%/2)

i=1 i=1 j=1
B; ~ Normal(;, 0y /i), 0 = 1,...,my
m1 _
a?;op ~ Inverse — Gamma((mg + (my — 1))/2, (moVaro pop + Z(ﬁl —3)%)/2)
i=1

1 ~ Normal(B, 0%,/ m1)

and a log-likelihood function given by

mo+mq — 1 — — 1
LL(B.p) = = gV 4 (5~ B) — (0~ )/
i=1
where 3 := > 3;/my, Y, = > ity Yij/ni for every i = 1,...,my, and v is now interpreted

as the data. We now establish the following important relationship between the Bayesian
Normal Population Model and Model A.

Claim 1. Fictitious model A has the same posterior density as the Hierarchical Bayesian
Normal Population Model.

Proof of Claim 1: It suffices to show that the log-posterior density for the two models
have the same terms involving 67,,,, 3,05, and p. Starting with the log-posterior from the
Hierarchical Bayesian Normal population model, we have (where K is a constant that does
not depend on 03, 3,0%,,, O i)
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which is recognized as the log-posterior for the fictitious model. Q.E.D.

We note that the likelihood function for fictitious model A obtains its maximum when
,my. Hence it follows from Fact 1 in Nygren (2003)

pw=vand 3 = 3 for every i = 1,...

that the prior of the fictitious model can be used with an accept-reject procedure to generate
a sample from the Posterior density. We thus have the following exact sampling procedure
for the Hierarchical Bayesian Normal Population Model.

Repeat Until Acceptance:



(i) Generate 0 e ~ Inverse—Gamma((no+Y_ i1 (ni—1))/2, (noVarg, Data+z Z] L(ii—
(11) For i =1,...,my, generate 3; ~ Normal(¥;, 0%,/ Mi)- B

(ili) Generate o3, ~ Inverse—Gamma((mo+(m;—1))/2, (moVarg pep+ S 1 (Bi—5)%)/2).
(iv) Generate p ~ Normal(3,0%,,/my).

(v) Generate U ~ Uniform(0,1).

(vi) Accept if In(U) < =(1/2)(n — v)*(1/of) — tgustd in(erersg s (D7),

moVarg, pop

We note that the acceptance rate depends on two terms. The first term is of the same form
as the term used in the accept-reject procedure for the non-hierarchical model in Nygren
(2003(b)). It serves to shrink the mean parameter p towards its prior mean v. The impact
of the shrinkage depends on the strength of the prior. For weak priors, the impact of the
shrinkage is small. Conversely, it is large for a strong prior. The second term is new and
serves to shrink individual estimates towards the sample mean. We note that the magnitude
of this term increases with the total sample size my + m; and the ratio

(moVary pop + Z(ﬁl — 3)?)/(moVarg pop)-

=1

This ratio increases with the number of modelled individuals. Hence the acceptance rate
will tend to decline as the number of modelled individuals increases. Exponentiating the
acceptance conditions yields the following

moV arg pop

moV ary pep + Z;ill (B — B)Q

which reveals the dependence on the prior for the population variance parameter.

U < e~ W/202/od) {motm=n)

)

2.2 A Hierarchical Multivariate Normal Population Model

An important generalization of the Bayesian Normal Population model is to a multivariate
normal population. We now consider the following Bayesian Multivariate-normal population
model:

Ypop ~ Inverse — Wishart(moVarg pop, mo)
p ~ Multivariate — Normal(v, Xo)

Bi ~ Multivariate — Normal(u, Xpop),t = 1,...,my.

Y pata ~ Inverse — Wishart(noV aro pata, o)

and for all 2 =1,...,mq,



yi; ~ Multivariate — Normal(5;, Xpata), 7 = 1, ..., n;.
where again y represents an observed data vector.

As in the univariate case, we now introduce a fictitious model (Model B):

m1 N mi
Y pata ~ Inverse — Wishart(ngVarg + Z Z(y” — ) (Wi; — ;)" o + Z(nZ —1))
=1 j—1 i—1

B; ~ Multivariate — Normal(y;, (1/n:)Xpata), = 1,...,my

m1

Ypop ~ Inverse — Wishart(moVarg pop + Z(ﬂ, —B)(Bi = B)F,mo + (my — 1))

=1

p ~ Multivariate — Normal(3, (1/m1)Xpop)
and a log-likelihood function given by

(mo +my — 1)

1n(|m0V@7‘0,Pop + Z(ﬁz - B)(ﬁz - B)TD - %(V - M)TZEI(V — 1)

i=1

where 3 = (1/my) >0 Bi, T i= (1/m) > ity yiy for every i = 1,...,my, and v is now
interpreted as the data.
We now show the following equivalence result.

Claim 2. Fictitious model B has the same posterior density as the Hierarchical Bayesian
Multivariate-Normal Population Model.

Proof of Claim 2: It suffices to show that the log-posterior density for the two models
have the same terms involving ¥ pgsa, 3,2 pop, and p. Starting with the log-posterior from the
p-dimensional Hierarchical Bayesian Multivariate-Normal population model, we have (where
K is a constant that does not depend on Xpata, 3,2 pop, O 1)
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which is recognized as the log-posterior for the fictitious model. Q.E.D.

We note that the likelihood function for fictitious model B obtains its maximum where
vector p = v and 3 =  for i = 1,...,m;. Combining Claim 2 with Fact 1 in Nygren
(2003a), we thus have the following exact sampling procedure for the Bayesian Multivariate
Normal Population Model.

Repeat Until Acceptance:



(i) Generate Ypa ~ Inverse — Wishart(noVarg + 330" 375 (yij — ;) Wiy — 7)™ no +
>imi(ni = 1)).

(ii) For i = 1,...,mq, generate 3; ~ Multivariate — Normal(y;, (1/n;)X pata)-

(iii) Generate X p,, ~ Inverse—Wishart(moV arg, Popt Yt (Bi—=B)(Bi—B)T, mo+(my —1)).
(iv) Generate p ~ Multivariate — Normal(3, (1/m1)Epop)-

(v) Generate U ~ Uniform(0,1).

(

Vl) ACCth if ln(U) < - (mo+72’n1—1) ln(|m0Var0,Pop+Z;111(ﬁi*ﬁ)(@i*g)ﬂ) _ %(# _ V)Tz(;l(lu . l/).

|moVarg, pop|

The acceptance conditions is essentially just a multivariate generalization of the accep-
tance condition in the univariate case. To gain insight into the impact of the dimensionality,
it is worthwhile to consider the acceptance rate in the case where

mi

Z(ﬂz‘ — B)(B; = B)" = (m1 — 1)Varg pep.
i=1
In this case, the exponentiated acceptance condition reduces to
mo

P . E—
U_(mo—l—ml—l)

+mq—1 —
(mg ek )pe—%(#—V)Tzol(#—V)

which reveals the dependence on the dimensionality p.

2.3 Hierarchical Bayesian Regression with Normal Error terms

The hierarchical Bayesian regression model is an important generalization of the Bayesian
regression model. In this section, we derive exact sampling procedures for a Hierarchical
Bayesian regression model. More specifically, we consider the following model

p ~ Multivariate — Normal(v, Xg)
Y pop ~ Inverse — Wishart(moV arg pop, mo)
B1" ~ Multivariate — Normal(p, Xpop),i = 1,...,my
(B2 ~ Multivariate — Normal(vy, 7o)
J%ata ~ Inverse — Gamma(ng/2,n0V aro pata/2)

y§ ~ Normal(XlJiﬁli + X2}ﬁ2, a%aw),i =1,....my,j=1,...,n,.

Here



represents an observed data vector. Let us now introduce some additional notation. Let
[ X1' 0 0 0 |
0 X1 0 0
- 3
X1 o 0 0 Xi 0
|0 0 0 X1
X2!
3 X2°
X2 := ,
X2m
F A ]
512
g=| |,
g1
| 62

and X := X1 + X2.
If XTX has full rank p, then we can introduce the following fictitious model (Model C):

my

0% e ~ Inverse — Gamma((ng + (Z n;) —p)/2, (noVarg paa + (y — X6) (v — X3))/2)

=1

B ~ Multivariate — Normal (5, 02,,,(X7X)™)

mi
Y pop ~ Inverse — Wishart(moVarg pop + Z(ﬁli —B3)(B1" = BT mg + (my — 1))

i=1

p ~ Multivariate — Normal (5, (1/m1)Xpop)

and a log-likelihood function given by

LL(B,p) =~ in(jmgVarg po, + S0 (811 — B) (51 — B)T)
—5s (=TS (v —p) — 582 = )" (B2 — )

2
where 3 := (XTX)"' X"y, 3 := (1/m;) 3. 1%, and v is now interpreted as the data. In
the case of full rank, we can now show the following equivalence result.

11



Claim 3. If XTX has full rank, then fictitious model C has the same posterior density as

the Normal Regression Model.

Proof of Claim 3 It suffices to show that the log-posterior density for the two models

have the same terms involving ¥ pata, 3,27

Pop»

and p. Starting with the log-posterior from the

p-dimensional Hierarchical Bayesian Multivariate-Normal population model, we have (where
K is a constant that does not depend on X patq, 5,Xpop, O fi)
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which is recognized as the log-posterior for the fictitious model. Q.E.D.
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We note that the likelihood function for fictitious model C obtains its maximum at
vector p. Combining Claim 3 with Fact 1 in Nygren (2003), we thus have the following
exact sampling procedure for the p-dimensional Hierarchical Bayesian Regression model
with normal error terms.

Repeat Until Acceptance:

(i) Generate

mi

0% ~ Inverse — Gamma((ng + (Z n;) — p)/2, (ngVare paa + (y — XB3) % (y — X5))/2).

=1

(ii) Generate 8 ~ Multivariate — Normal((3, 0%, (XTX)™1).
(iii) Generate

Y pop ~ Inverse — Wishart(moVarg pop + Z(ﬂl’ — ) (1 = B)F,mo + (my — 1)).
i=1

(iv) Generate pu ~ Multivariate — Normal (3, (1/m1)Xpep).
(v) Generate U ~ Uniform(0,1).
(vi) Accept if

ln(U) < _ (mot+mi—1) 1n<|m0var0,P0p+Z;i11(ﬁli—ﬁ)wli—ﬁ)ﬂ)

2 [moVaroe, pop|

=5 = W) "S5 (v = 1) = (82 = )75 (B2 = 7).

We note that this procedure again should have reasonable acceptance rates as long as the
prior is relatively weak and centered not too far from the center of the support of the fictitious
prior.

3 Hierarchical Generalized Linear Models

In this section, we consider the following hierarchical model:

Y pop ~ Inverse — Wishart(moV arg pop, mo)

02 ~ Multivariate — Normal(u, Xo)
fori=1,...,mq,
B1" ~ Multivariate — Normal(0,Xp,p),i = 1,...,my
and a likelihood function
f(ylBL, B2).

13



Let _

g
p12

and denote by

c(B) =

a sub-gradient for the negative of the log-likelihood at the point /3.

We now claim the following:

Claim 4. If c1() = 0, then the Jollowing distribution is a likelihood subgradient density for
the hierarchical Bayesian model at 3.

Y pop ~ Inverse — Wishart(moV arg pop, mo)

(32 ~ Multivariate — Normal(p — Zoc2(3), o)

fori=1,...,myq,
B1" ~ Multivariate — Normal(0,Xpyp), i = 1,...,my

Proof of Claim: Denote by gs,, (.) the prior distributions for ¥p,p,, by gga(.) the prior
distribution for 52, and for every i = 1,...,m; denote by gs:(.|Xpop) the prior distribution
for 51°. Define a new distribution h(.) by

h(B2, X pop, B1) = €$P(—02(B)Tﬂ2)952(52)g2p0p(EPop)(ﬂ 951: (B[S pop)) /M GF (c(03))

=1

where

MGF(e(B) = [y Jsp, Jo &P P95(82)95,p,, (Epop) [T 91 (51 S o) ) dB1AE popd 32
= Lo €O P2g50(82) [, G5, (Srap) [ (LT 9510 (815 pop) )AB1AS popd 32
— f,@Q e*c2(B)T52962 (ﬂ2) fEPop ggpop(Zpgp)deopdﬁQ
= [ D P gp(52)dB2
= exp(—c2(B)T,u + 502(B)T2002(B)).

14



Here the last equality follows from Fact 4 in Nygren (2003a). Given the definition of a likeli-
hood subgradient density function in Nygren (2003a) it suffices to show that the probability
density function in our theorem corresponds to density function h(.).

Define a new density hga(.) by

hga(82) = exp(—c2(58)52)gp2(52) /MGF (c(B))

Given the above formula for MGF(c(3)), it is straightforward to verify that hg(52) is a
multivariate normal density function with mean vector u — ¥c2(/3) and variance-covariance
matrix .

It then follows that

mi

132, S pop, B1) := ha(B2) g5, (Srop) (] [ 951 (81 [Spp))

=1

which is recognized as the density in our Theorem. Q.E.D.
Combining this result with Theorem 3 in Nygren (2003a) yields the following exact
sampling procedure for the hierarchical model.

Repeat Until Acceptance:

(i) Generate X p,, ~ Inverse — Wishart(moV arg pep, mo).
(ii) Generate 32 ~ Multivariate — Normal(p — $oc2(5), Xo).
(iii) for : = 1,...,m,, generate
B1" ~ Multivariate — Normal(0, Xpep), ¢ = 1,...,my.
(iv) Generate U ~ Uniform(0,1).

(v) Accept if U < exp(—c2(8)"52) f(y|8)/ (exp(—c2(8)" 52) f(y]5))

The expected number of draws required before acceptance when using this procedure is
given explicitly by

_JIB)_ MGF(c(B)
"I en(—2@) )

The expected number of draws required can be reduced through the use of mixture Gener-
alized Likelihood-Subgradient densities as in Nygren (2003b).

A special case of the above model occurs when the likelihood function can be factored as
follows:

FylsL, p2) = [ | fiwsl X 1,81 + X2,52).

i=1

Another common formulation of the latter type of hierarchical model is the following

(321 ~ Multivariate — Normal (g, Xo.1)

B2y ~ Multivariate — Normal(psa, ¥o.2)

15



Y pop ~ Inverse — Wishart(moV arg pop, mo)
fori=1,...,mq,
Bli ~ Multivariate — Normal (321, X pop)

and a likelihood function
fylB1, B2) = H Fi(wil X101, + X2,32,).
i=1

We now show that by using a one-to-one and onto transformation of the parameters in
this formulation, we can still use the above described procedure in order to generate an
random draw from the posterior density associated with this model. Define the following:

]

| B2
(2 = [&; }

ﬂlz = 61@_62171: 1,...,m1

We note that it follows that

X1,01, + X2,82, = X1,(81; + 21) + X2,62,
X1,81; + X1,621 + X2:62,
= X1,81; + X2,32.

Hence the above model is equivalent to

(32 ~ Multivariate — Normal(u, o)

Y pop ~ Inverse — Wishart(moV arg pop, mo)

16



fori=1,...,m,
B1" ~ Multivariate — Normal(0, S p,p),i = 1,...,my

and a likelihood function given by
mi
FlB1,82) = [ [ filw:| X 1,81 + X2,32).
i=1

This means that we can use the following procedure in order to generate a sample for
B2, X pop, and B1:

(i) Generate a sample for (32,3 p,,, and 31 as above.

(ii) For each i = 1,...,my set 51, = 1; + (§2;.

4 Examples
5 Discussion
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