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Abstract

Bayesian statistics is built around the concept of posterior probability and requires

the integration of complex high-dimensional integrals. Except for the simplest of mod-

els, there are no reliable analytical or numerical integration techniques for such models.

Current estimation procedures typically make use of Markov Chain Monte Carlo tech-

niques that rely on Markov Chains which converge to draws from the densities of

interests. Unfortunately, there are few known results regarding the rate of convergence

for Markov Chains. This makes it hard to judge when a Markov Chain has been run

long enough. In this paper, we derive efficient exact sampling procedures for a large

class of Bayesian Generalized linear models. This should facilitate the development of

Bayesian softwares that do not require convergence diagnostics on the part of users.

Our first set of procedures are for models with normal and multivariate data. We

show that such models have the same posterior densities as fictitious models with

log-concave likelihood functions. This result allows us to make use of Likelihood-

subgradient densities and accept-reject procedures in order to produce samples for

such models. The resulting procedures are easy to implement and should be efficient

as long as the prior is relatively weak and centered not too far from the center of the

data. We provide explicit sampling procedures for a model of a normal population, a

model of a multivariate normal population, and a regression model with normal error

terms. The same type of procedures should be applicable to a large class of other

models as well.

Our second set of results concerns models with multivariate normal priors and log-

concave likelihood functions. We show that mixtures of restricted likelihood subgradi-

ent densities can be used together with accept-reject procedures in order to produce
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exact samples from posterior densities. This result allows us to improve on the accep-

tance rates that would result from the use of a single likelihood subgradient density.

We show explicitly how to sample from a mixture of restricted multivariate normal

likelihood subgradient densities. The efficiency of the resulting procedure depends on

the number of restricted likelihood subgradient densities and their corresponding po-

sitioning. For the case of a multivariate normal prior, we show how to compute a

function which can be used to compare the acceptance rates of any two mixtures of

restricted likelihood subgradient densities. This function should be useful in choosing

the positioning of restricted likelihood subgradient densities. The sampling method is

illustrated for models with Poisson data and canonical link functions. The same type

of procedures can also be used for any model with a multivariate normal prior and a

log-concave likelihood function.
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1 Introduction

Bayesian statistics is built around the concept of posterior probability. First proposed by

Bayes (1763) and Laplace (1785, 1810) in the 18th century, calculations of posterior proba-

bilities requires integration of complex high-dimensional integrals. Except for the simplest

of models, there are no reliable analytical or numerical integration techniques available for

such models.

Monte Carlo simulation (see e.g., Metropolis and Ulam (1949), Eckhardt (1987) and

Fishman (1999)) offers a possible alternative integration technique. The simplest forms of

Monte Carlo simulation involves generating independent and identically distributed draws

from the densities of interest. Most of these exact sampling procedures make use of either

the inverse transform method or von Neumann’s (1951) accept-reject procedure. In Bayesian

statistics, exact Monte Carlo sampling procedures have largely been limited to models with

natural conjugate priors (Raiffa and Schlaifer, 1961). Models with natural conjugate priors

have posterior densities of the same functional form as the prior density. The adaptive

rejection sampling Algorithm (Gilks and Wild 1992, Gilks 1992) and Adaptive Rejection

Metropolis Algorithms (Gilks, Best and Tan 1995) make efficient use of von Neumann’s

accept-reject procedure in the univariate case and has been implemented as part of Gibbs

sampling procedures (Geman and Geman 1984, Gelfand and Smith 1990). These algorithms

gradually construct an improved approximation to the full conditional posterior density by

using tangents to the full conditional posterior density.

Generalized linear models with canonical links are frequently used Bayesian models. Sev-

eral papers have suggested inexact sampling procedures for such models (Dellaportas and
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Smith (1993), Breslow and Clayton (1993), Gamerman (1997)). These inexact sampling

procedures make use of Markov Chain Monte Carlo techniques based on the Metropolis-

Hastings algorithm (Metropolis, Rosenbluth, Rosenbluth, Teller, and Teller 1953, Hastings

1970). The Metropolis-Hastings Algorithm makes use of a Markov Chain that converges to

a sample from the posterior density when run long enough. Bounds on the rate at which

the Metropolis-Hastings algorithm converges are unavailable for most models. Hence it is

not known how long the suggested inexact sampling procedures need to be run before the

Markov Chain gets close enough to the desired density. In a recent paper, Nygren (2003)

introduced likelihood subgradient densities and showed how such densities could be used

with accept-reject procedures in order to generate exact samples from posterior densities.

Likelihood subgradient densities are constructed from prior densities by subtracting a linear

term from the log of the density. The gradient of the linear term is a subgradient for the

negative of the log-likelihood function at some point x. Such subgradients exist at every

point for log-concave likelihood functions.

In this paper, we build on the results in Nygren (2003) in order to construct efficient

sampling procedures for Bayesian Generalized Linear models with non-conjugate priors. Our

first set of results concerns models with normal or multivariate normal data and independent

priors for regression and variance parameters. Such models do not have log-concave likelihood

functions and hence the results in Nygren (2003) are not directly applicable. Our sampling

procedure instead makes use of the remarkable property that such models have associated

fictitious models with (i) the same posterior density and (ii) a log-concave likelihood function.

The results in Nygren (2003) are then applicable to the fictitious models. This useful property

is used in order to develop efficient sampling procedures for a model of a normal population,
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a model of a multivariate normal population, and a Bayesian regression model with normal

error terms. The acceptance rates for the resulting sampling procedures are related to the

strengths of the priors in the respective models. For weak priors, the procedures should be

very efficient. For very strong priors, the efficiency of the procedures declines. While these

first set of results are presented for models with normal and multivariate normal priors, the

same procedures could be used for more general prior specifications as long as the prior

densities are bounded above.

Our second set of results make use of mixtures of restricted likelihood subgradient den-

sities in order to improve on the exact sampling procedures presented in Nygren (2003).

The key property of a Likelihood Subgradient density that enable its use in accept-reject

procedures is that a multiple of the density bounds the posterior density from above. The

smallest such multiple of the density moreover equals the posterior density at the point

for which the gradient of the subtracted term is a subgradient for the negative of the log-

likelihood function. As a result, the smallest such multiple is a good approximation for the

posterior density in a neigborhood of that point, but a poorer approximation further from

that point. By using mixtures of restricted likelihood subgradient densities, we are able to

construct better general approximations to the posterior density than what results from a

single likelihood subgradient density. The key theorem in this paper shows that mixtures

of restricted likelihood subgradient densities can be used to generate samples from poste-

rior densities. We also demonstrate how to construct a mixture of likelihood subgradient

densities from a class of restricted multivariate normal likelihood subgradient densities for

which sampling procedures are known. The method is then illustrated using the Poisson

regression model. The same method can also be used to generate samples for any model
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with a log-concave likelihood function and a multivariate normal prior. Such models include

the logit, multinomial-logit, and conditional-logit models.

The rest of this paper is organized as follows. In section 2, we derive exact sampling

procedures for models with Normal and Multivariate Normal data. Section 3 introduces

mixtures of likelihood subgradient densities and shows that such densities can be used with

accept-reject procedures in order to generate samples from their corresponding posterior

densities. It also demonstrates how to sample from such mixtures of restricted likelihood

subgradient densities for a class of mixtures of restricted multivariate normal likelihood

subgradient densities. In section 4, we show how to use mixtures of likelihood subgradient

densities in generalized linear models with Poisson data. Some concluding discussion is

contained in section 5. Section 6, finally, contains the proof of the theorem related to

mixtures of restricted likelihood subgradient densities.

2 Generalized Linear Models with Normal and Multi-

variate Normal Data

In Nygren (2003), we showed how Likelihood subgradient densities could be used to generate

samples from posterior densities. Models for normal data with independent priors for the

variance and mean parameters do not have likelihood subgradient densities. In this section,

we show that such models have the same posterior densities as fictitious models for which

likelihood subgradient densities exist. We make use of this property in order to derive efficient

exact sampling procedure for models with Normal and Multivariate normal data.
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2.1 Models for Normal Populations

We first consider a Bayesian model of a normal population with independent priors for the

mean and variance parameters. Specifically, we consider the following:

σ2 ∼ Inverse−Gamma(n0/2, n0V ar0/2)

β ∼ Normal(µ, σ2
0)

yi ∼ Normal(β, σ2), i = 1, . . . , n1.

Here y represents an observed data vector. We note that this is a non-conjugate model.

In order to develop an exact sampling procedure for this model, we introduce the following

fictitious model (Model A):

σ2 ∼ Inverse−Gamma((n0 + n1 − 1)/2, (n0V ar0 +
n1∑
i=1

(yi − y)2)/2)

β ∼ Normal(y, σ2/n1)

µ ∼ Normal(β, σ2
0)

where y :=
∑n1

i=1 yi/n1, and µ is now interpreted as the data. We now establish the following

important relationship between the Bayesian Normal Population Model and Model A.

Claim 1. Fictitious model A has the same posterior density as the Bayesian Normal Popu-

lation Model.
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Proof of Claim 1: It suffices to show that the log-posterior density for the two models

have the same terms involving β and σ2. Starting with the log-posterior from the Bayesian

Normal population model, we have (where K is a constant that does not depend on β or σ2)

[−((n0/2)− 1) ln(σ2)− (1/2)n0V ar0/σ
2]

+[−(1/2)
∑n1

i=1((yi − β)2/σ2 + ln(σ2))]

+[−(1/2)(β − µ)2/σ2
0] + K = [−(((n0 + n1)/2)− 1)] ln(σ2)

+[−(1/2)n0V ar0]/σ
2

+[−(1/2)
∑n1

i=1((yi − y)− (β − y))2]/σ2

+[−(1/2)(β − µ)2/σ2
0] + K

= [−(((n0 + n1)/2)− 1)] ln(σ2)

+[−(1/2)(n0V ar0 +
∑n1

i=1(yi − y)2]/σ2

+[−(1/2)
∑n1

i=1((β − y)2

−2(yi − y)(β − y))]/σ2

+[−(1/2)(β − µ)2/σ2
0] + K

= [−(((n0 + n1 − 1)/2)− 1)] ln(σ2)

−[(1/2)(n0V ar0 +
∑n1

i=1(yi − y)2)]/σ2

−[(1/2) ln(σ2/n1) + (1/2)(β − y)2(n1/σ
2)]

−[(1/2)(β − µ)2/σ2
0] + K − (1/2) ln(n1)

which is recognized as the log-posterior for the fictitious model. Q.E.D.

We note that the likelihood function for fictitious model A obtains its maximum at µ.

Hence it follows from Fact 1 in Nygren (2003) that the prior of the fictitious model can

be used with an accept-reject procedure to generate a sample from the Posterior density.
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We thus have the following exact sampling procedure for the Bayesian Normal Population

Model.

Repeat Until Acceptance:

(i) Generate σ2 ∼ Inverse−Gamma((n0 + n1 − 1)/2, (n0V ar0 +
∑n1

i=1(yi − y)2)/2).

(ii) Generate β ∼ Normal(y, σ2/n1).

(iii) Generate U ∼ Uniform(0, 1).

(iv) Accept if ln(U) ≤ −(1/2)(β − µ)2(1/σ2
0).

We note that this procedure should have reasonable acceptance rates as long as the prior is

relatively weak and centered not too far from the center of the support of the fictitious prior.

An important generalization of the Bayesian Normal Population model is to a multivariate

normal population. We now consider the following Bayesian Multivariate-normal population

model:

Σ ∼ Inverse−Wishart(n0Var0, n0)

β ∼ Multivariate−Normal(µ,Σ0)

yi ∼ Multivariate−Normal(β,Σ), i = 1, . . . , n1.

where again y represents an observed data vector.

As in the univariate case, we now introduce a fictitious model (Model B):

Σ ∼ Inverse−Wishart((n0Var0 +
n1∑
i=1

(yi − y)T (yi − y)), n0 + n1 − 1)
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β ∼ Multivariate−Normal(y, (1/n1)Σ)

µ ∼ Multivariate−Normal(β,Σ0)

where y :=
∑n1

i=1(1/n1)yi ,and µ is interpreted as the data. We now show the following

equivalence result.

Claim 2. Fictitious model B has the same posterior density as the Bayesian Multivariate-

Normal Population Model.

Proof of Claim 2: It suffices to show that the log-posterior density for the two models have

the same terms involving β and Σ. Starting with the log-posterior from the p-dimensional

Bayesian Multivariate-Normal population model, we have (where again K is a constant that

does not depend on β or Σ)
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[−((n0 − p− 1)/2) ln(|Σ|)]

−[(1/2)trace(n0Var0Σ
−1)]

−[(1/2)
∑n1

i=1(yi − β)TΣ−1(yi − β)]

−[(1/2)
∑n1

i=1 ln(|Σ|)]

−[(1/2)(β − µ)TΣ−1
0 (β − µ)] + K = [−((n0 + n1 − p− 1)/2) ln(|Σ|)]

−[(1/2)trace(n0Var0Σ
−1)]

−[(1/2)
∑n1

i=1(yi − y)TΣ−1(yi − y)]

−[(1/2)
∑n1

i=1(β − y)TΣ−1((β − y)

−2(yi − y))]

−[(1/2)(β − µ)TΣ−1
0 (β − µ)] + K

= [−((n0 + (n1 − 1)− p− 1)/2) ln(|Σ|)]

−[(1/2)trace(n0Var0Σ
−1)]

−[(1/2)
∑n1

i=1(yi − y)TΣ−1(yi − y)]

−[(1/2)(β − y)T n1Σ
−1(β − y)]

+[(1/2) ln(|(1/n1)Σ|)

−[(1/2)(β − µ)TΣ−1
0 (β − µ)] + K + (p/2) ln(n1)

= [−((n0 + (n1 − 1)− p− 1)/2) ln(|Σ|)]

−[(1/2)trace((n0Var0

+
∑n1

i=1(yi − y)T (yi − y))Σ−1)]

−[(1/2)
∑n1

i=1(yi − y)TΣ−1(yi − y)]

−[(1/2)(β − y)T n1Σ
−1(β − y)]

+[(1/2) ln(|(1/n1)Σ|)

−[(1/2)(β − µ)TΣ−1
0 (β − µ)] + K + (p/2) ln(n1)12



which is recognized as the log-posterior for the fictitious model. Q.E.D.

We note that the likelihood function for fictitious model B obtains its maximum at

vector µ. Combining Claim 2 with Fact 1 in Nygren (2003), we thus have the following exact

sampling procedure for the Bayesian Multivariate Normal Population Model.

Repeat Until Acceptance:

(i) Generate Σ ∼ Inverse−Wishart((n0Var0 +
∑n1

i=1(yi − y)T (yi − y)), n0 + n1 − 1).

(ii) Generate β ∼ Multivariate−Normal(y, (1/n1)Σ).

(iii) Generate U ∼ Uniform(0, 1).

(iv) Accept if ln(U) ≤ −(1/2)(β − µ)TΣ−1
0 (β − µ).

We note that this procedure again should have reasonable acceptance rates as long as the

prior is relatively weak and centered not too far from the center of the support of the fictitious

prior.

2.2 Bayesian Regression with Normal Error terms

The classical linear regression model is perhaps the most important model in all of statistics.

In this section, we derive efficient sampling procedures for a Bayesian regression model with

normal error terms and independent priors for the variance and regression parameters. More

specifically, we consider the following model

σ2 ∼ Inverse−Gamma(n0/2, n0V ar0/2)

β ∼ Multivariate−Normal(µ,Σ0)
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yi ∼ Normal(Xiβ, σ2), i = 1, . . . , n1.

Here y represents an observed data vector. We note that this is a non-conjugate model.

Before developing the general sampling procedure, we first consider two important special

cases of this Bayesian Normal regression model.

If XTX has full rank m, then we can introduce the following fictitious model (Model C):

σ2 ∼ Inverse−Gamma((n0 + n1 −m)/2, (n0V ar0 +
n1∑
i=1

(yi −Xib)
2)/2)

β ∼ Multivariate−Normal(b, σ2(XTX)−1)

µ ∼ Normal(β,Σ0)

where b := (XTX)−1XTy, and µ is now interpreted as the data. In the case of full rank, we

can now show the following equivalence result.

Claim 3. If XTX has full rank, then fictitious model C has the same posterior density as

the Normal Regression Model.

Proof of Claim 3: It suffices to show that the log-posterior density for the two models have

the same terms involving β and σ2. Starting with the log-posterior from the m-dimensional

Bayesian Regression model, we have (where b := (XTX)−1XTy and K is a constant that

does not depend on β or σ2)
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−[((n0/2)− 1) ln(σ2)]

−[(1/2)n0V ar0/σ
2]

−[(1/2σ2)(y −Xβ)T (y −Xβ)]

−[(1/2)n1 ln(σ2)]

−[(1/2)(β − µ)TΣ0
−1(β − µ)]

+K = [−(((n0 + n1)/2)− 1) ln(σ2)]

−[(1/2)n0V ar0/σ
2]

−[(1/2σ2)((y −Xb)− (Xβ −Xb))T ((y −Xb)− (Xβ −Xb))]

−[(1/2)(β − µ)TΣ0
−1(β − µ)] + K

= [−(((n0 + n1)/2)− 1) ln(σ2)]

−[(1/2)n0V ar0/σ
2]

−[(1/2σ2)(y −Xb)T (y −Xb)]

−[(1/2σ2)(β − b)TXTX(β − b)]

−[(1/2)(β − µ)TΣ0
−1(β − µ)] + K

= [−(((n0 + n1 −m)/2)− 1) ln(σ2)]

−[(1/2)n0V ar0/σ
2]

−[(1/2σ2)(y −Xb)T (y −Xb)]

−[(1/2) ln(|σ2(XTX)−1|+ (1/2σ2)(β − b)TXTX(β − b)]

−[(1/2)(β − µ)TΣ0
−1(β − µ)] + K + [(1/2) ln(|(XTX)−1|)]

= [−(((n0 + n1 −m)/2)− 1) ln(σ2)]

−[(1/2)(n0V ar0 + (y −Xb)T (y −Xb))/σ2]

−[(1/2) ln(|σ2(XTX)−1|+ (1/2σ2)(β − b)TXTX(β − b)]

−[(1/2)(β − µ)TΣ0
−1(β − µ)] + K + [(1/2) ln(|(XTX)−1|)]15



which is recognized as the log-posterior for the fictitious model. Q.E.D.

We note that the likelihood function for fictitious model C obtains its maximum at

vector µ. Combining Claim 3 with Fact 1 in Nygren (2003), we thus have the following

exact sampling procedure for the m-dimensional Full-Rank Bayesian Regression model with

normal error terms.

Repeat Until Acceptance:

(i) Generate σ2 ∼ Inverse−Gamma((n0 + n1 −m)/2, (n0V ar0 +
∑n1

i=1(yi −Xib)
2)/2).

(ii) Generate β ∼ Multivariate−Normal(b, σ2(XTX)−1).

(iii) Generate U ∼ Uniform(0, 1).

(iv) Accept if ln(U) ≤ −(1/2)(β − µ)TΣ−1
0 (β − µ).

We note that this procedure again should have reasonable acceptance rates as long as the

prior is relatively weak and centered not too far from the center of the support of the fictitious

prior.

Let us now introduce some additional notation and state a couple of facts.

Definition 1. The Precision Prec of a multivariate-normal distribution is the inverse of

the Variance-Covariance Matrix.

Denote by β1 the first m1 elements and by β2 the last m−m1 elements of an m-dimensional

multivariate normal vector. In the following, we make use of corresponding sub-matrices of

the variance-covariance and precision matrices. The following two facts are straightforward

to verify.

Fact 1. The marginal distribution for β1 is
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β1 ∼ Multivariate−Normal(µ1, V ar11)

Fact 2. The conditional distribution for β2 is

β2|β1 ∼ Multivariate−Normal(µ2 −Prec22
−1Prec21(β1 − µ1),Prec22

−1)

Let us now consider the following Partitioned Bayesian regression where only the elements

of β1 enter as independent variables:

σ2 ∼ Inverse−Gamma(n0/2, n0V ar0/2)

β1 ∼ Multivariate−Normal(µ1,Σ0,11)

β2 ∼ Multivariate−Normal(µ2 −Prec22
−1Prec21(β1 − µ1),Prec22

−1)

yi ∼ Normal(X1iβ1, σ
2), i = 1, . . . , n1.

If X1TX1 has rank m1 then it is straightforward to verify that the following procedure

can be used to generate a sample from the posterior density of this model:

(i) Generate a sample for (β1, σ
2) using the procedure for the Full-rank Bayesian regression

model above

(ii) Sample β2 ∼ Multivariate−Normal(µ2 −Prec22
−1Prec21(β1 − µ1),Prec22

−1).

In order to handle the general case of a Bayesian regression of less than full rank, we will

make use of a singular value decomposition for the design matrix. The following two facts

are well known (see e.g., The Numerical Algorithms Group, Chapter f01, section 2 (2002)).
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Fact 3. A real valued n by m Matrix X of rank r ≤ k = min(n, m) can be factored as the

singular value decomposition

X = QDPT

where Q is an n by n orthogonal matrix, P is an m by m orthogonal matrix and D is an n

by m diagonal matrix with non-negative elements. The first k columns of Q and P are the

left- and right-hand singular vectors of A respectively and the k diagonal elements of D are

the singular values of A. D may be chosen so that

d1 ≥ d2 ≥ . . . ≥ dk ≥ 0

and in this case case, if rank(X)=r then

d1 ≥ d2 ≥ . . . ≥ dr > 0, dr+1 = . . . = dk = 0.

Fact 4. If Q̃ and P̃ consists of the first r columns of Q and P respectively and S is an r by

r diagonal matrix with diagonal elements d1, d2, . . . , dr then X is given by

X = Q̃SP̃T.

The properties in the next two facts follow from properties of Orthogonal matrices.

Fact 5. Let X̃ := QD, β̃ := PT β, and X̃1 = Q̃S, then

(i) PT is a non-singular m by m matrix,

(ii) X̃1 is an n by r matrix with rank r,

(iii) the first r elements of the vector β̃ are given by β̃1 := P̃T β, and

(iv) Xβ = X̃β̃ = X̃1β̃1.
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Fact 6. If β has a multivariate normal distribution with mean vector µ and Precision matrix

Prec then β̃ has a multivariate normal distribution with mean vector µ̃ := PT µ and Precision

matrix ˜Prec := ((PT )−1)TPrec(PT )−1 = PTPrecP.

We now express the general rank Bayesian regression in terms of β̃. The above facts

implies that the resulting regression is the following partitioned regression model:

σ2 ∼ Inverse−Gamma(n0/2, n0V ar0/2)

β̃1 ∼ Multivariate−Normal(µ̃1, Σ̃0,11)

β̃2 ∼ Multivariate−Normal(µ̃2 − ˜Prec
−1

22
˜Prec21(β̃1 − µ̃1), ˜Prec

−1

22 )

yi ∼ Normal(X̃1iβ̃1, σ
2), i = 1, . . . , n1.

Making use of this ability to rewrite the model into a partitioned regression provides us with

the following exact sampling procedure for the general rank Bayesian regression model:

(i) Generate a sample for (β̃, σ2) using the procedure for the Partitioned Bayesian regression

model above

(ii) Compute β = (PT )−1β̃ = Pβ̃.

2.3 Discussion

This section derived exact sampling procedures for Bayesian Models with normal and mul-

tivariate normal data. The efficiency of the procedures are related to the strength and

positioning of the priors. With the exception of models with very strong or badly centered
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priors, the procedures presented should be efficient. The underlying procedures should also

be easily generalizable to large classes of other models with normal and multivariate normal

data. We also note that in most of the models, the normal and multivariate normal priors

could be replaced with other priors. The crucial property that more general priors would

need to satisfy is to have known upper bounds. For such more general priors, the accept

condition would then be modified so as to accept a proposed draw whenever the value of the

uniform variable is less than the value of the prior divided by that upper bound. The only

case in which such more general priors could not be easily used is for the regression model

of less than full rank. Our procedure for that model makes explicit use of the multivariate

normality of the associated prior.

3 Mixtures of Restricted Generalized Likelihood Sub-

gradient Densities

In Nygren (2003), we introduced likelihood subgradient densities and generalized likelihood

subgradient densities. We also showed how such densities could be used in exact sam-

pling procedures. In the examples section, we showed explicitly how they could be used for

Bayesian Poisson and Conditional logit regression models. For a model with multivariate

normal data, we showed that the acceptance rate for the procedure depended on the amount

of information contained in the data relative to the amount of information contained in the

prior. More specifically, the acceptance rate was high when the prior contained a lot of

information and low when it contained only small amounts of information relative to the
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prior. This property is likely to make the acceptance rate unreasonably low for many mod-

els. In this section, we introduce mixtures of Generalized Likelihood subgradient densities.

We also describe how such densities can be used to obtain dramatic improvements in ac-

ceptance rates over those obtained with generalized likelihood subgradient densities. The

sampling procedures are illustrated using Mixtures of a subclass of restricted multivariate

normal likelihood subgradient densities.

3.1 General Results

We first recall the following definition of a Generalized likelihood-subgradient density from

Nygren (2003).

Definition 2. A probability density function q(.) is a Generalized Likelihood-Subgradient

probability density for a posterior distribution π(.|y) with prior distribution π(.) and likelihood

function f(y|.) at a point x ∈ X if there exists a subgradient c(x) for the negative of the log

of a function h at x, such that:

(i) h bounds f(y|.) from above;

(ii) MGF (c(x)) :=
∫
x∈X e(−c(x)Tx)π(x)dx is finite; and

(iii) ∀x ∈ X : q(x) = exp(−c(x)Tx)π(x)/MGF (c(x)).

We now show that Likelihood Subgradient densities satisfy the following key property.

Fact 7. If q(.) is a Generalized Likelihood-Subgradient probability density for a posterior

distribution π(.|y) with prior distribution π(.) and likelihood function f(y|.) at a point x ∈ X

then

MGF (c(x))h(x)

exp(−c(x)Tx)f(y)
q(x) ≥ π(x|y), ∀x ∈ X.
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Proof of Fact 7: Since h(.) bounds f(y|.) from above and c(x) is a subgradient for

− ln(h(.)) at x, it follows that for every x ∈ X,

−c(x)Tx− ln(h(x))+

ln(f(y|x)) + c(x)Tx ≤ −c(x)Tx− ln(h(x)) + ln(h(x)) + c(x)Tx

≤ −c(x)Tx− ln(h(x)) + [ln(h(x))− c(x)T (x− x)] + c(x)Tx

= 0.

We then have

−c(x)Tx− ln(h(x)) + ln(f(y|x)) + c(x)Tx ≤ 0

m

(f(y|x)exp(−c(x)Tx))/(h(x)exp(−c(x)Tx)) ≤ 1

m

h(x)exp(−c(x)Tx)/exp(−c(x)Tx) ≥ f(y|x)

m
MGF (c(x))h(x)

exp(−c(x)Tx)f(y)

exp(−c(x)T x)π(X)

MGF (c(x))
≥ f(y|x)π(x)

f(y)

m
MGF (c(x))h(x)

exp(−c(x)Tx)f(y)
q(x) ≥ π(x|y)

Q.E.D.

When h(.) is chosen to coincide with f(y|.), the above expression holds with equality at

point x. A multiple of a Generalized likelihood subgradient density thus bounds the poste-

rior density from above and moreover obtains a tangency at the point x if it is a Likelihood

subgradient density. The multiple of the Likelihood Subgradient density is therefore a good

approximation of the posterior density for points close to x. It is, however, a poorer approx-

imation for points further from the the point x. How quickly the approximation becomes
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poorer depends on the strength of the prior relative to the amount of information contained

in the data. The approximation remains close far from x if the prior is strong, but becomes

poor quickly if the prior is weak.

In the following, we show how the use of mixtures of generalized likelihood subgradient

densities will allow us to improve on the approximation of the posterior that results from a

single Generalize Likelihood subgradient density. We define restricted Generalized Likelihood

subgradient densities as follows.

Definition 3. A probability density q̃(.) is a restricted Generalized Likelihood-Subgradient

density if there exists a Generalized Likelihood Subgradient density q(.) and a subset A of X

such that

q̃(x) =





q(x)R
a∈A q(a)dx

if x ∈ A

0 otherwise.

Our improved approximation for the posterior density can now be constructed using a par-

tition of X into K subsets A1, A2, . . . , AK and associated restricted Generalized-Likelihood

subgradient densities. We define a mixture Generalized Likelihood-Subgradient density as

follows.

Definition 4. A probability density r(.) is a mixture Generalized Likelihood-Subgradient den-

sity if there exists a finite partition of X into K subsets A1, A2, . . . , AK, a bounding function

h as above, and an associated set of restricted likelihood subgradient densities q̃1, q̃2, . . . , q̃K

such that

∀x ∈ X : r(x) =
K∑

k=1

pkq̃k(x)

where
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pl := ( MGF (c(xl))h(xl)

exp(−c(xl)Txl)f(y)

∫
x∈Al

ql(x)dx)/(
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx)

= (MGF (c(xl))h(xl)

exp(−c(xl)Txl)

∫
x∈Al

ql(x)dx)/(
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)

∫
x∈Ak

qk(x)dx).

Our main theorem now shows that such Likelihood-Subgradient densities can be used with

accept-reject procedures in order to generate a sample from the corresponding posterior

density.

Theorem 1. Let r(.) be a mixture Generalized Likelihood-Subgradient probability density for

a posterior distribution π(.|y), defined on a set X, with prior distribution π(.) and likeli-

hood function f(y|.). Let Z denote a random vector with probability density function r(.)

and let U be a random variable with a uniform distribution on the interval I := [0, 1]. If

U(i) ≤ exp(−c(xl(Z(x)))xl(Z(x)))f(y|Z(x))/exp(−c(xl(Z(x)))Z(x))h(xl(Z(x))), then Z(x) has

the probability density function π(.|y). Moreover, the expected number of draws for Z and U

required before U(i) ≤ exp(−c(xl(Z(x)))xl(Z(x)))f(y|Z(x))/exp(−c(xl(Z(x)))Z(x))h(xl(Z(x))) is

given by

a :=
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx

= (
∑K

l=1

∫
x∈Al

ql(x)dx)(
∑K

k=1(
MGF (c(xk))f(y|xk)

exp(−c(xk)Txk)f(y)
)(

R
x∈Ak

qk(x)dxPK
l=1

R
x∈Al

ql(x)dx
)).

The reason this result holds is that a multiple of a Mixture Generalized likelihood subgradient

density bounds the posterior density from above. If the bounding function h coincides with

the likelihood function, then the multiple of the Mixture Generalized likelihood subgradient

density coincides with the posterior density at each or the K points at which the underlying

Likelihood subgradient densities obtain their tangencies. As a result, Mixture Generalized

likelihood subgradient densities are capable of providing significantly better approximations
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to the posterior density than those obtained through the use of a single Generalized likelihood

subgradient density.

3.2 Mixtures of Restricted Multivariate Normal Likelihood Sub-

gradient Densities

Likelihood subgradient densities are constructed from prior densities by subtracting a linear

term. In the case of a multivariate normal prior, the corresponding likelihood subgradient

densities are always multivariate normal. Hence simple sampling procedures are available for

such likelihood subgradient densities. Restricted likelihood subgradient densities in general

may be challenging to sample from. This can be the case even if simple procedures are

available for the underlying likelihood subgradient density (e.g., if it is multivariate normal).

In this section, we show that there is an important subclass of restricted multivariate normal

densities for which simple sampling procedures are available. For mixtures of restricted

multivariate normal densities from within that class, there are therefore also simple sampling

procedures available.

We first note the following important fact.

Fact 8 (Anderson, 1958, p.19). Let Σ be the variance covariance matrix of a multivariate

normal distribution. Then there exists uniquely a non-singular lower triangular matrix d

such that Σ = ddT .

The matrix d is known as the Cholesky decomposition. This fact now allows us to consider

the properties of a transformed variable β̃ := d−1β.

Fact 9. Suppose β has a multivariate normal distribution with mean vector µ, variance-
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covariance matrix Σ, and Cholesky decomposition matrix d. Then β̃ := d−1β is multivariate

normal with mean vector µ̃ = d−1µ. Moreover, the variance-covariance matrix for β̃ is the

identity matrix.

Let us now consider restricted multivariate normal distributions for which

A := {β ∈ Rm|a ≤ d−1β ≤ a}

where we allow for the possibility that some elements of a are −∞ and some elements of a

are +∞. The independence of each element of vector β̃ makes it possible to use the following

procedure to generate a sample from such a restricted multivariate normal density.

(i) Generate each element of the vector β̃ from a restricted normal, where the jth element

is generated from a restricted normal with mean parameter µ̃j, variance parameter 1, lower

bound aj and upper bound aj.

(ii) Compute β = dβ̃.

We note that the first step in this generation procedure can be implemented using the

inverse transform method. Efficient implementation requires fast functions capable of com-

puting the Cummulative and Inverse Cummulative Density functions of a standard normal.

We also note that this makes generation from mixture likelihood subgradient densities based

on restricted likelihood subgradient densities of this type straightforward.

Denote by Faj and Faj the cummulative density of the jth element of vector β̃ at aj and

aj. In the notation of our earlier subsection, we then have

∫

x∈A

q(x)dx =
m∏

j=1

(Faj − Faj).
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In Nygren (2003), we also noted that if the prior is multivariate normal, then

MGF (c(x)) = exp(−c(x)T µ0 +
1

2
cT (x)Σ0c(x)).

For the kinds of restricted multivariate normal densities considered here, it is thus possible to

compute both the probability of each restricted multivariate normal as well as the following

numerically

g := ln(
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)

∫
x∈Ak

qk(x)dx)

= ln(a) + ln(f(y)).

This last expression can be used in order to minimize the expected number of draws before

acceptance over a class of Mixture Likelihood subgradient densities. A brief discussion of

how this can be done is contained in the next section.

4 Generalized Linear Models with Log-Concave Like-

lihood Functions and Multivariate Normal Priors

4.1 A Univariate Model with Poisson Data

We first illustrate the ideas of the previous section with a univariate model. The model we

consider is the following:

β ∼ Normal(µ, σ2
0)

yi ∼ Poisson(exp(β)), i = 1, . . . , N

where y represents an observed data vector. We note that this is a non-conjugate model.
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Before proceeding to our estimation procedure, we will first examine the likelihood func-

tion and the corresponding gradient. The log-likelihood function for this model is given

by

LL(β) :=
∑N

i=1(yiβ − exp(β)− ln(yi!))

= N(yβ − exp(β))−∑N
i=1 ln(yi!).

where y = (1/N)
∑N

i=1 yi. The gradient of the log-likelihood function is given by

∂LL(β)

∂β
= N(y − exp(β)).

The unique subgradient is given by

c(β) = N(exp(β)− y).

If we pick a point β ∈ R, then there is a unique likelihood subgradient density at β.

More specifically, it is the following density

Normal(µ− σ2
0N(exp(β)− y), σ2

0).

If used by itself in an accept-reject procedure, a draw from this density should be accepted

whenever

ln(U) ≤ N(exp(β)β − exp(β))−N(exp(β)β − exp(β)).

If β had the above normal density, then β̃ would be the following normal

Normal((1/σ0)(µ− σ2
0N(exp(β)− y)), 1).

If this density was restricted to values between a and a, then the cummulative density at

the lower and upper bounds respectively would correspond to the cummulative density of a
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standard normal density at a−(1/σ0)(µ−σ2
0N(exp(β)−y)) and a−(1/σ0)(µ−σ2

0N(exp(β)−

y))).

Suppose now that we wanted to simulate from the posterior density using a mixture

of three restricted likelihood subgradient densities at the points σ0β̃1, σ0β̃2, and σ0β̃3. We

could then partition the real number line into three segment (−∞, a1], (a2, a2], (a3, +∞],

where a1 = a2 and a2 = a3. Moreover, we could position β̃1, β̃2, β̃3, a1, and a2 so as to

minimize g in section 3.2.

4.2 The Poisson Regression Model

We now consider the following Poisson Regression model

β ∼ Multivariate−Normal(µ,Σ0)

yi ∼ Poisson(exp(Xiβ)), i = 1, . . . , N.

where y is a vector of observed data. For the Poisson regression model, the log likelihood

function is

ln L = yTXβ −
N∑

i=1

[exp(Xiβ) + ln yi!]

which is known to be a concave function. The gradient for the log-likelihood function is

∂ ln L

∂β
= XT (y− exp(Xβ))

and the unique subgradient is given by

c(β) = XT (exp(Xβ)− y).

29



If we pick a point β ∈ Rm, then there is a unique likelihood subgradient density at β.

More specifically, it is the following density

Multivariate−Normal(µ− Σ0X
T (exp(Xβ)− y), Σ0).

If used by itself in an accept-reject procedure, a draw from this density should be accepted

whenever

ln(U) ≤ [exp(Xiβ)TXβ −∑N
i=1 exp(Xiβ)]− [exp(Xiβ)TXβ −∑N

i=1 exp(Xiβ)].

If β had the above Multivariate-Normal density, then β̃ would have the following Multivariate-

Normal density

Multivariate−Normal(d−1(µ− Σ0X
T (exp(Xβ)− y)), I).

The following is a possible approach to sampling for this density:

(i) Partition each dimension for β̃ as in the univariate case. In other words, dimension j is

partitioned into lj intervals (−∞, a1,j), (a2,j, a2,j), . . . , (alj ,j, +∞) with corresponding points

β̃∗1,j, β̃
∗
2,j, . . . , β̃

∗
lj ,j where ak,j = ak+1,j.

(ii) Form a partition of the overall space by crossing the partitions for the individual

dimensions, yielding a partition with l :=
∏m

j=1 lj elements. Associated with the kth element

of this partition we would then have a unique corresponding vector β̃∗k and an associated

restricted likelihood subgradient density at dβ̃∗k .

(iii) Construct the mixture likelihood subgradient density from these restricted likelihood

subgradient densities.
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(iv) Use the mixture likelihood subgradient density with the corresponding accept-reject

procedure in order to generate a sample from the posterior density. The accept-reject pro-

cedure can make use of the squeeze method implementation used by Nygren (2003) in the

Poisson regression example.

We note that the partitions and points in (i) can be positioned so as to minimize g in

section 3.2.

4.3 Discussion

In this section, we illustrated how mixture likelihood subgradient densities can be used in

order to generate samples from a univariate model with Poisson data and from a Poisson

regression model. The same methods are generally applicable to any model with a multi-

variate normal prior and a log-concave likelihood function. These type of models include the

logit, multinomial-logit and conditional logit models.

5 Concluding Discussion

This paper has developed efficient exact sampling procedures for Bayesian Generalized linear

models. The sampling procedures for models with normal and multivariate data should be

easy to implement. Those models also allow for more general prior specifications than those

used in this paper. The sampling procedures for models with multivariate normal priors and

log-concave likelihood functions make use of mixture likelihood subgradient densities. These

procedures are more complex to implement and requires choosing the number of restricted

likelihood subgradient densities to employ as well as careful positioning of the restricted
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likelihood subgradient densities. The latter should, however, be a fairly straightforward

optimization problem that can make use of the function g derived in section 3.2. Studies on

the number of restricted likelihood subgradient densities needed for reasonable acceptance

rates in practice would be of great value here.

Our hope is that the procedures presented here will lead to the development of easy to

use Bayesian software that do not require users to assess the convergence of Markov Chains.

Such convergence diagnostics are challenging to perform even for sophisticated users and

the need for them presents a major obstacle to the use of Bayesian methods among less

sophisticated users. Hopefully, this paper will contribute to making basic Bayesian data

analysis as simple as traditional frequentist data analysis. The present author is currently

working on developing an excel add-in tool that implements the models presented in this

paper. This tool uses compiled C++ code in the background. The tool and corresponding

C++ code will be made available through the present author’s web page.

The development of efficient sampling procedures for more general models than those

presented here would be highly desirable. A class of models that would be natural to consider

are hierarchical random effects models. It may be possible to develop efficient exact sampling

procedures for such models using similar approaches to those employed here. The results

presented here should also make it possible to implement such models using two block Gibbs

samplers. Hence the development of tight bounds on the rate of convergence for two block

Gibbs samplers would also be particularly useful. Promising results in this direction already

exists (Hobert and Geyer 1998, Jones and Hobert 2003). Results in these areas may enable

the development of Bayesian softwares that can handle complex models without requiring

convergence diagnostics on the part of the user.
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6 Proofs:

Proof of Theorem 1: Random variables Z and U have the joint density function defined by

v(U(i),Z(x)) = r(x) = p
l(Z(x))

q̃(Z(x)), U(i) ∈ [0, 1], Z(x) ∈ X.

where Z(x) is an element of A
l(Z(x))

. We need to show that the conditional density function

for Z

vZ(.|U(i) ≤
exp(−c(x

l(Z(x))
)x

l(Z(x))
)

h(x
l(Z(x))

)

f(y|Z(x))

exp(−c(x
l(Z(x))

)Z(x))
)

satisfies the property that

vZ(.|U(i) ≤
exp(−c(x

l(Z(x))
)x

l(Z(x))
)

h(x
l(Z(x))

)

f(y|Z(x))

exp(−c(x
l(Z(x))

)Z(x))
) = π(Z(x)|y) ∀x ∈ X.

Set d(x) = exp(−c(xl(x))
Txl(x))f(y|x)/exp(−c(xl(x))

Tx)h(xl(x)). Since h(.) bounds f(y|.)

from above and c(xl(x)) is a subgradient for − ln(h(.)) at xl(x), it follows that for every x ∈ X,

ln(d(x)) = −c(xl(x))
Txl(x) − ln(h(xl(x))) + ln(f(y|x)) + c(xl(x))

Tx

≤ −c(xl(x))
Txl(x) − ln(h(xl(x))) + ln(h(x)) + c(xl(x))

Tx

≤ −c(xl(x))
Txl(x) − ln(h(xl(x)))+

[ln(h(xl(x)))− c(xl(x))
T (x− xl(x))] + c(xl(x))

Tx

= 0.

Hence d(x) ≤ 1 for every x ∈ X. To simplify our notation below, we define x∗ := Z(x). It

then follows that
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vZ(x∗|U(i) ≤ d(x∗)) = (
∫ d(x∗)

0
pl(x∗)q̃l(x∗)(x

∗)dU)/

(
∫
x∈X

∫ d(x)

0
pl(x)q̃l(x)(x)dU)

= ((
MGF (c(xl(x∗)))h(xl(x∗))

exp(−c(xl(x∗))Txl(x∗))f(y)
)
∫ d(x∗)
0

ql(x∗)(x
∗)dU)/

(
∫
x∈X(

MGF (c(xl(x)))h(xl(x))

exp(−c(xl(x))
Txl(x))f(y)

)
∫ d(x)

0
ql(x)(x)dU)

= (
MGF (c(xl(x∗)))h(xl(x∗))

exp(−c(xl(x∗))Txl(x∗))f(y)
)
∫ d(x∗)
0

exp(−c(xl(x∗))Tx∗)π(x∗)
MGF (c(xl(x∗)))

dU/

∫
x∈X(

MGF (c(xl(x)))h(xl(x))

exp(−c(xl(x))
Txl(x))f(y)

)
∫ d(x)

0

exp(−c(xl(x))
Tx)π(x)

MGF (c(xl(x)))
dUdX

= (
h(xl(x∗))

exp(−c(xl(x∗))Txl(x∗))f(y)
)d(x∗)exp(−c(xl(x∗))

Tx∗)π(x∗)/

∫
x∈X(

h(xl(x))

exp(−c(xl(x))
Txl(x))f(y)

)d(x)exp(−c(xl(x))
Tx)π(x)dx

= (
h(xl(x∗))

exp(−c(xl(x∗))Txl(x∗))
)(

exp(−c(xl(x∗))Txl(x∗))f(y|x∗)
h(xl(x∗))exp(−c(xl(x∗))Tx∗) )(

exp(−c(xl(x∗))Tx∗)π(x∗)
f(y)

)/

∫
x∈X(

h(xl(x))

exp(−c(xl(x))
Txl(x))

)(
exp(−c(xl(x))

Txl(x))f(y|x)

h(xl(x))exp(−c(xl(x))
Tx)

)(
exp(−c(xl(x))

Tx)π(x)

f(y)
)dx

=
f(y|x∗)π(x∗)/f(y)R

x∈X f(y|x)π(x)/f(y)dx

= f(y|x∗)π(x∗)/f(y)

= π(x∗|y)

establishing the equivalence of the two distributions. To see that the moreover statement

holds, we first note that the probability of generating a sample from π(.|y) using a single

draw is given by
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∫
x∈X

∫ d(x)

0
r(x)dudx =

∫
x∈X

∫ d(x)

0
pl(x)q̃l(x)(x)dudx

= (1/
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx)∗

(
∫
x∈X

∫ d(x)

0

MGF (c(xl(x)))h(xl(x))

exp(−c(xl(x))xl(x))f(y)
ql(x)(x)dudx)

= (1/
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx)∗

(
∫
x∈X d(x)

MGF (c(xl(x)))h(xl(x))

exp(−c(xl(x))xl(x))f(y)

exp(−c(xl(x))
Tx)π(x)

MGF (c(xl(x)))
dx)

= (1/
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx)∗

(
∫
x∈X(

exp(−c(xl(x))
Txl(x))f(y|x)

h(xl(x))exp(−c(xl(x))
Tx)

)(
h(xl(x))exp(−c(xl(x))

Tx)π(x)

exp(−c(xl(x))xl(x))f(y)
)dx)

= (1/
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx)∗

(
∫
x∈X f(y|x)π(x)/f(y)dx)

= (1/
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx).

Given the independence of the draws, it follows from the properties of the geometric

distribution that the expected number of draws before success is given by

a∗ = (1/(1/
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx))

=
∑K

k=1
MGF (c(xk))h(xk)

exp(−c(xk)Txk)f(y)

∫
x∈Ak

qk(x)dx

= (
∑K

l=1

∫
x∈Al

ql(x)dx)(
∑K

k=1(
MGF (c(xk))f(y|xk)

exp(−c(xk)Txk)f(y)
)(

R
x∈Ak

qk(x)dxPK
l=1

R
x∈Al

ql(x)dx
)).

Q.E.D.
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