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1 Introduction

In a recent paper, Karni(2001) combines (i) an introspective preference relation on hypothet-
ical objective lotteries; and (ii) a preference relation on acts by using appropriate axioms
and obtains both an expected utility function representation of preferences and a unique
subjective probability on states.

The present paper models consumer behavior in differential information economies in
much the same way. Each consumer is modelled as having both an introspective preference
relation on hypothetical objective lotteries and, for every price in the interior of the price
simplex, a preference relation on consumption bundles. Using this approach, we derive both
the existence of an expected utility function and a function that maps the interior of the
price simplex to unique probabilities on events in the pooled information partition.

Unlike the Radner type rational expectations model, this approach results in a well
defined demand correspondence on the interior of the price simplex. As aresult, the aggregate
demand correspondence and the excess demand correspondence are both well defined for all
prices in the interior of the price simplex. We consider further assumptions on preferences
(non-satiation and a form of convexity) that guarantee that for a given price, all optimal
bundles of a consumer allocates the same proportion of income to the various events in the
pooled information partition. Under such assumptions, the existence of an function mapping
the interior of the price simplex to an unique optimal income allocation is assured.

We consider a solution concept, perfect competitive equilibria, that are similar in spirit
to the perfect equilibrium concept formulated by Selten for extensive form games. Using a
synthesis of arguments used by Arrow to prove the existence of a competitive equilibrium
and Selten to show the existence of a perfect equilibrium, we show in our first Theorem



that additional convexity assumptions when combined with appropriate assumptions on the
income allocation rule assures the existence of a perfect competitive equilibrium.

Having thus shown the existence of perfect competitive equilibria, we then turn to ad-
dress informational efficiency. We define markets to be informationally efficient if, in every
perfect equilibrium, every consumer assigns a probability of 1 to the element of the pooled
information partition that has actually been realized. Using this definition of informational
efficiency, we consider behavioral assumptions for consumers that would guarantee the in-
formational efficiency of markets.

The kind of assumptions we arrive at are outgrowths of the type of logic that goes along
with a two state economy with one informed and one uninformed consumer. In such a simple
economy, a reasonable assumption would seem to be that the uninformed consumer should
refrain from reallocating income between the two states. Since the informed consumer will
always want to spend his income on the state that has actually occurred, the uninformed
consumer would never, in equilibrium, be able to execute a trade in which his spending on
the the state that has actually occurred was higher than his income in that state. Hence
the only reasonable probability assignment by the uninformed consumer would seem to be
the one that makes it optimal for him to not reallocate income between the two states. We
formulate assumptions on consumer behavior that extend this logic to the general differential
information economy. In our second theorem, we then show that the derived assumption
assures the informational efficiency of markets.

Finally, we consider a stronger assumptions on the income allocation rule that can be
derived from a mini-max problem for the consumer. We consider this income allocation in
the context where every element of the pooled information partition has only one associated
commodity. For this type of economy, we propose a tatonnement process for the price vector
and show that the tatonnement process converges to a unique price assign zero prices to all
commodities except the one associated with the event actually realized.

2 The Model

We here introduce a differential information economy in state-contingent claims. The fol-
lowing subsections introduce the various ingredients of the differential information economy.

2.1 Consumers

There is a finite (non-empty) set of consumers M = {1,...,m}.

2.2 States

There is a finite (non-empty) set of states of the world 2. We denote by F the set of all
fields defined on (2.

2.3 Type-Spaces

Every consumer ¢ has a finite (non-empty) type-space T".



2.4 Type-Profiles
There is a finite (non-empty) set of type-profiles T' C [Leaw T

2.5 State-Contingent Claims

There is a finite (non-empty) set of state-contingent claims L := {1,...,L}. Associated
with the claims is a non-empty-valued correspondence £ : L — ) associating with each
claim [ € L the set of states £(I) in which it is deliverable. The set of state-contingent
claims deliverable in at least one state contained in an event E will be denoted by L(E) :=
{le L|Fw € E : L(I) > w}. Throughout, we will use the notation L(w) instead of L({w}).
The following assumption will frequently be imposed.

Assumption (Bl: ). Yw € Q, #[L(w)] > 1

2.6 Information

Every consumer i has an information-field function F' : 7" — F associating with each
of his types ', a field F'(t') in F. We denote by PF'(.|[t') the set of all minimal non-
empty events in F'(t'), and for every w in Q, we denote by PF*(w|t') the unique element of
PF'(.|t') that contains w. Furthermore, we denote by PF**(.|t!) the partition of €2 for which
PF*(w]t) := Nyequpip (NjerrPF (w[t7)) and define F*(.|t)) = 2PF (") | For every pair
(I, E) in L x PF'(.|t), we now introduce the following notation:

PGio(lt) = {LI)NE}U Ueemeo{{w}})
Gip(lt) = 2Pt
PGL(|t) = {E e PF*(|t)|E C E}
Gy( ) 1= 2Pt
BOIE) = Gh(I#) N (M sl 1)

We denote by PG%(.|t!) the set of minimal non-empty events in G&(.[t') and introduce
the following additional notation:

PH'(|t) = UgeprinPGn(-It)
Hz(|tz) — 2PHi(.\ti)

This notation will be used in the following subsections.

2.7 Consumption Sets

Every consumer 7 has a consumption set correspondence X° : 7% — R#IX associating with
each of his types t’, a consumption set X'(¢). For any x € X'(t'), we denote by z“(¥)
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the sub-vector of commodities that are deliverable in event E, and by z\:() the set of
commodities not deliverable in event F. The following assumptions will at times be imposed
on X(t%).

Assumption (C1: Eventwise Indepence). For every event E € PF™(.|tV),
[(:EL(E),[L’L\L(E)) c Xz(tz)] o [Vf c Xi(ti), (xL(E)’jL\L(E)) c X’l(t’b)]
Assumption (C2: Closedness). X*(t") is closed.

Assumption (C3: Boundedness from below). There exists b in R¥IX such that for every
r € XU(th), > b.

Assumption (C4: Connectedness). X'(t') is connected.
Assumption (C5: Convexity). X*(t') is conver.

Assumption (C6: Non-negative Quadrant). X'(t) = R,

2.8 Endowments

Every consumer i has an initial endowment function e’ : 7% — R#I! associating with each
of his types t', an initial endowment e’(¢*) . The following assumption will be imposed on
the endowment functions throughout this paper.

Assumption (D1: minimal subsistence level). There exists a bundle x € X*(t') such that
ety > x .

2.9 Preferences

Before introducing the formal definition of the preference relations that will be used in this
paper, we first introduce some additional notation.
For every consumer i, every t' € T?, and every E € PF™*(.|t), we define

YYE|t) = {y*B) e R#FEEN Tz € XU(t)) : 215 = =B} and for every B/ € PF'(|t'),
we define Y/ = [pepri(ppen Y (EIE), g = {E € PF*(|t)|E C E'}, A(Sy ) =
AHEEPFTUNIECET 1 and D' .= A(SH) x Yo', Every consumer i has for each of his
types t' € T%, and every B/ € PF'(.|t")

following we define for any ¢ € A(S%))

a preference relation =% on D%'. Throughout the

)

C(q) = {E € PF™(.|t")

a) ECFE';and
b) qge >0

Let (q,v), (¢, y), and (¢",y") be any three elements of Dg Then the following axioms
will be imposed on tg/

Assumption (E1: Independence of Irrelevant Events).

i

(g, 9) =% (¢, v)] & Vi € Yo' : (q,y°D,§5@) =27 (¢, 9]



it 't

Assumption (E2: Completeness). (q,y) =% (¢,y') or (¢.v') =% (q,v).

Assumption (E3' Transitivity). [(¢.9) =5 (0.9, (¢\¥) =5 (¢".y")]

implies [(¢,y) = (¢".y")]-

Assumption (E4: Archimedean Axiom). Let yi,ys € Vil If 1,002,935 € A(SE ,i) such
that (q1,v1) _>§57 (q2,92) =5 (q1,91) then there exists a, 3 € (0,1) such that (aq + (1 —
)3, 1) =5 (g2, 92), and (g2,42) =5 (Bar + (1 — B)gs, 1)

Assumption (E5: Independence Axiom). Let (q1,v1) Ng/ (g2,y2). Then for all q,q €

A(SEY) and any o € [0,1], [(q.01) =5 (¢ )] < [(eg + (1 — &)g,m) =5 (ag + (1 —
@) g2, Y2)]-
Assumption (E6: Closedness). For any (q,y) € D%, the sets

{(¢.y) € Dy l(d"y) =5 (¢.9)}

and

() € D |(g,9) =t (¢ 9)}
are both closed in D};,

Assumption (E4”:). Closedness with respect to A(ng) / |
For any q,q' € AFEEPFTUNDECEY-1 - gpy oy € Y and any (¢",y") € DY, the sets

{te(0,1)/(¢" ") =% (ta+ (1 —1)d,y)}

and

{t € 0,1][(tg + (1 = t)qy) =3 (¢"y")}

are both closed in the interval [0, 1].
Assumption (E5: Substitutability). For any y,y' € Yé’,ti, and _
any i, gz, gz, @ € AHEPFIUONEEIT for which (q1,y) ~5 (48.y') and (42,y) ~ (aa,9),
it follows that ¥Vt € [0,1], (tqr + (1 — t)qa,y) ~5 (tgs + (1 — )qu, /).

For any ¢ in M (U,cqX'(w) x {w}) and any (z(w),w) in UyeqX'(w) x {w}, denote by
q((7%(w),w)) the probability assigned by ¢ to (z(w),w).
Assumption (E7: Nonsatiation). For any (z'(w),w) in UweQX'( ) X {w} there exists
y'(w) € X'(w) such that q =" ', where q((y'(w),w)) = 1, and ¢'((+'(w),w)) =
Assumption (ET: Concavity, or Risk Aversion). For allw € Q, any z'(w), y ( ) in X(w
and any t € [0,1], it follows that q, ="' ¢, where q,((tz'(w) + (1 — t)y 1( Jyw)) =
0., ((z'(w),w)) =1, and ¢,((y'(w),w)) =1 —¢.
Assumption (E8: Strict Concavity, or Strict Risk Aversion). For every w € ), any distinct
2'(w), y'(w) in X'(w), and any t € (0,1), it follows that g, = ¢, where q,((tz*(w) + (1 —

Hy'(w),w)) =1, ¢,((@"(w),w)) = t, and ¢,((y'(w),w)) = 1 —¢.



3 Utility Function Representation of Preferences

Definition 1. A function U}; : D;;,l — R is a utility function representation of the prefer-
ence relation izEt, if for any pair of elements (¢, v), (¢',y’) € Dgtf,

(q,y) =% (@ )] & U (¢,y) = Ug (d.9)]

Definition 2. A function Uéf Dt o — R is an expected utility function representatlon of
the preference relation >g, if (i) it is a utility function representation of =%, ; and (ii) there

exists a function ulEt, U {E} x Y{(E|t') — R such that for every (q,y) € D}Et, ,

Ee Sz R

U (q.9) = Y ao+uy (B,yp)

t’L
EeS’E,

Fact 1. Assume that X?(.|T") satisfies assumption C1. If #[Sg] = 1, then an expected
utility function representation of i’Et, exists whenever there exists a utility function repre-
sentation of tg

Theorem 1. If #[SfE'f] > 2, X'(.|t") satisfies assumption C1, and Et, satisfies assumptzons
E1,E2, E3, E4, and Eb5, then there exists an expected utility function representation of EE, )

Theorem 2. If X'(.|t") satisfies assumption C1, and C4; and i;l satisfies assumptions
FE1,E2,E3,E4, E5, and EG6 then there exists a continuous expected utility function repre-
sentation of =4 .

4 Proofs

4.1 Fact 1:

Proof of Fact 1: Let Ug, i he a utility function representation of >1Et, Denote by E* the
unique element of S For every (¢,y) € D% set 'l (E*, ye) = Us' (¢,y). Then for every
(¢,y) € D, Uit (¢,y) = ui (E*,yp-) = ZE si 4B * w2 (E,yp) demonstrating that U}y

is an expected utility function representation as requlred.

4.2 Theorem 1:
4.2.1 Some Preliminary Results

Lemma 1 (Mixture Monotonicity). Assume that >2Et, satisfies assumptions E2, E3, B4, and
E5. Lety e Yé’,tz. Then for any q1,q2 € A( ,), and any o, B € (0,1), where (q1,y) >g}
(QQ7ZU) and o < 67 (ﬁfh + (1 - 6)61279) >_E’ (ﬂQI + (1 - 5)(]279)



Proof of Lemma 1: (i) Suppose a = 0. Note that ¢ = ¢+ (1—3)q: and g2 = Bg2+ (1 -

B)gz obviously. Now, by E5, (q1,9) =g (2.9) = (Bar+(1=B)ar,y) =g (Bar+(1-5)z,y)
as we have g, on both sides. But by E5 again, (8¢1 + (1 — 5)q2,y) >;f, (Bga+ (1= 5)g2,v)
as we now have (1 — 3) in common on both sides. But note that this implies (8¢, + (1 —

B2, y) =2 (g2,y) = (aqr + (1 — @)ga,y) when a = 0, and we are done. (ii) Suppose a > 0.
Now recall from (i) that (81 + (1 — 8)g2,y) >—%t,z (g2, y). Thus defining g3 = 81 + (1 — 8) gz,
then (g3, ) =4 (g2, ). Now, define v = 5- Then (vgs + (1 —7)gs,y) =" (g2, y). But as

(g3.9) =5 (q2,y). then by E5, (ygs + (1= 7)gs,y) = (a5 + (1 — 7)42,y) Where g is in
common on both sides. Or, by definition of g3, (g3 + (1 —7)gs, y) >E/ (v(Bar+ (1 —P)ga) +
(1 —7)4z,y). Then rearranging, (vg3 + (1 —7)g5,y) =5 (e + (L — 57)¢e.y). But by
the definition of 7, 78 = a, thus (ygs + (1 — v)gs,y) =a (aq + (1 — a)qa,y). But as g3 =

Y3+ (1—7)gz = Bq1+(1—B)ga by definition, then (g +(1—05)ga,y) =% (aq+(1—a)g,y).
Q.E.D.

Lemma 2 (Unique_Solvability) Assume that tg, satisfies assumptions E2 ,E3, F4,and
E5. Let yi,ys € Vil . If a1,00,05 € A(Sy) such that (q1,91) =5 (02,52) = (g5,1) and
(q1,31) =2 (gs,y1) then there exists a unique o* € [0,1] such that (qa,y2) ~% (a*q + (1 —
a*)qs, Y1)

Proof of Lemma 2: (i) If (q1,11) ~% (g2,%), then o* = 1 and we are done. (ii)
If (g2, o) Njg,l (g3,91), then a* = 0 and we are done. (iii) if (g1, v1) >3§t,1 (g2, y2) >§;f;
(g3,v1), then define the set Q@ = {a € (0,1)|(q2,y2) ig (o + (1 — a)gs,y1)}. This
set is nonempty because o = 0 is an element of it and it is bounded above by a = 1.
Thus there is a supremum of Q. Let o := sup(). Then we can consider two violating
cases. Case 11 (q,y1) =5 (g2,%2) =% (a*qi + (1 — a*)gs,1n). Then by E4’, there is a
B € (0,1) such that (qi,¥1) = (Blarqy + (1 — a*)gs) + (1 — B)q,y1). Or rearranging,
(q1,3) =4 (1= B(1 —a*))g + B(1 — a*)gs, ). But as B(1 — ) < (1 — a*), then
(1 =pB(1 —a*)) > a*. But then o is not a supremum of Q. A contradiction. Case 2:
(g1 + (1 — a*)gs, 1) H‘@t/z (g2, y2). We can proceed the same way, i.e., by E4" we can find
some v € [0, 1] such that ([1 — (1 —a*)]q +v(1 —a*)gs, 1) =5 (qa,ya), which implies that
a* is not a supremum - thus a contradiction. Consequently, it must be that neither Case 1
or Case 2 can apply, thus (a*¢; + (1 — a*)g3, 1) Ng (g2, y2). Finally, by Lemma 1, o* is
unique. Q.E.D.

Consider any Y € Y];,t , and any ql,qQ € A(SE f) such that (¢, ) %Et, (g2,y1). Define

I:={(q.y) € Dy I(ql,yl) E, (@) = (¢2,91)}. For each (q,y) € I, define f(q,y) as a
number such that (¢,) ~% (f(q,9)q + (1 — f(p))gz,%1). If the assumptions of Lemma 2
are satisfied, then such a f (q y) exists and is unique. We now make two claims:

Claim 1 (Representation on I). f(.) represents preferences on I, i.e. for all (¢,v), (¢, y) €

I, flg,y) > f(d\y) if an only if (f(¢,9)n + (1 — F(@,9) a2, 1) = (F(dsy)qn + (1 —
(@, v)a2, v1)-



Proof or Claim 1: Consider that by mixture monotonicity (Lemma 1) (q1,%) >};f

(¢2,y1) and f(q,y) = f(¢',y') implies that (f(q, y)q1 + (1 — f(q,¥))q2. 1) = —E/ (f(Q’7y’)ql +
(1—=f(¢,9))g2, y1). But by the definition of f(g,y) and f(¢',¢/), (i-e., (a,9) ~p (f(0;9)q +
(1= £ (g, ¥))g2, 1) and (¢, ¢/) ~3 (F(¢ ) +(1— f(q’,y’))Qz,yl)),We can note immediately
by transitivity E3 that this 1mphes that (q,y) i;f, (¢',y'). The same argument works in

reverse. Thus, [f(q,v) > f(d,v)] < [(¢,y) t’Et, (¢',y")], i.e., f(.) represents the preferences
on I, and we are done. Q.E.D.

Claim 2 (Affinity on I). Lety € Yé’,ti. Then f(.,y) is affine for all q,q" € A(ng) such that

(0,9),(d,y) € 1, i.e flag+ (1 —a)d,y)=af(qy)+ (1 —a)f(¢,y). The function f(.) is
furthermore onto the interval [f(q2,v1), f(q1,y1)]-

Proof of Claim 2: Consider any y € YE/ and any ¢,¢ € A(Sy ) such that (¢,v), (¢, y) €
I and define ¢" = ag + (1 — a)¢’. We note that it follows from the definition of f(.) and

E5 that (aq + (1 - a)d,y) ~g (a(f(@y)a + (1~ f(a, y))qz) + (L= a)(f(dsy)q + (1 —
f(d9))a2), 1). Rearranging, we have (aq+(1—a)q’,y) ~5 ([af(q.9)+(1—a)f(¢,y)la +
(1 —[af(q, ) (1 — ) f(d,y)]lg2,y1). From mixture monotonicity (Lemma 1) we have
(q1,0) = (af(g,9)+1—a)f(d,y)]a+[1—[af(q, y)+ (A=) f(dy)llaz, v1) = —E’ (g2 1)
From transitivity, E3, it then follows that (qi,y1) ig, (ag + (1 — a)d,y) =% (qa, 1)
Hence (¢”,y) € I for any a € (0,1). Note from above that (¢”,y) Ng, ([af(q,y) + (1 —

a)f(d y)]a + [1 = [af(q,y) + (1 — a)f(¢.y)]lg2, y1). By the unique solvability (Lemma
2), it must be that o = f(¢",y) = [af(q,y) + (1 — @) f(¢,y)], or by the definition of
¢, flag+ (1 —a)d,y) = af(q,y) + (1 — a)f(¢,y). This is the definition of affinity. To
see that the function is onto, pick any a € [f(q2,v1), f(q1,71)]. We note that « is actually
in the interval [0, 1], since it follows from how the function was defined that f(ge,71) = 0
f(q1,y1) = 1. Then f(aq + (1 — @)qe,y1) = a by the definition of f. Q.E.D.

Let (q1,1), (q2,y2) be any two elements of D;;t,l such that (g1, 1) H;/l (g2, y2) and define
I:={(q,y) € D |(q1,91) = (q2,92)}. We make the following claim:

Claim 3 (Order-Preservation on I). If a function f represents the preferences on I and is
affine, then g = a+bf where b > 0 also (i) represents the preferences on I and (ii) is affine.
Furthermore, if the function f is onto the interval [f(q2,v2), f(q1,y1)] then (i) the function
g is onto the interval [g(q2, y2), 9(q1, y1)].

Proof of Claim 5: For any (¢,9), (¢.v') € Dy, [(q.9) =3 (@) < [f(a.v) > f(d9)]
by the representation of f. Thus, if b > 0, then this implies that [a + bf(q,y) > a +
bf(d. )] & la.y) =i (¢'y)]. Thus [g(q.y) > 9(d"\y)] & [a.y) =5 (4. y')| by def-

inition. (ii) As f is affine for any y € Vi it follows that for any ¢,q € A(S ,) such
that (¢,9),(¢",y) € I, flag+ (1 —a)d,y) = af(q,y) + (1 — ) f(¢',y). Now, by defini-
tion, glag+ (1 —a)¢’,y) = a+bf(ag+ (1 — )¢, y) = a+blaf(q.y) + (1 — ) f(¢,y)] =
aa + (1 —a)a+baf(q,y) +b(1 —a)f(d,y) = ala+bf(q,y)] + (a — a)a + bf(d,y)] =
ag(q,y)+ (1 —a)g(q,y). To see that g is onto the interval [¢(qga, ¥2), g(q1,y1)] whenever f is



onto the interval [f(qs, y2), f(q1,v1)], pick any « € [9(g2,y2), 9(q1,v1)] and define 3 :=
We note that:

f(QvaQ) w

[ IA A

Hence 3 € [f(q2, y2), f(Qh y1)]. Since f is onto the interval [f (g2, y2), f(q1,y1)], it follows
that there exists (¢q,y) € D such that f(q,y) = 3. Hence it follows from the definition of

g that g(q,y):a+b*ﬁ:a+b*%—a. Q.E.D.

Consider any yi1, y2, %5, 7,y € Yé’,ti, and any qi, 4, q2, 4,7, q € A(S ) such that:

zt

() (thl) / (%@) >ZEﬂt’ (q,y) _E ((hayl) and

(i1) (g2, 30) =% (@ 7) =3 (0.9) =3 (a5, 9h)- B |
Define I, and I respectlvely by I :={(q,y) € DY (g1, m) _%t/ (¢,y) =% (ql,yl)} and

I = {(q,y) € D (g2, 1) =% (q,9) = (dh, )}

Let f; and f5 be affine representations of the preferences on Iy and I, respectively satis-

fying the properties that (iii) fi(q,7) = f2(q,7); and (iv) fi(¢,y) = f2(¢,y). We make the
following claim.

Claim 4 (Coincidence on I; N I3). fi and fs coincides on I; N I5.

Proof of Claim 4: Let (q,y) € I N I5. Since (q,y) € I, it follows from unique solvability
and mixture monotonicity that there exists uniquely @,a (@ > «), and a € [0,1] such

;41

that (a) (@ + (1 — @)gj,m) ~p @9 () (eq + (1 - a)gi,pn) ~5 (4,9); and (c)
(aqi + (1 —a)g;, ;) ~% (g,y). We now consider each of the three possible cases:

Case 1: (@g + (1 — @) ¢, 1) =4 (aq + (1 —a)g,, ) =5 (aq + (1 — g)qi, y1). Then
by unique solvability, there exists a* € [0, 1] such that (ag + (1 — a)¢’,y1) ~% (o (@q +
(1—a)q) + (1 —a*)(aqg + (1 —a)q)),y1). Tt then follows that:



filg,y) = filag + (1 —a)d),n) (by representation and (c))
= file*(@q + (1 —a@)q))
+(1 —a)(aq + (1 —a)qy),y1)  (by representation and definition of a*)
= o’ fi(@q + (1 —@)q), 1)

+(1 —ao*) filag + (1 —a)qi, ) (by affinity of f;)
= o f1(q,9)+ (1 —a®) fi(q,v) (by representation and definitions
o of @ and «)
o f2(q,y) + (1 — a”) f2(¢,y) (by (iii) and (iv))
= a* folaqp + (1 —@)qy, y1) (by representation and definitions
+(1—a”) falaq + (1 — a)q), 41) of @ and )

= fla*(@g + (1 -a)g)
+(1 = a")(aq + (1 - a)qr), y1) (by affinity of fs)
= folag + (1 — a)qy,v1) (by representation and definition of o*)
= falq,y) (by representation and (c))

Case 2: (aqi + (1 — a)q}, 1) =5 (@ + (1 =), y1) = (aq + (1 — a)gi, 41). Then
again by unique solvability, there exists a* € (0,1) such that (aqg + (1 — @)¢’,y1) Ngt,l
(o (aqgr+ (1 —a)g)) + (1 — a*)(ag1 + (1 — a)q)),y1)- It then follows that:

)
h@y) = hl@q+ (1 —a)d, ) (by representation and (a) )
(" (aq + (1 — a)q))
+(1—a")(aqp + (1 —a)q)),y1)  (by representation and definition of a*)
= o filaq + (1 — @)di, p1)
+(1 —a”) filaq + (1 — a)qi, 1) (by affinity of fi)
= a"filgy) + (1 — ") filg,y) (by representation, (b), and (c))

Rearranging, we have

filaw) = CA@T) — (0 - a))fila )
By the same token, we have
f2(@,9) = folag+ (1 —a@)¢, ) (by representation and (a) )

= fala*(aq + (1 - a)q))
+(1—a*)(agp1 + (1 —a)qy),y1)  (by representation and definition of a*)

= o falaq + (1 — a)qy, 1)
+(1 = a*) falaq + (1 — a)qy, 1) (by affinity of f5)
= a*folq,y) + (1 —a*) falq,y) (by representation, (b), and (c))

Again, after rearranging, we have

Pla.9) = COLRET) — (1 - 0*) g, )]

10



From the two above rearranged equalities, it then follows that:

Aley) = GA@Y) -1 —a)filg,y)]  (from first equality)
= (D@7 - (1 -a")fley)] (from (iii) and (iv)
= falg,y) (from second equality)

as required.

Case 3: (@q + (1 —@)g}, v1) =g (aq + (1 —a)gh, y1) = (aq + (1 —a)gl, ). Then

again by unique solvability, there exists a* € (0,1) such that (agq + (1 — @)¢’,m) ~%
(o (aqg + (1 —a)¢)) + (1 — a*)(ag1 + (1 — a)q)), y1)- It then follows that:

@)q
file,y) = fileg + (1 —a)d, ) (by representation and (b) )
= file(@q + (1 —a)q)
+(1—a*)(aq + (1 —a)qy),y1)  (by representation and definition of a*)
= o fi(@q + (1 —a)q;,n)
+(1 — o) filag + (1 — a)q, 1) (by affinity of f;)
= o i@ y) + (1 —a") fila,y) (by representation, (a), and (c))

Rearranging, we have

Flo) = = lhle: ) — 0" fi@.9)
By the same token, we have
folg,y) = falag + (1 —a)d, ) (by representation and (b) )

= folo*(@q + (1 - @)q)

+(1—a*)(ag1 + (1 —a)qy),y1)  (by representation and definition of a*)
= o fo(@q + (1 =@)q, y1)

+(1 = a*) folag + (1 — @), y1) (by affinity of f)
= " f2(q,9) + (1 — ") fa(q,y) (by representation, (a), and (c))

Again, after rearranging, we have

fala,y) =

§ - 2@ y) = (@ 7))

From the two above rearranged equalities, it then follows that:

filg,y) = ﬁ[fl(g y) — a* f1(3,7)] (from first equality)
= aarlflay) — o f2(q,7)] (from (iii) and (iv)
= fa(q,y) (from second equality)

as required. Q.E.D. _
Consider any (Qh yl)u ) (Q17 yi)a (QQ, 92)7 (QQv yé)a ((_]’ y)? (27 Q) S DZEy't/ such that:

(i) (q.91) =% (@7) =% (¢.y) =% (d),v1); and
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(i) (g2, 30) =% @7) =3 (0.9) =5 (a5, vh)- |

Define Iy, and I respectlvely by I :={(q,y) € Dgz\(ql,yl) _’Et, (q,y) ’Et, (q1, 1)} and
I == {(q.y) € Dy (a0, 32) =30 (0,9) = (gh, )}

Let f; and f5 be affine representations of the preferences on I; and Iy respectively with
the further property that f; coincides with fy on I; N I,. We make the following claim.

Claim 5 (Representation on Iy U I5). The function f that coincides with f; on Iy and fo on
15 represents preferences on Iy U I5.

Proof of Claim 5: Assume without loss of generality that (gi,v1) igl (g2,y2). We
consider all of three possible cases. (i) If (¢b,v5) =4 (¢},%,) then I, C I,. Thus ;U I, = I,
and f(q,y) = fi(q,y) for all (¢,y) € I;UI,. Hence, We are done since f; represents preferences
on I. (i) If (q1,v7) _3;, (g5, 44), and (g2, y2) =% (q1,u1), then the present assumption
implies that I; C I5. Thus I U Iy = I, and f(q,y) = f2(q,y) for all (¢,y) € I U Is. Hence,

we are done since fy represents preferences on /.

(ii1) (g1 90) = (g2,92) =5 (q,@) - (¢,y) =% () S (g v

Step 1: Show that [(¢,y) iZEt, (¢, y)] = [fla,y) > f(¢,y)]. Pick any (q,9),(d,y') €
[, U I such that (¢,y) =3 (¢,y). (1) If (¢2,52) =3 (q,9) then (¢,y) and (¢, ¢/) are
both in 5. Hence it follows from the assumption that f, represents preferences on I that
f2(¢,y) > f2(d',y'). But from the definition of f it then it also follows that f(q,y) > f(¢',¥').

(1b) If (¢, ') =% (¢}, 4), then (¢,y) and (¢',4) are both in I;. Hence from the assumption
that fi represents preferences on I, it follows that fi(q,y) > fi(¢',y’). But from the definition

of f it then also follows that f(q,y) > f(¢,v). (1c) (¢,y) =% (g2, v2) Ejgt/ (7,7) >33t/
(¢, y) = _E/ (ql,yl) _%, (¢,vy"). Then (q,y) € I, and ¢, y’) € I5. But then it follows that:

fley) = file,y) (from definition of f)
> fi(g,y) (from properties of f;)
= fa(q:y) (by assumption)
> fo(q',y') (from properties of fo)
= f(d,y) (from definition of f)

as required.

Step 2: Show that [f(q,y) = f(¢',41)] = (¢, y) € L].
Pick any (¢q,y) € I, U I such that f(q,y) > f(¢,y;). Clearly, it sufﬁces to show that

1t

(¢y) € L] = [(¢,y) € L]. We note that [(q,y) € L] < [(g2,52) =5 (¢,9) = (¢ 95)].
Since f, represents preferences on Iy, and f coincides with f; on I, it follows that [f(ge, y2) >
f(q,y) > f(dh,v5)]. Likewise, we note that since f; represents preferences on I, and f
coincides with f; on Iy, it follows from the present assumption that f(qe,y2) > f(qy,y)) >

f(dh,y5). Combining these with the present assumption that f(q,y) > f(¢’,v}), it follows
that f(q2,v2) > f(q,y) > f(qy,v1) > f(db,y5). But then it follows from the facts that f,

zt’

represents preferences on I, and that f coincides Wlth foon I that (go,v2) =% (q,y) =
(¢1,v1). Combining this with the fact that (g1, 1) = _E, (q2, y2) then implies that (q1,41) = ,l

(q,y) Et/ (¢4, y}). Hence (q,y) € 1.
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Step 3: Show that [f(q2,42) = f(q,y)] = [(¢.y) € I2].
Pick any (q,y) € I; U Iy such that f(g2,y2) > f(q,y). Clearly, it sufﬁces to show

that [(q,y) € L] = [(¢y) € L]. We note that [(¢,y) € L] & [(q1,m1) =3 (¢.9) =5
(q1,v,)]. Since f; represents preferences on I, and f coincides with f; on [y, it follows that
[f(q1,v1) > flq,y) > f(d),y))]- Likewise, we note that since fs represents preferences on
I, and f coincides with fo on Iy, it follows from the present assumption that f(qi,y1) >
f(q2,y2) > f(q},v}). Combining these with the present assumption that f(q2,v2) > f(q,v),
it follows that f(q1,y1) > f(q2,y2 > f(q,y) > f(q1,y;). But then it follows from the facts

that fi represents preferences on I; and that f coincides with f; on I that (G2, y2) t};f
zt zt

(¢,y) = =i (qi,yi) Combining this with the fact that (¢},%1) =% (g5, v5) then implies that

(g2, %) =5 (0,y) =% (gb,yb). Hence (q,y) € L.

Step 4: Show that [f(q,y) > f(¢,4)] = [(a.y) =5 (d,4/)].

Pick any (q,y),(¢,y') € 1 U I such that f(q,y) > f(¢y'). (4a) If (g2, 92) = f(a,y)
then we know from step 3 that both (¢,y), and (¢/,%’) are in I5. But then we are done since

fo represents preferences on I and f coincides with fo on Iy. (4b) If f(¢',v') > f(qy,v))
then we know from step 2 that both (q,y), and (¢/,%’) are in I;. But then we are done since
f1 represents preferences on I; and f coincides with f; on I,. (4¢) f(q,y) > f(q2,92) >
flay,vy) > f(d',y'). Then we know from step 2 that (¢,y) € I, and from step 3 that
(¢',y') € I. Since f; represents preferences on I; and f coincides with f; on I, we have
(q,y) >§5t, (¢2,92). Likewise, since f, represents preferences on I and f coincides with f;

on I, we have (¢}, v,) =% (¢',4'). But under the present assumptions it then follows that
(0,y) =9 (q2,92) =5 (¢, 9,) =% (¢',y') as required. Q.E.D.,

Claim 6 (Affinity on I, U ly). Let y € Yé’,ti. Then the function f that coincides with f, on
I and fy on Iy is affine on Iy U Iy for any q,q' € A(S ,Z) such that (q,y),(¢,y) € [ U I5.

Proof of Claim 6: Pick any y € Yé’,ﬁ, and any ¢,¢ € A(S%) such that (q,v), (¢, y) €
I, U I,. Without loss of generality, assume that (g, y) g, (¢,y). (1) If (¢,y) and (¢',y) are
both in I;, then we are done since f; is affine and f coincides with f; on ;. (ii) If (q,y)
and (¢, y) are both in I3, then we are done since f5 is affine and f coincides with f on
L. (iii) (q,y) ¢ N, (¢',y) & L. Tt follows from completeness trans1t1v1ty, and the present

assumptions that (gz,ys) t’};ﬁl (¢,9) =% (qi,y1) =5 (q, v) = (g, y) = (b ya) =

(¢ y) =% (¢,,11). Define I := {(¢",y") € D& |(q,y) =% (¢".9") =" (¢,y)} and using

unique solvability , define a function f3 : I3 — R by fa(qd",y") = Ay o where o, is the
zt

unique element of [0, 1] for which (o} ,nq + (1 — ajn n)d', y) % (¢",y"). From Claim 1,
we know that f3 represents preferenees on Is, from Clalm 2, we know that f3 is affine, and

from Claim 3, we know that for any a, b where (b > 0), the function g := a + bf both

represents preferences on I3 and is affine. Let a = f(q,7) — % * f3(q,7), and let

_ f@y)-fgwl @7 - [f (@) - f ()]
 [f3(@,9) - f3(q:w)] 7Y [f3(2,9)— f3(a:)]

— f*77 o o v | '
fs(@.9) + [J[ISE;;;% « f3(0,y) = f(@y) = [1(g,9) = f2(q.y). Likewise, we have that
— f*
9(a.y) = F(@.7) — pan-as.

> 0. Then we have, on the one hand that ¢(7,7) =

7 @D~ Flaw)]
T hean * BA@D + masaey * Bay = fley) = Aley) =
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f2(q,y). But then it follows from claim 4 that g (a) coincides with f;, and hence with f, on
I;NI;; and (b) coincides with f5, and hence with f, on I3N ;. But I3 C I; U I implies that
Iy=IN([1Ul) = (I3N1;)U(I3NIy). Hence we can conclude that f coincides with g on
I3. But then we are done since g is affine on I5.

(iv) (q,y) ¢ I, (¢',y) ¢ 1. It follows from completeness, transitivity, and the present

assumptions that (qi,y1) EE/Z (¢,9) >jét/l (g2, y2) ip}f (@7) >%€1 (q y) iﬁ;fi (41, v1) >g/l

(¢ y) = (g, ya). Define Iy := {(¢",y") € Di¥'|(q.y) _25 (¢",9") =" (¢,y)} and using

unique solvability , define a function f3 : I3 — R by f3(d",y") = agu ,» where oy, v is the

unique element of [0, 1] for which (o} ,vq + (1 — @ n)q, y) Et, (¢",y"). From Claim 1,
we know that f3 represents preferences on I3, frorn Clarm 2 we know that f3 is affine, and

from Claim 3 we know that for any a, b where (b > 0), the function g := a + bf both

represents preferences on I3 and is affine. Let a = f(q,7) — % f3(q 7), and let

@y gy — [f(@9)—f(g,y)]
= @ -hawl > 0. Then we have, on the one hand that ¢(q,7) = f(q,y) — Tar—faw *

J3(@ 1) + e+ f3(3.5) = f@F) = £1(@F) = f2(q)- Likewise, we have that

— [f@y)—flgy [f@y)—f(gy)]
9(¢.y) = [(@.y) — M—hm f3(@ ) + sz)—ﬁ}ﬁ, fs(@y) = flgy) = filgy) =
f2(q,y). But then it follows from claim 4 that g (a) coincides with fi, and hence with f, on
IsN Iy; and (b) coincides with fy, and hence with f, on I3N 5. But I3 C I; U I implies that
Iy=1IN([1Ul) = (I3N1;)U(I3NI). Hence we can conclude that f coincides with g on

I3. But then we are done since g is affine on I5. Q.E.D.

Let (g, y),( y) € DE/ satisfy the property that (g,7) >1Et, (¢,y). Define I := {(q,y) €
D@7 =i (@.9) =3 (2.9)}

Definition 3. I* is a basis interval if it satisfies the following three criteria:

(i) there exists an affine function f* : I* — R that represents the preferences on I* and is
onto the interval [f*(q,y), f*(q,9)};

(ii) for every (q1,y1) € Dgz such that (q,y) » ( ), there exists yt € Y5, and ¢, ¢* €
A(S) such that (g, 57) ~5 (q1,3) =% (7 y) (g y7) =4 (g.y); and

(iii) for every (go,2) € D% such that (g, y) >E, (G2, y2), there exists y5 € Yé,t, nd
g3, 45" € A(Sp ) such that (7,7) =5 (45, 95) =% (0,y) =5 (g2.92) ~5 (a5, y3)-

@) =%
(¢,y) =% (q.y)} be a basis interval and let f* be an affine representation of the prefer-

We now turn to a couple of additional claims. Let I* := {(q,y) € DlEﬁ

ences on [* such that f* is onto the interval (¢, v), f*(q y)] Let (q1,y1), (g1, ) € D’Et,
satlsfy the property that (ql,yl) = @)~ (¢, y) = =2 (q), ) and let T := {(q,y) €

zt

Dy \(q1,m) = (a.y) = (a4, 91)}-

Claim 7 (Representation of I*). There exists an affine representation f of the preferences
on I such that a) f coincides with f* on I*, and b) f is onto the interval [f(q}, vy), f(q1,y1)]-
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Proof of Claim 7: Define I} := {(q,y) € D% |(q1,11) =% (¢,v) 1Et, (q,v)}. We divide
the rest of our proof into two steps. -

Step 1: Show that there exists an affine representation f; of the preferences on I{ such
that a) fi coincides with f* on I*; and b) f; is onto the interval [f1(q,y), fi(q1, v1)]-

(i) If (q1,v1) Njgt,l (4,7), then it follows from completeness and transitivity that I] = I*.
Hence we can set f; = f* and we are done since f* satisfies all of the desired properties.
(i) If (g1, y1) >Zf,l (¢,7) we know from the deﬁmtlon of a basis that there exists yj € vy

and g7, qi" € A(S) such that (¢7,97) ~5 (a1,00) =5 @7) =5 (47w =% (¢.y)-
Let I3 := {(a,9) € Dil(a,v7) =% (a.9) =5 (@)} = {(a,9) € Dil(ar,m) =5

(¢,y) =% (¢* y)}. By mixture monotonicity, we know that for every (q,y) € I, there
exists uniquely a; € [0, 1] such that (o} ,¢i +(1—a; )@, y7) ~ (¢,y). Hence we can define
a function g : Iy — R by g(q,y) = o} ,. From Claims 1 and 2, we know that g is an affine
representation of the preferences on I with the further property that it is onto the interval
lg(at, ), 9(at,u)) = lolai™, 1), g, ). Let a = f(qi*y;) — Lotz s g(gi, y7)

b= [f[ggz zg Z; (q(q**y’y){] , and define h := a + bg. From Claim 3, we know that A is an affine
1 091

representatlon of the preferences on [, that is onto the interval [h(¢;*, y7), h(q1,y1)]. We note
that h(7,7) = f*(ai", ;) — 20 g(q(;% S 9l v) + Sy < 9@ y) = £@9).
Likewise, we have Algi",37) = J*(4i*,05) — 0BT L i ) 4 am=rta
9(q7,y7) = f (g%, y;). From Claim 4, it then follows that f* and h coincide on I* N I5. Let
f1: I*UI; — R be the function that coincides with f* on I* and with h on I}. From claims
5 and 6, it follows that f; is an affine representation of the preferences on I*U I}, = I7. To see
that f is also onto the required interval, note that [fi(q,v), f1(q,v)] = [f*(¢,v), f*(q,7)] U
(g™, y), (g1, 91)]. We know that f* is onto the interval [f*(q,y), f*(g,7)] and that h is
onto the interval [h(¢:*, yt), h(qi,11)]. But since f; coincides with f* on I* and with h on I
it must be that f; is onto both intervals and hence onto the interval [fi(q,y), fi1(q,y)].

Step 2: Show that there exists an affine representation f of the preferences on I such
that a) f coincides with f* on I*; and b) f is onto the interval [f(q},v}), f(q1,y1)]-

(i) If (q7,v7) Ng, (q,7), then it follows from completeness and transitivity that I = I7.
Hence we can set f = f1 and we are done since f; satisfies all of the desired properties.

(i) If (q Y) = (), y,), we know from the definition of a basis that there exists y; € Yy ;

and g3, 5" € A(Sy)) such that (7.7) =} (¢5,55) =4 (@) =5 (g ¥0) ~5 (57, 93)- Let

1= {(a,y) € Dy (a5, 93) =3 (0,9) =% (a5 93)} = {(a,) € Dy’ =i

(QZ7y2) —_FE (qay) tlé't/
(¢1,v1)}. By mixture monotonicity, we know that for every (¢,y) € I}, there exists uniquely

€ [0,1] such that (o] ,¢5 + (1 —a; ,)g5",y5) ~ (¢q,y). Hence we can define a function

g2+ Iy — R by g2(q,y) = «;,. From Claims 1 and 2, we know that g, is an affine

representation of the preferences on I} with the further property that it is onto the interval
*k ook * ok * * gk * [f*( 5:93)— 1" (g, )]
[92(a5",¥5), 92(a5, y5)] = [92(d1,¥5), 92(05, ¥5)]. Let a = f (Q,Q) - [92(32732)75,2(;5)] *92(%@ )
_ U(a3.w5) =1 (ay)]
T o245 v3)—92(q.y)]
representation of the preferences on [} that is onto the interval [h(q},v1),4i,y7)]. We note

* * [f*(a3.935)— " (@) [f*(a3.93)—f* ()]
that ha(q,v5) = f (q7 ) [92(2732) 92(55)] gZ(QaQ)"*‘[g2(zz,z§)_g2é§)} x990, Y3) == (a3, ¥5)-

and define hy := a 4+ bgo. From Claim 3, we know that h, is an affine
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N . [ (a5,95)— F* (0,9)] [ (45,95)— 1" (a,)]
Likewise, we have ha(¢,y) = f(¢,y) — [92<Z§,§§> gz<§§’>] *92(¢,y) + [92<Z§,§2> ey F92(@Y) =

*(q,y). From Claim 4, it then follows that f; and hs coincide on I;NI5. Let f: IJUI, - R
be the function that coincides with fi1 on I} and with hy on I. From claims 5 and 6, it
follows that f is an affine representation of the preferences on I, U If = I. Note also that
it follows from the facts that f coincides with f; on I, and f; coincides with f* on I*
that f coincides with f* on I*. To see that f is also onto the required interval, note that
F(ds ), fla, )] = [fi(a, ) fila, y)] U [ha(dr, 11), ha(g5,y3)]. We know that fi is onto the
interval [f1(q,y), f1(q,y)] and that hy is onto the interval [ha(q), v}), ha(qs, y3)]. But since f
coincides with f; on I and with hy on I} it must be that f is onto both intervals and hence
onto the interval [f (¢, ), f1(q,y)]. Q.E.D.

Let I* := {(q,y) € D;;,](G y) = i’ti (¢,y) = Et,. (¢,y)} be a basis interval. Let (g1, 1),
(a1, v7), (qo, yg) (g5, v5) € D’E, Satlsfy the properties that
(i) (g1, 1) = (q,y) = (¢y) = (d,9)); and
(i) (@2,0) =% (@7) =3 (0,) =i (g ).

Define Iy == {(¢,y) € D' [(q1, 1) =5 (q,9) =5 (¢}, 9/)} and I :== {(q,y) € D% |(ga, y2) =5,

(0,y) =% (b, )} Finally, let f; and f, be affine representations of I; and I, respectively

such that a) f; and f; coincide with f* on I*; b) f is onto the interval [f1(q}, v1), f1(q1,v1)];
and c) fo is onto the interval [fo(qh, v5), f2(qo, y2)].

Claim 8 (Coincidence on I} N I). The functions fi and fy coincide on Iy N Iy

Proof of Claim 8: Pick any (¢',y') € 1N 15. (i) If (¢/,y') € I* then we are done since f;
and f> both coincide with f* on I*. , ‘
(i) (¢, y") =" (@.9). Then we must have (q1,51) =5 (¢,¥) =% (3.7) and (g2, o) >’Et,
(q,y") >§5t, (q,7). From the definition of a basis, it then follows that there exists y7, y; € Yé’,ﬂ‘

and qf, ;" g5, ¢3* € A(S 1) such that (qf,y]) ~i (q.y1) =5 @7) =% (@".¢) =5
(¢.9) and (g3,53) ~5 (@2.92) =5 @9 = (6,45) = (¢.y). Define I == {(q,y) €
DY N(ag. ) = (qy) = (7))} and I, = {(q.y) € Dy |(a5.43) =4 (0.9) =
(¢3*,y5)}. We note that it follows from above that (¢',y') € I} N I5. Define a function
fi: I = Rby fi(g.y) = filg,y) and a function f;: Iy — R by f3(q,y) = fo(¢,y). Suppose

without loss of generality that (¢i*, y7) ijEt, (¢3*,y3). We note the following four properties:

o

a) (¢}, ;) >E/ @.9) >E/ (@, a) =5 (a7, a3);
) (a3, 93) >Ef @) -5 (Qi‘*,ql) = (05, 43);
¢) f1(@,9) = f1(@,Y) = [(@,7) = f2(0,9) = f2(q,y); and

d) filat*,ui) = filat y5) = flaf* ,yl) = fa(gi",y7) = foa@™ vi)-

It follows from Claim 4 that f| and f; coincide on I7 N I;. But then we are done since
this implies fi(¢,y') = fi(d',v') = f3(d, ') = fo(dY). |
(iii) (g,_g) >g, (¢','). Then we must have (¢,y) >g, (q,y") _lEt, (q1,%1) and (q,y) >1Et,
(q,y) z’};ff (g5, y5). From the definition of a basis, it then follows that there exists y;,ys €
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Vi and g}, 05, 05" € A(Sy) such that (7,7) =3 (af.ai) =3 (@9) =5 (@90 ~3
(qi",97) and (@9) =% (63.45) =5 (@.9) = (ah,9h) ~3 (457,93)- Define If := {(q,y) €
Dy \(ai vh) =5 (qy) =3 (a7 up)} and 5 = {(q,y) € D l(g,53) =% (0.9) =3
(¢*,y5)}. We note that it follows from above that (¢’,y') € I} N I5. Define a function
fi I = Rby fi(q,y) = fi(g,y) and a function f; : Iy — R by f5(q,y) = fa(q,y). Suppose

without loss of generality that (¢}, y7) _};, (g5,y5). We note the following four properties:

2) (af 1) = (65,93) =3 (a.9) = (a7 00);

b) (a5 v3) = (@5.95) =5 (¢.y) =5 (63 ,q2),

c) filg,y) = file,y) = f(¢,y) = folg, y) = fa(g, y); and

d) fi(a3,3) = fi(@s.v3) = (@3 03) = fod5.05) = f5(a5,43)-

It follows from Claim 4 that f| and f; coincide on I{ N I5. But then we are done since
this implies f1(¢', ') = fi(¢,y) = f2(d.v') = fo(d,y). QE.D.

We are now ready to state a key Lemma that will greatly assist us in the rest of our
proof.

Lemma 3. If a basis exists, then there exists an affine representatzon I of the preferences

on DY . Furthermore, for any two elements (q,y), (¢,y') € D%, such that (q,y) =2 (¢, )

, the representation f is onto the interval [f(q',v'), f(q, y)].

Proof of Lemma 3: Suppose there exists a basis I* := {(q,y) € Dgi|(@ ) EZEt, (q,y) tlEt,
(¢,y)}. Define I := I*, and consider an increasing sequence of intervals Iy C I, C I3... C
DY Let Iy = {(¢,y) € DY \(q ) =% (¢,9) =5 (¢4, yh)}. From Claim 7 it follows
that at each step, we can define an affine representation f; of the preferences on I such
that a) fi is onto the interval [f(q,v.), f(ak, yx)], and for every k' < k, [(¢,y) € Ip] =

[fe(a,y) = fie1(q,y) = fr2(q,y) = ... = fw(q,y)]. Thus, let us define this common value
fela,y) = fr-1(q,y) = f(q,y). We can thereby construct a function f that represents

preferences on the entire set Dg, To see that f rnust be onto any interval [f (¢, v), f(q,y)],

consider any sufficiently large k so that (qx, yx) =5 (¢, ) EZEt/ (q,y) _ZEt, (¢).,y5.). Then the
onto property follows from the fact that fj is onto the interval [f(q., yi.), f(qk, yx)]. Q.E.D.

Claim 9. Let (q,y) € Dgl Then there exists B, E € S}; such that (ig,y) tg,z (q,y) t’Et,Z
(E,y)-

Proof of Claim 9: We note that C'(q) has only a finite number of elements. An implication
of completeness and transitivity is that there exists £, E € C'(q) such that for all £ € C(qg),

(i) if (iz,v) =% (ig,y), then it follows from unique solvability that for every E € C(q),
there exists uniquely o, € [0,1] such that (afiz + (1 — af)ig, y) ~ (ig,y). Now, order the
elements of C(q) as Ey, Es, ..., Ex where K := #C(q). Define for each k = 1,2,..., K an
element gp, by:

g = sk 4B
Fi Zk"gk q(Eyr)
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We claim that for every k, (ig,y)

(05, y) =

(ig,,y) which in turn implies that (i, y) z};, (q5,,v) _é,

EEZ (ig,y). To see this, first note that
(ig,y). Hence the

>_z‘,ti

o (45, Y)

desired property holds for k£ = 1. Consider now any k such that the desired property holds

for k' =1,,2,...

by unique solvability) for which (Byigz +

K =12...,
which (awig + (1 — aw)ig, y) ~

it

2wz 4(Ey)iny,

,k — 1. For each such £’ denote by i the unique element of [0, 1] (implied

(1 — Br)ig,y) ~bt! (qi‘Ek,,y). Likewise, for each

K denote by a3, the unique element of [0, 1] (implied by unique solvability) for
(ig,,y). Then we have,

gyl = (e Yl
= [( a(Bk)ip, )+ o (Egrr)) <k By )in,) ]
- Zk’EEJg q(Eynr) E%k”gk qEEk";; OCwrr e a(Eyrr)) 2
— k lEk 6 <t A(Eprr
B [(Zk”<kq Ek”)> T (< a(Eyrr)) qu 1’y] 5 (o))
@'7ti E ) . " q " *
~ [(zk//<%;)Ek,,)) (apig+ (1 —ag)ig) + (Zz/;:—qwz)) *hy 10 Yl
~n [(Zk,,ik(fEk,, ) * (ap,ig + (1 —ag,)ip)
(Z " (E //) . .
+(Z://zzg(Ez//) (ﬁEk—llE + (1 - 5Ek—1)®£)7 y]
_ q(Ex) (<t A(Eyrr)) .
= H(Zk"<k q(Ek//)) aEk + (Zk”;k gEk//)) TEBE)I;l]ZE
E " ” .
L~ [ ) * o, + (i + i)
: — 9(Ex) ok <i 4(Ex))
Letting S := [(m)*aEk+m BE,_,], we note that the desired property

holds for any k. Now, simply note that qx = ¢. Hence, we can let § = 3. But then it follows

that (g, y) ~" (Big + (1
by mixture monotonicity.
() if (i) ~i

k=1,2,..., K an element ¢y, by:

*

dg, =

We claim that for every k, (ig,y) ~

(@) =

— B)ig,y). This in turn implies that (iz,y) =% (¢,¥)

(ig,,y) which in turn implies that (ig,y) ~

Et’ (iﬁa y)

Nj;, (z 5:.Y), then it follows from completeness and transitivity that for every

Nzét/l (iE> y)'
Now, order the elements of C(q) as Ey, Es,. ..,

FEx where K := #C/(q). Define for each

Zklgk (J(Ek’ﬂEk/
Zk"gk q(Eyn)

35, (iE,y). To see this, first note that

ZEt/ (q*Elay) Ng, (ig,y). Hence the

(@5, Y) ~5

desired property holds for £k = 1. Consider now any k such that the desired property holds

for K =1,,2,...,

Then we have,

k—1.
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* / q(E ’ ZE ’
_ [( Q(Ek lEk ) (Zku<k q(Ek//)) (Zk’<k Q(Ek’)ZEk/) ]
- Zk/EEk q Ek“ E%k//<k qEEk//gg (Zk”<k q(Ek”)) Y
— 4(Ey)ig, k' <k 4(Exn
= [(zk”qq o)) 7) + zk,/&q(Ek,,))(E* ‘J)J)Ek Yl
N 4(Ek) (2w 0(Eprr))
[(Zk”<kq (Eprr) ) * %k”<k qggk//;§ qu 1 y]
it q(Fr) k! <k Qg1
[(zk”qq (B 7)*ie + Zkuqu(Eku)) in, Y]
[¢

1E,Y ]

i,tt zt

But then it follows from completeness and transitivity that (ig,y) ~% (¢5,,vy) ~

(ig,y). Hence the desired property holds for every k. Now, simply note that gx = ¢. Hence
iy

(iz:y) ~p (@:y) ~p (iy). QED.

Claim 10. Let Ey and Ey be distinct elements of S” and let yy and ya be elements of Yé’,ti.

Then there exists y* € Yo such that (ig,,y*) ~% (ig,, ) and (ig,, y*) ~% (i, ya).
Proof of Claim 10: Let yi = y2 5, it E = E» and let y; = y1 g, otherwise. Then it follows

from E1 that (ig,,y*) ~% (i, 1) and (ig,, v*) ~% (ig,,v2). Q.E.D.

Claim 11. If there exists Ey, Es, Es, By € SYWE, # B3, By # E4,E2 + Fs3,Fy # E4] and

Y1, Y2, Y3, Ya € Y such that (g, 1) =5 (imy,y2) and (igy,ys) =2 (ig,,ya), then there
exists (q,7), (¢, y) € DY such that:

(Z) (67 y) t’LEyt’l (ZE173/1> >‘2’€1 (ZE27y2> tgﬁll (ga g);
(ii) (4, 9) zEt’ (ims, Y3) >ZE€ (iEy, Ys) t;f/ (¢, y);

(iii) the preferences on the interval I* := {(q,y) € Dgl|(§, Y) =

H(ay) =i (g,y)) are
representable by an affine function f that is onto the interval [f(q, g), f(@

7,9)l; and
(iv) the interval I* is a basis.

Proof of Claim 11: Step 1: Establish (i)-(iii).
Assume without loss of generality that (ig,,y1) Et,l (1, Ys3)-
1a) It (ZEQ’yQ) EZEt’Z (ZE47y4) set (Q7y) - (ZE17y1) and (Q7y) = (iE4ay4)' Then we have’

it

(GJ y) = (iE1ay1> ~ (iEwyZ) E’LEjt’Z (iE47 y4) = (gu g); and

(67 y) (ZENyI) _ZEt/ (iE37 y3> >lE"t/l (Z.E4)y4) = (Q7 Q)

Hence (i) and (ii) are both satisfied. ,
Now, since E; # Ey, it follows from claim 10 that there exists y* € Y%!" such that
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(iEl7y*> N%t’ (iEl?yl) >_2‘t’ (iEzayQ) i%t/ (iE47y4> Nz’t’ (iE47y*)

Due to the unique solvability property, we can then define a function f : I* = R by
f(q¢,y) = a;, where ;  is the unique element of [0, 1] for which (o} jig, +(1—-0} , )ig,, y*) ~ };
(¢,y). From claims 1 and 2 it follows that f is an affine representation of the preferences on
I* that is furthermore onto the interval [f(ix,,y"), f(ir,,¥*)] = [f(¢,y, f(q,y]. Hence (iii)
holds.

1b) If (ig,, y4) %Et, (i, Y2), set (4,7) = (ig,, y1) and (q,y) = (im,,y2). Then we have,

(@9) = (im 01) =5 (g ys) =" (i ya) =58 (i, 02) = (4,9)

so (i) and (ii) both hold. Now, since E) # EjandFE, # Es, it follows from claim 10 that
there exists y; and 5 in Yé’,tz such that

(iElv yik) NiE’t’l (iE17 yl) >'%t’z (iE4’y4) N%t’l (iE4v yiﬂ)

and

1,1

(iEsv y;) ~E (iEsa y3) >_%t’z (iE27y2) Ni]_%t’l (iEzﬂ y;)

From unique solvability it follows that for every (g, y) such that (ig,,y;) t’Et, (q,y) E’Et,
(ip,,y;) there exist uniquely o € [0,1] such that (o} ip, + (1 — ), ¥7) lEt, (q,v).
Likewise, for every (gq,y) such that (ig,,Y7) tg, (q,v) i%t,l (ig,,y;) there exist uniquely

€ [0, 1] such that (8; jip, + (1= 5;,),y7) ~ (q,y). | |

Hence, we can define a function f; : {(¢,y) € DgW(iEl,yT) >-’t (q,v) ZEt,Z (i, D)} — R
by fi(¢,y) = o}, and a function f» : {(q,y) € D3 [(ir,, y3) tlff (¢.y) =5 (ig»y3)} — R
by fi(q,y) = B;,. From claims 1 and 2 it follows that f1 is an affine representation of the
preferences on ]1 ={(¢,y) € D% |(zE1,y1) = (g, v) _Zf, (im,,y7)} such that f; is onto the

interval [f1(ig,, yT), f1(ig,, y7)]. L1kew1se it follows that f, is an affine representation of the

preferences on I := {(¢,y) € D |(ig,, v3) lEt, (¢,y) =% (ig,,y5)} such that f, is onto the

interval [f2(im,, ¥3), fa(in,, y5)]-

Let (¢*,y") = (ip,, ys) and (¢, 5™) = (ip,, ys). Then we have (ip,,y7) =5 (ig,.ys) ~
(a°,9") =5 (@ y™) ~i (g yl) and (s, ys) ~5 (5 y7) =5 (67 9™) ~5 (im0 y0) =5
(im,,ys5). Given claim 3, we can find a and b[b > 0] such that ¢ = a + bfy is an affine
representation of the preferences on I which is onto the interval [g(ig,,v3), 9(ig,, y5)] and
that furthermore has the properties that g(¢*, v*) = fi(¢*,v*) and g(¢**, v*™*) = f1(¢™, y**).

From Claim 4, we know that g and f; coincide on I; N I5. Now, let f* be the functlon
that coincides with f; in I; and with g on I5. Then wed know from claims 5 and 6 that f*
is an affine representation of the preferences in Iy U Iy = I* as required. Hence (iii) holds.

Step 2: Show that (i)-(iii) implies that I* is a basis.

2A) Show that property (ii) from the definition of a basis holds.
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Pick any (q},y}) € Dy such that (¢}, 4}) = @, 7).
From Claim 9, we know that there exist E € Sp such that (i, v}) _;;t, (¢4, ;). Since
Es # E4, we know that either E #+ Fy or E # E,;. Without loss of generality, assume that

E # E,. Then we know from Claim 10 that there exists y* € YEi’,tl such that (ig, y*) ~ ;;t,

(ig,vy) and (ig,,y*) Ng/z (ig,,y2). Then we have,

it zt

(iE7 y*) ~E (ZE’yl) _E' (qhyl) FE’ (q y) 7t’ (iE17y1) >2“t’ (iEzva) ~ (iE27y*) iE’ (g’ 2)

From unique solvability, it follows that there exist uniquely o* € [0, 1] such that (a*iz +

(1 _a*)iEQ’ y*) ~ (Qia yi) Now, let (q*v y*) = (O‘*iﬁ+(1_a*)iE27y*) and ((]**7?/**) - (iEzv y*)
Then we have

(@, y") ~5 (dv) =% (@7) =% (imny) =% (s, w) ~ (@ y°) =5 (¢,y)

as required.
2B) Show that property (iii) from the definition of a basis holds.
Pick any (g4, 1) € D}, such that (¢, y) - (qé,yé)

From Claim 9, we know that there exist £ € S% such that (¢},5) > ’, (ig,yh). Since
E, # FE3, we know that either £ # E; or £ # Es. Wlthout loss of generality, assume that

E # E,. Then we know from Claim 10 that there exists y* € Y]é’,tl such that (ig,,y*) ~ ;;t,

(ig, 1) and (ig, y*) NzE't/l (ig,v5). Then we have,

;4

@7) =5 (e y) ~5 Geou) =5 (@) =5 (g vh) ~ (i, vh) ~ (i y")
From unique solvability, it follows that there exist uniquely 3* € [0, 1] such that (5*ig, +
(1 _5*)iE’ y*> ~ (qév yé) Now, let (q*7y*) = (iE17 y*) and (q**v y**) = (ﬁ*ZEl +(1_ﬁ*)iﬁv y*)

Then we have
7,8t IR *%

@) =5 (05y") =5 (@) =5 (4 vh) ~5 (@ y7)

as required.
Q.E.D.

Claim 12. If #[E] > 2 and 3(q,y), (¢, y') such that (q,y) >2Et, (¢',y') then at least one of
the following three holds:

(Z) Ther’e ex1st El, EQ,E37E4[E1 7é Eg,El 7é E4,E2 7& Eg, E2 7é E4] € SE’ and Y1,Y2, Y3, Ya €
Yé,t such that (ig,,y1) >E/ (imy, y2) and (ig,, ys) >_E’ (124, Ya)

1) There exists distinct events EY, E} € SZ, and y* € Vi such that
1 E

(a1, 90) 25 (0%, 5)] = [a(Ef) > 0]

(iii) There does not exist E € SEZ and y1,ys € YL such that (imy 1) >§9t,1 (ig,ya)-
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Proof of Claim: Step 1: Show that if (i) does not hold then #{FE € Sléfiﬁlyl, Yo € V!
(i y1) =5 (im,y2)} < 1.

Suppose not. Denote by EY, Ej any two dlstlnct elements of {E e sS4 |3y1,yg € YE,t :
(ig, 1) =5 (ig,y2)} and by Y1, Y2, Y3, ys € Yy any elements of Yz such that (igr, 1) -t
(igr,vy2) and (igs,ys3) >—E, (igg,ya). Now, set By = Ey = E} and E3 = E; = E5. Then
By # B3, By # Ey, By # Fj, and Ey # E,. But we also have,

(i, y1) =5 (igy,y2) and (ig,, ys) =2 (iE4,y4) which contradicts our present assump-
tion. Hence #{F € 2|31, y2 € Yo' - (ig, 1) =5 (ig, 1)} < 1. |

Step 2: Show that if (i) does not hold and #{F € Sg By, ye € YE : (ig,y) =5
(ig,y2)} =1 then (ii) must hold. _ _ '

Denote by Ef the unique element of {E € S5 |3y, y2 € Y = (im,v1) =2 (ig,y2)} and
by E3 any other element of S We claim that for every E € gt \ {E}, E5}) and any
Y3, Ya € Yi’/ti, it must follow that (ig,ys3) Ng/z (igg,ya). Suppose not. Consider any such F
and let v}, y5, y5,y5 € i satisfy (i, v7) = (ig;,u3) and (in, y3) o5 (ig;,ya)-

2A) If (ip,y5) = (ips,y4), set By = By = B}, By = E, By = E}, y1 = yi, 1 =
Y5,y3 = y3, and yy = yi. Then Fy # E3, By # Ey, By # FE3, By # Ey. But we also have
(i, y1) = (iE,, y2) and (igy, ys) =" (ip,,ys) which contradicts our present assumption.
Hence (igg,ys) =5 (ip, y5).

2B) Likewise, if (ixs, ya) >E, (ig,y3) set By = By = Ef, Es=FE5, Ey=FE, y1 =y, y2 =
Y5,Ys = Y1, and yq = y3. Then Ey # FE3, FEy # Fy, Ey # FE3, Fy # E;. But we also have
(igy, 1) =2 (imy,y2) and (ig,, ys) """ (ig,,ys) which contradicts our present assumption.
Hence (ig,y3) =4 (ims, Ya)- |

2C) Conclude from 2A and 2B that (igy,ys) ~ ~ (i, yE).

Step 3: Show that if (i) is Vlolated then either (11) or (iii) holds. Indeed, from step (i) we
know that #{E € S By, e € Y 2 (i) =5 (ig,y2)} <1 If#{F € ST €
Y];,t (ig,y1) =% (ig,y2)} = 0 then (iii) holds. If #{E € Si [3y1, 52 € Yir : (ig, 1) =2
(ig,y2)} = 1 then it follows from step 2 that (ii) holds.

Q.E.D.

Claim 13. Let EY, EJ be distinct elements of S%fz and let y* be an element of Vi such that
[(q,y) 24 (igs,y")] = [q(EY) > 0]. Let y1,ya be elements of Y such that (ips, Y1) -t
(igs, y*) >jgt,l (ips,y2). Finally, let fi and f be affine representatwns of the preferences
on the intervals I := {(q, y) € DE, (ims, 1) =5 (0,y) =5 (g y")} and I == {(q,y) €
Dg (igs, y*) >—Zt (q,y) =% (ipr,y2)} respectwely with the further properties that a) fy is
onto the mterfual UiGies, v*), filie, yi)l; b) fo is onto the interval [fo(ig,,y2), f1(ies, y*)];
and c) fi(ips,y") = foligs,y*). Then the function f that coincides with fi on I, and
f2 on Iy is an a[ﬁne representation of the preferences on the interval I* = {(q,y) €
Dy (i, y1) = = (q,y) = ’,L (ips,y2)} = It U Iy. Furthermore the function f is onto the
interval [f(ZE{>y2) JC(ZE1 ) yl)]

Lemma 4. Assume that X'(.|t') satisfies assumption C1. Assume furthermore that t;;t,l
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satisfies assumptions E1, E2, E3, B4, and E5 Let q1 and qz, be any two distinct elements
of AHEEPF(|H|ECE} -1 and let yi € Y satzsfy the pmperty that (q1,11) =2 (g2, ).
Then for every (q,y) € DZ 2 such that (q1,v1) = _E, (q, y) = (qg,yl), there exists uniquely a
€ [0,1] such that (t* ¢ + (1 — t*) * qo, 1) ~5 (¢,9)-
Proof of Lemma: Existence. Pick any (q,y) satisfying the described property. Define A
and B by: ‘
A= {t € [0, 1t * g+ (1) *go,11) =5 (0:9)}

Bi={t€[0,1]|(qy) =5 (txq+(1—)*am)}

It suffices to show that ANB # (). From D4’, it follows that A and B are closed sets From
D2, it follows that AUB = [0, 1]. Define t* := sup{t € [0, 1)|(txq+(1—t*)%qa, v1) =5 (¢, 9)}-
From D4, it follows that t* € B. If t* = 1 then t* is clearly in A. IF t* < 1, we note that
[t € [0,1]|t > t*] C A. Since A = A, it therefore follows that t* is in A. Hence we conclude
that regardless of the value of ¢t*, it is in A N B establishing the existence of the desired t*.

Uniqueness. Suppose not. Pick any (q,y) € D;;/Tl such that there exists distinct ¢7,1;
(t1 > t5) in [0, 1], both satisfying the described property. We now establish two properties
implied by the existence of ¢] and 5.

Property 1: (¢,y) ~g (q1,1)-
To establish property 1, we define a sequence {t;}7, by
th=1—(1—13)[(1 —17)/(1 = t;)]".

for kK > 1, we have

N T

t, = 1-— (1 _tQ)[l_t}*]k ! [1—1%]
1—t*
= 1= (1 —tra) =]

1-t 1—t
= [0 )+ ]t

We also note that tg =1 — (1 — t3) = t5. We claim that for every k,

(t* q1 + (1 — tg) * q2, 1) Njétfz (q,y).

Clearly, this holds for ¢3. Suppose that it holds for ¢;_;. We will show it then must hold
for t; hence establishing this claim. We note,

(L g1+ (L= t) * g2, 91) (- H [ *] *tk 1] *q+ Htg] — [ i] * -1q2, Y1)
= (= i H [ ] (L1 % g1+ (1 — ti—1) * g2}, 91)
~ (U= [ i H*Q1+[ % ] [t5 % q1 + (1 = 13) * o], y1)
_ ([(1—t*)—( lt*t)j- (1—t7)* ] s g1+ (1= 1) % go, y1)
= (tT*Q1+(1—t1)*Q27?J1)
~p (@)



as required. Now, the fact that ¢; converges to 1 implies that

sup{t € [0,1]|(q,v) ig/ (texqu+ (L —tk) xq,y1)} = 1.

But ‘
{t o, ]I(q y) = (e x g + (1 — th) % o, 1) }

is a closed set. Hence (q,y) = (ql,yl). This together with (q1,v1) E’Et, (¢,y) then implies
property 1.

Property 2: (q,y) ~5 (g2, 1)

To establish property 2, we define a sequence {t;}7°, by

)k

for kK > 1, we have

1—t, = 1—t:x [—z]’f—l*[ﬁ]

i
= 1— by *[2]
1

— =B ]

ty
We also note that ty = t7. We claim that for every k,
(texqr+ (1 —te) * @2, 01) ~5 (dy).

Clearly, this holds for t5. Suppose that it holds for ¢;_;. We will show it then must hold
for ¢, hence establishing this claim. We note,

Cexq+ 1 —t)xq@pm) = ([ —[1—t2]— = teallg +[[1 - t*]+ [1—tk 111g2, 1)
= (1— [1__]]*61 +[t*] [t 1*6114‘(1—?%71)*%],%)
~p (- t*] * g + [t*][t* xqu+ (1 —17) x q2],41)

— (ti‘tt2+t_**[(t2 tx ) % qo + 15 5 % q1], 1)
= (t *Q1+(1—t2)*Q27y1)
~i (@)

as required. Now, the fact that ¢, converges to 0 implies that

inf{t € [0, 1]](t * g1 + (1 — th) * g2.91) = (q.9)} = 0.
But
{telo, 1]|(tk s qr 4+ (1—th) % go,0) =t (g,)}

is a closed set. Hence (qa,y1) =4 (¢,y). This together with (¢,7) =4 (g2, %) then implies
property 2. _

Now, properties 1 and 2 implies that (g2, 41) i%ﬁl (¢1,y1). But this is a contradiction to
the present assumption that (g, y;) >j§t; (g2,71). Hence t* must be unique.
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Lemma 5. Assume that X'(.|t") satisfies assumption C1. Assume furthermore that >—iti
satisfies assumptions E1, E2, E3, E4', and E5. Let a, b (a > b) be any two real number, let

g1, q2 be any two elements of A(S%t, ), and let y in YE, satisfy the property that (q1,y) >E,

(42.y). Define a function u : {(¢,y) € Dl(ary) =5 (@.y) =3 (@)} — R by
u(d,y') =ty *a+ (1=t ) *b, wheret;, . is the unique number associated with (q',y’)

given in Lemma 1. Then the function u satzsﬁes the following properties:
(i) (@) = (" y") & [ud,y) = ulg",y")); and

(i) If forl =1,..., K, (q1,v) zEf} (¢, ) }3/ (q2,y), then for every t € AKX~
Wtk g ) = toxuld y).

Proof of Lemma 2: Step 1. Show that
[(t2/7y/ * 1 + (]. — t:;/’y/> * @2, y) tlE’vt/ (tZ//’y// * 1 + (1 — tZ//y//) * @2, y)] = [t2/7y/ 2 t21/7y//]

. Indeed7 if (t2/7y/ * g1 + (1 — tZ/:y/) * (9, y) N/Léél (t:;// y" * 1 + (]. t*// y//> *q2,Y ) then it follows

from the uniqueness property in Lemma 1 that ¢, , =t;, .. Therefore assume that (27, v

Q1+<1_t2/7y/)*Q2;y) >‘ZE’t/Z (tq 1y *q1+(1 t //)*QQ, ) Deﬁneq = tqnyy//*ql‘i‘(1_tq//’y//)*q2-
Then it follows from Lemma 1 that there ex1sts uniquely ¢ € [0, 1] such that
toyxa+ 1=t ) *qy) ~p Exq+(1—1)*q4y)
- [[E‘i_ (1 — E) * t;//y//] * {1 + []. - (E‘i_ (1 - E) * t;/’y//)] * (2, y]

From the uniqueness property in Lemma 1 it then follows that

tq ,y/ —_— t + (]. - t) * t;//7yl/ 2 t;//7y//

as required.
Step 2. Show that
[t2/7y/ Z t;uyn] = [(t2/7y/ * q1 + (1 - t;/7y/> * qQ, y) i%t/ (t;uyy// * q1 + (1 - tq// //) * qQ, y)}
Indeed, if ¢, , =1, then
(tyy*a+ (1 —ty,)*a,y) =(q,Y)
i%tlz (t;//’y// * q1 + (1 - tq// //) * QQ, y)

and we are done.
Therefore, suppose &}, , < 1. Let ¢ =t} xq + (L=t /) xqe. I (€50 0 xqu + (1 —

ton ) % G2, Y) >—g, (tyx @+ (L—=1t% /) % q2,y), then it follows from the uniqueness property
in Lemma 1 that there exists € [O ] 1] such that

(b % @1+ (L=t ) % d2,y) ~i (Exaq+ (1= 1) % 4y)
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[+ Q=8 xty Jxq+[1—E+ 0 —1)*t) )] %,y

From the uniqueness property in Lemma 1 it then follows that tfl,,y,,) =t+(1-1) kb o >

t:;,ﬁy,. But this is a contradiction. Hence

toyxa+ (1=t ) *a,y) = Eyr i+ (1=t ) * g2,)

Step 3. Show that

(¢ ) =5 (@) & [ty v a+ (1=t ,) * 2, ]
t%t/z (t;//’y// * ql + (1 - tZ//y//) * QQ, y)

Indeed, this can be easily seen to follow from assumptions E2 and E3.

Step 4. Show that [(q/,yl) EZE,‘t/Z (q//, y//)] <~ [t2/7y/ Z tZ//7y//].
Indeed, from steps 1 and 3, it follows that

() =5 (" ")) & [ty *ar + (1 —t5 ) * ¢, 9]

= Gy x4 (1= 1) 5 0)
= [ty = o ]

From steps 2 and 3, it likewise follows that
* * itk *
[tq/’y/ Z tq//7y//] = [( v * {1 + (1 ) * {2, y) EE/ (tq//y// * 1 + (1 - tq//’y//) * (2, y)]

< (d,y) > (" y")
as required.
K X K .
Step 5. Show that [¢ = Y_,0 t'x ¢'] = [t; ,, = > 0,2 t' * byl
Without loss of generality, assume that t' > 0 and define s" = >, 1(

L

tl) *q'. We
claim that 5. , = 1( ) «ty, . Indeed, this is trivial if r = 1. Assume the property

r r—1
holds for » — 1. We note that s = (ﬁ) * q" + (%ﬁl f,l) * s"~1. Tt then follows from
=1 =1

assumption E5 that

tr " 1#

) *q" + (
Zl:ltl Zl 1tl

(") = (&

tr * * — 1tl *
ssrgp) Gy b (L=t y) )+ () # ey e+ (L= s )+ 2), ]
l1 =1

ztl [(
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=1 tl
r—1 4] r—1 l r—1 4 r—1 l
¢ ¢ ¢ ¢
(S5 )« (=) *th, *a+[(ZE—) - ) ( ) * ] % g, Y]
=1 t! — Dot e 1211 t! =1 D t! Y
0 L DU Ao DL S o L S Y
= 2=t >t =1 Dot

S () * ) ¥ ) 50,
-1 >t —1 Dt

K

From lemma 1, it then follows that 7, , = (%) * 17 We now note that ¢ = s™,

=1 q ’y/>'
which implies the desired property.

Step 6. Conclude from steps 4 an 5 that the Lemma is established.

Lemma 6. Assume that X'(.|t") satisfies assumption C1. Assume furthermore that HEt,
satisfies assumptions E1, E2, E3, E4', and E5. Let y1.y2,7,y in Yg,ti, and qi, 4y, G2, 93, 4,4
in A#{Eepﬂ*( |ti)‘ECE/} ! satzsfy the following:
(1) (q1,91) = _E/ (q V) = (6y) =5 (dh,1); and

Zt

(ii) (g2 92) =it (@9) =5 (a.9) =5 (ab,9)-

Furthermore, for any (q,y) such tNhat (q1,11) igf (q,9) ilf, (&), 1) [qas ) = E’ (Q’y) t?;ff
(¢, y2) respectively], denote by t; , [t: resp./ the unique element of [0, 1] given in Lemma []

for which (£, % qu + (L= t5,)ai,y1) ~g (¢,y) [, * @2+ (1= )5, 1) ~5 (q.y) resp.]
Finally, let ai > by, ag > by be Teal number such that the functions

w :{(¢.9) € Dyl y1) =5 (0,9) =5 (dh,91)} — R; and

w2 {(g,0) € Dg,'|<q2,y2> =i (09) 7 (dh )} — R defined by

ui(q,y) =ty xar+(1—t; )by and ua(q,y) = t; ,*az+(1— f(’;,y) x by satisfies the properties
that uy(q,7) = ua2(q, ) and ui(q,y) = u2(q, y)-

Then uw, coincides with us on their common domain.

Fact 2. Assume C 1,E1—E3, E4, and E5. Then for every y € Yi’,ti, there exists a function
U, : AHEEPFEUDIECE}=1 _, R and a function u, : {E € PF*(|t))|E C E'} — R such
that _

(i)Vg, ¢ € AMEEPFEUNIECET 17, (q) > U, (¢) & (0:9) =5 (¢+)

(ii)Vq € A(Sgl)v Uy(q) = ZE”E{EGP]-‘“(.\HMECE'} qeruy(E")

Proof of Fact 2: By Mixture Theorem.
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Fact 3. Assume C1,E1 — E3, E4', and E5. If for every E” € {E € PF*(|t')|E C E'},
and every y,y' € Y3, (igr,y) ~% (igr,y'). Then for every ¢ € AFEEPFCIIECE}-1 " and
. >

every 4,y € Yo', (¢,9) ~ (q,9).

Proof of Fact 3: Pick any ¢ € A(ngi), and any y,1y € Yé’,ti. Order the elements of
{E € PF*(|t")|E C E'} as {E\,...,Ex} is such a way that qg, > 0. Forr =1,..., K

define k— ifk<r
drE g 22:1 qu - X
. 0 otherwise
r—1
We note that for r > 2, §" = (ﬁ) * (ip,) + (ﬁ)(f‘l. We claim that for every

r =1,..., K we have that (¢",y) Ng, (@",y"). Clearly, this is so for r = 1. Suppose that

r—1
it holds for r. From B4', and ¢" = (z;jrq&) * (ig,) + (%)T—l, it then follows that it

must hold for r + 1. The fact then follows since G5 = q.

Lemma 7. Assume C1, E1-E3, E4’{ and E5. Further assume that (ig,, y3) z};, (imy,Y2) ilEi
iz, 1) = (e ) ~5 (ipe,ya) ~5 (ige,ys). Finally, let uy,, uy,, and u,, be functions as
given in fact above with the further property that ui(ig«,y1) = us(ip«,y2) = us(ig,ys) = 0.
Then any of the two of the following implies the third.
(i) EI?E;k € [0,1] such that (t5 *ip, + (1 — t3) * ip«,yo) Ng,z (igy,v1), and th % uy, (ig,, y2) =
Uy, (ZE17 yl)'
(i1) 3t € [0,1] such that (t5 *ig, + (1 — t3) * ip«, ys3) Ng, (imy, 1), and t5 * uy,(ig,, ys) =
Uy, (ZEl ) yl)
(iii).Eltj € [0,1] such that (t; xig, + (1 — t}) * ip«, ys3) NlEt, (imy, y2), and t; % uy,(ip,, ys) =
Uy, (ZE27 y2>'

Proof of Lemma 2: (i) and (ii) = (iii).

From Lemma 1, it follows that there exists ¢} € [0, 1] such that
((t3 % ig, + (1 —5) % ige,ys) ~o (i, o). From assumption E5, it then follows that

(g, vn) ~5 (8% [t i, + (1—5) % ipe] + (1 —t5) * ipe,ys)
= (txty*ip, + (1 —t5*t]) *ip, y3)

From Lemma 1, it therefore follows that t5 =t xt; =t} = 4

5"
This in turn implies that
* . _ i3 .
t4 * Uyq (ZEsv y3> - * Uys (ZE3> y3)
_ oty uy (g 1)
Tt t3

B3

= % * Uy, (iE27y2)

Uy (iEz ) y2)
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as required.

(i) and (iii) = (ii). From Lemma 1, it follows that there exists t; € [0,1] such that
tsxip, + (1 —t5) *ipe,ys) ~% (ig,,y1). From assumption E5, it follows that

(ipy1) ~p (G [th*ip, + (1 — 1)) *ip] + (1 — t5) % ipe,ys)
= (thxth*ip, + (1 —t5*t]) *ip-,ys)

From Lemma 1, it therefore follows that t5 = t5 * ¢}. It then follows that

t; * Uyq (iE3> y3) = t; * tZ * Uy (iEs’ 93)
= t; * Uy, (iE27 y2)
= Uy (ZEU yl)

as required.

(ii) and (iii) = (i). From Lemma 1, it follows that there exists t; € [0,1] such that
(ts % im, + (1 — t5) % ige, ya) ~2 (ip,,y1). From assumption E5, it then follows that

(5[t iy + (1 — ) s ige] + (1 — £3)ige, ys) ~ob (igy, 1)

From Lemma 1, it therefore follows that t5 =t xt] = 15 = i—%
4

This in turn implies that

t; * Uyy (iEzv y2) = t_i * Uy (iE27 yZ)

= g r ik uy (i, vs)
t; * Uy (iEsv y3)
= Uy (ZEI > yl)

as required.

4.2.2 Special Case 1:

Lemma 8. Assume C1,E1 — E3, E4'" and E5. Assume furthermore that there does not
erists an event E" € {E € PF*(|t)E C E'} and distinct y,y' € Y5 such that (ig,y) =5
(ig,y'). Then zigf has an expected utility function representation.

Proof of Lemma: Pick any y € Yé,t " Let Uy, and u, be the functions given in Fact
] above. Define U : D} — R by U(q,y') = U,(q), and u : UE,,E{Eepfi*(.|ti)lEcE,}{E”} X
YI(E"|t') — R by u(E,yp) = u,(E). Then for every (¢,4') € Dy, U(a,y') = Uylg) =
2 mretpepFe( iy pcpy 4Bty (E") - ZE”G{EGPP*(Iti)IECE’} qpu(E ’yE”) .

We claim that U represents =% . Indeed, for any pair (d,v),(q",y") € Dgl, we have

)
(¢.9) =5 (@' y") < (¢29) =5 (¢"y) < Uy(q) > Uy(q") & Uld,y) = Ulg',y"). Here
the first if and only if statement is a consequence of Fact [| above.

29



4.2.3 Special Case 2:
Lemma 9. Assume C1,E1 — E3, E4' and E5. Assume furthermore that:

(i) There exists one and only one E* € {F € PF*(|t")|E C E'} with the property that there
exists v,y € Yo' such that (ig-,y) =5 (ig-,y');

i

(ii) [Er, By € {E € PF*(|)|E C EY\{E*} = [Vy,y € Yy, (ip-,y) ~% (ip-,y')]; and
(iii) #{E € PF*(|t")|E C E'} > 2
Then tgj has an expected utility function representation.

Proof of Lemma: Step 1. Construct a function u : Ugepgin( iy.pcp{E} x Y(E|t') — R
as follows:

(i) VE, € {E € PF*(|t)|E C E'}\ {E*} and for all y € Y2, set u(Ey,yp,) = 0.

Denote by Ef any element of {E € PF*(.|t)|E C E'} \ {E*} and by yj any element of
Yy

(ii) For every y € Vi such that (ig+,y) NzEt,l (ip:,y7), set u(E*, yp~) = 0.

If there exists y € Vi such that (ig+,y) >Lf/z (ipr,y7), pick any such element y; € Vil

(iii) Set u(E£*, y5 ) = 1.

Y

(iv) For every y € Vi such that (ige,y) ~5 (ig=,ys), set u(E*, yg-) = 1.

(v) From our Lemma [], it follows that for every y € Vi such that (g, y) >2f,1 (ip<, y5),
there exists uniquely #; € (0,1) such that (t; *ig- + (1 — ;) * ig:,y) ~ (ige,y3). For any
such y, set u(E*,yp+) = &.

Yy

(vi) From our Lemma ], it also follows that for every y € Y% such that (i, y3) >-1Et,

it

(g, y) >-2Et, (imr,y7), there exists uniquely ¢; € (0,1) such that (£ *ig-+(1—1; )*ip:, y5) ~5
(ip+,y). For any such y, set u(E*, yp-) = t;.

If there exists y' € Y3 such that (ier,v7) >§;f (ig+,y), pick any such element y} € Yz B

(vii) Set u(E*,y3 p-) = —1.

%

(viii) For every y € Y such that (ig,y) ~5 (ige,y3), set u(E* yg.) = —1.
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(ix) From our Lemma [, it follows that for every y € Vi such that (i~ Y3) >3;,1 (ig=,y),
there exists uniquely #; € (0,1) such that (t; *ig- + (1 — ;) * ig:,y) ~ (ige,y3). For any
such y, set u(E*, yp-) = =

iy

(x) From our Lemma [], it also follows that for every y € Y such that (ies, 1) >-1Et,

it

(ig+,y) >—2Et, (im+,y3), there exists uniquely ¢; € (0,1) such that (£ *ig-+(1—1; )*ip:, y3) ~5
(ip+,y). For any such y, set u(E*, yp-) = —t;.

It is straightforward to verify that the above procedure in fact uniquely specifies a func-
tion.

Step 2. Define a function U : Dg — R by U(q,9) = X pepri(jpi).pcp 46 * W(E, yp).

Step 3. Show that the function U defined in step 2 is a utility function representation
of =4". Indeed, pick any (¢,%),(¢,y') € D' . We must show that [(¢,9) = (Y] <
U(q,y) > U(d,y')]. Without loss of generality assume that (ig-,y) EE (i, ')

4.3 Theorem 2:
4.4 State-Contingent Claims

There is a finite non-empty set of state-contingent claims L := {1,..., L}. Associated with
the claims is a non-empty-valued correspondence L : L — () associating with each claim [ € L
the set of states £(1) in which it is deliverable. The set of state contingent claims deliverable
in state w will be denoted by L(w) := {l € Ljw € L(l)}. The following assumptions will
frequently be imposed.

Assumption (Bl: ). Vw € Q, #[L(w)] > 1
Assumption (B2:). Y(w,l) € Q x L, [w € L(I) = L(]) C PF(w)]

4.5 Consumers

There is a finite non-empty set of consumers M := {1,...,m}.

4.6 Uncertainty

There is a probability space (£, F, 1), where  is a finite non-empty set of states, F is the
tribe of subsets of ) that are events, and p is a probability measure that assigns to any event
B in F its probability p(B). Throughout, we will write pu(w) instead of p({w}) whenever
w € . The following assumption will often be imposed on .

Assumption (Al: Strictly positive probabilities). Vw € Q : p(w) >0
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4.7 Information

Each consumer ¢ has an information field F* C F. The set of minimal nonempty events
in F* is denoted PF' and forms a partition of Q. For any w in €, the unique element of
PF’ that contains w is denoted PF*(w). We denote by P.F the partition of  satisfying the
property that for each w in 2, the unique element of PF containing w, denoted PF(w), is
given by PF(w) := NieyPF (w).

4.8 State-Contingent Claims

There is a finite non-empty set of state-contingent claims L := {1,..., L}. Associated with
the claims is a non-empty-valued correspondence L : L — () associating with each claim [ € L
the set of states £(1) in which it is deliverable. The set of state contingent claims deliverable
in state w will be denoted by L(w) := {l € Ljw € L£(l)}. The following assumptions will
frequently be imposed.

Assumption (Bl:). V(w,l) € Q x L, [w € L(I) = L(]) C PF(w)]
Assumption (B2:). Vw € Q, #[L(w)] > 1

4.9 Consumption Sets

Each consumer i has for every state w € € a consumption set X’(w) C R#WL@I His
consumption set in state contingent claims is given by

e {x 0 Ui} | (7 €0 2) € Xiw) " }

(ii)VI e L : [w,w € L(I) = 2}(w) = 2
The following assumption will often be imposed.

Assumption (C1: Non-negative Quadrant). V(i,w) € M x Q : X'(w) = R*IF®)]

4.10 Endowments

Each consumer i has an initial endowment vector ¢’ € R#IX. The following assumption will
be imposed on the endowment functions throughout this paper.

Assumption (D1: Strictly positive endowments). Vi € M : ¢’ > 0

4.11 Preferences

Denote by M ;(Uyea X (w) x {w}) the set of all probability measures on UyeaX'(w) X {w}
with finite support. The next consumer characteristic is a preference relation =* defined on
M (Upea X (w) X {w}). For preferences defined on probability measures rather than certain
outcomes, the following four assumptions are standard in the literature.

Assumption (E1: Completeness). For every q and ¢’ in M ;(Upea X (w) x {w}), it follows
that ¢ =* ¢ or ¢ ='q.
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Assumption (E2 Transitivity). For every q, ¢, and ¢" in M;(UyeaX'(w) x {w}) such
that ¢ =" ¢’ and ¢ = ¢", it follows that ¢ =' ¢".

Assumption (E3: Closedness). For any q, ¢/, and q¢" in M;(UpeaX'(w) X {w}), the sets
{t € [0,1]|tg+ (1 —t)¢ =" q¢"} and {t € [0,1]|¢" =" tq + (1 — t)¢'} are both closed in the
interval [0, 1].

Assumption (E4: Substitutability). For any ¢, ¢, and ¢" in Mf(UwegXi(w> x {w}) such
that g ~* ¢, and for any t € [0,1], it follows that tq+ (1 —t)q" ~* t¢' + (1 — t)q"

For any ¢ in M (UpeaX'(w) x {w}) and any (z'(w),w) in UyeoX*(w) x {w}, denote by
q((x'(w),w)) the probability assigned by ¢ to (z‘(w),w

)-
Assumption (E5: Nonsatiation). For any (r%(w),w) in UgeaX'(w) x {w}, there eists
y'(w) € X' (w) such that q =" ¢', where q((y'(w),w)) =1, and ¢'((z*(w),w)) = 1.

Assumption (E6: Concavity, or Risk Aversion). For allw € Q, any z'(w), y'(w) in X" (w
and any t € [0,1], it follows that q, =' ¢,, where q.,((tz'(w) + (1 — )y (w),w)) =

(@' (w),w)) =1, and ¢,((y'(w),w)) =1 — 1.

Assumption (E7: Strict Concavity, or Strict Risk Aversion). For every w € Q, any distinct
(W), ¥ (w) in X' (w), and any t € (0,1), it follows that g, = q,, where q,((tx'(w) + (1 —
Hy'(w),w)) =1, ¢,((¢"(w),w)) = t, and ¢,((y'(w),w)) =1 — L.

),
1

)

4.12 Belief Function

Each consumer 7 has a belief function b : Q x Rﬂf] x PF' — [0,1]. This belief function is
presumed to be an element of the following set:

( V(p,E) e R* x pFi . |

] ) ) (Z)Zweﬂb(w p7E):Zw€Ebl(w’paE):1

B ={b QxR xpFi —0,1]| (()VE' € PF:E CE:

WweE =W, pE) = % ngE, b'(w,p, E)
(17)A > 0 = Vw € Q: b (w, Ap, E) = V" (w,p, E)

Abstract

We consider a formulation of a state-contingent claims model with differential in-
formation in which each consumer, as part of his exogeneously given characteristics,
has a belief function relating his private information and strictly positive prices to be-
liefs about the true state of nature. A solution concept in the spirit of Selten’s perfect
equilibrium is formulated for this economy. We state assumptions for each consumer
separately under which such equilibria exist and a stronger set of assumptions for
each consumer separately under which all such equilibria are strongly informationally
efficient.
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5 Introduction

In the absence of uncertainty, a competitive equilibrium for a pure exchange economy imposes
two conditions. The first is that every consumer needs to choose his best bundle given the
equilibrium price. The second is that the market for every commodity is in balance. The set
of equilibrium prices are then the only prices at which all the markets can simultaneously
be in balance at the same time as consumers are choosing their best bundles.

When there is no uncertainty, consumers only need to know the price vector in order to
figure out what their optimal bundle would be. In the presence of uncertainty, however, this
is no longer the case if consumers believe prices to contain information about the true state
of nature. A consumer’s demand at any price will thus depend not only upon his preferences
but also upon what he perceives the likelihood of the various states to be at that particular
price. The set of stable prices in any one state will thus depend upon the entire relationship
between prices and beliefs held by the consumer’s.

We attempt to capture this notion in the present paper by including in each consumer’s
characteristics an exogeneously given belief function relating the set of strictly positive prices
and elements of his information partition to beliefs about the true state of nature. Using this
formulation, we then formulate a solution concept, a perfect state-w competitive equilibrium,
for a state contingent claims model with differential information that shares several features
with Selten’s perfect equilibrium for extensive form games. In particular, the perfect state-w
competitive equilibrium is a limiting point of a sequence of competitive equilibria where
Arrow’s market participant is limited to strictly positive prices.

In economies without differential information, the assumptions required for the existence
of an equilibrium and the Two fundamental Theorems of Welfare economics do not involve
joint assumptions about the preferences and initial endowments of different consumers. The
present paper, seeks similar assumptions for our economy with differential information.

Of interest for any equilibrium concept is the extent to which at least one equilibrium
exists. In the present paper, we present one such existence result. The main assumptions in
this result include strictly positive endowments, non-satiation, strict risk aversion and beliefs
for each consumer that result in continuous expenditure levels on the various elements of the
pooled information partition. The last assumption is weaker than requiring beliefs about
the elements of the pooled information partition to be continuous in the prices. The method
of proof for this results combines techniques used by Arrow-Debreu in their competitive
equilibrium existence results with Techniques used by Selten in his proof of a Perfect Equi-
librium in extensive form games. If one strengthens the assumption on the belief function
to continuity, an existence result under weak risk aversion should also be available. We do
not include it here.

An issue of particular interest in economies with differential information is the extent
to which markets are informationally efficient. Strong informational efficiency of markets
in the present model entails the market prices fully conveying all the information of all
the consumers. When this research was first started, the main interest was in identifying
conditions under which markets would be strongly informationally efficient. Towards this
end, we impose 4 Axioms of behavior on the consumers in our model. These relate as to
how income should be allocated by the consumer among the different states. The first of the
four axioms requires that .....
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InsertDiscussionof Ariomshere

These Axioms are similar in spirit to Axioms formulated by Shapley for his value in side-
payment games. We show that there exists uniquely an income allocation rule satisfying the
four axioms.

In the special case where each element of the pooled information partition contains only
one state and where there is only one commodity in each state, we consider a tatonnement
process for the prices. We show that the associated system of differential equations is con-
vergent and that the prices converge to a a unique price vector. This unique price vector
has the property that the prices in all states except the true state equal zero.

We then return to the general model and show, under conditions weaker than those im-
posed by our four axioms, that every perfect state-w is strongly informationally efficient. The
assumption required in our main theorem is as follows: (i) For any completely uninformed
consumer, the beliefs are such that the resulting expenditure level on every element of the
pooled information partition exactly coincides with the income from that element of the
pooled information partition; and (ii) for any consumer that can rule out at least one state,
the expenditure on every element of the pooled information partition that the consumer
can not rule out strictly exceeds the income from that element of the pooled information
partition.

Note that while the belief function required for an individual consumer will depend on
his own preferences and initial endowments, it does not depend on the preferences or initial
endowments of other consumers. We show through several examples that these assumptions
on the beliefs are hard to relax unless one instead introduces a dependence on the preferences
or initial endowments of other consumers. While allowing for dependence of beliefs on a con-
sumers own preferences and initial endowments would at first seem like a strong assumption,
we argue that it is much weaker than allowing a dependence on other consumer’s preferences
or initial endowments.

The assumption in the welfare result rules out informationally inefficient equilibria be-
cause in the realized element of the pooled information partition, every consumer holds, after
trading, a set of state contingent claim with a market value at least as high as the initial
endowment. If any price outside of the realized element of the pooled information parti-
tion was strictly positive, the market value of the holdings for at least one consumer would
strictly exceed the market value of the initial endowment. Hence the market can not balance
at such prices. Non-satiated preferences then means that the beliefs of every consumer must
assign a probability of 1 to the realized element of the pooled information partition at any
equilibrium price.

The rest of the paper proceeds as follows. In Section 2, we introduce the main notation
and define a differential information economy. Section 3 introduces the solution concept,
states a couple of claims and includes our existence Theorem. Section 4, discusses Pareto
and Strong Informational efficiency in the model and states our welfare result concerning
the Pareto and Strong Informational efficiency of Perfect competitive equilibria. Section 5
contains some counterexamples to the Strong informational efficiency of perfect competitive
equilibria if the key assumption concerning beliefs in the welfare theorem are violated.
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5.1 Definition of an Economy

We now have all the ingredients to state the definition of a differential information economy.

Definition 4. A Differential Information Economy is a collection of specified data
E={(,F,pu),{L, L} {F' X' e, =" b}icar}, where the data are as specified in the previ-

ous sections.

6 Consistent Beliefs

o #[L]-1 . ,
Definition 5. Let p €A be given. Then a bundle z* € X' is state-w optimal for a

consumer 7 if:
(1) Y jermiy < > e 5 and | |
(2) There does not exists another bundle z* € X" satisfying the properties that:
(i) Zze/; mE; < 3 miep; and | | |
(i) ¢ =", where for each o in ©, ((#(w), ') = ¢ (("(),&)) = B(/|p. PF(w))

. O #[L}fl
Definition 6. A consumer ¢’s belief function is state-w consistent with a function r* : A —
o #[L]-1 )
prf if for every p €A , every state-w optimal bundle z* satisfies the property that

for every F € PF, Zleﬁ(l)mE?g@ PlfUZki =75(p).

Lemma 10. If the preferences of a consumer i satisfies assumptions E1-E4, E5, and E7 and
. O #[L]fl
the commodities satisfies assumptions B1— B2, then for every state-w and every 7 : A —

AHEEPFIECPF WY1 yhere exists a belief function b that is state-w consistent with the func-
. o#[L}_l
tion " 1A — RT7 defined by:

T%(p) _ { i (p) * ZleLplef if £ C Pﬂ(w)

0 otherwise

7 Some Preliminary Results

We now state 3 claims that will be useful for later purposes and that also will acts as a
motivation for the assumptions in several theorem.

Claim 14. Let £ := {(Q, F, p), { X, €', = F' b }ienr } be a differential information economy
satisfying assumptions A1,B1,C1, and D1-D7. Let w be the true state. Then for any strictly
positive price vector p € AFIH#ILIZL every consumer i has a unique optimal bundle &*
satisfying the following three properties:

(i) Zw'eppi(w)p(wl)fv*i(w/) = weqPW)e (W)
(ii) Vo' € Q\ PF'(w) : #*(w') = 0
(iti) VE € PF : E C PF'(w) : Y cpp(W)z*(w) > 0.
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Proof of Claim 1: The strictly positive prices combined with non-satiation implies that in
for any £ € PF for which b'(FE,p, PF"(w)) = 0 the consumer must consume zero of every
commodity. Suppose now that there existed two optimal bundles. Then the strict risk
aversion means that any strictly convex combination is strictly preferred to both and that
this strictly convex combination also is affordable. This contradicts both bundled being
optimal. Under the present assumption on preferences, it is well known that the preferences
of consumer 7 are representable by a continuous von Neumann-Morgenstern utility function
and which attains its maximum on the budget set. Hence there in fact exists a unique
optimal bundle. The non-satiation now implies that all income is spent on the elements of
PF that get assigned a strictly positive probability and that each such element gets assigned
a non-negative income as required. Q.E.D.

Claim 15. Let £ := {(Q, F, n), { X", €', =", F' b }iear } be a differential information economy
satisfying assumptions A1,B1,C1, and D1-D7. Let w be the true state. Then for every

o #QAL)-1 ;
consumer t, there exists a function r* :A — A#IEEPFECPENWI=1 oy ch that for every
o #[Q]x#[L]-1 ‘ ‘
p EA and every E € PF : E C PF'(w), the unique optimal bundle &*' associated

with p given in Claim 1 satisfies the property that

W'eE w'€Q
Proof of Claim 2: Follows immediately from claim 1.

Claim 16. Let £ := {(Q, F, n), { X €', =" F' b }iear } be a differential information economy
satisfying assumptions A1,B1,C1, and D1-D7. Let w be the true state. Then for any function

o #[Qx#[L]-1 ;
A — AHIEEPFECPEWI=L yhere s a belief function satisfying the property that
o #[Q*#[L]-1 . :
for every p €A and every E € PF : E C PF'(w), the unique optimal bundle T*

associated with p given in Claim 1 satisfies the property that

> o) (W) =r(B) ) plw)e' (W)

w'eE w'eN

Proof of Claim 3: Can be proved using the Knaster-Kuratowski-Mazurkiewich (KKM) The-

orern.

Claim 17. Let £ := {(Q, F, p), { X", ', =% F', b Vicar } be a differential information economy
satisfying assumptions A1,B1,C1, and D1-D7. Let w be the true state. Assume furthermore

that the belief function of consumer i is continuous. Then there exist a continuous function
o #Q L -1 B o #[Q#LI-1
rt A — AHIEEPFECPF W= gych that for every p €A and every E €

PF : E C PF(w), the unique optimal bundle * associated with p given in Claim 1 satisfies
the property that



Two additional claims are stated here.
Proof of Claim 4: [Insert Proof here]

Claim 18. Let £ := {(Q, F, p), { X", ', =% F' b Vicar } be a differential information economy
satisfying assumptions A1,B1,C1, and D1-D7. Let w be the true state. Assume furthermore

that consumeri’s preferences are representable by a differentiable von Neumann-Morgenstern
o #[Q)+#[L]-1

utility function. Then for any continuous function r* :A — A#IEEPF:ECPF!(w)]-1

o #IO)HIL]-1
there is one and only one belief function satisfying the property that for every p €A

and every E € PF : E C PF'(w), the unique optimal bundle £*' associated with p given in
Claim 1 satisfies the property that

w'ekr w'eN
This belief function is furthermore continuous and is explicitly given by the following

formula:

[Insert Formula Here/

Proof of Claim 5: [Insert Proof Here]

8 Axioms of Behavior

Consider a consumer ¢ observing a particular element E of his information partition and a
price vector p € Rfm. This consumer must then determine how much to spend on each
of the state contingent claims. In fact, for any £ € PF’, there is a well defined function
IHE Rﬂ?]*#m — R#77 taking the following form:

Iyf(p) = > p(w)a™(w|p, E)

weER'

for every K’ € PF such that £/ C F.

Instead of restricting the domain of the function to the set of strictly positive prices, we
will here consider a rule I*F : Rﬁm — Rf[Pﬂ that determines how a consumer allocates
his income in the presence of differential information.

The following four Axioms will be imposed on the rule I*%:

Axiom (Al: Walras’ Law). Vp € R*1%,

Z IoF(p) = Zplef

E'ePF leL

Axiom 1 states that all income should be completely spent. As long as preferences are
non-satiated, this would seem to be an obvious condition.
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Axiom (A2). For every p € Rfm, and for every E' € PF : E' C Q\ E, IJZE,E(p) =0.

In order to state our third axiom, we first introduce the following additional notation.
Define by Gupr := {0 : PF — PF|o is a bijection}. That is, Gyps is the set of all linear
orders on PF. We now have the required notation to state our third axiom.

Axiom (A3: Equal Treatment of Events). Let 0 € Gupr) be any linear order on PF with the
property that E' C E if and only 'z'f o(E') C E Then ZleL:E(l)CE, per = ZZGL:E(”CO(E,)pEef
for every E' € PF implies that I;’(?E,)(p’) = [P (p) for every E' € PF.

Axiom (Ad). For every E' € PF, [ZleL:L(l)CE’ D= ZleL:[Z(l)CQ\E =0 = []y;(p) = 0].
Axiom (A5 Linearity). The function I*F is linear.
An income is a function I*F : Rfm — Rf[mﬁ] satisfying axioms Al — A5.

Theorem 3. Let & := {(Q, F,p), {L, L}, {F*, X, €', =" b }iear } be a differential information
economy satisfying satisfying assumptions Bl and D1. Then for every consumer i, there
exists one and only one income on Rf_&m. It 1s explicitly written as

7 P el .
f;;{;(p) — ZlEL:L(l)CE’ P+ ZZELzﬁ(l)cQ\E #{E”ePl]-'l|E“CE} ifE'CE
0 otherwise

9 A tatonnement process and its convergence

Suppose that for every w € Q, #[L(w)] = 1, #[PF| = #[Q] and that every consumer i's
belief function is consistent with the income. Then for every w € €2,

I 1 p/ei/ . i
xﬁ*(p, Pfl(w)) _ { € + o Zl’EL:E(Z)CQ\E #{E’GPffEllCPfi(w)} if ,C(l) CPF (w)

0 otherwise

Denote by w* the true state of the world. Then the value of excess demand for the lth
state contingent claim is given by

pox [y a0 PF (W) —pox Y el =

1EN 1EN

- pl/ef/ . i
Sl % | #{E € PFIE C PF(w)} pel 3 i

PEN:L()CPFH(w*) VELLI)CQ\PF (w* {ENLU)CU\PFi (w*)

We now consider the following disequilibrium process which determines p as a function
of time ¢.

d . pl/(t)ei, B *
= 2 2  #{E € PFIE é PF (w)} ni(t) 2

PEN:L)CPFH(w*) 'eL: L) CO\PF (w*

39

PEN: L) CQ\PF? (w*)

€



given p;(0) = pY.

Note that this is a system of #[Q] linear differential equations. Also note that under the
present assumptions, there is a unique state-contingent claim * for which £(I) C PF(w*).
For this commodity,

pr(t)ey
_p’ =2 2 #H{E € PFIE C PF (")}

iEN Ve L:L(I)CO\PFi (w*)
We now state the main Theorem of this section.

Theorem 4. Assume D1. Then for any p° € Rﬁ[L], the solution {p(t)}: converges to a price
vector p*, where p* is explicitly given by:

{ Yverpr if L(I) C PF(wY)
0

* —_
P otherwise

10 Perfect State-w Competitive Equilibria and their
existence

The perfect equilibrium concept of Selten was developed in order to deal with behavior at
information sets that occur with a probability off zero in equilibrium. Selten’s method was
to define an equilibrium for an e-perturbed game and then to define a perfect equilibrium for
the original game to be perfect if it is the limiting point of a sequence of equilibria associated
with a sequence of e-perturbed games as the perturbations get small. We will here consider
e-perturbed economies and define equilibria for such economies. Our equilibrium concept
will then be the limiting point of a sequence of perturbed economies as the perturbations
get small. Formally, the definition of an e pertubed economy will be the following:

Definition 7. An e-perturbed differentical information economy is a pair (€,w), where £ is
a differential information economy and € : L — (0, 1) is a function satisfying the property

that 3., (1) < 1.

Our equilibrium solution concept for the e perturbed economy will be one in which
Arrow’s market participant is restricted to set prices falling belonging to a subset of the set
of strictly positive prices. As a result of this, the market participant that seeks to maximize
the value of excess demand in Arrow’s proof may not be able to force the value of excess
demand to zero in the equilibrium. Markets will hence not be in complete balance in an €
perturbed economy. Note however that when € is small, the markets with the largest excess
demand will be assigned the highest prices while the rest of the markets will be assigned a
price equal to e if the market participant behaves optimally. Symmetric epsilon-perturbed
economies will be used in the proof of our main existence theorem and we therefore define
them here.

Definition 8. An e-perturbed differentical information economy (€, w) is symmetric if there
exists a number J such that ¥(w,l) € Q x L, e(w,l) = 0.
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The equilibrium for the e perturbed economy is defined as follows:

Definition 9. A state-w competitive equilibrium for an e-perturbed differential information
(€, w) is atriplet ((2™);enr, {b" Yiear, p*) of elements of [T, X7, [Ticpy A*PF171, and A#IEIL
respectively satisfying the following four properties:

(1) For every consumer 4, y ., pizi* < >0 cp piej.-

(2) There does not exist a consumer 7 and contingent claims #* € X' satisfying the properties
that:
(D) Xier Py < 3 jep i€y and

(i1) ¢ =" ¢, where for each ' in Q, ¢((#'(W'),w’)) = ¢ ((z(W'),w')) = = :F(‘:/)) o ,,)b*i(Pf(w’)).
w//e UJ/ w

(3) p* solves

Max,e pa#im1-1 E [ g (" — €])

leL ieM

subject to the constraint that for each [ € L, p; > €(l).
(4) V(i,w') € M x Q: b"(PF(W)) = b'(PF (W), p*, PF ().

This nearly corresponds to the definition of a competitive equilibrium in economies with-
out differential information, the key difference being the replacement of the standard market
clearing condition by the solution of the maximization problem in (3). We are now ready to
define our equilibrium concept as follows.

Definition 10. A perfect state-w competitive equilibrium for a differential information £
is a triplet ((z™)iear, {b" }iear,p*) of elements of [[,cuy X7y [Ticy A*FFI71 and A#IEI
respectively satisfying the following four properties:

(1) For every consumer i, » ,., pixi™ <D, 0

(2) There does not exist a consumer 4 and contingent claims #* € X' satisfying the properties
that:
(1) Dier i < D, mi€y; and )
(ii) ¢ =" ¢/, where for each &' in Q, ¢((2*(w'),w’)) = ¢ (2 (W), ")) = ue) b (PF(w)).

o Zw"é’l’]—'(w’) e

(B)VIEL: Y e 0" < Xiens i

(4) There exists a sequence of e-perturbed economies {(&, €x) }72; and an associated sequence
o}fl competitive equilibria {((x%)iear, {02 biear, pi, ) }22, of the e-perturbed economies such
that

(57 €k, (':C?Z)’LEMJ {bz:}ZEM7 p:k) - (87 07 (xi*)iGMu {bl*}’LE]\/bp*)
The following Existence Theorem is now established.
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Theorem 5. Let & := {(Q, F,p), {L, L}, {F*, X, e, =% b }icrr } be a differential information
economy satisfying assumptions A1,C1,D1, and E1-E7. Let w be the true state. Assume
furthermore, that for every consumeri and every EE € PF", there exists a continuous function

peB AL, NA#IEEPFECPF W= gych that consumer i’s belief function is consistent with

the function 7 A#IL-1 xPF" — prf defined by

. iE -
Te(p, E) = { Ty P e el ifE'CE

0 otherwise

Then the economy £ has a perfect state-w competitive equilibrium.

11 Definitions of Efficiency

We here propose a definition of efficiency relying on the notion that it should not be possible
to improve for every consumer if the consumers share all the available information.

Definition 11. An allocation (2™);enr in [],c,, X' is state-w efficient if
Q) VleL:Y ,cpai <> and
(i) =33 )ienr € [Liear X" ‘

(a)Vie L: Z?GM:U}fZ <D iem @

D Vie M:q=ig

where ¢* and ¢* are defined by:

ww') e
qu<i,i<w/>,w/) _ > wrrep )@ if ' € PF((U)
0 otherwise
W) e
(@), = { Soerromn W€ PEW)
0 otherwise

The following definition of strong informational efficiency seems to be the must natural.

Definition 12. A state-w competitive equilibrium (2™ );ear, {b* Fiear, p*) in [Licpy X, [icn AFFF7L,
and A#IH=1 respectively is strongly informationally efficient if for every consumer i € M,
b*(PF(w)) = 1.
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12 A Welfare Theorem

We now state the following theorem showing conditions on the beliefs under which one could
expect strong informational efficiency. Essentially, it relies on each consumer assigning a
large enough probability to each element of the fine information partition that they can not
rule out to cause them to want to increase the market value of their holdings in every such
element (if they can rule out at least one state) or hold claims with the same market value
as their initial endowment in every such element (if they can not rule out at least one state).
Formally, the Theorem with assumptions is as follows.

Theorem 6. Let & := {(Q, F,p), {L, L}, {F*, X, e, =" b }iear} be a differential information
economy satisfying assumptions A1,C1,D1, and F1-E7. Assume furthermore, that for every

consumer i and every E € PF", there exists a continuous function
' o #EEPF:ECPF!(w)]-1
rbE o AFIHET A such that consumer i’s belief function is consistent with

the function 7 A#IL-1 xPF" — Rf_ﬁpf defined by

7 i, B i .
7 (p, E) = EZGL:L(Z)CE’ pep + 15 (p) * [ZleL:ﬁ(l)CQ\E me] fE'CE
BT 0 otherwise

Then in every state w, every state-w perfect competitive equilibrium for economy & is both
efficient and informationally efficient.

13 Motivating Examples

In this section, we use several examples in order to develop our notion of efficiency, our
solution concepts, and assumptions on beliefs under which (a) equilibria exist; and (b) they
satisfy our notion of efficiency. Throughout this paper, several assumptions will be made
about the rest of the consumer characteristics. They will consistently include A1,B1,C1,
and D1-D7. In economies without differential information, the assumptions on consumer
characteristics are usually stated for each consumer separately. Our goal here is to develop
assumptions very much in the same spirit. The one dependence on other consumers that we
will allow is that each consumer knows what the pooled information partition would look
like. This said, we turn to our first example.

Example 1. Suppose that there are 2 consumers M = {1,2}, 1 commodity L = {1}, and two
states Q = {wy,ws}. Suppose furthermore that PF' = {{w;},{ws}} and PF? = {{w;,ws}.
If the true state realized is wq, it can be shown that for strictly positive prices, consumer
1 has a unique optimal bundle given by z'*(wi|p) = e'(w;) + 5(&”12)61((,02), ' (welp) = 0.
Furthermore, it can be shown that for given beliefs, consumer 2’s optimal bundle would be
unique as long as prices are strictly positive. Let us denote consumer 2’s optimal bundle by

2.

Suppose for a second that we defined equilibrium prices to be the prices at which (i) both
consumers were in equilibrium given their beliefs and (ii) both markets balanced. There are
two properties that it would seem desirable for equilibria to possess in this instance. The first
would be that the commodities are allocated efficiently in the true state (given that there is
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only one commodity and preferences in fact are monotonic in the true state for consumer 1,
this would indeed be satisfied in the present example for any such equilibrium). A second
property relates to the informational efficiency of markets. It would seem to be desirable
that in any equilibrium occurring in state wy, the uniformed consumer behaved as if he new
the true state to be wy. This would require that in any equilibrium, his only expenditure
would be on state wy. Let us see if there would be any assumptions on his beliefs that would
guarantee this property.

Suppose % (wy|p) < €X(wy). Then if 22l

p(w1)
an equilibrium in state w;. By a similar token, it could be shown that if % (w|p) > €?(w1),

p could be an equilibrium price in state wy for some strictly positive endowment of consumer
1. Hence the only demand function for which neither one of these could occur is the demand
function where 22*(w;|p) = €*(w1), 2% (wa|p) = €*(w2). The only beliefs ruling out strictly
positive informationally inefficient prices would hence be the beliefs that generate such a
demand function. Suppose that the belief function was such that it generated such a demand
function and that furthermore the beliefs when one of the prices was zero was the limiting
beliefs of a sequence of beliefs associated with strictly positive prices that converge to that
price. Then in this example, the optimal bundles at that price would include the limiting
bundle of the sequence of unique bundles associated with the strictly positive prices (note
that there could be other optimal bundles as well in the limit). It is straightforward to verify
that if the beliefs of consumer 2 satisfied these properties, the unique equilibrium price in
state w; would be assign a zero price to the state ws commodity and the unique equilibrium
price in wy would assign a zero price to the w; commodity. Hence if the beliefs satisfied these
properties, it would be the case that in every state, every competitive equilibrium would
be informationally efficient. It is straightforward to verify that if requiring consumer 2 to
have the expenditure on a state equal to the income in that state would work if there was
more than one commodity in each of the two states. That is, for any strictly positive prices,
consumer 2’s beliefs should yield a demand function satisfying:

(w2) = €*(wy) — x**(w1|p), p would in fact be

plwi)z™(wilp) = plwi)e®(wr)

and for every price, the beliefs should be the limit of a sequence of beliefs associated with
strictly positive prices converging to that price.

One may ask what an explicit formula for consumer 2’s beliefs would look like. For general
preferences, the belief function generating the desired demand function is not unique. If the
preferences of consumer 2 were representable by a differentiable von Neumann-Morgenstern
expected utility function, however, the beliefs in this example would in fact uniquely be
given by the following formula:

p(w1)
uZ(e?(wy)|wy)
dx2 (wy)
p(w1) + p(wa)

du?(e?(wy)|w) du? (e2 (wg)|ws)
922 (w1) 922 (wg)

bz(wbpa {wlva}) =

Example 2. Continue to assume that there are 2 consumers and 1 commodity in each state,
but let Q = {w1,wq, w3}, PF' = {{wi,ws}, {ws}}, and PF? = {{w;, w3}, {w-}}. This in turn
implies that PF = {{w1}, {w2}, {ws}}.
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Suppose that prices are strictly positive and that the true state is w;. It would seem
natural that one should allow consumer 2 to spend the income from state w; (w3) plus any
strictly positive fraction of the income from ws on wy (ws3). That is, one should allow:

p(w1)z*(wi|p) = plwi)e?(wr) + tp(ws)e? (w2)

plwn)a™(wslp) = p(ws)e*(ws) + (1 — t)p(wa)e? (w2)

where 0 < t < 1.
Suppose now that consumer 1’s demand function satisfied:

plwr)z™ (wi|p) = plwi)e' (wi) + (1 — r)p(ws)e’ (ws)

plw)z*! (walp) = p(ws)e?(ws) + rp(ws)e’ (ws)

where 7 > 1 and p(w;)z*! (w;|p) > 0.
If this is the case, it can be shown that p is a competitive equilibrium in state w; when:

2 _TP(W3>61 w
e*(ws) = (@) (ws)

and t = =1

Hence the only assumption that would rule this out would be that beliefs generated a

demand function satisfying:

plwn)z™ (wilp) = p(wi)e’ (wi)

for any strictly positive prices. If one on the other hand considers the economy where instead
PF = {{wa,ws}, {w1}} one would need to assume that

plwa)z™ (walp) > p(wa)e (w2)

for any strictly positive. Since PF'is the same in both instances, one would need to assume

both unless one makes the belief function depend also on consumer 2’s information partition.

By a symmetric argument, one can motivate the same type of assumptions for consumer 2.
Suppose now that

plwr)z™ (wilp) = p(wi)e' (w)

and that

p(wr)z?(wilp) = p(wi)e? (w)

In this instance, one can show that p is an equilibrium in state w; when
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e (wy) =

Hence we need to assume that either

p(wr)z™ (wilp) > p(wi)e' (w)

or

p(wr)z?(wilp) > p(wi)e? (w)

The most natural assumption would seem to assume both. By symmetry, one can then
motivate the assumption that the belief function for consumer 1 should generate a demand
function for which:

plwn)z™ (wilp) = p(wi)e’ (wi) + t(p)p(ws)e’ (ws)

plwi)z™ (walp) = plwz)e’ (w2) + (1 — t(p))p(ws)e’ (ws)

where 0 < ¢(p) < 1 for all strictly positive prices.

This type of assumption hence would preclude strictly positive prices as equilibrium prices
in state w;. The reason for this is that the value of excess demand for the state w; would be
strictly positive for any strictly positive prices.

Suppose that we furthermore imposed that the beliefs at an arbitrary price p should be
the limit of a sequence of beliefs associated with strictly positive prices. Would the value of
excess demand still be strictly positive in state w; for any price assigning a positive price to a
state other than state w;. Unfortunately this is not the case. The following two assumption,
however, would guarantee the desired result.

(i) There is a continuous function ¢ : A% — (0, 1) such that for any strictly positive prices
the beliefs generate a demand function for which:

p(wi)z™ (wilp) = p(wi)e’ (w1) + H(p)p(ws)e' (ws)

plwi)z™ (walp) = plwz)e’ (w2) + (1 — t(p))p(ws)e’ (ws)

(ii) For every price p, the beliefs are the limiting beliefs of a sequence of beliefs associated
with a sequence of strictly positive prices that converges to p.
We use this type of assumption in a later section to prove one of our Welfare Theorems.
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14 Proofs

14.1 Theorem 1

Proof of Theorem 1: FExistence. We will show that the function given in our theorem satisfies

all four axioms.

Aziom A1: Consider any p € R#[1, . Then

> Ix'= ), Iy®

E'e€PF E'€PF:E'CE

_ 3 plei
= 2 L At ) ey

E'ePF:E'CE leL:L(I)CE' leL:L(I)COQ\E

ne;

= 22wt D > HE e PFECE

E'ePF:E'CEleL:L(I)CE’ E'ePF:E'CEIleL:L()CQ\E

_ e
- Z p’6l+ 2 2 7 € PFIE C B

leL:L(l leL:L()COQ\E E'ePF:E'CE

= Z plez Z pzef

leL:L(l leL:L(I)CO\E

= szef

leL
as required.
Aziom A2: Follows immediately from how I*F is defined.

Aziom A3: Let 0 € Gupyr be any linear order with the property that £’ C E if an only if
o(E') C E. Suppose furthermore that for every E' € PF:

> me= )
leL:L(I)CE' leL:L(I)Co(E")
Pick any F' € PF. If E' ¢ Q\ E then it immediately follows that I’ (]”:E, () =0=12"(p).
If E' C E then,
B AN /1 p;ei
Le@)= D, ddt DL meprmc )

leL:L(I)Co(E") leL:L(I)COQ\E
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) /i
= > pdt 2 2 H{E" € glje-‘lyE// C E}

leL:L(l)Ca(E") EMePF:o(B")CQ\E leL:L(1)Co(E")

_ i pe
= 2 opedt D > HEePFE CE

leL:L(I)CE' E"MePF:o(E")CQ\ELeL:L(I)CE"

— i plei
= > pdt ) 2 BT PFIE C

leL:L(l)CE’ E"MePF:E"CQ\EleL:L(I)CE"

_ i i€y
= 2 pdt D e PR C R

leL:L(l)CE’ leL:L(I)CO\E

i,E
= I3 (p)
as required.

Axiom Aj: Pick any E' € PF. Suppose ZleL:c(l)CE, D= ZleL:E(l)cQ\E p; = 0. Then:

BB\ i plef
g (p) = Z me; + Z #{F" € PF|E" C E}

leL:L(I)CE' leL:L(I)CO\E

‘ Oxe
= Z 0*e; + Z n ! .
leL:L()CE leLLDCO\E #{E" € PF|E" C E}
=0
as required.
Aziom Ab5: Is easily seen to be satisfied due to the functional form of 1%,

Uniqueness: For every | € L, define p* by:

*Z_{ 1 if I =)

by = 0 otherwise

Then for every E' €¢ PF : E' C E,
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el(w) it £L(I) C '
f,ig’f;(p*l) _J o ) if L(I)C E\ F'

FFeP fﬂ FCE] otherwise

Indeed if L(I) C E then E” € PF \ {E'} for which E” € FE, it follows from axiom
A4 that Ip)(p*) = 0. Axioms Al and A2 combined then implies that Ip7(p*) = ei. If
L(l) C E\ F, it follows from axiom A4 that Iy’ (p*)) = 0. Finally, suppose £(I) C Q\ E.
Then it follows from axiom A3 that for any two E', E” in PF for which ' C E and E” C E,
IpF (p*) = I (p*). From Axioms A1 and A2 it then follows that Ik (p*) = #{E”ei(;ﬁE”cE}'

We also note that for any ' € PF : E' C Q\ E, I4F (p*) = 0.

We have hence shown that for any [ € L, the value of I*(p*!) does not depend on the
particular choice of I*¥. We now note that the collection of vectors {p*l}l)e 1, forms a linearly

independent basis for the space Rf[L]. The linearity of an income (Axiom A5) then implies

that for any p € Rf[L], the income allocation I“¥(p) does not depend on the specific choice
of I"*. Q.E.D.

14.2 Theorem 2

Lemma 11. Pick any p° € Rf[L]. Then the solution {p(t)}: of the system satisfies the
property that for every t € Ry, p(t) > 0.

Proof of Lemma 1: Suppose the solution is not non-negative for every ¢t € R,. Define
t* :=sup{r € R|Vt € [0,r] : p(t) > 0}. Because the solution is not nonnegative for every
t € Ry, t* is a real non-negative number. Now, define
._ (@)pu(t7) =0
K"‘&GI’@@&>O:WG@tﬁ+4zﬁmw<o
empty. Suppose not. Then for every [ € L, either p;(t*) > 0 or 3¢ > 0 : Vt € (t*,t* + €| :
%pl(t) > 0. It is easily seen that in either case, there exists ¢ > 0 such that for all
t € (tt"+¢), p(t) > 0. Define ¢ := min{¢|l € L}. Note that € > 0. Then for all
t € (t*,t* + €*), p(t) > 0. But this contradicts the definition of t*. Hence K is nonempty.
Now, for each [ € K, define

}. We claim that the set K is non-

pi(t) <0
)Vt e (t,t) :
a)dp(t') < 0;and

(
t;:=sup<teR E
(V' e L\ K :py(t') >0

as long as the supremum is well defined. Otherwise define t; := occ.

From the definition of K, it follows that ¢; > t*. Define t; := inf{¢,|w € K} as long as
the infimum is well defined. Otherwise define ¢ := oo. Clearly, t; > t*.

Now, pick any ¢ € (t*,¢1). Then for every | € K, pi(t) < 0 and £p,(t) < 0 while for every
le L\ K, p(t) > 0.
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Then,

Sant=1 % > #ﬁé’pig; X ne

leK leK e M: L) CPF (w*) VeL: L) COU\PFH (w leK je M:L(1)CQ\PFH(w*)

_ pr(t)ep o i
—ZH Z #Pf—l()] [ Z pi(t)ey]]

€M 1eK:L()CEPF (w*) VEL:LI)CUPFi (w IEK:L()CQ\PFi (w*)

>3 > Mg Y

€M eK:L(I)CPFi (w*) 'K :LIV)CK\PFi(w*) IeK: L) CK\PFi(w*)

_ pu(t )ei, o

i€M |eK: L) CK\PFi(w*) VEK:LI)EKNPFi(w

o #HIKNPF (w)]
= (=Dpu(t)eg1 — )
i%\:/fleK:L(l)CE:K\PF(w*) l #(PF ()]
>0

But we know from how ¢ was selected that >, £p;(t) < 0. A contradiction. Q.E.D.
Lemma 12. For everyt € Ry, Y, mi(t) = >, p)-

Proof of Lemma 2: 1t suffices to show that }~,.; <p,(t) = 0. But under the present assump-
tions, this is an immediate consequence of Walras’ Law.

Claim 19. Pick any p° € Rfm. Then the solution {p(t)}; satisfies the property that
inft€[<l<><>) ZleL:[L(l)CQ\{w*}pl<t) = 0.

Proof of Claim 6: From lemmas 1 and 2, it follows that inf;cjo o) ZleL:c(l)CQ\{w*}pl(t) > 0.
Suppose infie(o,00) D jer.caycay ey Pi(t) =0 > 0. Let

. w2 Pi(0
RN ZleL.L(l)cQ\{ } l( )

O[minge:cyca\fw} Zz’eM:L(l)CQ\PP(w*) #pfe—l(w)]

Denote by [* the unique claim for which £(I*) C {w*}.
Then,

20



t* d
pi=(t") = pi=(0) +/ %pl*(t)dt
0

0+ [ 1 X a0l ¥ #P;—?()ndt

leL: L)\ {w*} PEM:L)CO\PF (w

> * 1 /
Zpe(O)+ , min > #P F n / S pult)dt

iEM:L()CO\PF (w VeL:L(I")C\{w*}
ez’
> p(0) + 4 _ps
Zpe(O)+  min > #PP(M*)]

iEM:L()COQ\PF (w*)

> pi-(0) + > w0

leL:L(I)C\{w*}

=> p(w)(0)

leL

But Lemma’s 1 and 2 imply that pp(t*) < >, m(0). A contradiction. Q.E.D.

Proof of Theorem: Denote by [* the unique claim for which £(I*) C {w*}. From Lemma 2
and Claim 6, it follows that

sup pz ZPZ - lnf) Z ni(t) = Zpl(())

t€[0,00) leL leL:L(1)C\{w*} leL

We claim that this in turn implies that limy . pi=(t) = >, p1(0). From Lemmas 1 and
2, it follows that for every ¢ € [0,00), pi-(t) < >, 2i(0). Suppose p;-(t) does not converge
to >, pi(0). Then there exist € > 0 such that for every ¢ € [0,00), there exist #' > ¢ such
that pp(t') <>, pi(0) — €. But it follows from Lemma 1 and the definition of the system
that p;-(t) is non-decreasing. Hence for every ¢ € [0,00), p=(t) < >°,c, »i(0) — . But this
contradicts SUp;g ooy i< (t) = D21 21(0). Hence limy oo i+ (t) = > pi(0)

This combined with Lemmas 1 and 2 then implies that for every [ € L\{l*}, lim; ., p;(t) =
0. Hence our Theorem is established. Q.E.D.
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14.3 Theorem 3

Lemma 13. Let £ := {(Q, F,u), {X%, e, =" F" b }iear} be a differential information econ-
omy satisfying assumptions A1,B1,C1, and D1-D7. Let w be the true state. Assume further-

more, that for every consumer i, the belief function satisfies the property that there exists a
| BRI ) Py 1 o #[s#[L] -
continuous function r® : A — A#IEEPFECPFW]-1 g cp, that for everyp €A

and every E € PF : E C PF'(w), the unique optimal bundle £*' associated with p given in
Claim 1 satisfies the property that

S pl)a (W) = ri(E) 3 plel)ei(e

Let 0 < € < m and let (€,¢€) be any symmetric € perturbed economy satisfying the
property that ¥(w,l) € Q x L, €(w,l) < € Then the e-perturbed economy has a competitive
equilibrium ((2™);enr, p*) satisfying the property that

Z(w’,l’)GQxL Diem ey (W)
[1— (#L — 1)¢

V(i,w,l) € M x Qx L:&*w) <

Proof: We divide the proof into three steps as follows:
‘ o #[Q#[L] -1
Step 1: Define Y7 by... Show that V(i, E) € M x PF, the correspondence ¢, :

xRy — X;epY" defined by

O(p,w) = {2 € xwepY'| ) p(w)ip (W) < w}

w'eE

is a non-empty-valued, convex-valued, upper semi-continous, and lower semi-continuous
correspondence. The non-empty-valuedness, and convex-valuedness have been demonstrated
before in the literature (see e.g., ). For w > 0, it is also well known that upper and
lower semi-continuity holds as well. It remains to show that for all strictly positive prices,

the correspondence is upper and lower semi-continuous at w = 0. Thus, we pick any
o #[Q]x#[L]-1 A
DA . Note that due to the fact that p is strictly positive, ¢%(p,0) = {0}. Now,
o #[Q]+#[L]-1
pick any sequence (pr, wi)52, of elements in A xR, for which (pg,wy) — (p,0).

Let (2%,)7° r—1 be any associated sequence of elements of Y} satisfying the property that for
every k, ¥, € &% (pr, wg. Then 0 < lzmkHoo Do eEp;g( )xEk < limp—osowi = 0. But
limp—oopr = P > 0 then implies limy_oo2" 7, = 0. This in turn implies the required upper
and lower semi-continuity.

Step 2: Construct an Abstract economy as follows:
Define N := {0}U{(7, E)|(i, E) € M x PF'}. For (i, E) € M x PF, the set Yi = XyepY'!
o #[Q]*#[L}
is the strategy set. For player 0, the strategy set is now Y := {p €A |‘v’(l,w’) €

L xQ:p(w) > €} It is well known that under the present assumptions, consumer ¢’s
preference relation is representable by a continuous von Neumann-Morgenstern expected
utility function v’ : X x  — R.. Strict risk aversion of = is equivalent to strict concavity

of v'. Given (p, (Q%)(i,E)eMxPF) €Y’ x (X(i,E)eMxPFYé), define Fé(Pa (Q%)(i,E)eMxPF) =
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O (DT X wea\pri) PW)E (W) if E € PF'(w); Fé(p, (%)(z pjemxpr) = ¢p(p, 0) other-
wise; FO = Y up(p, (Up)@memxpr, () = 2. '€E 2 ven v'((p(w), w') for every (i, E) €
MXPF) uo((p7 (@ZE)(i,E)EMXPFa CO) = ZW’EQ (0( )ZZEE(xPFi(w’)<w )_el(w/)>- The abstract

economy {Yo, {YEi}(i,E)eMxPF, FO, {FE‘}(i,E)EMXPFa UO, {uiE}(i,E)EMXPF} satisfies all the as-
sumptions of Arrow’s social equilibrium existence theorem and hence it has a social equilib-

rium (p*a {@g}(i,E)eMxPF

Step 3: Show that the social equilibrium from step 2 is a state-w competitive equilibrium
for the e-perturbed economy. We first show that any social equilibrium from step 2 satisfies
the property that:

Z(w”,l”)eQxL Diem e (W)
[1— (#L — 1)

V(i IYe M xQx L:zifW) <

To see this, note that

V(W) € LxQ: (e #QHLI-1) Y@@ e 3 S (ke

ieM (1" W ELXQ\{ (' w')} 1€M

< Moz aryerxa(1=GHORILI-1) Y (#Fmn el @Dre 3 3 (@ el

i€M (17 W ELXQ\{(I* w*)} i€M

_ Z p* // ZZ Agp o w//)) < 0

w'"eN €M ieM

This in turn implies that

V(I',w') € L x Q: (1= e(#[Q#L] — 1)) &8 pir
€M
<e Z Zel” ")—e Z ZigF’(w” w1 (#[Q]#[L]—l))Ze})(w')
(1" W ELxQ\{(I' w')} ieM (1w ELXQ\{ (I w')} i€EM ieM

< Y Y

(1" w")ELXQIEM

which implies that V(j,w’, ') € M x Q x L :

ol ik Z(z" w")ELXQ ZzeMel”<w)
W) < D T < 0T (Ro#L - 1)

€M

2(1" W")ELXQ ZzeM ejn (W)
(1 —e(#[Q#[L] - 1)

23
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as required.

Suppose now that the social equilibrium was not a competitive equilibrium. Then there
exists some consumer for which the unique bundle given in Claim 1 is strictly better than 2.
From the definition of the social equilibrium, it follows that the unique bundle lies outside
of X eqY?. Consider any strictly convex combination of this bundle and 2. Then this
bundle is also strictly better than 2. Our above result then implies that there exists such a
strictly convex combination inside X, cqY?. But this contradicts the definition of the social
equilibrium. Q.E.D.

Proof of Theorem 1: Consider a sequence of symmetric e-perturbed economies satisfying the
properties of the lemma and the property that e converges to zero. Pick any sequence of
state-w competitive equilibria associated with the e-perturbed economies. A consequence of
the lemma is that this sequence is contained in a compact set and hence has a convergent
subsequence. Consider any subsequence of e-perturbed economies for which the competitive
equilibria converges. It is straightforward to verify that the limiting point of the sequence of
state-w competitive equilibria associated with this subsequence in fact is a perfect state-w
competitive equilibrium. Q.E.D.

14.4 Theorem 4

Proof of Theorem 3: Consider any perfect state-w competitive equilibrium. Then there exists
a sequence of e-perturbed economies and an associated sequence of state-w competitive
equilibria that converges to the perfect state-w competitive equilibrium. Pick any such
sequence (py, {2% 1 }i,B)yeMxpF)ier- Then the limit of the values of excess demands for every
E € PF must equal zero. In particular,

llmk—mz Z pk V@ Ppn W) — W) =

€M w'ePF(w

= lim Y rppe,yi) Y phW)eW) =0

k—o0

ieM Ww"EQ\PF*(w)

This can only happen if for every w’ € Q\ PF(w), limg_oopj(w') = 0. Suppose now that
there exists some consumer for which v*(PF(w)) # 1. Consider any £ € PF \ PF(w) for
which b*(PF(w)) > 0. Then non-satiation implies that Z"* can not be optimal for consumer
i which contradicts the definition of the perfect equilibrium. Hence 0*(PF(w)) = 1. From
this and the first fundamental Theorem of Welfare economics, efficiency then follows. Q.E.D.

Proof of Theorem 2: FExistence. We will show that the function given in our theorem satisfies
all four axioms.

Axiom A1: Consider any p € R# AA#E Then

LE/ N Je'(w)
Z [E' (p)_ Z [ZP Z #{E”EPF’E”CE}]

E'ePF:E'CE E'ePF:E'CE w'€FE’ weQ\E
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— APX YA/ p(w)el(W)
= D DWW+ > ) #{E" € PF|E" C E}

E'ePF:E'CEW'eE’ E'ePF:E'CE weQ\FE

) o p(w)e' ()
=3 > pWEW)+ D> Y #{E" € PF|E" C E}

w'€E E'ePF:a)E'CE;b)w'€E! weQ\E E'ePF:E'CE

=D )W)+ Y pwe'w)

w'el weQ\E

as required.

Aziom A2: LEt 0 € G4pp be any linear order with the property that £/ C E if an only if
o(E") C E. Suppose furthermore that for every E' € PF":

Then it follows that:

i, B AN ARAVR Y pl<w)€i(w)
IO'(E/)(p) B Z p()e(w) + Z #{E" € PF|E" C E}
w'eo(E") weQ\E

B g P (w)e'(w)
= Z)P(“’)EWH > 2 4{E" € PF|E" C B}

w'ec(E’ E"ePF:0(E")CO\E weo(E"")

_ Nl pw)e’(w)
=) pW)e' (W) + > )3 #{E" € PF|E" C F}

W' eE! E"ePF:o(E")CO\E wEE"

) o p(w)e'(w)
= > pW)eW)+ Y 2 #{E" € PF|E" C E}

w'er’ E"ePF:E"CQ\E weRk""

= > pW)eW)+ Y 4{E" € PFIE" C E}

W' EeE! wEQ\E
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i,
= I (p)
as required.

Axiom A3: Suppose p(Q2\ E) =0 and p(E’) = 0. Then:

e it p(w)e'(w)
Iz, (p) = Z p(w)e'(w Z #{E" € PF|E" C E}

w'erE’ weOQ\E

: (w)
=D 0w+ )
L X pEernren
=0
as required.
Axiom A4: Is easily seen to be satisfied due to the functional form of I*%.

Uniqueness: For every (', 1') € Q x L, define p*@9 by:

p;(‘uvl)<w/) _ { 1 if (w ,l) :(wv l)

0 otherwise

Then,

el(w) ifwe £
]lE( wl)) 0 lfWGE\El

ej(w)
#{E"€PF|E"CE}

otherwise

Indeed if w € E then for every E” € PF\{E"} for which E” € F, it follows from axiom A3
that I3 (p*©@?) = 0. Axiom Al then implies that I}7 (p*©) = ei(w). Ifw € E\E, it follows
from axiom A3 that Igfg(p*(”’l)) = 0. Finally, suppose w ¢ E. Then it follows from axiom
A2 that for any two E’, E” in PF for which E' C E and E” C E, I}F (p*@h) = Iol (pr«h).

From Axiom Al it then follows that I,iéfg(p*(‘”’l)) = E”ee]é(;‘j)E”C By

We have hence shown that for any (') € Q x L, the value of I*F(p*“)) does
not depend on the particular choice of I*¥. We now note that the collection of vectors

{p*(w’l)}(%l)egx 1, forms a linearly independent basis for the space Rf[ﬂl*#[ﬂ. The linearity
(€]

of an income (Axiom A4) then implies that for any p € Rﬁ *#[L], the income allocation

I*E(p) does not depend on the specific choice of I*¥. Q.E.D.

Lemma 14. Pick any p° € Rﬁ[ﬂ}*#[!l]' Then the solution {p(t)}+ given in Theorem 3 satisfies
the property that for every t € Ry, p(t) > 0.
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Proof of Lemma 2: Suppose the solution is not non-negative for every t € R,. Define
t* ;= sup{r € R|Vt € [0,7] : p(t) > 0}. Because the solution is not nonnegative for every
t € Ry, t* is a real non-negative number. Now, define

K = {wEQ‘ (Op(w)(") =0 } We claim that the set K is

(i1)3e > 0:Vt € (", ¢ + €] : Lp(w)(t) <0
nonempty. Suppose not. Then for every w € , either p(w)(t*) > 0 or Je > 0 : Vt €
(t*,t* + € : Lp(w)(t) > 0. It is easily seen that in either case, there exists €, > 0 such that
for all t € (t*,t* +€,), p(w)(t) > 0. Define €* := min{e,|w € Q}. Note that ¢* > 0. Then for
all t € (t*,t* +€*), p(t) > 0. But this contradicts the definition of ¢*. Hence K is nonempty.
Now, for each w € K, define

(1)p(w)(t) <
ty:=supg t e R| (i4)Vt' e (t* t)'
(a)Lp(w)(t') < 0;and(b)Vw’ € Q\ K : p(w')(t') > 0

From the definition of K, it follows that ¢, > t*. Define ¢; := inf{{,|w € K}. Clearly,
i > 1.

Now, pick any ¢ € (t*,¢;). Then for every w € K, p(w)(t) < 0 and Lp(w)(t) < 0 while
for every w € Q\ K, p(w)(t) > 0.

Then,

-y Yy BT Y o)

weK WwEK {EN:wWEPF (w*) w €Q\PF(w*) weK jeN:wg PFi(w*)

PW) (1)) i
=21 2 > Spmey )l X p0dE)

iEN weK:wePFH(w*) w' €N\ PF(w*) weK:w¢PF(w*)

0 Yy 2L s e

iEN weKwePF(w*) w eK\PF(w*)

P()(1)e'(&) i
=2 2 U Y pEey ) PO

1EN we K\PF*(w*) w/'€KNPF*(w*)

i\ N PE (W)

iEN weK\PFi(w*)

>0

But we know from how ¢ was selected that Y 4p(w)(t) < 0. A contradiction. Q.E.D.
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Lemma 15. For everyt € Ry, Y cop(w)(t) =3 cqp’(w).

Proof of Lemma: It suffices to show that > %p(w)(t) = 0. But under the present
assumptions. this is an immediate consequence of Walras” Law.

Claim 20. Pick any p° € Rjﬁ[ﬂ}*#[/l]' Then the solution {p(t)}; given in Theorem 3 satisfies

the property that infycp ) Zweg\{w*}p(w)(t) =0.

Proof of Claim: From lemmas 1 and 2, it follows that infiefo00) 2o cq (o) P(W)(E) = 0.
Suppose infie(o,00) Qe (o) P(W)(E) =6 > 0. Let

Zweﬂ\{w*} p(w)(0)
et(w) ]

5[minwe(2\{w*} ZieN:w%PFi(W*) #PFi(w™)

tr >

Then,

O+ [ sl T sl

we\{w*} 1EN:wgPF*(w*)

*

o0+ min [ o [0S s

1EN:wgPF(w*) we\{w*}

. ¢'(w)
> p@)O)+ min [ o) e
wed\{wr) 1EN:wgPF(w*) #PF ((4) )

>p@)0)+ Y pw)(0)

weN\{w*}

= " p(w)(0)

we

But Lemma’s 1 and 2 imply that P(w*)(t*) < > .o p(w)(0). A contradiction. Q.E.D.

Proof of Theorem: From Lemma and Claim, it follows that
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sup p(w")(t) =Y pw)(0) — inf Y pw)(t) =Y pw)(0)
t€[0,00) weN t€[0.00) we\{w*} we

We claim that this in turn implies that limg .. p(w*)(t) = > cqp(w)(0). From Lemma,
it follows that for every t € [0,00), p(w*)(t) < > cqP(w)(0). Suppose p(w*)(t) does not
converge to Y ., p(w)(0). Then there exist € > 0 such that for every ¢ € [0, 00), there exist
t" > t such that p(w*)(t') < > cqP(W)(0) — €. But it follows from Lemma that p(w*)(t)
is non-decreasing. Hence for every ¢ € [0,00), p(w*)(t) < > cqpP(w)(0) — €. DBut this
contradicts sup,e(g o) P(W*)(t) = X cq P(w)(0). Hence lim; oo p(w*)(t) = > cq p(w)(0).

Now, it follow from this and Lemma that for every w € Q \ {w*}, lim;_. p(w)(t) = 0.
Hence our Theorem is established. Q.E.D. Proof of Theorem 3: Consider any perfect state-

w competitive equilibrium. Then there exists a sequence of e-perturbed economies and an
associated sequence of state-w competitive equilibria that converges to the perfect state-w
competitive equilibrium. Pick any such sequence (pj, {a?:ﬁé‘k}(Z B)eMxPF)heq- Then the limit
of the values of excess demands for every E € PF must equal zero. In particular,

limpg—co Z Z pZ(wl)(igF(w’),k(w/) —e'(w)) =

= lingo TPE(w) (Pk) Z Pe(w")e'(W") =0
ieM W €Q\PFi(w)

This can only happen if for every ' € Q\ PF(w), limy_oop;(w') = 0. Suppose now that
there exists some consumer for which b*(PF(w)) # 1. Consider any £ € PF \ PF(w) for
which b*(PF(w)) > 0. Then non-satiation implies that 2** can not be optimal for consumer
i which contradicts the definition of the perfect equilibrium. Hence b*(PF(w)) = 1. From
this and the first fundamental Theorem of Welfare economics, efficiency then follows. Q.E.D.
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