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   CChhaappttee  rr 22  
  
  

FFIIRRSSTT--OORRDDEERR  DDIIFFFFEERREENNTTIIAALL  EEQQUUAATTIIOONNSS  
 

This chapter deals with methods of solution of first-order differential equations for several well-
known types of equations. Each of these types has a specific procedure for solving it. It is the task of 
the student to first recognize the type of the given equation and then use the corresponding procedure 
for solving it. 

  
22..11  SSoollvviinngg  bbyy  IInntteeggrraattiioonn  
 

Equations of the form y(n) = f (x) are solved by integrating f (x)  n times with respect to x, using the 
techniques of integration as you learned in previous math classes. The general solution of  y' = f(x) is   

∫ += Cdxxfy )(  

EXAMPLE. Solve 0sin
2

' 2 =− x
x

y . 

We have y’ = 2x sin x2 , so  CxyCdxxxy +−=⇒+= ∫ 22 cossin2

 
EXAMPLE. Find the general solution of exy' – x +1 = 0.  

By elementary algebraic manipulations this equation can be written  y' = e-x(x – 1) Hence,  

∫ ∫∫ −−− −=−= dxedxxedxxey xxx )1(  

Integrating by parts the first integral, we have 

Cexedxexedxxe xxxxx +−−=+−= −−−−− ∫∫  

so the solution is 
y = -xe-x – e-x+ e-x + C  = –xe- x  + C 

The general solution of  y" = f (x)  is obtained by integrating twice with respect to x 

( ) ∫ ∫∫ ∫∫ ++=+=⇒+= 2111 )()()(' CxCdxxfdxCdxxfyCdxxfy  
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and so on. In general, the solution of  y(n) = f(x) can be found by integrating f(x)  n times 

∫ ∫ ∫ −
+++++=

−

)!1(
...

2
)(....

12

321 n
xCxCxCCdxxfdxdxy

n

n  

EXAMPLE. Find the general solution of  y" = sin x – 6x + 1  

Finding the solution requires integrating the function twice with respect to x 

∫ ++−−=+−= 1
23cos)16(sin' Cxxxdxxxy  

∫ +++−−=++−−= 21

2
3

1
2

2
sin)3cos( CxCxxxdxCxxxy  
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22..22  IInntteeggrraattiinngg  FFaaccttoorrss  
 

Sometimes the problem of finding the solution of a differential equation can be simplified by 
multiplying the whole equation by a suitable function μ(x), called integrating factor. Consider for 
instance the equation 

y’ – 2y = ex 

This is a first order linear equation. The solution of this problem can be greatly simplified by 
multiplying the whole equation by the integrating factor  μ(x) = e-2x. Indeed 

e-2x y’ – 2 e-2x y = e-x 
The left-hand side is the derivative of the product of the functions (e-2x)(y), thus we have 

( ) xxxxxxxx eCeyCeyedxeyeeye
dx
d 2222 +−=⇒+−=⇒=⇒= ∫ −−−−−−  

The student can easily verify that y = -ex + C e2x is indeed the general solution of the equation. 

Integrating factors, however, may be sometimes tricky to find. As we will see below, the solution of 
the general first-order linear equation can be easily obtained by multiplying the equation by some 
well-known integrating factor. We will see many examples of use of integrating factors later. The 
problems we are going to cover in this course require pretty standard integrating factors that can be 
obtained by simple integration, and do not present a big complexity. In the next section we will study 
a type of equation that requires the finding of an integrating factor. 

 

22..33  FFiirrsstt--OOrrddeerr  LLiinneeaarr  EEqquuaattiioonnss    
 

A first-order linear differential equations is of the form   

y' + a(x) y = b(x) 
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The general solution of such equation, if it exists, is always straightforward to calculate. We start by 
the simplest case, when the coefficients a(x) and  b(x) are constant terms, not depending on x. 
 
2.3.1 First-order Linear Equation With Constant Coefficients. Are a particular case of the 
general first-order linear equation, in which a(x) and b(x) are constant numbers (independent of x ). 
The general form is 
    y' =  py + q  (1) 
 
 

THEOREM. The general solution of (1) is 
  y = -q/p + C e px  (2) 
 

Proof. By standard algebraic manipulations, (1) can be written as  

 y’ = p( y + q/p)   ⇒  p
pqy

y
=

+ /
' . 

Because 
u
uu

dx
d 'ln = ,  we have 

( ) ppqy
dx
dp

pqy
y

=+⇒=
+

/ln
/

' . 

Integrating both sides of the equation above yields 

kpxpqy +=+ /ln , 

where k is the constant of integration. Applying the definition of logarithm 

y + q/p = epx+k = ek e px = C e px, 

which is (4), and this proves the theorem. 

EXAMPLE. Solve the initial value problem     0
2

1
3
'

=
−

+
yy ,  y(0) = 0.   

Write     
2
3

2
3' +−= yy  

Applying the theorem above with p = -3/2 and q = 3/2 we get the general solution 

y = 1 + Ce-3x/2  . 

  The initial value y(0) = 0 makes 0 = 1 + C  therefore, C = -1, so the final answer is 

y = 1 - e-3x/2 

 
2.3.2 General First-Order Linear Equations. Next we study the general case of the first-order 
linear equation   
  y' + a (x) y  = b(x)  , (1) 

where now a(x) and  b(x) are functions of x.  The solution is found by multiplying the entire equation 
by a suitable integrating factor, μ(x). 
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THEOREM. The solution of (1) is 

  
)(
)()(

x
Cdxxbx

y
μ

μ +
= ∫    (2) 

where the integrating factor, μ(x) is calculated as 

  ∫= dxxax )(exp)(μ   (3) 
 

Proof. Taking logarithms in both sides of (3), 

∫= dxxax )()(ln μ  
Then differentiating on both sides,  

)(
)(
)(')(ln xa

x
xx

dx
d

==
μ
μμ  

Therefore, μ’(x) = μ(x) a(x). Multiplying (1) by μ(x), gives 

 μ(x)y' +μ(x)  a(x) y  = μ(x)b(x)  (4) 

Substituting μ(x) a(x) by μ’(x) yields 

μ(x)y' +μ’(x) y  = μ(x)b(x) 

The left-hand side is the derivative of a product, that is 

( ) )()()( xbxyx
dx
d μμ =  

Integrating both sides with respect to x 

∫= dxxbxyx )()()( μμ  
and this is (4) as we wanted to prove. 
 
EXAMPLE. Find the solution of the initial value problem 

y' – y/2 = e-x,   y(0) = -1 

It follows from (2) that
22

1)( xdxdxxa −=⎟
⎠
⎞

⎜
⎝
⎛−=∫ ∫ ,  so . Thus the general solution is  2/)( xex −=μ

( ) 2/2/32/2/32/
2/

2/

3
2

3
2 xxxxxx

x

xx

CeeCeeCdxee
e

Cdxee
y +−=⎟

⎠
⎞

⎜
⎝
⎛ +−=+=

+
= −−−

−

−−

∫∫ . 

The particular solution  y(0) = -1 gives -2/3 +C = -1 holds with  C = -1/3. 
 
EXAMPLE. Find the general solution of  y'+2xy  = x. 

Here a(x) = 2x and b(x) = x. Thus,     ( ) 2

2exp)( xedxxx == ∫μ  

Hence, the general solution is  ( ) 222

2

2

2

2

2
12

1
xxx

x

x

x

x

CeCee
e

Ce

e

ex
y −− +=+=

+
== ∫  
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22..44  SSeeppaarraabbllee  DDiiffffeerreennttiiaall  EEqquuaattiioonnss  
 

An equation of the form  
 g(y) y' = f(x)   

is called separable. Note that separable equations are not linear. Since y' = dy/dx, the last equation 
can be written alternatively as  

 g(y) dy = f(x) dx 

The solution is obtained by integrating both sides with respect to x,  

 ∫ ∫ += Cdxxfdyyg )()(   

Most of the times, the solution will appear in implicit form. You may be required to find an explicit 
form of the solution. 

EXAMPLE. Find the general solution of 21'2 yyx −=    

Because   
212 y

dx
dyx −= , 

the equation is separable. Simple algebraic manipulations lead to 

dx
x

dy
y 2

1
1

1
2

=
−

. 

Integrating both sides,  

Cdx
x

dy
y

+=
− ∫∫ 2

1
1

1
2

,  that is.  Cxy +=−1sin  

The left-hand side of the equation is the inverse trigonometric function and not to 1/sin y. There is an 
explicit form for this solution; by the definition of the inverse function, since sin(sin-1y) = y, taking 
sin in both sides of the last equality, 

( )Cxy += sin . 

 

22..55  EExxaacctt  EEqquuaattiioonnss  
 

A differential equation of the form   

 M(x, y) dx + N(x, y) dy = 0  (7) 
is exact if 

 
x
N

y
M

∂
∂

=
∂
∂     (8) 

EXAMPLE. Verify that the differential equation (2x + 3y) dx + (3x + 2y) dy = 0 is exact. 
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Solution. M(x, y) = 2x + 3y  and  N(x, y) = 3x + 2y. It follows that 

33 =
∂
∂

=
∂
∂

x
Nand

y
M  

Solving Exact Equations. 

For (7) and (8) to hold together, there must exist a function F(x, y) such that its differential is  

 dyyxNdxyxMdyFdxFyxdF yx ),(),(),( +=+= . (9) 
Indeed, if  
 Fx = M(x,y) and Fy = N(x,y), (10) 

 since Fxy = Fyx, we have 

xyF
y

M
=

∂
∂      and   xyF

x
N

=
∂
∂  

so (9) readily follows. If we can find the expression of F(x, y), then the general solution of (6) will be  
F(x, y) = C. To find that function F, note that (10) implies that  

 ∫ ∫ +== )(),(),(),( 1 yCyxFdxyxFdxyxM x   (10a) 

and  
)(),(),(),( 2 xCyxFdyyxFdyyxN y +==∫ ∫  

The constant C1 must be constant with respect to the variable of integration, x, but not necessarily 
constant with respect to y, which means that it may depend on y; this is why we write C1(y). Same 
consideration for C2 = C2(x). Next step consists of differentiating in (10a) with respect to y 

Fy(x, y) + C’1(y) = N(x, y) 

The variable x disappear (if it doesn’t revise your calculations) and we find C1(y) 

Solution of an exact equation. Let’s solve the exact differential equation given in the example 
above. 

(2x + 3y) dx + (3x + 2y) dy = 0 

to illustrate the solution. 

First Step. Integrate M(x, y) with respect to x 

  , (11) )(3)32(),( 1
2 yCxyxdxyxyxF ++=+= ∫

Second Step. To find C1(y), differentiate  F(x, y) with respect to y.  

( ) ),()('3)(3),( 11
2 yxNyCxyCxyx

dy
dyxFy =+=++=  

But 
Fy(x,y) = N(x,y), that is  Fy  = 3x + C1’(y) = 3x + 2y 

We conclude that   
C1’(y) = 2y. 

Note that C1’(y) cannot depend on x; if your calculations lead to an expression of  C1’(y) that depends 
on x, revise your calculations, you made a mistake.  
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Third Step. Integrate both sides of the last equality with respect to y, 

 ∫ ∫ +=== CydyydyyCyC 2'
11 2)()(   (12) 

where the last constant, C is a real constant depending neither on x nor on y. From (11) and (12), the 
solution pf our problem, therefore, is,  

F(x, y) = x2 + 3xy + y2  + C = 0 

Alternatively, we can use a symmetric argument by interchanging the roles of x and y and M and N. 
That is, integrating first N with respect to y, getting a constant of integration C1(x) and then following 
a symmetrical procedure. We leave this as an exercise for the student to verify that it yields same 
answer. While both procedures provide same solution, the integrals may not have equivalent degree 
of difficulty, and one of the methods may yield easier integrals to calculate than the other. 
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22..66  SSuubbssttiittuuttiioonn  MMeetthhooddss    
 
Sometimes a differential equation is neither separable nor exact, but by means of a suitable 
substitution u = u(x,y), it can be rendered into one of these types. 

EXAMPLE. Transform the differential equation  2

2

3
'

y
x

x
yy −=  into a separable equation by applying 

the substitution u = y/x and then solve it. 

This equation is neither separable nor exact. Employing the substitution  u = y/x it becomes 
separable. Indeed,  y = u x  and y' = u'x + u. The equation is thus transformed into  

23
1'
u

uuxu −=+   ⇒  3u2 u’x = -1  ⇒   dx
x

duu 13 2 −=  

which is separable. Integrating,    
u3 = -ln |x| + C 

Returning to the original values of x and y, we finally get the general solution 

Cx
x
y

+−= ln3

3

  ⇒  ( ) 3/1||ln Cxxy +−=  

EXAMPLE. Find the general solution of xyyxy 23' −−=  by employing the substitution xyu =  

We have 
x

uy
2

=  so 2

2'2'
x

uxuuy −
= . Substituting y and y’ in the equation and simplifying  

u
x

u
x

uxuux 23'2 2

2

2

−−=
−  ⇒   u

x
u

x
uxuu 23'2 22

−−=
−  

Multiplying the whole equation by x and dividing by u 

2u’x – u = -3u –2x  ⇒  2u'x = -2u –2x  ⇒   u'x = –u –x  ⇒   (u + x) dx+  x du  = 0 
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which is exact. To solve the exact equation using the method explained above, first integrate M(x, u) 
= u +x  with respect to x, so   

F(x, u) = xu +  x2/2+ C(u). 

Then differentiate with respect to u,  

Fu = x + C'(u) = N(x,u) = x ⇒  C’(u) = 0 

Finally integrate C'(u) = 0, which gives  C(u) = C. The solution of the exact equation is, therefore,  

xu + x2/2 = C 

Substituting u  by its expression in x and y  

22

2 x
x
CxyCxxyx −=⇒=+  

So, the general solution of the differential equation is 

( )
x

xxCy
22// −

=  
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22..77  IInntteeggrraattiinngg  FFaaccttoorrss  RReevviissiitteedd    
 

Sometimes the solution of a differential equation can be greatly simplified by multiplying the whole 
equation by a function μ(x) called integrating factor. We have seen how to use an integrating factor 
in order to solve the first-order linear equation. Integrating factors can also be used to transform a 
non-exact equation into an exact one. 
 

EXAMPLE. The equation    3xy + y2 + (x2 + xy) y' = 0  is not exact. Show that the integrating factor 
μ(x) = x transforms the equation into an exact equation and then solve it. 

This equation can be written alternatively as   

(3xy + y2 ) dx+ (x2 + xy) dy = 0, 

which is neither separable nor exact. Multiplying the equation by the integrating factor μ(x) = x, 

μ(x) (3xy + y2 ) dx +  μ(x) (x2 + xy) dy  = 0   ⇒    (3x2y +x y2 )dx + (x3 + x2y) dy = 0 

which is exact. Indeed My = 3x2 + 2xy  =  Nx   

Integrating M(x,y) with tespect to y, 

 ( ) )(
2

3),( 2
2

322 yCyxyxdxxyyxyxF ++=+= ∫   (13) 

differentiating on y, 

Fy(x,y) = N(x,y) = x3 + x2y + C’(y) = x3 + x2y ⇒ C’(y) = 0 

Therefore C(y) = C. Substituting in (13) we obtain the general solution 
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Cyxyx =+ 223

2
1  

How did we find in this example the right integrating factor that converts the equation into an exact 
one? Integrating factors may be hard to find. In section 2.3.2 we have seen a standard procedure to 
find an integrating factor to solve first-order differential equations. There is also a standard 
procedure for finding integrating factors to convert a non exact equation into an exact equation such 
as the case of the previous example. In other cases, if an integrating factor is needed, it will be 
provided to the student.  
 
 
 

THEOREM. Suppose that the differential equatin 

M(x, y) dx + N(x, y) dy = 0 
is not exact and that the expression 

),(
),(),(

)(
yxN

yxNyxM
xQ xy −

=  

Depends only on x, then the equation can be converted to an exact equation by multiplying by the 
integrating factor 

( )∫= dxxQx )(exp)(μ  
 

 
In the case of the previous example we have 

xyxx
yx

xyx
yxyxxQ 1

)(
)2()23()( 2 =

+
+

=
+

+−+
=  

It follows that    
( ) ( ) xxdxxx === ∫ − lnexpexp)( 1μ  
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22..88  HHoommooggeenneeoouuss  EEqquuaattiioonnss    
 
A first-order differential equation is homogenous if it can be written in the form 

 y’ = F(y/x)   or   y’ = F(x/y)   (15) 

EXAMPLE. The differential equation  2xyy' = 4x2 + 3y2  is homogenous. Indeed, it can be written as 

)/(
2
3

)/(
2

2
32

2
34'

22

xy
xyx

y
y
x

xy
yxy +=⎟

⎠
⎞

⎜
⎝
⎛+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

+
=  

)/(
2
3

)/(
2' xy

xy
y +=  

Solving first-order homogenous differential equations. Use the substitution u = y/x,  y = u x,  

 y' = u + x u', (16) 
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 in which case the equation is transformed into a separable equation. Indeed, substituting (15) in (14) 
results in 

xu’ + u = F(u),  or  
x

dx
uuF

du
=

−)(
 

which is separable. 

 
Example. Solve the homogeneous differential equation  2xyy' = 4x2 + 3y2   

Transforming it   )/(
2
3

)/(
2' xy

xy
y += .  Using the substitution u = y/x ,  y = u x,   y' = u + x u',   

u
uxuu

u
xuu

u
xuu

2
4'

2
2'

2
32'

2 +
=⇒+=⇒+=+  

This equation is always separable, since it is of the form 

x
dxdu

u
u

u
u

dx
dux =

+
⇒

+
=

4
2

2
4

2

2

 

Integrating     ∫ ∫=+
dx

x
du

u
u 1

4
2
2 So the general solution is   1

2 ||ln)4(ln Cxu +=+  

We can find an explicit solution by applying the exponential function to both sides,   

u2 +4 = exp ( ln |x| + C1 ) =   | x |  =  C | x | 1Ce

( 2/14|| −= xCu )  returning the substitution back  ( ) 2/14||/ −= xCxy  

Hence, the explicit solution is             23 4xCxy −±=  
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22..99  BBeerrnnoouuiillllii  EEqquuaattiioonnss  

A first-order differential equation of the form 

 y' + a (x) y = b(x) yn (16) 

is called a Bernouilli Equation. If n = 0 or n = 1 then the equation is linear. If n > 1. 

Solving Bernouilli Equations. The substitution  u = y1-n transforms equation (16) into the linear 
equation 
 u' + (1 – n ) a (x) u = (1 – n ) b( x ) (17) 

Indeed,  y = u1/(1-n)  and  )1/('
1

1' nnuu
n

y −

−
= . Substituting in (16) 

)1/()1/(1)1/( )()('
1

1 nnnnn uxbuxauu
n

−−− =+
−

 

Multiplying the whole equation by (n -1 ) u-n/(1-n)  we readily obtain (17) 
 

EXAMPLE. Solve the Bernouilli equation   3/436' xyyxy =+
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First convert it into the standard form (16) yields 3/436' yy
x

y =+ .  Here n = 4/3, a(x) = 6/x, b(x) = 

3x. The substitution  u = y1-4/3 = y-1/3   (y = u-3  y' = -3u-4u')  transforms it into the form (17), that is 

12'12' −=−⇒−=− u
x

uu
x

u  

which is linear, so we can use the method to solve linear equations. The integrating factor is 
 

2ln2)/2(
)( −−−

==∫= xeex xdxx
μ  

and the general solution is 

2
2

1

2

2 )1(
Cxx

x
Cx

x

Cdxx
u +=

+
=

+−
= −

−

−

−∫  

Rewriting the solution in terms of y and x we finally obtain the general solution 

( ) 3223/1 −− +=⇒+= CxxyCxxy  
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Chapter 2 Summary 
 

Types of equations, form of the equation, and solution 

Type Form of Equation Solution 

Integrals y(n) = f(x) ∫ ∫ −+++++= 12
321 ...)(.... n

nxCxCxCCdxxfdxy  

Linear 1st order 
const coefficients y' = py + q y = -q/p + C epx. 

General linear y' + a(x)y  = b(x) 
)(

)()(

x

cdxxbx
y

μ

μ +
= ∫ ,    ∫= dxxax )(exp)(μ

Separable g(y) y' = f(x)    or 
f(x) dx = g(y) dy ∫ ∫ += Cdxxfdyyg )()(  

Exact 
M(x, y) dx+ N(x, y) dy =0 

with   
x
N

y
M

∂
∂

=
∂
∂  

Integrate M on x and get F(x,y) + C(y); 
differentiate on y and find the solution on 
section 2.5 page 10 

Homogeneous ⎟
⎠
⎞

⎜
⎝
⎛=

x
yFy'   or ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
=

y
xFy'  substitution  u = y/x 

Bernouilii y' + a (x) y = b(x) yn substitution  u =y1-n  transforms into 
u' + (1 – n ) a (x) u = (1 – n ) b( x ) 

Other 
substitutions Various problems 

Homogeneous and Bernouilli equations 
have mechanical substitutions. For other 
equations, if substitution is required, it will 
be suggested 

Integrating 
factors Various problems Integrating factor will be provided  
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HOMEWORK 
Kreyszig,  p. 18, #2-19; p. 25, #1-20, p. 32, #3-17 

Additional problems 

1. Find the general solution of the following differential equations and verify your answer 

(a)  3y’ -1 = y    (b)   xxyx sin1" 22 =−

(c)  3y’ = y + e2x   (d)  y’ + exy = e-x 

(e)  y

x

ey
exy
+
−

=
−

'    (f)  02cos')sin2( 22 =++++ xyxyyyxxy

(g)   
y

xy
21

2'
+

=    (h)  
yy

y 23'
=+  

(i)  22' yxyxy −+=   (j)  21' yxy −=  

(g)  2xy
x
y

dx
dy

=+    (h)   0)3()323 232 =+−+−+ dyyxxdxyxyx

(i)  
yx
xyy

−
−

=
4'    (j)   16" +=− xey x

2.  Use the proposed integrating factor to transform the given differential equations into an exact 
equation and solve it 

(a)    3232 /1)(;0')1( xyxyyxyx ==++ μ

(b) x
x

x yexdy
y

xeydxxe
y

y
==⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ +
+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−
− )(;0cos2cossin2sin μ  

3. Use the proposed substitution to solve the following differential equations 

(a)    (b)  3;)3(' 2 ++=++= yxuyxy yyy euex
dx
dyxe 2242 ;32 =+=  

4. Find an explicit solution of the following differential equations and verify your answer 

(a)  3

2

4
)1('

y
xxy +

=   (b)  21' yxy −=   (c)  (c)  y' – y = 2 x2 e2x 

(d)  
x

e
x
y x 21"

+=+ −   (e)  sin (2x) dx +cos (3y ) dy = 0 

5.  Solve the following initial value problems 
(a)  ;   y(0) = 1  (b)  ;   y(0) = 0  

2

22' xxexyy −=+ 22 33' xyxy =+
 
(c)  ;   y(π) = -1 xxyxy sin' =+
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SOLUTION 
 

1 (a) 3y’ -1 = y        

Linear constant coefficients,   y’ = y/3 + 1/3  ⇒ p = 1/3,  q = 1/3  ⇒  y = -1 + Cex/3   

(b)   ⇒  xxyx sin1" 22 =− x
x

y sin1" 2 +=   Hence, direct integration. 

( )∫ +−−=+= −−
1

12 cossin' Cxxdxxxy    ⇒   ( )∫ ++−=+−= −
211

1 sin||lncos CxCxxdxCxxy  

(c)  3y’ = y + e2x 

First-order linear non constant coefficients . Write it in the Standard format 

y’ – y/3 = (1/3)e2x
    a(x) = -1/3,  b(x) = (1/3)e2x 

( ) 3/3/1(exp)( xedxx −=−= ∫μ   

( ) ( )[ ] 3/23/53/3/53/
3/

23/

)5/1(5/3)3/1()3/1(
)3/1(

xxxxxx
x

xx

CeeCeeCdxee
e

Cdxee
y +=+=+=

+
= ∫∫

−

−

 

 

(d)  y’ + exy = e-x 

Linear first-order non constant coefficients 

(e)  y

x

ey
exy
+
−

=
−

'  

Separable,  ⇒  (y + ex) dy = (x –e-x) dx  Thus ( ) ( ) Cdxexdyey xy +−=+∫ ∫ −  

We get    y2/2 + ey = x2/2 + e-x+ C.  

(f)  02cos')sin2( 22 =++++ xyxyyyxxy

Exact, indeed, write  ( ) ( ) 0sin22cos 22 =++++ dyyxxydxxyxy  

My = 2y cos x + 2x;  Nx = 2y cos x + 2x. 

( ) ),()(sin2cos 222 yxFyCyxxydxxyxy =++=+∫     

Then Fy = 2y sin x + x2 + C’(y) = 2y sin x + x2 + y  ⇒  C’(y) = y  ⇒ C(y) = y2/2    

Hence the solution is  y2 sin x + x2y + y2/2 = C 
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