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1. Introduction

This paper proposes a method for using non-square QAM constellations with independent
I1&Q. This method is based in the creation of non-separable | and Q constellations by combining
constituent separable | and Q constellations. This technique is applicable to any Receiver soft-
Decision Decoding Technique, such as Turbo codes or LDPC codes.

2. Independent | & O constellations

The conventional technique for extraction soft-decision information from the channel is
create a value representing the probability of the received symbol being a one as:

> of the measures with the transmit symbol was 0

1
> of the measures with the transmit symbol was 1 @
where the measure is defined as:
, 1 1
(-n*metric) ©on=—, 2
¢ No '2No @)

and where:

metric = Euclidian distance (or square of the Euclidian distance) from the possible transmit
symbol to the received symbol.

For example, for the 16 point constellation:

( 3!+3) ('1|+3) (+1l+3) (+3|+3)
( 3!+l) ('1,+1) (+1,+1) (+3,+1)
(-3.-1) (-1,-1) (+1,-1) (+3,-1)
(-3.-3) (-1,-3) (+1,-3) (+3,-3)

With the symbols assignments of:

0000 0001 0011 0010
0100 0101 0111 0110
1100 1101 1111 1110
1000 1001 1011 1010

Using a two-digit representation:

| {0 {0 {1 {1
0} 1} 1} 0}

Q
00 01 03 02 (00)
10 11 13 12 (01)
30 31 33 32 (11)
20 21 23 22 (10)

and the point assignments of:



p30 p31 p32 p33

p20 p21 p22 P23
p10 pll pl12 p13
p00 pO1 p02 p03
pi,j:(xi,j’yi,j) (3)

In order to extract the probability of the least significant bit for received value g = (u,v), the
transmit points would be separated into those points whose least significant bit would be 1 and
those points whose least significant bit would O as:

bit == p31, p21, pll, pol
p32, p22, pl2, p02

bit == p30, p20, plO, pOO
p33, P23, pl3, p03

and the metrics mij would be:
mi =0, -all 2= (xg-u 4 (v ) @)

and the metrics in respect to the least significant bit would be:

bit == n81, nR1, nll, n01
n82, nk2, nl2, nD2

bit == n80, n20, nil0, nDO
n83, nk3, nl3, n03

The sum of the measures in respect to the least significant bit and the value extracted from
the channel would be:

e™m) ij =31,21,11,01, 32,2212, 02
value= 2=t ()
> ™™ jj =30, 20,10, 00, 33, 23,13, 03

bit=0

For this example, there are 16 possible transmit symbols and there are also 16 calculation
needed for creating the value extracted from the channel.

The example was selected to also illustrate a constellation constructed and bits assigned
such that the soft-decision information extraction has reduced complexity due to both the
constellation's shape and the independent dimension assignments of bits the constellation's
symbols.

For S1, the summation of the measures to each transmit symbol whose bit is 1 is given as:

S1= e('n*mij )
bit=1

ij=31,21,11,01,32,22,12,02 (6)

This summations can be separated into two summations, each for a "column” of possible
constellations values as:

S1=S511+S12 7
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where:

= (-"*mj )

St bnzle ij=31,21,11,01
= (-n*m;j)

>12 bnzle ij=32,22,12,02

since mij is defined as:
mij:(xij'u )2+(yij'v)2:mxij+m Yij
where:

mXij:(Xij'u)2

myijz(yij_v )2
and using the property,

OHY) = XY

u uu

(8)

)

(10)

(11)
(12)

(13)

It is easily shown the S11, S12 are, for this constellation and bit assignment, accepting the

notations:

mx; = (column j-u )?

my, = (rowi-v )’

S11=Sye™mi)  j=1 choose any value for i

S§12=Syet™mi)  j=2 choose any value for i

Sy=y ™™ i=0,1,2,3 choose any value for j
and thus, S1 can be defined as:

S1=2S8y Sx1 ; Sx1=3¢Mmmy) j=1,2
and similarly, SO can be defined as:

SO =Sy Sx0 ; Sx0= Y gtmm) j=0,3

and the ratio S1/S0 becomes:

_S1 Sy Sx1
value = — =
SO Sy Sx0
(-nmx;) ;j:1,2
value = Sx1 = 2

SXO ze(-nij) : J :O,S

(14)
(15)
(16)
17)

(18)

(19)

(20)

(21)

(22)



which requires only 4 calculations instead of 16 calculations.
Of course, the same reduction of calculations will occur for all bits.

This technique for reducing the processing complexity is frequently described as creating
constellation with separable | and Q dimensions.

N even

N=2 " QAM #exp #add #mul #di v TOTAL
Ful | 2N2 n(N-2) N n 2NY2+(n+1) N n
| ndependent 1&Q  2NY2 n( NY2-2) 0 n (n+2) N 2+n

The increase complexity for this type of constellation can be shown to be of O((N)*?

N is the number of constellation points.

) where

3. Description Of The Method

The way to obtain this objective has the following steps:

1. Draw the square constellation that has double number of points (2" points) than the non-
square constellation that we want to use (2" points) (i.e. if we want to use a 32 QAM we
start with the constellation for 64 QAM with independent 1&Q Gray mapping).

2. Delete every other point in each dimension such that every row keeps half of the points and
every column keeps half of the points and that the constellation points that remains have the
same distance between them.

3. Assign to each remaining point, a number formed from the bits of the I value and bits of the
Q value of the original constellation mapping, where one bit position of the | value or one
bit position of the Q value have been removed. The first number is from the | dimension,
called I-value, and the second number is from the Q dimension, called Q-value.

4. Decoded the resulting signal using two subset square constellations with independent | and
Q and reducing the processing power because of factor that appear in the decoding process.

With this technique, the resulting non-square constellation can be decoded with independent
probabilities.

When one bit in one dimension is removed, the resulting n-1 bits of the n bit constellation-value
have independent | and Q.

3.1 2 OAM case.

The 2 QAM case is a special case where the two resulting points can always decoded
independently.

3.2 Application of the method to the 8 QAM case.

The design of an 8 QAM constellation with independent 1&Q property, using Gray mapping
has 4 possible combinations or cases. The first 2 steps are common all 4 cases. Steps 3 and 4 are
unique for each case.



Stepl. Draw the square constellation that has double number of points (2" points) than the

non-square constellation that we want to use (2" points). For 8 QAM, n=3, the square constellation
is 16 QAM with independent 1&Q Gray mapping.

Figure 1 shows the 16 QAM constellation with Gray Mapping. The first number represent
the Q dimension and the second number represents the I dimension.

I {0 {0 {1 {1
0} 1} 1} 0}

00 01 03 02  (00)
10 11 13 12 (01)
30 31 33 32 (11)
20 21 23 22 (10)

Figure 1. 16 QAM constellation with Gray Mapping.

Step 2. Delete every other point in each dimension such that each row keeps half of the
poi7nts and every column keeps half of the points and that the constellation points that remains
have the same distance between them.

Figure 2 shows the constellation after removing half of the points.

The technique produces similar constellations if we decide to keep the points that had been
removed from Figure 2.

01 02
10 13

31 32
20 23

Figure 2. Second step of the method.

Step 3. Assign to each remaining point, a number formed from the bits of the I value and
bits of the Q value of the original constellation map, where one bit position of the I value or one bit
position of the Q value have been removed.

Case 3.1. Remove the most protected bit in 1. Figure 3 shows the region created in this case.

renove the nost protected bit of |

| -val ue {} I {0}{1}{1}{0}
Q val ue () Q
01 00 (00)
10 11 (01)
31 30 (11)
20 21 (10)

Figure 3. 8 QAM case 1.

The previous case the resulting non-square constellation is the superposition of two square
constellations, one of those had been shifted. This is shown in Figure 4.

01----00

10--]-11 |

| 31--1-30
20----21

Figure 4. subset constellation of 8 QAM case 1
Case 3.2. Remove the least protected bit in I. Figure 5 shows the region created in this case.
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renove the | east protected bit of |

| -val ue {} I {0}{O}{1}{1}
Q val ue () Q
00 01 (00)
10 11 (01)
30 31 (11)
20 21 (10)

Figure 5. 8 QAM case 2.

The previous case the resulting non-square constellation is the superposition of two square
constellations, one of those had been shifted. This is shown in Figure 6.
00----01
10--]-11 |

| 30--]-31
20----21

Figure 6. subset constellation of 8 QAM case 2

In this case 2 it is important to note that the OX values of the two subset square
constellations are the same 0 for the first column and 1 for the second column. This fact is very
helpful to the decoding process, reducing considerably the computational requirements.

Case 3.3. Remove the most protected bit Q. Figure 7 shows the region created in this case.

renove the nost protected bit of Q

| -val ue {} I {0 {1 {1 {0
Q val ue () 0} 0} 1} 1} Q
02 01 (0)
10 13 (1)
12 11 (1)
00 03 (0)

Figure 7. 8 QAM case 3

The previous case the resulting non-square constellation is the superposition of two square
constellations, one of those had been shifted. This is shown in Figure 8.

02----01
10--|-13 |
| 12--]-11
00----03
Figure 8. subset constellation of 8 QAM case 3

Case 3.4. Remove the least protected bit Q. Figure 9shows the region created in this case.

renove the | east protected bit of Q

| -val ue {} I {0 {1 {1 {0
Q val ue () 0} 0} 1} 1} Q
02 01 (0)
00 03 (0)
12 11 (1)
10 13 (1)

Figure 9. 8 QAM case 4.



Also in this case it is interesting to note that in the previous case the resulting non-square
constellation is the superposition of two square constellations, one of those had been shifted. This
is shown in Figure 10.

02----01
00--]-03 |
| 12--]-11
10----13

Figure 10. subset constellation of 8 QAM case 4

In this case 4 it is important to note that the OY values of the two subset square
constellations are the same 0 for the first row and 1 for the second row. This fact is very helpful to
the decoding process, reducing considerably the computational requirements.

3.3 Application of the method to the 32 OQAM case.

Here we illustrate the use of the method for a 32 QAM constellation with Gray mapping for
the 6 possible combinations.

Stepl. Draw the square constellation that has double number of points (2™** points) than the
non-square constellation that we want to use (2" points). For 32 QAM, n=5, the square
constellation is 64 QAM with independent 1&Q Gray mapping.

Figure 11 shows the 64QAM constellation with Gray Mapping. The first number represent
the Q dimension and the second number represents the | dimension.

00 01 03 02 06 07 05 04 (000)
10 11 13 12 16 17 15 14 (001)
30 31 33 32 36 37 35 34 (011)
20 21 23 22 26 27 25 24 (010)
60 61 63 62 66 67 65 64 (110)
70 71 73 72 76 77 75 74 (111)
50 51 53 52 56 57 55 54 (101)
40 41 43 42 46 47 45 44 (100)

Figure 11. 64 QAM constellation with Gray Mapping.
Step 2. Delete every other point in each dimension such that each row keeps half of the
points and every column keeps half of the points and that the constellation points that remains have
the same distance between them.

Figure 12 shows the constellation after removing half of the points.

The technique produces similar constellations if we decide to keep the points that had been
removed from Figure 12.



01 02 07 04
10 13 16 15

31 32 37 34
20 23 26 25

61 62 67 64
70 73 76 75

51 52 57 54
40 43 46 45

Figure 12. Second step of the method for the 32 QAM case.

Step 3. Assign to each remaining point, a number formed from the bits of the I value and
bits of the Q value of the original constellation map, where one bit position of the I value or one bit
position of the Q value have been removed.

Case 3.1. Remove the most protected bit in 1. Figure 13 shows the region created in this
case.

renove the nost protected bit of |

| -val ue {} I {0 {0 {1 {1 {1 {1 {0 {0
Q val ue () 0} 1} 1} 0} 0} 1} 1} O} Q
01 02 03 00 (000)
10 13 12 11 (001)
31 32 33 30 (011)
20 23 22 21 (010)
61 62 63 60 (110)
70 73 72 71 (111)
51 52 53 50 (101)
40 43 42 41 (100)

Figure 13. 32 QAM case 1.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 14.

01----02----03----00
10--]-13----12----11
| 31 32 33 | 30
20 | 23 22 21
| 61 62 63 | 60
70 | 73 72 71
| 51----52----53--|-50
40----43----42----41

Figure 14. subset constellation of 32 QAM case 1

Case 3.2. Remove the second most protected bit in I. Figure 15 shows the region created in
this case.



renove the second nost protected bit of |

| -val ue {} I {0 {0 {0 {0 {1 {1 {1 {1
Q val ue () 0} 1} 1} 0} 0O} 1} 1} O} Q
01 00 03 02 (000)
10 11 12 13 (001)
31 30 33 32 (011)
20 21 22 23 (010)
61 60 63 62 (110)
70 71 72 73 (111)
51 50 53 52 (101)
40 41 42 43 (100)

Figure 15. 32 QAM case 2.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 16.

01- - --00- - - - 03- - - - 02
10--|-11----12----13
| 31 30 33 | 32
20 | 21 22 23
| 61 60 63 | 62
70 | 71 72 73
| 51----50----53--|-52
40----41----42----43

Figure 16. subset constellation of 32 QAM case 2.

Case 3.3. Remove the least bit in I. Figure 17 shows the region created in this case.

remove the | east protected bit of |

| -val ue {} I {0 {0 {0 {0 {1 {1 {1 {1
Q val ue () 0} 0} 1} 1} 1} 1} 0} 0} Q
00 01 03 02 (000)
10 11 13 12 (001)
30 31 33 32 (011)
20 21 23 22 (010)
60 61 63 62 (110)
70 71 73 72 (111)
50 51 53 52 (101)
40 41 43 42 (100)

Figure 17. 32 QAM case 3.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 18.

00----01----03----02
10--|-11----13----12
| 30 31 33 | 32
20 | 21 23 22
| 60 61 63 | 62
70 | 71 73 72
| 50----51----53--|-52
40----41----43----42

Figure 18. subset constellation of 32 QAM case 3.
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Case 3.4. Remove most protected bit in Q. Figure 19 shows the region created in this case.

renove the nost protected bit of Q

| -val ue {} I {0 {0 {0 {0 {1 {1 {1 {1
Q val ue () 0 01 1211 1 0 O
0y 1} 1} 0} 0} 1} 1} O} Q
01 02 07 04 (00)
10 13 16 15 (01)
31 32 37 34 (11)
20 23 26 25 (10)
21 22 27 24 (10)
30 33 36 35 (11)
11 12 17 14 (01)
00 03 06 05 (00)

Figure 19. 32 QAM case 4.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 20.

01----02----07----04
10--|-138----16----15

| 31 32 37 | 34
20 | 23 26 25

| 21 22 27 | 24
30 | 33 36 35

| 11----12----17--|-14
00----03----06----05

Figure 20. subset constellation of 32 QAM case 4.

Case 3.5. Remove the second most protected bit in Q. Figure 21 shows the region created in
this case.

remove the second nost protected bit of Q

| -val ue {} I {0 {0 {0 {0 {1 {1{1{1
Q val ue () 001 1 1 1 0 0

0} 1} 1} O} O} 1} 1} O} Q

01 02 07 04 (00)

10 13 16 15 (01)

11 12 17 14 (01)

00 03 06 05 (00)

21 22 27 24 (10)

30 33 36 35 (11)

31 32 37 34 (11)

20 23 26 25 (10)

Figure 21. 32 QAM case 5.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 22.
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01----02----07----04
10--|-138----16----15

| 11 12 17 | 14
00 | 03 06 05

| 21 22 27 | 24
30 | 33 36 35

| 31----32----37--|-34
20----23----26----25

Figure 22. subset constellation of 32 QAM case 5.

Case 3.6. Remove the least protected bit in Q. Figure 23 shows the region created in this
case.

remove the | east protected bit of Q

| -val ue {} I {0 {0 {0 {0 {1 {1 {1 {1
Q val ue () 001 1 1 1 0 0

0} 1} 1} O} O} 1} 1} O} Q

01 02 07 04 (00)

00 03 06 05 (00)

11 12 17 14 (01)

10 13 16 15 (01)

31 32 37 34 (11)

30 33 36 35 (11)

21 22 27 24 (10)

20 23 26 25 (10)

Figure 23. 32 QAM case 6.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 24.

01----02----07----04
00- -| - 03----06- - - - 05

| 11 12 17 | 14
10 | 13 16 15

| 31 32 37 | 34
30 | 33 36 35

| 21----22----27--|-24
20----23----26----25

Figure 24. subset constellation of 32 QAM case 5.

3.4 Application of the method to the 128 OAM case.

In this point we illustrate the use of the method for a 128 QAM constellation with Gray
mapping for the 16 possible combinations.

Stepl. Draw the square constellation that has double number of points (2"** points) than the
non-square constellation that we want to use (2" points). For 128 QAM, n=7, the square
constellation is 256 QAM with independent 1&Q Gray mapping.

Figure 25 shows the 256 QAM constellation with Gray Mapping. The first number
represent the Q dimension and the second number represents the I dimension.
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00 01 03 02 06 07 05 04 0OC OD OF OE OA 0B 09 08 (0000)
10 11 13 12 16 17 15 14 1C 1D 1F 1E 1A 1B 19 18 (0001)
30 31 33 32 36 37 35 34 3C 3D 3F 3E 3A 3B 39 38 (0011)
20 21 23 22 26 27 25 24 2C 2D 2F 2E 2A 2B 29 28 (0010)
60 61 63 62 66 67 65 64 6C 6D 6F 6E 6A 6B 69 68 (0110)
70 71 73 72 76 77 75 74 7C 7D 7F 7TE 7A 7B 79 78 (0111)
50 51 53 52 56 57 55 54 5C 5D 5F 5E 5A 5B 59 58 (0101)
40 41 43 42 46 47 45 44 4C 4D 4F 4E 4A 4B 49 48 (0100)
G0 CL C3C2CCr CC4CCCDCFCECACBCI C8 (1100)
DO D1 D3 D2 D6 D7 D5 D4 DC DD DF DE DA DB D9 D8 (1101)
FO F1 F3 F2 F6 F7 F5 F4 FC FD FF FE FA FB F9 F8 (1111)
EO E1 E3 E2 E6 E7 E5 E4 EC ED EF EE EA EB E9 E8 (1110)
A0 Al A3 A2 A6 A7 A5 AA AC AD AF AE AA AB A9 A8 (1010)
BO B1 B3 B2 B6 B7 B5 B4 BC BD BF BE BA BB B9 B8 (1011)
90 91 93 92 96 97 95 94 9C 9D 9F 9E 9A 9B 99 98 (1001)
80 81 83 82 86 87 85 84 8C 8D 8F 8E 8A 8B 89 88 (1000)

Figure 25. 256 QAM constellation with Gray Mapping.

Step 2. Delete every other point in each dimension such that each row keeps half of the
points and every column keeps half of the points and that the constellation points that remains have
the same distance between them.

Figure 26 shows the constellation after removing half of the points.

The technique produces similar constellations if we decide to keep the points that had been
removed from Figure 26.

01 02 07 04 0D OE 0B 08
10 13 16 15 1C 1F 1A 19

31 32 37 34 3D 3E 3B 38
20 23 26 25 2C 2F 2A 29

61 62 67 64 6D 6E 6B 68
70 73 76 75 7C 7F TA 79

51 52 57 54 5D 5E 5B 58
40 43 46 45 4C 4F 4A 49

c1 c2 cr c CD CE CB C8
DO D3 D6 D5 DC DF DA D9

F1 F2 F7 F4 FD FE FB F8
EO E3 E6 ES EC EF EA E9

Al A2 A7 Ad AD AE AB A8
BO B3 B6 B5 BC BF BA B9

91 92 97 94 9D 9E 9B 98
80 83 86 85 8C 8F 8A 89

Figure 26. Second step of the method for the 128 QAM case.
Step 3. Assign to each remaining point, a number formed from the bits of the I value and
bits of the Q value of the original constellation map, where one bit position of the I value or one bit
position of the Q value have been removed.

Case 3.1. Remove the most protected bit in 1. Figure 27 shows the region created in this
case.
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remove the most protected bit of |

I -val ue {}I {0 {0 {0 {0 {1 {1 {2 {1 {2 {1 {1 {21 {0 {0 {0 {0
Q val ue () 0 01211000 O01121 1100 Q

0} 1} 1} 0} 0} 1} 1} 0} 0} 1} 1} 0} 0} 1} 1} 0}
01 02 07 04 05 06 03 00 (0000)

10 13 16 15 14 17 12 11 (0001)
31 32 37 34 35 36 33 30 (0011)
20 23 26 25 24 27 22 21 (0010)
61 62 67 64 65 66 63 60 (0110)
70 73 76 75 74 77 72 71 (0111)
51 52 57 54 55 56 53 50 (0101)
40 43 46 45 44 47 42 41 (0100)
c1 c2 c7 c4 cs 6 c3 (4 (1100)
DO D3 D6 D5 4 D7 D2 D1 (1101)
F1 F2 F7 F4 F5 F6 F3 FO (1111)
EO E3 E6 E5 E4 E7 E2 E1 (1110)
Al A2 A7 M A5 A6 A3 AD (1010)
BO B3 B6 B5 B4 B7 B2 B1 (1011)
91 92 97 94 95 96 93 920 (1001)
80 83 86 85 84 87 82 81 (1000)

Figure 27. 128 QAM case 1.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 28.

01----02----07----04----05----06----03----00
10--|-13----16----15----14----17----12----11
| 31 32 37 34 35 36 33 | 30
20 | 23 26 25 24 27 22 21
| 61 62 67 64 65 66 63 | 60
70 | 73 76 75 74 77 72 71
| 51 52 57 54 55 56 53 | 50
40 | 43 46 45 44 47 42 41
| cl c2 c7 c4 6 3 | @
DO | D3 D6 D5 D4 D7 D2 D1
| F1 F2 F7 F4 F5 F6 F3 | FO
E0O | E3 E6 E5 E4 E7 E2 E1 |
| L A2 A7 A A5 A6 A3 | AO
BO | B3 B6 B5 B4 B7 B2 Bl |
| 91----92----97----94----95----96----93--]-90
80----83----86----85----84----87----82----81

Figure 28. subset constellation of 128 QAM case 1.

Case 3.2. Remove the second most protected bit in I. Figure 29 shows the region created in
this case.
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| -value {}I

Q val ue ()

The resulting non-square constellation is the superposition of two square constellations, one

remove the second most protected bit of |

{0 {0 {0 {0 {0 {0 {0 {0 {1 {1 {1 {1 {1
001 1 1 100001 1 1
1} 1} 0} 0} 1} 1} 0} 0}

0}

10
20
70
40
DO
EO
BO

80

1} 1

01

13
31

23
61

73
51

43
c1

D3
F1

E3
Al

B3
91

83

0}
02
32
62
52
c2
F2
A2
92

0}

12
22
72
42
D2
E2
B2

82

03
33
63
53
c3
F3
A3

93

11
21
71
41
D1
El
Bl

81

00
30
60
50
co
FO
A0

90

14

24
74
44
D4
E4
B4

84

05
17
35
27
65
77
55
47
(03]
D7
F5
E7
A5
B7
95
87

06
16
36
26
66
76
56
46
C6
D6
F6
E6
A6
B6
96
86

Figure 29. 128 QAM case 2.

of those had been shifted. This is shown in Figure 30.

Case 3.3. Remove the third most protected bit in I. Figure 31 shows the region created in

this case.

I
20

{1{1
10
1} 1}

07
15
37
25
67
75
57
45
c7
D5
F7
E5
A7
B5
97
85

{1

0
0}
04
34
64
54
c4
F4
A4

94

01----02----03----00----05----06----07----04
10--]-13----12----11----14----17----16----15

31
| 23
61
| 73
51
| 43
cl
| D3
F1
| E3
Al
B3

|
91----92----93----90----95----96----97--| - 94

32
62
52
c2
F2

A2

22

72

42

D2

E2

B2

33
63
53
c3
F3

A3

21

71

41

D1

El

Bl

30
60
50
co
FO

A0

24

74

44

D4

E4

B4

35

27
65

77
55

47
(03]

D7
F5

E7
A5

B7

36

26
66

76
56

C6

F6

E6
A6

B6

37 |
25
67 |
75

A7 |
B5

80----83----82----81----84----87----86----85
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Figure 30. subset constellation of 128 QAM case 2.
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| -value {}I

Q val ue ()

The resulting non-square constellation is the superposition of two square constellations, one

remove the third most protected bit of |

{0 {0 {0 {0 {0 {0 {0 {0 {1 {1 {1 {1 {21 {1{1{1
O 0001 1 1 1 1 1 1 1000 0
1} 1} 0} 0} 1} 1} 0} 0} 1} 1} 0}

0}

10
20
70
40
DO
EO
BO

80

1}
01
31
61
51
c1
F1
Al

91

1}

11
21
71
41
D1
El
Bl

81

0}
00
30
60
50
@
FO
A0

90

0}

12
22
72
42
D2
E2
B2

82

03
33
63
53
c3
F3
A3

93

13
23
73
43
D3
E3
B3

83

02
32
62
52
c2
F2
A2
92

16

26
76
46
D6
E6
B6

86

07
17
37
27
67
77
57
47
cr
D7
F7
E7
A7
B7
97
87

06
14
36
24
66
74
56
44
C6
D4
F6
E4
A6
B4
96
84

Figure 31. 128 QAM case 3.

of those had been shifted. This is shown in Figure 32.

Case 3.4. Remove the least protected bit in 1. Figure 33 shows the region created in this

case.
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Figure 32. subset constellation of 128 QAM case 3.
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remove the least protected bit of |

| -value {}I

Q val ue ()

The resulting non-square constellation is the superposition of two square constellations, one
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Figure 33. 128 QAM case 4.

of those had been shifted. This is shown in Figure 34.

Case 3.5. Remove the most protected bit in Q. Figure 35 shows the region created in this

case.
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Figure 34. subset constellation of 128 QAM case 4.
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remove the most protected bit of Q

l-value {}I {0 {0 {0 {0 {0 {0 {0 {0 {1 {1 {1 {1 {1 {1 {1 {1
Q val ue () 000011 1 1 1 1 1 1 00 0 0
001 1 11000011 110 0 Q
o} 1} 1} O} O} 1} 1} O} O} 1} 1} O} O} 1} 1} O}

01 02 07 04 0D OE 0B 08 (000)

10 13 16 15 1C 1F 1A 19 (001)
31 32 37 34 30 3E 3B 38 (011)
20 23 26 25 2C 2F 2A 29 (010)
61 62 67 64 6D 6E 6B 68 (110)
70 73 76 75 71C 7F 7A 79 (111)
5 52 57 54 5D 5E 5B 58 (101)
40 43 46 45  AC  4F  4A 49 (100)
41 42 47 44 4D 4E 4B 48 (100)
50 53 56 55 5C 5F 5A 59 (101)
71 72 77 714 1D 7E 7B 78 (111)
60 63 66 65 6C 6F B6A 69 (110)
21 22 27 24 2D 2E 2B 28 (010)
30 33 3 35 3C 3F 3A 39 (011)
11 12 17 14 1D 1E 1B 18 (001)
00 03 06 05 0OC OF OA 09 (000)

Figure 35. 128 QAM case 5.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 36.

01----02----07----04----0D----0FE----0B----08
10--|-13----16----15----1C---1F----1A----19 |
| 31 32 37 34 3D 3E 3B | 38
20 | 23 26 25 2C 2F 2A 29
| 61 62 67 64 6D 6E 6B | 68
70 | 73 76 75 7C  7F 7A 79
| 51 52 57 54 5D 5E 5B | 58
40 | 43 46 45 4C  4F  4A 49
| 41 42 47 44  AD  4E 4B | 48
50 | 53 56 55 5C 5F 5A 59
| 71 72 77 74 D 7E 7B | 78
60 | 63 66 65 6C 6F 6A 69
| 21 22 27 24 2D 2E 2B | 28
30 | 33 36 35 3C 3F 3A 39
| 11----12----17----14----1D----1E----1B--|- 18
00----03----06----05----0C ---OF----0A ---09

Figure 36. subset constellation of 128 QAM case 5.

Case 3.6. Remove second most protected bit in Q. Figure 37 shows the region created in
this case.
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remove the second most protected bit of Q

l-value {}I {0 {0 {0 {0 {0 {0 {0 {0 {1 {1 {1 {1 {1 {1 {1 {1
Q val ue () 000011 1 1 1 1 1 1 00 0 0
001 1 11000011 110 0 Q
o} 1} 1} O} O} 1} 1} O} O} 1} 1} O} O} 1} 1} O}

01 02 07 04 0D OE 0B 08 (000)

10 13 16 15 1C 1F 1A 19 (001)
31 32 37 34 30 3E 3B 38 (011)
20 23 26 25 2C 2F 2A 29 (010)
21 22 27 24 2D 2E 2B 28 (010)
30 33 3 35 3C 3F 3A 39 (011)
11 12 17 14 1D 1E 1B 18 (001)
00 03 06 05 0OC OF OA 09 (000)
41 42 47 44 4D 4E 4B 48 (100)
50 53 56 55 5C 5F 5A 59 (101)
71 72 77 714 1D 7E 7B 78 (111)
60 63 66 65 6C 6F B6A 69 (110)
61 62 67 64 6D 6E 6B 68 (110)
70 73 76 75 71C 7F 7A 79 (111)
5 52 57 54 5D 5E 5B 58 (101)
40 43 46 45  AC  4AF  4A 49 (100)

Figure 37. 128 QAM case 6.

The resulting non-square constellation is the superposition of two square constellations, one
of those had been shifted. This is shown in Figure 38.

01----02----07----04----0D----0FE----0B----08
10--|-13----16----15----1C---1F----1A----19 |
| 31 32 37 34 3D 3E 3B | 38
20 | 23 26 25 2C  2F 2A 29
| 21 22 27 24 2D 2E 2B | 28
30 | 33 36 35 3C 3F 3A 39
| 11 12 17 14 1D 1E 1B | 18
00 | 03 06 05 0C OF O0A 09
| 41 42 47 44  AD  4E 4B | 48
50 | 53 56 55 5C 5F 5A 59
| 71 72 77 74 D 7E 7B | 78
60 | 63 66 65 6C 6F 6A 69
| 61 62 67 64 6D 6E 6B | 68
70 | 73 76 75 7C  7F 7A 79
| 51----52----57----54----5D---5E---5B--|-58
40----43----46----45----A4C---4F----4A--- - 49

Figure 38. subset constellation of 128 QAM case 6.

Case 3.7. Remove the third most protected bit in Q. Figure 39 shows the region created in
this case.
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remove the third most protected bit of Q

{0 {0 {0 {0 {0 {0 {0 {0 {1 {1 {1 {1 {21 {1{1{1
00001 1 1 1 1 1 1 1000 0

| -val ue {}I

Q val ue ()

001 1 11 000UO0T11 110 0 Q
0} 1} 1} 0} 0} 1} 1} 0} O} 1} 1} 0} 0} 1} 1} 0}
01 02 07 04 OD OE OB 08 (000)
10 13 16 15 1C 1F 1A 19 (001)
11 12 17 14 1D 1E 1B 18 (001)
00 03 06 05 OC OF O0A 09 (000)
21 22 27 24 2D 2E 2B 28 (010)
30 33 3 3 3C 3F 3A 39 (011)
31 32 37 34 30 3E 3B 38 (011)
20 23 26 25 2C 2F 2A 29 (010)
61 62 67 64 6D 6E 6B 68 (110)
70 73 76 75 71C 7F 7A 79 (111)
71 72 77 74 1D 7E 7B 78 (111)
60 63 66 65 6C 6F 6A 69 (110)
41 42 47 44 4D  4E 4B 48 (100)
50 53 56 55 5C 5F 5A 59 (101)
5 52 57 54 5D 5E 5B 58 (101)
40 43 46 45  AC  4AF  4A 49 (100)

The resulting non-square constellation is the superposition of two square constellations, one

Figure 39. 128 QAM case 7.

of those had been shifted. This is shown in Figure 40.
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Figure 40. subset constellation of 128 QAM case 7.
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| -val ue {}I

Q val ue ()

The resulting non-square constellation is the superposition of two square constellations, one

remove the least protected bit of Q
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Figure 41. 128 QAM case 8.

of those had been shifted. This is shown in Figure 42.
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Figure 42. subset constellation of 128 QAM case 8.

3.5. Higher order modulations

For the cases above 128 QAM the same rules applied.

4. Impact in the Computational Complexity

In order exploit the reduction of processing complexity of separable | and Q constellations
together with the creation of normally non-separable constellations, the non-separable constellation

IS creating using constituent separable constellations.

21
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For example, normally non-separable 8 points constellation can be created:

(-1, +3)
(-3, +1)
( - l! - l)
( - 31 - 3)
with the symbols assignments of:
001
100
101
000
and the point assignments of:
p31
p20
pl1i
p00

by combining the separable constellations:

constellation A defined as:

(-3,+1)
( - 3! - 3)
with the symbols assignments of:
100
000
and the point assignments of:
p20
p00
constellation B defined as:
(-1, +3)
( - l! - l)
with the symbols assignments of:
001
101
and the point assignments of:
p31
pli

(+3, +3)
(+1, +1)

(+31 'l)
(+1,-3)

010
111

110
011

p33
p22

p13
p02

(+1, +1)
(+1,-3)

111
011

p22
p02

(+3, +3)
(+3,-1)

010
110

p33
pl3

Again extracting the value for the least significant bit as:

(-n*mj; )
e )
El —  hit=1

SO Zje-(n*m.j )
bit=

S1A + S1B
SOA +S0B

value

;1j=31,11,22,02
;1]=20,00,33,13,

(23)

(24)

22



where:

SIA=) e ij=22,02 (25)
S1B=) e ij=31,11 (26)
SO0A=) ™™ i_90.00 27)
SO0B=) ™™ i_3313 (28)

Since constellations A and B have separable | and Q,
SIA = SyA SxlA (29)
SIB = SyB SxIB (30)
SOA = SyA SxOA (31)
SOB = SyB SxOB (32)
SA=Y gfmm i=2 (33)
SXOA=y g™ i=0 (34)
SyA=) ™ i=2,0 (35)
SKB=Y gfmm™ i=1 (36)
Sx0B=' g™ i=3 (37)
SyB=} ™™ i=31 (38)

and the value extracted from the channel for the least significant bit would be:
value= S1A+S1B _ SyA Sx1A+SyB Sx1B (39)

SOA+S0B  sya Sx0A+SyB SxOB

Additional reduction of computation can be achieved by recognizing that SyA and SyB are
identical for the second least significant bit.

As an example of the complexity reduction, consider a large QAM constellation, say 128

symbols, that was created from two constituent 64 bit constellations. The complexity for both full
and reduced calculations are, for all bits:

23



128 QAM # exp. #adds #mul #di v TOTAL

Ful | 32 7*126 121 7 1,042
Reduced 32 7*14+2* 14 14 14 186
N odd

N=2" QAM # exp. #adds #mul #di v TOTAL
Ful | 2(2N) Y2 n(N-2) N-n n 2(2N) Y2+(n+1) N- 2n
Reduced 2(2N) V2 2n%+4n 2n 2n 2(2N) Y2+2n%+8n

The increase complexity for this type of constellation can be shown to be of O((N)

Y2y where

N is the number of constellation points.

5. Conclusion

We propose a way to use non-squared constellations that uses constituent independent 1&Q
constellations. We show the computational complexity advantages that the use of these
constellations provide. This technique is applicable to any Receiver soft-Decision Decoding
Technique, such as Turbo codes or LDPC codes.

6. Summary

We recommend that G.992.1.bis, G.992.2.bis and G.vdsl use non-square constellations base

in this

technique.

1.  Agenda Item: G.992.1.bis issue 4.2 and G.992.2.bis issue 1.4. G.vdsl issue 11.17
2.  Expectations: The committee accepts the technique described in this paper.

7.
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