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Abstract

This work considers the problem of universal coding of binary sequences,

where the universal encoder has limited memory.

Universal coding refers to a situation where a single, universal, encoder

can achieve the optimal performance for a large class of models or data se-

quences, without knowing the model in advance, and without tuning the en-

coder to the data. In the previous work on universal coding, specific universal

machines, whose performance attained the theoretical limits, were suggested.

However, these machines require unlimited amount of memory. This work

investigates the case where the universal machines are with limited resources,

i.e., finite-state machines.

To simplify the problem, this work considers universal finite-state ma-

chines that assign probabilities to the next bit. It ignores the additional

number of states needed to translate the assigned probabilities into code

bits.

In most cases examined, this work provides lower bounds on the perfor-

mance, which describe the optimal rate (as a function of number of states)

that the entropy, or the empirical entropy, can be attained. In addition,

in most cases, this work presents specific machines whose performance is

compared to these bounds.

While the general problem of universal coding with limited resources is

still open, this work provides a set of basic results that will be useful in

analyzing the general problem. These results thus provide an important step

in understanding the problem of limited resources universal coding.
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Chapter 1

Introduction

This work considers the problem of universal coding of binary sequences,

where the universal encoder is a finite-state machine. More accurately, the

problem considered in this work is universal probability assignment for the

next outcome of a binary sequence, under the self-information loss. The self-

information is the ideal codelength, associated with the assigned probability

model, for encoding the next outcome. Thus, ignoring the number of states

required to convert the assigned probability to code bits, say, by arithmetic

encoder, the work essentially considers the universal finite memory lossless

coding problem.

In the recent years the universal coding problem has been extensively

investigated. As it is well known, optimal lossless coding is achieved by de-

signing an encoder that fits the probability model of the data, to achieve the

minimal codelength, i.e., the entropy. Universal coding refers to a situation

where a single, universal, encoder can achieve the optimal performance for a

large class of models, without knowing the model in advance. In the previ-

ous work on universal coding, specific universal machines, whose performance

attained the theoretical limits, were suggested. However, these machines re-
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quire unlimited amount of memory. This work investigates the case where

the universal machines are with limited resources, i.e., finite-state machines.

The universal coding problem can traditionally be presented in two dif-

ferent settings. In the probabilistic setting the data sequence is generated

by an unknown probabilistic source, e.g., Bernoulli i.i.d. source or q-th or-

der Markov source with unknown probabilities, and the goal is to attain the

source entropy. In the deterministic setting, the data sequence is an arbitrary

deterministic individual sequence, and the goal is to attain, e.g., the sequence

empirical entropy, which is the minimal codelength of an encoder tuned to

this sequence. This work considers both settings, and examine how to at-

tain the source entropy, or the sequence empirical entropy, with a finite-state

encoder.

While the work restricts the encoder to be finite-state, it examines var-

ious cases where the universal encoder is deterministic, randomized, time-

invariant or time-variant. In most cases it provides lower bounds on the

performance, which describe the optimal rate (as a function of number of

states) that the entropy, or the empirical entropy, can be attained. In addi-

tion, in most cases, the work presents specific machines whose performance

is compared to these bounds.

Many of the results presented in this work have been summarized in a

paper presented in the 2000 Data Compression Conference (DCC) [19].

1.1 Review of Universal Source Coding

Before describing the specific results of the thesis, we present in the fol-

lowing section a review of universal source coding, including an elaboration

on the stochastic and deterministic settings, and the relation between data
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compression and prediction. A reader familiar with these topics may skip to

section 1.2 on page 14.

Source coding

Lossless source coding is a process in which an encoder assigns a sequence

of bits to an information source. Later, a decoder, related to the encoder,

can decode the sequence of bits into its original form. For example, infor-

mation source can be a document written in English. This document can be

converted into a sequence of bits using ASCII encoding. In this encoding,

each letter gets an 8 bit representation. For example, the letter “A” is con-

verted into the bits “01000001”. Also, control information, like space between

words, end of line, end of paragraph, etc., is converted into bits. Later, the

English characters are being decoded by a decoder specialize in converting

the bit sequence to English text. These English characters can be displayed

on-screen, printed, or even read through the speaker using voice-coder.

Although translation of the characters into bits, without loss of infor-

mation, is performed by this method, it is not the most effective way to

represent the English language. First, the 8-bit sequences does not appear at

the same number of times, on average. In almost all English documents the 8

bits representing the letter “e” will appear more than the 8 bits representing

the letter “q”, which will appear much more than the 8 bits representing a

vertical tabulation (a control character which is not in use today). Another

inefficiency is that the English letters are not independent. There are de-

pendencies within a single word, e.g., the pair “qu” is more likely to appear

than the pair “uq” in English words. Also, there are dependencies between

words, because of special linguistic rules applied to the language.
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Data compression

Lossless data compression is a method to take a sequence of symbols

from a known source, like ASCII encoded English above, and convert it into

a more compact form, meaning, less bits on average. From a simple counting

argument, this cannot be done for all sequences. While some sequences get

shorter, others are getting longer. The complicated part is to encode the

English bit-stream in such a way that almost all English documents will

be shortened. The decoder, naturally, expands the bit sequence from the

compact form into the original form, with perfect accuracy.

A simple way to compress this type of data is to use a predefined dictio-

nary. For example, encoder and decoder will use an English dictionary with

32, 000 words (which also contains all the single-letter characters). The en-

coder will encode each of the words that exist in this dictionary into 15 bits,

which is suitable for selecting a specific dictionary entry. This is less than

the number of bits allocated for 2 letters in the raw data. Each unknown

word will be encoded, letter by letter, into 15 bits per letter, which is more

than the original form.

This process has several drawbacks. First, different sectors use different

vocabulary. For example, the English language used by an Engineer is dif-

ferent from the English language used by a Doctor (not to mention the hand

writing . . . ). Thus, dictionary specific to each subject will probably contain

more than 32, 000 words, causing each word to use more bits in the encoded

sequence. It seems that one dictionary cannot fit both.

Second, this process is not capable of learning. For example, where a

document is repeatedly using a name, this process will encode it to 15 bits

per letter each time, which is way too much. A more efficient way is to add

this word to the dictionary.
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Third, this process is not robust; it can fail miserably. For example,

a document with the letter “x” repeated 1, 000, 000 times have a raw size

of 8mbit, and a compressed size of 15mbit. This means that a document

described in a single sentence will have a huge raw size, and will become

almost 2 times bigger after “compression”.

These three examples set an enormous need for a more efficient, learning,

coding method.

Universal coding

Universal coding is a coding scheme in which the encoder can accept

more than one type of input, leading to a more robust process. A universal

encoder can compress efficiently different types of English vocabulary, used

by different sectors, and maybe, even other languages.

A simple-to-understand universal encoder can be a combination of several

(N) non-universal encoders, in a method known as two-step code. The en-

coder will first collect all the raw data. Then, it will encode the data using all

N non-universal encoders. It will select the encoder with the most compact

representation of the data. Then, it will encode it using a two-step code.

First, it will transmit the selected encoder, using dlog2(N)e bits. Then, it

will transmit the encoded data, given the selected encoder.

The universal decoder in this case is a trivial extension of the non-

universal decoders. First, it detects the decoder to use, from the first dlog2(N)e

coded bits. Then, it passes the rest of the data to the selected (non-universal)

decoder.

This basic example demonstrate some well-known properties of every

universal code. First, each universal code has this tradeoff between features

and compactness. In this example, one can enlarge N , thus enable detection
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of a more suitable non-universal code, but the increase in flexibility results

in a “payment” in a form of larger redundancy for the first part. Second,

each universal code can represent only few data types effectively, while it

cannot efficiently represent other types. Third, each universal code has some

inherent redundancy over a non-universal code that is tuned to a specific

type of data.

It turns out that it is possible to define an effective universal code, with

the following features:

• It is effective for many data types, or even asymptotically infinite num-

ber of data types.

• It has a small, almost zero, normalized redundancy over a non-universal

code tuned for each of these data types.

• It is general; not a collection of different codes.

• Data can be encoded on-the-fly, with only one pass, maintaining a

relatively small state.

• When it fails, data is not expanded much more than its original size.

• Some codes even have a structure that enables in-depth theoretical

inspection.

Entropy, and the divergence distance measure

When the probability of a, say, binary event is known in advance (to both

the encoder and decoder), one can design the perfect code for it. Denote p as

the probability of a bit x to be one. Also, denote the “codelength” associated

for x as l1 bits if x turns out to be one, and l0 bits if x turns out to be zero.
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Both codelengths must be positive numbers, although they may be a fraction.

Following Kraft inequality [13], l1 and l0 cannot be arbitrary small:

1
∑

i=0

2li ≤ 1. (1.1)

In order to have minimal redundancy over the optimal code, a code should

at least satisfy this inequality at equality. It means, that one can define some

arbitrary parameter, q, which is a number in the range [0, . . . , 1], and define

l1 = − log2(q) bits, and l0 = − log2(1−q) bits, thus Equation (1.1) is satisfied

at equality. In this case, the average codelength is:

−p log2(q)− (1− p) log2(1− q). (1.2)

Also, define the binary entropy function:

h(p) , −p log2(p)− (1− p) log2(1− p) (1.3)

which is positive because 0 ≤ p ≤ 1, and the divergence distance measure

between p and q:

D (p ‖ q) , p log2(
p
q
) + (1− p) log2(

1− p
1− q

). (1.4)

Combining these definitions, the average codelength is the sum of the

binary entropy function of the real probability, and the divergence between

this probability and the arbitrary parameter q. By proving that D (p ‖ q) ≥ 0,

and that it is zero iff p = q, we show that the minimal codelength is h(p)

bits, and it is achieved by using the codelength which is the self-information

associated with p, thus, l1 = − log2(p) bits, and l0 = − log2(1− p) bits. So,

the parameter q is actually the probability assigned by the universal coding

process, and the extra bit-rate above the entropy is D (p ‖ q).

This codelength, although not an integer, is the number of bits that the

encoder sends to the decoder for encoding each source bit. For example, if
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p = 0.9, it is possible to encode a result of x = 1 by 0.152 bits, and a result

of x = 0 by 3.322 bits, which gives 0.469 bits in average. If the universal

coding process assumes that q = 0.89, the extra bit-rate above the entropy

is 0.000757 bits per source bit, and if q = 0.91, the extra bit-rate is 0.000859

bits per source bit. Thus, there is some penalty for misdetection of p.

The proof that D (p ‖ q) ≥ 0 follows from Jensen inequality:

E [log2(X)] ≤ log2 [E(X)] (1.5)

for any positive random variable X, and equal iff X is a constant. Using

this inequality, and defining X as a random variable with value of q/p in

probability p and (1− q)/(1− p) in probability 1− p:

−D (p ‖ q) = p log2

(

q
p

)

+ (1− p) log2

(

1− q
1− p

)

= E [log2(X)]

≤ log2 [E(X)]

= log2

(

p
q
p

+ (1− p)
1− q
1− p

)

= log2(1) = 0. (1.6)

Probability assignment

Any lossless coding method is essentially a method for sequential prob-

ability assignment. In order to implement an encoder, one can take the

assigned probability pt for the next bit xt, to be one, given the previous

observations x1, . . . , xt−1, and convert it into code, sequentially. If this as-

signed probability is the true probability, the resulting code is optimal. On

the other hand, any encoder is actually assigning probabilities. If the code

for a given sequence of symbols is n bits, it means that the encoder assigned

a probability of 2−n for that sequence of bits to appear at this position.
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A non-universal encoder has a fixed, predefined probabilities. For exam-

ple, the probability that ASCII encoder assigns to the letter “A” is 1/256,

without regarding the context. A universal encoder, on the other hand, has

to learn the probability assignment when it encodes the bits, in order to give

a more accurate estimate for the next bit. When the probabilities are known,

it is easy to encode the data into bits. This translation can be done by the

technique of [12] and other related techniques.

Stochastic setting

What is the “true” probability anyway? Is it possible to compress a

sequence of bits to any factor, or, is there a lower limit?

In the stochastic setting, data is modeled as the output of a stochastic

process, with a deterministic, predefined set of probabilities. In this case, the

“true” probability is the probabilities as defined by the data model. There is

a lower limit on the average compression rate of the data – Shannon entropy

[1].

If the encoder (and the decoder) knows the data model, it is possible to

use a simple, non-universal code. When fed with the right data, this encoder

will encode the data perfectly, to its entropy. But, if the data model is

incorrect, or inaccurate, this encoder will fail.

Universal encoder, on the other hand, will try to learn the data model,

and then assign probabilities sequentially. Meaning, each universal encoder

tries to adapt the data to a set of models.

The simplest example is the universal encoder for Bernoulli data models.

In these models, data bits are independently identical distributed, with fixed

probability p , Pr{xt = 1}. Every universal coding process should estimate

this unknown parameter p. For example, it can do it by using the Krichevsky-
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Trofimov estimate [9]:

p̂t+1 =
Nt(1) + 1

2

t + 1
(1.7)

where Nt(1) is the number of ones in x1, . . . , xt. Unlike the two-step code

described above, this encoder works on-the-fly, utilizing a single pass over

the data. The estimate of p gets more accurate over time, as needed in order

to compress efficiently. For example, if the data length is 1, 000 bits, there

is no need for the encoder to describe p with more than 3 decimal digits of

accuracy. This is exactly what this process does – the encoder implicitly

sends p to the decoder with an accuracy of 1/n.

If the data is Bernoulli, the redundancy of this process, per bit, will

converge to zero. But if, for example, this encoder will be fed with the non-

Bernoulli data 0, 1, 0, 1, 0, 1, . . ., it will not be able to compress it at all! At

least it will never expand the data too much.

A stronger universal encoder uses the Markovian model of some fix order

q. In this model, probability of each bit depends on previous q bits. Thus, in

order to fully describe the data model, learning 2q independent parameters

is needed. A universal encoder (for order q) can assign priorities using Equa-

tion (1.7) for each of the 2q parameters independently. In the above example,

if the code is designed for q ≥ 1, data will be compressed asymptotically to

zero code bits per source bit.

This scheme implies setting the Markovian order, q, in the encoder and

the decoder before seeing the actual data. This is a complicated task. One

advantage of using small q is the fast convergence rate. A disadvantage is

the convergence to a sub-optimal point, if the actual data has higher order

Markovian elements.

Lempel and Ziv suggested a well-known method [7, 8] that effectively uses

higher order of q when collecting more data. This universal encoder is widely
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implemented today, being used in programs like gzip and others.

Still, it is hard to create a universal encoder that can encode any stochas-

tic sequence. Consider the following: probability of the next bit (xt+1) to

be one is 0.01, 0.5 or 0.99, depending on the binary number represented by

(x1, . . . , xt) modulo 3. Because this sequence is not Markovian, of any finite

order q, it will take a very “heavy” Markovian encoder to encode this se-

quence efficiently, although it will converge eventually, for high enough q, as

proven in [15].

Deterministic setting

A different setting is the deterministic data model. This setting is some-

what more subtle to define and understand. In this setting, data is an arbi-

trary individual sequence, with a finite or infinite size. For example, Windows

NT service pack 7 (SP7), this LATEX file, or the infinite binary representation

of the number π.

Since there is no statistic model for these bit sequences, there is no defined

Shannon entropy, and there is no compression lower-limit. When calculating

the size of a compressed file, should the size of the decompression program

itself be added? Normally, the answer should be no. But then, one can create

a decompression program that expands the bits 0, 0, 0 to SP7 (by integrating

SP7 into the decompression program). Does it mean that SP7 is compressible

to 3 bits? Counting compression program size, one can create a CPU that

when executing a single assembly command it will expand the whole SP7

into its memory. Should the number of transistors in the CPU be counted

as well?

The answer was given by Kolmogorov [2]. He defined a quantity, analo-

gous to the entropy, for a deterministic sequences, as the minimal size of a
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program that runs on a universal Turning machine, needed to generate this

sequence. Thus, the entropy of SP7 is the size of the smallest executable

that will expand itself to SP7, when running on a standard Turing machine.

Of curse, in practice, no one can compute the Kolmogorov entropy of

SP7. It turned out, that it can not be done even in theory, by running all

possible programs and see if their output is SP7, due the halting problem.

It is impossible to compute Kolmogorov entropy of π as well, but it is easy

to prove that it is finite, meaning, that the entropy per bit, of the number

π, is zero.

If the process is stochastic, there is a strict relation between Kolmogorov

entropy and Shannon entropy – they are (almost) the same, with probability

one, for long enough data sequences.

A more feasible method to measure the complexity of deterministic se-

quences is to check its empirical Markovian entropy of order q. For any

of the 2q histories, one needs to compute the empirical entropy of the next

bit. The weighted average of these computation is the empirical entropy of

the sequence, of order q. It is easy to prove that the empirical Markovian

entropy is a monotonic non-increasing function of q. Also, for any finite

sequence, with only N bits, the empirical Markovian entropy will converge

to zero when q ≥ N . This is exactly what happened in the example above

of compressing SP7 into 3 bits. On the other hand, when the sequence is

infinite, the empirical Markovian entropy will usually not converge to zero.

If the process is stochastic and ergodic, there is a strict relation between the

empirical Markovian entropy of high enough order (q →∞) and the Shannon

entropy – they are (almost) the same, with probability one, for long enough

data sequences.
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If π is a normal number1, its empirical Markovian entropy is maximal,

i.e., 1 coded bit per source bit, meaning that it cannot be compressed at

all using a finite-state machine. On the other hand, as discussed before, its

Kolmogorov entropy per bit is 0, meaning that it is compressible to zero

coded bits per source bit, using a Turing machine. This demonstrates, to the

extreme, the limitations of the empirical Markovian entropy, of any finite

order. Personally, I doubt that any practical encoder can ever break the

empirical Markovian entropy limit.

Compression vs. prediction

In the compression problem, or the priorities assignment problem, the

encoder has to sequentially assign probabilities for the next bit to be one,

with a self-information criterion. In the prediction problem, on the other

hand, the predictor has to predict whether the next bit is going to be one or

zero, with, say, a criterion of minimal number of errors.

The prediction problem is somehow simpler. For example, in the com-

pression problem the encoder need to distinguish between the cases where

the probability for the next bit to be one is 0.123 or 0.124, while in the

prediction problem the predictor should predict zero in both cases.

There is no one-to-one relation between the compressibility and pre-

dictability of a sequence using a finite-state machine (with number of states

q →∞). Only in the extreme case such a relation exists: a sequence is fully

predictable iff it is compressible to zero; a sequence is fully unpredictable iff

it is also uncompressible.

As found in [15], the compressibility of a sequence, p(x), is bounded from
1A number whose digits are random-like, in any sequence length.
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above and below by its predictability, π(x), by the equation:

2π(x) ≤ p(x) ≤ h (π(x)) (1.8)

where h(·) is the binary entropy function, as defined in Equation (1.3). Also,

it is noted there that both lower bound and upper bound are achievable.

Consider, for example, a sequence that contains 4 zero bits, and then a single

random bit, with probability p = 0.5 to be one. Consider another sequence

that is a Bernoulli with p = 0.1. In both cases, predictability is π(x) = 0.1,

meaning that, on average, there are 10% for prediction errors per each bit.

The compressibility, however, is different for the sequences. In the first case,

compressibility is p(x) = 0.2, which is the lower limit. In the second case,

compressibility is p(x) = h(0.1) = 0.469, which is the upper limit.

1.2 Universal Coding with Limited Resources

In real life the complexity of the coding process is always limited. How-

ever, the universal encoders presented above, even in the most simple case

where data comes from a Bernoulli process, require unlimited resources.

Specifically, the suggested universal coding scheme assigns probabilities ac-

cording to Equation (1.7). This equation implies that the encoder and the

decoder should know t and Nt(1), for every t, meaning that they need to

have an infinitely growing memory in order to store these two infinitely-large

integer numbers with a perfect accuracy.

In order to overcome the infinite memory requirement for the accurate im-

plementation of Equation (1.7), two straight-forward approximate solutions

can be suggested. One solution is to use simple counting when possible, but

then freeze both counters when t reaches its upper limit, i.e., when there

are no more states to hold bigger values of t and Nt(1). In this solution,
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all successive data bits do not modify the estimation p̂ of p. This means,

however, that if the data model is slightly wrong, and p is slowly changing

in time, the encoder cannot track the variations and may fail.

Another solution is to reset both counters to zero when t reaches its upper

limit. In this case, the encoder works in “blocks”, returning to p̂ = 1
2 from

block to block, independent of the data. This encoder will perform better if

the model is incorrect, thus, it is more robust, at the expense of its accuracy.

Later on in the thesis it will shown that both solutions are far from optimal,

and another, better, solution will be presented for this Bernoulli case.

In order to analyze the limited resources coding problem we should first

define how to measure the complexity of a coding process. Should the com-

plexity measure be the size of the binary code implementing it on a PC?

Should it be the die size, or the number of gates, in hardware implementa-

tion? There can be many measurements. In this work, as in other previous

works on limited resource universal machines, the complexity limitation is

chosen to be limited memory. The machine is constrained to be a finite-state

machine with K states.

Previous results – limited memory universal machines

Probably the first set of results on data inference using finite-state ma-

chines was obtained by Cover [3] and Hellman and Cover [4, 5, 6]. This work

considers hypothesis testing with finite memory. It determined the minimal

extra error probability, as a function of the number of states, associated with

finite-state limitation.

Later on, Leighton and Rivest considered a problem of assigning a prob-

ability to a sequence, using a finite-state machines, where the goal was to

approach the true probability that governs the data, with a minimal square
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error criterion [11]. These results are extensively utilized in this thesis.

As noted above, universal prediction is closely related to universal coding.

The finite memory universal prediction problem has been investigated in

[17, 18]. The main results there is the introduction and analysis of two

finite memory universal predictors: the sliding window predictor and the

saturated counter predictor. Both predictors attain the predictability under

the Bernoulli stochastic setting and the single-state predictability for the

deterministic setting, but the saturated counter achieves that at a higher

rate. The encoders suggested in this thesis have some similarities to these

predictors.

1.3 Thesis Outline

We are now ready to present the thesis outline in specific terms. The

thesis considers universal coding, or universal probability assignment, of bi-

nary sequences, where the universal encoder is constrained to have a finite

memory, i.e., it is constrained to be a finite-state machine with K states. It

actually considers the problem of universal probability assignment using a

finite memory machine. As noted above, the complexity, or the amount of

states, needed to translate the assigned probability into code bits, is ignored.

This translation to code bits has a known cost per number of states and can

be done, e.g., by the technique of [12].

The work considers three different settings for the binary sequences: It

can be stochastic or individual sequence; if stochastic it can come from a

Bernoulli source, or a q-th order Markov source; if deterministic, the goal is

to compete with a single-state reference machine. The universal finite-state

machines analyzed in the thesis can be either deterministic or randomized,
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and can be either time-variant or time-invariant.

The purpose is to find, for each case, lower and upper bounds on the

redundancy, and to specifically describe a machine that attains the upper

bound. So far, the behavior in some of the cases is not completely known.

Unlike the classical work in universal coding, that analyzes the redundancy

as a function of the observation length, this work focuses on the effect of the

number of states, K, on the redundancy at a steady-state, i.e., after long

enough (infinite) time.

It turns out that, in all the cases considered in this work, the redundancy

goes to zero as the number of states goes to infinity. This is not a trivial

result; in the prediction problem, only a random machine can achieve it, as

shown in [15].

This thesis is organized as follows. In chapter 2, the architecture of the

coding system is described, as well as the specification of the various cases

considered in the thesis. Then, chapter 3, discusses the optimal way to quan-

tize the probability values that are assigned to states. Chapter 4 analyzes

universal K-states encoders for the Bernoulli case, and in chapter 5, this anal-

ysis is carried on for the q-th order stochastic Markovian case. Chapter 6,

considers the deterministic setting, where the goal (reference) is to compete

with a single-state machine tuned to the data. The thesis is concluded at

chapter 7.
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Chapter 2

Data Settings and Machine

Types

The universal coding problem, with limited resources, can be defined at

different settings, reflecting assumptions on the data. For example in the

stochastic setting the data comes from a unknown stochastic process and the

goal is to reach the entropy of that process. In the deterministic setting, the

data is arbitrary, but the goal is to reach the performance of a constrained

batch encoder. In addition, the problem is defined by the specification of the

limited resources universal finite-state machine, which can be deterministic,

stochastic, time-invariant or time-variant.

This chapter begins with a schematic description of the architecture of

the finite-state coding system analyzed in the thesis. The presented scheme

emphasizes that the finite-state machine is used for probability estimation.

Then, the chapter summarizes the various cases (data settings and machine

types) that is analyzed later in the work. The chapter ends with the definition

of the minimum redundancy goal.
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2.1 System Architecture

The coding system analyzed in this work consists of an encoder, which

compresses the data bits into coded bits, and a decoder, which expands the

compressed bits to their original form, with a perfect accuracy. The encoder

assigned probabilities using a K-state universal probability estimate, and

then translates the actual bit xt into coded bits, using arithmetic encoder

[12]. The decoder decodes the coded bits, using arithmetic decoder, and

assigns probabilities for the next bit, sequentially. The block noted by D is

a single bit delay block. The system architecture is illustrated in Figure 2.1.

The K-state universal probability estimate block is common to the en-

coder and the decoder. It accepts the data bits, with a single bit delay, i.e.,

x1, . . . , xt−1, and assigns probability for xt to be one. In both places, it is

initialized with the same values, and fed with the same bits. Thus, it will

provide the same probability estimation, as needed, say, for the arithmetic

coding process. Note that when the encoder is a randomized machine, we

assume that the encoder and the decoder has the same pseudo-random seed

generator, which is not known to the source of the data sequence.

The scheme above can correspond to both universal and non-universal

coding processes. In this thesis universal schemes are considered in which

the probability estimate does not depend on assumption for the data model,

and should provide good performance for a large set of possible models.

Thus, it should have some mechanism that essentially “learns” the relevant

parameters of the incoming data, and assign probabilities accordingly.
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Figure 2.1: System architecture
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2.2 Data Settings

Bernoulli setting

The simplest setting for universal coding is when data comes from an i.i.d.

Bernoulli source, with unknown probability p , Pr{xt = 1}. The reference

compression rate is the source entropy, as defined in Equation (1.3):

reference , h(p). (2.1)

Markovian setting

A more advanced stochastic setting is when data has Markov distribution

of a known order q, with unknown values of the conditional probabilities

Pr(xt = 1|xt−1, . . . , xt−q) = p(xt|s), at each Markov state s. The reference

compression rate is the entropy of the source [13]:

reference , Hq =
2q

∑

s=1

Psh(p(xt|s)) (2.2)

where s denotes the Markovian state, specified by the previous q symbols,

and Ps is the stationary probability to be at state s.

Deterministic setting

In the deterministic setting, the data is an arbitrary infinite individual

sequence. However, the performance of the universal encoder is compared to

a reference value, which can be the empirical entropy of the sequence. This

represents the best possible compression of a constrained batch encoder. The

reference compression rate is the single-state empirical entropy:

reference , ρ1(x) = lim sup
t→∞

h
(

Nt(1)
t

)

. (2.3)
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The goal is to attain this rate for ANY sequence.

Higher order finite-state empirical entropy, or, finite-state compressibility,

is also defined [15]:

ρ(x) , lim
S→∞

lim sup
t→∞

min
g∈Gs

ρ
(

g; xt
1

)

, (2.4)

where

ρ
(

g; xt
1

)

=
S

∑

s=1

Nt(s)
t

h
(

Nt(s, 0)
Nt(s)

)

. (2.5)

This thesis does not consider this higher order deterministic reference.

2.3 Machine Types

The main constraint imposed on the universal machine analyzed here is

that it has only K states. This work shall distinguish between three cases.

The simplest case is where the machine is deterministic and time-invariant.

A more flexible machine is a random machine, where the state transition

function may be stochastic. This work shall also consider a time-variant

machine, where the state transition function, and the probability assigned to

each node, can vary in time.

Deterministic machine

A finite-state machine is a machine with a finite number of states, K.

Following the processing of t data bits, x1, . . . , xt, the machine remembers

only St, the state at time t. S0 is the initial state of the machine. The

probability that the machine assigns for the bit xt+1 is depend only on St,

meaning that each state has a fixed probability assigned to it, by the function:

p̂t+1 = f (St) . (2.6)
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The machine has a state-transition function, which is a function of the current

state, and the next bit:

St+1 = g (St, xt+1) . (2.7)

Random machine

In a random machine, the initial state, S0, and the state-transition func-

tion, g(·), are both “random” functions, i.e.,

S0 = S0(Ω0) (2.8)

St+1 = g (St, xt+1, Ωt+1) (2.9)

when Ωi are independent random variables.

As shown in [6], random machines having the same K-state limitation

as deterministic machine can provide better results. We shall see that same

phenomena in this case as well.

Time-variant machine

In a time-variant machine, the probability function, f(·), and the state-

transition function, g(·), are both time-variant functions, i.e.,

p̂t+1 = f (St, t) (2.10)

St+1 = g (St, xt+1, t) . (2.11)

2.4 Minimum Redundancy Goal

The self-information of an event x is the amount of information revealed

by the fact that x = 0 or x = 1, given the a-priori probability p for this event
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to occur:

i(x|p) ,







− log2(1− p) x = 0

− log2(p) x = 1







(2.12)

The actual compression rate, using idle code, of a given sequence is the sum

of the self-information of all the events, divided by the length of the sequence:

actual , lim sup
T→∞

∑T
t=1 i(xt|pt)

T
(2.13)

and the redundancy is:

redundancy , actual− reference. (2.14)

The goal is to minimize the redundancy, universally, by selecting the

optimal machine, i.e., selecting S0, f(·) and g(·).
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Chapter 3

Optimal Probability Axis

Quantization

This chapter analyzes an optimal quantization of the probability axis,

where the goal is to minimize a worst case redundancy associated with the

quantization process. This redundancy is an essential ingredient of any prob-

lem where a finite-state machine assigns probabilities. This is because a

finite-state machine, with only K states, can assign at most K distinct val-

ues of probabilities pt. Thus, the possible probability range [0, 1] has to be

“quantized” into K values.

Assuming data is coming from a Bernoulli source with (real) probability

p, and this probability is estimated, after quantization, by some value pi,

where i ∈ {1, . . . , K}. When encoding this data into coded bits, the encoder

will have an inaccurate data model, in the case that p 6= pi, causing it to be

sub-optimal. Since p can have any value, and pi can have only K values, this

happens often. The average extra bit-rate over the entropy is the divergence

between p and pi, D (p ‖ pi), as defined in Equation (1.4).

This provides a fundamental limitation on the achievable performance of
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any finite-state machine. There is always a value of p for which the difference

between p and the closest estimate pi is at least 1/2K.

3.1 Min-Max Criterion

One possible way to design an optimal quantization for probability as-

signment is to use the following min-max criterion:

[p1, . . . , pK ]opt = arg min
[p1,...,pK ]

(

max
p

(

min
i

(D (p ‖ pi))
)

)

(3.1)

where the inner minimum is simply the selection of the closer (in divergence

sense) point between the two closest quantization points of p from both sides.

Denote in the sequel:

Dmax , max
p

(

min
i

(D (p ‖ pi))
)

(3.2)

which is the maximal divergence given [p1, . . . , pK ]. The optimal quantization

is defined as the one that minimizes Dmax.

3.2 High Resolution Asymptotic Quantization

Theorem 3.1 In the Bernoulli setting, for K � 1,

min
[p1,...,pK ]

Dmax =
1.78
K2 + higher order terms, (3.3)

and it is achieved by the quantization points:

pi
opt = sin2

(

π(i− 1
2)

2K

)

. ; i = 1, . . . , K (3.4)

Proof: At high resolution, the divergence function can be approximated

as:

D (p ‖ p± ε) ≈ ε2

2 ln(2)p(1− p)







|ε| � p

|ε| � 1− p







(3.5)
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Define a density function, λ(p), which is the density of the quantization

points near point p,

λ(p) ≥ 0 ∀p,
∫ 1

0
λ(p)dp = K, (3.6)

and we get

εmax(p) ≈ 1
2λ(p)

(3.7)

Dmax(p) ≈ 1
8 ln(2)p(1− p)λ2(p)

(3.8)

Since min-max causes the Dmax(p) to be constant for any point p:

λ(p) ∝ (p(1− p))−1/2 (3.9)

which gives:

λ(p) =
K

π
√

p(1− p)
(3.10)

Dmax(p) ≈ π2

8 ln(2)K2 ≈
1.78
K2 (3.11)

The “restoration points”, {pi}K
1 , can be located by integration:

∫ pi

0
λ(p)dp = i− 1

2
; i = 1, . . . , K (3.12)

which leads to Equation (3.4).

This is a lower bound on the performance of any finite-state encoder. To

achieve this limit the encoder should “lock” on the right state at all times.

As will be seen later, a time-variant machine can do that!

Graphical interpretation

It turns out that there is a graphical interpretation for these restoration

points. The points are arranged on a trajectory of a linear-spaced circle over
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the probability axis, as demonstrated in Figure 3.1. Note that the “decision

points” of the quantizer are not the trajectory of the slices – they are slightly

different.

P
1
 P
3
 P
5
P
4
P
2


Figure 3.1: Optimal quantization points

Empirical results

When comparing this high-resolution quantization with the optimal one,

for a given finite K, it seems that the differences are minor (even for rea-

sonable K). For example, for K = 100, the distance between the optimal

points and points given by Equation (3.4) is no more than 0.000192, which is

only about 1% of the distance between the points. The optimal points were

calculated using an algorithm which is similar to Lloyd scalar quantization

algorithm [13]. A Java program created for comparing these results can be

requested via e-mail to the author.
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3.3 Comparison with Uniform Point Alloca-

tion

Under the divergence difference measure, the uniform point allocation

performs poorly. The maximal divergence between a quantization point and

a true probability point occurs at edges, i.e., when p = 0 or p = 1. The

divergence at these points is:

Dmax(0) = − log
(

1− 1
2K

)

≈ 0.7213
K

(3.13)

which is Θ
(

1
K

)

instead of Θ
(

1
K2

)

in the optimal quantization.

Under a Bayesian criterion, where it is assumed that p is uniform in the

range [0, 1], quantization with uniform point allocation does not perform

well either. This is because the divergence at the edges is, as above, Θ
(

1
K

)

.

Approximating the difference for each point by ε = 1
2K , which is the worst

case, leads to:

Daverage ≈ 2
∫ 1

2

0
D (p ‖ p + ε)dp =

ln(K)
8 ln(2)K2 (3.14)

While this calculation is only approximate, we easily observed that for uni-

form distribution Daverage behaves as:

Daverage = Θ
( log K

K2

)

. (3.15)
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Chapter 4

Bernoulli Setting

This chapter considers the Bernoulli setting, and describes various finite-

state machines that cope with it. It turns out that in this case there is an

optimal redundancy rate for time-invariant machines of Θ
(

1
K

)

. This work

first introduces a random finite-state machine, and proves that it achieves this

optimal convergence rate. Then, it provides a deterministic machine whose

rate is Θ
( log K

K

)

. This machine is constructed out of the random machine, by

sacrificing few states, and using the true randomness of the Bernoulli data.

Finally, this work provides a time-variant machine whose rate is 1.78
(K−2)2 , i.e., it

achieves the quantization limit itself(!), including the exact optimal constant.

4.1 Random Machine

Leighton and Rivest investigated an estimation problem using finite-state

machines [11], related to our problem, but in a different context. In their

paper, they used mean square error criterion, i.e., minimizing (p̂−p)2, and not

the coding redundancy, i.e., minimum D (p ‖ p̂). It is shown there that the

best finite-state machine (either random or deterministic) cannot do better

30



than Θ
(

1
K

)

, for every p. They also presented a random machine that attains

this rate. This machine has uniform quantization structure.

In our case, same results are obtained by following their derivations, where

instead of using a uniform quantization of the probability axis, we use the

optimal quantization, given by Equation (3.4). This can be done because

in high-resolution quantization the divergence function is actually a square

error function, as showed by Equation (3.5), since the factor p(1−p) becomes

a constant. This gives a lower bound on the redundancy of Θ
(

1
K

)

.

The suggested universal random machine with K states is given at Fig-

ure 4.1. This machine is essentially the optimal random machine suggested

at [11], where the probability value at each node, and the transition probabil-

ities, are set using the optimal quantization formula, given by Equation (3.4).

These probabilities are denoted r1, . . . , rK in the figure, where ri+rK−i+1 = 1.

This machine attains the optimal Θ
(

1
K

)

error, for every p.
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Figure 4.1: Random machine for the Bernoulli setting

Sliding-window interpretation

The machine above yields approximately the same results as a sliding-

window deterministic machine, that remembers the last K − 1 data bits

explicitly, using 2K−1 states. The machine state, pi, reflects that there are
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(K − 1) · pi “set” bits in the buffer. Then, if the machine gets a set bit,

xt+1 = 1, it should remove xt−K+2 from the buffer, and append the set bit.

Because the machine does not know the value of the removed bit, it assumes

that it is one in probability pi. Combined with the set bit we need to add,

the machine remains in the same state in probability pi, and advances one

state in probability 1− pi = pK−i+1.

Stable equilibrium interpretation

In order to continuously move towards the correct state, the machine

should be in a stable equilibrium in that state. At any time t, the “pressure”

on the machine is defined as the expectation of the state transition, given

the current state:

pressure , E{St+1 − St | St}. (4.1)

By defining the estimation error at time t, εt , p̂t − p, the pressure can

be calculated:

pressure = p · (1− p̂t)− q · p̂t

= p · (1− p− εt)− (1− p) · (p + εt)

= −εt. (4.2)

When p̂t = p, the pressure is zero. When p̂t 6= p the pressure on p̂t is

towards p, at the magnitude of the difference between them. Effectively, this

gives a Gauss distribution for p̂ where average is p and its variance is in the

order of Θ
(

1
K

)

.
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4.2 Deterministic Machine

Following [11], the random machine above can be converted into deter-

ministic machine, by using the true randomness of the Bernoulli data. This

conversion expands each of the K states into Θ (log K) states, thus reducing

the convergence rate to Θ
( log K

K

)

.

i
 j


1/2 p


1/2 p


(probabilistic)


i
 j


2
 3
1


p


p


p


p


q


q


q


(deterministic)


Figure 4.2: Simulation of probabilistic transitions by deterministic machine

The basic idea is to look at two data bits at a time, skipping all occur-

rences of 00, 11, and using only 01, 10. Since the data is Bernoulli, the

probability to get 01 before 10, and vise versa, is the same (50%), indepen-

dent of p. Figure 4.2 demonstrates this method, for pi = 1/2. In order to

implement it for, say, pi = 5/8, we need 3 stages, or 9 intermediate states.

In general, in order to get an accuracy of 1/Q we need Θ (log Q) states.

In order to implement the random machine suggested in Figure 4.1, we

need an accuracy based on Equation (3.4), of Q ≤ K2 at the edges of the

probability axis. This means that each state is expanded into Θ (log K)

states, thus reducing the convergence rate to Θ
( log K

K

)

, as described above.
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4.3 Time-Variant Machine

One of the main results of this thesis is that the quantization limit, as de-

rived in the previous chapter, is asymptotically achievable by a time-variant

machine. This means that time-variant machine can have the same perfor-

mance as time-invariant machine, but with a smaller, square root, number

of states.

Theorem 4.1 There exists a time-variant machine whose redundancy is,

∀p, at most
1.78

(K − 2)2 + ε ;∀ε > 0 (4.3)

Proof: Given K, set K−2 quantization points using the optimal quanti-

zation scheme, as defined in Equation (3.4). These “restoration points” will

slice the [0, 1] range into K − 2 intervals, each interval corresponds to all

probability values associated with a specific quantization value. For every

positive ε, the machine converges in a finite time and stays at the correct

interval with probability 1− ε. The worse divergence, under the assumption

that the machine is at the correct interval, was shown to be 1.78
(K−2)2 . Since

it converges in finite time to this interval, the average (over time) of the

divergence will also not exceed this value.

To prove that the convergence occurs in finite time, one can utilize the

results of Cover [3]. It was shown there that with only 4 states and infinite

time, it is possible to recognize, with probability one, whether the machine is

above or below a given decision point. This is done using iteration between

4 time-groups, as described in Figure 4.3. In order that this process will

converge to the right point in probability one, there is a need to enlarge N0

and N1 towards infinity exactly at the rate specified in [3].
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Figure 4.3: Cover’s 4-state process
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Let fix δ > 0. It was also shown in [3] that there exists a finite time

interval, T (δ, α), so that with probability 1 − δ the machine can determine

within this time interval whether the source probability p is below or above

α. In this case there are K − 3 such threshold points, each between two

quantization points. Using this, it can be demonstrated how a time-variant

machine can determine the correct interval with high enough probability, and

within a finite duration (which is actually the sum of time durations require

to check all these thresholds).

Specifically, the machine first checks whether p is below or above the first

decision point d1. After the finite time T(δ, d1), and using the 4 states, it

makes the decision whether p is below or above d1, and the probability of

error in this decision is at most δ. If the machine decides that p is below d1,

it goes into a state that serves as a “sink” for the first quantization value.

Otherwise it moves to the second stage.

At the n-th stage the machine checks whether p is below or above the

n-th decision point dn. Only n − 1 states are needed in order to remember

if the machine entered a sink at any previous decision, and extra 4 states for

making the threshold decision regarding dn. This takes T(δ, dn) time.

At the last stage, where n = K−3, the machine needs K−4 states in order

to remember previous sinks, and extra 4 states for the decision procedure, a

total of K states. After T(δ, dK−3) time it ends up at a sink, i.e., it is locked

at a state, and ignores the rest of the data.

Each state has a probability of no more than δ to err. By setting δ = ε
K−3 ,

the total probability of error will be no more than ε throughout this process.
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Chapter 5

Markovian Setting (q-th order)

This chapter considers a stochastic setting where the data comes from

an unknown q-th order Markovian process. The goal, of course, is to attain

the Markovian entropy. To analyze this setting, the chapter first considers

the problem of multi-dimensional quantization of the Markovian probability

space, and provides a multi-dimensional quantization limit on the redun-

dancy. With this quantization result, the machines suggested at the previ-

ous section, for the Bernoulli case, can be modified for the Markovian case.

Specifically, the chapter ends with a presentation of a deterministic finite-

state machine and a randomized finite-state machine that attain the q-th

order entropy at a rate of Θ
(

log K
K2−q

)

and Θ
(

1
K2−q

)

respectively.

5.1 Multi-Dimensional Quantization Limit

This section analyzes the multi-dimensional quantization of the Marko-

vian probability space, and provides a multi-dimensional quantization limit

on the redundancy.

To fully describe a q-th order Markov process, one needs 2q independent
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parameters (the probabilities of one at each state), whose values are in the

range [0, 1]. Assume that the parameters are bounded away from 0 and 1,

considering only ergodic Markov processes. Thus, the process is associated

with a single point inside a unit hyper-cube in the R2q Euclidean space. When

any finite-state machine, with only K states, propagates according to a data

sequence, it can only distinct between at most K sets of process parameters.

The optimal thing to do, which is not achievable by any finite-state machine,

is to divide the hyper-cube into K distinct regions. Each region will have a

“restoration point” inside it.

Given that the “restoration point” is a , [a1, a2, . . . , a2q ], and the actual

“process point” is b , [b1, b2, . . . , b2q ], the redundancy (average bit-rate over

the entropy) is the multi-dimensional divergence from b to a which is given

by:

D (b ‖ a) ,
2q

∑

s=1

f(b, s)D (bs ‖ as) (5.1)

where f(b, s) is the stationary probability that the source is in a Markovian

state s, evaluated with the conditional probability vector b [13]. The diver-

gence D (bs ‖ as) is the scalar divergence between bs and as, as defined in

Equation (1.4).

Define the quantization limit, Dqlimit, as the lower limit on the multi-

dimensional quantization redundancy over the entropy, using min-max crite-

rion,

Dqlimit , min
{a}K

1

(

max
b

(D (b ‖ a))
)

. (5.2)

Theorem 5.1 In the q-th order Markovian setting, the quantization limit,

Dqlimit, satisfies

Dqlimit = Θ
(

1
K21−q

)

(5.3)
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Proof: In order to evaluate Dqlimit, define δs , bs − as, ∆ , b − a, and

define the hyper-cube B to be all the points (vectors) whose coefficients bs

satisfy, say, 0.4 ≤ bs ≤ 0.6. Now,

Dqlimit = min
{a}K

1

max
b

D (b ‖ a)

≥ min
{a}K

1

max
b∈B

D (b ‖ a) (5.4)

= min
{a}K

1

max
b∈B

2q
∑

s=1

f(b, s)D (bs ‖ as)

≥ min
{a}K

1

max
b∈B

2q
∑

s=1

0.4qD (bs ‖ as) (5.5)

≥ min
{a}K

1

max
b∈B

2q
∑

s=1

0.4qc1δ2
s (5.6)

= c10.4q min
{a}K

1

max
b∈B

2q
∑

s=1

δ2
s

= c2(q) min
{a}K

1

max
b∈B

‖∆‖2 (5.7)

≥ c3(q)2q
(

0.6− 0.4
2m

)2

(5.8)

= c4(q)
1

m2 (5.9)

where the first inequality above (5.4) follows since b is maximized in a subset

of the hyper-cube, the second inequality (5.5) comes from using a lower bound

on f(b, s), the next inequality (5.6) follows from properties of the divergence,

and the equality immediately after it (5.7) just follows from the definition of

the Euclidean norm.

Define by m the number of point at each axis, the last two equations

follow (5.8) by expressing the volume of the optimal grid given by the setting

{a}K
1 in terms of the uniform grid, which has m values in each dimension, and

so requires K = m2q states. Combining all these relations yields Dqlimit >

c4(q) 1
m2 , which leads, after a short calculation, to Equation (5.3).
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Note that the optimal point allocation is not independent in each di-

mension, as showed before in vector quantizers [10]. However, the gain with

optimal packing over the hyper-cube arrangement above will be only a con-

stant, and will not affect the asymptotic behavior of the redundancy as a

function of K.

5.2 Deterministic Machine

The deterministic machine for attaining the entropy of the q-th order

Markov source, is essentially composed of 2q machines, each of the form of the

deterministic machine for the Bernoulli case, running simultaneously. Each

of the states in this machine actually correspond to 2q states, since the q-th

order Markovian history of that quantization state should be remembered.

Thus the machine has a total of Θ
(

2q(m log m)2q
)

states in order to get a

redundancy of Θ
(

1
m

)

, which gives a redundancy of Θ
(

log K
K2−q

)

.

As in the Bernoulli case, this deterministic machine is worse (by a factor

of log K) than the square root of the quantization limit. In the Bernoulli

case, we showed that the square root of the quantization limit is the optimal

rate. Here, we can only conjecture that Θ
(

1
K2−q

)

is the real lower limit on

this Markovian time-invariant machine, because of the Gauss distribution of

the “restoration point”, a, around the actual “process point”, b. If this is

correct, this machine is only far by a factor of Θ (log K) than the theoretical

limit.
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5.3 Random Machine

The proposed randomized machine in this case is again essentially com-

posed of 2q machines, each of the form of the randomized machine for the

Bernoulli case (Figure 4.1), running simultaneously. Again, each of the states

in this machine corresponds to 2q states, since the machine needs to remem-

ber the q-th order Markovian history of that quantization state. Thus the

machine has a total of Θ
(

2qm2q) states in order to get a redundancy of

Θ
(

1
m

)

, which gives a redundancy of Θ
(

1
K2−q

)

.

As in the Bernoulli case, this randomized machine attains the square

root of the quantization limit. From the same reasons as in the case of the

deterministic machine above, we conjecture that the real lower limit of the

redundancy is in order of Θ
(

1
K2−q

)

, and this machine attains it.
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Chapter 6

Deterministic Setting

(single-state reference)

This chapter considers the deterministic setting, where the data is ar-

bitrary, and the goal of the universal encoder is to attain the single-state

empirical entropy of the data. The chapter starts by presenting a general

concept of minimal circles, and then, apply this concept in order to under-

stand how deterministic machine processes deterministic data. While the

optimal performance (convergence rate of the redundancy) for finite-state

universal deterministic machines were not determined, a deterministic ma-

chine with good redundancy performance is described. The chapter ends

with preliminary examination of random finite-state universal machines, and

time-variant machines for this deterministic setting.

6.1 Minimal Circles

Consider the case where the data is deterministic, and the finite-state

machine is deterministic and time-invariant. We now show a constructive
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method to find the worst sequence of data for a given machine, i.e., the one

that has the highest redundancy over its single-state empirical entropy.

Define a circle as a cyclical, L-elements, ordered set of states, {Si}L−1
0 ,

and input bits, {xi}L
1 , that rotate the machine between the states, i.e., sat-

isfies:

g (S0, x1) = S1

g (S1, x2) = S2

...

g (SL−2, xL−1) = SL−1

g (SL−1, xL) = S0. (6.1)

Calculating the reference compressed bit-rate, the actual bit-rate, and the

redundancy of a given circle, c, gives these results:

reference(c) = h

(

∑L
i=1 xi

L

)

(6.2)

actual(c) =
1
L

L
∑

i=1

i(xi|pi) (6.3)

redundancy(c) = actual(c)− reference(c). (6.4)

Note that the redundancy in a given circle can be zero, positive, or negative.

Clearly, in order not to violate the quantization limit, there has to be at least

one circle with a positive redundancy.

Define a minimal circle as a circle that does not contain the same state

twice, meaning,

Si 6= Sj ∀i 6= j; i, j ∈ {1, . . . , L}. (6.5)

Lemma 6.1 The number of different minimal circles is finite.
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Proof: Since every minimal circle cannot have the same state twice, their

maximal length is K hops. Each hop in the circle can have at most K values

for Si and two values for xi, giving no more than (2K)K different minimal

circles (actually, there is much less).

Lemma 6.2 Any non-minimal circle, c, can be broken into an ordered set

of minimal circles, {c1, c2, . . . , cm}.

Proof: A constructive method to achieve it is given here. First, search for

the first occurrence of a repeating state, i.e., find the minimal i that satisfies

Si = Sj ∃j ∈ {0, 1, . . . , i− 1} (6.6)

and take out the states Sj, . . . , Si−1, with their input bits xj+1, . . . , xi, and

move them from c to c1. Then, repeat this process to define {c2, c3, . . . , cm−1}.

Finally, the rest of the states are cm

For example, the circle in Figure 6.1 can be broken into 3 minimal circles:

c = 1, 2, 3, 4, 5, 6, 3, 2, 7, 8

⇓

c1 = 3, 4, 5, 6

c2 = 2, 3

c3 = 1, 2, 7, 8

Lemma 6.3 The redundancy of the whole circle, c, is less than or equal to

the weighted average of the redundancies of the minimal circles, {c1, c2, . . . , cm}.

Equality happens only when each minimal circle has the same empirical prob-

ability.

c = {c1, c2, . . . , cm} (6.7)
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Figure 6.1: Minimal circles

⇓

redundancy(c) ≤ 1
L

m
∑

i=1

Li · redundancy(ci) (6.8)

Proof: From the linearity of Equation (6.3), we note that

actual(c) =
1
L

m
∑

i=1

Li · actual(ci) (6.9)

and from Equation (6.2), we note that

reference(c) = h

(

∑L
i=1 xi

L

)

= h

[

1
L

(

L1

∑L1
i=1 x1,i

L1
+ · · ·+ Lm

∑Lm
i=1 xm,i

Lm

)]

≥ 1
L

[

L1h

(

∑L1
i=1 x1,i

L1

)

+ · · ·+ Lmh

(

∑Lm
i=1 xm,i

Lm

)]

(6.10)

=
1
L

[L1reference(c1) + · · ·+ Lmreference(cm)]

=
1
L

m
∑

i=1

Li · reference(ci) (6.11)

when inequality (6.10) is because h(·), the binary entropy function define in

Equation (1.3), is concave, and using Jensen inequality. At this point, the
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redundancy can be calculated,

redundancy(c) = actual(c)− reference(c)

≤ 1
L

m
∑

i=1

Li · actual(ci)−
1
L

m
∑

i=1

Li · reference(ci)

=
1
L

m
∑

i=1

Li · redundancy(ci) (6.12)

which proves Equation (6.8).

Lemma 6.4 There exists a minimal circle with redundancy at least the re-

dundancy of the whole circle, i.e.,

∃k ∈ {1, 2, . . . ,m}

redundancy(ck) ≥ redundancy(c) (6.13)

Proof: Assume that it is false, i.e.,

∀k ∈ {1, 2, . . . , m}

redundancy(ck) < redundancy(c) (6.14)

then, use Equation (6.8)

redundancy(c) ≤ 1
L

m
∑

i=1

Li · redundancy(ci)

<
1
L

m
∑

i=1

Li · redundancy(c)

= redundancy(c) (6.15)

which is a clear contradiction of the assumption.

Theorem 6.5 The worst data sequence for a given deterministic, time-invariant

machine, is the one that take the machine into the minimal circle with the

highest redundancy, and rotate in it endlessly.
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Proof: Combining all the above gives a constructive method for finding

the worst data sequence. First, find all minimal circles, which is a finite set,

according to Lemma 6.1. Then, calculate the redundancy in each of them,

using Equation (6.4). According to Lemma 6.4, there is no other non-minimal

circle that has higher redundancy. Finally, each infinite sequence of data is

a small set of transient states (less than K), that can be ignored, and a huge

circle in the middle.

6.2 Deterministic Machine

In the deterministic setting, this work did not found lower bounds that

will determine the optimal performance. However, after analyzing the perfor-

mance of some finite-state machines in this setting, few interesting observa-

tions came up. It turns out that the deterministic machine suggested above,

for the stochastic Bernoulli case, does not perform well in the deterministic

setting. This happens because this machine has a lot of small, unbalanced

minimal circles.

From the previous section, we conjecture that in order to have a low-

redundancy machine, the machine need to have balanced circles. Since small

circles seems to be unbalanced, an appealing configuration would be where

all the circles have the same length, and all are balanced, e.g., have the same

redundancy.

The best deterministic machine we have found for this setting is described

in Figure 6.2, and performs as well as Θ
(

log K√
K

)

for all sequences. It works

as follows: up to time r it counts the number of zeros and ones, and assigns

probabilities that the next bit is one using the Krichevsky-Trofimov estimate,

as defined in Equation (1.7). At time r the machine resets.
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Figure 6.2: Deterministic machine for the deterministic setting
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When analyzing this machine using the minimal circle theorem, it is easy

to see that it is well balanced. This machine has 2r minimal circles, when

each of the circles has the same length, L = r, and the same redundancy,
1
2r · log2(r + 1). Since this machine has K = r(r+1)

2 states, the redundancy is

Θ
(

log K√
K

)

.

Why full reset?

Although a full reset does not seem intuitively appealing, this is the best

machine we have found that competes with all sequences. The reset maxi-

mizes the length of the minimal circles, thus lowers the redundancy. While

remembering some state lowers the average redundancy, it creates some bad

data sequences, which degrades performance measured using a min-max cri-

terion.

Limited memory is sometimes beneficial!

Limited memory can be an advantage when the data is not stationary.

For example, a long run of zeros, followed by a long run of ones, might

be compressed better by the machine in Figure 6.2 when K is small. This

happens because limited memory causes the machine to “forget” faster, thus

lowering the redundancy caused by the non-stationary shifts in the data.

When K is too small, however, the redundancy will tend to go up again,

since the effect of the quantization become significant. This phenomena has

been observed for prediction with limited memory in [17, 18].
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Is there a lower limit on minimal circles redundancy?

It seems that there should be a lower limit on the redundancy of the

minimal circles. For example, if one minimal circle has a negative redun-

dancy, other should have a higher positive one. Also, small circles seems

to be unbalanced. It seems that there should be some inequality that pro-

vides constrains on the redundancy of the minimal circles, other than the

quantization limit found above.

After finding such a limitation, we think that the lower bound on the

performance of any deterministic machine will be Θ
(

1√
K

)

for all sequences,

and the machine in Figure 6.2 is only far by a factor of Θ (log K) from it.

6.3 Random Machine

A possible randomized machine that can attain the empirical entropy, for

any individual sequence, at an optimal rate Θ
(

1
K

)

of the redundancy, is the

randomized machine suggested in Figure 4.1 for the Bernoulli case.

While we cannot prove that, the following reasoning suggests that this is a

reasonable conjecture. Suppose the sequence exhibits a stationary behavior,

i.e., its empirical distribution is about the same at different portion of the se-

quence. In this case, this machine would behave like in a case where the data

comes from a stochastic Bernoulli source. In other words, the redundancy

behaves as Θ
(

1
K

)

.

On the other hand, if the sequence shows a non-stationary behavior

(meaning that the empirical probability at various portions of the sequence

vary, above and below the empirical probability of the entire sequence) it

seems that the compression performance of this machine is only getting bet-

ter. To see that, suppose that the instantaneous empirical probability is
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changed from p1 to p2 and vice-versa, over a period of N bits each time.

The machine has the property that as the empirical probability of the data

changes, the probability estimate of the machine tracks it in a non uniform

way – it initially changes with large steps and then smaller steps. As long as

the machine estimate did not reach the middle point, it compresses poorer

than the reference, but once it passes it, it compresses better. But because

of the non-uniform tracking, a better compression than the reference is ex-

hibited at a larger portion of the time.

The proof of this conjecture is left for further work.

6.4 Time-Variant Machine

The best time-variant machine we found performs as well as Θ
( log K

K

)

for all sequences. This machine, described in Figure 6.3, is similar to the

deterministic time-invariant machine, but with one important exception: it

does not need to allocate states in order to know t. This machine actually

gives the exact estimations as the deterministic machine defined above with

r = K. Using the same calculation, the redundancy of this machine is

Θ
( log K

K

)

.
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Figure 6.3: Time-variant machine for the deterministic setting
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Chapter 7

Conclusion and Further Work

Before this work, it was well known that there exist universal encoders

for binary sequences that can compete, for any individual sequence, with

the best finite-state encoder tuned to that sequence. Similarly, universal

encoders that attain the entropy of finite-state stochastic model were well

known. However, these universal encoders required an infinitely growing

number of states. This thesis addressed what happens when restricting the

universal encoder itself to have a finite number of states.

To simplify the problem, the thesis considered universal finite-state ma-

chines that assign probabilities to the next bit. It ignored the additional

number of (finite) states needed to translate the assigned probabilities into

code bits.

The main results obtained are lower bounds on the redundancy as a func-

tion of the number of states, for the stochastic setting, in the Bernoulli and

the q-th order Markov cases. Since the assigned probabilities have to be

quantized (each value is associated with a state) these bounds come from

examining the best possible quantization of the probability axis. Interest-

ingly, in the Bernoulli case, the optimal quantization bounds can be attained
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by time-varying machines. The work further develops bounds and provide

specific machines for several additional cases, i.e., for time-invariant (ran-

dom and deterministic machines) in the Bernoulli and the q-th order Markov

setting.

The thesis also provides an initial examination for the deterministic set-

ting. It describes universal finite-state machines with good performance, and

even conjecture their optimality.

Following the thesis, there are several open problems and issues that are

left for further work. In general, in several of the cases considered here the

lower bounds on the redundancy are far from the performance attained by the

suggested machines. In most these cases, we conjecture that the suggested

machines represent the optimal performance.

Specific open problem that were mentioned along the thesis are:

• Is the upper limit found for the Markovian setting, using time-invariant

machine tight? (see section 5.2 on page 40).

• Find a lower bound on the redundancy of the minimal circles (see

page 50).

• Can we prove that the random machine for Bernoulli sequences is ro-

bust, i.e., can it work in the deterministic case (see section 6.3 on

page 50).

• The problem of competing with higher order finite-state empirical en-

tropy (the finite-state compressibility) in the deterministic setting is

completely open (see Equation (2.4) on page 22).

While the general problem of universal coding with limited resources is

still open, the thesis provides a set of basic results, such as the optimal quan-

tization of the probability axis, and the proposed structures of the universal
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machines, that will be useful in analyzing the general problem. These results

thus provide an important step in understanding the problem of limited re-

sources universal coding.
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