Linear Algebra Chapter 2, Matrices and Determinants

Chapter 2

MATRICE.S AND DETERMINANTS

The study of matrices is an important tool to solve linear systems of equations. The calculations
required to solving systems are long and tedious. As the number of equations and unknowns
increases, also the amount of computations increases exponentially. To solve a system of 10
equations and ten unknowns, for instance, may require thousands of multiplications and additions.
Problems that arise in practical studies require sometimes solving systems of 100x100, requiring
millions of calculations. So, a computer is required in fact to find the solution. In this course we are
going to work with small systems only.

2.1 Definitions and Notation

The properties of linear systems of equations can be studied from the rich realm of matrix models,
which provide concise ways to study problems of existence and uniqueness of solutions.

DEFINITION. An mxn matrix is a rectangular array of numbers in m rows and n columns. This is
an m by n matrix. It is denoted as

a, a, .. a,
a, a, .. a

Amxny=| 2 "2 7 721 oralso by ajj(mxn)
a, a a

ml m2 mn
The first number, m in this case, is always the number of rows and the second number, n indicates

the number of columns.

DEFINITIONS. (a) The size of a matrix is the number of rows and columns. A matrix A(mxn) has m
rows and n columns.

(b) A column vector u (nx1) is a matrix of n rows and 1 column. A row vector v (1xm) is a matrix
with 1 row and m columns. The entries of a vector are called components.

Thus, a 4 by 3 matrix is of different size than a 3 by 4 matrix. Matrices are denoted in capital letters
and vectors in boldface low case. The term (mxn) is read "m by n" and not m times n. So a (5%4)
matrix and a (4x%5) have different sizes.

DEFINITION. The zero matrix is a matrix consisting entirely of zeros. The zero vector is a vector
consisting entirely or zeros.
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0 0 ... 0 u,
0 0 ... 0 u,
o=|. . . E column vector, U= S |5 rowvectorv= (V1, V2, ... Vp)
0 0 -0 u,
1
EXAMPLE. Row vector 1x u=(1,-2,0). Column vector 3x1 v=| 2
5

2.2 Operations with Matrices

Matrices are elements of a new Matrix Space. Several operations are possible with matrices. In a

similar way as we do with real numbers, the ensemble of operations together with their properties
comprise the matrix algebra, which portray some differences with respect to the usual algebra of
real numbers. We review briefly some aspects of it.

Equality. Two matrices are equal if they have same size (same number of rows and same number
of columns) and corresponding entries are equal.

Addition. If A and B have same size, then the sun A + B is a matrix obtained by adding the
corresponding entries of each matrix. Thus the addition of matrices is possible only between
matrices of same size.

Scalar Multiplication. If A is a matrix and C is a scalar (real numbers are called scalars), then the
product CA is a matrix of the same size than A, obtained by multiplying each entry of A by the real
number C. Thus scalar multiplication is always possible.

Product of two matrices. The product of two matrices A and B, AxB is possible only if the number
of columns of A equals the number of rows of B. Let A be (mxp) and B (pxn). Then the product
AB is an (mxn) matrix C. The entry Cjj of C is obtained by multiplying the i-th row of A by the j-th
column of B. The product is better illustrated by examples. So, read the book if you have doubts on
how to multiply two matrices.

Transposition. Given a matrix A (mxn) , its transpose, A" (also denoted as A' by many authors) is
a matrix (nXm) obtained by interchanging rows and columns. Thus, the rows of A" are equal to the
columns of A. The transpose of any matrix always exists.

) . 1 2 4 2 0 2
EXAMPLE. Given the matrices A=(0 j and B=(1 j then

-1 1 3 -2
32 6 6 4 12
A+B = and 2(A +B)=
12 -1 2 4 -2

EXAMPLE. The matrices A and B in the previous example cannot be multiplied, since the number n
of columns of A is 3 and the number of rows m of B is 2. The matrices

on the other hand, can be multiplied, since

1 0 2 2
1 1 3 m = n = 3 and the result is the 2x4 matrix
2 0 1

1 2 0
A= and B=| 0
0 -1 1 .

1 2 4 8
C=AxB=
-1 1 -1 =2
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The entry Cjj (row i, column j) is obtained by multiplying the ith row of A by the jth column of B.

For instance, the element C;, = 2, corresponding to the first row second column of C is obtained by
multiplying the first row of A with the second column of B: (1. 2. 0)x(0, 1, 2)

1x0+2x1 +0x2=2

EXAMPLE. The transpose of A in the previous example is the (3x2) matrix

1 0
A=A"=2 -1
0 1
In particular, the transpose of a row vector is a column vector and vice versa.
1 1
EXAMPLE. Ifu=(1,3,0)then u'=| 3 |and if v=| 0 |then V' =(1,0,5)
0 5
Often you will see a vector written as (a. b, ¢)’ and not as in column notation
a
b
c

This is only for editing purposes, because the latter takes to much space in the paper.
A brief summary of the properties of operations follows. We assume in all cases that the matrices
involved are compatible, that is, their sizes are such that the operation is possible.

A+B =B+A commutative, sum A+0=A
(A+B)+C = A+ (B+C) associative sum 1 A=A (1 scalar)
(AB)C=A(BC) associative product kA) =kAT

k A = Ak (k scalar) commutative scalar product (A+B) =A"+B"
k (AB)=(kA)B= A (kB) associative scalar product (A" =A
AB+C)=AB+AC distributive (AB) =A"B"
(A+B)C=AC+BC distributive

Some of the properties of the product for real numbers do not stand for matrices. For instance, AxB
is not necessarily equal to BxA. The equality AxB =0 does not necessarily imply that either A=0
or B=0. The cancellation law for real numbers is not satisfied, and the equality AxC = AxD does

not necessarily imply C = D.

2.2.1 Multiplication of a matrix by a vector. The product of a matrix A (mxn) by a column
vector U (nx1) is another vector v(nx1).

1 -1 2 1 -3
0 I 3 2 |=]-1
2 =2)-1 7
3x3 3x1  3xl

EXAMPLE.

2.3 Square Matrices, |dentity, lnverse
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Square matrices play a fundamental role in linear algebra. We will study square matrices in detail.

DEFINITION. A square matrix (nxn) is a matrix with equal number of rows and columns.

DEFINITION. The Identity Matrix of Order n, I(nxn) is a square matrix consisting of 1s in the
principal diagonal and 0s everywhere else. It has the property that, for any matrix A(nxn) , the
relations Axl = IxA = A hold.

Thus, the identity matrix in the algebra of square matrices plays the same role as the number 1 in
the algebra or real numbers.

0 ... 0
0 1 0

I = )
0 0 1

Can we divide matrices? We can divide square matrices in a similar way we can divide numbers.
When we divide, for instance 6 + 3, in fact we are multiplying the number 6 by the inverse of the
number 3, that is, 6x(1/3). In the same way, we can divide two square matrices of same size n, by
multiplying by the inverse, that is

Ax(B™),
Where B means the inverse of B.

DEFINITION. Given a square matrix A (nxn), the inverse of A, if it exists, iS another matrix (nxn),
denoted A, such that AxA™ = A'xA = 1.

Note that the inverse is defined only for square matrices. Not every matrix A has an inverse. If it
does, we say that A is invertible or nonsingular. If the inverse of A does not exist, we say that A is
singular. There is a main difference between matrices and numbers: The inverse of every nonzero
number always exists, while the inverse of a square matrix does not necessarily exists.

THEOREM. The inverse of a matrix, if it exists, is unique.

0 -1 0 -2 1 2
EXAMPLE. Verify that A = 1 1/ |= 1 is the inverse of A =
Vvl ~1 0

Multiplying these matrices we readily obtain AxA=ATxA =1

2.4 Finding the Inverse

Evaluating the inverse of a square matrix is equivalent to solving a system of equations. Let A be
the matrix of the previous example. We want to find its inverse A so write four unknowns for each

of its entries
A= ( 1 2] Al = (Xll XlZ)
-1 0 Xy Xy
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To find the values of the unknowns apply the condition of the inverse

AA-IZIZ[I 0]:[1 ZJ(XH X”]:(X“Jrzxﬂ x12+2x22j
0 1 -1 OAX, X, - X, — Xy

Solving the system

Xi1+2X, =1
Xi2+ 2% =0
X11=0
Xpp=1

yields X;1 =0, X;2=-1, Xa1 =%, X =" . Hence, if the system has one solution, then the matrix
A is invertible. If the system is inconsistent, the matrix A is not invertible or singular. And if the
system has unique solution, then the inverse exists and is unique. Because of the theorem stated
above, which was not proven, this system cannot have infinitely many solutions.

THEOREM. If A and B are nonsingular (invertible) matrices of same size, then their product is also
a nonsingular, and (A B)Y'=A"'B".

Because the inverse of a matrix can be found by solving a system of equations, we can use an
analogous of the Gauss-Jordan procedure to find the inverse of a matrix A. For this we form a kind
of augmented matrix, joining I (the identity matrix) to the right or A. That is, we produce a matrix
of the form

[All]

and by elementary row operations we transform the matrix A into its reduced row-echelon form. If
on the left side we get the identity, then A is nonsingular and its inverse is the matrix standing on
the right. In other words, A is invertible, after applying the Gauus-Jordan procedure, we get the
identity on the left side and the inverse is the matrix on the right side

[T]A™]
EXAMPLE. Let
1 1 2
A=(-2 1 0
1 -2 4
Form the augmented matrix
1 1 21 0 0
-2 1 0/0 1 0
I -2 4/0 0 1

transform the left side into its reduced row-echelon format

I I 1 2|1 0 O r-r, |3 0 21 -1 0
2r-r,{0 3 421 0|= 1, |0 3 42 1 0|=
r-r, |0 3 -2/1 0 -1 -0 0 6/1 1 1
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3r-r, [9 0 0|2 -4 -1 1/9r, [1 0 0[2/9 —4/9 —-1/9
3r,-2r,10 9 0/4 1 -2|= (1/9r, |0 1 0/4/9 1/9 -2/9
n |00 6/1 1 1 /6, [0 0 1[1/6 1/6 1/6

The matrix on the right side is, therefore, A™. The inverse exists if and only if the reduced row-
echelon form of A is the identity, as in the case of the example.

THEOREM. If a square matrix admits an inverse, then transforming it to its reduced row-echelon
form yields the identity matrix.

Another form to express the result is

THEOREM. A reduced row-echelon form of a square matrix either contains rows of zeros or it is the
identity. In the former case the matrix is singular. In the latter case it is nonsingular.

2.5 Application of Matrices to Solving Linear Systems

In chapter one we have seen how to use matrices to solve linear systems. In this section we will
deepen these concepts. The properties of matrices can easily be transported to the existence and
uniqueness of solutions.

We recall that the product of an (mxn) matrix by an (nx1) column vector is an (mx1) column
vector.

1 3 =2 5
0 1 1 ; RE
EXAMPLE. -1 0 3 2
2 1 0 : 4

(4%x3) 3x1) (4x1)
Let the system
anX; +tapXe+ ... amXn = by
aX; tap Xa + ... AnXa = by

- - (1)
b

amiX]p Fam X2 + ... @mn Xn

Let A be the coefficient matrix, X the vector of unknowns, and b the vector of constants,

a, a, ... a, X, b,

a a ... a X b
A — .21 .22 .2n , X = .2 , b — .2

a, &, ... a, X, b,,

The system can be written alternatively in matrix format.
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11 a‘lZ a‘ln Xl bl
) a a ... a X b

Ax =D, thatis, AT MR =] (2)
aml am2 amn Xn bm

where Amxn) 1s the coefficient matrix, X() is the n-dimensional column vector of unknowns, and
bm) is the m-dimensional column vector of the constant terms.

EXAMPLE 1. The system X+y+z=1
y+z=-1
Xx+2y =0

1 1 1)x 1
for instance, can be written |0 1 1| y|=|-1]|,thatis, AX=Db, where X is the vector of
1 2 0)\z 0

unknowns, A is the coefficient matrix, and b is the vector of constant terms.

DEeFINITION. If a matrix B is the result of transformation of the rows of another matrix A by means
of elementary row operations, then A and B are said to be row equivalent.

THEOREM. If A and B are the coefficient matrices of two systems, and if they are row equivalent
matrices, then the systems have same solution set.

The Gauss-Jordan elimination method for solving the system consists of transforming the
coefficient matrix

11 12 1n bl
a21 a22 a2n b2
a a a_|b

into its reduced row-echelon form by means of suitable linear combinations of rows. Because the
original coefficient matrix and its reduced row-echelon form are equivalent, then both matrices
have same solution set. Let us review the Gauss-Jordan method for solving systems

EXAMPLE. Let the system

1o -1 37[x] [t
01 2 —1|[x| |4
111 2% |5
21 0 5|[x| |6

The augmented row-echelon matrix is (check it!)

I 0 -1 3|1
01 2 -14
0 0 0 0]0
0 0 0 0]0
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The solution set of the system is given by

X; =14+ X3 -3X4 or, alternatively by

Xo =4 —2X3 + X4

X1 =1+t-3s
X, =4 2t+s
X3 =1

X4=S

Chapter 2, Matrices and Determinants

The variables t and s are free variables, or independent variables, since they can take any arbitrary
value. For each value of t and each value or s we have a different solution. The solution set of
system above is said to have dimension 2, which is the number of free variables.

1 0 -1 21
EXAMPLE. Find the solution set of | o 1)s
0 1 -1 20
0 2 -2 54
r, 1 0 -1 2|1 r-2r, | 1 0 -1
r+r, 01 -1 3|4 N r,=-3r, | 0 1 -1
r-r |0 0 0 1|4 r 0 0 O
-2r,+r, | 0 0 0 114 -+, 0 0 O
It has only one independent variable, t.
I -1 3|2
2 1 4/-1
EXAMPLE. Solve the system
1 2 0|0
0 0 11-3
r, 1 -1 3|2 I, 1 -1 3|2
=-2r+r|0 3 -=2|-5 r, 10 3 -2|-5
r-r, |0 -3 3|2 n+r/0 0 1|-3
r, 0 0 11-3 r, [0 0 1]|-3
r-r |3 0 0]22 /311 0 0f22/3
r,+2r, 0 3 0f-11 r,/310 1 0{-11/3
r, 0 0 1/-3 r,b 10 0 1| -3
r, 0 0 00 rr10 0 0 O
1 3 2|1
EXAMPLE. Solve the system | 1 —2 1|2
2 1 3|2

17

0-7
0|-8
1| 4
00
3+,
r2
r3
r,—r,
X, =22/3
X, =—11/3
X; ==3

S O W O

-2|-5
1 -3
00
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o [1 3 2]1 r[1 3 2|1
r-r,b, |10 5 1|-1|= 1, |0 5 I|-1 We stop here. The system is
—2r+n,[0 =5 1[0 r+r|0 0 ol-1| incompatible,

THEOREM. Let n be the number of unknowns and r the number of nonzero rows of the reduced
row-echelon matrix. Then the following statement hold

1. If a row of zeros in the coefficient matrix contains a number different from zero in the constant
term, the system is inconsistent.

Otherwise, if there are no rows of zeros in the coefficient matrix, or if all the rows of zeros in the
coefficient matrix correspond to zeros in the constant terms column, then

2. If r < n, then the system has infinitely many solutions, with n — r being the number of
independent variables.

3. If r = n, then the system has solution unique.

So in Example 1, n = 4 and r = 2. The system has 2 independent variables, t and s. In Example 2, n
=4 and r = 1. The system has 1 independent variable. In Example 3, n = 3 and r = 3. The system
has unique solution (notice that in this case, the reduced row-echelon matrix, excluding the zero
rows, is the identity matrix I. In Example 4 the system is inconsistent.

The equation linear ax = b, as we see in high-school, is solved by multiplying both sides of the
equation by a™, that is, a'ax =a'b = x=a'b or, x = b/a. Square systems can be solved by
using the same procedure. Suppose now that the system in (1) has same number of equations and
unknowns. Writing it in matrix form as in (2), the corresponding coefficient matrix A is square.
Suppose that A in (2) is nonsingular; then the solution of the system can be obtained by finding the
inverse of A in the following way

Ax=Db => A'Ax=A'b => x=A'b => x=A"b
Because the inverse of a nonzero matrix does not always exist, systems of equations do not
necessarily have solution. If the matrix A is singular, then the system is incompatible. The
existence of solutions of linear system with equal number of equations and unknowns thus can be
study using the properties of matrices and the existence of an inverse.

THEOREM. For a linear system AX = b with equal number of equations and unknowns (so A is
square), all of the following statements are equivalent.

1. The system has unique solution

2. Ais nonsingular (it has an inverse)

3. The reduced row-echelon form of A is the identity.

4. The solution of the system is the vector x = A'b.

5. The homogeneous system AX = 0 has the trivial solution as unique solution.

EXAMPLE. Let the system of example I, x+ y+z=1
y+z=-1
X+2y =0

Solving it by the Gauss-Jordan elimination method
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I 1 11 n (1 1 11 r (1 1 1] 1 r-r,(1 0 0O 2
01 I|-I|= r, |0 I [-1|= r, [O1 I|-1|=2r-/0 2 0 -2
1 2 00 -0 -1 11 n+rl0 0 2/ 0 rr (00 20
n (1 0 0 2
=r/2,/0 1 0 -1
/210 0 1 0

and the answer is (X, Yy, Z) = (2, -1, 0) unique solution. We can solve it alternatively by using the
inverse. Let us now calculate the inverse A, As before, if AX = b, then X = A'b. Calculating the
inverse of A,

1 1 11 0 0 r (1 1 11 0 0 r (11 11 0 0
01 1010/ 1|0 1 101 0/= 1 (01101 0=
12000 1) r-rlo -1 11 0 1] r+r0 0 2[1 1 -1

r-r(1 0 01 -1 0 r (100 1 -1 0
2-6[0 2 0-1 1 1 |=rn/2,/0 1 0-1/2 1/2 1/2
r 00 21 1 -1/ r/2(0 0 11/2 1/2 -1/2

1 -1 0
Hence, Al=1| -1/2 1/2 1/2
1/2 1/2 -1/2

The solution of the system can also be obtained by X = A’'b, that is

1 -1 0 1 2
-1/2 1/2 1/2 ||-1|=|-1
/2 1/2 -1/2)L O 0

2.6 Linear Combinations of Vectors

Because we will deal with general systems with any number of equations and unknowns, not
necessarily equal, we must study properties of matrices in general, not just square matrices. Let U,
Uy, .. Uy be N m-dimensional vectors and let €y, Cy, ... Cy, be N real numbers.

DEFINITION. A linear combination of the vectors uy u, .. un, is given by

The trivial linear combination happens when all coefficients c; are 0. Otherwise, if not all ¢; are
zero, then we have a nontrivial linear combination.

19



Linear Algebra

Chapter 2, Matrices and Determinants

ull u12 l"Iln

. . | Uy U, _ | Uz
Given the n column vectors of sizem, u;=| - |, U=| |, ....,U=| °
u u u

mn

a linear combination of the vectors is given by

C,u, +Cu, +...+C.uU,,
c,u,, +Cc,u,, +...+Cc.U
CiU;+ CUy+ .... + Chup = 1.21 2. 2 . " .2n

CUp +CU, +...4+CLU

n=mn

If all the coefficients Cj are zero, this is called the trivial linear combination. If not all coefficients C;
are zero, then it is a nontrivial linear combination. Thus a system of equations can be presented as a
linear combination of column vectors, each vector corresponding to one column of the coefficient
matrix. The system in (2) can then be written

X1U + XaUs + ... + XUy = b,

where the vectors U; U, . Up are the columns of the coefficient matrix A.

With row vectors, U = (Uy, Uy, ..., Un ), V=(V1, Vo, ... Vp ), W= (W, Wy, ..
take the form

., Wy ) linear combinations

autbv+cw=(au;+bw,+cwy,au;+bw,+cw,,aus+bw;+cws)

2.7 Linear Independence

The existence and uniqueness of solutions of linear systems is closely related with the notion of
linear independence of vectors. We introduce this section by solving two similar problems

ExAMPLE. Given the vectors

0 2 -4
0 1 -2
ai=|-1[,a=|0|,a3=|-1]|, au=
0 0
| 3] | —1] | —4] 1 17 |

The trivial linear combination always produces 0 as result
Oxa; + 0xap + O0xa; + Oxay = 0

(zero in boldface means the 5-dimensional zero vector). Is there a nontrivial linear combination
that yields 07 In other words, can we find four numbers Xj, X2, X3, X4, not all zero, such that

X1xXap + Xoxap + Xsxaz + Xgxay =0
The answer is, sometimes yes, sometimes not. In this example the answer is yes, the reader can
verify that with (X, Xo, X3, X4) = (2, 1, -3, -1)
2a; +ay - 3a3 - a4 =0.

20
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The questions that naturally arises is whether, given a set of vectors, there always exists a nontrivial
combination equal to zero, and if so, how to find them. Solving the homogeneous system

Xjai+Xoa +Xzaz3+Xsa4=0

if the trivial solution is the only solution of the system, then there are no nontrivial linear
combinations equal to zero. If a nontrivial solution exists then there are also infinitely many linear
combinations equal to zero.

ExAMPLE 1. For the vectors of the previous example

0o 2 -4 0
X

0 1 1 =2 0
X,

-1 0 -1 =10
X;

0 0 4 0
Xy

3 -1 -4 17 0

where each column in the coefficient matrix is one of the four given vectors. This is a homogenous
system. The reduced row-echelon matrix is

1 0 0 2]
01 0
0 01 -3 3)
0 0O
10 0 0 |
so the solution set is X; = -2t, X, = -t, X3 = 3t, X4= t. The linear combination presented in (b)

corresponds to t = -1. Because if a homogeneous system has one nontrivial solution, it has infinitely
many solutions, then, if there is a nontrivial linear combination producing the vector 0O, there are
also infinitely many trivial combinations.

EXAMPLE 2. Given the vectors

1 3 5
-1 0 0 -1
a=|0|,a=-1,s3=|1|, =] 0
2 2 4

| 0 | 2 | 1] | 0

find a nontrivial linear combination such that ¢, a; + ¢, a, + C3 as + C4 a4 = 0 (observe that using
boldface O indicates the zero vector and not the scalar vector). Proceeding as before, we must solve
the homogenous system

1 1 3 5 0
X

-1 0 0 -1 0
X,

0O -1 1 0 =10
X;

2 0O 2 4 0
Xy

0O 2 1 0 0
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The reduced row-echelon form of the coefficient matrix is
1
0 0

oS o o =
S O O = O

S O = O

which has unique solution, the trivial linear combination. Therefore, it does not exist a nontrivial
linear combination of the vectors that is equal to zero. In summary, for the vectors of Example 1 we
found infinitely many linear combinations equal to zero, and for Example 2 there exists no
nontrivial linear combination equal to zero. We say that the vectors of Example 1 are linearly
dependent while the vectors in Example 2 are linearly independent.

DEFINITION. A set of n vectors ay, ay, .... a, of the same size is linearly independent (I i) if there is
no nontrivial linear combination such that

Cita+Cap+..+chan=0

If there exists a nontrivial linear combination such that the sum is zero, then the vectors are said to
be linearly dependent (Id)

In other words, the equality above is satisfied if only if ¢;,=0 ¢, =0, ..., ¢, =0.

Given k vectors, Vi, Vs, .... Vi, the problem of determining whether they form a linearly independent
or linearly dependent system is equivalent to solving the homogeneous linear system of equations
X1 Vi + Xa Vo + ... + Xk Vk = 0. If it has unique solution, the trivial solution, then they are linearly
independent; they are dependent if the homogeneous system admits infinitely many solutions.

2.8 Rank of a Matrix

The existence of unique solution of systems can be set in terms of the rank of the coefficient matrix.

DEFINITION. The rank of a matrix is the maximum number of linearly independent column vectors
of the matrix and it is denoted as rank A. Some authors denote it as rank(A).

THEOREM. The maximum number of linearly independent column vectors of a matrix is equal to
the maximum number of linearly independent row vectors.

So the rank of a matrix can also be defined as the maximum number of linearly independent row
vectors. Because the column vectors of a matrix A are the row vectors of its transpose, A", the rank
of a matrix is equal to the rank of its transpose. The rank of a matrix cannot be larger than the
number of rows and cannot be larger than the number of columns. We conclude that the rank of a
matrix (mxn) is “at most” the smaller of m and n. That is

rank Amxn) < min (M, n), 4)

where min means minimum, or the smallest of both numbers. So, the rank of a 5 by 3 matrix, for
instance, can be 1, 2, or 3.

THEOREM. If A and B are two row equivalent matrices, then rank A = rank B.
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THEOREM. The rank of a matrix is equal to the number of nonzero rows of its reduced row-echelon
matrix.

The rank of a matrix is equal to the rank of its reduced row-echelon matrix. And the rank of a row-
echelon matrix is equal to the number of nonzero rows. Thus, the rank of the matrix in Example 1
above is 3 and the rank of the matrix in Example 2 is also 3.

Rather than proving the theorem, let's illustrate it with an example. Consider the row-echelon
matrix given in (3). It has 5 row vectors, only 3 of which, ry, 1y, I3, are nonzero vectors. Let us try
to find a nontrivial linear combination such that

Cir+crn+cr=0 (5)

where r;=(1,0,0,2), r,-(0,1,0, 1), r;=(0, 0, 1, -3). Because the first component of r; is the
only nonzero among the first components, then ¢; must be equal zero. Because the second
component of I, is the only second nonzero component, then ¢, must be equal to zero, and by the
same token, C; must also be zero, thus the only linear combination of the rows of the matrix in (3)
that satisfies (4) is the trivial linear combination, which means that the three rows of the matrix are
linearly independent, and therefore its rank is 3.

Returning to a homogeneous system with m equations and n unknowns, we have seen that either it
has one solution, the trivial solution, or infinitely many solutions.

THEOREM. Let A be the coefficient matrix of a homogeneous system. If rank A = n, where n is the
number of unknowns, then the system has unique solution, the trivial solution. If rank A < n, then
there are infinitely many solutions in addition to the trivial solution.

Now, suppose that the number of equations m is less than the number of unknowns n, that is m <n.
From (4) it follows that rank A < m < n, and therefore r = rank A <n and the last theorem implies
that that the system has infinitely many solutions. The dimension of the solution set (the number of
free variables) is exactly n —r.

2.9 Linearly Independence and Rank

The above discussion lead to the following summary result. Let u;, Uy, ... U, be a set of n vectors,
each with m components (m-dimensional vectors). Form the matrix A (nxm) whose columns are
the n vectors u;. Then, if rank A = n, or, equivalently, if the number of nonzero rows in the reduced
row-echelon form of A is equal to n, then the homogeneous system AX = 0 has unique solution, and
the vectors are linearly independent. But if rank A < n, then the vectors are linearly dependent, and
any nontrivial solution of the homogeneous system provides a nontrivial linear combination of the
vectors equal to zero.

2.10 Determinants

Given a square matrix A, the determinant of A, denoted det (A) or |A|, is a number associated with
the matrix. The procedure to calculate the determinant of a matrix is somewhat cumbersome and
the computations tedious. We start illustrating the procedure with a (2x2) matrix. Let

23



Linear Algebra Chapter 2, Matrices and Determinants

a, a, a, 8,
A = . Then det (A)= =aj dxn —ana.

a'21 a22

21 a‘22

So to indicate that it is a determinant, we replace the brackets by bars.

1
ExaMPLE. Calculate 3

2
2‘ . Applying the last formula, 1x(-2) - 2x3 = -8.

Crammer's rule for linear systems of 2 equations on two unknowns. Given the system
a; X +a,Xx, =b
ay X +a,Xx, =b,

It's solution, using determinants, is

b, a, 0o b

_ b, a,, _ 1% b,
X, =7———, X, =

an 4y 11 12

a; Ay & ap

EXAMPLE. Solve the system X+2y=1, X-y=-2using Cramer’s rule.
—2 -1 _()(=D-()-2)_ 3 _

1 1
y_‘l —2‘:(1)(—2)—(1)(1):—_3=1
‘1 2‘ MHEDH-@)1) -3

1 -1 1 -1

‘ L2 ‘ (O(-D-@)D) -3
While Crammer's rule is not an efficient method of solving systems, it provides an illustrative
account of the uses of determinants. Here, if the determinant of the coefficient matrix zero, then the
system is incompatible. As we will see, if the matrix is singular, then its determinant is zero.

For a third order square matrix, its determinant is calculated as follows (expanded by the first row)

g -ay -
det(A)= |a, a, ay
4y ap Ay

a’2 1 a23 a’21 a’22

+ a‘13 = all C11 +aIZCl2 + a13 C13

32 33 31 33 31 33

The terms Cjj are called minors or cofactors. The cofactor Cjj of an entry a;j is the determinant of the
reduced matrix obtained by suppressing the i-th and the j-th column of the original matrix and
being multiplied by (-1)". So if i+] is even the cofactor is positive, if the sum is odd the cofactor is
negative.

1 -1 2
3 4 0 4 0 3
EXAMPLE. Calculate |0 3 4|=(1) -(-1 +(2) =
5 1 11 2 1 2 1

(W[B)@-@(D) + ... ]+D[]
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DEFINITION. For a square matrix A of order n in general, its determinant, det A is given by the
following recurrent formula

detA=a;; Cyi-anCin+.... +(-1)™ay, Ciy

The first expression on the last equality consists of expanding the determinant by the first column;
the second expression expands by the first row. It can be proven that both expressions yield the
same number. The determinant, in fact, can be calculated by expanding by any row or by any
column.

The formula above implies that, to calculate a determinant of a matrix or order n, we have first to
calculate n cofactors, which are determinants of order n-1. In turn, to calculate each of the
cofactors, we have to calculate n-2 cofactors of order n-2, and so one. This means that calculation
of determinants is an arduous, often unbearable task. As n increases, the amount of calculations
grows exponentially. Fast computers nowadays can perform in relatively short of time the
calculation of determinants of high order, higher than n = 100, which are not unusual in many
applications. Fifteen years ago, however, that was an unfeasible job, and scientists have to resort to
numerical analysis to find approximate solutions.

THEOREM, Crammer's rule. The solution of the system Ax = b, where A is an n-order square
matrix (same number of equations and unknowns), is
D, D, D

X, =—, X,=—2,... =

D

where D = det A and Dy s the determinant of the matrix obtained by replacing the k-th column of A
by the column of the constant terms, b.

THEOREM. For a square matrix A of order n the following three conditions are equivalent.
1. Ais nonsingular

det A#£0

rank A =n

r = n, where r is the number of nonzero rows of the reduced row-echelon matrix

The reduced row-echelon matrix is the identity 1.

The homogeneous system AX = 0 has only the trivial solution.

The column vectors of A are linearly independent

The row vectors of A are linearly independent

LN AW

Conversely,

THEOREM. For a square matrix A of order n the following three conditions are equivalent.
1. A is singular

det A=0

r < n, where r is the number of nonzero row vectors of the reduced row-echelon matrix
The reduced row-echelon matrix is not the identity I.
rank A <n
The homogeneous system AX = 0 has infinitely many solutions.
The column vectors of A are linearly dependent
The row vectors of A are linearly dependent

LN SWE
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THEOREM. For any two square matrices A and B of the same size,
det (AB ) =det (BA) =det A det B
The inverse of a nonsingular matrix can be computed by using determinants

THEOREM. If A (nxn ) is nonsingular, then its inverse can be calculated by

A11 A21 Anl

A-l _ 1 A12 Azz Anz
det A : : :

Aln AzN Ann

where Ajj are the cofactors explained above

26



Linear Algebra Chapter 2, Matrices and Determinants

SUMMARY OF CHAPTER 2

Linear Systems

Ax =Db, A (nxm), nunknowns and m equations. If r is the number of nonzero rows of B, the
reduced row-echelon matrix of A, then

1. If B has a row of zeros in the coefficient matrix, and a nonzero number in the constant terms
column, then the system is incompatible.

Otherwise, if no zero row in the coefficient matrix is followed by a nonzero constant term, then

2. If r = n then the system has unique solution and the reduced row-echelon form of A,
excluding the zero rows, is the identity.

3. Ifr <n then the system has infinitely many solutions, with n —r equal to the number of
independent variables of the solution set

1. Ifr <n then the system has infinitely many solutions, with n — r equal to the number of
independent variables of the solution set

Homogeneous linear systems

Ax = 0. The system is always consistent, having the trivial solution. If it admits a nontrivial
solution, then it has infinitely many solutions.

Square linear systems

Ax =D, A (nxn), nunknowns and n equations.
If A is nonsingular

1. Tt has unique solution

2. Ais nonsingular

3. The solution is A'b

4. The reduced row-echelon form of A is the identity
5. detA#£0

6. rank A=n

Linear combinations of vectors.

Given n column vectors, Vi, Va, ... Vy with m components each, let A be ( mxn ) matrix where the n
columns of A are each of the n vectors Vj, they are linearly independent if any of the following
holds

1. A linear combination C;V;+CyV, + ... ChVy =0 if and only if all coefficients ¢j =0

2. rank A= min (n, m)

3. The homogeneous system AX = 0 has unique solution (the trivial solution)

Given n row m-dimensional vectors, Vi, Va, ... Vi, let A be ( nXm ) matrix where the n rows of A
are the n vectors V;. They are linearly independent if any of the following holds

1. A linear combination C;V;+C,Vy + ... Cy Vy =0 if and only if all coefficients ¢; = 0

2. rank A= min (n, M)

3. The homogeneous system AX = 0 has unique solution (the trivial solution)

Rank of a matrix.
Given an ( mxn ) matrix A, rank A is
1. the maximum number of linearly independent column vectors and also maximum number of
linearly independent row vectors.
2. the number of nonzero rows of the reduced row-echelon form of A
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HOMEWORK

Kreyzsig, p. 277, # 1-8; p. 286, # 1-11; p. 301, # 1-12; p. 314, #5 — 10, 18-20; p. 322, #1-12

Additional problems

01 2
. . 1 0 -1 1 3 -2 1 0
1. Given the matrices A = B= C= D=1 0 -2
0 3 2 1 4 0 1 -1
01 3
and the vectors
: 2
u= (2| v=(0 1 -1) r=m
3
Determine which of the following operations are possible. If it is possible, perform it.
(a) A+B (b) B+C (c) 3A-2B (d) AB (e) AC
(f) AD () A'B (h) BC (i) CB () Au
(k) Av (1) uev (dot product or inner product) (m) u'ev (n) u+v
1 2 3 0
2. Giventhevectorsa; = | 0 |, ao = |1, as=|1], a4=|—1
-1 1 2 -3

(a) Find u as the result of the linear combination U= 3 a; - a, +2 a;
(b) Find a non trivial linear combination such that ¢c;a; +c,a, +csas =0

(c) Find a non trivial linear combination such that ¢;a; +c;a;+csa; =0

3. Find A if A is

o, 111 1 0 1
(a) A=(3 J (b) A=|0 2 3 () A=|0 2 -1
2 1 4 2 2 1

4. Which of the matrices A in Problem 3 above are singular?

5. Calculate det A for each of the matrices A in Problem 3 above

6. Solve the homogeneous system AX =0 for each of the matrices A of Problem 3 above.
7. Solve the system Ax =Db, where b = (1, 3, -1) and A is each of the matrices in Problem 3.

8. For the following sets of vectors, determine whether they are L.i. or I.d.
@vi=(1,-1,-1, D, va=(1,2,1,-3)", v;=(2, 1, 0, -2)".
(b) up = (13 3) 27 4)7 U, = (_15429 15 _1)’ Us = (Oa 27 _1: _1)

9. Let A be the matrix obtained from Problem 8 part (a), where the columns are the vectors v;_ Vv,
and v3 and let B be the matrix obtained from part (b) where the rows are the vectors u; U, and us,
find rank A and rank B
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10. For the vectors of Problem 8, part (a) and part (b), find a nontrivial linear combination equal to
zero:CiVy +CcVa+cs3vz=0andc;uU; +C Uy +C3U3=0.

11. Find the rank of the following matrices

1 2 3]

-1 0 4 1 2 -3 4
1 0 1 1 1 3 2 .
A= , B= , C= , D=C", E=|0 1 1|, F=|/1 1 -5 0|12
0 1 -2 1 2 0 5

0 3 8 01 2 5

1 5 11]

Solve the homogeneous system Hx = 0, where H is ea;h of the matrices of Problem 11.

13. Let uy, Us, ... Uy be the set of vectors defined by the column vectors each of the matrices of
Problem 1. For each of these sets of vectors, determine whether they are linearly dependent or
linearly independent. If they are linearly dependent, find a nontrivial linear combination of them
equal to zero.
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